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Definite integrals whose integrands contain the complete elliptic integral of the first kind are
compiled.
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INTRODUCTION

In studying a wide variety of problems involving three dimensional lattices, one is led to

examine integrals of the form
o
fJJ F(cos xx, cos my, cos nz)dxdydz. (D
0
In many cases two of the integrations can be carried out explicitly yielding an integral of the form

B
f Fu) K(u)du

«

where

T2
K(u) = J [1 — w?sin?0] "2 d6 (3)
(

)
is the complete elliptic integral of the first kind. Examples of this are contained in references [1]*

and [2]. In the studying of the vibrational properties of a harmonically coupled simple cubic lattice of
mass points, the author was led to evaluate a large number of these integrals.

*An invited paper. This work was supported by the National Research Council of Canada under Grant No. A9344.
**Present address: Department of Applied Mathematics. University of Waterloo, Waterloo. Ontario. Canada N2L 3G1.

! Figures in brackets indicate the literature references at the end of this paper.
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The literature concerning integrals of the form (2) is rather sparse. The known results, due
mainly to Kaplan [3] and Byrd and Friedman [4] are summarized by Gradshteyn and Ryzhik [5] as
entries 6.141-6.147 and 5.153. For completeness these older results have been included in the
following table. The methods by which these formulas have been obtained are diverse and it would
be impractical to go into the derivations in detail. Several, such as (1-18) were obtained quite simply
by integrating the series representing K(u) term by term. Others, e.g., (II-10) were found by
applying the Fourier inversion theorem to a known integral. Several results were obtained by writing
K(u) as a hypergeometric function and applying the general formulas of section 7.5 of reference [5].
Occasionally more complicated procedures were needed (e.g., see [6]). When possible the results
were independently checked by considering special cases.

It is felt that the publication of a table of these formulas would be useful to others working in
this field as well as form a nucleus for a more extensive tabulation by others in the future. In
addition, a number of our results have a certain intrinsic charm.

The notation used in the following tables is that of the Bateman manuscript project series [7].
In addition, 6(u) denotes the unit step function which is unity when u > 0 and vanishes for u < 0.
The conditions on the parameters for which the formulas are valid, when not explicitly noted, are
easily ascertained and are generally those under which both sides are defined. Finally, these table
partially supplement the recent tabulation of representations of the complete elliptic integral as
Bessel function integrals by Okui [8].

I. Algebraic integrands

1
flw) ﬂfiu)K(u)du
S e (1) ‘(l ) *(f, ) <(§_l>
ﬂ.l/21 e 1 59 | 3 s |1 3 25
8 (3) . 1 ) (5 1 )
‘(1)‘(‘ 2¢) e 3
0 <Res <§
(1-18)
2 w1 — y2)ms-1 |2 (ls)
92572 2
2 5)_ (] ])
2 (2 )2 (2 Z
' (4 TR
(0 < Re s)
(1-18)
(3) us (1 = uH)r ‘<3 1 ) ‘(3 1 )
e S
5/2 1 ) 4 4-S : 4 45
L csefe
4 (2“ rz(.‘i‘)l‘(l 1 )1‘ L
i) gtz )M d-39
(0<Res <2
(1-18)
(4) w1 — p2)-tDH (1 w3 1
Tlzs )12 (———s
w32 2 4 4
4 3) ,<1 l) 1
2| _ - K —a
I(4l4s+211 45)
(0< Res <3
(1-18)
(5) u?+ 2 + (1 + u?2)? g(l + 2 12K[(1 + z9)712]
1+2 1l 4F &
N<z<l]
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1. Algebraic integrands—Continued

flw) jlﬂu)K(u)du
o

1
@ £ (1 — u) K2z + 2(1 — 2)]du = Kk)K (k)

k2 =[1 —(1 —4e)!2]t +2fl = (1 — 2)!2)%, Re z <%

R i 3+ DKL + 1))
z>0
9) u(l — u®7"2/(1 — 2%) g(] K (s)
0=z<1
(10) Oz — u)(1 — u®)~12(z% — u?)~12 (z + 17" K2[(22)"*/(1 + 2)4]
0=sz<1 (1-17)
(11) w(l — ud~"2(z2 — w12 (1 + 2)7'Kq(2/(1 + 2))'2]
Zp=0l
(12) A(sind — u)u E(sind) — cos?d K(sind)
O=d=m (1-18)
(13) Ol — z)u? z'E@) -1
(z >0) (1-18)
(14) (1l = @t 1(v)
2414 sec(mv) =20
0<rv< -l-
2 (1-18)
(15) (St %8
[5]
(16) f K[27"2u]u(1—u?""" du = L:“’)—;—-
(Re v > 0) (1-18)
LD eemaiet S AR T Bl e, ((1/2; (112, 031, o + p — —Zz—)
4 (=57 " ’ 0 W) PoT
v,g > 0,22 <1
7 I'wl(o) 11 \

