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Defi nite integra ls whose integrand s contain the co mplete e lli pt ic integra l o f the fir st kind are 
com piled. 
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INTRODUC TION 

In studying a wide variety of proble ms involving three dimens ional lattices, one IS led to 
examin e integrals of the form 

J J iZlT F(cos xx, cos my, cos nz)dx riyriz. (1) 

In many cases two of the integrat ions ca n be ca rried out ex plic itly yie lding an integral of the form 

J: F (ll) K (u)dll 

(2) 
whe re 

(3) 

is the complete e lliptic integral of the first kind. Examples of thi s a re co ntained in re fe re nces [1]1 
and [2]. In the s tudying of the vibrational properties of a harmonically coupled s im ple c ubic latt ice of 
mass points, the author was led to evaluate a large number of these integrals . 

• An in vit ed pape r. Thi F. wo rk wa:;. ~uppur1 ed by the Na tj unal Re~t'it rc h Cou nc il of C a nada unde r G ra nt No. A9:i44. 
"Pre!lc nt addre!1.~: Departme nt of Applied ~Iatht: ma'it· !l. Un ivers ity of \'\/atc rl oo. Waterloo. Ontarill. Ca nada N2 L :lG I . 

l Figures in bracke ts indica te the li te ratu re references at the end of thi s pape r. 
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The literature concerning integrals of the form (2) is rather sparse. The known results, due 
mainly to Kaplan [3] and Byrd and Friedman [4] are summarized by Gradshteyn and Ryzhik [5] as 
entries 6.141-6.147 and 5.153. For co mpleteness these older results have been included in the 
following table. The methods by which these formulas have been obtained are diverse and it would 
be impractical to go into the derivations in detail. Several, such as (1-18) were obtained quite simply 
by integrating the series representing K (u) term by term. Others , e.g., (11 -10) were found by 
applying the Fourier inversion theorem to a known integral. Several results were obtained by writing 
K(u) as a hypergeometric function and applying the general formulas of section 7.5 of reference [5]. 
Occasionally more complicated procedures were needed (e.g., see [6]). When possible the results 
were independently checked by considering special cases. 

It is felt that the publication of a table of these formulas would be useful to others working in 
this field as well as form a nucleus for a more extensive tabulation by others in the future. In 
addition, a numbe r of our result s have a certain intrinsic charm. 

The notation used in the following tables is that of the Bateman manuscript project series [7]. 
In addition , &(u) denotes the unit step function which is unity whe n u > 0 and vanishes for u < O. 
The conditions on the parameters for which the formulas are valid, when , not explicitly noted, are 
eas ily ascertained and are generally those under whic h both s ides are defined. Finally, these tabk 
partially supplement the recent tabulation of re presentations of the co mplete elliptic integral as 
Bessel function integrals by Okui [8]. 

1. Algebraic integrands 

flu) l' f(u) K(u )du 

(I ) u "- 1(1 - u 2)' 112 )- " 

7T 1!2 1 (D I Gs) I' G - s) I' (~ - ~s ) 

8I ' G) I ' ( I - ~S) (5 I) 
1' 4 - 2 S ( 3) 

0 < Re s < 2 

(I-IS) 

(2) U ,,- I (l - U 2)"!2 lS- 1 
1'2 G s ) 

2- s rr 2 

--
2 1' 2(~) I ' 2 Gs + ~) 

(0 < Re s) 
( 1-18) 

(3) U ,H (1 - u2j - S,2 

I' (~ + ~ s ) I' (~ - ~ s ) 
1T512 C) 4 4 4 4 - esc 

27T s 1'2 (~) I' (} + ~ ) 1 
4 I 

( I - 4s ) 

(0 < Re s < 2) 
(I-IS) 

(4) U S- I (l - U 2)- 'H \)/4 

.I' G s ) 1'2 (~ - ~ s ) 
.,r1/2 

4 r2(~ ) I'G s + ~) 1' (1 - ~s) 
(0 < Re s < 3) 

(1-1S) 

(5) u(u 2 + Z2) - 1 + (l + U 2Z 2) - 1 
~ (l + z2) - 1/2K[(1 + Z2) - 1/2 ] 
2 

(6) O(u - z)(l - U 2) - 1/2(U2 - Z2) - 1/2 [C - z)",J [( 2z )",J 2(1 + z)-'K -- K--
I + z I + z 

