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Thermodynamics 
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Meixner 's theorem, on the preservat ion of t he Onsager symmetry of phenomenological 
coe fficients under transformations of forces and fluxes which leave the rate of entropy pro
duction innll'iant, is shown to be invalid under the restriction that all fluxes be even or odd 
ullder t ime-reversal and t hat the phenomenological equations be yalid fol' \ 'ery short ti tTles. 
This result extends an earlier proof of Coleman a nd Truesdell, whose proof does not impose 
these t wo restriction s. A new formulation of ::'I1eixner's t heorem is t hus shOIl-n to be re
quired, and this is \nitten dO\nl together \rith a state ment of Onsager's theorem II-hich is 
consiste nt II-ith it. 

1. Introduction 

DeGroot has proposed 1 that the thcory of inc
versible processes should rest on a fundamcntal 
postulate which, from the manncr in which i t has 
been used by deGroot and others, can bc summuJ'izrd 
hy the following statemcll t: 

S 'rA'l'EMENT 1 : Suppose S. is the en Ll'opy of a 
thermodynamic s~'ste l11 fmd S the positivc definitc 
part2 of its rate of cl utnge with r espect to t im e t, and 
lliso that X a(a= 1, _ .. , 71), called "forces," ar c a 
set of linearly independent fUll c tions of the thermo-
dynamic variables surh that S can be writtrn in the 
form 3 

s='i:, J"X a (1) 
a=1 

where J " is call eel t hr " flux conjug,, (e to X "." Th pil 
the s tatelllellL 

implies, III the absell ce of f\, mag netic fipld , tha t 

IS. R. deGroot, rr hcl'mody nam ics of lrrC' vC'l' si ble Processes, North-] l"oJi and 
P uhlishing Company, .Amsterdam, 1951; see pp. 8, 2 16. 

Z In open syste ms, it is usual1y possible to express the total time rate of change 
of entropy as the sum of two terms, one of which reduces with the aiel of the 
phenomenological laws of heat conduction , difrusio1J, and viscous dissipation, 
to a positive de finite quadratic form . The other term is recognizable as an 
exchange of entropy with the surrollndings whi ch, in the theon' of conti nuous 
systems [ref. I, p_ 981 a ppears as the divergen", of a n entropy fl ow vector. 

3 In the present statement no requirement is placed on the quantities X g 

other t han that they be li nearly inde pendent a nd satisfy eq ( I ). It will be the 
purpose of the prcsrnt paper to s ilow that these requirements arc inadequate 
for the truth of the statement a nd to establish the additiona l conditions wl1icb 
must be phccd OJ] the forcrs and on the phello l1lrllo iogical roen1cienis L ab if tbe 
s tatement is to be so forlllulated HS to hfl \'(' ~(' n ('),HI validi ty. 

I these two cases , X " and X b ,1r e said to be symmetric 
with 1'es ped Lo Limc inYersioll , ,I nd in eh e second 
("Ise antisymmetric. Also 

(4) 

if X " Ot' '\-b is SY JlllllP( ric n Il ci th e ot her of thc (1\' 0 
all LisY IJ1I11 e tr ic. 

Co'lc l11<ln ,\11(1 Trucsdc1l 5 llll\' e s howil Lhl1L Stn (e
lIlent I, the ('onte llt, o r I\' hich is widely acceptrcl as 
n valid sLn te lll CIlL or the Onsagc l'-Casi lllir r eciprociLy 
Lheo1'e 111 , goes b eyolld cxis till g prool's of Lhe Lh eorem 
whieh ltSSUlll e LllHt the for ('es X a ar c clel'ivativrs 
oS/oYa of S wi th respect to ,1 seL o r staLe variftbles, 
<tIlet t hat t hc flux J" cOllj ugl1te to X a is equal Lo th e 
t iJ11 c-dcrl " 11 tive Ji". T11ese ll uLhors (sec fooLnote 5) 
Illlye pointed out that it is CO mmon to apply State
ment. I i n cuses " ' herr thc ~Y" are grudienLs of ('01)

cellLmLioll or Huid velocity. wh i(' lt <Ir e t.\' pes of [orces 
1'01' wliieh It ha s never been proved in compleLe ge ll
endi L,\'.6 In I'ad , the.\' have s how il tha L, wiLhout 
ltdditioJI ,ll rcst ri('ti o ll s 011 th e forces J a a nd fluxrs X " 
beside eq (1) and the l'eq u ir clllP lll of lin ear inde
p e llci ence, S tllLelllent I IS ind eed raIse. To establ ish 
its illvalidity, it sLLfftees Lo llSSLlmc t11e ex isLence of 
n pnil's or funct io ll s .Ya . J " 1'01' whi('h eqs (J Lo 4) 
hold , ,tn d t hen to find n Il ew p airs J~, X~ 
which are lineal' combin" Lions oi' the J " and X a such 
that eqs (1) and (2) hold when nIl quantities ther ein 
are s hrred, w hile eqs (3) nnd (4 ) cease to hold for 
t hc matrix 5J*=U~b) relat ing t he J~ to t he Xt. 

