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This is a compendium of indefinite and definite integrals of products of the Error function with
elementary or transcendental functions. A substantial portion of the results are new.
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1. Introduction

Integrals of the error function occur in a great variety of applications, usually in problems
involving multiple integration where the integrand contains exponentials of the squares of the argu-
ments. Examples of applications can be cited from atomic physics [16],! astrophysics [13], and
statistical analysis [15]. This paper is an attempt to give an up-to-date exhaustive tabulation of
such integrals.

All formulas for indefinite integrals in sections 4.1, 4.2, 4.5, and 4.6 below were derived from
integration by parts and checked by differentiation of the resulting expressions. Section 4.3 and the
second half of 4.5 cover all formulas given in [7], with omission of trivial duplications and with a
number of additions; section 4.4 covers essentially formulas given in [4], Vol. I, pp. 233-235.
All these formulas have been re-derived and checked, either from the integral representation or
from the hypergeometric series of the error function. Sections 4.7, 4.8 and 4.9 originated in a more
varied way. Some formulas were derived from multiple integrals involving elementary functions,
others from existing formulas for integrals of confluent hypergeometric functions, and still others,
a small portion, were compiled directly from existing literature. In connection with the last three
sections, the reader should refer to [3] and [4], Vol. 11, pp. 402, 409—411.

Throughout this paper, we have adhered to the notations used in the NBS Handbook [9] and
we have also assumed the reader’s familiarity with the properties of the error functions, for which
he is referred to [5]. In addition, the reader should also attend to the following conventions:

(i) z=x+iy=r exp (i0) is a complex variable,

R(z)=x, I (2)=y, |z|=r, argz=6;

(ii) the parameters a, b, and c are real and positive except where otherwise stated;

(iii) unless otherwise specified, the parameters n and k represent the integers 0, 1,2 . . .,
whereas the parameters p, ¢, and v may be nonintegral;

(iv) the integration constants have been omitted for the indefinite integrals;

(v) when x is used (instead of z) as the integration variable, it means that the formula has been
established only for real x, though it may still be valid for certain complex values;

(vi) the integration symbol J( denotes a Cauchy principal value.

*An invited paper. This paper presents the results of one phase of research carried out at the Jet Propulsion Laboratory, California Institute of Technology,
under Contract #NAS7-100, sponsored by the National Aeronautics and Space Administration.

**Present address: Jet Propulsion Laboratory, California Institute of Technology, Pasadena, Calif. 91103.

! Figures in brackets indicate the literature references at the end of this paper.
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2. Glossary of Functions and Notation

A(x) Gaussian Probability Function A i e—t*2dt
2 J-x
C(z) Fresnel Integral f) cos (;—T t2> dt
(

Ci(z) Cosine Integral —fﬁ cots tdt
D.(z) Parabolic Cylinder Function

. n Zk
en(z) Truncated Exponential ;;) yE

w p—t
—Ei(—z) =Ei(2) Exponential Integral f it— dt
© -t

Ei(x) Exponential Integral _JL eT dt

1Fi(a; b; z)=M(a, b, z) Confluent Hypergeometric Function i (a)ust

Fi(ai . . . ar; by . .. b;;z) Generalized Hypergeometric Function §H§
Hu(x) Hermite Polynomial
H,(x) Struve Function
L.(z) Modified Bessel Function
Jv(2) Bessel Function
K.(2) Modified Bessel Function
(L Generalized Laguerre Polynomial
M,, o(2) Whittaker Function
Y.(z) Neumann Function (Bessel Function of Second Kind)
1 x

P Probability Function ——f e~2dy

(x) Vol .
(p)a Pochhammer’s Symbol I'(p+n)/T'(p)
P, (x) Legendre Polynomial
Pe(z) Associated Legendre Function of the First Kind
S(z) Fresnel Integral fz sin <g t2> dt

0

si(z) Sine Integral ——fx sin t%
U(a, b,z) =V (a, b, z) Confluent Hypergeometric Function
Wy, q(z) Whittaker Function
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vy Euler’s Constant 0.5772156649 . . .

I'(p) Gamma Function
v(p, z) Incomplete Gamma Function f: e itP-1dt
I'(p, 2) Incomplete Gamma Function f: e~tP-1dt
{(z) Riemann’s Zeta Function i k—*

=0
Y(z) Psi Function % [In(2)]

3. Definition and Integral Representations

3.1. Definitions and Other Notations

1. erf (2) = %]3 e dt,
w 0

2. erfe (z) = \/l._ J‘x e *dt=1—erf (z),
mJz

3. erfi (z)=—1 erf (iz)=% Oz edt.

8 . . . % . X
Some authors use the above notations without the factor —, and some use ®(z) for erf (z).

Vam

4. w(z) = e #* erfc (—iz).
For real x, Dawson’s integral is defined as

Vi e~ ** erfi (x)= ﬁ Fw(x)).

5. F(x)E*‘—?‘— B

The error function is also closely related to the Gaussian probability functions:

6. erf (x)= 2P(x\/2_)—1 =Ax \/2_).