(0 < Z < 1) 
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(7) 

(8) 

(9) 

( 10) 

( II ) 

(12) 

( 13) 

( 14) 

( I S) 

( 16) 

(17) 

( 18) 

(1 9) 

(20) 

flu ) 

u (l - U2)- 1/2 /(Z 2U2 + 1) 

u(1 - lI 2)- I/' / ( I - Z2U) 

I. Algebraic integrands-Continued 

L'flu) K (u )du 

f ( I - u 2)- I/'K[2(Z2U2 + z(l - z)))du = K (k +)K (L) 

k ~ = [1 - ( I - 4Z) I12]" + z[I :t ' (l - Z) ' 12]2 , 

~ (Z2 + 
2 

7T 

2(1 

1 
R e z < 4 

1)- 1 K[zI(z' + 

Z > 0 

- z') - I/' K (z) 

O ,,;; z < I 

1) 112] 

O(z - lI )( I - U') - 1/2(Z2 - 1/')- 1/2 (z + I )- I K 2[ (2z)1/2/(I + z) !] 

O ,,;; z < I 

Il ( I - I/') - I/'(z' _ 1/. 2)- 1/2 ( I + z) - IK' [ (2/( I + Z))I 12 ] 

z > I 

O(S iIHj) - I/)u E (s in q,) - cos2</> K (s in (b) 

(0 ,,;; (j) ,,;; 7T) 

O(u - z)u - 2 Z- I E (z) - I 

(z > 0) 

( I - ,, ')" - 111 - 2" 1'''(11) 
2""- 4 SCC( 7TII)--

[" '(211) 

I 
0 < 11 < 2 

( I + 11) - 1 7T'/8 

2"+2 1"2 _ I' + -( I :\ ) 
2 4 

(Re II > 0) 

----------

(1- 17) 

( 1- 18) 

(i - I8) 

( 1- 18) 

[S ] 

( 1- 18) 

~ /J (II, " ) F , (1 /2) , (1 12), u ; I , <r + p -~ 
_ Z2 to- + 1f - 11 ( ) 

4 ( I - z2f I - z-

v,u > 0, Z2 < 

il ., 7T I"(v) I '( rr) (I I ) K (zU)U -"- 1 ( I - u' r - I du = --,--- 1:'0 . v' l r + , Z' 
o 4 I (v + u) 3' - 2' 2' , ,( ,J , 

V,II > 0, la rg(l - z2)1 < 7T 

( I 2 - 1/2 U[(1 - z') - u2 ] 
- u) 

[( I + z') - u'l' 
_ - ' 1' - z- 2 ( 1 3 ) 
2' 2' ' 

I (a + 1)1' ( ~'J ) 
" _ 7T 2 j ,( II (2 - n , dn - - . 2 --

8 ( 1 ) 4' 4' I ' I + a+ 2 v 

I + a; I , I + ~ II + a; I ) 

(Re v > 0, Re a > - 1) 
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I. Algebraic integrands-Continued 

flu) f f(u)K(u)du 

(21) 7r ["(v) 

\'(v +~) 
1 1 z) 

(1 - z)" ,F, (v, v, a ; v + 2' v + 2; z _ 1 

v > 0, largO - z)1 < 7r 

(22) f (l - U') - II' K(au)du = :' {or I (~, ~; 1; a') r 
Re a 2: 0 (1-18) 

(23) 8(z - u)u(z' - U ')"- 1 
~ I'{v)z"(1 - z')"/' P ::(I/, ,(1 - 2z') 

0 < z < 1, v>O 

(24) lI(u - z)u(1 - u"f(u' - z')-<'-<3/', 
J2(v + 1)1 ' ( -~ - v) 

2"-(3{2 ) 

(I _ z 2'f +(:3 /2) (c" - 1j" + 11/4 
P-:';,il/21 (c) 

C = (1 + z)'/(1 
1 

- z'), 0 ",; z < 1, - 1 < Re v < -2 
(1-17) 