Such a transformatio n to .Il ew forces a nd -fluxes 
viohttes a wi clel ~' nccepted p.Lntmn ent, culled "Meix
lI er's t heorelll," which ~lsserts Chat a t ransfor Hll:l,tion 
or t his type cannot be roun d . This assertion goes 
beyond wh,et is chtillled b.\' Meixner himself , who 
ha s defined 7 <t particulaJ' dnss 01' lm ear transforma-

, X,«t) is fI notation which refers to a n ensemble average <X.(P ,Q» ofsom' 
function of the eoordinales Q a nd momenta P of all the molecules in the system. 
'rhe transformation t -t means reversal of the s igns of the momenta inside the 
angul al' bracket. 

' 13_ D . Cole man ancl C. Truesdell , J_ Chern . Phys. 33.28 (1960). 
6 Statemen t I has been shown to hold , b y S. R. dcO root an d P. M azur, Phys. 

Rev. 94,21 8,224 ( 1954), in special cases of heat cond uction and clilTusion, but 
this demonstration cannot be automatica lly extended to cases where gradients 
of temperature or concentration are coupled in thc phcnomcnological equations 
with forces of the type oS/ey •. 

'J. Yleixner and IT. O. Reik, ITandbuch clel' Physik, Vol. 3, I)art 2, Eel . hy S. 
FILiggc, Spri nger , 'edag, Berlin , 1959; see PI'. 433, 434 . 
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tions from one set of fluxes J a a nd forces X a to 
anoth~r set J: and X: which have the property 
t ha t If eqs (1 to 4) hold for the J ,,,X,,, then these 
equations continue to hold when all quantities are 
starred. Transformations with this property are 
said to k eep S a nd the On sager symmetry invariant 
and are called symmetry-conserving tnmsformations . 
Frolll the existence of t his class of transformations , 
it is c.:onllnonly inferred , incorrectly, that all linear 
tmllsrormations whi ch ];::eep S invariant are also 
symmetry-conser ving. The laLter statement is the 
broad statement of "Meixner's th eorem," which 
:\Ieixner himself [co ll1p~tre ref. 7] r ealized could not 
b~ true in complete generality, although he did not 
chscuss, ,tS we shall do here, th e various types of 
transformations which contradict it. Thus i t h as 
b een left to Colema n and Truesdell (see footnote 5) 
to describe on.e set of transformations which keeps S 
ll1vanant but 1S not symmetry-co nserving, and which 
leads to co unter-exarnples 1'01' Statement I . 

These counter-examples (see footnote 5) are 
obta in ed b\' a transformation to new fluxes J~, 
gIven b.\- . 

where lV"b =. - VVba and. i t is assumed that any or 
.111 elements 111 t he matn x (W aD) are ~O . The anti
s.vmmetl'y of (VVab) ,tssures that if X~=Xa, then 
~J~X~= ~JaXa . From this it readily follows (see 
a a 
foo tnote 5), wi t llOUt r egard to whet.her the X a are 
all <;>dd (n,n~isymmetric) or a ll even (sy mmetric) or 
a ml,:, t.ure 01 the two, th~t, the J~ ancl. X~ can satisfy 
conclttlOns (1) and (2) of Statement I , under circum
stances such tha t eq (3) does not obtain. For if 
L ab= !"ba, t hen L~b =L"b+ liVab~L:a whenWab~ O 
a nd we need say no thing explicitly about t he time~ 
reversal symmetry of Xa and X b • Consequently 
so long as any element of (VVab) can b e taken ~O' 
t he question of . time-reversal symmetry of th ~ 
fluxes and forces IS Irrelevant to t he arouments of 
Coleman and Truesdell (see footnote 5). b 

. However, we should note tha,t if no prior restric
tlO n IS phtced on th e eleme nts of ( liVab ) and in par
tlCular we proceed to take them all ~O then i t is 
evident tha,t if J a initially was definitelv ~dcl or even 
witll r espect to reversal of all the partCde momenta 
this will not be n ecessarily t rue · of all t he fluxe~ 
J~ . For if J a is odd and some of th e X I' are even 
then J~ will be a Sllm of odd a nd even terms which 
itself h as no de~nite ti!ne-reversal symmetry.' Thus 
~he transfor matlOn wInch leads to a counter-example 
for the broad sttttemen t of lVI eixner 's theorem also 
produces flu.xes. which ar e neither symmetric or 
antls,r mmetn c wIth r espect to time inversion. 

