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This paper considers the steady state queueing properties of pedestrians who are delayed by
traffic on a main road. It is assumed that the size of the gap between two successive cars determines
the probability that an individual pedestrian or a group of pedestrians will cross. The technique of
imbedded Markov chains yields many new results as well as some previously found, by combina-
torial methods by Tanner in 1951.

1. Introduction

There has been a recent increase of interest in the problem of the delay to traffic at a stop
sign. This problem was first suggested by data analyzed by Adams in 1936, [1].! Adams derived
an expression for the mean delay to a pedestrian caused by a stream of traffic on a main highway,
in which the successive gaps (in time) are independent random variables, each with a negative
exponential distribution. It was assumed that each pedestrian waits for a gap which is larger than
a prescribed safe interval before attempting to cross. Garwood, in 1941 [2], took up the problem
in a modified form. He dealt with the problem of driver delay at an intersection in which a traffic
signal is partially operated by the main stream traffic and partially by the crossing traffic. When a
crossing car arrives at the intersection it actuates the signal so that the light will change to green
either at a fixed time M after its arrival, or at some earlier time if the main stream is sufficiently
light. Garwood’s analysis assumed a negative exponential distribution for headways. Garwood
derived an exact distribution for the delay. The next discussion of the delay problem was given
by Raff, [3], who also assumed a negative exponential gap distribution and a gap acceptance func-
tion given by a step function, i.e., cross if the gap is greater than a given T.. The same problem
was taken up in much greater detail at about the same time by Tanner [4] who derived a large num-
ber of results for the statistics of the size of the queue of pedestrians. He assumed that the
pedestrians’ arrival distribution was Poisson, as well as that of the traffic, and calculated such quan-
tities as the expected number of pedestrians crossing between successive cars, the size of the queue
at a random time, and others which will be reproduced in the present paper. The basic assump-
tion made by Tanner is that of a step function distribution for the gap acceptance function both for
an individual pedestrian and for the group. We might note that the process described by Tanner,
and indeed that which is described below in the following manuscript, is a bulk service process in
which a stationary state is always reached for all gap distributions observed in moderate traffic. A
later contribution to the pedestrian delay problem was made by Mayne, [5], who showed, by fairly
involved calculations, how to calculate the delay to a single pedestrian when the gap distribution
was other than Poisson, but otherwise assuming a step gap acceptance function.

All of the work mentioned above was carried out by means of combinatorial arguments, which,
except in the case of a negative exponential gap distribution, were quite complicated. Recent
work on delay problems has proceeded from the observation that the passage of a car on the main
highway is a regeneration point, and the techniques of renewal theory can be used to solve delay
problems in a way which almost completely eliminates combinatorial reasoning from the solution.
As an example of papers which make use of renewal-theoretic techniques we cite [6-9]. Because
the solution of delay problems has now been freed of the complications of the earlier analyses it is
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natural to attack more realistic situations. Thus, in the first paper on renewal theory as applied to
the delay problem, not only was it possible to relax the restriction of a negative exponential gap
distribution (this had already been done by Mayne) but it was also possible to take into account a
gap acceptance function which was not a step function. Specifically, one can define a probability
a(t), such that an individual will cross the highway with probability a(t) when the gap which con-
fronts him is of duration ¢t. Actual measurements of «(t), both on pedestrian and vehicular traffic,
indicate that «(t) is a continuous function of ¢ rather than a step function, [10-12]. A typical form
found in measurements on the vehicular gap acceptance probability is

a(t)=0 o0=st<T, (L1)

=1—exp[—B(t—T)] t=T,.

The theory which has been developed and partially checked against experiment applies to a single
driver at a stop sign confronted by a single lane of homogeneous traffic. Very little is known about
driver behavior when confronted by a multilane highway, although it is not difficult to extend the
theory to the case where the waiting driver considers the situation in each lane independently.
One can also solve for the moments of the delay distribution for a simple model of nonhomogeneous
traffic in which there are N types of cars and the gap distribution between successive cars depends
on the types involved, [6].