(25) 8(z - u)u(z' - u')"- I/( 1 - u')V+"'" 
~ I'(v )z"( 1 - Z') - I p -<'v, [(1 + z')/( 1 - z')] 4 -

v > 0 , 0 < z < 1 

(26) u - I(l - u') -I/' [I + z 1 
(z' + x ~ 1/2 

(C / 2)1/2 - __ (~ - ~) 4[( 2 )r 
7r _ ~ + I 

x' = (1 - u')/u' 

K ( J~ : ~ ) K(~ - ~), ~ = vCz 

z > 1, C = 2[z - (z' - 1) 1/2] 

(27) /;I(a - u)(a'u - ' - 1)"- IU- 2 1 , 
'4 e iJ7r1 (c 2 - I)v /2 (c + l)I-VO::(I/,,(c) 

I 
c' = 2a - ' - 1, 0 < a < 1, 0 < Re v < "2 

(28) /;I[(l +z')- I/' - u][u(l - u')] - I/' [(l - U')I /2 - zu] - I/' I 
"2 z - I/'[0 - 3/4 (z + z - ')P - 3/4 (z + Z- I) 

- 0 - 1/4 (Z +Z- I)P - 1/4 (z + Z- I)] 

(z > 0) 

[Z(l - u ') + u(l - z') J" C -z')'" { } (29) li(z - u)(l - U') - 3!4 _ 
Z2 - u2 

-z-,- W - 1/4(C)1' + W - 3/4(C )]' 

0 < z < I, C - I = z(l - z')'f2 

(30) /;I[(l + z') - (I/2I - u]u' [ u' r 3/2, 
(1 - u') - z'u' 

2(61' + 11 )/ 4 . 

--- e- I "+ """ 0"+ 11/" (2z'+ 1) Iz\1I+ 1/2 - (1 /2) 

1 
z real, -3 < Re v < - -

2 

(31) (1 - U')" - I {u + z(l - U2)' 12 ]- 2" I" (v) 
2'"- 3 -- sec (7rv) x 

+ lu - z(l - U2)1121 - 2"} 
["(2v) 

X 3F 2 (v, v, v; v + 112, 1/2; -z ~ 

(0 < z<1'lvl<~) 
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(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

(43) 

(44) 

(45) 

I. ALgebraic integrands-Continued 

flu) f /(u)K(u) cLu 

(l - U,)"- 1 t [u + z(l - U2)1 12]- 2" 

+ sgn[z(l - U2)1 /2 - U]} 

42" z 1'( 1 - 2v) 1" (-21 + v) cos 7TII 3F 2[1/+ (l /2),v+(l/2),II+( 1/2);(312),v+ 1;-z2] 
7T 1'(1 + 2v) 

IZ(l - U2)1 12 - u1 2" (0 < z < 1) (jvl < n 
O[u - z(l + Z2) - 1I2]U( I - U 2)- 312 

,[ 1 - U 2 ] (211+ 3) /2 

u2 - (1 - U')Z 2 

(-1 < v < -~), z rea l 

U - 1I2(1 - U2)- 1I2 l[zu + ( J.. - U 2)1 /2] -1/2 

sgn[zu - (I - U 2)112]} 
+ Izu - (1 - ,,2)1121 '12 

( 1 - U2 )- 314 t[u + z(1 - U2)1 /2]- 1I2 

+ sgn[z( I - U 2)' 12 - u]} 
IZ(l - ,, 2) 112 - " 1'12 

(1 - ,,2) - 314 {lz( 1 - U 2) ' 12 - " 1- 112 

+ ~ (l - u 2)112 + al - 1I2 ) 

z rea l 

z rea l 

z real 

z rea l 

2 " 
z[1 + ( I _ a2)112] K (k+)K (L) 

I ± (1 - a2 z2)1/2 
k - z rea l 

'" - [1 2)112] ' z + (I - a 

(' rr'cb (I ) k k+- 1I2 K (L) du = 4 csc 2 (/J 

k ", = ( I - u 2)coscb + u 2 ± ' [(l - l/, 2)2 cos2 (/J + lI' + 211 2 ( 1 - a 2)cosq> - 1]' 12 