T t is of in ter est, therefore, to examine the con
seq uence of r equiring t hat the fluxes and forces 
should all be even or odd, in order to determine 
wllether this additional restriction is sufficient to 
ass~re th~t .eqs (1) .and (2) imply egs (3) and (4). 
T hIS restn ctlOl1 w,\.s mdeed satis fied by the particular 
class of tmnsformations considered by ?-.{eixner (see 

footnote 7), a nd it was taken by him to b e fl suffi 
cient condi t.ion for the valicht\- of "Meixn er 's 
t.heorem." :Meixner's discussion (J'eL 7, eq 8.3 and 
8.4], however , assum es that the fluxes and forces 
are independent of on e ano ther, so that if S= 
~JaX,,= ~J~Xa, then J~=J" . Sin ce J a. and J~ are 
a a 
actu~lly rela ted to the X a b~~ the phenomenological 
relatlOJ1S, :M eixner 's conclusion is not n ecessarih~ 
valid , and it is pertin ent to r eopen the questiori . 
Th~ particulfl,!' ph:vsical motivation for this is 

~hat m a number of papers 8 designed to extend 
1rreversible thermodynamics to illclude in ertial 
effects ,involving Ver,)T shor t times find vel',Y hi gh 
sound frequencies, Statement I lws been applied to 
phenom.enological rela tions in which all quantities 
l~ U;d a definite t ill1.e-reversal sym metry [thus satis
Jymg Meixner's r estriction (see footnote 7)]. These 
ph~nomenological eq uations ,tl so h ave the property, 
whlch we shall see is crucial for the appli ca tion of' 
Onsager's th eorem , that concentmtion and velocih" 
gradients are no t linked direc tly to an y of the fluxes 
conjugate to such gradien ts. the latter restriction 
c~)I'r espond s to the inertial principle that a fluctlw
~Ion from ch emical or th ermal equilibrium does not 
mstantaneo usl.'T cause the conjugate r eaction rate 
or. heat flux , r espectively, to differ from zero ; a nd 
tIllS n~ay be expressed b.'~ settin g Lab= O when X a 
and Xb are both even. For example, if X a and X b 
are proportional to co ncentration gradi ents in it 

ll1ul ticompon en t mixture, then the diffusion flux J a 

of component a does not depend cliredh~ on Xa or 
X /J, in a,ccordan ce with the inertial principle that a 
concen t l'ation grad ien t does no t prod Ll ce H n i ll Stlll1-
taneous flow. 

In the pres en t paper , we shall demonstrate th at 
these additional restrictions on the phenomeno
logical equation s are indeed insuffici en t to assure 
the validi ty of Statement I. In fact , we must also 
require that all forces to wllich we seck: to app]~T 
Onsager 's theorem belong to one of two classes, of 
the type oS/oYa on the one hand, or concentration , 
velOCIty, or temperature gradi ents on th e other, 
bu ~ no Jorce can ~e a combination of tIl e two types . 
Tlus ll ew restn ctlOn , together with limitations on 
the matrix (L ab) imposed by the principles of inert ia 
and irreversibili ty, will b e l'ormulated in a S tat emen t 
1I given at th e end of tlle paper . 

Th e proof of the new statement is Iairl~- trivi al, 
and th e main body of the paper is devoted to showin cr 
~hat such additional r estrictions on the types of 
I,orces ~re ne?essary. This is clone by findin g tr,ms
formatlOns from a set J a,Xa which sati sfy eqs 
(1 to 4) to a set J~ ,X~ wllich do not do so, even 
though all the 1'orces are defini tely even or odd , 
and L ab = O when Xa and X b arc bo th even . It will 
b e seen that the arguments of Coleman ancl. Truesdell 
are not applicable in this case, and that th e trans
formation s to n ew forces and fluxes, J~ and X~, 
must b e constructed in a more elaborate manll er 
to be discussed in the followin g two sec tioll s. 

' R. E . Nettleton, J. Chern . Phys. 33, 237 (1960); Pbys. Fl uids 3,216 (1900); 
PhI'S. Flui ds 4, 74 (196 1); Phl's. Fluids 4, 1488 (1961) . 
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2. Formulation of Problem 

In Ollr construction o f trftll sforlll rttions whi ch 
v iolrtte :\ I eixn er 's th eorem, we shall adop t con
ven tional notation [ref. 1, p . 216] and denote even 
forces, X i(t) = X i(- t), and th eir conjuga te fluxes by 
Honlan su bscrip ts a nd odd forces, X ,,(t)=-X,,( - t), 
and th eir corresponding fluxes by Greek subsc rip ts. 
Th e 2-m a,trix, in this no tation , can be expressed 
in terlll S of four submatl'ices in th e form 

(5) 

wll ere L ia is th e matrix elelll en t relating J i to X" in 
the ph enom enological eq (2), and the o th er s ub
m atri ces are similarly defined . We shall rtss LUll e 
t hat ~ hrts the s:nlllll etry sugges ted by Onsrtger 's 
t heo1'em , i .e., 