, v:l,o + vy 2 )

T AT+ o) P2 \22

1

(18) f K" (1-u?'du = — —— F (
o

v,o >0, arg(l — 23| < =

u[{l == zz) == uz] ™ (1 ‘; T 72)
[(1 + z%) — u?)? 4 Dilsiine

(19) (I = =%

I'o + 1)l'(7v>
2 L (11 1

———l o= ] +§1' + o3l

l‘(] + o+ Eu)

1
20) f K@ "2uu? ' (1 — uf! (2 — u?F du =
o 4’ 4

| 3

(Rev>0,Re o >-1)
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I. Algebraic integrands—Continued

1
i J; SwK(u)du
2) w1 = uwd)t (1 - zu?)C I'2
( o a : w 1 —2)7 F, (V,V,O’;V+1,V+1;L)
|‘2(V N 1) 2 2z-1
s
v>0,|arg(l —2)| <7
1 2 1 1 2
(22) L (1 — uy™ Kau)du = WT {f, (Z’ s az)}
Rea =0 (1-18)
23) 0 — wul? — u?
(23) & = onE = 1)) % FW2( - 22 P4l — 222)
<z <1, v>0
. - 2 2 _ ,2)—v-(3/2
(24) Ou — z)u(l — u?(u Zi - P+ DI (_% B V)
(1 = Z?’)u“:m) (Cz - ”2’+ /4 P:‘iﬁ’“m (c)
c=(1+2%1-2%»,0=<z<1, -1 <Rey<—%
(1-17)
25 0 — 2 _ 2 V—l/ 1 . 2\v+(1/2)
[Bo Ol —la® = &5 AL = ) %lmzm — 21 P, [ + 21 — 23]
v >0, 0<z<1
z 4 9 172
(26) u (1 — u?2 {1 +Wl ((,‘/2)1/2; [ (f ~ 1) (§ _ 'fz =10
x2 = (1 — u?/u? F=1
K(Vé+—1) K& - VE - 1), ¢ =z
z>1,C =2z — (z2 — 1)
27 () - 2, -2 __ v—1,, -2 1 ;
(27) la u)la‘u D" u —e"™ (¢ = 1)"2 (¢ + 1)]4()3(’”2;(6)
1
c2=20?%2-1,0<a< 1,0<Reu<E
+ 2)—-1/2 _ — 2)1-1/2 — 3112 _ -1/2
i B2 (= uHL = u - %z_m[(),:m (3 aF & gl ap 7 )
= Uy Garg Wl 25 270
(z>0)
1_2)+(1_2)1/2 1_2114 .
S R Ul [Z( e ] ( = ) 0w OF + [0
<z = 1L G =40l = 291
uz v+(3/2) 2(6v+1lr/4
a0 e | | e A QI (224
1
zreal, -3 < Rev < -3
31 ) [ u2 =1 A = 2\1/271-2v 4
sl O L 2= I‘z((2VV)) sec (mv) X

+ |u —z(1 — u2)|/2|—zu}

X JF,(v,v,viv + 1/2, 1/2; =23

1
(O8] =
( %3 , v 2)
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I. Algebraic integrands—Continued

Sflw)

1
f SwK(u) du
0

o =l — 2)1/2]-2v 42:/ »] .
a e i[“ L 1A =2, (1 + u) cos v oF 5 [v+(1/2), v+(1/2), v+(1/2):(3/2), v+ 1; —2 7]
7 I'(1 + 2v) 2
sgn[z(l — u?'? — u]}

TE = aie =
|2(1 — u? ul (0<Z<])(|V|<2l)

(33) 6w — 21 + 22 Fu(l — l‘ﬂ(u+1)l‘(—v _ %)Q(M,m

. [ 1 = uz ‘:|(2v+3”2 21]/4) ZV*(”Z] P:‘;—ﬁzllz (2z2+l)
u? — (1 — u?z?

