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The determination of the kinetic te mperature structure of th e tropo sphe re from ground-based
measure me nts of oxygen emission s pectra in th e microwave region is di scusse d. Molec ular absorption properti es of oxygen and water vapor are re viewed. A ne w "inversion" tec hniqu e is de scrib ed.
Thi s techniqu e uses a least squares· iteration solution whi c h is applicable to Fredholm integral eq uati ons
of the fir st kind. Th e inve rsion tec hniqu e is used to reconstruct two types of tropos pheric te mpe rature profiles . The effec ts of ce rtain types of e rrors in the brightness te mpe rature on -the de rive d
te mperature di stributi on a re co mputed .

V+ dv) whi c h is transported across an ele me nt of
area da- and in direction s confined to an ele me nt of
solid angle dw during a time dt . The solid angle is
ce ntered around the polar angles (0, cp), meas ured
with res pect to th e normal to the s urface. Thi s e ne rgy
is expressed in te rm s of the inte nsity, L , by [C handrase kh a r, 1960]
(v ,

1. Introduction
In a recent pape r by Mee ks and Lilley [1963] , the
microwave spectrum of oxygen in th e atmosphere
was discussed. In parti c ular, it was pointe d out that
measurements of the e mi ssion s pectrum of oxygen,
such as could be tak e n from a satellite, co uld be used
to determine significant information about th e "gross"
temperature structure from 40 km down to th e earth's
surface. In the work re ported here , the poss ibiliti es
of determinin g th e "fine" te mperature stru ct ure of
the lower 10 km by ground-based meas ure me nts of
th e oxygen e miss ion are di sc ussed. Th e t ec hniques
di sc uss ed here are appli cable only for co ndition s in
whi ch there are no cloud s in th e main bea m of a highly
directional ante nna.
In sections 2 and 3, th e rele vant prope rties of mi crowave atmos pheri c radiation and its measure me nt
are reviewed, and calculations of the e mi ssion s pectrum are prese nted.
A new method of inverting the radiation measurements to determine the temperature profile is presented in section 4. This inversion technique utilizes
a variational iterative method of solving integral equations, and has the advantage over conventional inversion techniques of stabilizing the system against
errors both in measure me nt of the radiation intensity
and in es timating the transmission along the ray
traj ectory.
In section 5, th e inversion technique is applied to
various atmospheric profiles and the computations of
the e ffec ts of errors in th e brightn ess te mperature on
the de rived te mperature di stribution are presented.

2. Background
Th e amount of radiation flowing in any radiation
field is co nventionally described by the amount of
radiant e ne rgy, dE", in a specified frequency interval
I Thi s researc h is supported by the U.S. Army El ectroni cs Rese arch and Develop me nt
Labora lory und er MIPR R- 61 - 3-SC-07- 91.

dE"= / " cos Oda-dwdvdt .

(1)

Th e variation of th e inte nsit y th ro ugh a medium is
related to the ab so rptive and e mi ssive prope rti es of
the medium . Absorption is us ually expressed e ith er
as an absorption coe ffi cie nt, ix", which is the ab sorption pe r unit le ngth, or a s a mass absorption coe ffi cie nt,
K", which is th e absorption per unit mass of absorbing
material. The two are simply related:
(2)

where p is th e mass de nsity of the mate rial.
The e mission coefficient,j", is defin ed as the amo unt
of radiated energy per unit time per unit freque ncy
interval per unit solid angle by an e mitter of mas s
dm. During conditions of local thermodynami c
equilibrium, the emission coefficient is related to the
Planck function , BjT}, by Kirchhoff's law [Goo dy, 1964J
(3a)
where
2hv 3

BiT> = 7

1
e'w /kT -

1

(3 b)

In (3b), h is Planck 's co nstant, k is the Boltzmann
constant, c is the velocity of li ght , and T is th e absolute te mperature.
The assumption of local th ermodynami c e quilibrium (LTE) requires that the di s tribution of molec ular
energy le vels be governed by collisions and that the
importance of radiative transitions is negligible in
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maintaining this balance. This implies that the mean
time between collisions is much less than the mean
radiative lifetimes. For the microwave rotational
transitions of water vapor and oxygen considered in
this paper, the mean time between collisions is of the
order 10- 10 sec, while radiative lifetimes are of order
10+7 to 10+8 sec. Thus, at microwave frequencies,
assumptions of LTE are quite good up to very high
altitudes. This is to be contrasted with some of the
infrared and visible absorption bands where assump·
tions of LTE are valid only in the lowest portions of
the atmosphere. The reason for this large difference
betwee n differe nt frequency regions is the cubic de·
pendence on frequency of the transition probability
[Schiff,1955].
The expression (3b) for the emission function can
be simplified for microwave frequencies by using the
Rayleigh-Jeans approximation:
(4)

The Rayleigh-Jeans approximation is derived from the
Planck function by expanding the exponential term in
the denominator of (3b) in a MacLaurin expansion and
retaining only the first two terms. The relative error
in using (4) is about 0.1 percent at 60 Gcls and 300 OK.
The amount of radiation emitted by the atmosphere
and received by a radiometer can be determined by
integrating the transfer equation along a ray path.
This equation is [Goody, 1964]

~; = - adIv -

Bv(T)].