[u l (1 - u')]' I2 II1 I(u l12 + 1)/(u ' 12 - 1)1 

( I - Z2) u(u 2 - Z2) - 1 (1 - ,,2) - 112 In --
I - u 2 

- 2( 7T/2)" /2 a rcs i n h( I) 

7T2 l l ' G) ]2 ' 

8 I' (~) 

O < z < 1 

{ ( 1 - U2) "2 [0 - ,,2)112 + (Z2 - U')II2]} 
U(Z2 - U 2)- 1 (l - ,,2t l12 1 - Z2 _ u 2 In . -----,--;;----:-.,.,-;;;---

(Z2 - 1)1 /2 
z > 1 

K u = [a - (a 2 - 1 )112]1 /2 sec h2 x K (sec h x)K (tan h x) l oc [(U2 + a 2)'/2 - a ]"2 [(U 2 + 1)1/2 - I] d 
,,2 + a 2 (u 2 + 1)1 /2 + I (u 2 + 1)112 + I . 

[ U 2(1+1 (2 - u2 {' ( I - ,,2 )' 12 K (Z" ' /2 

cosh x = 2- 112 {I + [2a 2 - 2a(02 - l)' 12] 1I2 } 112 , Re a ;0" 0 [6] 

7T I' (D I (~ + ~ a) I' (1 + ~ a ) 
,,)da = 8- ( ) ( )' Re a > - 1 

a + 1 I ' a + ~ 1' 2 ~ + ~ a 
2 4 2 

317 



(46) 

(47) 

(48) 

(49) 

where 

l. Algebraic integrands-Continued 

flu) l' f(u)K(u)du 

20 k K(k)K' (k ), k = 0 - 1 

(' (1 )] du rr -h [u(l - U 2)- 1I2 K (u ) + In 4 u -;; = 2(1n 2)2 - 12 

1 
0 < a < 2' 0 < z < 1 

SIAM REVIEW 14, 497 (1972) 

L' 4 { (z + 1)(z + 4)f3 }"2 K[(1 - f3)u l f3 )[rf3 + I)u - (u' + f3)) - II' du = . K(k+) K (k ) 
~ (l + f3 )' (z /2)2 + 2z + 2 + (2 + z )(z + 1)'/2 -

z = 2[1 - f3 + f32) - 2[f3(Sf3 - 2f3' - 2))"' 

[4f3 .- 1 - f3') + 2[f3(Sf3 - 2f3' - 2))' /2 

k", = {Z(Vz+l ± Vz+4) - 2(1 - Vz+l) }"' 
z(Vz+l ± Vz+4) + 2(1 + Vz+l) , 
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II. Trigonometric integrands 

flu ) L f(u) K (u)du 

(I) u ( l - u') - I/' cos[2z(l - U') II2] rr' 
4 .1 t(z) [7] 

(2) u(1 - U2)- 1 cos[ 2z( 1 - ,, ')- 11'] rr' 8 [Y1.(z) - .Jij (z) ] 

(3) ,,0 - U' )- I s in[2z(l - ,, ') - 1/, ] rr ' 
- 4 .1o(z) Yo(z) 

[7] 

(4) (1 - ,, ') - 1 cos [2zu (l _ /1,,) - 1/,] I , 2 K o(z) 
[7] 

(5) /1, cos[2z (1 - U) 1/2 ] n(z) [7] 

(6) it - i {2 e + u ) -- s in[4z u l/' (l - ,, )- 1] 
1 - U 

rr 
2 1 o(z) K o(z) 

[7] 

(7) U - I /2 e + 11 ) --- cos [4z 11 112 (l - 11)- 1] 
1 - 11 

1 K' 2 o(z) 
[7] 

(8) 11. - 1 (1 - U 2 ) - 1I2 cos [ 2z U- I (1 - U') - I " ] -i 10(z) K o(z) 
[7] 

(9) (l - u 2 )- :l/2 s in[2z u( l - U') - I/' ] IT 

2 / 0(z) ":0(z) 
[7] 

( 10) ( I - U2)- 1 ( I + u ') - I/' c(ls[2z u,(1 - u') 1/' ] 2- :'" K t(z) [7] 