While the single car, or single pedestrian delay distribution is a handy function for the traffic
engineer to know, it has little bearing on the queueing properties of the system. This is a difficult
problem to deal with when the queues are considered to be those of cars, who must necessarily
form into a line, and may be released in groups whose size depends on the size of the gap in traffic
on the main highway. In this situation, where it is assumed that the second car in line takes a non-
negligible time to reach the head of the line when the first car has crossed, the traffic on the main
highway may indeed be so heavy as to cause an unlimited buildup of a queue on the feeder road.
In the pedestrian queue first studied by Tanner all of the pedestrians in the queue see the gap simul-
taneously and can cross simultaneously. It is this feature that insures that except for pathologic
and obviously unrealistic gap distributions, the queue will have steady state properties.

It is the purpose of this paper to reconsider the pedestrian queueing problem, eliminating the
restriction to a negative exponential gap distribution and using a gap acceptance probability which
is not necessarily a step function. It will be seen that by using the techniques associated with
imbedded Markov chains (first introduced into this problem area by Oliver and Bisbee, [7]), the
resulting calculations become simple, because of the particular form found for the transition
matrix, when it is assumed that the gap acceptance function for a group of pedestrians is the same
as that for a single pedestrian. We shall calculate the probability generating functions and the
first two moments for the number of pedestrians in queue at each regeneration point, the number
in queue at a random time, and the number crossing after a random vehicle.

2. General Theory

We begin by considering the following specification of the situation to be studied. We
assume:

1. Poisson arrival of pedestrians, with arrival rate A.

2. General stationary headway distribution in which successive gaps are independent random
variables described by a density ¢(2).

3. The gap acceptance function for each pedestrian is «(t).

The first and simplest problem for pedestrian queueing is the study of the imbedded Markov
chain, in which we take as the regeneration points for the process, the times of departure of cars
on the highway from a point directly in front of the group of pedestrians. We shall calculate the
elements of the transition matrix P=(pun) in several situations. The element p,, represents the
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probability that if there are n pedestrians in queue at one regeneration point, there will be m
pedestrians in queue at the succeeding regeneration point. To calculate pn,» we must be slightly
more precise about our definition of regeneration points. It will be assumed that if a car passes in
front of the queue at time ¢, any pedestrians who choose to cross will do so at a time ¢-+0.

The problem which corresponds to those treated by previous authors is that in which either a
pedestrian crosses on arrival at the intersection (i.e., he is not delayed at all) or else the whole
group of pedestrians in queue decides to cross in a body when a new gap presents itself. The gap
acceptance function for the group is taken to be that for the individual. We shall now calculate
the pum for this situation.

There are two cases to be examined. When n is greater than m the transition n— m can take
place only as n—>0—m, that is, first the queue empties entirely and then m or more pedestrians
arrive of which m choose to join the queue. When m is greater than or equal to n the transition
n—>m can take place in two ways. The first is n—>0—m as already discussed, and the second is
n—>m. In this second possibility the pedestrians in queue choose not to cross the road as the car
passes and m —n pedestrians arrive who choose to join the queue.

Since we are assuming Poisson arrival of pedestrians, the arrival times can be considered to
be uniformly distributed in the interval (0, ¢) for any ¢, [14]. Thus, the probability that a pedes-
trian will see an initial gap of (x, x + dx) units of time will be dx/t. Therefore, the probability of
immediate crossing by an arbitrary arrival in this interval is a*(t), where

t
a*(t)Ztlf alx)dx, 2.1)

0

o*(t) is the average of «(t) taken with a uniform weight over the interval. The matrix element
pnm for n > m is therefore

)\t k+m k+ m
(1) — —At * k — i m
Pam = AE()»[O (k+m e < . ) [Cl (t)] [] o (t)] (p(l)dl

— ¥ m
=f a(t)e—)\fll—a*(”] [)\t(l—ng—(—t)—);l—tp(t)dt, n>m. (2_2)
0 .

