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Partially Balanced Incomplete Block Designs With
Two Associate Classes and Two Treatments

Per Block

Willard H. Clatworthy

In physical science experimentation the experimental material may divide naturally
into groups of two objects (treatments) each. Thus, the experimental arrangement will
involve what is known in the design of experiments as an incomplete block design. In this
paper an investigation is made of a special kind of incomplete block design known as the
partially balanced incomplete block design with two associate classes. In these designs the
various comparisons of pairs of objects involve two kinds of precision.

An enumeration is made of all paitially balanced incomplete block designs with two
associate classes and two treatments per block where r, the number of times each treatment
appears in the arrangement, is less than or equal to 10. Simple instructions are given for
writing the experimental arrangements. These designs have a definite known method for
analysis of the data. No attempt has been made to state which of the various designs are
best, since it is felt that the best design must be determined for the particular investigation.

1. Introduction

It happens rather frequently in physical science experimentation, and occasionally in
biological investigations, that the experimental material divides naturally into groups of two.
For example, the comparison of the lengths of meter bars is conveniently made two at a time,
the testing of experimental rubbers for automobile tires might be performed with the two
halves of a tire made of different experimental rubber, or nutritional experiments might involve
twins. Designs with two treatments per block have been studied by Yates [11]', Kempthorne
[10], Youden and Connor [9], and Bose and Nair [5].

The object of this paper is to investigate the class of partially balanced incomplete block
(PBIB) designs with two associate classes having

(a) two treatments per block, and

(b) 10 or fewer replications of each treatment.

A complete enumeration has been made of all sets of parameter values for all designs of this
class that satisfy the necessary conditions for PBIB designs with two associate classes set
forth in [3, 4, 6, 7, 8]. Solutions (experimental arrangements) for all parameter sets given in
the enumeration are contained in this paper with but four exceptions. In these four unsolved
designs the number of treatment-pairs (blocks) is rather large, and an intensive search for
solutions was not made.

Bose [1] has exhausted the class of PBIB designs with two associate classes and two repli-
cations of each treatment. Designs found in [1] that fall within the scope of this investigation
are included here.

The great majority of the designs of the class under consideration may be classified accord-
g to four types discussed in [6], namely, group divisible designs, triangular designs, square
designs, and cyeclic designs.

2. Definition of a Partially Balanced Design With Two Associate Classes

A partially balanced incomplete block design with two associate classes is an arrangement
of » treatments in b blocks, such that:

1. Each of the » treatments occurs » times in the arrangement, which consists of b blocks
each of which contains £ experimental units. No treatment appears more than once in any
block. '

2. Every pair among the » treatments occurs together in either \; or X\, blocks (and are
said to be ith associates, if they occur together in \; blocks, i=1, 2).

1 Figures in brackets indicate the literature references at the end of this paper.
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3. There exists a relationship of association between every pair of the » treatments satisfy-
ing the following conditions:

a. Any two treatments are either first or second associates.

b. Each treatment has n; first and 7, second associates.

c. Given any two treatments that are ith associates, the number of treatments com-
mon to the jth associates of the first and the kth associates of the second is pi,, and this
number is independent of the pair of treatments with which we start. Furthermore,
For partially balanced incomplete block designs with two associate classes, it is well-

known that the following relationships are necessary:

vr=>bk, ; (D)
v="n,+n+1, : (2)

M+ Nna=r(k—1), (3)
Pt piz+1=ph+ph=mn, (4)
Pit ph=ph+pht+1=n, (5)
N1Pla="2Pis, N1 Pl =N2Pl. (6)

The eight parameters v, b, 7, k, N\i, Ny, 71, and 7, are known as the parameters of the first
kind, and the parameters pi, (i,7,k=1,2) are called the parameters of the second kind. The
parameters of the second kind may be displayed as elements of two symmetric matrices.

(ph ph) (pﬁ p%)
JPu= and JP= A (7)
P Di D3 Dhe

For a general definition of a partially balanced incomplete block design with m(>1)
associate classes and for a discussion of the classification, properties, and analysis of designs
having m=2, the reader is referred to the excellent paper by Bose and Shimamoto [6]. The
notation used in the present paper follows rather closely that in [6].