( II ) (:3 + 11.)( 1 + u 2)- :I/ ' 11. ' " cos[2"/2 Z ( I - U) - I ( I + 2I/' K ij(z) [7] 
11.)1/'] 

( 12) (3 + 1/ )( 1 + ,, 2) - :112 ,,1 /2 s in[ 2:l /2 z( I - U)- I ( I + 2- 1/2 rr / o(z) K o(z) [7] 
11.)"' ] 

( 13) u( I - 2,,')"- 1 s in[2z( I - 2u')] li (2- 1/2 - II ) 21/ - :l 1/:"2 Z 
( I I J 3 1 5 I 5 2 ) 

,F3 2 + 2/1, I + 2/1; 2' 2 II + 4' 2 II + 4: - z 'C I ) 1 - 2/1 + 4 

(14) u( 1 - 2,,')"- 1 cos [2z( 1 - 2u 2 )] 0(2 1/2 - II) :2 4 '- " rr"" 1'( /I) 

2F" U" ~/I + ~:~ ~ II+~ ~/I +~: - z') 
2 C :, ) 2 . 2 :2 2' 2 4' 2 4 

I ' 2" + 2 

Re /I > 0 

[ C + II') ] rr :m 5 1f2 ,0 (z) 
(1 5) (1 _ 1/') - :,,2 u s in z --" 

8 
Z l " )'2 (~) 1 - /.1" 
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(I) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

III. Exponential and hyperbolic integrands 

flu) 

u(1 - U')-1 exp[ -2z(1 - u'J-1i,] 

(l - U')-1 exp[ -2zu(l - U') - I12] 

u(1 - U') - I /2 exp(zu') 

u(1 - U')-312 exp[ -4zu'/(1 - u')'] 

[ (X' - Y'U')] u(1 - U') - 1 (x' - Y'U')-I12 exp - 1 _ u' 

1r 
2"IJz)K Jz) 

1 K'( ) 2" 0 z 

, 
;- [jij (z) + Yij(z)) 

1 (1r )1/2 - - e'Ko(z) 
4 2z 

L f(u)K(u)du 

1r' 4" e Z ,F, [(1 /2), (112); 1, 1; -z] 

1r - 3/4 i z 'u ( ) 16z e W - l/4.0Z 

[7] 

(8) u(1 - u ,}-312 A - I exp(-A) 

(9) 

(10) 

(11) 

(1Z) 

(13) 

A = [x' + y' + 2xy C ~ ::) r 
u - 'V (1 - U')V- I exp( -z/2u') 

[ 1 (I+U' )·] U,v- l (1 - u') --V- II /21 exp - -z --
_ 2 1 - u' 

1 4: (xy) - I12 K o(x)K o(y) 

C:11 
'3 

1 
0 < Re v < 2" 

I 
0 < Re v < 2 

- 0(2- 112 - u) 

2V-1 9/4 1 '.12 ( , [ 1 - (vI2) ~ - (vI2) ) 
--;m C" z 0 t (114) - (vI2) (114) - (vi Z) 

UV+ 1 (l - ZU'}V- I (l - u') -(2v+31/4 exp[ -z(1 - 2u'}l u(l-u')'I2] 

u(1 - U') - I12 cosh[2z(1 - U')I 12 ] I 
4: 7T'Iij(z) 

[ cos (zu) ( 1) 1 [ _ (1 I ) [4 
(
1) K tanh 2" u . du = 87T I 4: + 2 iz 

cosh ( - u) 
2 

320 

Re v > 0 



IV. Bessel and related functions 

flu) L' f(u) K (u) du 

(1) 0(2- 1/2 - u)u(1 - 2u2j - 512 ).,[2zu(1 - u 2)1/2/( ] - 2u2)] ~ 7T 1/2 Z- 312 e - ' 

2 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(II ) 

(12) 

(13) 

(14) 

(IS) 

(16) 

(17) 

( 18) 

u(1 +u2)(l-u2) - 512'io[2zul(l - u2)] 

u(l - u2j - 312)0[zul(l - U 2)- 1/2] 

[ ( 1 + U
2
)] u( 1 - u 2j - 2 (1 + U 2) 112 ) 0 2 z 1 _ U 2 

0(2 - 112 - U)u(l - 2U2t ' /2 ) 0[2z(1 - 2u2)] 