The derivation of this relation is as follows: The transition n— 0 (the entire queue crosses with
the passage of a car) takes place with probability «(t); £+ m pedestrians arrive in the gap of ¢
units, with probability e=*(\t)k*"/(k+ m)!; of these m remain in queue, where m is a random variable
with a binomial distribution with probability 1 —a*(¢). Notice that the second line can be sum-
marized by assuming a Poisson arrival rate on a reduced time scale defined by

t
T@)=t[1—a*@®)] =f (1— a(u))du. (2.3)
0

When m is greater than or equal to n, another term is needed in addition to that given in eq (2.2).
This term is needed to cover the case of the direct transition n —> m and is

% (}\t)kﬂn—n <k_+_m_n
(2) — — N2
Pam = 2(,j0 LSl k+m—n)!\ m—

f [1_ M ‘}‘T(()(p(t)dt (24)

) [a*(t)]kwnﬂ,[l — a J"' n l)(l[

—n)!
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where 7(t) is defined in eq (2.3). The transition matrix P is therefore
—A0+eo Ait+e Arte Aste
Ao A+e Art+e Aste
Ao A, Art+e Azte
P= Ao Ay A, Ast+e . .. (2.5)

where 2

A= J’ ocoz(t)<,c>(t) ()\kj;)k e Mdt
0 .

. (2.6)
(}\kT") e Mdt.

The gross properties of this Markov chain are easily deduced. Let us denote by (n) the vector
of state probabilities after the passage of the nth car, where

o f [1— a()]¢(t)

o(n) = (eﬂ(n)v 01("‘)7 . . ) (27)
The vector 6(n) satisfies
On+1)=060nP (2.8)
or
0(n)= 6(0)P". (2.9)

Because of the simple form of P shown in eq (2.5), eq (2.8) is most conveniently written in component
form

On+1)=Ax+ i 0i(n)ex—; (2.10)
=

which suggests the use of generating functions. Defining the generating functions

W (s)= i Or(n)sk, e(s)= i €xsk
i=o

i=o
A(s)=§:Aks", (2.11)
=0
we find
Whii(s) = Als) + €(s)Wals) (2.12)
and by iteration that 1 —ens)
W,(s) = €™(s)Wo(s) + Als) e (2.13)

It is readily verified that

A(s)zfwa(t)‘p(t)e—xr(t)(l—s)dt

0” (2.14)
€ls) = f [1— &) Jp(e)e 7Oy,

0

2 Although the derivation of poj=A;+ € is not quite correct, since one cannot speak of a group of 0 persons choosing to cross the road, the result is nonetheless
correct, since A;+€; is independent of a(?).
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It would be difficult to solve explicitly for all of the components of @(rn). However, it is not
difficult to find an expression for the moments. Let us denote by ux(n) the kth ordinary moment,

that is )
pr(n)= E mk@u(n). (2.15)

m=0
Noting that
)+ A()=1 (2.16)

we find for the first two moments
a(n) = pi(0) + €"(1) [1(0) — pa(0)]
wa(n) = wi(n) + €*(1) [ma(0) — w1(0)] +11%€€,;%)f (AT 2e(t)dt
0

+2 [11—__—2%(1—1))#,(00)+ne"—*(l)ml(O)—m(w))] f AT(1—a()pt)dt  (2.17)
0

where

e(l)ZJx[l — alt)|ep(t)dt (2.18)
0

and x .
f AT (t)ep(t)dt f AT (t)e(t)dt
pa(e) == =" : (2.19)
1—¢€(1) Ja(t)qa(t)dt
0

The equilibrium value of the second moment, p»(®) is given by

x(}\T)ch(t)dl 9
Hea() = pe(%0) + 1—e(l) +(l—e(l))2{f(

N[ — a(t)]w(t)dt} { f mATcp(t)dt}- (2.20)

0 0

By these methods we can determine the distribution of the several parameters discussed by
Tanner and by Mayne. The probability that there are n pedestrians in queue after a random
vehicle is 6,(<). Hence the expected number of pedestrians crossing after a random vehicle
passes is

o

inan(oo) f “alt)p(t)dt = pa(0) f alt)p(t)dt. (2.21)

n=0 0 0

The kth moment of the distribution is similarly equal to /.Lk(OO)J’xa(t)gD(t)dl.
0

The probability that there are no pedestrians in queue when the nth vehicle passes is

Bol) = W2(0) = X0} ¥o(0) + A(0) T =00 2.22)

where

€0)= eo=f a(t)p(t)e AT Odt
0

% (2.23)
A0)= A, =f [1—a(t)]@(t)e 21Ot .