A design is said to be connected if for every two treatments, two blocks, or a block and a
treatment, it is possible to pass from one to the other by means of a chain consisting alternately

of blocks and treatments, such that every treatment of the chain oceurs in each of the adjoining
blocks. In this paper only designs possessing the property of connectedness are considered.

3. Group Divisible Designs With Two Treatments Per Block

In the group divisible designs the »=mn treatments can be divided into m groups of =
treatments each, such that any two treatments belonging to the same group are first associates,
and any two treatments belonging to different groups are second associates. Bose and Shima-
moto [6], who discovered the group divisible designs, showed that their association scheme is
an mXn rectangular array of the » treatments in which the rows constitute groups. For these
arrays they showed that the following relations hold:

n=n—1, ny=n(m—1), (n—DN+nm—1)N=rk—1), (8)

and the parameters of the second kind are the elements of the symmetric matrices,

n—2 0 0 n—1
Pr=(p}) :( )’ Py=(p}) 2( ) 9)
0 n(m—1) n—1 n(m—2)

For the special case in which each block consists of two treatments (k=2), each treatment of a

178



group is paired with each of the other n—1 treatments of the same group \; times and with each
of the treatments of the other m—1 groups A, times to form the blocks of the design. Obviously,
each of the v=mn treatments occurs

r=(mn—1)N+n(m—1)x, (10)
times in the design that contains

b=mn[(n—1)\+n(m—1)\;]/2 (11)
blocks each of size k=2. ‘

Note that for a given subclass of designs characterized by known values of », k=2, b, N\,
and N, all designs of the subclass are determined by the sets of all integral values of m and n
(m,n>2) satisfying (10) and (11).

For any PBIB design with two associate classes, Bose and Shimamoto define four com-
putational constants ¢, ¢;, /1, and A by means of the following relations:

KA= (rk—r+N) (rk—r+N) + (M —No) {7(k—1) (pia— pl2) +-Nepra— Mipha }, (12)
kH= (2rk—2r+N+N\) + (pi—pis) (M —N), (13)
kAci=N(rk—7+4No) + (M —N2) (\epiz—Mphs), (14)
kde,=No(rk—7r4N) + (M—N2) \apia—Niph). (15)

For group divisible designs with two treatments per block these expressions simplify to

01:2)\1/(/'—‘}")\1), 02:2[0"—{"7[)\1))\2“‘(’n’_‘1))\%]/7”]1)\2(1'—*—)\]), (16)
H=n[\+(2m—1)N)]/2, (17)

and
A=mnX(r-+2\) /4. (18)

It is known that Ay, the “between group N’ of group divisible designs, is never zero; hence there
is no difficulty in evaluating ¢,.

The efficiency, I, of group divisible designs with block size two, as compared with a
randomized block design with the same number of treatments and replications, is given by

E=mm—1)/[(n—1)(2—e¢;) +n(m—1)(2—cy)]. (19)

Table 1 contains the parameters of all group divisible designs with two treatments per
block and 2<7<10. The computational constants ¢, ¢;, [, and A, and also £ are given. Of
course, there exist many other group divisible designs with k>3, as well as designs with k=2
and »>10.

The construction of group divisible designs with two treatments per block by use of the
groups (association schemes) is exceedingly simple. For example, let us construct design 2 of
table 1. This design has parameters

p=6, b=9, r=3, k=2, m=2, =3, N=0, N=LI.
Let the six treatments be represented by the integers 1, 2, - -, 6, and let the m=2 groups be
1e2es

4 5 6

By the rule previously given for forming the blocks, no treatment of any group can occur in a
block with any other treatment belonging to the same group (since \;=0), and each treatment
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TaBLE 1.  Group divisible designs with two treatments per block and 2<r<10

