











creasing altitude angle. This undoubtedly results
primarily from the increasing variability of refraction
at low angles, and to a secondary extent, from the
decreasing number of observations at very low angles.

Table 1 and figures 3 and 4 show the standard
deviation of the measured values of refraction for
each altitude angle. The gross variation is similar
to refraction in that the standard deviation is small
at high-altitude angles and increases as altitude
angle decreases.

There are four factors which contribute to this
increase of variability at low angles. The first
involves the tracking system behavior with variation
of loop gain. Tracking-servo random errors in-
crease as the difference between the power received
from the sun and the surrounding sky decreases.
At low-altitude angles, the sun’s radiation must pass
through a greater distance of attenuating atmosphere
than at high angles. This results in an appreciable
reduction of power received from the sun at low
angles. In addition, energy emitted from the
atmosphere itself increases as the transmission path
length increases. Although this second effect is
very small, it may contribute to the less precise
ability to distinguish between the sun and the sur-
rounding sky at very low angles. The increasing
path length, in effect, increases the tracking-servo
random errors at low angles.

The second factor is the rapidly changing meteor-
ological conditions at the sunrise and sunset periods.
At sunrise, insolation produces heating of the earth’s
surface and causes parcels of surface air to be heated
and then to rise by convection. In addition to
causing rapid variation in the surface refractivity,
this heating from below also produces a convectively
mixed lower atmosphere. As insolation decreases
in the afternoon, convective mixing ceases, the sur-
face temperature begins to decrease, and the atmos-
phere begins to settle and stratify into more uni-
formly varying layers. Near sunset, surface refrac-
tivity 18 again changing appreciably, and the
atmosphere 1s less homogeneous.

The third factor contributing to increased varia-
bility at low angles is the fact that the refractivity
profile becomes more important at low angles.
Thus, the state of the atmosphere above the surface
contributes to the total refraction. Furthermore,
as the altitude angle decreases, the ray path extends
over greater distances from the observing station.
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Fraure 3. Standard deviation of refraction for a.m. observations.
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Fraure 4. Standard deviation of refraction for p.m. observations.
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Thus, nonlocal variations in meteorology have an
increasing effect on total refraction.

The final contribution to variability of total re-
fraction results from the inability to obtain meas-
urements of refraction at exact integral values of
observed altitude angle. Since the various values of
observed angle were symmetrically distributed about
the desired integral value, no systematic bias was
mtroduced, but some of the variability in o, results
from this variability in A;. The fact that A, was
truncated at +0.09 deg from the desired value per-
mits some estimate of the rms variability of the
error in Ay, oa, to be calculated in the usual man-

ner by averaging the sum of squares of error. Thus,

1 (hota
Ufnl):z f, (hg—ho)2dhy

hﬂ
AZ
3
A 0.09
JAhO:\,g ‘5—0 .052 deg,

where A) is the desired integral value of observed
altitude and A is the one-way maximum error (0.09

deg). Using the slope of the 7 versus %, curve, the
valldblhty m hy can be converted into Vd[ldblhl\'
in 7. Thus,

. |dr i

O',:i('['E‘ O‘Aho (1(‘,g.

The magnitude of the rate of change, |dr/dho|, can
be found from the eraph of 10[1(1(11011 which gives
the maximum rate magnitude as 0.066 deo per deol ee
at 2 deg altitude mple Thus, the maximum esti-
mated variability in refraction due to variability in
selecting hy is 0/=0.0034 deg. This represents 8.4
percent “of the total variability in 7 at 2 deg altitude.

In figure 5 are plotted the various values of the
percent error of estimate of total refraction. The
graph shows minimum percent error at the low alti-
tude angles with a general increase to the maximum
of 8 percent at 65 deg. This behavior arises from
the fact that the standard error of estimate reaches
a minimum value at high angles, but the total refrac-
tion continues to decrease monotonically.

The statistical tests described earlier, indicated
that a.m. refraction was greater than p.m. 1ehact10n
Comparison of the two values for each altitude angle
shown in table 1 verifies that this is (‘OnSlStOnth
true. The differences are plotted as a function of
altitude angle in figure 6. The dashed line indicates
the average difference of 0.0025 deg. While this
1nvest1gat10n did not attempt to determine why this
is 80, it 1s evidently true, and the following hypothesis
is offered without verification. As a result of
asymmetry in the diurnal temperature cycle, morn-
ing hours are generally cooler than afternoon. Since
reﬁ activity is 1nverselv proportional to temperature,
the surface refractivity would be expected to be
somewhat greater during the morning hours. Figure
7 shows the average surface IeflthtIVIt) over a

month for each hour of the day. The diurnal
variation is clearly evident and shows that, on the
average, a.m. surface refractivity in fact is greater
than p.m. The greater surface refractivity and the
more homogeneous mixing would tend to produce
more refractive bending in the first few kilometers
above the surface during the morning hours.
Comparisons of measured radio refraction with

standard optical refraction from the Nautical
Almanac, 8.7-mm measured refraction, and that

calculated by ray tracing from an assumed model
atmosphere are shown in figure 8. This figure shows
that the refraction measured by the radio sextant
at 1.85 em is consistently greater than any of the
other determinations of atmospheric refraction.
This is probably not a deficiency in the measure-
ments described in this paper, but rather, is the
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Frcure 5. Percent error of estimale of total refraction.
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Frcure 6. Difference between a.m. and p.m. refraction.
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result to be expected in view of the facts that the
average surface refractivity during the sampling
period was relatively high, and that 1.85-cm radio
refractivity is higher than that at optical wave-
lengths. The latter results from the decreased
dielectric polarization of the water vapor molecule.