3.2. Integral Representations

1

1. erf (az)= Candiaiis dt

2az

\/; 0

. 2 *

2. erfc (az)=—= e~®%* | e—(*+2a)(t
T 0

w2

w 2a ot
3. erf (az+z> :_ﬁ exp (C-;) fe—(uz +2wz+0) .
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10.

11.

12.

[

N

w

-

(93]

=)}

. e2ab erf (ax + é) + e—2a0 erf <ax ==
x

. erfc (az)=—= e~

. ferf (az)dz=7z erf (az) +

. f erfc (az)dz=z erfc (az) —

: ferfc (az)zdz=%z2 erfc (az)—l— I 5 erf (az) —

: fx erfc (ax)xdx=
0

2 Y
. erfc <£> =2_a exp (C_z_> f e—(a2t2+22t+0)fy
a \/7; a?/ Jo

e_az_l-z_bz/‘l‘zdx

P

X

2a (1232J'x e~ tdt, R(a)>0, Z(z)> 0.

T 0 (2212

2z © e~ @t
= e—azx? > < )
. erfc (az) e L Gty R(a)> 0, |argz| < m,z#0
4 1 =zt
S 2 — _ p—x2 >
1—J[erf (x)] e L E+1)’ x>0

erf (x 2>+erf< —%) o e!”/‘l J’ e~** cos xydx

eyz/4 j e~* sin xydx

erf (x)=—"— J”erz €S0 cos (x2 sin 0+ 60/2)dd, x#0
Var Jo

erf (x)=% J'x et sin (2x\/z) ‘i—t
o

4. Integrals of Product of Error Functions With Other Functions

4.1. Combination of Error Function With Powers

1
exp (—a%*?)
aVm

exp (—a*2?)

1
aVm

- J;x erfc (ax)dx=a\1/.; |arg al <g
1
erf (az)zdz=+ 2* erf (az) ———; erf (az) + exp (—a?z?)
f 2 a\/_

exp (—a?%z?)

z
2a\m

o largal <Z
12 1¥BAUSY




n
Zn+1 e—a?z? =1 r (E + 1) zn—2k

7. f orf ndz = erf (az) +
g n+l e aVa(n+1) l§>r<ﬁ—k+l> “
2
15 T (+3)
—mmerf (az), j=0orl,2[—j=n+1
n+1
8. ferf (az)znﬂdz:%:_zﬂf erf (az)z"dz+<z2_n2:22>(—,f;—3—) erf (az)
1
+ ——— zn+2p-a22?
aV7(n+3)
Fias f 6*"222 -1 l‘ (g +l> znAZk
9. Jerf(: (az)z dz—m erfc (GZ)_a\/;(n-F]) ;Z)r (ﬂ_k+1) T
2
i <z+1>
TR () =l ]
n+lan+1\/;er az), j=0orl,2l—j=n
‘ (n+2)(n+l)f ( n—+—2) 2l
n+2 ool b el M s + n ULy | R —— S
10. ferfc (az)z"t2dz Snt3)a erfc (az)z"dz+ (z 242 ) (n¥3) erfc (az)
1
— Zn+2e—(1222
aVm(n+3)
i} r (i21+1) -
ll.f erfe (ax)x"dx=——7"7—7'/H+-—+"—> arg a| <--
0 (n+1)Vrmar larga] <y
12.2f erf (az)z'dz=1In z erf (az)—%f In ze~*?*dz
2a
13.f f “1dz=1 fc (a +—fln ze~P2dz
erfc (az)z 'dz=In z erfc (az) e
erf (az) 2a 1
14. f f Nz =— + f —ary =2
erf (az)z "dz (=D (V) 7 e z n
gy erfc (az) 2a f |
15. J’erfc (az)z "dz -1 (D) Ve e dz, n=2

1
- =Y
(p+1)ar*V1

zp+l
p+1

16. f erf (az)zPdz= erf (az) — (§+ 1, a%2?), p>—2,p#*—1

2 See appendix for integrals on the right-hand sides of eqs (12 to 15).



Zit 1 p s
= - B — = > —
17, f erfc (az)zldz o erfc (az) + e 1)aﬂ+1\/—77_' Y (2 ardl @) p 1
o 1l ™
e — < — > —
18. L erfc (ax)xPdx - l)a"“\/_ r ( +l) |arg al P 1

19 fx f (ax)xP-2d s r<p> larga| < T, 0<p<1
. erf (ax)xP2dx=—=—"" =i} = .
: Va(l—p) \2 4

4.2. Combination of Error Functions With Exponentials and Powers 3

[

1 1 b2 b
b2, — — pbz e - ..
. f erf (az)eb?dz b€ erf (az) p €XP <4a2> erf <az 2(1)

Do

f erfe (az)el’zdz=l eb% erfc (azH—1 exp (ﬁ) erf <az— i)
’ b b 4a? 2a

2

* 1 ( b2 ( b )
—bx =_— S
fo erf (ax)e b*dx 5 €XP 4a2> erfc 5a)" R(b)>0, |arg a| < 7/4

* 1 b? b 1 ™
bx = e — T - il
: ﬁ erfc (ax)eb*dx p eXP <4a2> [1+ erf (2(1) ] b |arg (b— a)|< 1

=

<l

f erf (az)e*zdz=

S|

o

f erfc (az)e”zdeZ% erfc (az)eb? <z—-[1;>

1 1 b2 b 1 1
bz g | - el i, s —
erf (az)e (z b) b exp <4a2) { (202 b) erf (¢) .