(6) 

and we shall consider what happens to this sYJlllll etJ'Y 
under t ran sforma,tions to ne \\' flu xes Ji. a ll d 1'or ces 
X i. whi ch a rc s Li ch t hat 

s = :6 J ;X i+ L; J "X,,= 2:: J i X i. + L; J ! X~ 
" i 

(7) 

i .e., wh ich keep S invari all t ulld er t he Lnw sform a ti on. 
Coleman and Tru esdell (sec 1'oot ll o te 5) JHtVe 

shown tlla t a Ln1.nsform a ti o n of' th e ty pe 

J~=J;+ L; W ;jX j+ L; W;"X a 

j " 

satisfies eq (7) provid ed th e m a trix ( I\') is a nli
symill et ric, i.e. , Vl'il= - vV};, W"/l= - T{"/l'" and 
H';,, = - W a ; . It is also clear t hat (8) will des tJ'o~' 
t he symm etry given by eq (6), s in ce th e Lrans f'orllled 
~ - Jl1 a trix , ~*, has t he property 

(9) 

L et LIS l'em t1.fk h ere, however , t hat ordina rily J i 

liaS rt defini te time-reversal symJll etr~' opposi te to 
t hat of its conjugate Jorce X i. For example, t his 
is t he case wh en the fllL"X is a rate of change, e.g., 
Ya, of one of t he vari ables on which t be seco nd 
depends linearly- the case usually discussed in 
proofs of Onsager's t heor em [co mpare r ef. 1, pp . 
6, 7] . Bu t al t hough we m ay h ave J ;(t) = - J i(-t) , 
we can still assign n o defini te time-reversal symmetry 
t o J i given by eq (8) unless W ij= O for all p airs of 
Homan indi ces i"i. Si milar considerations show 
that if J a(t) = J a( - t), t hen J:' will be nei ther 
symm etri c nor antisymmetric unless Wa/l = O for all 
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Greek indices a ,(3. But if W;j= O= Wall fo r all p tt irs 
(i,j) and (a, (3) , t hen Lij= L ij=L"J;, L~Il=L"1l 
=L~a, and L ia = L ;a + vr'ia= -L~ i' so t hat the 
symmetry given by eq (6) is retained by the trans
formed 2-ma trix. Consequen tly, tbe trans form a
tion proposed by Colem an a nd Truesdell will not 
destroy the Onsager symmetry o f th e 2-IWttl'ix if 
i t does no t des troy the time-reversal sy m met]',}' of 
th e fluxes J i . 

I t is for t his reason that, as we rem f1l'ked in th e 
previous section, the Colem an-Truesdell demon
stration is of no use in judging t he applicabili ty of 
Statem ent I to cases wher e t he fllL"Xes as well as tll e 
for ces are all ei th er odd or even wi th r espect to 
t ime-reversal. The type of t ransform ation which 
does prove useful for thi s purpose is one in which 
t he fllL"Xes J i are sums of fluxes J i and th e J:' 
depen d only on the J ", and s imilarly 1'0 1' t lte for ces. 
If this can be done in s uch a way that eqs (1) and 
(2) hold for the transformed fluxes and forces when 
an quanti ties in t hese equ a ti ons ar c tan eel, and 
yet eq (3) does not hold , then we s ball have showll 
t hat Statemen t 1 must be modified bcl'ore On sager 's 
theo rem can b e applied to t he t llCrm odynamic 
rate eqm1.tioll s which h ave b ee ll derived (see f'oot
note 8) to describe iUC'l't ial effects ill iluids. T here 
tb e fluxes and forces all Jlave a defini te t ill lC-reversal 
symmetry, and temperat ure and cOllcen tration 
gradien ts are co upled to 1'orces o f t be type oS/oYa, 
so t bat exis ting proofs ( ee foo Ln otes ] , 6) o f On
sager's t heorem do )l ot hold au Lo matieftlly. 

Our desire to di cuss in erLial efrects is also the 
r eason we cannot invert t he p iJ enolllenological equa
tions and solve Jor t he forces X i in te]'ms o r the 
fluxes J ;. H t his co uld be done, t he resul t co uld 
be substit uted in Lo eq (8) wiU t W ;,,= O, an d the 
Colell tan-Tl'uesci ell t rallsformation would r educe to 
an expression r elating J i to a lill ear um of fl u.\':es 
J ;. Th ere wo uld t hen be noti lillg fur t her t o demon
strate by considering the tmns f'Ol'llHtt ion in t rod uced 
in t ile follow ill g sec tion [eq (10)]. 