1
(—l R —E),z real

/e

(34) w1 — y2)e {[zu + (lo— w2212 27O gz 4+ 2P gz + 27
sgnzu — (1 — u?"? z real
(35) (1 — u2)—3/4 i[" +Z(1 — u2)l/2]7|/2 27”2[(),”4(2 + z—l)]z
sgnfz(1 — u?®)"? — u] z real
(3()) (1 — uz)-:l/-t {|Z(] = u2)1/2 i u|»112 27”2{(),3,4 (z + z~l)}2
38 [H = P S gl z real
(37) w1 — w2 {[zu + (1 — u®)M3)T12 272 gy 2 + 27 WP g4z + 27"
Sl AR (IR ) LSS z real
2 2
2 1)-12(,2 — 212 _ koK (k.
[ (u )RRz u®) "?Klau) du 0o Kk )K'(k-)
(38)
i 1NN (IR=Na~z2)Liz |
b ————— Z Te
AT+ (1 —ayey "
1
(39) L ko Kk du = T2 csc(l ¢)
4 2
ke = (1 — udcosd + u? £ [(1 — u??cos? b + u' + 2u® (1 — u®cosp — 1]'2
O<sodb=nm
(40) w1 —ud)1"?2 - u?)"'In(l — u? —2(m/2)%? arcsinh(1)
(41) [u/(1 = u?]V? In|@"? + Diw@"? — 1) r (1 )
s 4 }2
8| .3
()
1 - 22 2
(42) uw? -2z (1 -ud " (1 = uz) 3 K@) (1 — 23712, 0<z<1
e 1 — 422 4+ (22 — y2)2 2
(43)  ul® - ud) (1 - ) {1 - (z2 _';2) In P - :zz = ;z)w ut ” TE-Dn 2>
= [(u® + a®'® - a}”z [(u2 + 12 — lJ du
44 [y — (n2 _ Ty12]12 2 ot
(44) l; [ Tl K TS IS [a — (a 1)) secl} x K (sech x)K(tanh x)
coshx = 2712 {1 + [2a® - 2a(a®? —1)"?]*2}'2, Rea = 0 [6]
3 3 1 1
I‘(—) l'(— + = (r) l"(l + = (r)
1 4 2 2 2
(45) J u?t (2 — u?f (1 — )2 K(27'2 w)du = , Re o > -1
o

T
8o +1 3)1(5 1 )
l<(r+§l Z+§o'
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I. Algebraic integrands—Continued

1
fw) [ ek
_ )12
(46) (1 —u) NIk KKK (k) k =2 - 1
SIAM REVIEW 14, 497 (1972)
1 1 du bl
el 2\—-1/2 . —_— = 20 monile
(47 L [l - a9 K(u)+ln<4u)] = 2 2 - T
(48) f 4t u? — 220! K@) du = % @)™ 220 (1 — 202 =4, (2272 — 1)
]
0<a< 5, 0<z<l1
1 4 (z + 1)z + 4)
@9) [ Ki1 - BB + u — t + BT du = g B
B

1/2
Kk,) Kko)
Q+B) 222 +22+2+2+2+ 1)”2} () B

where

LU= B+ B - 2AB5E - 26 — 2]
(48 - 1 — p% + 2ABGE — 28° - 21"

z2(Vz + i\/z+4)*211—\/z+1)}”2 1
vzt 1l Vet H+20+Vz + D)
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II. Trigonometric integrands

1
f) ff(u)K(u)du
0
—_ 12)-1/2 5 — 2)1/2 2
(1 u(l — u®) cos[2z(1 — u?'?] %j%(z) (7
2 u(l — u?)7! cos[2z(1 — u?)~'2 >
@ ezl = e - Jite
3 1 - u®) " sin[2z(1 — u?) 1 : 7
) " i) P infal ! ] = 7.rT./o(z)Yo(Z) (7
o 2)\~-1 ¢ e 2\-1/2 l 7
(4) (1 — u?)! cos[2zu(1 — u?)~'2] 51‘,%(2) [7]
(5) u cos[2z(1 —u)'?] Ji(z) [7]
1+ . 7
(6) il (1 — Z) sin[4z u'?(1 — u)™"] %lo(z)l(o(z) (7
+ 7
(7) U (i = Z)('()s[4z u (1 — u)t] %I\%(Z) (7
(8) u ' (1 —u?)'"2cos[2z u' (1 — u?)~""?] %lo(z)l\'olz) [7]
9 . 2\-3/2 :' B = 2\-1/2 7
(9) (1 — )32 sin[2z u(l — u?)~"2] %lu(zil\'o(z) [7]
(10 (1 —u®) ™' (1 + u?)~" cos[2z u(l — u?)""?] 232 K 3(z) 7
(11) (3 4+ u)(1 + u?) 32 y'2 f/rzx]s[Z”’zz(] —uw) (1 + | 2"K}(z) [71
u)
(12) 3 + u)l + u®~32 u"Z) ISI;T[ZMZH —u'(l+ 2712 714(2)K o(2) [7]
u
(13) u(l — 2u®”~! sin[2z(1 — 2u2)] O(27'2 — u) 2L N T 2z ( 1 " 1+ 31 N 5 11 N 5 z2)
2Ky | =+ o, Vi, =V + = v+ = —
% 1\ *2\2 "2 27272 42 4
| 57 + i
(14) u(l — 2u®"" " cos[2z(1 — 2u?)] H(27'2 — w) A I () zl' ( 1 N 111 Y 31 N 5 zz)
— s |z vt =i v =y o —
1‘2(] +3) P12 2222 742 "4
at
Re v >0
] + 2 3/12 S
(15 (1—u?) u sin |z (~— T LI
1 — u?