1 N[ 1 1 -tz} b
+beXp<4a2>{<2a2 b) erf (t) . 77_e ,t=az %4

-

fec}

ol
poi eb? erf (az)e,(— bz)

9.4 f erf (az)e”zz"dz—(—l)"

2 1 & (—b) .
—%(—l)“#; kzo—k%fz" exp (—a2z22+ bz)dz

3In this section a and b can take any value on the complex plane other than the origin, except where otherwise stated.
4See appendix for the integrals on the right-hand sides of eqs (9 to 12).

© 1 b2 b 1 b 1 1
: J; erfc (ax)eblxdx=g exp (@) [ﬁ_ﬂ [l+erf (—> ]+bz+_bﬁ’

- o1 (b 1 ente (L) 41— 26
-, erf (ax)e xdx—g exp (1= b 54| eHc |5, ab\/_ (b) >0, |arga|<._

|arg (b — a)| <g



10. & J' erf (az)e”"z"dz+njerf (az)eb?zn-1dz

1
= ebzzn-1 [z erf (az)+ e"”z’]
aVrm

(bz"+ nz"-1) exp (— a2z2+ bz)dz

1
aV

n!
b"“ eb? erfc (az)en(— bz)

11. f erfc (az)eb?zdz=(—1)"

AL (e (“b)kJ' . o
—— zF exp (— a?z* + bz)dz
V0" Z’o k!

12. bferfc (az)eb?zrdz+n f erfe (az)eb?z"-1dz

4

1 551
= ebzzn-1 [z erfe (az) — el
aVw

+f (bz" + nz"-1) exp (— a?z2+ bz)dz

P 1/2 n ! k—n 2
13. J’ erf (ax)et*xndx = (Z> D n (2a) 2" exp (_17_2) D _pir ( b )
0 m k=0 a

. n (_l)n—k n!(a)k—n dn-k q2 q
= E bt (n—k)! dg* [eXp (Z) erfe (§>

k=0

q=g, R(b) >0, |arg a| < —

|
14. f erfc (ax)eb*xtdx = (— 1 )"“br,tﬂ

+<72_T>”2 i (—Wbm (2a%) " exp ( - )D*"*‘ : <_ﬁ>

|arg (b—a)| <%-
4.3. Combination of Error Function With Exponentials of More Complicated Arguments

1. fﬂ e~ ** erf (x)dx=ﬁ (erf a)?
(

) 4
* 2r2 Vo 1 b
2. f” erf (ax)e _brdx_ﬁ_mlan_lﬁ
3 J:c erfc (ax)e?**dx= 5 \/l— b In [Zib]’ b may be complex, |arg al <%



4.
5 fx erfe (ax)e”zf“xdx=—1— [
" Jo 2b*

6.

]

8. J'z erf (ax)e"’zﬁxl’dx=i b—r-
0

9

1

(=)

11.

119,

138

14.

15.

16.

17.

18.

fx erf (ax)e V***xdx=——
0

jo erf (ax)eb***x de—Tm—F [l

)

©
f erfe (ax)el***xPdx =
0

)

; fx erfc (x)e™xP- ‘dx—% sec (
(

)

x©
f erf (iax)e @***-brdy=
0

f erf (ax)eb** —=
( X

2b2 (a®*+

Vo o1

Var

(a2_b2)1/2

b?)-1i2,

a

b3

2 <§+ l) oF (l I—)+l' §'—

FGp+1)

R(b?) > R(a?),

=il = —
a

b*(

a

b (a?+ b?

2’2

i 7
4 b?) ]

i

R(b?) >0

—1], R(a*) > R(b*)

™
< —
|arg a <

larg a| <7
4

R(b%) >0, R(p) >—2

Var (p+Dartt

<p+l pt2 p+3 b
2

T2

5

2

2 2
b—2> Ei (—b—2) R(b) >0, |arga| <=

pm\ . (P
5 ) | <2) 0<p<l1
dx ll (a*4+b*)12+a
i (a*+b*)12—a
NS5l Cih ) Y R |
b : ]
vl
2ai\/7 XP \4q da
* Var b
erf (x)e-(ax+tb)dy=—— erf( ), R(a?) >0
f—x ) a ‘\/a2+l

o
f erf (ix)e (x*tax)xdy=
0

e

2

5 az)’

R(b*) <Z(a*), Z(p)>—1

4

ga( e @] awe

x . a4 a4
fo erf (ax)e "*'x3dx=——F— \/— Bl exp ( ) K/ (%)

fx erfc (ax)e"“x*’de% (1—2a%)e” erfc (a)
1

=
f erfc (ax)e™r
1

fol erfc (—%)

(x—1)P2-
xP+1

a2x?

ez xP-1(1—2x?)

T

—(p+1)2dx =

L
T
8

L

Vr

rpr (2

e12/295p/4=2 4 p|2— l[‘( )D q p( \/5) p>0

)2:»/%02/40 (@), 0<p<l



19.

