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S. Spinner, T. W . Reichard, and W . E. Tefft
(D ecember 17, 1959)
The relations from which Young's m odulu s may be co mpu!'ed from mec ha ni cal fl ex u ral
and longitud inal resonan ce freq uencies have been estab lis hed by an em pirical method us ing
two sets of steel bars. Both sets co ntain ed rectangu lar a nd cy lindrical specim ens. l r or
lon g itudinal vibration of cylindrical specim en , t he ag ree ment between t he empirical curves
a nd Bancroft's correspondin g t heoretical relation was wi thin experi mental error if Poisson's
ratio for both sets is taken to be 0.292 . For flexu ra l vibration s, t he ag ree ment between t he
empirical curv e a nd the corres pondin g t heoretical relation dev eloped by Pickett is also within experim ental error for abou t t he sam e valu e of Poisson's r atio for the rectang ul a r specimen s of both sets ; but for cylindri cal specimen s, t he empirica l values are somewh at lower
t han tho e pred icted by the theory.

1. Introduction
In. a previous paper, [1] 1 n,n empiricall'elaLioll wa s
establishcd from which thc shear modulu s co uld be
calculated from t ltc Lorsional r esonance frcqu ency
using uniform steel bars of differ ent rectangu lar cross
sections . The empirical r elation was compared with
corresponding theoretical approx imations. T he purpose of the prese nt paper is to establish similar rela tions from which Youn g's modulus may b e cl eLermined from the flex ural a nd longitudinal mechanical
resonance freq ueneies for bars of rou nd andrectangular cross sectio n. These empirical r eln,tions are also
compared with co rrespondin g theo1'eLica1 eq uaLions
when feasible.
As in the p revious work, advantage is taken of the
fa ct that these reso nance fr equ encies can be determined to au accuracy which , when combilled wi t h
comparable accuracy of dimensions, is sufficient to
yield empirical results good to foul' sig nificant
fig ures .
In fa ct, it is this increased accuracy to which
modern experimental techniques have advanced
dynamic elastic measurements that has made it
possible to check in a more precise manner the
theoretical results of such analysts as Rayleigh,
ICel vin, Poisson, and Stokes [2].
As usually happens in such cases, this increased
exp erimental accuracy has , in turn , led to a refinement and extension of the theory. Some equations
had lain dormant for many years because, though
presumably "cOlnplete" and "correct," they were
n ever theless expressed in so general a form t hat
numerical solutions for most real cases were too
cumbersome to b e of practical value. S uch eq uations have recently been solved for given boundar),
conditions. These solution s have often taken ad1

Figures in bracket.s indicate the literature references at the end of this paper.

van Lage of modeI' ll co mpu Ling devices. A particular
case in poin t is Lite seL of Po('. hltammer-Chree equations, relating Lite most genera l case of clastic waves
in rods to their elastic modu l i. These eq uations,
almost forgotte n for more t han 50 years, wer e solved
by Bancroft [3] for th e case of longitudinal waves
and by Hudson [4] for flexural waves. A recent
art icle by Davies [5] presents a compreh en sive review and bibliography of the advances in this field
up Lo t he present time.
For Young's modulu s, Lhe problem of establishin g
a n empil'icalrelation is complicated by the fac t, that
Lhe cross sect ional correction for both fl ex ural and
longitudinal v ibration s depend s upon Poisson's ratio
as well as th e dimension s. This is in co ntrast with
sh ear for which the cross sec tional correction is
independ ent of Poisson's ratio. Consequ ently , the
r es ults to b e presented h ere are more limiLed than
Lhose previously given for shear since these r es ults
apply mainly Lo those materials having Poisson's
ratios approximately equal to those used here.
Fmthermore, when comparing the empirical "v i th
th eor etical relations, any error in the value of Poisson 's ratio assigned to the specimens would res ult in
a corresponding error in the comparison of the correction factors. This errol' would increa se as the
ratio of cross section to length increased .

2 . Experimental Procedures
2.1. G eneral
The basic exp erimental approach consists in determining the fl exural and longitudinal r esonance
frequ eneies of specimens of known mass and dimensions, and assuming their uniformity of Young's
modulus and density, to derive the empirical relation
needed for the determination of Young's modulus
from the mechani cal resonance frequency. Data to

be presented later will show that the assumption of
uniform density and Young's modulus is quite
justified.

in the investigation for sh ear modulus [1]. As for
set I , some of th ese sp ecimens were furth er reduced
in dimensions or machined to circular cross section.
All specimens from the second source are classified
as set II and data for th ese specimens are given in
table 2.
The dimensions of bo th sets of sp ecimens are
accura te to ± .001 cm . The density was calculated
from the mass and the dimensions of th e sp ecimens.
The average density for the specimens of set I was
7 .85 1 g/cm 3 , and tha t of set II was, as previously
given [1], 7.8 14 g/cm 3 • The standard deviation of
this measurement was 0.002 g/cm3 for both sets.
This small variation in density is good evidence for
the intrinsic uniformi ty of the sp ecimens of each set.
Although the density variations are within the errol'
of th e measurement, the mass and dimensions of
each p ar ticular specimen were used in most calculations r ath er t han the average value of density. The
density of some randomly sele cted specimens of both
sets was also ch eck ed by weighing in air and while
immersed in liquid and was found to agree with th e
above values within the error of th eir determination_
Actually, for t he specimens of set II, the density,
p , by the immersion technique was found to b e
7.816 g/cm3• Subsequ ent determination of p, cal culated from th e mass and volume of two sp ecimens
machined to a high er degree of accuracy than th e
others (sp ecimens II- 41'1 and II- 41'2), agreed with the
value obtained by immersion and is believed to b e
th e most reliable value for the sp ecimens of set II .