8 3
1/2 |2 —
7 | ( 4)

319



III.

Exponential and hyperbolic integrands

1
e [ Sk du
0
—22u -1 ,—2z/u
(1) e +ule zlo(z)l(o(z)
2
2 1 — n2)—-1 - — 2)-1 I
(2) u( u?~! exp[—2z(1 — u?)~1 iKﬁ(z) (7
3 1 — 21 _2 1 — 21z 2
L et TUE + v3E)
(4) u(l — u?)73"? exp[—2zu¥(1 — u?) 1 <1>”2 Ky (2)
4 \2z
—_ np2\—-1/2 2 2
(5) u(l — u®™"2 exp(zu?) %ez JFL [2), (U2):1,15-2]
(6) u(l — u?)2 exp[—4zu?/(1 — u??] T ek Wi l2)
6
2 _ 2,2
(7 u(l — u?d)! (x® — yu?~ 12 exp{— (%” 1(12 — ) 12 Kyx + y)Kox — y)
(8) w(l — u®=2 A" exp(—A)
2 1/2 l
A= [x2 + y% + 2xy (1+_u2)] = (xy) 2K oK o(y)
il = pi 4
9) u=? (1 — u?¥" " exp(—z/2u? 1 11
Zz"’e‘z(}% (z ) 0<Rev< -
vi o4
v i 1 1+ u? 12, -z 1 1
(10) u? lu_uZ) 1/2)exp[—§z (]—u2)J ™ lZ/ € (}g& (Z ) 0<Rev <=
20z =) v o}
2\
(1) w1 = 20t (1 — u?) =2+ IH expl—z(1 — 2u?/u(l-u?)'"?] 27 ( 2 1 = (/2) 3 =2 )
_ 7 O \E 0 4 (/4 — w/2) (114) — (v/2)
'9(2”2-11) Rey>0
12 - p2)-1/12 h — 2)1/2
(12) u(l — u?~"2 cosh[2z(1 — u?'?] 1"21%(”
4
cos (zu) 1 1 (1 1.\l
(13) —7K(tanh—u)du=— I(—+7zz)
cosh((%) u) 4 L ‘ e
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IV. Bessel and related functions