Refer- i

TGN

ence v b 22 A ‘ o ‘ Cy Cy H A E
1 4 2 Smn Sor resi g ‘ 1 TEES P R i RN 3/5
2 6 g | <3 . 2 LR s R 0 | 13 g2l g 5/9
3 TR RO R TR R O e Sy ok e i RS YA S 6 | 15/26
1 e O M R e ‘ Pl R /B g I h
5 4 8 | 4 % i % (=0 O yz | B« g RIEa S35
6 4 & |5 I gnl I gk gt e e g gn i O R R AT T
U TR T 155 B 8 0 e TN iR g T faridiah 15 | 152 252 | 917 |
8 4 | 10 551 e 1 S 13/24 | 7 12 | 36/55 |
9 4.1 10 | B 2| 2431|347 18 | 6 RS
10 8 R BT L 2 TR T e 12| 1425 |
} \ \ \ 1
11 e G Y o e AL M T Y T 0 2/9 | 152 | 27/2 6/11 |
W A% 86 b e 2ol e e 1y 0 N 18 /21 |
13 4 | 12 6 | 2| 2|01/ 3] o 2 |9 18 35 |
14 6 | 18 6 | 2 3| 0] 2] o Y3 | 9 | 18 59 |
15 6 -8 6 | 3 R e SR T 1/4 R R, R T B
ottt ) | |
16 4 | 12 6 | 2 2 | 4 | 1| 45 —1/10 7 | T L 7
17 | 14 | 499 | 7| 2 Tl i0n of 0 1/7 21/2 49/2 | 13/25 |
18 6 Jmr e sl sad bl g 1/9 527 | 15/2 27/12 | 45/77 |
19 R R e R A R R B3 | 3/5 | 2/15 8 15 | 75/133 |
20 4 | 14 BN O S S B B 1/4 | 13/24 10 2¢ | ‘oj1a |
21 4 | 14 7| 2| 2] 38| 2| 35 17/40 9 20 60/91 {
22 4 14 7 DRSS 5 iy =735 | 8 12 18/35
23 10 40 8 oo O SRR () 15 9 2() 45/82
24 | 12 | 48 S 3 40| 1] o 16 | 10 21 33/62 |
25 | 16 | 64 8 | 2 8 ‘ 0| 1] o 1/8 12 32 15/29 |
| ‘ ‘
26 6 24 8 3 2 |0 2 | 0 1/3 10 24 | 15/26 |
27 8 | 32 g8 | 2 a0l 2] 0 1/4 12 32 | 713
28 4 | 16 8 | 2 2 | 0| 4| o0 1/2 12 32 | 35
29 6 | 24 g | 2 R R o T 10/27 | 212 | 27 45/76 |
30 8 | 32 el ‘ 2 | 2| 1| 25 1/5 9 | 20 35/62 |
‘ | |
31 4 | 16 ot [ Ty ‘ 2/5 8/15 11 30 15/68
32 6 24 8 Se|oRa 1 2/3 0 QR g e R RO
33 4 16 8 2 | 2 | 4 2 ‘ 2/3 1/3 10N Sl 24 e O T o
34 4 | 16 RE o R P T BT AT g ok ek 21/44
35 | 12 | 54 i T R 00 O TR 0 1/6 21/2 ‘ 27 } 22/41
36 | 18 | 81 9 | 2 g 0 N 0 | 1/9 272 | 812 i 17/33
37 6 | 27 9 | 2 TS T e g 1/3 2712 | 81)2 5/9
38 6 | 27 g1y 21 1. 1/5 7120 | 11 | 30 | 25/42
R RO T It S R S N R &R PR LT R R e b e
10 8 | 36 g s R 1/2 1/8 TV B T B
| |
11 4 | 18 9 | 2 g iy 4 1/5 43/80 13 10 i 10/63 |
12 6 | 27 gidoy A 5/7 Ay 10 21 35/69 |
43 4 18 9 2 2 ol % 5/7 13/56 11 28 | 28/45 I
44 | 12 | 60 | 10 | 6 o it 0 196 LAt oo e 33/61
e R 1 - G T Bl Sy dley 0 | 2/15 | 25/2 } 75/2 | 21/40 |
1 \
46 | 20 |100 | 10 | 2 | 10 1 1P A 0 110 | - 15 -~ |80 | 10/37
47 | 10 | 50 | 10 | 2 5 |0 | 2 0 1/5 15 et SEs T g
48 4 L2 |lel 2 2 ‘ 0| 5 0 1/2 15 R e
TR R (o e e Bt T 8 il e 1/3 1/8 10 24 | 14/25
i e L e T P g o 13 | 427 | 21/2 27 | 36/65
7 G | T M TR 9 i e 1y 1/3 1/6 1 30 | 27/49
e B U Gt O Sy O S et 4/7 1/28 11 28 | 98/185
53 R B T T BT i B ) 5 oy 1/ 13/24 14 48 | 36/55 |
54 400 a0 2 QU BuSig e gy 19/42 13 | 42 | 63/95
55 G 1013 2 | 6 1 3/4 —7/24 I o e D D5
56 4 | 20 10 | 2 g b el A el VB SR Big. o
57 £ 4 op0 o002 B g 89 | —19/18 R O T 27/65 |
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must occur once in a block with each of the treatments not in its group (since \,=1). Thus,
the b=9 blocks of the design are the treatment-pairs in the following columns:

{0 s D e . i SN

4 5 6 4 5 6 4 5 6

4. Triangular Designs With Blocks of Size Two

In [6] triangular designs are defined and discussed. Triangular designs have v=n(n—1)/2
treatments and an association scheme described as follows. The treatments are arranged in
order and in a symmetrical fashion about the principal diagonal of an nXn array in which
the principal diagonal is blanked out. For example, if n=4 and the »=6 treatments are
denoted by the integers 1, - - -, 6, the association scheme is

FEISEIESS

1z acrdiesh

255 Ak 8

i T Je
Two treatments lying in the same column are first associates, whereas treatments that do not lie
in the same column are second associates. Thus, in the above example, treatments 2, 3, 4, and 5

are first associates of treatment 1, whereas treatment 6 is the only second associate of treatment
1. In [6] it is shown that

n=2(n—2), ny=(n—2) (n—3)/2, (20)
n—2 n—3

])1:(17:1'1:, —( ), (21)
n—3 (n—3)(n—4)/2

and

4 2(n—4)
Py=(p}) :( )7 (22)
2(n—4) (n—4)(n—>5)/2

where n=4.

If, when the » treatments are arranged in an n X7 array as described above, we form all
possible treatment-pairs (blocks in the case £=2) by pairing each treatment of a row (or
column) with every other treatment in the same row (or column), we obtain a design with
parameters

v=n(n—1)/2, r=2(n—2), W=l n=2(n—2),

(23)
b=n(n—1)(n—2)/2, =0, A=0, ny=(n—2)(n—3)/2,

and parameters of the second kind given by (21) and (22).
For triangular designs the computational constants c;, ¢, F, and A of (12), (13), (14),
and (15) simplify to

ci=4/n(n—1), c;=—2(n—4)/n(n—1), (24)
H=3n—2)/2, and A=n(n—1)/2. (25)

The efficiency of a triangular design, as compared with a randomized block design with the
same number of treatments and replications, is given by

E=n(n—1)(n+1)/2(n—2)(n*+3n—2). (26)

If, instead of forming the treatment-pairs for the blocks as described previously, we pair
off each treatment with each of the treatments that does not lie in the same row or column
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of the association scheme, we obtain a triangular design whose parameters are

v=n(n—1)/2, r=mn—2)(n—3)/2, M=0,
b=n(n—1)(n—2)(n—3)/8, =0 N e
and (20), (21), and (22), where n >5.
The constants ¢, ¢;, H, and A for the latter triangular designs are given by
c;=—8/n(n—1)(n—4), co=4/n(n—1), (28)
H=n*—4n-+2)/2, and A=n(n—1)(n—2)(n—3)(n—4)/16, (29)

and their efficiency is given by

E=(n+ny) /[m(2—e1) +12(2—¢5)]. (30)

Table 2 gives the parameters of all triangular designs with £=2 and 2<r<10, along with
the corresponding values of ¢;, ¢;, H, A, and £. Obviously, triangular designs with =2 and
> 10 can be found, as can designs with £ >3.

TaBLE 2. Triangular designs with two treatments per block and 2<r<10

\ } |
I}efgg v b r ‘ n )\1 >\3 Cy Cy H A E
|
1 6 12 4 | a1 |0 1/3 0 B 6 15/26
2 10 30 6 | 5| 1|0 1/5 —110 | 13/2 10 10/19
3 15 60 8| 6| 1|0 215 | —2/15 8 15 105/208
4 21 | 105 | 10 | 7 | 1] O 221 | —17 19/2 21 42/85
5 10 15 0 S 0 T R O s 1/5 7/2 5/2 5/11
6 15 45 6 | 6| 0| 1| —215 2/15 7 45/4 105/212
7 21 | 105 | 107} 7oLl Saes 221 | 232 63/2 126/250
8 6 24 8. .4l 0 1/3 0 10 24 15/26
9 10 30 5. L& 00t aal ears 1/5 7 10 5/11