20.

21.

228

23.

24.

258

26.

Dl

28.

248)

30.

S

Sl

e

32.

N

33.

3

N

35.

0

0

fa erf (x)e**(a®—x2)P~xdx=-
0 2

* a —_b2x2? —
L erf (x) eV xdx = 2b2

” @\ e g L
L erfc <x>e xdx 2

fx erfc (9) e—b2r? @=—Ei(-—2ab),
( X X

)

)

Al

(1 . ewzab)

> e—zab’

. L(p)

ell

a>

0

fa erfc (x)eﬁ(az—xz)“/zxdx=¥ [1—e® erfc (a)], a>0

F( +1) 'Y(P+2, )9 p>0

R(a) >0, R(b*) >0
HR(a) >0, R(b?) >0
R(a) >0, R(b*) >0

f erfc (ax)e ‘“”zxdx—L e ®(1+ab) — [ Ei(—ab)]
(

fx _ b dx .
erf (ax)[1—e %] ?=y+ln (ab)+ [—Ei(—ab)]

)

j erfc (ax)e ** %=—Ei(—-
(

2ab),

- b2
f erf (ax)e ﬁzﬂ:z (1—e—)

0 23 b2

o _vdx 2
42— — —
J:) erfc (ax)e 4 Tl

fx erfc <1> exp (l—bzx
0 X G

)it

- - 1 4 2) _
ﬁ erfc <x> exp <x2 b*x* | xdx

w
% [H,(2b) —

PR(a) >0,

Yi(2b

R(b*) >0

[sin 2bCi(2b) — cos 2bsi(2b) ]

1
) e

fx erfc <l> exp (l— b2x2> Lo [Ho(2b)— Yo(2b)], |arg b| < kil
0 x X2 x 2 4

- @\ ayoma_ 2 —02/12] vy = L g2,
fo [erfc (x) (x2+ 2a?) v axe e xdx = b4 e

=Ha>+ ) ¥a + (@ + 2P exp [—

fx {2 cosh ab— e~ %erf (
0

. J - erfc (ax—ké) e~ xdx
0 X,

b—2ax?

)—e“" erf (

b+ 2ax?
2x

2b(a+ Va2+ c?)),

> } e—(c2—a2)a2y ]y —

C2_a2

|arg b| <g

|arg b <£, Hla) >0

R(b) >0, R(az+ c?) >

e—b("

0

a>0,b>0,R(c?)>0



36. fx cosh (2bx) exp [(a cosh x)?] erfc (a cosh x)dx
0
=1 sec (bm)e®2Ky(a?), Rla)>0,—2<RAb) <%

37. fw {exp[— (x—a)p]—exp [— (x+ a)]} erf (x)dx= Vo erf (a/ V?2)

38. J: {exp[—(x—aP]+exp [—(c+aP]}erf (x)dx:—\z/—; {1+ [erf (a/V2)12}

4.4 Definite Integrals From Laplace Transforms Involving Erf (\/a—x)

e~breax erf (Vax)|dx=(b— a)(a/b)'?, b>a

2. J- e br[ear erfc \/a_x)dx]Zb‘l/Q(\/g-F\/;)“

=3

e—b“r e erf (Vax) — 2(ax/m)\2ldx= (b— a)~(a/b)?2, b>a
_b.l‘[ mx) 12— a1 2enr erfe (Vax)|dx= (Vb+ Va)!
e~ bx[] —eaxr erfe (\/Zc)]dx= \/Eb“(\/Z-F Va)!

6. f e~bx[ear erfc (\/gc)+2 ax/m)'2—1]dx= a( \/_+\/(_1 —1p-3/2
f e~ b2[1 —2(ax/m)2+ (2ax — 1)e* erfc \/a-x)]dx= ab*l(\/z + \/c—z)”2

e0a[(x/ )2 — a'2xear erfe (Vax)|dx = (4b)-12 \/‘+\/—

w@—w@y

e~ b2[Baxe®* erfc (Vax)— 8(ax/m)2+ 1]ldx=b-! <
Vb+Va

o
E—

10. f evrewr\ ax (2ax+3) erfe (Vax)—2(x/m)"2(ax+1)]=— (Vb + Va)3
11. f e br[(2a2x2 + 5ax + 1)e®™ erfc (\/Zc) 2(ax + 2) (ax/m)!2]= \/_\/_+\/_

12. f eb1[2(8a2x? + 8ax + 1)es erf (Vax) —8(ax/m)2(2ax+ 1) — 1]dx
=b1(Vb—Vap(Vb+Vay?, b>a

13. fx e~ 07[(2a2x1 2+ 1)xe® erf (Vax)— 2(ax3/m)2)dx = b“/?(\/l_) + \/&)‘3, b>a
0
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14. fx e br[(4a2x? + 12ax + 3)xe®* erfc (Vax)—2(a3x’/7)'2(2ax+ 5)|dx = 3(\/5 +Va)+
0

15. J’x e b*[aer® erfc (Vax)+Vace* erfc (Vex)—ce®ldx=(a—c)(b—c)! \/Z(\/Z +\/;) =i
0

16. fx ebx[al2ecr erf (V bx)+ c12e®* erfc (Vax)— c12ec*|dx
0

=@—cVelb—rc)b1"2(Vb+Va)yt, b>c

o x \ /2 a e—aVb
= z —az/(4x) — = .
17. f" e br [2<7T> e 4r) — g erfc <2\/;) ] dx b

" b X\ 2/(42) < f) ( v )_a_z] R N
IB.L e [a(ﬂ_)e a?/ +x+2 erf o 2 dx b2(1 e ).