0

At equilibrium (n=0) we have the result

A(0) _ Ay .
1—€0) 1—e€o

Bo(0) = (2.24)
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The probability density for the amount of time that any single pedestrian is delayed will be denoted
by Q(t), and can be immediately taken from the results of reference [6], since each pedestrian can
be regarded as not being influenced by the presence of any others. Let us denote the Laplace
transform of any function, say F(t), by the same function with argument s and an asterisk, e.g.,

F(s)= f “eF(t)dt. (2.25)
0
Then it is shown in [6] that

Q*(s)= f a(t)polt)dt + *s) J alt)p(t)dt (2.26)

where

LD)= (@) [1 —a()]
(2.27)
Lo(t) = @o(t) [1 — a(t)]

and where @(t) is the density of the first gap given by

eo(t)= j x(p(x)dx/ [ f :xgo(x)dx.
t

Expressions for the first two moments of the delay density are given in [6] and are repeated here for
reference:

t= To1 +’—TL_ 11
' 2.28)
t_z = Noz+ 27)017)11 ar 1)007)12 27)007) 11 (&
ll= Nio (1 7)10)2
where
o= [ “vatnai = [ Vw1 et
0 0
(2.29)

ny= f :ﬂg(z)dt = f :ljso(t) [1—a(o)ldt.

Another quantity of interest that can be derived from the present analysis is the distribution
of the number of pedestrians crossing between two consecutive vehicles. Let 7x be the probability
that k£ pedestrians cross between two successive vehicles. In solving for 77 we must take two cases
into account; either the group of pedestrians initially in queue (when the first car passes the group)
cross together, or it does not. The probability that & or more pedestrians arrive in a time ¢ (the
time delay between the arrival between two successive cars) and that exactly k& of these cross, is

S eu G (1) [ —ar)m =ML st s ISTOE— 2.90)
2 ] ] ;

where T(¢) is defined in eq (2.3). Hence, considering separately the two cases mentioned above,
we have, for the probability that £ pedestrians cross assuming that the group initially in queue
crosses.

[Ata*(t)]x~

e 2.31)

k >}
=3 6()| alt)p(t) “———
Jj=0 0

In the second case, where it is assumed that the group in queue does not cross we have,

© *
m®= f [1_a([>]¢(t)["‘_"k$ﬂe—nmdt. i
0
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In this situation the size of the initial queue is obviously irrelevant. Finally 74 is just the sum
7Tk=7Tk(l)+7Tk(2). (233)

The moments can be derived from the generating function

w(s)= iﬂkS’“: f ()@t (s)e M O-5)y f w[ 1 — o(t) ] @()e e @051y (2.34)
k=0 0

0

The first two moments of this distribution, denoted by n; and n, are

©

N = pa() fo alt)p(t)dt + fo Ata*(t)p(t)dt = N f to(t)dt

0

2 = (o) fo a(t)p(t)dt + 24 (0) f w)\ta*(t)a(t)go(t)dt
0
+ f m[)\ta*(t)]zw(t)dtﬁ—n‘l. (2.35)
0

Similar calculations enable us to find the probability that there are m pedestrians in queue at
a random time, not necessarily just after the passage of a car. As before we shall assume that the
event “‘passage of a car” is a regeneration point for the process, and calculate a set of transition
probabilities, {A\um}, where A, is the probability that there are m pedestrians in queue at a random
time, given that there were n in queue at the last regeneration point. For the present calculation
we assume that the gap in which the random time finds itself is of duration ¢, and that the last re-
generation point occurred y units of time ago, where clearly y < ¢.

We first calculate the probability density for the duration of the gap, ¢, in which the instant
find: itself. Let w(x)dx be the probability for the occurrence of a regeneration point to occur in
(x, x+dx). Let p(t, y)dt be the probability that a point at y is covered by a gap whose duration
satisfies t <G <t+dt. We shall only be interested in the limit y— . The probability that any
gap has duration G such that t < G <t+dt is just ¢(t)dt. However, we must account for the fact

Yy
that the last regeneration point lies in the interval ® y, y—¢. This probability is just J w(x)dx,
y—t
hence the probability density for the size of gap including a random time point is
Yy y—t
p(t, y)=p(t) UOW(x)dx—fo w(x)dX] +0(1) (2.36)

in the limit of y—o%. Under quite general conditions on ¢(t) which are always met in practice it
can be shown by the methods of renewal theory, [13], that

f:w(x)dx ~ % (2.37)
in the limit of y—, where

= f :up(t)dt. (2.38)
Hence we finally find

pl 9 =£0. (2.39

This result has been derived in a slightly different manner by Oliver and Jewell, [15].