1
fl) f fwK(u) du
0
(1) 9(24/2 — u)u(l - 2u2)_5/2-/0[2zu(1 - ”2)”2/(1 - 2"2)] 1 12 ,-3/2 ,—2
F Tt
Rez >0
(2 u(l + w1 —ud) =522z u/(l — u?)] 932 _T__ -3 Ko(z)
| =
4
3) w(l — w32 J[zu/(l — u?~'?] ZaK(2) Rez >0 |
RaE 9-112
(4) w(l —ud2(1 + ud)'? J, [21 (1_—32>} - l()zw[cos(z)yo(z) + .sin(z)/J o(2)]
Rez >0
(5) 02712 — wu(l — 2u?)~'? J[2z(1 — 2u?)] 2EE
= sin(z)/ o(z)
Rez >0
x 2u 12 ( zu >|/2:| e
V| e = A
© J; “ [zz + (u + 1)2] LS { 2 (ur 1) o X L
x>0
l + 2 2—-]/2
7 u(l + ud'? (1 — u®?Y, [2z (—E—)} 7 [cos(z)] o(z) — sin(z)Y,(2)]
1 — u? 16z
Rez >0
(8) u(l — u?d32 Ko[z(1 — u?®12) (/ 22)%% e =#
Rez >0
1+ u? 21 .
© w4+ w1 - ut) K, [)_z( “2>] e &Y
l-u 16z
Re z > 0
10 1_ 273/2K l“ 2\—-1/2 2 )
G u 4 olzu( u)™] % [Ho(z) — Yo(2)]
Rez >0
(11) u? (1 — u®d2Ko[2z ul(l — u?) 2_”2778'
?ZT/Z‘A “1p0(2)
Rez >0
(12) u? (1 — u?=52 Ky[2zu*(1 — u?] T
— 278,50 (2)
16
Rez > 0
(13) u(l — u?)3? exp[—zu¥2(1 — u?)] Ko[-—z—} z(71'/2)”2 E(z)
L = ) 2
Rez >0
(14) u(l — u?)328,,[z2(1 — u?)1?) 1
I (——V)
T 2 2
o P
273
Rez >0
1 2 . 1
(15 w(l + u)"(1 — u)2S,p [z(l)} I? (—-u)
N1 — w? 2
(w22 2 Svt1,0 (2)
16z r(ﬁ_'}) Rez >0
(16)  u(l — ud S _pup (2201 — u2)?] 2“1”6""z~./2[13<z> + Y3
Rez > 0
(17) u? Holzu™ (1 — u?'?) -z Ky(2)
Rez >0
(18) Ou — 27"»u(2u® — 1)752 Ho[2uz(l — u?»'?/(2u® — 1)] =2 A
——z 32
8
Rez >0
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V. Miscellaneous integrands

1
fa) f f(w)K(u) du
o
N 1+ u?\? 1+ u? U N o it .
(1) u(l — u?~32 exp [22 (1 = u’) ]Erfc [z(m)] % 12(Z>Z 32 VR 4 o(2%)
z#0
(2) u{exp[—2z(1 — ud'?)Ei[—22(1 — u?H'?] —7l(2)K(2)
+ exp[—2(1 — u)"2)Ei[2z(1 — u?)'2]} Rez >0
3) u(l — uz)v—(lm Py(l - 2’12) I+ (V + l)
1 2
AT+ DIy + 1)
- _1
Y2
(4) 0272 — wu P,(1 — 2u? (1Y . 1
l(—) '\l += )
2-12 4 2 ) 1
T\ ,(3) ‘(1 1 )“"(E"”)
4 (l/ ar E) Ii Z l 5 ar 5”
3) ﬂ(l 1 )
)Gy ()
rF [—(—1) : (l N 1 )u)s 217'u
- —v
4 2 Re v > —l
2
(5) uP,(1 — 2u? meos(mv) + 2sin(wv)[y + 21n 2 + (v + 1)]
m2v + 1)?
1
e
Re v 3
N 1+ u? ™ T 1
(6) u(l — ud>32Q, (1 —u2) E(V+§). Reu>—§
(7) Qv - 1) 1
v+ 1) — l[l(—)
2
@ + 12 N 1
ev > —§
(8) Q.(2u? -1 (m/2)cos(mv) — [y+21n 2 + (v + 1)]
2v + 1)?
1
=] =—250
v —3
1 ™ .
9) w1 = gt e .[1;5: —2z(1 — u®)/u? Ze" K2)
Rez >0
S 2
(10) u(l — u?®'2 F, 7;5; —-2z(1 — uz)) %10(1)87:
Rez >0
1 11 1 1 1 1 ) .(1 1 )
—1 _ -1/2 =) = oo b _ -2 Aot =
(1) w1 u2)/2F1<2V+4.4 5zl u) 77l(4+2vl4 5V
ZI <3+1 )l‘(B—l )
1" 7 i~ 7
2 5 1 (1-u): ( 11 )
12 1 —u)?' (1 — uz)® 2 —— V) — = e H
(12) J;( u) ' ( uz)” Kl(uz) }E[U,2ul_uz]du @2F10+2zv+1z
Re v >0
(13)
L ) 1 1 ™ 11
- v—2 1/2 ) P ey e S o — 2 - A .
fo(l u)'~? K[(uz)'?],F, [v 3 V5 155 x(1 u)}du ————2(’/_1)(1 Sy I (2,2 v;z+x zx)
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A formula which was obtained as a special case of another in the table is indicated by a
reference in parentheses. For example, (I1-7) refers to formula (7) of section II dealing with
trigonometric integrals. When possible a result related to a published one is indicated by a reference
in square brackets.

The author will be grateful for being informed of any errors found in the table, or of additional
results.
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