4.5. Combination of Error Function With Trigonometric Functions

. 1 bz erf 1 b2 . b ib
1. | erf (az) sin bzdz——g cos bz er (az)+-2-z exp | =3 erf laz—1 %a + erf az+%
. . . .
2. f erf (az) cos bdeZ% sin bz erf (az)+i exp (—%) {erf <az—%>—erf(az+g:—l) }

y . .
3. I erfc (az) sin bzdzz—% cos bz erfc (az)—-zl—b exp <—4b?) {erf (az—-%)-!— erf (az-i-é%) }

| Ll RN [ by (b
4. f erfc (az) cos bzdz—b sin bz erfe (az) % exp ( 4a2> {erf <az 2a> erf <az+ 2a> }

T

- - 1 _b ‘
58 j; erfc (ax) sin bxdx—b [l exp ( 4a2> ], |arg a| <a

T

4

6. Jx erfc (ax) cos bxdx=—i exp <—£z—) erf <&> |arg a| <
0 b 4a? 2a)’

[ e SRV NN I B P
-, erfc (ax) cos (bxy =58 €XP 402) b2 [ exp ( 402) ]

-

o]

© /
: f erfc (\/E) sin bxde%— (aza_/sz)‘ ’ [(a2+ b2)1/2— q]-12, Rla) > | £ ()|

£ 1/2
9. f erfc (Vax) cos bxdx:(ﬁﬁ) [(a2+ b2)12+q]-12, R(a) > |£(b)|
0
- 1 a’>+ b+ ab\V2 ab\V2
10. J erf (ax) sin b2x2dx= (ln +2 tan™! ), a>0
0 4bV 2 a2+ b2—abV?2 b2 —a?

11



2,

e : 2 p+2 p+3 3 p+4 b2>
Wil JF 0 & e U
11. J:) erfc (ax) sin bxx?dx aP+2\/7_T(p+2)2F-< 2 9 9 9 ag2)
R(a) >0, Z(p) >0
) F(f—’+1)
12. f erfc (ax) cos bxx?dx= = (p-i—] p+2 1 p+3 _—I_)i>’
0

a*Vap+r) O\ 2 7 272 2 da?

R(a)>0,R(p)>0

o [ .+ sinbx b ..( b b
lS.f( erf (ax) o dx—z[ El( 4a2)]+ \/;erf<4a2>

2
)

© cosbx ,  1[ ./ b*
14. f() erf (ax) x dx—2[ El( 4a2)]

15. fx [erfe (ax)— erfe (bx)] il o dx=l {Ei <—i>—Ei (_p_2>}
( x 2 a

)

16. fx erfc ( \/;:1> sin bxdx=% exp [— (2ab) 2] cos [(2ab) 2], R(a) >0, R(b) >0

17. fx erf <\[g>cos bxdx=—-% exp [— (2ab) /2] sin [(2ab)'?], R(a) >0, Z(b) >0

)

18 :Fc erfc(ax) tan xdx = i —1F exp (‘-—ﬁ)-}—]n 9
“Jo =k a?

= . dx 1 b T N
] Jo erfc(ax) sin? bx P} {'y+2 In (a>+[ Ei ( 02)]}

20. f: erf (ax) sin bx sin cx é;=i {[—Ei ( = %)] = [—Ei (— (C;‘;S)Z)]}, c*+b

ctb|_
c—b

1

\O

2L, fx erfc(ax) sin bx sin cx é=l In
0 x 2

22. f: erf (ax) cos bx cos de_xx=é_ll {[ —E: (_(%;;lbj)] + [—Ei (—ﬁ%.—g)—z) ]} c*b

® 2
23. f erfc (ax) sin bxe“21’dx=ﬁ exp (b—) erfc <—b—)
0

J.x erf(ax) sin bx sin cx %, c*+b
0

2a 4a? 2a
© iV b
24. f(' erf (iax) sin bxe=®**dx = % exp ( 4a2>

25 fx erfc (ax) cos bxe®**dx= ! ex (ﬁ) [—Ei <—£>]
“Jo oava P a2 4a®

* : (L) = 1
26. JO erfc (ax) sin x cosh xdx = 2 [sm <2(1,2) cos (2“2) P l]




27. fx erfc (ax) cos x sinh xdx=
0

o) o351

% 1l 1 1. 1
28. fo erfc (ax) x cos x cosh xdx= [2—612 cos (2—a2> —5sin (2(12)]

DO | —

. R (L), 1 (1) 3
29. fo erfc (ax)xsmxsmhxdx—[2 cos <2a2)+a2 sm<2a2> 2]

” —bx _i — pbx i ] zi_ —n2(h2 2
30. JO [e erfc (ab Za) eb* erfc (ab+2a>] sin pxdx i+ 59 exp [—a2(b%+p?)].