2.2. Specimens

Two separate sets of steel sp ecimens were used in
t his investigation. Each set of specimens was cut
from its own parent piece to insure the greatest
possible uniformity of intrinsic Young's modulus
and density from specimen to sp ecimen within each
of the two sets.
One source was a cylindri.cal bar of cold drawn
steel about 1 in. in diameter, designated as SAE No.
1020. Originally 18 specimens, 1- 5 through 1-22,
ranging in length from about 3 to 12 in. were cu t from
the parent stock. Subsequently some of these rods
were further shortened or machined to square cross
section to extend the range of the experimental data.
All of the specimens from this source are henceforth
classified as set 1. Exact dimensions and other
related data for se t I are given in table 1.
TABLE

Specim en

1.

Dataf01' specimens of set I a

Length Density f(long)b
I
p

f(l1ex)b

/C/l

o

T
vivo
empirical empirical

- - - - - - - - - --- - - - - - - - - - - em

1-1.. .. ___
1-2...... _
1-3.. .. ___
1-4.... ___

5.050
5. 118
5.354
5.639

1-5.. .. ___
1-6 .... ___
1-7.... ___
1-8.... ___

g/cm'

cps

eps

7.849
50,253
7.850
49, 606
7.849 --------7.850 ---- .----

31,310
30,650
28, 624
26,401

7.511
7.584
7.760
10.117

7.851
7.851
7.851
7.847

34,051
33, 752
32,975
25,370

16,605
16,341
15,733
9,939

. 08447
. 08366
.08 176
. 06272

.9929
. 9938
. 9934
. 9965

1. 5424
1. 5320
l. 5077
1.3085

1-9.. _____
1-10.. _...
1-11.. ....
I - IL ... _

10.224
14. 790
14. 958
14.968

7. 846
7.851
7.853
7.854

25,107
1i, 389
17, 190
17,185

9,755
4, 955
4,859
4,854

.06205
.04289
. 04241
. 04238

. 9966
. 9985
. 9982
.9986

1. 3024
1. 1475
1.1447
1.1438

1-13.. ....
I - IL . ...
1-15.. ....
1-16.. ....

15. 118
15. 235
19.736
19.985

7.853
7.851
7.85 1
7.852

17, 014
16,883
13,037
12,875

4, 765
4,695
2, 866
2,799

. 04196
. Otl64
. 032 14
.03174

.9986
. 9986
.9989
.9989

1. 1410
1.1395
1. 0862
1. 0829

1··11.. ....
1- 18.. ....
1- 19.. . . . .
1-20... . __

22.951
25.64 1
29.987
30.201

7.849
7.850
7.852
7.853

11, 213
10, 039
8,587
8,525

2, 139
1,725
1, 271
1, 253

. 02766
.02475
. 02116
.02101

. 9991
.9903
.9907
.9095

1. 0664
1. 0525
1.0360
1. 0359

1- 21.. ....
1- 22.. ....

30. 500
30.554

7.852
7.850

8,442
8, 427

1, 229
1,225

.02080
.02076

. 9996
. 9995

1. 0353
1.0350

1- 12b. .. .
1- 12e.....
1-12a .....
1-15a.•. __
1- 18a __ ...

5. 177
6.942
14.968
19.736
25.641

7.849
7.849
7.850
7.848
7.847

.10020 - ------- -.07473 -_.------.03464
.9988
.02527
.9991
. 02023
. 9902

1. 7649
1.4445
1.1016
1. 0510
1. 0360

.- .- - ----- -------

17,188
13,039
10,038

25, 704
16,415
4,043
2,370
1, 421

0.12565
0.9851
. 9857
· 12396
· 11850 --.----.-· 11251 --- ------

2. 1234
2.0997
1. 9998
1. 9205

2.3. Method

a All specimens except those followed hy a letter are 2.5378 em in diameter.
Those followed by a letter are 1.79G-em sqmre.
b Fundamental lOll'! itudin9-1 and fl exural resonance frequencies.
'k= radius of gyrat iou of tbe e,'oss sectional area abo ut an axis perpendicular
to the plane of vibration
for round specimens k=J4 diam = 0.63445 em.
for sqnare specimens k=edge/ .Ji2=0.51846 em.
for cylindrical specim ens, D/}o. =2k/1
wbere D = diameter of specimen and A= wavelength of longitudinal wave.

The other source of sp ecimens was a bar of 2-in.
square stock of hot rolled and annealed tool steel
designated by the trade name "Stentor." The
original specimens from this source were the same
12 pieces (II- 1 through II- 12 ) of equal lengths but
different rectangular cro ss sections that were used

The mechanical longitudinal and flexural resonance
frequencies of both sets of specimens were deter mined by the dynamic method previously described
[1 ]. Briefly, one of the mechanical r esonance
freq uencies of th e specimen is exci ted by an electromagnetic driver. The increased amplitude of vibration of the specimen at resonance is detected by a
crystal pickup whose output, together with a signal
of the same frequ ency, produces a Lissajou pattern
on a cathode-ray oscilloscope. The different types of
v ibrations ar e obtained by appropriate placement of
the driver and pickup with respect to t h e specimen.
As with torsional vibrations the longitudinal and
flexural r esonance frequencies were excited and
detected by more than one method.
In the first method the specimens were suppor ted
on foam rubber in th e vicini ty of the nodal points
and driven through air by a tweeter type driver. A
crystal pickUp placed lightly against the proper part
of the sp ecimen detected the vibrations. Both
longitudinal and flexural vibrations could b e obtained by this method.
The second m ethod could b e u sed only to obtain
flexural vibrations and was most appropriate for the
ligh ter specimens . This method consisted in suspending the specimens from two cotton fibers, one
fib er b eing attached to a phonograph record cutting
head as th e driver and the other fib er b eing a ttached
to a crystal pickup . Unlike the case for torsion, it
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2.

Data f aT specimens oj set II
Hectangul ar specimens

Specimen'
L en gth

W idth

1

eIn
~.