(5)

Here, ds is an increment of path length.
of (5), evaluated at the ground is

I v-- I v. oe -

r
0

" ,(s)ds'

+
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Bis)av(s)e -

f

The solution

"is ')ds '

ds,

(6)

where Iv ,o is the unatte nuated inte nsity of discrete
sources lying outside the earth's atmosphere. The
first term repre se nts contributions to the received
energy from external noise sources attenuated by the
intervening medium . The second term may be understood physically as follows: an element alonr; the
path emits energy towards earth at a rate equal to
Bvavds; this emitted e nergy is in turn attenuated by
the intervening medium by an amount

the total contribution is then obtained by integrating
all contributions along the ray path. It is desirable
to explain the functional dependencies of the variables in (6). The absorption coefficient, a v , is an
ex plicit (see succeeding section) function of meteorological parameters such as temperature, pressure,

and water vapor density. These parameters are, in
turn, functions of position along the ray path, thus
making the absorption an implicit function of position.
It is this dependence only which has been indicated
above. Similarly, the Planck function, which is an
explicit function of temperature alone, can be written
as a fun ction of position. The intensity received at
the ground, Iv, thus depends on the meteorological
profile at every point on the ray path. This dependence is described mathematically by stating that the
intensity is a functional (as opposed to a function)
of the profile. The intensity may be related to a
quantity called the brightness temperature, Tb(V):
(7)

which compares the received emissions in a single
direction to those of a blackbody at temperature Tb •
A nonideal antenna placed in a radiating medium
will receive radiation from all directions for any particular antenna orientation, whereas the brightness
temperature as defined above refers to the contributions from only a singl~ direction. The effective
brightness temperature, Tbv(O', cf>'), measured by an
antenna pointing in the direction (0', cf>') may be expressed as [Forward and Rickey, 1960]

where C(O', cf>'; 0, cf» is the directional gain function
in the direction (0, cf» with respect to the antenna axis,
Tbv(O, cf» is the brightness temperature in this direction,
and the integration extends over all solid angles, do'.
For passive probing purposes, a highly directional
antenna with low side lobes is necessary so that the '
measured effective noise temperature closely approximates the brightness temperature of the desired
direction. This may be expressed mathematically as

where the integration extends over all angles except
the solid angle of the main beam. Although it has not
been indicated explicitly, the antenna gain function
is also a function of frequency, thus further complicating an already complicated situation.
The effective noise temperature of an antenna can
be measured directly by a Dicke radiometer. The
Dicke radiometer accomplishes this by switching a
radio frequency signal between the antenna and a
reference noise source at a constant rate . If a difference in noise levels exists be tween the antenna and
reference terminals, a "signal" at the switching rate
is introduced. By knowing the reference source
temperature and through calibration, the magnitude
of the difference between the antenna and a reference
source temperature is found and the antenna temperature can be calculated.
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This minimum detectable signal can be shown
[Drake and Ewen, 1958] to be proportional to 1/vs:;:,
. where B is the predetection bandwidth of the receiver
and T is its integration time. Thus, for measure me nts
of high sensitivity, it is necess ary to have both a large
bandwidth and a long integration time . To study th e
atmosphere by radiation measurements, a narrow
bandwidth and a relatively short integration time are
desirable. The narrow bandwidth is desirable because assumptions of monochromaticity considerably
simplify calcuations of radiation properties ; the integration time must be small enough that the gross temperature and pressure profiles do not change during
times of measurement. The integration time could
be increased for periods of relative calm. A bandwidth of about 20 Mc/s and an integration time of
about 10 sec appear suitable for significant measureme nts. Within a frequency interval of this magnitud e,
the so urce function and the absorption profile remain
essen tially constant and assumptions of monochromaticity are valid.
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In the part of the microwave region co nsid ered here
(10 to 100 Gc/s) the principal atmospheric gaseous
absorbers and, hence, e mitters of radiation, are oxygen and unconde nse d water vapor. Water vapor
absorption is due to a pure rotational transition at
22.2 Gcls and the nonresonant contribution of other
rotational lines startin g around 180 Gc/s and extending
well into th e infrared [Van Vleck, 1947b]. Oxygen
absorption is due to a band of rotational transitions
s tarting at about 53 Gc/s and ex te ndin g to about 66
Gc/s [Zimmerer and Mizushima, 1961]. Figure 1
s hows the calculated wet, dry, and total absorption
as a function of frequency. The calculation s for a
s tandard atmospheri c profile were based on the Van
Vleck equations give n below. It is evi de nt from thi s
figure that oxygen absorption dominates over that of
water, except in th e immediate region of th e water
vapor line. Thi s occurs because of the large -density
ratio of oxygen to water vapor, since the mass absorption coefficients of the two gases are of the same order
of magnitude. For freque nci es close to the oxygen
complex, water vapor absorption is much less than
oxygen, exce pt perhaps for extreme climatic profiles.
Water vapor absorption coefficients in the microwave region may be calculated from the formulas of
Van Vleck [1947b],
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3. Gaseous Radiation in the Troposphere
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In (9), yH20) is th e absorption (dB/ km) at freq ue ncy
v (c/s) due to un co nd e nsed water vapor of density
p (g/m 3 ) at tem perature T(°K) , Vo is the resonant frequency of the water vapor 6- 5 - 5_ 1 electric dipole
rotational transition (22.235 Gc/s) , c is th e speed of
li ght , and t:.v is th e lin e width, i.e., th e half-widt h of
th e lin e at half inten sity. The lin e width is eq ual to
the reciprocal of th e mean time between collisions of
the absorbing molecule and depe nds on the pressure,
temperature, and presence of foreign gases. The
measured value of the line width at one atmosphere
press ure and 318 OK is t:.vo = 2.6 Gc/s [Becker and
Autler,1946]. The pressure and temperature depe nde nce of the water vapor line widths have bee n given
as [B a rre tt and Chung, 1962]