4.6. Combination of Error Function With Logarithms and Powers

1
1. f f Inzdz=(Inz—1 [ erf (az) ""22]— Ei(—a?z?
erf (az) Inzdz= (Inz—1) |z a \/_ Py~ )
2 jerf(‘ (az) Inzdz= (Inz—1) [z erfe (az) — i e“’222:| +—1—Fi(— a’z?)
. o ) aVm 2a V7

3.jxerfc (ax) In xdx=— [l+y+ln u]
0

(I\/_

4.5 Jerf((lz)zlnzdzZ%z'-’ erf (az) Inz+

z1n ze—@*%*

1
2a \/7_7

lJ’ 1 1 ;
—= | zerf (az)dz——; erf (az) — fln ze~ ¥z
2 4a* 2a V1
5 Jerf(' (uz)zlnzdzzlz2 erf (az) lnz.—~ZI£(""2z2
i ' 2 2aNVm
1f 1 "
zerfc (az)dz+ — erf (az) + fln —a%*?d,
2 ) 4 ) 2a Vr ZP o

20
In xe—@***dx

© 1 1
’ srfe 1 =—
6 f" erfc (ax)x In xdx 8a2+20\/; ,

22

zkInze-¢

7. (k+1) ferf (az)zk Inzdz=zk+' erf (az) Inz+
aV T

—fz" erf (az)dz— fz"'le*‘”z“dz

av T

zk=11n ze—2*2%dz

_k
aV

8. (k+1) ferfc (az)z¥ Inzdz=zk+! erfc (az) Inz—

2k In ze—a*%*
aVw

—fz" erfe (az)dz+ fzk—le—azzzdz

avVm
k

av T

zk-le—@*2* |n zdz

+

5 For the elementary integrals in eqs. (4 to 8), see appendix.
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—

\V]

w

=

e

=)

~

oo

o

(=1

N

: J’: erfc (bx) [(x2+a2) erfc(

I'(k/2)

Sl f’ rf K In xdx =
( ) : erfc (ax)x* In xdx SN

[ 1
k+1

g

4.7. Combination of Two Error Functions

. fx erf <é> erfc (ax)dx
0 X

=fxerf (bx) erfe (9_)
0 X/ x

Jm erfc (é) erfe (ax) dx
0 x

=fx erfc (bx) erfc (E)_
0 X)X

=1l b

£ 2

f £ (bx)edeidy=——1 <1——)
fo erfe (ax) erf (bx)e x S n pr

! fx erfc (ax) erfc (bx)et***dx= L In <1 +é>,
0 bV a

Ll erf (x) erf (M)xdx=i (%—l)

)_2

a

xV2

—axe

Vm

b—2ax?
2x

J'x erfc (cx)e®x* [2 cosh ab—e- erf(
0

a

m

o \/ 12 2
. f() erf (bx) erfc (ax)dx=ﬁ<—aa+—b—l>
.jxerfc (Bo)Vettc) (on ) = e N R ety
0 abVr

dx 1

aVr

2

(1 — e—2ad) —-\2/—b_ [—Ei(—2ab)]

dx_ 1

aVr

2

2b
e~2004 —— [— Fi(—2ab)
\/7_7[ )
. a?> b2
a+b>0

a?

217] dx

1
363Vm

)—e“b erf(

{e-20(2a2b2—ab+ 1) — [~ Ei(—2ab)]}

)|

b+ 2ax?
2x

{e=®[—Ei(—bc+ba)] —e®[—Ei(—bc—ba)]}.

4.8. Combination of Error Function With Bessel Functions

dx =l erfc

.f”erf (ax)Jo(bx) dx =7

(i
2a

(i
2a

)
)

L erf

. J:c erfc (ax),]o(bx)dx=b

14



w

=

10.

11.

12.

13.

14.

15y,

16.

J
0
f

0

f

0

foc
0

f:)c
0

[2 erfc (x) — 1] j(,(bx)dx————% [2 erfe (g)— 1]

erf (x)J (bx)dx=l e8] (é_%)
’ ! b o\

erf (%) Jap2 (bx)x=12dx = b= erf <%)

1 /2\»1 1 b2 1
erf (ax)],,(bx)x"dx—v;—r (Z) 7 r <p+§qm), —1 <p<—2-

f( )J(b)pd :._1_(g>pl <+_1_ _bz_> oy
ercax,,xxx\/;bbyp2»4a2, p

. 3
1 by 1 '<p+§> 3 b?
v D+1 = = =5 r —— > —
erfe (ax)J,(bx)xP+'dx Wi (2) @t T(p+2) W F (p+2,p+2, 4a2)’ p 1
1 /b\P-1 1 L (1 b? 1
erf (ax)J,,(bx)x“deZ-l; <§) m 1 Fy <§ p: —4_(12> p >§
erfe (ax)Jy (bx)xrdx = 2-+2+ 0pr] (p + :4;1_)3
ar 1T (v+ 1)1 (112—)
. (ptvtl ptv+2 p+u+3'__bi) _
x.,p_,< A e