3 We tacitly assume that y is chosen so large that y >¢. A more complete result which does not use this assumption is easy to prove, but in what follows we are
only interested in the equilibrium result.
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We now define a function 8, (y, t) by 8um(y, t)dy = probability that there were n pedestrians
in queue at the last regeneration point which occurred in (¢t —y, t — y + dy), and that m pedestrians
are presently in queue. The quantities which we seek, the X\, are related to 8,.(y, t) by

oC t
}\nm:f p(l)(]tf d—t'ysnm(}’, t) (240)
0

0

since the time of observation is uniformly distributed over the gap duration. An expression for
dum(y, t) can immediately be written down by exactly following the argument which led to eq (2.5).
The final result is

t n
Snmly, t)= alt)e M W t)___;(l_)l
(2.41)
Snm(y, t)=a(t)e -y, t)[)\ ( )] m=
n!
— AT (y, t) [)\T+(J’, [)]m_n
+ (1 —alt)e v —————(m_ -
where
t
AT (y, )= AJ (1 — alw))du. (2.42)
Ut)
Hence, finally, A\, can be expressed as the sum of two terms:
Aum=Am n=>m
(2.43)
=Ap+Bn-n m=n
where, combining eqs (2.38), (2.40), and (2.42)
Au=—,—f a(t)cp(l)dtf [NT*(y, t)]re=AT*w: Oy
n.rvyJo 0
* (2.44)

l t +
Br= = [0 = atongtonds [ T e 0y
rvr Jo 0
Let us denote by ¢, the probability that there are m pedestrians in queue at a random time.
This probability is expressible in terms of the 6,() as

Cm— 2 en 90))\,,,,,—/4,,, r 2 0"(00 m—n- (245)

n=0

Since this equation is in convolution form we can profitably write down the generating function
for cm, call it C(s), and relate it to the generating functions of 4,, and By, A(s) and B(s) respectively.
In this way we are led to

_ A(s)
C(s)=A(s)+ T—es) B(s) (2.46)

where we have used eq (2.13) for the generating function of the 6,(). The generating functions
A(s) and B(s) are explicitly

S t
A(s)=lf a(t)go(t)dtf e\ W, 0(1-3)gy,
ViJo 0

V1

£ t
B(s)=lf 1- o&t)kp(t)dtf e—)\T+(y,I)(1-s)dy' (2.47)
0 0
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For the first two moments we find by differentiation

m=§Jk¢me”Twnmw+ﬁilfde—MM¢mm
1Jo 0 0

Vi
mE = m+)\—2r o(t)dt ft [T*(y, 0]%dy
ViJo 0
+ ?:““_lv(j'ﬂ f : (1 — alt)p(t)dt j Ot T*(y, Hdy

- “—ZV(TO—) f : 11 — alt)g(t)dt. (2.48)
When a(t) is a step function,

a(t)=0 =l
=] =N (2.49)

the double integrals can be reduced to single integrals by introducing the explicit form for 7T (y, t):

‘ T+(y,t)=0 =y t—y>T,
=Tc—t+y =y t—y<T.
=y < Il (2.50)

When this form for T*(y, t) is substituted into eq (2.47), we obtain the results

Te Te
ﬁ=ijzwmmg%m>ﬂ@ftwm
0 1

21/1 Vi 0
- — A2 T, A2T3
2 N 3 ¢ .
m m+3v, , Be(t)dt + 3, d(T,) (2.51)
uumrwum
V1 0
> T(‘
) (t)dt
31
where .
d(1) :f o(x)dx. (2.52)
t

3. Some Applications

We shall now apply some of the preceding general results to the specific distributions

om(t)=ae ! Lo m=0,1,2,...
a(t)=0 =l
=] —eBt-T,) =R (3.1)

When B tends to infinity this form of a(t) tends to the step function

=0 =<l
=1 t=T, (3.2)
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which has been used extensively in previous treatments of this subject. It is easily verified that
for this choice of a(t) we have for a™*(t):

a*(t)= 0 t<T,
_1 —B(t—T,) )
—Et‘[Bt—BTc—l‘f‘e c] t>T.
and
T(t)=t[1 — a™*(t)]
=i =l (3.4)
=}3[1+/3Tc_e—5(t—rc)] t=T.

