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The object of this paper is to prove: 
THEOHEM 1: The system of equations 

a; +a~+ . . . +a;\ = b ; + b~+ ... +b~(r = l , 2, .. . ,j - 1, j + 1, ... , n+1) 

where j is odd, has no nontrivial solutions in positive integers. 
THEOREM 2: No two equations al; + a;= bl; + b;( r = s, t) where the pairs of values ofr range between 

1 and 4 can have a nontrivial solution in integers. 

Key words: Diophantine equations; Prou het-Tarry-Escott problem; symmetri c funct ions. 

In section 1 of this paper we indicate a general relation between the coefficients of two poly­
nomial equations of the same degree n ~ 1 and the differences of the sums of like powers of the 
roots of the equations. In section 2 we apply this relation and deduce some res ults concerning the 
problem of equal sums of like powers in number theory. 

1. Let {ai, a2, . . . . , all} and {b l , b2 , • • • ., bll} be two sets of numbers, not all necessarily 
rational in any set. Let the ele ments aj of the first set be the roots of the equation 

(1) 

and so also let the elements bi of the second set be the roots of the equation 

(2) 

In what follows we write 

A,.=ar+a~· + . . .. + a;', B,. =br+b~·+ .... +b:; (3) 

where r is an integer ~ 1. By Newton's formula on the sum of the powers of the roots of an equation 
we have from equation (1), 

(4) 

for r = 1, 2, 3, . . . . with p,. = 0 if r > n . Similarly, from equation (2) 

(5) 

"'A n invited p ape r. 
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forr=1,2,3, ... withq,.=Oifr>n.Eliminatingpt,P2, 
in (4), we easily obtain 

. P,._I between the first r equations 

A r - I 

Ar 
A r - 2 

A r - I 

A r - 3 

A r - 2 

with a similar expression for r !qr. Let us write 

o 
o 
3 

A r - 4 

A r - 3 

o 
o 
o 

o 
o 
o 

A r - 5 • (r-l) 
A4 - 4 ••• Al 

(r= 1,2,3, ... ) 

(6) 

(7) 

and le t H, denote the determinant obtained by replacing Aj by hj in the determinant in (6). When 
the Aj are so replaced, r!p,. is replaced by H, and by symmetry we have , corresponding to the 
relation (4) , 

HI H2 
hr-TIhr- 1 +2T h,.-2- ..... . +(-IYr H;=O. 

r. 

Writing c,.= T !p,. and d,. = r !q,. we then get 

C2 =Ai-A2 = (BI +h l ) 2_ (B 2 +h2) = (Bi- B 2) + 2hlBI + hi -h2 

=d2+2Hl d l +H2=d2+ (~) Hld l + G) H2 

C3 =Ar- 3AIA2 + 2A 3 = (BI + hl )3- 3(BI + hi )(B2 + h 2) + 2(B3 + hJ) 

=d3 +3H1d 2 +3H2d l +H3=d3+ (~) H ld2 + (;) H 2dl + (~) H 3 • 

Let us assume that 

for m = 1, 2, . . . ., (r-l), r;;' 2. Then (4) gives by virtue of (7), 

(B,+hr)-l\ (dl+Hd(B,.-I+hr - I)+2\ [d2+(~)Hldl+(~)H2] (Br-z+hr-2)-' 

... +(-1),.-1 (r~I)![ d'_I+(r~l )H1dr- z+ . .. +C=DH,- l] (B1+h 1) 

( ) rCr + -1 r -, = 0, r;;' 2. 
r. 

(8) 

(9) 

If we denote the left-hand side of (5) and (8) by 0,· and T r respectively, then arranging the terms 
in (9) we get 

[ 0 -(-1) " rd,. ]_Hl[O -(-1)" - 1 (r-l)d,._"'1" ] + 
r r! I! r- I (r-1)! ... 

+(-l)r-1 H,.-l [0 _(_1)11d1]+[T._(_1)rrHr]_dl[T -(-1)1'-1 (r-1)Hr - l] 
(r-l)! 1 l! ' r! 1! r- l (r-l)! 

+ ... +(_l)r- I(Td~-11)![TI-(-1)11~1]+(-I)rr:!=O. 
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Noting that Qj=Tj =O,j=l, 2, 3,. ., the above easily gives 

_ _ rd_,,_ HI ( 1 I)d H2 ( 2+2)d 
r! (r-I)!I! r - + 1' - 1- (r-2)!2! r- 1' - 2 -

that is, 

(10) 

He nce, by induction, it follows that (10) holds for all r= 1, 2, 3, . . . ., (where, of course, C1' = dr=O 
if r > n) . 