Construction of triangular designs with two treatments per block is easily done by use of
the association scheme for the design and the rules for formation of the blocks stated earlier.
For example, the association scheme for design 2 of table 2 is

*1 2 3 4
TR B 6 R 7
2ERHESERISS IO
3 6 8 * 10
AT O (EE

Since \;=1 and \,=0, the b=30 blocks of the design are formed by writing all pairs of numbers
lying in the same row (or column) of the association scheme:
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5. Designs With Square Association Schemes

Consider »=s* treatments arranged in a square array of side s. Let this sXs array be
the association scheme of the design. We shall form blocks of size £ by forming all possible
distincet k-plets from the treatments lying in each of the rows and in each of the columns of the
array. KFrom one row (or column) it is possible to form €} distinct k-plets, where Cf represents
the number of combinations of s things taken £ at a time, £ and s being restricted in this appli-
cation by 2<k<s. In this manner it is possible to form s=2sC} blocks, each of size k, and
each of the »=s’ treatments will appear once in each of »=2C;-} blocks. Two treatments
lying in the same row or in the same column of the association scheme are first associates, while
two treatments not lying in the same row or in the same column are second associates. Thus,

n=2(s—1) and ny= (s—1)2. (31)

Two treatments that are first associates occur together in ;=% blocks (when s=#k=2, we define
(% to be unity), while two treatments that are second associates do not occur together in any

block. Hence,
N =2 and A=0. (32)

Lt is easy to verify that the matrices P; and P, of (33) give the correct values for the parameters
of the second kind. Thus, we have a two-parameter family of designs with

2

a2 g=1l
2(2:}, )\1202:3, 711:2(~\'—1), ])1: ’

V=g, =
s—1. (s—1)(s—2)
(33)
2 2(s—2)
b=2sC;," k=k, =), Ny=(s—1)?, P,= ,
2(s—2)  (s—2)?
where s>k>2.
The expressions for ¢, ¢;, H, and A simplify, in this type of design, to
Cl-:k/-8‘2, Co= —k('\._"z)/'\‘z: (34)
38 ys-2 9 o=
H== C,~» and =G/ (35)

The efficiency of these square designs, as compared with randomized block designs with the
same number of treatments and replications, is

E—=s(s+1)(k—1)/k(s—1) (s+3). (36)

In the special case s=Fk, the set of parameters (33) becomes

§—2 S==l
= R =l g =I), Je= : ;
s—1 (s—1)(s—2)

2 2(s—2)
D=2 =5 NS = (N7, = (S SR R — y
2(s—2) (s—2)2

which is the family of familiar simple square lattice designs with »=2 replications.
Putting k=2 in (33), we obtain the family of square designs with two treatments per
block, the parameters of which are
P, r=2(s—1), =l m=2(s—1),
(38)
b=s*(s—1), =2 A=0, na=(s—1)>%
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where s>2, and the parameters of the second kind are given by (33).

All of the designs discussed in this section are of the type known as Latin square designs
with two constraints [6].

Setting s=2, 3, - - -, 6 in (38) we obtain the first five designs of table 3. Designs 6, 7, 8,
and 9 are n-plicates of design 1, 1. e., their solutions are obtained by writing the solution of design
1, n=2, 3, 4, 5 times, respectively. Design 11 is obtained by pairing each treatment with the
treatments not lying in the same row or column of the square association scheme. If the
associate classes of design 11 are renamed, so that \;=1 and \,=0, it is seen that it is a Latin-
square type with =3 constraints.

TaBLE 3. Square designs with two treatments per block and 2 < » < 10

o ; 1 ‘ ;
Re(;fgg 5 v b 7 [ A A | C1 ‘ Co ‘ I } A E
| ‘ |
1 4 4 2 9 ‘ 1 0 ‘ 1/2 ‘ 0 ’ gl D 3/5
0 9 18 4 a3k 0 | G = 9/2 | 9/2 1/2
3 16 48 6 4 |1 0 Tyl e GE o 8 10/21
4 25 100 8 Gyl ] 0 2/25 —6/25 15/2 | 25/2 | 15/32 |
5 36 180 10 el 00 i /18 | —2/9 | 9 ol s
6 4 8 4 22 0 | TR 0 | 6 8 3/5
7 4 12 6 OR[N 0 128 0 ; 9 18 3/5
\ 8 4 16 8 2 | 4 0 | /2 | 0 [ 32 3/5
9 4 20 | 10 D i 5 ont| 1/2 | 0 | 15 50 3/5
10 9 36 | 8 Ry | Bs 0 \ 2/9 | —2/9 Wl 1/2
‘ : |
| 11 16 72 % 9 4 ‘ 0 R R VL 1/8 } 1S RO 80/123
| | | |