A quantity which frequently occurs in the calculations is €(1), which for the present set of models is

= f (001~ al0]ds

Te o)™ * at)"
— Uf G~ (——)' dt+ O'J’ Rl L ') e BU=To)dt
0 m. i n.

o m+1
= | — —_— BTc m 'Yc
1—Gn(oT,)+ (0+,B) eFTeGul(o+ B)Te] (3.5)
where
o x2 xm
Gulx)=e 1+x+§!—+. . .+;—! . (3.6)
When B=m, the expression for €(1) becomes
€l)=1—Gu(aT,). (3.7
An expression for the quantity
f M(en(t)dt
0

which appears in the formula for ui(®) (of eq (2.19)) is

f Men(dt=(m+ 1) 21 G (T

A A g1, [ m+1
+B (14 BTe)Gm(aTe) 8 ekl <0'+B> Gul(o+ B)T]. (3.8)

When B = this expression reduces to
fo A (H)m(t)dt=(m+ 1)% [1=Gm+1(0Te)]+ ATGn(oTe). (3.9

As a specific example of the use of these formulas, let us specialize to the case m=0, i.e.,

p(t)=cge ! (3.10)
where o is the expected number of cars passing per unit time. Then it is easily found that
=1 — B —oT,
e)=1 U+Be ¢ (3.11)
and
1,1 B
= —_— "ot (et U] e
pa(%®)=A\ (0'+B) (e B"’U) (3.12)
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FIGURE 1. Plot of normalized expected queue length as a function of
normalized traffic intensity.

is the equilibrium value of the expected number of people in queue at aregeneration point. When
B=o we obtain the value given by Tanner for the case of a negative exponential headway
distribution:

pale0) = (e — 1), (3.13)

We find in general for 8 =00, the value of ui() is

A [1 —Gn+ 1(0'Tp)].

() = AT+ (m—+ 1); CnoTo) (3.14)

Several curves showing w(®)/(AT.), the normalized expected number of pedestrians in queue at
the passage of a random car are shown in figure 1. As o — o, i.e., the mean gap between vehicles
decreases to zero, we find

!
e = AT [ e+ o | 3.15)
When o — 0 we find
TL‘ m+1
() ~ AT [1 +:W:T2—)] (3.16)

The equilibrium probability that there are no pedestrians in queue when a random car passes
is given in eq (2.24). When ¢(¢) is given by ¢on(t) of eq (3.1) and «(¢) is a step function 0y() is

= 0-63—4
698-888 3 239
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FIGURE 2. Plot of probability of an empty queue as a function of
normalized traffic intensity.

given by
Bo() = p - :TICC'"(UTC) : 3.17)
1 (=" - Gul@+ NED
In particular when m=0 this expression reduces to that derived by Tanner, [4],
() = ﬁ' (3.18)

Figure 2 contains plots of 6y() for AT.=1 and different values of m. When o — ® eq (3.17) yields
the approximate result

(aT.)m e~ (A +0)T,
m! 1_( o >m+1
o+A

and when o — 0, or equivalently, traffic is light, eq (3.17) reduces to

1L 1 GuATY
(m+1)! \Tym+' ATm+!

0y(°) =

+0[(oTe)m 1] (3.19)

o) = e [ 1= (@ Topmef H+ oo, (3.20)

In the first approximation we see that the probability that there are no pedestrians in queue does
not depend on the vehicular traffic, but only on the pedestrian arrival rate.