S a2rx2 e 1 — i b2/aa2 orf <A>:|
erfe (ax)Jo(bx)e™*xdx TV [l \/;(2()6 erfc g

1 (b\? 1 3 b?
A v az2rz,.p+1 —_—— = k = b2/4a2]" | — p — S
erfe (ax)J,(bx)e®r*xP+idx o <2> o | (p+2> e I ( pi—1 ),

2p+2 2 4a2
—1<p< .
P=3
prot <" +%> 1 b
erfc (ax)J,(bx)e” prdxzm U <p+§a p+1, W)
1 1 1 b? 3
:__l‘ = b2/8a2 2.2 l=—= ), — 1 < e
\/;bal' <P+2) € w pi2, pl <8a2> 1<p 2
[ 2r2,-p ——_1 é £ 1 3 2/4a2 1 b2
1
—1<p< 5
erfc (x)Y (bx)~‘31”290”“6ix=i <é>p I'(p+1)et* I’ (—p b—2> —1<p <l
b 27 \2 *4.) 2
2z
exfe ()Y, (bx)ertnr tdx=—0 T(p+ D™ W g (), —2<p<—}
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g 1 r <2p+ ) I'(—p)
17. f erfc (x)I, (— xz) T2yt 1dx = 1 , —3 <p<0
0 2 277-3/2 (p +§>

" 1 F(Zp—i—%) ] ]
= 12/ ) — 5 —— =
18. J;) erfc (x)Ip (2 X ) (Z 1220 (lx 2r(p+l) cos pmr 4 <p < 2

19. J’x erfc (ax)l,(x?)e (=@ x2p+dx
0

3
r <2p+—> I'(—p)
2 5 5 1 3 3 2
= 21}—2a-4h—22F1 (P““, 2[)“‘5; p+§; I_E>’

+5 2
7T<[) 5

prE—g.  Ra)>1,  —1<R(p)<0

= g dx o> 1 1
20. fo erfc (é) K, (x)e®2r= ’717 sec pm{[Jp(a)]*+ [Yp(a)]?}, —§<p <§

21. fx erfc (x)Jaiv(ax)Jr—v(ax)xPdx
0

1 1 1 p 3
20 4 w4 _
a F(/\+2p+l> F4<l+}\ 2+)\ 1+)\+2,2+)\+2 1+A4+v, 1+A—v, 1+2A, 2+)\+2 )

Va2 T+ v+ DT —v+1) (1\ +% p+%>

)

}\+%p>0, 1+2\N#—n.

4.9. Combination of Error Function With Other Special Functions

. Lx erfc (ax) [—Ei (—i xl)] = (y+1In a) i ki]\;)lg

—

5

% S bA\]dx 1 ; .
L erfc (ax) [—Ez (—;)] o (1—2ab)e2®+2a?[— Ei(—2ab) ]

w

. fx erfc (x)si(2px)dx= (e~14*—1) —ﬁ erfc (L)
0 2a 2a

, J;)x erf (ax)Ci(x) %:-% [2(2) + (y—1n 4a?)?] "'i i (_4_(12)H1 m

k=0

I

5 fx erfc (ax)P¥(x)e™*(x*—1) *2dx
1

2 s azap (LT VTN o (w—V
— - at—312ea2/4] ( 5 >I (/"'2 ) W(I—Z;L)/4,(l+2u)/4(az)9

n<l, pn<v; mtrv>-—1, M—v#F—2n

16



ﬂ 3 |
I </)+2)F<V+2>

p>—1

1 1
> — =
b 2,a<2

* y (D) (x2) x2p+1 p— Ss e
6. f“ erfe(x) LV (x2)x2P+1dx om (p+ o+ 1) p 1
7. fx erfc(x) LW (ax?) e~ (a-Dx2y2p+1dy
0
I (1)+%>F<V+%> 3
= Fyr P | L on Y Fi(p+v+1, p+§; ptv+2;1—a), [1—a|] <1,
) 1 r(4b+1)r(a—b+%)
i, e n2) b gy —
8. fo erfc (x)1F1<b a+2,2b+1,x>x dx ST (et b+ 1)
Bb)>—L Bb—a)< L.
: 1 1) <3
9 fx erf(px)F\(a; b; — p2x2)x2®-Vdx = e o8 (a b—l; b+l; — 1))
o ’ ﬁpzb_l(Zb—]) - ’ 2 2