Again, the association scheme and the rule for formation of the blocks provide the method
of construction that holds for square designs with k=2 and »>>10, as well as for the designs of
table 3. To illustrate the construction of square designs, the association scheme for design 2
of table 3 may be represented by the 33

2
4 5 6
S0
array of integers 1,2, - - -, 9. Since ;=1 and \,=0, the b=18 blocks of the design are formed

by pairing every number with every other number lying in the same row or column. Thus,
the 18 blocks are

12 45 78 14 25 36
18 46 79 17 28 39
23ISR GRS RO TN H S S 6RO

|
|
|
|
|
|

6. Cyclic Designs With Two Treatments Per Block

Another type of partially balanced design defined and discussed in [6] is the cyclic type.

Let the » treatments be represented by the integers 1, 2, - - . ». Then the first associates of
treatment ¢ (1=1,2, - - -») are
t+dy, itdy - - -, t+d,,  (mod v), (39)

where the d’s satisfy the conditions:
1. The d’s are all different and 0<d;<» (j=1,2, - - -ny);

2. Among the n,(n,—1) differences d;—d; (j5%k; j,k=1,2, - - - n;) reduced mod », each
of the numbers d,, dy, - - -, d, occurs a times and each of the numbers ¢, ¢,, - - -, ¢,, occurs 8
times, where d,, - - -, d., €, + « -, €,, are all the numbers 1, 2, . . ., v—1, a=p},, and
2
B=pi.
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In the special case of PBIB designs with two associate classes and k=2, determination of
a difference set dy, ds, - - -, d,, satisfying 1 and 2 above is equivalent to construction of the
design, since each of the treatment-pairs (i, 1+d;) reduced mod » (1=1,2, - - - v; 7=1,2, - - -y
is a block occurring A\, times, while each of the treatment-pairs (i, i-+e¢) reduced mod -
(2=1,2, - - -w; k=12, - - - m,) is a block occuring X\, times.

In table 4 are listed 11 designs having cyclic solutiens.

Tasre 4.  Cyclic type designs with two treatments per block and 2<r<10

e | |

| Iiif(?é‘- v b r i M N | nl| a B ; c ) H } A E ‘

R 5 5| 2| 1] 0| 2| 2| 0|1 ‘ 2/5 | —2/5 sz | s | 12 |
|9 50 10/ 4| 2| 0| 2| 2| 0f 1| 25 |[—25 GO (e 172
03 Glomsil el s sl e g =k 15/5 45/4 1/2
| 4 o et N B e R 8 i RS R 2/5 15/2 55/4 | 55/86
| 5 TR e e e 1 ‘ 2/5 | —2/5 10 20 1/2
| 6 s1790 L.val saiaa  vail o ) L aeien 1498 10 | 954 | 19/32

ke N i [ R 8 0 8 B T SR T R SR, A 25/2 125/4 F
| 8 e S 1 B W el e R B e 2/29 | 25/2 ‘ 145/4 | 29/50

g B 251 10| 3| 27 2 2| 0f 1| 14/31 | 10/81 | 25/2 155/4 | 31/50 |

10 13 ‘ 39| 6| 1 0| 6| 6 ' 2| 3| 2/13 | —2/13 | 13/2 ‘ 39/4 1/2 ‘

| | | i ‘ :
11 17| 68| 8 1 0| 8 ; 8 ‘ 3| 4 ‘ 2/17 | —2T T o o 12 |
1 ‘ : ‘ | \ |

The designs 1 to 9 of table 4 have the difference set d,=2 and d,=3 (mod 5). These
designs belong to the family having parameters

(0} b
V=35, r=2\+N\), N, m=2, P= ,
il

(40)
ol
b::S()\1+)\g), k:2, )\2, ))2:2, ])2: .
11,

Designs of (40) have a geometrical representation that provides an association scheme.
Aes . e . . S A A :
Number the vertices of the five-pointed star 1, 2, 3, 4, 5, in clockwise order. Each line of the

2

5 4

star connecting two vertices is a block occuring \; times, while two vertices not connected by
a line is a block occurring \, times, where \; and X\; are nonnegative integers satisfying (39).
Design 10 of table 4 has the difference set,

Whi=2 =03, Ghe=8), (b=, (=1, dh=hl - (el 1169).