The difference between radio and standard optical
refraction is seen to be appreciable even at high-
altitude angles. Since the optical refraction was
determined for standard conditions of temperature
and pressure, it is believed that some reduction of
this difference would be obtained if optical refrac-
tivity were determined for the nonstandard con-
ditions obtained during observation. Optical refrac-
tivity does not include the contribution of water

vapor, so a fundamental difference will exist no
matter how well the optical refraction nmv be
determined. Recent publications of the Nautical
Almanac do have tables which ])1‘0\'i(1(‘ further
correction to the standard optical refraction for
nonstandard conditions.

Calculated refraction gives the closest comparison
with the measured results. The calculations were
performed for a nonreal atmosphere with a surface
refractivity of 318 N-units, which is about 4.3 per-
cent less than the average measured surface refrac-
tivity during the experimental period. In other
words, if the zls‘qum(‘(l model profile had a surface
refractivity of 332 N-units, the measured values of
total refraction w oul(l then compare more favorably,
especially at the higher altitude angles.

The second (rvnvml feature of ﬁ«ruu' 8 is increasing
discrepancy in all cases at anglob below approxi-
mately 20 degrees. This behavior is primarily a
consequence of the difference in surface refractivity
between the measured data and the optical and
assumed models and, to a lesser extent, of the
dependence, at low anolos of total relraction on the
refractivity profile. That is, the total diserepancy
at low angles is not accounted for by the difference
in surface refractivity alone. A small portion of the
low-angle discrepancy is attributed to difference in
shape of the refractivity profiles for the measured
data and the assumed models.

Peculiar behavior of the 8.7-mm difference plot is
believed due primarily to the assumption by Marner
and Ringoen [1956] that change in refraction is
n(wh(rlblv above about 30 deg. The inflection around
10 (lv(r probably results from systematically readjust-
ing the tracking servo bias at 10 deg altitude angle.

Theoretical considerations indic: 1t0 that total re-
fraction is a linear function of surface refractivity
for reasonably high altitude angles [Bean and
Cahoon, 1957]. To test the hypothesis that this
relation holds for low-altitude angles, the typical
results shown in ficure 9 were obtained. At S deg
altitude, the linear correlation coefficient was 0.87,
which indicates a high degree of confidence in the
linear ll\})OtlH‘Hls Furthermore, the standard error
of prediction is reduced from 0.014 to 0.007 by use
of the linear predictor. There is little apparent
curvature in the distribution of these sample points,
which gives further support to the hypothesis.
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4. Conclusions

A precise radiometric method of determining the
average total atmospheric refraction at a 1.85-cm
wavelength has been deseribed. The maximum
standard error of estimate of refraction was 0.0073
deg at 2 deg altitude angle, and the minimum was
0.0006 deg at 35 deg altitude angle. Expressed in
terms of percentage of the mean, the error of esti-
mate of the mean ranged from 8.0 percent to 1.6
percent. Less than 8.4 percent of the total errors
of measurement were due to the inability to make
the observations precisely at the desired altitude
angle. Errors due to this cause were maximum at
the lowest altitude angles and decreased rapidly
with increasing altitude angle.

The speciiic determinations of refraction obtained
during this investigation are valid only for August
through December 1959 at Cedar Rapids, Towa.
Any extrapolation for other time or location must
be used with care. 1If the average surface refrac-
tivity for some other location and time is known,
these results, could be used by modifying them in
the ratio of that average value to 332 N-units.
Such a procedure should give a valid first approxi-
mation to the average radio refraction for a new
time and location.

Probably the most significant conclusion which
can be drawn from this investigation is the support
which it gives to the various theoretical considera-
tions which have been advanced. Notably among
them is the analytical solution given by Smart [1956]
and the linear relationship between surface refrac-
tivity and total atmospheric refraction suggested by
Bean and Cahoon [1957]. The success of these
measurements also contributes considerable weight
to the efficacy of the Smith and Weintraub [1953]
equation for radio refractivity.

This investigation has brought into somewhat
sharper focus two particular results. They are the
difference between a.m. and p.m. refraction at the

same observed altitude angle, and the dispersion of
radio refractivity. Both of these phenomena have
theoretical bases and the present results suggest
that further investigation would be warranted.

The results reported here are strictly long-term
average values and must not be interpreted as
having any particular relation to the “instantaneous”
refraction under other observing conditions. The
results do, however, indicate the gross variational
pattern and supply information on the range of
variation to be expected throughout the fall months
in the midwestern United States.
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