H owever , ir we arc go ing to desc ribe extremely 
shor t t im e intervals or high ,lCO US tic Jreq uencies, 
we cannot h ave a ph enomenologicnl equation of 
t he type which ow be inve rted , hav in g the I'orm 

J ,= L. LuX, 
j 

in which L ia= O= L a ;, and th e "'Ya do 11 0t appear. 
F or if the m otion is suddellly r eversed , th e l'igh t
h and member of this equation would b e unchanged, 
while t he flux J i would reverse i ts sign . This 
could be t rue only if J i= O ftt very hig h frequencies. 
Since i t is t he high-frequ ency co mponen ts of the 
F ourier expansion of t he m otion which determine 
t lte behavior of t he system over very short t im e 
intervals, the conclusion J ;=O at hig h frequencies 
implies t hat t lte phenomenological equations give no 
short- time response to the imposit ion of thermody
namic forces, and thus th ey do no t have ftn essential 
proper ty of equations \-vhich include in er tial effects. 
Consequently, we n ever have all the matrix element 
L ai= O when we describe t lte very short- time be
havior of a physical system . This, in tnrn, m eans 



that it is impossible in general to solve for X i in 
terms of the fluxes {J k } alone or for Xa in terms of 
the flLL'(es { J~} . Inversion of the phenomenological 
equations describing inertial effects expresses e,tc h 
force as a sum of fluxes SOllle of which will always 
have th e same time-reversal symmetry as the rorce 
in question. Substitution of th e result into eqs 
(8) with W ij ~ 0 leads to a J i which depends linca,rly 
on both J i and J a . Thus Jor at least one class of 
phenomenological equations which are of physical 
interest, i.e., those which include inertial eft'ects, 
there is an essential difference between the trans
formations discussed in the present paper and those 
of Coleman and Truesdell. 

3. New Proof of Coleman-Truesdell Theorem 

In the present section we shall discuss a very 
wide class of transformations which have the property 
that they conserve time-reversal symmetry of all 
fluxes and forces. It will be shown that trans ror
mations with th is property may be so constructed 
that, while they preserve the antisymmetric Onsager 
relation , so that L'ia= - L! i' nevertheless they 
lead to L!~ ~L'$a . In accordance with the dis
cussion of the preceding section, we shall assume 
Lia ~O for some i and a, so that we have in mind the 
phenomenological description of inertial effects , 
and so that the transformations here proposed 
which conserve time-reversal symmetry cannot be 
reduced to th e form assumed by Colem an and 
Truesdell. Furthermore, we shall take L ij= O for 
all Roman indices ij, sincc, as was pointed out in 
the in troduetion, this is al wa~Ts a property of the 
phenomenological equations which describe inertial 
effects. This gives the appearance of restricting 
the proof to a very special class of phenomena. 
However, the description of inertial effects is the 
only existing instance in the scientific literature in 
which a solid physical b asis has been established for 
the existence of antisymmetric reciprocal rela tions, 
and so the assumption L ij= O for aJl i and.f appears 
physically to be quite general under circuillstances 
such that some Lia~O. 

The particular transformations which we shall 
discuss are the following: 

Xi=~ A ijXjr 
j 

J i =~ B ijJ jr 
j 

(J 0) 

This assures that Xi, J: are even functions of time 
and X:, J j odd functions, provided this was true of 
the corresponding unstarred quantities. vVe define 
the matrices 91, iB, and ~, by the equations 

(Aa:J iB =[(;ij) 
9(=SS/ - 1(3' + ~) (12) 

3 is the identity. This definition assumes that the 
m atrix iB is nonsingular, which is always possible 
since 5B is arbitrary. 

On substituting eqs (10) into eq (7) and using the 
phenomenological relations between fluxes and forces 
to express S as a quadratic form depending od? on 
the forces X i and X a, we readily find that eq (7) can 
hold if, and only if, 

(13 ) 

At the same time, eqs (10) imply that the transformed 
2-matrix is 

2*=iB29(- 1 =iB2(3+ ~) - 1Q3' (14) 

provided ~ is chosen so that 9( is non singular. 
From eq (14) we readily see that the symmetr~' 
properties of 2* are identical with those of 2(3 + 
~) - \ which we shall now examine. 

2 is uniquely decomposable into the sum of a 
symmetric matrix 2, and an antisymmetric matrix 
2a, where 

(L ia) ] 
. (15) 

o 

One can readily show that multiplication of 2, by G: 
or ~' results in a matrix of the same type, with zeros 
in all the entries designated by zeros in eq (15). 
Simihtrly for 2a. Substitution of eq (15) into eq (13 ) 
t hen o·iTes ,., 

~/2,+2 s~= O. 

Equation (16) further implies 

From cq (14) we han': 

(16) 

(17) 

(19) 

Equatiolls (18) and (19) show th at the transforma
t ion (10) preserves the an tisymmetric Onsager 
relation Li~ = - L!i. We can, however, find a 
solution of eqs (16) and (17) su ch that La*8 ~L{ta, 
i.e., the Onsager symmetry is destroyed by the 
transformation. To this end , let us proceed to 
introduce the assumption that 

(20) 

This, as was previously pointed out, is the form of 
2-matrix used in earlier papers on inertial effects 
(see footnote 8). When eq (20) is substituted into 
eq (17), we find t he solution ( (Ii) andCall are elemen ts 
of ~): 

Ca~= ~ 1iVa'YL-Y8 (21) 
l' 

where the prime denotes the transposed matrix, and where (liVa~) IS any antisymmetric matrix. From 
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eq (16), we obtlcLin 

~ OjiLjff=~ L i-y G-y{3. (22) 
j -y 

Equation (22) will , in general, possess a solution 
provided t he number or indices (:3 does not exceed the 
number or Roman indices. 