Since \,=1 and \,=0, each of the treatment-pairs (7, i+d;) reduced mod 13 (1=1,2, - - -/13;
j=1,2, - - . 6) occurs once to give the b=239 blocks:
132435409511 613 911
162738410 512 79 1012
I7_§394115137121£

ot
e
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Design 11 of table 4 has the difference set
d1:3, d2:5, d3:6, (l4:7} d5:10, dﬁ———].], d7:12’ d8:14y
which, when developed mod 17, will yield a table of first associates for the treatments 1 to 17,

where 0 is replaced with 17. Since \;=1 and A\,=0, pairing each of the treatments with each
of its first associates will yield 68 distinct treatment-pairs, which are the blocks of the design.

7. Other Designs With Two Treatments Per Block
In table 5 are listed 8 sets of parameter values, 4 sets of which are unsolved.

TaBLE 5.  Other designs with two treatments per block and 2<r<10

ST | |
Ii(;]f(?é‘- v b r St A2 ny Ny ph pfl C1 Cy H A E
1 16 40 5 il 0 5| 10 0 2 1/8 —3/16 6 8 12/25 }
2 16 80 | 10 2 0 5| 10 0 2 1/8 —3/16 (2 RS O P 12/25 |
3 16| 8 |10| 1| of|10| 5| 6| 6| 1/8 —112| 10 | 24 18/35
*4 21 105 | 10 1 0| 10 10 41 b
*5 26 130 | 10 1 0|10 | 15 3 4
[§ 27 135 | 10 1 0| 10 | 16 1 5 2/27 —2/27 12 135/4 117/236
*7 50 175 14 1 0 7 | 42 0 1
*8 56 280 | 10 1 0| 10 | 45 0 2 | 3
| | \ : \

We shall now give a construction for design 1. ILet 6 represent any treatment of the
design, let the n,=35 first associates of 8 be a, b, - - - | ¢, and let the n,=10 second associates
of 6 be the integers 1, 2, - - - | 10. Since \;=1, \,=0, and p},=0, the five treatments that
appear in the blocks containing a common treatment must be second associates of each other,
and since pi; =2, any pair of these treatments must have just two common first associates. It
is easily seen that the following 25 blocks satisfy these requirements:

6a al bl c2d3ed
8b a2 b5 ¢5 d 6 e 7
fc¢ a3 b6 c8 d8 e 9
00 a4 b7 c9 410 e10
0 e

|

Reapplying the above requirement, it is seen that no treatment-pairs can be formed from
treatments within the following groups:

(1,2,34), (1,5,6,7), (2,58,9), (3,6,810), (4,7,9,10).

Hence, the three remaining blocks containing 1 must contain 8, 9, and 10; the three remain-
ing blocks containing 2 must contain 6, 7, and 10; the remaining blocks containing 3 must
contain 5, 7, and 9; the remaining blocks containing 4 must contain 5, 6, and 8. This gives
the following blocks:

=
(]
X}
(=)
5V
o
'S
o

|
|
|
|

=
(V)
~
w
-~
'S
(2]

|
|
|

=
—
(=]
)
—_
=
w
o
g
o2}

|
|
|
|

The remaining three blocks must contain 5, 6, - - - , 10. Reasoning as before, it is clear
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that these blocks are
510, 69, and 7 8.

This gives the =40 blocks of design 1. The reader can check the constancy of the
i (1,7,k=1,2) for all treatment-pairs of the design.

The solution for design 2 of table 5 consists of the blocks of design 1 written twice.

Let us now develop some theory that will enable us to construct design 3 of table 5.