P ) (318.0)X
t:.v = t:.vo ( 1023.25
-T- (1+0 .0046p).

(9)

(10)

In th e above expres s ion , th e quantity X as ca lc ulated
by Benedict and Kaplan [1 964] for H 2 0 - H 2 0 colli s ions
was found to be 0.614. Calc ula ti ons by Be ne di ct and
Kaplan [19591 for th e case of H 2 0 - 2 broad e n i ng res ulted in X N2 = 0.626 betwee n th e te mpe rature ranges of
22U to 300 oK. These calc ulations indi cated a value
of t:.vo=0.09019 cm- I (=2.704 Gels) at T =300 oK.
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Recent calculations [B en edict and Kaplan, 1964] have
indicated that X02 is approximately equal to X N2 •
These considerations indicate, then, that the temperature and press ure depe nde nce of the water vapor
line widths in air may be represented as
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where Pm is the partial pres sure of the mth molecular
species, f3H 20- m represents the relative effectiveness
of the mth constituent over H 2 0 - H 2 0 collisions In
producing water vapor broadening, To is some reference temperature, and P(=PH20+P02+PN2) is the
total pressure of the air. As of yet, there has been no
reason to doubt the linear dependence of the H 2 0
line widths on press ure for the range of pressures normally oC'curring in the atmosphere.
Oxygen absorption in the microwave region is due
to a band of magnetic dipole rotational transitions
centered around 60 Gc/s (0.5 cm). The absorption
coefficient of oxygen is given by [Van Vleck, 1947a]
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FIGURE 2.

Thermal noise versus frequency for high (0.8 Mc/s/mm

Hg) and low (2.0 Mc/s/mm H g) pressure values of the line width.

(12)
300

where

'(-

/N=

j.t2 [

N

D.VN

(VN-V)2+D.v~

+

D.VN
]
(VN+V)2+D.v 2 ·

In (12), C is a constant which depends on the units
used [Meeks and Lilley, 1963], EN is the energy of
the Nth state, k is the Boltzmann constant, j.tN is the
magnetic dipole mome nt of the Nth state, VN is the
resonant frequency of the Nth state , N is here a generic label for a particular type of rotational transition,
and the other symbols are as defined above.
The oxygen line widths, D.VN, exhibit a more complicated pressure de pe ndence than do those of water
[Abbott, 1964], si nce the ratio D.v/Pis not a constant
with respect to pressure. This behavior is such as to
make D.v/P lower at higher pressures. This has the
effect of d ecreasing the nonresonant absorption while
increasing the absorption at a resonant frequency.
Measurements have indicated a range of temperature
dependence of the line widths from about X = 0.7 to
X = 0.9 (.:lv - T- X) [Tinkham and Strandberg, 1955;
Artman, 1953], and uncertainties in line width constants of about 10 per cent. The ratio of O 2 - N2 broadening to O 2 self broadening has been measured to be
0.75 with an uncertainty of 10 perce nt.
Figure 2 shows the result of different D.v/ P constants
(high- and low-pressure extremes) on the computed
noise temperature of the atmosphere. Both curves
were calculated using a linear pressure assumption
for the line width ; the curve corresponding to the
actual situation will lie somewhere between these two
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FIGURE 3.