The expected number of pedestrians crossing between two cars can be calculated from eq
(2.35)  When ¢(t) is of the form of eq (3.1), then detailed calculation leads to the result

ﬁlz(m+l)§- (3.21)
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The expected size of the queue at a random time is given in the first line of eq (2.47). When
¢x(t) and aft) are of the form given in eq (3.1) we find

N (k+2) \oT?
m= B p [1—Gri2(aTy)] +2(k D Gi(oT,)
+[1= Grir(oTe)] [ATC +k+1) A 1=GrnloTe ] L322
o GilaT.)
When o — o this expression becomes approximately
—_ (Et+1D)IkeoTe
= T +0(1) (3.23)
and for — 0 the expression goes into
m= AT [1+0(cT.)]. (3.24)
For the Poisson distribution we set £=0 and obtain the exact result
A
m=g(e’"c—1—0oT) (3.25)

as derived by Tanner.

4. Comments and Generalizations

One of the weakest points of the preceding analysis is the assumption that a group of pedes-
trians will have the same gap acceptance probability as a single pedestrian. If we assume that
there are, instead, an ensemble of gap acceptance probabilities {ax(t)} then the form of P is not the
same as that shown in eq (2.5), and it is necessary to discuss the resulting Markov chain ab initio.
In particular it is no longer possible to have as simple a relation between generating functions as
that given in eq (2.12). The more complete form for P is easily shown to be

_Aoo + €00 Aoi + €01 Aoz + €02 ]
Avo Ay + € Azt €12
P — A20 A2| Azz aF €22 G w0 w (4 1)
where . j
Aij=| ai(t)e™M1— af(t)] [M_ﬁ_t))]_ p(t)de

0

4.2)

€ij =fx(l — ai(t))e M1 — a;"(t ]M—i¢ t)dt.
0 U— i)!

Attempts to solve the steady state equations corresponding to the transition matrix of eq (4.1) have
been unsuccessful. It is no longer clear in this situation that the queue will reach a steady state,
although this will evidently be the case when ai(f) < ax(t) <as(t) <. . . since we have seen that a
steady state is reached when all of the «(t) are equal, and the inequality provides for faster servicing
of the arriving pedestrians.
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There is one case of differential gap acceptance probabilities that can be solved. Let us
assume that

ai(t)=B(1), ) =ast)=. . .=at) (4.3)

that is, that group behavior will differ from individual behavior, although the gap acceptance
probability for a group of greater than one will not depend on the size of the group. We shall
examine the steady state equations only, i.e., the solution to the equation (=)= §(=) P. When these
equations are written out in component form (omitting the infinity in the argument) we find

0n=An+20ren_r+ 01yn. (4.4)

r=0

where A; and € are just the functions defined in eq (2.6), and

- _ AD)"  (AT)»?
= AT _ o
Yo f e 1180 - o] | A — A @.5)
n=1
Yo= f p()e T [B(t) — a(e)] dt
0
and
t
Tt)= f (1 —Bw)du. (4.6)
0
The equation satisfied by the generating function is
()= 205} 4.7)
1—e€(s)
where W(s)= Z}an" and y(s)= S vns".  The right side of this equation still contains the unknown

value of 6;, but this can be eliminated by differentiating both sides and setting s equal to zero.
With this procedure we find

01 _ A](l —€0)+A0€1 (48)
(1 —€0)> —y1(1 — €0) — yoes

which can then be substituted back into eq (4.7) to give the full expression for the generating

function.

When it is assumed that the first r of the aj(¢) differ, but the remaining aj(¢) are all equal, then
r of the 0’s appear in the expression for the generating function. These can be found by inverting
an rxr matrix. We will not pursue this line of inquiry any further since no experimental data exists
which is relevant to this matter.

Another shortcoming of the model, even in the somewhat more general formulation of the last
paragraph, is the fact that either none or all of the pedestrians in queue are assumed to cross at
the same time. One can formally remedy this deficiency by defining a matrix (ant)) such that
an,(t) is the probability that r out of n pedestrians will accept a gap of duration t. However, de-
tailed calculations show that the resultant transition matrix is such that the stationary problem
cannot be solved by generating function methods, and so far the solution to the problem is unknown.

It is possible by our methods to treat the queueing problems with bunched arrivals, where the
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bunches arrive in accordance with a Poisson process, but the number in each bunch is a random
variable with a known distribution. Again, detailed calculation for this situation is hardly infor-
mative without any supporting data.

I thank Alan Goldman for his careful reading of this manuscript and for several suggestions
which have been incorporated into the final draft.
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