Z - I K O(z) Re z > 0 

2- 1127T 
- -- [COS(Z) YO(Z ) +sin(z)) O(z)] 

16z 

2 ,rl 7T 
-- s in(z)) o(z ) 

16z 

x [ 2u ] 1/2 [( 2u )1/2] 7T 1. u ' " Z2 + (u + 1)2 J o(xt )K Z2 + (u + 1)2 dUo = -;e - "' J o(x) 

u,(1 + u,2)1/2 (l - u,2) - 2 Yo [2ZC ~ ~:) ] 2- 1/27T 
~ [cos(z)) o(z) - s in(z) Yo(zl] 

u,(1 - u 2) - 312 K o[z(1 - a 2)- 1/2] (7TI 2z ):1/2 e - , 

[ C + u
2

) ] 
2 - I/'7T 

a(l + U 2)'" (l - a 2)- ' K o 2z-- -- e - ' K o(z) 
1 - u 2 16z 

u, (1 - U2)- 312 Ko[zu(l - l/2)- 1/2] 7T2 
- [Ho(z ) - Yo(z )] 
4z 

u,2 (l - u,2)- ' K o[2z a /(l - a 2)] 2- I/'7T 
"""8z'i2 5 - 1I1.O(Z) 

u,2 (1 - u,2) - 512 K o[2zu2/( 1 - u 2j] 
~z- :1/2 5 (z) 16 111.0 

~ U') ] 

rr 
u(1 - u, 2j - :l12 exp[ - zu '/ 2(l - u2)] K 0 [ '2 (rrlz) 112 £, (Z) 

_2( I 

u(l - u,2) - 3125v.o[z( 1 - U2)- 1I2] 

I (- ~/I) 
rrl 2 1" 4z' . C I) 5 v+l.o(z) 

1 - - -II 
2 2 

a(l + a 2)1/2(1 - a 2)- 25 v.l " H: ~ ~:)] 1'2 ( - ~II ) 
(rrl2)1/2 2-v C ) 5v+l .o (z) 

16z I ' "2 - II 

u(l - U2)- 514 5_11'.11' [2z( 1 - U2)- 1/2 ] 2 - 1/2 rr" 
--16- Z- 1/2[} ij(Z) + Yij(z)] 

u - 2 H o[zu - 1 ( I - a') 1I2] - z K o(z) 

O(a - 2- 1/2)a (2u2 - 1)- 512 H o[2uz( I - u 2)1/2/(2u 2 - 1)] _ rrl/2 z - :1I2 
8 e - Z 
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[7] 

Re z > 0 

Re z > 0 

X > o 

Re z > 0 

Re z > 0 

Re z > 0 

Re z > 0 

Re z > 0 

Re z > 0 

Re z > 0 

Re Z > 0 

Re z > 0 

Re z > 0 

Re z > 0 

Re z > 0 



V. Miscellaneous integrands 

f(u) f f(u)K(u) du 

0) [ e + U2)2] uO - U,} -3/2 exp Z2 1 _ u2 Erfc [zG~~:)] I j"'2 C) - 3/2 «1/2'Z'W (2) l6 "4 z e 1/4 .• z 

Z '* 0 

(2) u{exp[-2z(l - U2)'!2]Ei[-2z0 - U2)1!2] - 7r 1.(z)K.(z) 

+ exp[-2z0 - U2)112]ti[2z0 - U2)1 /2]} Re z > 0 

(3) u(l - u 2)"- (I 12> P v (1 - 2u'} 
["4 (v + ~) 

1 
"4 ,'2 (v + 1)1"(2v + I) 

I 
v > - -

2 

(4) 0(2 - 1/2 - u)u P ,( I - 2u2) [m [ (1 +;.) I 2- 1/2 

4(v+~)' r (~) rG + ~v ) SIn (~7TV ) 
r (~) I G + ~v ) ~")] + -- COS 

r (D r (I + ~v) Re v > -~ 
2 

(5) uP,(l - 2u2) 7TCOS( 7rv) + 2s in( 7TV)[ y + 2 In 2 + IjJ(v + 1)] 

7r(2v + 1)2 

Re v > -~ 
2 

u(l - U2)- 3/2 Q , G ~ ~:) ( I)" 
1 

(6) ~ v + - Re v > - 2 
8 2' 

(7) u -2Qv(2u -2 - I) 
'/J{ v + 1) - 'i/G) 

(2v + 1)2 I 
Re v > - 2 

(8) Q,(2u 2 - 1) ( 7T/2)cos( 7TV) - [y+ 2 In 2 + IjJ( v + l)] 

(2v + 1)2 

I 
v * -2 ' -I, - 2, ... 