The existence o[ solu tions o[ eqs (2 1) and (22), 
however , is, in general, im compatible with t he 
symm etry of the matrix 

If ~ s( 3' + !S)- l equals its transpose, (3'+~') - 12 s , thcn 
cq (17) implies 2s~= O , which is no t slltisfiecl by cq 
(2 1) for nonz ero (W aff). 

A simple choice for vVaff may be made in t he 
event, which frequen tly occurs in practice, that 
(L ij) and (L aff) are both squar e matrices or the sam e 
even number n"22 or rows [compare rcl'eren ce ], 
so that (Gij) and (Gaff) are also n-l'owecl square 
matrices. In this case we can pick 

where Oaff is a K ronecker delta. Then from eqs 
(21) a nd (22), 

det (}=[ det ((Yaff)]2= {E;' det [(L a{3)] r 
provided th e matrix (L iff) is llons in gular. When 
(L ij) = 0, the la tter condition must hold in order 
that the fluxes J i (i = l , .. . , n) be linearly inde
pendent. There must also exist cases in which, at 
the same time, det (Laff) ~O, s ince this determinant 
(see rootnote 8) is t he product o[ t ile relaxation 
frequenc ies for the inertial effects. Thus there will 
exist solutions of eqs (2 1) and (22) for which det 
~ has an arbitrary positive value. The same is 
easily shown to hold ror det (3' + !S). 

The latter result in turn assures that we can fmel 
a transrormation suc h that t llC Ji,J~ are lin early 
independent, and similarly the Xi,X~. For the 
lllatrix.\B is arbitrary, and thus can he chosen to be 
llonsingular, and then rrom eq (12) 

det ~(= (det 58) -1 dct (3'+ (}) 

which can be made ~o by propel' choice of El ' 

Thus we have established that starting with a 
linearly independent set of forces and fluxes, J i , 

J a, and X i, X a, with an ~-matrix which satisfies 
eq (16) and has the properties found to hold (see 
footnote 8) in a phenomenological t heory that 
inclucles inertial effects , i.e., L ij= O and Lia~ O for 
some i and a, we can transform to a new lin early
independent set, Ji,J~ and X'i,X~, having 
definite time-reversal symmetry and such that 
La*ff ~L/a. This sho ws that Meixner's t heorem 
cloes not hold in. general even under these circum
stances, al though the Coleman-Truesdell proof does 
not apply here, and so we must seek a modification 
of Statem en.t 1. 

4. Reformulation of Meixner's Theorem 

It is evident [rom exis ting proof of Ollsager's 
theorem [ref. 1, ch ap . 2 and 11] that if th ere exis ts 
a set of symmetric state varla bles Yi(i = 1, ... , 711 ), 
and antisymmetric variables Ya(a = ] , . . . , 11 2) s Li eh 
that X j= OS/OY i, J i=Yi (all i), while X a= oS/OYa, 
J a= Ya (all a), and there arc no nonzero forces 
except these, then Statemen t 1 is t ru e . FurLller
more, Statement I remains true if we LJ'ansrOJ'1l1 
from one set of fluxes and Jorces of th is type to 
another set of the sam e type, a nd so M eixn er's 
th eorem is also true under this additionalres tl'ictiol1. 

Th e situations wher e Meixner's theorem h as been 
found to fail arise where some or all of th e fo rces X a 
are no t en tropy derivatives of the form oS/OYa. 
For exa mple, it follows from eq (12) that when ever 
the ~-matrix h as the righ t properties so t ha t ~ docs 
not vanish identically, then we can have a transfor
mation [including an additional set of equations not 
shown in which the Greek subsc ripts a, f3 arc r eplaced 
by Roman subscripts i, .i] : 

and 

where 

J~=y~= ~ B affYff, Y(3= J ff 
ff 

X~ =oS/oy~+ ~ (B)p~(!{3-yX-y 
fJ, -y 

?/~ =~ B affYff, andoS/oy~ =~ (OS/OYff)(OYff/Oy~) 
fJ fJ 

= ~ (B - l)fJaX fJ · 
ff 

The transforlllc'cl forces and fluxes 01' th is type indeed 
satisfy eqs (7) anel (10), ancl yet we have secn that 
L~ ff ~Lfla . 

