










wavelength ratios of the order of 0.1 or greater) 
of a kind that exist only in a Leavy storm. 

There was one storm at Folly Cove that produced 
almost ideal conditions for observing the effect, on 
a dayon which a NW gale blew for 18 hours. The results 
are illustrated in figure 6. This is It strip chart 
recording in which the upper pair of traces are the 
received amplitudes (decibel scale) of signals trans­
mitted from distant stations operating at 18.6 kc/s 
and 22.3 kc/s. The third and fourth traces are the 
corresponding received phases. The bottom trace 
is pressure (this time recorded in the same sense as 
the signal variations). By good luck, the 22.3 kc/s 
signal was propagating at about 45 ° with respect to 
the waves; moreover, the antenna loop directivity 
patterns were such that loop No. 1 saw mainly 
the component of H that is unaffected by surhce 
s]utpe and loop No. 2 saw mainly that component 
of H which is affected by surface shape. One would 
expect that the variation of amplitude introduced 
in tbe 22.3 kc/s signal in loop No.2 by the surface 
shape would almost completely cancel out the 6- 9 
dB variation of amplitude due to the varying height 
of water above the antenna (4 to 6 ft waves) . One 
would also expect the 22 .3 kc/s signal into loop 
No.1 to show the full range of amplitude variation . 
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FIG U RE 6. Nlagnetic fi eld and pl'eSSW'f, measltTements- Folly 
Cove . 

In the left hand part of the records in figure 6, 
both receivers were operating from loop No . 2; 
in accordance with theoretical expectation, the 
amplitude of the 22.3 kc/s signal shows little 01' no 
variation. Midway through the record, t he 22.3 
kc/s receiver was switched to loop No.1; as pre­
dicted, the full 6 to 9 dB range of signal variation 
is apparent. Note that the phase variations are 
the same in both cases. 

As a matter of fact, the influence of the scale 
factor effect on the field observed in a directive 
underwater antenna (e.g., a loop) varies in a co mpli­
cated way with the angle between the direction of 
atmospheric propagation and the wave crests, the 
orientation of the antenna, and its pattern, It is 
significant that by taking these factors into account 
it was possible to calculate the approximate direction 
of the two stations being received in figure 6 from 
the known orientation of the loops and the changes 
in average signal strength and phase as the receivers 
were swi tclled between loops. These calculated 
directions agreed within ± 5 ° of the directions 
derived from the known locations of the trans­
mitters. It is even more significa,nt that tCLking 
account, in addition, the observed changes in the 
range of amplitude variations as the ignals are 
switched between loops, it is pos ible to calculate 
the direction of the running of the sea. This calcu­
lation agrees (within 30°) with what was observed 
as closely as it was possible to estimate that direction 
by eye and hand compass. 

10. Appendix A 

vVe wish , here, to find a solution of the scalar 
Helmholtz equation in two dimensions 

(Al) 

in order to obtain a scalar function <p from which to 
-) 

derive an E-field 

-) 

-) -) 

E = curl <pe z (A2) 

where E is the electric field associated with an 
electromagnetic wave which propagates in a dir~c­
tion normal to the sea wave crests. The tangentIal 

-) 

component of E must vanish at the surface n = O. 
Since, in the limit k = O, the fields must approach 

the static field pattern, we begin by taking 

(A3) 

If we place this -./;0 in the Helmholtz equation (4,1) 
01' (4.9), we obtain 

02./, + k2.f, _ Eo k2 (1-~) e- j kS 
y '1'0 '1' 0 - jk h2 (A4) 
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where since we consider propagation perpendicular 
to the wave crests, sin 8= 1. Thus in the limit k-'>O. 

satisfying Laplace's equation , and 

in which P 2 is a function of the order of magnitude 
k4 instead of P as for the case of -.J;2. Thus, we are 
led to a sequence of functions 

~ ~ ~ 1 ~ 

M = E = curl-.J;oez= li E Den' 
which satisfy the Helmholtz equation in the limit as 

(A5) n is taken sufficiently large, 

This is precisely the static field that results from 
conformal t ransformation of the field between 

~ 

parallel plates. It is unusual only in expressing E 
(in a charge-free region) as the curl of a yector 
potential rather than as the gradient of a scalar 
potential. When k ~O, -.J;o satisfies the scalar wave 
equation only if 11,2 == 1; in this case, the coordinate 
system would be rectangular and -.J;o would represent 
a plane wave traveling in the x-direction between 
parallel-plate bounding surfaces. 