Brightness temperature versus f requency for a vertical
antenna.

extremes. 2 These figures indicate that information
on line widths could possibly be obtained from radiation measurements of the atmosphere in conjunction
with simultaneous meteorological measurements
[Abbott, 1964].
A microwave antenna placed in this radiating environment will receive energy at a rate which depe nds
on the frequency, the antenna orientation, and the
temperature and density distributions of the atmosphere. For frequencies in the vicinity of the oxygen
complex, and for low antenna elevation angles, the
2 All s ucceeding calculations reported here will be based on the low-pressure meas urement s of Artman (1953).
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20
total integrated absorption (optical de pth) is so large
--+Ge/s
-t-Irf- 18 v~ 4 5 .........
that the atmosphere is essentially a blackbody radiat52 .5
ing at a temperature nearly equal to that at the surface
16
53.5
53 --- ,
",
of the earth. For frequenci es near the center of the
,
14
.,.,E
oxygen band, the atmosphere is again a blackbody
12
~
.-4-!
54.5
radiating at nearly the surface temperature for all
I~
~ 10
elevation angles. In the frequency region from 50 to
\
'"~ =_ OAKAR,SENEGAL
TIOI ~ 290 OK ,
55 Gels and for a vertical antenna, however, a large
I
PIOI ~ 1007 mbar
6change in brightness temperature with frequency
551 ~ 1,-: 55.5 I
occurs, as seen in figure 3. Over this relatively small
I
,.... 56.5
56
frequency interval, a brightness temperature change
5~1T-of about 150 oK takes place and in the steepest portion
0.2 0.3
0.5 0.7 I
5 7 10
20
of the curve, the slope is about 60 oK per Gels. The
a (a) IN dS/ km
calculations in this figure were based on radiosonde
data from Dakar, Senegal, February 2, 1956. It is to FIGURE 4. Height above which thermal noise may be neglected
(y9 p ercent level) versus surface absorption coefficient.
be noticed in this figure that the brightness temperature is greater than the surface temperature for freque nciesgreater than about 55 Gels. This occurs radiation cutoff height, as pointed out above , arise
because of a tempe rature inversion which reac hed a because of the large variations in both the absorption
maximum of about 294 oK at 1 km. In general, the coefficient and the optical de pth . Thus, in the rela·
brightness temperature can ne ver be greater than the tively s mall frequency interval, both the low and hi gh
attenuation limits of the radiation tran sfer equation
maximum temperature of the atmosphere.
The possibility is imm ediately sugges ted that thi s occur.
It should be pointed out that both the radiation c utoff
portion of the spectrum might be useful for a groundbased passive prob e of the lower atmosphere. On a height and, as has been seen, th e bri ghtness temperacloudless day , the e mi ssion in thi s region is esse n- ture , de pend on the mann er in which the lin e width
tially a functi on of the te mperature alone because of param e ters vary with te mperature and pressure.
the relatively small water vapor co ntribution and, Although a more reali stic description of this behavior
he nce, measure me nts of this emission might be used will chan ge th e numerical values of the quantities
to infer something about the te mperature s tructure involved , the basic co nclusions of thi s section will
of the atmosphere. The large c han ges in bri ghtness remain the same.
te mperature, Tb , over thi s frequency interval satisfy
one of the necessar y require me nts for a ground-based 4. Basic Equations of the Inversion Process
remote probing sys te m; i.e., that the c han ges in Tb
The bri ghtn ess temperature, Tb(V), at a microwave
with frequency are sufficie ntly large that a nondege ne rate set of equation s may be ob tained for invertin g frequency v , observed loo king up into the atmosphere,
the brightness te mperat ure versus frequency c urve is given by [Fryberger and Uretz, 1961]
to determine the te mperature- height profile of th e
lower atmosphere. The equipm e nt requirements necTb(V) =
T(h)(Xv(h , T(h))e - " ,,(h'. T(h ' ))"h ' dh,
(13)
essary to make relevant measurements have been
dis c ussed in section 2.
Another important effec t takes place in thi s freque ncy region. If the height above which the bri ght- where T is the absolute temperature (kin etic), (Xv is
ness temperature contribution may be neglected 3 is the gaseous absorption per unit le ngth , and h is the
plotted against the surface absorption coeffici ent, as height. 4 The problem to be solved is the de terminais done in figure 4, the layers of the atmos phere which tion of T(h) from a set of measurements of Tb(V), Thi s
contribute most strongly to the brightn ess te mpera- solution is referred to as the inversion process. The
ture at a given frequency can be determined. In absorption coefficient (Xv is due to water vapor and
this figure it is evident that the relative contribution oxygen. As is seen in figure 1, in the frequency refrom various altitudes is strongly frequency depende nt gion 50 to 55 Gels, the principal portion of the absorpb etwee n 52.5 and 55 Gels. For frequencies b elow tion is due to oxygen, and we will he nce neglect the
about 52 Gel s, th e radiation contribution is averaged water vapor contribution in the te mperature inve rsion
over a fairly large h eight interval (~17 km); above process. It is realized , however, that this assumption
55 Gels thro ugh the ce nter of the oxygen band, the is probably not valid fo r very humid conditions, and
co ntributi ons to the brightness temperature are from future work should take this into accoun t. 5
a narrow height interval close to the ground.
Before deriving the inversion equations, a brief
The large slope of the brightness temperature versus review of the relevant concepts and terminology of
frequency c urve and the pronounced changes of the integral equations will be necessary. A Fredholm
54~