At this poin t we IIlUSt not lose sigh t of tlle fael 
that in order to obtain a nonzero m atrix (GaB), and 
thus to find a cOllnter-exalli ple to :Meixner 's theorem 
uncler the restriction to transformations o[ Ul e [orm 
or eq (10), we had to assume (L jj)= O, which h as 
thus rar b een s hown to hold ill general only for the 
phenomenological equaLions which describe inertial 
effects (see footnotc 8). In the lallC'r case, wh en 
the system. is a small subvolum e immersed in an 
infmite fluid [compare reI'. 8], we have to deal with 
two types oJ J01'ces . First of all, there ar e the forces 
of the type oS/oYt and oS/O?/a which arc functions 
of the state variables Yi and Ya on which S depends 
explicitly. Secondly, there are forces such as tem
perature, velocity, and concentraLion gradients on 
which S docs not depend explicitly an d which arc 
coupled in the phenomenological eq uations to forces 
which arc o[ the type OS/OY i 01' oS/OYa. T his is a 
state of affairs which a rises because over very short 
times the system evolves independently of its 
environmen t , and it is only after one or more 
molecular collision times that the effect of gradients 
of temperature or velocity begins to b e felt. Thus 
the entropy does not depend explicitly on these 
gradients, but instead on th e variables 11i and Ya 
which are related to the gradients through the 
phenomenological equations [compare r eI. 8]. 

105 



Because of th e existence of these two types of 
forces, we can construct forces X: which are not 
of the type as/ay~ by adding gr adien ts of velocity 
t o the forces as/aYa as well as by combining the 
latter among themselves. Thus, in general , wc 
cannot expect that La~=L~a if either Xa or X~ 
involv es any velocity , concentration , or temperature 
gradients which do not appear explicitl y in S, 
although La~ is equal to L~" whenever J a= Ya, 
J~=y~, X,,= aSjaY a, and X~= aS/ay~. In other 
words, it is possible, by combining forces of the 
first type (gradients) with forces of the second type 
(oS /aYi, etc.) to construct transformations which 
violate Meixner's theorem. 

In addition to the demonstration that 
(a ) transformations can be found which keep S 

invariant, but which lead to an ~-ll1atrix in which 
La~ -,c. L{Ja, if, and only if , not all transformed fluxes 
a re time-derivatives iJ i, iJ" or not all transformed 
fluxes are entropy deriva.t ives as /aYi, as/OYa, we 
have shown that 

(b ) if eqs (6) hold for a partiuular choice of J ;, 
X i, J ", X a, then the antisymmetric relation L ;a= 
- L ai is conserved by any transformation of the 
form of cq (10) which keej: s S invnriant, without 
further restriction on the J i, X i and J a, X a. 

These two observations provide a new statemen t 
of M eixner's theorem. 

Since the brond (and in correct) statement of 
Meixner's t heorem referred to in the introduction 
has often been advanced as a found ation for state
ment I of Onsager's theorem, we might jump to t he 
conclusion that statements (a) and (b) of the 
refonnulated Ivl eixner's theorem are sufficient to 
provide the basis for a revision of Statement I. 
However, statement (b) does no t provide for trans
formations more general in form than eq (10) . 
Specifically, it omits transformations in which Jt 
is a linear combination of forces Xa in addition to 
fluxes J i . Such transformations preserve the time
reversal sym metry of the transformed fluxes, al
t hough they are more general than eq (10). In 
order to cover all possible cases, i t appears to be 
necessary to require: 

(1) \l must be the matrix of a positive definite 
quadratic form. 

(2) Only those transformations are considered for 
which Lij= O (all i ,j ). 
These physical restrictions are related respectively 
to the definition of irreversibility and to the inertial 
properties of mechanical systems [compare ref. 8]. 
'iiVhen they obtain, they imply trivially t hat Li" = 
-L~i' sin ce otherwise S would contain cross terms 
of the type X i X: and no term in (X i2) , so that for X i 
sufficiently large, reversal of the signs of the forces 
X: could make S <0. 

Actually, as we have already remarked at the 
beginning or the third section, condition (2) that 
Lij= O is probably superfluous, since this condition 
is always satisfied by phenomenological equations 
describing inertial effects, and, in the l atter case, no 
transformation can be found which violates it. 

Furthermore, no physical examples excep t the inertial 
rate equatio ns have ever been demonstrated for 
whichL ia~ Ofor som eiand a. Nevertheless, we shall 
provide for t he possible existence of cases where L ja I 

-,c.o-,c. L ij in Statement II. There we shall r equire 
specifically that (L ij) = 0 whenever we extend 
On sager 's theorem to the coefficien ts whidl couple 
gradien t-type forces to rorces of the type as/oYa' 

On the basis of these observations, we can restate 
Onsager's theorem in the followin g form, which 
covers the case in wltich titere are fluxes which are 
not time-derivatives of state variables, or forces 
which are not derivatives or S with respect to 
associated state variables : 