* o 1'(b) , 1 1 —q° 1
e b — a242) 1 2(0-1) — N S = e
10. fu erf(px)F1(a; b; — ¢*x®) x>~ Vedx T (2h=1) o (a, b 5 b+2. s D b 5 P2>q2
11. Jx erf (px)F (a; b; — g*x*)x"dx
0
(Lon)
_ 1 2 ;;F-_:(a V+2’ u+l: b, V+3; ‘—112>’ p#0, v>—1, p:> ¢
PN a (vt 2 2 2 p
= 1 1 N e
12.J' erf(x)W <a——;b——; px2>x”’"ldx
0 2 2
_ 1 (l . _l> 1
=35 (a—b)T'(a) oF > b;a;l o) %(1))22,(1#b
55 3 . a N
13. f erf(x)F, (a;§ qx2>e Prix(x
0
e 8o ] )
= p(prl—q)r o |1 a5 T p#0,p+1+#q, Z(p) >Z%(q)
| 1
) 1(2b)r(a—b+§> |
o by — 2) ox2,-2b—1 = . . =5 . ] —
14. fo erfc (x)1F(a; b; — px?)e™x*0~'dx V= T (e 1) o (a, b+2, a+1;1 p>,
R(b) >0, %(b—a)<%, n—pl<1
1
15. erf (x)F:(a; b; l—xz)exz(l—xz)b“xdxz—& F <a+l; b+§; 1).
0 3 2
20(b+
2
R(b)>0
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q
16. L erf (ax)lFl[p—{-%; p; b(q2_x2)]60212(q2_x2)1)—1xdx

i
=8 grere — o pn g -], pz

B 3
F(; +§)
* 3 2(V+1)/2 1 \/;
17. f f (L) D, (= x)e™dx = =
| erfe e (Ex)er*4dx b r(l_”>+r Al
2 2
R(v) #—1; Rv) >—1 for lower sign
18. fx erfc <% x) [D(x) —D,(—x)] e Ga-Daaxy
. :
222y 1
2 -3/2
==—a oF (—v+1, Q:lv+2; 1—1),
(v) 2 2 a
@) >L Aw) >0
19. f erfc (x) M, ,(ax?) ¢ @—mx2/2,2v—1(x
0
_Tv+)l'(w—v+3) o+ 1 1
T (p+vt D)2 A <"+”+§’ e gl 1_“)9
1 1
la—1|<1, Rw)>—=, Ry—p)<sz-
4 2
20. fx erfc ()M, ,(ax?)e=Ha=2x2x 2y
0
r(2v+1)r<2u+%>r(,L—u)pw/z . \
= 3 oF <u+v+~2-.§+2v: ptv+—; l—a),
27l <M+V+§)
1
la—1| <1, R( ) > Z(v)>—5
21.[ erfc (x) My, . (ax?)x? exp (ax*[2) dx
0
l § +1/2
r(”+2p+2>a“ 1 p.3 p . P .
= Ao (| NP er=, (ar=ar=, [far=ar g 2mar 1l mar==r2, =@
2V (41,41 252727 "2 2
;L+2p+ .
,u+§p+l > 0.

5. Appendix. Some Relevant Integrals Involving Elementary Functions

n n | " =I5

(A1) f dtedz=e" 3, (—1)* 51 g

k=0

- V7 b2 b
(A2) j er ! +DZdz:Z exp (1(?) erf (az—-%>
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ol b
—a2x2+bx — e =
(A3) fo e dx 2 ( )[l+erf <2a>]
1 b? b
az2z2+ bz - — 2 | — ,—(az—b/2a)?
(A4) fze +b2gy = <4 )[ (az 2a> e 2 ]

1 [Vab e b
20 [ 5a ¢ erfc( %>+1]

AS) J xe—riHbx Jy —

b? b )
Np—a222+0X o], — 2\ —(n+1)/2 _—
A6)fxe dx= (2a2)~(+ nexp(8 )D(n+l)< ey
e ey b \nk - - b
A7)fz"eaz+”zdz 1exp( )zk'(n—k)‘< ) fu"e “du, u=az—5-
k+1
e—u* r-1 F( 2 ) . 1 ) 1
(A8) fu"‘e’"zdu=— 5 E 7S BN u""21‘1+§ (1—s)F<r+§) erf (u),
= .
()
k=2r—s, s=0orl
(Ag) (n_l) fz—zzeflﬂz?dz:_z—nﬂ —a2z22 _ 2(1 f ~n+>€—ulzldz
—azz2 n/2
(A10) J'z*"e"'wdz:—eTl— (=1)*IF (n;-l ) azkz2k—n-1
2a*I’ (—‘ ) k=1
2
- n/2 n—1
+(])% erf (az), n even positive integer
o1 <—2 )
122 (n—1)/2 n+] .
g‘aﬂn—ﬂj & O (k) e
(_ 1)('1 1)/2
AR D= ). n>1 odd positive integer

n—1
¢ !
2(2 )

(A11) J’f(z)e‘(azﬂ-f‘lbz)dz:% ebilaz ff (au;b) . where u=a <z+ b )

a

'(n—k)! @

n ! — n—k
(A12) f (z—a)re=*=bdz= 2 A L U f ure du, where u=c(z—b)-
£=0

_ _ 5 (—au) (—ou)l ]
= R e R SR\ A AN e AT —_
(A13) Bi(p, a, u) fu’e In udu ut L_EO o In u;:o T p>—1

(A14) aBl(P, a, u):l)Bl(P_l» «, u) +$ ')’(Pa au)

(Al5) J In xe-or P2 {(y-+1n au)+£(2)+2 In uby ()} + E _k'(/?—i)lk;

(A16) fx xPe=% In xdx=£(£i—ll [W(p+1) —In a]
’ ab+1
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