3. 1433
3. J<133

3.1496
2.5405
1. 9055
l. 5875

II-8

15.202
15.202
15. 202
15.202

3. 143~
3. 1403
3. 1433
0.1<133

][- 9
IH O
11- 11
IH 2

15. 202
15.202
15.202
15.202

1I- 2.
1[- 20
II- 3a
II- 3b
II- lOa
1[- IOb

1[-7

!/,

r

1496

em

Edgewise

Flatw iso

Density

[(lo ng)

p

k/Z b

J5.202
15.202
15. 202
15.202

-U][-- 65
,

Depth
d

em

II- I
U-2
1[- 3
11-4

';)

'10

o/em

[ (Oex)

k/l

0.05981
. 05969
.05969
.05969

b

eps

3

7.817
7.8 19
7.8 1'1
7. 17

0.05981
.0'1825
. 03619
.03015

4183
353

1. 2915
1. 1936
1. 1112
1. 0775

1. 4300
1. 2708
1.1 120
0.9530

7.814
7.816
7. 812
7.812

.02716
.024 13
.02 11 2
.01810

3208
2867
2523
2172

1. 0635
I. 0514
1. 0103
l. 0309

3. 1433
3. J4 ~3
3. 1433
3. 1433

.7943
.6363
. 4773
.3172

7.810
7.815
7.8 11
7.8 14

.01508
.0 1208
. 00906
. 00602

1820.6
14 63.4
1101. I
733.0

1.0189
1.01 18

7.882
7.0 10
7.546
7. 249

3. 1433
~. 1433
3. 1433
3.1433

2.5405
2.5405
1. 9055
l. 9055

7.8 14
7.8 17
7.818
7.8 17

. 09~06
. 10463
.07290
.07589

15.202
15.202

2.0574
0.642G

0.6363
.6363

7. 816
7.8 1'1

.01208
.01220

~. I4 ;J3

6411
5~79

16,94 1
20, 432
14,983
16, 052

eps

el'8

6398
&100

1. 29 15
1. 2OJO
1. 2923
1. 2909

17,046
17,053
17, 062
17,065

.05969
.05969
. 05969
. 05969

6397
6399
6399
6394

l. 2926
l. 29 15

2021
1. 2941

17, 066
17,066
17, 07 1
17,067

1. OO{il
l. 0028

.05969
.05969
.05969
. 05969

6400
6400
6400
6396

1. 29 19
l. 2927

l.OOm
1. 8297
1. 4255
1. 4584

. 11 513
. 12945
. 12026
. 12519

J9, 203
22,934
20, 495
21,789

1. 9849
2.2202
2. 0732
2.1535

1. 0147

H GO.7

l'

[ (flex)

'{'

----------- ---.--------

.03907
----------- ----

&1ll

6~99

1.

l. 2916
1. 2912

-------- -- ----- - --- -- - ----.-.--_.-

------.-.---

1. 1314 -----------17,100

4475
-------

17,075
17, 070
J7,070
17,064

------------

CyJi ndrica i speci mens

Length
I
II- IT
II- 2aT
II- obT
II-4T,
II-4T,

14.oG4
7.3 15
(t 447

14. G69
14. GG8

Di ameter
D
3. 1252
2. 44 GO
1. 8124
1. 28'15
1. 2843

D ensity

7.8 16
7.8 12
7.812
7.8 16
7.8 16

0. 05139
. 08059
. 07029
. 02 189
.02189

• Leiter following speci men numher indicates that t he specimen has been
redim ensioned. N um ber deno tes original specimen . A second letter indicates
second change in di mension.
b k= radi us of gyration of the cross sectional area abo u t an axis perpendicu lar to

8

l
r

[ ([bx)

kll"

[(lo ng)

l'

v/vo

P

was not necessar y for the points of su p enSlOn Lo b e
at opposite faces of the s pecimen.
A third method, combining certain features of the
first two, consisted in su pending the specimens from
two co tton fibCTs as in the second method bu t
driving them Lhrough air with a tweeter and detecting the vibration s with a crystal pickup as in the
first method . This third method co uld be used to
obtain both flexural and longitudinal vibrations and
was satisfactory for heavy as well as light specimens.
The highest rcsonan ce frequencies could be obtained
most read ily by this m ethod.
The accuracy of the resonance frequencies obtained
by the last two methods was usually somewhat
better than that obtained by the first method.
However, by any of these methods, the accuracy of
the r esonan ce fr equencies was usually better than 1
part in 4,000 [1 ].
The fundamenLal longitudinal and flexural r esonance frequencies for the specimens of sets I and II
are given resp ectivel.v in tables 1 and 2. Inasmueh
as the speeim ens of set II are rectangular in eross
section, two sep arate flexural resonance frequencies
occur about both longitudinal planes of symmetry
(flatwise and edgewise) . The fact that the edgewise
flexural frequency is the same for specimens II- 2
through II- 12 is of considerable significance as will

1. 2384
1. 5329
1.3882
J.0404
1. 0407

6003
J 7, 102
J 7, 141
2708. 9
2708.3

t he plane of v ibration.

FOT

18,057
35,329
40, 14 5
J7,7 14
17, 715

0.9978
.9944
.9957
. 999G
.9996

rectangu lar specimens in Datwise vibrations,

k =<I/ {i2; for edgewise vibration k = 'W.jfi.
• Fo r cylindrical sp eCimens, k= D /4. Since, for the fundamental longit ndinal
reSOna nce freq uency, ),. = 21, k/I=<I/2),..

be explained. Table 3 gives frequencie of overtones
of longitudinal r esonance vibr ations of four specimens of set I and one specimen of set II .
It m ay be observed that longitudinal r esonance
frequencies of over 50,000 cps are recorded for both
fundamentals and overtones. Th ese remarkably
T A BLE

3. OveTto nes of 10(Jitudinal resonance vibrations oj several
cylind1'ical specimens
Freq u ency

D J),.=r/1

v/vofJ.