L'"

3Thi s le ve l ha s he re bee n c hose n as th e 99-pe rce nt level. A more meaningful c hoice
could be mad e if the exact e xpe rime ntal capab ili ties of the rad iom e ter in use were known.
For exa mple, if th e un ce rtain t y in me as ure me nt of TIJ we re 0.5 OK, then the he ight le vel

corres ponding

10

th is value would be c hose n.

f

4 Previously, h de noted Pl anck 's co nstant.
In all s ucceeding part s of t hi s work, " will
refe r to height.
~ It is pla us ible th a t in co nj un c ti on wit h the oxyge n e mi ss ion meas ure me nt s, a de termination of t he troposp he ri c wa te r vapor di strib ution could be obtai ned from radiation meas urement s ta ken a round the 22.2 Gels wa te r vapor line.
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integral equation of the first kind is given by [Tricomi,
1957]

cP(x) = f ,):(x, y)'I'(y)dy,

(14)

where cP(x) andJf(x, y) are known and 'I'(y) is the unknown function. The function J f(x, y) is called the
kernel of the integral equation. Equations of the type
(14) are linear, i.e., if '1'1 is the solution corresponding
to cPI, and '1'2 is the solution corresponding to cP2, then
a'l'l + b'l'2 (a, b are any constants) is the solution of
acPI + bcP2. There are well-known methods for solving
or getting approximate solutions of this type of linear
equation if the analytic (exact) form of cP and f are
known [Morse and Feshback, 1953]. Methods of
solution of nonlinear integral equations are, however,
not so well known.
In many cases of physical application, cP is represented by a set of measured values, and no analytic
form is known for the function. These measured
values will never be exact because of errors inherent
in any physical measurement. Such errors in cP give
rise to difficulty in the numerical solution of (14) because it is unstable, i.e., a small (infinitesimal) change
in cP can give rise to a large (finite) change in the sotion '1'. This can be shown by the following elegant
argument given by Phillips [1962]. Consider the
well-known theorem true for any integrable function
,:%'(x, y)
lim

k~oo

(b

Ja ,%(x, y)

sin kydy= 0

equation, and then iterating, correcting the kernel at
each step [Fow, 1964]. The convergence of this iteration sequence depends, inter alia, on how the difficulties in (b) can be eliminated. It was found that
(before suitable smoothing) reduction of the integral
equation to a set of simultaneous equations (to be
solved by matrix inversion) can lead to unreasonable
estimates of the temperature profile if there are errors
present in TD• By use of the following least-squares
method, stability against errors, both in Tb and in
estimation of the kernel, was achieved.
To solve (13) for T(h), a standard exponential model,
(l'~0), is first assumed for the absorption decay with
height. This linearizes the equation in this firstorder approximation. Next, the infinite upper limit
of the integral is replaced by the radiation cutoff
height, H(v). This height can be very accurately estimated from a standard model. The spectrum of these
heights over the chosen frequency range determines
an upper limit to the height intervals which can be
probed by this method. Equation (13) is now approximated by
Tb(V) =

I

H(V)

0

T(h) Jf(v, h)dh,

(17)

where the kernel,Jf(v, h), is determined by the absorption model, and is a function of height and frequency
alone.
The temperature, T(h) , can now be determined by
inverting (17). A polynomial expansion is chosen
for T(h),
N

(15a)

T(h) =

L tiUi(h),

(18)

i= O

or

E(X) =

f:i/

(x, y) sin kydy

(15b)

where the set of {til is to be determined and Ui(h)
some polynomial of degree L Substituting (18)
into (17),
IS

N

where E(X)~O as ~oo. Equation (15) is sometimes
called Dirichlet's integral theorem. If (I5b) is added
to (14), there results

Tb(V) =

L tiK(v, i),

(19)

i=O

where

cP(x) + E(X) = f/!(x, y)['I'(y) + sin ky]dy.

(16)
K(v, i) =

If we now interpret E as an error in the measured value
of cP, it is seen that a small error can add a finite highly
oscillatory component to the correct solution '1'. Such
an oscillatory behavior could destroy all physical meaning of the solution.
To determine the vertical temperature distribution
from a set of radiation measurements requires a numerical solution of the integral equation (13). This
is difficult because (a) the integral equation is nonlinear, i.e., the kernel is a function of the unknown
quantity T(h) , and (b) this equation is also unstable
against errors in the measured quantity Tb(V). The
difficulty of nonlinearity can be overcome by first
linearizing the equation by using a standard model
to estimate the kernel, solving the resulting linearized

I
0

H(V)

Ui(h)(l'~O)(h)e -

(h

Jo ci""'(h')dh' dh.