STA'l'EMEKT II : Suppose the entropy S in a ther
modynamic system is a function of a set of N 
state variables,9 of which nl variables Yi(i= 1, ... , 
n 1) are symmetric with respect to time-reversal 
and n2 = N - nl state variables Ya(a = I , . .. , n2) 
are an tisymmetric. " Ti t h these variables we associ
ate the forces X i,Xa and fluxes J i,J" given by 10 

J i = Yi' X i = aS jaYi(i= I , . .. ,111) 

J a= Ya, X,,= aS joy,,(a= I , ... ,112)' 

Suppose also that S, which denotes the irreversible 
part of the time-ra te of change of S, is given by 

• 11Z ] m2 

S = L; J iX i+.L; J aX a 
i= l a = l 

where ml ~ nl and m2 ~ n2, and the ml quantities J i 

and m2 quantities J a are all linearly independent, 
and similarly for the X i, Xa. This provides for the 
case where there may be forces such as temperature, 
velocity, or concentration gradients on which S does 
not depend explicitly, these being denoted by sub
scrip ts nl<i '5:ml, n2<a'5:m2. I t is assumed that 
the X i(I '5: i '5: ml) are all symmetric with respect to 
t ime-reversal and the Xa(l '5:a'5:m2) are all anti
symmetric. Then if 

1nJ m2 

J i=.L; LijX j + .L; L iaX " 
j= 1 ,,=1 

we may assert, in the absence of a magnetic field , that 

L ij= L ji (i'5:11I , j'5:111) 

La~=L~a (a'5:n2' (3'5:n2) 

and for all i,a whenever L ij= O for all i,j). 
, It must be remembered bere that these N variables are not necessarily the 

entire set of state variables appearing in the phenomenological equations, since 
we have pointed out that there may be others on which S does not depend ex· 
plicitly. These additional varIables, WhICh are usually gradIents, characterIze 
the state of the surroundings of the system, and they affect the rates of change of 
the variables Y"Ya, even though the en tropy and free energy depend only on 

thl~ ~~';"·open system Yi and Ya denote only those parts of tbe time·rates of change 
which are due to irreversible processess within tbe system, and exclude the 
contribution to changes in fiuid composition Or structure attributable to molee· 
ular diffusion across tbe bow1dary. • 
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5. Discussion 

The last result in Statelllen t II f' xpresses Ute fae t 
wh iC}l .hn s a lread~' been mentioned ,. tha t whrn L ;j= 0 
(all 1,.7), we must have L ;,,= - L ,,; m order to assure 
that S contains no cross t erms X iX ,,; [or otherwise S 
would no t be a positive defini te quadra t ic forJll in 
the [orces, The other two symmetric reciprocal r ela
tions" L 'i= L.Ji and L ,,(3= L pa, involve only the forces 
assocIated wlth the N state variables and not the 
remaining ml+mz-N forces, since tl; ere exists no 
proof of symmetric Onsager r ela tions [or the latter, 
Jnd e~d we cal~ find t ra!lsformations involving th e 
gradIen t-type forces whIch are such that Onsager 
symmetry as expressed b y Statement 1 is viola ted, 
It has also been shown tJl at t ransforma tions con tra
dicting Statement I can be fo und even when the 
gradien ts all vanish , and so we have been care ful in 
formulating Statement II to restrict those [ol'ces X" 
and Xp for which we asser t LafJ = L Pa to the ones 
which can ,be written in th e form as/ay" and as/aYfJ, 
H owever , 111 the existing applications (see fo otnote 8) 
of Onsagc,r 's theor em to rate, equations describin g 
lI1f'rtlft.l eff ec ts, those forces WlllCh dId not depend on 
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gradien ts not appearing in S were always 0 ('011 -

strue~e~l as to b~ 01' the form as/aYI, as/ay", Th ere
fore, It IS only WIth respect to the presence of velociLY 
conc~n tration (in b~nary mixtures), an d Lemperfl,LUl'~ 
gradIents that sen ous quesLions have il.1'isen ove1' 
past usage of Sta temen t L 

H a concentration or tempera ture gradi en t llQuld 
appear m th,e phenomenologicil.l equ ations Jll ull ipJi ed 
by a coefficlCn t of the type L ti , then La tel1l en L ]I 
would, tell u,s no thing about the j'mlll eLl'y or this 
coefficl CJ~t Wlth re~pec,t to interchange of its indices, 
In prevlOUS apphcatlOns (see foo tnote 8) it has 
alway~ be,en possible to write phenomenological 
equatlOns 111 such a form that this situat ion did not 
arisc! and so that L l i = O for all i,j, thus pl'o\' iding 
no CIrcumstances not covered by statem en t JJ. Jt 
appears that, if we take account of iner t ial efl'eets in 
such processes as heat conduction and diffusion then 
we ,can always avoid the presence of terms eonc~l'llin g 
whIch statement II says no thing, al though no CODl

pl~tely general demonstration oJ this apparenL fact 
CX1StS, 

(Paper 66B3- 79) 
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