2. We now res trict the elements ai and bi of the preceding section to be all integers. The nota· 
tions continue to remain the same as before and in what follows now all letters denote integers. 
If we put in (7) h,. = 0 for r= s, t, .. , there results a system of equations with equal sums of like 
powers of the type 

A1'=B,.(r=s, t , . .. ) (11) 

where A l' and B" are given by (3). Conversely, a system (11) makes in (7) h,. = 0, r= s, t, . Using 
the relation (0) of the previous section we shall now deduce that certain systems (11) do not possess 
nontrivial solutions in integers. 

I. If the a's and b's satisfy (11) with r= 1, 2, , .. , n, then since hj=O(j= 1,2, .. n), 
the relation (10) at once yields the well known Bastien's theorem [l)1 

II. Let the ai and bi be positive integers which satisfy the sys tem (11) for r= 1, 2,. "j -1, 
j+ 1, .... , n+ 1. Then c,. and d,. are all positive for r= 1, 2, .. . , n and we have hi = h2 
= . ... = hj _ 1 = hj+ I = h,, + 1= o. Without loss of ge ne rality we may suppose hj ~ 0, 
Then by (8) 

H = (-I)j- 1 (r-l) ! H ,h , 
.,. (r-j)! ,.-) J 

From the relation (12), it follows that H r = 0 for r = 1, 2, . . ., (j -1) and for r = j 

(12) 

(13) 

If r > j, the same r elation shows that (since H,. is expressed in terms of H,. _j and H,.= 0 for 
r=I,2, , . , (j-l»H,.=O unless r is a multiple ofj. However, if r is a multiple of j , say r=jk , 
we have by repeated application of (12) 

( 'k-l)'('k-'-I)' H .=(-I) (j- I)(k- 1) } . } } . 
Jk (jk-j)!(jk-2j)! 

= (-I)(j- l)k (jk-I) !(jk-j-l)! .. 
(jk- j) ! (jk-2j)! .. 

.. (2j-I)! 
H -h k - 1 

.. j! J j 

(2!;-1)! (j-I) !hf, (13) 
. J. 

(14) 

Now if j is odd, we have by (14), Hjk ~ 0, the sign of equality occurring only when hj = O. Assuming 
thatj is odd, if we substitute the values of H r(r= 1, 2, ... , n + 1), (which is either zero or positive 
as obtained in (14», in the relation (10) with r= n + 1, then, since C1l+1 = d n+1 = 0, the L.H.S , is zero 
while the R.H.S. would be positive unless h j = O. In the latter case, however, the solutions are 
only trivial by Bastien's theore m, We have thus proved 

THEOREM 1: The system 0/ equations 

aj+a~+ ... +a~=bj+b~+ ... +b~(r=l, 2, .. . , j-I, j+l, ... , n+I) , 

where j is odd, has no nontrivial solutions in positive integers. 

I Figures in bracke ts indicate the literature references at the end of this paper. 
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Tills confirms an assertion of Gupta (sec. 3, [3]) made there without proof. The casej= 1 gives 
precisely his theorem (sec. 1 [3]). 

III. To treat the pair of equations 

ar+a~=br+bf (r=s, t) (14) 

we may apply the relations of the previous section with n = 2. Without loss of generality one can 
suppose that sand t are relatively prime in (15). For sake of simplicity we consider here only such 
pairs of values of r in (15) as range between 1 and 4. We then need consider the system (15) only 
with the following pairs of values of r: 

r = I , 2; 1,3; 1,4; 3,4; 2,3. 

(a) r= 1, 2. In this case, the system (15) has only trivial solutions by Bastien's theore m. 
(b) r = 1, 3. In this case, the system (15) implies the system 

for r= 1,2,3 and 4, where w is arbitrary. The latter system has only trivial solutions by Bastien's 
theorem and so has the system (15) in this case. 

In each of the three remaining cases we actually calculate the coefficients of the quadratic 
equations (1) and (2) in terms of the h's by means of the relation (10) and then apply the condition 
for integral roots: cr - 2cz = 0, d~ - 2dz = 0 

(c) r= 1, 4. In this case hi =h4=0 and (10) gives 

(16) 

We may suppose h2 0/= 0, for otherwise (15) has only trivial solutions. From (16) we then obtain 

Applying the condition for integral roots, we have 

-12h5 + 9h~= UT, -12h5-9h~ = u~. (17) 

By addition, we see that (17) can hold only with h3 = 0, in which case (15) has only trivial solutions 
by case (b). The same conclusion was arrived at by Gloden [2], using a different method. 

(d) r= 3, 4. In this case h3 = h4 = 0 and (10) gives 

(18) 

We may suppose that hi 0/= 0, for otherwise (15) has only trivial solutions by case (b). From (18) we 
then obtain 

CI =h l (h1+2hihz+3hD/2(h1+3hD, 

d l = hi (- h1 + 2hihz - 3h~) /2 (ht + 3hD 

Cz = (M+ 3hth2 + 9hih~-9hVl6(ht+3h ~), 
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Applying the condition for integral roots , we have 

Adding these two equations and simplifying, we ge t 

- hH h1 + 9M) Z = 6(VT +vD 

which can hold only with hI = 0, contrary to assumption. It follows that (15) has only trivial solutions 
in this case. 