Rather than solve (19) in its unstable form by matrix
inversion, consider the quantity I, defined as

(20)

where the j-summation ranges over frequencies, the
k-summation ranges over the known boundary condi-
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tion s on th e te mperature at th e height hk, and 'Yk are
und etermined Lagrange multipli ers. The quantity I,
except for the constraint terms in th e s ummation over
k, may be understood as follows. Each term of the
frequency summation (over J) can be recognized as
the square of the difference of the " measured" brightness te mperature, Tb(vj) and the com puted brightness
te mperature at that frequency. The co mputed brightness temperatures are determined completely when
th e set {til is given. It is reasonable to assume that
th e set of these coefficients which minimizes I is the
bes t approximation to the temperature profile for the
given set of radiation measurements and choi ce of
polyn omial degree. Thus , it is required that the
variation of 1 with respect to the parameters, {til, be a
mInJmum. Setting the appropriate partial derivatives
of 1 with respect to tk equal to zero yields, for N v frequ e ncies, N" boundar y co nditions and an Nth degree
polynomial,
N

N+N b

-; = 0

j = N+ I

2: t;Aik + 2:

'YjUk(hj) = D•. ,

(2 1)

k = O,I, . .. ,N

wh ere
Nv

A ki

=

2: K (vj, i)K(vj, k)

A ik =

j= J

and
Nv

Dk =

2: Tb(vj)K(vj, k).
j=J

Equations (2 1), togeth e r with th e N ,) co ns tra inin g equ ati o ns on th e te mpe rature, s uffi ce to de te rmin e th e se t
{til. Equati o ns (2 1) wou ld be modifi ed if th e derivativ es of th e .f fun c ti ons were in clud ed. The se deriv ati ves are s mall , s in ce th e ke rn el is not a se nsiti ve
fun c tion of te mpe ra ture, a nd he nce a re neglec te d.
An ite ration process can now be se t up in the following mann er. From th e te mperature di stribution
derived abov e and th e r elation [Hewso n and Lon gley,
1944],

By self-co nsis te ncy, it is here meant th a t ne ith er th e
kern el fun c tion s no r th e se t {til c han ges fro m th e
Nth to th e (N + l )th iteration.
The num eri cal integration of th e ke rnel fun c ti o ns
of (19), for a polyno mi al of arbi trary d egree and with
exponential absorption within any le vel, is nontri vial.
The de tails of thi s integration are s hown in appendix A.
It s hould be me ntion ed that th e leas t- squares me t hod
presented above is quit e gen er al and could be used
for oth er types of assumptions for th e te mp erature
di s tribution s uc h as expon e ntial , tri go nom e tri c, co nstant laye r , e tc. The numbe r of parameters that
can be d e te rmin ed accurately is, of co urse, basically
limited by th e inh ere nt in stability of the int egral
equation .

5. Application of Inversion Method
In thi s section, the inversion techniqu e described
in section 4 is appli ed to atmospheric te mpe rature_
and press ure profiles from De nv e r , Colo., a nd Dakar,
Senegal. Th e bri ghtn ess te mperatures were calc ulated usin g the radi oso nd e data fro m th e two stati ons;
[rom thi s basic se t o[ numbers, th e in versio n me thod
of section 4 was applied in an attempt to recons truc t
th e original profile. Th e De nve r profile was c hosen
because o[ close similarity to a s tandard profile;
Dakar illu s trates the effects of a stro ng te mperat ure
invers io n at low altitudes .
In fi gures 5 and 6, th e inve rsio n of th e Augu s t 16,
1953, De nver , Co lo., profil e is s h ow n. Th e invers io n
was accomplished by usin g 12 frequenci es to fit a
fourth -degree polyno mi al wh ic h was co ns train ed
below by th e LI rface t e m pera t ure a nd above (a t 16.0
km) by a s ta nd ard a tm osp he re te mpe rature. Th e
de rived profi le of th e lower a tm osp he re is in sen s iti ve

II

I 51 ITERATION

(22)
which d e termines the pressure betwee n any two layers
in the atmosphere which have a constant lapse rate,
a new set of absorption coefficients and kernel functions can be obtained from (12) as a function of height in
the atmos phere. In (22), M is the molecular weight
of air, g is the acceleration of gravity, R is the general
gas cons tant , and lJ 2 is the lapse rate between layers
1 and 2. A num eri cal integrati on is then performed
us ing th e derived se t of absorption coefficients to
determine a ne w se t of fun c tions K(v, i) of (19), taking
fully into account the te mperature and pressure depende nce of the ab sorption coefficie nts and the line
widths . Eq uatio ns (21) are again used to determine
th e {til by utilizing th e new es timate of the kernels .
The iteTation pro cess is th e n co ntinued until a selfconsistent se t of te mperature coe ffi cie nts is obtain ed.
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5. Absorption profi le as determined by inversion of the
brightness temperature equat ion for p rofile of Denver, Co lo.
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6. Temperature profile as determined by inversion of
brightness temperature equation for a Denver, Colo., profile.