In the present problem, h2 ,/=1, the right-hand side 
of (A4) is not identically zero, so that -.J;o is not an 
exact solution to the wave equation in trochoidal 
coordinates. Suppose, now, that we can write a 
second approximation to the solution of the wave 
equation as 

./, _ ./, +QIEo e- jks 
'1"1 - '1"0 jk (A6) 

in which QI is a function of nand s for which 

(A7) 

and in which QI is a function whose maximum mag­
nitude is of the order of magnitude P. Substituting 
-.J;l in the Helmholtz equation, we obtain a result 
which has the form 

\12-.J;1 + k2-.J;1 = ~ P1(n, s)e- Jks (AS) 

where 

(A9) 

PI is a function of the order of magnitude k3 in­
stead of one of the order of magnitude P as in the 
case of -.J;o and (A4) . Once more, we can take a new 
trial solution h 

./, - .1, +Q2Eo -jks 
'1"2- '1" 1 jk e (AlO) 

in which Q2 is a function of nand s for which 

(All ) 

and in which Q2 is a function whose maximum 
magnitude is of the order of magnitude k3 ! This in 
turn leads to an equation which has the form 

(A12) 
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lim \12if;n +k2-.J;n= 0 
'n-700 

provided that k is less than one. At the same time, 
we have found a solution to the scalar Helmholtz 
equation 

in which the maximum amplitudes of the Q", is of 
the order of magnitude km - I times that of QI' 

The original trial solution -.J;o satisfied the boundary 
~ ~ 

condition that M = Ebe normal to the water surface, 
but did not satisfy the Helmholtz equation. At 
each step of the approximation, it is necessary to 
pick the Q's so that -.J;b -.J;2 , ... continue to satisfy 
the boundary condition. It is beyond the scope of 
this paper to show that in the differential equations 
for the Q's there is sufficient flexibility to carry 
through the program just outlined. I! 

Now, let us carry out the program for the case at 
hand. Our -.J;o is given by (A3). When substituted 

~ 

in (A2) , -.J;o leads to an E-field normal to the surface 
n = O, but does not satisfy the Helmholtz equation 
(AI). Using the expression for \12 in (3.1 ) and that 
for h in (2.7), we find that in trochoidal coordinates 
(A7) for Ql becomes 

(A13) 

A particular solution of (A13) is 

(A14) 

To this solution, we can add any number of terms 
which are solutions of the homogeneous equation 
associated with (A13) 

(A15) 

in which r is any real number and A , any complex 

number. In general, terms from the set {Ql } can 

11 Ifldeed, in order to satisfy the boundary conditions exactl y at each step , one 
must gen~rally add to Qm a term which is an approximate solution of the Helm­
holtz cquation rather than being a solution to a differential equation like (A7). 
Such terms have sufficiently small coefficients so that they do not upset the 
con vergence of the sequence offwlCtions, ';'1, .;", . . . . They amonnt to sligh t 
modifications of ';'0, havin g relative magnitudes lcss tha n k m , based on t be re­
quirements of the mtb step. 



be added to QI for the purpose of satisfying the 
-4 

boundary that E be normal to the surface n = O. 
We remark that both terms of QI lead to tangential 

-4 

components of E at n = O. In order to eliminate 
-4 

the t}1ngential Eat n = O due to the first term on the 
right of (A14) , we add to (A14) a term from the 

set {QI} to obtain for Ql 

-4 

The tangential components of E due to the second 
term of (A14) cannot be counteracted by tenns 
from the set (A15) with r = O, because such terms 
do not meet the reasonable requirement that their 
effect tend to zero as n gets very large. To com­
plete the satisfaction of the boundary condition, 
we add to lh a further term 'PI. 