!"'Iln damental
Set I
1st overtone
.
2d overtone
Specu]] en 1-20 3d overtone
4th overton e

(n= l )
(n = 2)
(n=3)
(n = 4)
(n=5)

8525
17027
25491
33898
42218

0.04202
.08405
.12607
. 16809
. 21012

0.9995
.9982
.9963
.9936
.9900

rUlldamen t al
1st overtone
Set [ 2 2d overto ne
SpeclmeJl 1- 1 l3d overtone
4tb overton e

(n= l )
(n=2)
(n=3 )
(n=4)
(n = 5)

8442
16858
25238
33560
41800

.04160
. 08321
. 12481
. 16642
. 20802

. 9996
.9981
.9961
. 9935
.8999

{FUndam ental
Set l I s t overtone
Specim en 1- 19 2d overtone
3d overtone

(n=l)
(n=2 )
(n=3 )
(n=4)

8587
17154
25683
34146

.04232
.08464
.12696
.16928

.9997
.9985
.9966
.9938

Set I
{FUndamental (n=J )
Specim en I- 16 1st overtone (n = 2)

12875
25692

.06348
.12696

.9989
.9967

Set II
{FUndam ental (n = l )
Speci m cn II- I T 1st over tone (11 = 2)
2d overtone
(n = 3)

J8057
3.5823
52884

. 10878
.21756
.32634

.9978
.9898
.974 1
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• For set I s peCi mens, vo=5152 m /sec; for set II s peci me ns, vo=5199 m/sec.

high values of r esonance frequen cy which can be
excited an d detected by a m ethod sometimes described as "sonic," are e)..'plained by th e nature of
th e sp ecimens and also by th e fa ct that th e response
of both driver an d pickup , though reduced , p ersists
at frequen cies considerably above their r a ted upper
frequen cy limit. This reduced response is amplified
and detect ed as a r ecogniza ble pat tern on t he scope.
Sin ce th e upper frequen cy response ob tained is
more than 2 1~ times higher t han the nominal upper
limit of th e sonic r an ge and will probably go higher
as experimen tal techniques improve, it is fel t that
the term, "m echanical resonance m ethods," would
be more appropria te th an "sonic m ethods" t o describe th e experimen tal pr ocedure used.

selected value of 0.3 (say from 0.26 to 0. 32) will
h ave only a negligible effect on th e result. Also,
a t such low valu es of r jl an y differen ce between
Rayleigh's and correspondin g equa tions, such as
Ban croft'S, will also be n egligible. Ther efore, the
aver age value of vo = 515 2 m /sec, obtained by substitu ting the valu es for th ese four longest sp ecimens
in eq (2) and dividing by 0.9996, is taken t o be th e
r od velocity for th e sp ecimens of set 1. The empirical
values of v/vo for th e remainder of th e sp ecimens of
set I are then found from the followin g equa tion
/

V

t

3 .1. Longitudinal Resonance Frequencies for Cylindrical Specimens of Sets I and II

The followin g rela tions for this typ e of vibra t ioll
a re r ecalled . First, a rod v ibratin g in this m anner
sa tisfies th e condition tha t
l =n'Aj2

(1)

wher e l = len gth of sp ecimen, n = order of r eson an ce
frequen cy. For th e fundamental, n = l , for th e firs t
over tone n = 2 , etc., 'A = wavelen gth of the vibra tion
in the sp ecimen. This leads t o the well-known
relation between th e velocity of th e long it udin al
wave, v, and th e lon gitudinal resonan ce frequ en cy,

in,

2l fn
v= - - ·

n

2l1"
v/vO= 5J99n ·

(4a)

,~

lOOO

(2)
.995

The sub scrip t after th e j indicates th e ord er of the
resonance frequen cy.
For an infinitely thin specimen of len gth l , v
becomes th e " rod velocity," Vo . Rayleigh 's familiar
approxima t ion , given below, shows th e amoun t
by which v, in a sp ecimen of fini te circular cross
section is redu ced from Va .

7rn/lr)2]-1
v= vo [ 1+( 2l

(4)

These v/ vo values ar e given numerically in table 1 and
graphically, as a function of D/A in figure l.
The empirical values of v/vo for th e sp ecimens of
set II ar e found in th e sam e m anner. The refer en ce
sp ecimens in this case, having th e lowest valu e of
T/l, were II- 4Tl and II-4T2. These are r ecalled t o
b e the sp ecimens th at wer e more accura tely machin ed .
The purpose of t his was t o obtain a more r eliable
base valu e. For t h ese sp ecimens, v/vo = 0 .9996 ,
vo = 5199 m /sec, and empirical values for th e oth er
sp ecimens are found from th e equ ation

3 . Calculations Results and Discussion
t

2l1n
vC= 5152n·

.990

EMPIRICAL /
AND

.985

(3)

BANCROFT,

where /l = Poisson 's ratio and T= radiu s of th e rod .
The rela tion showing th e effect of cross section is
often expressed in terms of v/vo as a fun ction of
D/'A , D being th e diameter of cross section. This
convention will be followed here. From eq (1) it
is seen that D/'A = nr/l.
Empirical values of v/vo can be convenien tly calc ulated after the v alue of Vo has b een d et ermined.
W e consider first t h e sp ecimens of set 1. Substitut ion of the appropriate values for the longest specimen , 1- 22 , (having the lowest T/l) in eq (3) shows
Specimens 1- 19, 1- 20, and
that v= 0 .9996vo.
1- 21 are sufficiently long t o give an average for
t h e ra tio , v/vo, from eq (3) equal to th a t for specimen
1- 22 . A t t h e low v alues of r/l associa ted with these
specimen s, t he choice of a proper value of /l is no
problem , since an y reasonable varia tion abou t th e

/l ' 2 92

I

.980
BANCROFT, f-L •. 30

~

o-fROM FUNDAMENTAL]

a- FROM OVERTONES

SET I

·-FROM FUNDAM ENTAL]
a-FROM OVERTONES

SET

n

.975

. 970'---'---'---'--_-L-_-1-_-1-~..l_____.J

.10

.20

.30

.40

0/>.