FIGURE

to the choice of thi s upper cons traint. Th e iteration
se qu e nce conv erged to th e indi cated values on th e
fifth iteration . It is to be noted that converge nce
occurred even though th e first approximation, as de termined by a crude absorption model, is very far from th e
correct values . . It is also to be noted that, after a
sufficient number of iterations, the computed absorption profile is almost coincident with the actual, even
though there is a residual error in the temperature
prediction_ This is due to the relative insensitivity
of the absorption coe ffi cient to s mall temperature
c han ges.
Th e errors in the computed te mperature structure
up to the Nth height level may be expressed in t erms
of the rms error in T, S.E. (T), defined by
S.E.(T) =

~~

±

(T(h;) - Tc(h j ))2,

(23)

1= 1

4 t h ITERATION
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FIGU RE

OK

mbar

41.8
34.1
23.1
10.2
2.5

27.6
21.0
13.4
5.3
1.6

The method of this paper is also capable of determining te mperature inversions, as may be seen in
figure 7. The Dakar, Se negal, profile of February 2,
1956, was chosen to illustrate low-altitude oscillatory
te mperature behavior which occurs in some areas .

7.

270
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Temperature profile determined by inversion of brightness temperature equation for Dakar, Senegal.

The rms error in T and P up to h = 10.4 km as a
function of iteration number and pol y nomial degree for
Dakar, Senegal , February 2, 1956.

TABLE 2.

3d·deg. poly.

Slh·dcg. poly.

4th -d eg. po ly.

It e rat ion
fm s

fm s

fm s

fm s

rm s

fm s

er ror in T e rror in P e rror in T e rro r in P error in T error in P

OK
I
2

The rms error in temperature and press ure up to 11 .6 km
as afunction oj iterat ion number for Denver, Colo., August 16, 1953
fm s error in P

260

For seve n freque ncies and a fifth-degree polynomial,
an rm s error of 2_2 oK and 0.507 mbar in temperature
and press ure was obtained up to the 10.4-km level
after four iterations .
It is also important to determine the effect of varying th e degree of th e polynomi al on the error in T and
on the rate of convergence. In table 2, the rms error
in T and P are shown as a function of iteration number
for a third , fourth , and fifth-d egree polynomial.

TABLE 1.

fms error in T

250

TEMPERATURE

where T(h ;) and Tc(h;) are the actual and computed
temperatures, r espectively, at the ith height level,
hi. For the profile just discussed, the rms error in
T up to 11-6 km was 41.8 oK for the first iteration, and
was reduced to 2.6 oK after five ite rations. The corresponding errors for the pressure were 27_6 and 1.6
mbar, respectively. Table 1 gives the calculations
of the rms errors in T and P up to the 11.6-km level
at each step in the iteration process .

It e ration

240

3
4
5

5.5
6:0
6.1
6.0
6.0

mbar
3.1
3.6
3.6
3.6
3.6

OK

mbar

6.5
4.2
4.2
4.2
4.2

2.3
1.6
1.7
L7
L7

OK

mbar

6.6
2.5
2.2
2.2
2.2

2.2
0.4
0.6
0.5
0.5

The rates of convergence for this profile are not as
spectacular as those of the Denver profile because a
muc h more realistic first approximation for the absorption coefficients was used (an exponential model with
statistically determined scale heights was the Oth
approximation). It is easily seen that iteration does
not improve the temperature solution for a low-degree
polynomial (whe n the re are not a suffici ent number
of adjustable parameter s) over a b es t statistical es timate. For hi gher d egree polynomials, a two- or
three -to-on e improve ment can be obtained by iteration.
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Th ere is an upper limit , however, to the polynomial
degree for a fixed number of frequencies which can
be successfully used . Thi s limit is imposed by the
presence of errors both in the brightness temperature
and in the first estimation of th e absorption.
Finite errors will be present in any physi cal measurement of brightness te mperature . Any s uch e rror in
Tb will induce errors into the derived te mperature
profile. It is important th e refore to have some estimate of th e amount of meas ure me nt error in Tb which
is tolerable for a physically me aningful te mperature
distribution. In the calculations reported here, two
different types of e rrors were introduced, alternating
and constant. The first type was introduced by adding
(-)nI8Tbl to the nth Tb (the Tb'S were arranged in ascending order). This set is referred to as type a.
The set obtained by adding (-)n+ 1 18Tbl to the nth Tb
is referred to as b. In figure 8 are shown the temperature di stributions co mputed from the a and b se ts of
18Tb l = 1.25 oK. The maximum error in the te mperature distributi on was about 10 oK for this magnitude
of 18Tbl. The rms e rrors of a and b up to th e 10.4km level were 7.6 and 6.6 oK, respectively. Table 3
s hows the res ults of various error calculati ons . It is
to be noted that the iteration diverged for 18Tbl = 2.5
oK, case a, and that the effect of errors in c reased
rapidly above 18Tbl = 1.0 OK. It is also important that
no essen tial differe nce exists be twee n the exact and
0. 5° cases. Thi s indi cated that meaningful atmos ph eric informati o n can be obtained from radiation
meas urements that possess a s ufficie ntly s mall, but
finite, e rror.
The effect of constant errors in Tb o n th e derived