(e) r = 2, 3. In this case hz = h3 = 0 and (10) gives 

(19) 

We may assume hI ,t= 0, for otherwise we have only trivial solutions. Then (19) gives 

(20) 

Applying the condition for integral roots 

(21) 

Dividing by 3 and putting 6h4 = f, h 1 = g where hI and hence g is divisible by 3, 2Wl = U, 2wz = v 
we have from (21) 

where z = f2 - g2j3 . (22) 

The equation (22) is known to be impossible in integers except when U Z =v2 =z (see for instance 
[5]) . In the latter case, however , WI = w~ and by s ubstrac tion (21) gives hI h4 = o. Thus, as hI ,t= 0 
by assumption, h4 = 0, in whic h case (15) has only trivial solutions · by case (d). The same result 
was obtained by Schmidt [4] as a byproduc t in di scussing the rational points on curves of genus l. 
The preceding conclusions are summarized in: 

THEOREM 2: No two equations (i5) where the pairs of values of r range between 1 and 4 can 
have a nontrivial solution in integers. 

Addendum: Theorem 1 is also true when j is even (1 < j :;;; n + 1) . 
PROOF. Le t j be even (1 < j :;;; n + 1). We may assume hj > 0 (the case hj = 0 gives only 

trivial solutions). If we set n + l = qj + R , O:;;; R < j, then on putting r= n + l in (10) we have 
(since Hr = 0 unless r= kj) 

with dn+l-qj=do=1 if n+ 1 =qj. 

If q = 1, this equation is impossible , since the d's are positive and with j even, Hj < O. Hence we 
take q > 1. Substituting for Hkj (k= 1, 2, ... , q) from (14) and dividing by (j-l) !hj we get 
from the above equation 

( n + 1 ) ,_ q _ k (n + 1) (kj - 1) ! (kj - j - I)! . 
, dn+ I - J - L (1) k' (k'- ') l(k'-2"}' 

] k = 2 'J '} J. '} J. 

(2j-l)!h k - 1d 
'I j n+l - kj 

. J . 

q ( + 1) 1 hk - 1d ' 
= ~ (-1)'" n .. j n + l - k) 

k~2 (n + 1 - kj) ! k!j k - 1 • j! 

whence 
(l4d 

35 



Again from (10) with r = n + 1-j we have 

_ ~ (n+1- j ) _ 
c,,+l-j-d,,+l-j+ 2.. k-1' Hk-1jd,, +I- kj . 

k=2 j 

Substituting for Hk - 1j and simplifying as above we have, since the c's are positive, 

q (n+1-j)! hjk- 1d,,+1 _kj 
d,,+l - j> L (-l)k (n+1-kj)!' (k-1) !jk-l 

k=2 

Hence from (141) and (142) we have 

q . hl<-ld1l+1 _kj q h.k-1dn+l_kj 
L (-l)k (n+\-kj)!k!jk - l> L (-l)k (n+1~kj)!(k-1)!jk-l' 
k=2 k=2 

Transposing and removing the factor h;/j we have from above 

q (k-1)hY- 2d,,+1_kj 
k~ (_l)k-l (n+1-kj) !k!jk-2>0 

whence 

A '( ')' ~ ( )k - l (k-1)hY- 2dn+l_kj 
-u,,+1-2j+2. n+1-2j 'k~ -1 (n+1-kj)!k!jk - 2>0 

Again from (10) with r = n + 1 - 2j we have 

q (n+1-2j ) 
C,,+1-2j=dn+1-2j+ L k-2' H~jdn+l - kj 

k=3 j 

and therefore as above 

d (1') ,~( )k _2k (k-1)hJ - 2d,,+I-kj 
n+I-2j+ n+ -2] . L.. -1 (+l-k') 'k' ·k_2>0. 

k=3 n '} . .j 

Adding (144 ) and (1Lls) and removing the factor (n + 1 - 2j) !h; /j we get 

q k-2 (k-1) (k-2)hl'-3d"+1-kj 
k~3(-1) (n+1-kj)!k!jk -3 >0. 

Repeating the process, which reduces (1%) to (14;J, with (14s) and so in succession with each 
such resulting inequality we ultimately get 

(-l)q-(q- l). (q-1) (q-2) ... (~-~) hy- qd,,+l-qj > 0 
(n + 1- q]) !q!jq-q 

i.e. , -dn+1- qj > 0, which is clearly impossible since dn+l-qj ~ 1. 

I thank Professor H. Gupta who kindly gave some useful suggestions in the preparation of 
this paper. 
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