F I GURE 1. Effect of the ratio of diameter (D ) to wavelength (X)
on the ratio of the velocity of the 10n gi l1.din al wave (v) to the
rod velocity (vo) for two sets of cylin drical steel specimens.

150

T heoretical curves are in cluded for comparison.

l
r

iI
I

Numerical values of vivo for these specimens are
given in table 2 and arc plotted along with those of
set I in figure 1.
For both se ts of specimen , vivo for h igh er values
of DI'A was obtained both by vibrating the shortest
specim ens a t their fundamental resonance frequency
and also (since D /'A = n rlt) by vibrating some specim ens at higher overtones. The data for these overton es are found in table 3.
It is ob erved from figure 1 Lhat not only do the
empirical points fall on the same curve, wiLhin expe rimental enol', wllOther determined from the fundam ental or overLones of ei Lher set of sp ecimens . bu t
also the points for both sets of specimens also fall
on th is same curve.
Since Vo ftnd Lhe den sity, p, are lmown, Young's
modulu s, E, can be determined for each set of specim ens from the equation ,
(5)

I

~1

for set I , E= 2084 X 10 9 dynes/cm 2 = 2084 kilobal's,
and for set II, E = 211 3 kilo bars.
Bancroft's [3] numerical solution of the Pochhamm er-Chree equation for longitudinal waves has
already been mentioned. His values for ~ = 0.25
and ~ = 0. 3 0 a rc ploLted, along with values based on
Rayleigh's equation for ~ = 0 . 25, in figur e 1. Bancroft's solution is seen to reduce vivo by a greater
amount than Rayleigh's for a given value of ~ .
Sin ce Bancroft's sol ution is considered more exact
than Rayleigh 's, comparison of t h e empirical points
will b e made with Bancroft. Graphical int erpolation between Bancroft's values for ~ = 0.25 and
~ = 0. 3 0 at D /'A = 0.25 shows the empirical curve to
agree with Ban croft for the case where ~ = 0.292 .
That is, if the ~ of the specimens of sets I and II is
0.292, then ag reemen t of tbe empirical with Bancroft's solu t ion would be within Lb e elTOr of the
m easurement.
It would be desirable then to obtain an independent value of ~ as a further check. The m ethod Llmt
appeared most feasible for this was to determine
the shear moduhl s, G, from t.he torsional resonance
frequen cy and then , since E is already known, to
compute ~ from the well-k:nown relation between
E and G for isotropic materials,

E
2G

~ =-- 1·

"(

~ = 0.285 .

The phys ical constanLs obtained for sets I and II
arc now summarized in table 4.
It appears far more likely that the value of
).1 = 0.292 is closer to the true value for bO Lh se ts of
sp ecim ens than the values obtai.ned from eq (6).
This belief is suppor ted by the following evidence.
T ;I R I~E 4.

P hysical constants oj two different ,ets oj steel
specimens
Set I

VO, <irod vclocity "________ _
p, dens ity. .........
..

_ _ _ ____ __ m/scc __
. .... . ... . ... g/cm' ..
.v;, Young's modulus . __ ._ .____ _______ kilobars __
G s h~ a r ~o dul~l S---- -. __ _ .______ _____ kilobars __
J.1., POisson s ratIO ____________________ _________ _
J

5152
7.851
2084
820. Q

0_ 269 a

Set II
5199
7.816
2113
822.1
0.285-

" Dcril'ccl from it and G valucs and eq (6). From Ban cro[t, 1'=0.292 [or both
SC't s .

(6)

For the specimen s of set II, G is already Imown from
the previous investigation [1] to be 822.1 kilobars.
For the sp ecimens of set I, however , it was not possible (at first) to detect the torsional resonance frequency of the round bars by any of the variations of
the m ethod previously describecl,2 To circumven t
'Subseq ucntly, by the usc of an improved driver and suspension of the speci·
m ens from strings as already described, the torsional resonance frequencies were
obtained for cylindrical bars of scts I and n . 'rbe average va lucs o[ G, calculatcd
from tbese resonances, were in agreeme nt with those given in the text.

535595- GO- -2

this difficu lty, three of Lhe sp ecimens were machined
to squ are cross section. This was in fact the original
r eason for squaring ome of th e round sp ecimens of
se L 1. (These squared bars incidentally provided
additional sp ecimens for which longitudinal and flexural resonance frequencies could b e determined. It
can b e een from table 1 that for sp ecimens of this
size,th e eiIect of cross section in reducing the rod
velocity is of the same order of magnitude as for
circula r cross section.) For square sp ecimens the
torsional resonance frequency, and hence G, can be
obtained in the manner d escribed in the previous
paper [1 ].
T \vo of th e longer and one relatively shor t specimen were selected. A square ra Lher than recLang ular
cross sec tion was chosen b ecause th e shape factor for
square cross section is believed 1,0 be more acc urate
[1] and would therefore lead to a more accurate
valu e of G.
The value of G obtained for sp ecim ens I- 12a,
I - 15a, and I- 18a, of set I , were 820. 5, 821.6, 820.5
respec Lively, with an average of 820 .9 kiloba rs.
Substituting the known values of E and G for
both se Ls of specimens in eq (6) yields the following
values for~ : For set I , ~ = 0 .269 and for se t II,