temperature profile is not as serio us as "alte rn ati ng"
errors as discussed in th e last paragraph. For an
" alternating" error of magnitude 2 OK, the iterati on
sequence was near its radius of convergence; for a
co nstant error of th e same magnitude , the rm s errors
up to 10.4 km are only 6.1 and 4.3 OK for positive and
negativ e errors , respectively. The derived profiles
in th e presence of these errors are plotted in figure
9. Similar errors of + and - 1 OK gave rms errors in
temperature of 4.0 and 2.3 OK, respectively, up to 10.4
km. A much more meaningful analysis of the effect
of errors in Tb on the derived temperature structure
could be achieved by introducing in some suitable
fashion random errors in the set of brightness temperatures _ This was not attempted here because of excessive computer cost.
TABLE 3.

Results oj error calculations

Error in Tb

Case

S.E. (D in OK
up to 10.4 km

OK
2.5

9.3

2.0

25.5
8.6

1.5

12.8
7.4

1. 25

7. 6
6.6

1.0

4.9
5.7

0. 5

2.6
3.8

0.0

2.2
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8. Effect oj alternating errors oj magnitude 1.25 oK in
brightness temperature on the reconstruction oj the temperature
profile.

FIG URE

Case (a)- e rrurs of (-)" 181" J 1 a dd ed lu th e fI ,h bri ghtn ess te mpe rature (arranged in asce nd in g order). Case (b)-er rors 0[(-)'1 1- 1181'1J 1 added 10 th e fl lh brightness temperature.

TEMPERATURE

9. Effect oj constant magnitude errors in the brightness
temperature on the reco nstruction oj the temperature profile.
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6. Conclusion

and

The mathe matic al method of inversion prese nte d
here appears capable , under certain restri c tions , of
recoverin g th e th ermal profile of the troposphere from
a set of s ufficiently acc urate mi c rowave (50 to 55 Gc/s)
radiatio n measure ments of a cloudless atmos phere .
A tolerable amount of meas ure me nt e rror in the bri ght·
ness te mperature appears to be of order 0. 5 oK.
Th e prin ciple limitations (or approximation s) of th e
tec hnique appear to be th e n eglec t of the water vapor
e mission (not valid unde r humid conditi ons) and the
neglect of scatte rin g (not valid whe n clouds are prese nt
in the main bea m of a hi ghly directional ante nna).
The contributi on of water vapor could possibly be
accounted fo r by simultaneous radiation measure me nts
on the 22.2 Gcls wate r vapor lin e. The uncer tainties
inher ent in line width calculations can be at leas t
partially re moved by simultaneous meas ure ments of
the brightness te mperature and the atmos pheric pro·
file above the radio meter.

g{n, J) =

f

it .

)

"j - I

The fun c tions g{n, J) presumably can not be ex pressed
in closed form. Instead , we ex press the m as an in·
finite sum of integrals, eac h of whi c h can be evalua ted
in closed form. This sum has bee n found to conve rge
rapidly for 0 :;;;: a :;;;: 10, 0 :;;;: H :;;;: 20. The integral
definin g g( n , j ) is of the form
(A4)

By using a Mac Laurin expansion for the second ex·
pon e ntial term , we arrive at

1= ~ biAi,n
i! '
wh ere

7. Appendix A

M(n) = foH h" a(h)e-

f: a(h'):1h' dh .

(AI)

F or notation a l co nvenience, the s ub script v has bee n
omitted. W e wis h to e valuate (AI) unde r th e ass ump·
tion that the nonzero a(h) may be interpolated expo·
ne ntially within an y height interval:
(A 2)

wher e

N

L
N

=

fit/';_1
. h"a(h )e - f', a(h')dh'dh
e - [Tj- l + a( " j _ l ) Hj - "j _J/H) g(n , j ),

j= 1

whe re
j
h,- h,._
Tj= L a (hi_1)Hi(l - e ----,r;- ), j = 1, 2, . . . ,N,

i= 1

TO= O

(a - ci)x

xlle

dx .

The author expresses hi s gratitude to R . L. Abbott
and M. T . Decker fo r stimulating di scussions and for
continued e ncourage me nt durin g the performan ce of
thi s work . Th e auth or also ac kn owledges A. E. Goe rt z
for clarifi cati on of cert ain point s co ncernin g thi s line
width .
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