Thus, for (A2) we have 

--- --- ---I 
-4 -4 -4 

E = curl .pez= V' X (.peJ 

(A2l) 

-4 

We can thus use (A2l) to compute the E -field due 
to the scalar solution determined in (A18). The 
operations are straightforward and lead to the result. 

(A22) 

_ ka2 -kn Eo -jks. 
'Pl - 2 e jk e (A17) This is the same expression as that given in (4.13) 

of the text, except for the cancellation of the factor 

Thus, the modified second trial solution to the 
Helmholtz equation (AI) becomes 

This is the function .p given in the text in (4.11). 
If we use the Helmholtz operator on .p, we obtain 

k3 [2 j a (n+ 1) e-n sin s+~ e- kn] 

+terms of higher order in k. (A19) 

Thus, .p is a solution of the Helmholtz equation to 
the third order in small quantities, k. 

-4 

To derive the E-field from (A18), it is convenient 
to use the vector identity which states that if u 

-4 

is a scalar function and F is a vector function, 
respectively, of coordinates, then 

-4 -4 -4 

V' X (uF) = (V'u) X F+uV' X F. (A20) 

-4 

jk. The tangential component of E vanishes at 
n = 0; the tangential terms in e - ,. and e - 2,. come from 
corresponding terms in Ql; while t.he term in e-k,. 
comes from 'P. 

11. Appendix B. Reduction of the H - K 
Integral 

We wish to reduce the Helmholtz-Kirchoff integral 
which appears in (5.5) by integrating with respect 
to z. 

U(P) = Ii [ U(u,v)e - jbZ ! (e~kt) 

_ eikt oU(u, v) jbZ] dS 
~ on e . (5.5) 

We let a plane z=zo intersect the cylindric surface in 
a curve 0, which has the same shape regardless of 
the value of the constant zo0 Let us denote the 
differential element of arc length on 0 by ds; then 
dS=dsdz and we can rewrite (5.5) as 

1 i [0 f 00 ejkt 
] U(P)=- U(u, v) - - e-jb'dz ds 

411' c On _ a> ~ 

_~ i oU(u, v) [f a> ejkt -jb'd ] d 
4 A _ t e z s. 

7r C un -co l:; 

(Bl) 

Further, if the point P lies in the plane z=zo, we 
can set ~=.J(z-zo)2+r2, where r is the length of the 
projection on the plane z= o of the line from P to a 
point on the curve O. 
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So we have 

(B2) 

If we make a change of variables W=Z-Zo, we get 

W e note that 

is an even function. Hence 

(B4) 

From well-known tables, 12 we have 

(B5) 

Therefore, setting (P- b2)1/2= k 1' becomes 

We will note also that if we choose P and 0 in the 
same plane perpendicular to the cylinder axis, the 
factor e- jOZo disappears and we have 

U(p) = i L [ U(U, v) aOn HJI)(kr) 

-HJI)(kr)OU~~,v)] ds. (B6) 

~ 

N ow if r IS the radius vector from a point p on 
--) 

12 "Tables of Integral T ransforms," Bateman Manuscript Project (l\'I cGraw­
lIill Book Co., Inc., New York, N.Y., 1954), Formul as l.7 (34) and 1.7 (30) on p. 26 

and l.5 (27) on p. 17. We need also IIom (z) =Jo(z)+j Yo(z) and J(o(z) =~ H om 

(ze ~) which may be found in "Higher Transcendental Functions," Bateman 

Manuscript P roject (McGraw·Hill Book Co., In c., New York, N.Y., 1953), Vol· 
ume II, as Form ulas 7.2.1 (5) and 7.2.2 (15) respectively (pp. 4 and. 5). 

o to P and n IS the inward unit normal to 0 at p, 
then 

--) --) 

oHJI) (k'r) = kH(l) (kr) r . n on 1 r (B7) 

--) --) 

u(p) = i r [kUH(l ) (kr) :...:..!!:._FL(l) (kr) aU ] ds (B8) 
4 Jc 1 rO an' 

This result is the Modified Helmholtz-Kirchoff 
Integral Theorem (MHKIT) for cylindric geometry. 
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