The yalue of ~ for steel usually found in the
lit emt ure is around 0.29. Markham [6], for instance,
measUl'ed E and 0 for 10 different types of steel by an
ultrasonic method and , from these elastic moduli,
calculated~. Hi s values for ~ varied bet ween 0.286
and 0.292 with an average of 0.289. Analysis of
Markham's data shows that the variation in values
of ~ given for the different types of steel can be
accounted for completely by precision in measurements of E and 0, given by Markham, rather than by
any differences in the values of E and G themselves.
Therefore , the average valuo of ~ = 0 . 289 for all the
steels may be taken as characteristic of each of them.
Thus it appears that though E and G may be different for different types of steel, these elastic moduli
vary concomitantly so that ~ r emains constant.
If ~ "'" 0.292 is correct for the specimens of sets I
and 1I, then a possible explanation for the lower
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valu es of J.l. obtained from eq (6) li es in the fact that
a preferred crystal orientation develops in th e steel
during the pro cess of manufacture. Consequently,
the assumption of macroscopic isotropy resulting
from a completely random crystal orientation is not
entirely fulfilled , and eq (6) which is based on this
assumption, is not entirely valid for these sp ecimens.
Frankland and Whittemore [7] have d emon str ated
that the average E for specimen s of "black )) sh eet
steel cut p erpendicular to the direction of rolling is
significantly different from the average E of sp ecimens cut parallel to the direction of rolling. In
this connection , it is noteworthy that for the sp ecimens of set I , in which the process of r epeated cold
working of the parent stock r esults in a more pronounced crystal orien ta tion , th e value of J.l. departs
by a greater amount from the" correct)) value, t h an
for th e specimens of set II, where the process of
annealing of the parent stock lar gely restores the
random crystal orientation. I n d eed, the valu e of !L
in the specimens of se t II from eq (6) is in good
agr eemen t with the values found in th e literature
and with th at based on B ancroft in this investigation.
Also , it appears from the fact that the empirical
points of vivo for se ts I and II lie on t h e sam e lin e,
that th e valu e of f..! for both sets of specimens is th e
smne. This do es not prove that the valu e of !L
based on Bancroft is (( correct)) bu t it does make it
improbabl e that sets I and II should have different
values as the results b ased on eq (6) would in di cate,
for it would be a m ost unlil,-ely coin cidence th a t any
error r esulting from in terpolation from Ban croft
should lead to the same v alu e of f..! , if th e J.l. of b oth
sets of specimens were actually difl'er ent. F urthermore, the agreement in !L for both sets of specim ens
is in accordan ce with Markham's data.
The alternative possibility to explain the di screpancy in f..! , is that the values based on eq (6) are
correct, a nd th at B an croft's correction for cro ss
section and consequ ently, the valu e of f..! b ased on it
are incorrect. Inasmuch as this alternative involves
the (at least partial) rej ection of B an croft's
theoretical equ ation as well as th e value of f..! for
steel found in the literature, both widely accep ted,
its correctness app ears m ost unlikely.
3.2 . Lon gitudinal Resonance, Rectangular
Specimens

Th e longit udinal resonance frequ en cies of the
rectangul ar specimens of bo th sets are listed in
tahles 1 and 2 but will not b e considered here. It is
planned to discuss these in a subseq uent paper. It
will m er ely be noted h ere th at specimen II- 10 b ,
having a small nearly square cro ss section , had a
considerably high er resonance frequency (17 ,100
cps) than the other specimens of the same se t.
Substitu ting the resonance frequen cy and length for
this sp ecimen in eq (2) y ields a value of v= 5199
m /sec in agreem ent with Vo for this set. This valu e
would h e exp ected for a round sp ecimen of th e
same kil o
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3 .3 . Flexura l Vibrations, Sets I a n d II

Flexural vibrations are prob ably of more practical
importance than longitudinal as a mea ns of determining Young's modulus because flexural vibrations can usually b e exci ted more easily than longitudinal. This is esp ecially true for thin sp ecimens.
Thus, for t h ese thin specimens wher e any error in E
due to a n error in the correction for cross section
would b e minimized , t h e longitudinal resonance
frequ en cy is relatively difficult to obtain, wherea;s
the flexural resonance frequen cy b ecomes exp enmentally easier to f'xcite. H ence a reliable r elationship from which E ma.y b e determined from the
fi ex ural r esonance frequency becomes important.
Hudson's [4] nu merical solution of the Pochhammer-Chree equations for fl exural waves has
already b een mentioned. Unfor tunately, no comparison can b e made betwecn Hudson's r esul ts and
t he empirical ones, b ec ause no simple or clear-cut
relation h as b een found to exist b etween the length
of a traveling fi exUTal w ave in a very long bar and
t he length of bars vibrating in fi ex uml r esonance.
Consequently, one r elies on a direct relation b etween
Young 's modul us and t be fi exUTal r eson ance fr equency.
Goens [8] h as solved Timosh enlw's [9] equation
r elating Young's modulus to th e fl exural resonance
fr equency for b ars of di:Wer cnt cross section. P ickett
[10] has fm th er simplified Goen's solution. Go en 's
solution can b e expressed in the following form :
(7)

where j, in this case, is th e fiexural r esonance fr equency ; Ie is the radius of gyration of the cross sectional ar ea abou t a n axis p erp endicular to th e plane
of vibration. For a r ectanguhr cross scctionle = tl{l2,
t b eing t he dim ension in the direc tion of vihration.
(The d ep th and width interchange as t d ep ending on
whether th e v ibration is fia twise or edgewise.) For a
circular cross section, k = r/2; m is a constant which
has higher valu es for higher overtones, for th e
fundamental m= 4 .730 ; T is a corr ection fa ctor
which varies with lell and f..!. Pick ett used subscripts
for m and T since both factors vary with the order
of vibrations. Since only the fundamental fiexmal
r esonance fr equency is cOllsicl er ed h er c, th e subscripts
are dropp ed .
For cylindrical bars eq (7) becomes
E=1.26 19 [

F[l 2

15J pT,

(7a)

and for r ectangular bars eq (7) becom es

F.[l 2

E = 0.9464 [ t

J

pT.