(9) u - I (1 - U2)- li2 ,F I[I ;~; - 2z(1 - u') /u'] 
7r 
"4 e' K .(z) 

Re z > 0 

(10) u(l - U2)- 1/2 ,F, G+ - 2z0 - u'} ) 
7r2 
4'·(z)e - ' 

Re z > 0 

(II) - I (1 '} - 1/2 F C I I 1 I 
u -u 2' 2v + "4 ' "4 - :t ; :z ; 1 - u - 2) ,. (~ + ~v ) r (~ - ~v ) 

7T 4 2 4 2 

2 . (3 1) . e I) r "4 + 2" I "4 - 2" 

( 12) fO - U)v-) (l - uz)--<T K[(uzJ i2 1F; [CT' -~;V ;( ~ = :~z]dU = iJ2FI(CT + ~ , ~ ;,,+ I;Z) 
Re v > 0 

(13) 

11 [ I I ] 7T (1 I ) 0(1 - Uj"- 2 K[(UZ)1/2 ]2FI v - 2, v - 2;v - l; x(l-u ) du = 2(v _ 1)O '- X)1-<'2F; 2 ' :Z ;v;z+x-zx 

Re v > 1 
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A formula which was obtained a s a special case of another in the table is indicated by a 
reference in pare ntheses. For exa mple, (Il-7) refe rs to formula (7) of section II dealing with 
trigonometric integrals . Whe n poss ible a result related to a published one is indicated by a reference 
in square brackets. 

The author will be grateful for being informed of any erro rs found in the table, or of additional 
results . 

References 

[l] Watson, G. N. , Three triple integrals, Q. J. Math. Oxford 10, 266 (1939). 
[2] Morita, T ., and Horiguc hi , T. , Formulas for the lattice Gree n 's fun ctions for the c ubic la tti ces in te rm s o f the 

co mple te e lli ptic integral, J. Phys . Soc. (Japan) 30, 957 (1971). 
[3] Kaplan , E. L., Multiple e lliptic integrals, J. Math. and Phys ics 29, 69-75 (1950). 
[4] Byrd, P . F., and Friedman , M. D. , Handbook of Elliptic Int egral s for Eng ineers and Ph ys ic ists (S prin ge r Ve rl ag, 

Berlin 1954). 
[5] Gradshteyn, I. S. , and Ryzh ik , I. M., Tables of Int egral s Ser ies and Prod uc ts (Acade mic Press, 1965). 
[6] Glasser, M. L., An e lliptic integral ide ntity, Math . Compo 25, S33 (1971). That the res tri ction on a is that give n in 1-

44, rathe r than the one in this pape r was point ed out by H. Fetti s (private co mmunica tion). 
[7] Erdely i, A., Magnu s, W. , Oberheltin ge r , F. , and Trico mi , F. G., Tables of Int egral Tran sfo rm s, Vols . 1,2 (McGraw­

Hill Book Co., In c ., New York, ]%4). 
[8] Oku i. S., Co mple te e lliptic integra ls res ultin g from infinit e int egra ls o f Bessel fun c tions. Na t. Bur. S tand. (U.S.), J. 

Hes. 788 (Mal h. Sci. No.3, 11 3- 134 (J ul y-Sept. 1974). 

(Pape r 8OB2-446) 

323 


	jresv80Bn2p_313
	jresv80Bn2p_314
	jresv80Bn2p_315
	jresv80Bn2p_316
	jresv80Bn2p_317
	jresv80Bn2p_318
	jresv80Bn2p_319
	jresv80Bn2p_320
	jresv80Bn2p_321
	jresv80Bn2p_322
	jresv80Bn2p_323
	jresv80Bn2p_324