(7b)

I
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Pick ett gives algebraic equ ations r elating T to
fe/lfor JL = O, 7t, and }~. In addiLion be gives numerical
solution of th e e equfttions for p articular values of
fe /l and o-rapbs b ased on t he e solutions. The graph s
for JL =) f and ;~, th e Lwo value whi ch sp an the range
of in ter est for steel, ar e repr oduced in fi gm e 2 from
Pi ckett's numerical valu e. T appr oaches 1 as le/l
approache
for all valu es of JL .
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of agreement in this fr equ en cy is a critical indication
of Lhc inLrini c uniformiLy of th e sp ecim ens. Th e
variation in £requ eHCY is insignifi can tly small, as
shown in table 3. Th ercJore, the specim ens must
b e uniform wi LIl 1'0 p cct Lo E as well as p ~ The
importance of t his r esul t can h ardly b e overem phasiz ed, since th e uniformity of the sp ecimens with
r espect Lo E and p is th e Jounda,t ion of th e entire
empil'ical approach ,
For th e sp ecim ens o f' se t I no su ch conclu sive ch eck
on the unii'ormi Ly of E is possibl e, so th at th e unifonnity of p mll st serve p"s indir ect eviden ce of the
uniformiLy of E, H owever , the evid ence just pr esen tcd for th e specimens of set II makes it mOTC
likely Lha t Lh e same situation holds for th e p ecim ens
of set I.
Th e empirical yalu es of T are obtained by substit ut ing t he b ase value of E for each set of sp ecim ens,
g ive)l in tabJc 4, anci Lhe oLh er appropriate parameters for eac h spee im rn, vJI of whi ch ar e lmown from
tables 1 and 2, in eq 7a or 7b.
It is in teresL in g to compare the values of E which
result fro)]]. a deLenninaLion b ase d on eq 7a and 7b,
usin g T obtain ed di rectl y from PiekeLt , with th e
base valu es of E uSNl aboYC' , For this purpose,
only th ose specimens of each se t ar c used ,,-hich h ave
the lowrst values of lell because for th ese, as was the
ease fo r longitudinal vihrf1tion s, it can be seen from
the theoretical ClIJ'YCS in fi gu l'c 2 thaL an errol' in
the choice of JL WOlllcl cause only ft negligibl e error
in T. VaJu es o( E for th ese sp ecimens of low fell
arc given b elow :

[2 4
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2. Em pirical cmd theoretical C!lTves showing th e e.fJect
of kjl on the COl'1"ection f actor, T , for Jle:cw'al vib,'a tions,

FIG U R E

kll is t he ratio of tbe radius of gyration of t he cross sectional area about an ax is
perpendiclliar to t he plane of vibration to t he length of the specimen, Sets I and
H represen t two separate sets of steel bars.

According to eq 7b, for a given value of E, the
flex Ul'al r esonance fr eque ncies of r ectangular sp ecim ens ar e ind ep endent of the dimension p erp endicular
to th e planc of vibration, Pickett shows in the
app endix of his pap er , which d eals with the problem
more rigorously, that in the extrem e cases of an
infinitely thin bar or an infinitely wide slab, this
dim ension (p erp endicular to the plane of vibration)
do es slightly affect the fl ex ural r esonanee frequency,
However , for the sp ecimens used in this investigation, this corr ection would b e insignifican t.
This m eans t hat if the sp ecimens of set II arc
r eally uniform with r esp ect to E as well a s p , t hen
tb e edgewise flexur<tl r esonance frequen cy of sp ecim ens II- 2 through II- 12 should all b e equal, since
the only variable for t bese specimens i.s the dimension
p erp endicular to the plane of vibration. The degr ee

SeL I , avemge of specimell s T- 19, I - 20, 1- 21, and
I - 22- 2085k iJ obal's;
Set II, average of specimell s JI- 4r l and ]1- 41"22113 kilob ars;
Set II, avem ge of specimens IT- ll and TT- 12- 211 5
kilo bars.
Th ese values ar e seen to b e in excellent agreem cnt
with those based on longitudinal vibrations and
givcn in table 4, The valu es b ased on lon gitudin al
vibrations are used in establishin g the empirical
values of T b ecause the equations on which they are
based are establish ed by long usage,
The empirical valu es of T are given llUmerically
in tables 1 and 2 and are plotted as ft function of
fe /l in figure 2. The average valu e oJ T obtained
from th e edgewise flexural resonance frequ ency for
sp ecimens II- 2 tlu'ough II- 12 of set II provide a
single point which is designated in the fi g ure. Figure
3 shows the same data in an expanded form,
Th e values for T from Pick ett, for JL = O,29 given
in figure 3, were obtained by a quadratic interpolation from Pick ett's equati.ons 1'01' JL = O, 1/ 6, and 1/3,3
3 ~rh('

actual equation used for this inter polation was:

T = 1+ 79.02 (1+0.0752

,,+0. 8 10~

( k)'
-125 -I
153

,,') (kll )'

120 1 (1+ 0.2023,,+2.173,,') (kll )'
1+ 76.06 (1+0. 14081 ,,+1.536 1" ) (kll)'·

1.0 26
T PICKETT IJ-L • ·29)
T P ICKETT II" • 1/6)

~

1. 0 2 2

_

B

B

1 . 0 18

- I'"
lIW

1 . 0 14

x:

U

a::
I-

~ 1 . 0 10

1.006

D

D

o

•

0_ - -

O _ - -t>

~-

0

"--0
..

0

1. 0 0 2

•

0 . 99 8

L_B~._B ---''--....J..._-'---I._--'--_-'----......I.._..L-'--'--.....l..._O- ' - _

o

. 02

.0 4

.0 6

.08

.10

.1 2

3. Expan ded /II ethod oj ~ how i ng d Ol ta i n fig ure 2 ill l/s h'ati ng (a), se p(l1'ation of empiTi cal correcti on f actor fo r round
and l'ectangu l(l1' s pecim ens, and (b), departure oj all e mpirical
points fr om theoretical (s olid) cu rve for J.L = 0. 29 .

FlGU R"

Square symbols represent rectangular specim ens; round sy mbols rc prcs(, ll t
cylindrical specim ens; hollow sym boIs, set I ; solid sy m boIs, set II; symbols with
crosses, special group (footnote 4).

The eompuLaLions involved in obtaining T for a
given value of J-L from this equation are obviously
more cumbersome than from the corresponding one
given in the ASTM Book of Standards, pt. 3, p . 1355,
1955 (C215- 55T ). However, the equation given in
the ASTM is inadequate necessitating the use of th e
equation given h er e.
Inspection of figures 2 and 3 shows th e empirical
points to fall on two distinctly separate curves .
The points determining these curves are not grouped
on the basis of which set of sp ecimens thev are
comprised but rather on the basis of whethe'r the
sp ecimens are cylindrical or rectangular. All of the
points forming the upper curve are derived from t he
rectangular sp ecimens of sets I and II, while all of
the points forming the lower curve are derived from
the cylindrical specimens of both sets.
Inasmuch as the empirical curves are developed
without any assumption for the value of J-L, these
data support the conclusion drawn previously Jrom
longitudinal vibrations; namely, that the specim ens of both sets h ave the sam e value or J-L.
However, the sep arn,tion of the empirical points
into two curves, one for cylindrical and one for
rectangular sp ecimens, is unexp ected ; for, according
to Pickett, the value of T at allY given kit should
depend only upon jJ. and not upon witeLile[" Lite bars

are circular or rectangular in cross section. 4 Actualiy, Pickett recognizes t hat an assum ption is
involved in the equali ty of T for specimens 01 circular
and square cross section.
Since the two empirical curves do diverge, especially at higher values of kit, it is r elevant to inquile
which empirical curve is in better agreement with
Pickett's theoretical relation.. All estimate of the
probable values of J-L for Llle two curves may be made
on Lhe basis of tlI eir relati ve positions from Pickett's
curves for J-L = }~ and J-L = %. Such an estimate leads
to a value of J-L for the upper curve of around 0.26 to
0.30 while for t be lower curve Ji appears to be around
0.17 to 0.19. Inasmuch as the J-L valu e so estimated
for the upp er curve is in agreement with the literature
as well as earlier parts of this investigation, while the
similar estimate for the lower curve leads to an
absurdly low value of J-L for steel, one concludes t hat
the empirical curve for rectangular specimens is in
better agreement with Pick ett tban tbe empirical
curve for cylindrical specimens. It also appears
that Pickett's cmve for J-L = Ys would give r easonably
good values of T for cylindrical sp ecim ens baving an
acL ual value of Ji "" 0.29.
I llspecLion of figure 3 also shows that the empiri cal
cu r ve for r ectang ular specimens dep arts from Lhe
LheoreLical curve for Ji = }{, by an increasing amo unt
as kll illcreases. For Lhe cylindrical specimens t he
curve appears to level off to a valu e slig htly n,boyc
Pickett's curve [01' J-L = Ys.

4. Summary
1. Empirical r elations have been developed from
which Young's modulus may be determined from t lte
longitudinal and fl exural r esonance fr eq uencies.
Two sets of steel bars were used as specimens. Both
sets were composed of cylindrical and rectangular
specimens. These empirical r elations have been
compared with corr esponding theoretical ones. Th e
accura cy of th e empirical determinations ar e such
Lhat numerical comparisons with the theory to four
significant figures are justified.
2. For longitudinal vibrations, the empirically
determined curve for t h e cylindrical sp ecim ens,
agrees 'with the corresponding theoretical one (b ased
on Bancroft's numerical solution of the Pochhammer-Chree equations fOT this par ticular boundaIY
condition) if a value of Poisson's ratio of 0.292 is
assumed for both sets of sp ecimens. This value is
in agreement with that found in the literature for
steel.
3. For fl exural vibrations two separate empirical
curves develop. One curve is formed by the r ectangular specimens of both sets and a second curve is
4 This unexpected result was further tested using an entirely different group of
six specimens all cut from the same soft steel. Sped.l care was taken to have the
specimens bomogeneous and isotropic . '1' ho six specimens were divided into
three pairs. each pair having the same length and tlle same value of k. One
specimen of each pair was circular and tbe other square in cross section.
If Pickett's assumption oi the eqnality of the correction iactor T for square
and cylindrical bars of tbe same k/l is correct, then eacb of tbe above pairs should
have the same flexural resonance frequency. However, the frequencies of each
pair were found to differ from eacb other by an amount in agreemen t with the
empirical results already obtained for sets I and II. Points representing these
specimens are included in fi gure 3.
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form ed by Lhe cylindrical speeilll ens of boLh sets.
The eurve form ed by the rectanO"ular p ecimens is in
fair agreen"lenL wiLh the ol"l'e ponding theoretical
relation (ba ed on 'rimo henko, Go ens, and Pick ett)
i[ a value of Poisson's ratio abouL 0.292 is again assum ed. However, the empi:rical curve form ed by th e
cylindrical sp eclm ens would ag ree with the theor etical one only if a Poisson's ratio of about )i is assumed
for them. Since thi valu e is obviously too low 1'or
sLeel, ba ed on the literature and the present study,
it is concluded Lhat the experimental r esults agree
with the theory for r ectangular specim ens but that
Pickett's' equaLion s give too Jligh a value for th e
correc Lion facLor for cylindrical specim ens.
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invaluable help of J'. B. vVachtman, both for information of a gen eral background nature and also
for clarifying many particular problems w~hjch arose
during t he CO UI' e of Lhe investigaL ion .
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