Consider any PBIB design with 2 associate classes and 2 treatments per block, and let
its parameters be denoted by v, b, 7, k=2, \;, Ny, 11, ns, and p¥, (3,7,k=1,2). Let us adopt
the convention \; >X\,>0. The blocks of this design are some b treatment-pairs from among
the »(»—1)/2 distinet treatment-pairs that can be formed from the » treatments. The b
blocks will not all be different unless \;=1 and N\,=0. Let D represent this design.

Let us form a design D’ from D as follows: If a treatment-pair (a,8) occurs in \; blocks
of D, let (a,8) occur in \; blocks of D’; if (a,8) occurs in \; blocks of D, let («,8) occur in A\
blocks of D’.  Weshall call design D’ the pair-complement of design D.

Let the parameters of design 1)’ be represented by the usual letters carrying primes.
Any treatment « will occur in \; blocks with each of its 7, first associates in design D and will
consequently occur in \; blocks with each of these n; treatments in design D’. Similarly, «
will occur in \; blocks in D)’ with each of the 7, second associates of ain D). If we put \;=NX\,,
then clearly, '

i =2 N =N N — N e = — v (41)
Consequently, « occurs in
7":)\2711+)\1n2 (42)
blocks in 20/, and D’ will contain
b’ =v(\gny+Nmy) /2 (43)

blocks. A bit of reflection on the parameters of the second kind for 1)’ reveals that

P P
Pl=(ph)= &
P, Ph
and
Dy Py
Pi— (32— : (45)
Pla  Ph

It is easy to verify that the parameters of )" satisfy the necessary relations among the param-
eters set forth in [4].

Consideration of the association schemes of group divisible, triangular, Latin square, and
cyclic designs with two treatments per block shows that if design 1) is one of these types, then
its pair-complement D’ is of the same type. It should also be noted that the existence of D
as a connected design does not guarantee that )’ will be a connected design. For instance, if
pih=N\=0, then D’ will be a disconnected design of the group divisible type.

The parameters of design 1 are

0 4
=il =y Nl =5, A= )

4 6
(46)
o A
b=40, k=2, N\=0, n,=10, sz( )
3 6

187



If design 1fis design D, then its pair-complement 1’ will have parameters
g P

RS
=il =i W=l an= i), M= )
S

6 4
b,=807 k,=2a >\;:0: n;:5’ P;:( ).
4 0

But (47) is design 3 of table 5. Hence, design 3 is the pair-complement of design 1.

After a change of notation the b=80 blocks of design 3 may be written as follows:

i e R T 5 R
TR L B
1.9, 2 538 6, 4°0 518740
Lot g Lo S el B e S S
A5 Sive 1 ol e ) VG
Leand s dlle o BB i
113 28 T8 qdv 118" 1610 .8F
PR U R B
LlbC 2 o el T e it
116 216 .4 5 5 8 614 814

8 15
910 916 1016 11 14 12 14 13 16

9 12 1013 LINT2 I1 515 2 125167 14 1o
914 1015 11 13 1213 13 15 .14 16

|
|

An examination of the pair-complements of the designs discussed in this paper will show
that they are either

a. Disconnected designs in which we have no interest,

b. Designs with 7>>10,

c. Self pair-complementary, i. e., have the same parameters as D, or

d. Other designs that are included in this paper.

We shall next prove a theorem that will enable us to construct design 6 of table 5.

Suppose a construction exists for a design D that has parameters », b, », k=3, \;=1,
N=0, 1, Ny, and i, (1,7,k=1,2). We shall form a design D* from design D as follows: If
B;=(a,B,v) is a block of D, then the treatment-pairs («,8), («,v), and (B,y) shall be blocks of
D*. Obviously, any treatment-pair (6,7) that occurs in \; blocks of D will also occur in M=\,
blocks of D*, (1=1,2). Any treatment of D* will consequently have the same ith associates
as it has in ). Hence, the parameters of the second kind pi; (7,7,k=1,2) of D* will be the same

as the corresponding parameters of D. Thus, D* is a two-associate class PBIB design with
parameters,

l‘*:l', 7‘*:2r; )\ikzlr n;k:nly P;k:(pllk>7
(48)
DY b g et s e T

188



This proves the theorem:

TureoreEM. If a solution for design D having parameters v, b, v, k=3, \;=1, \a=0, 1y, Ny,
and piy (1,7,k=1,2) exists, then a solution for design D*, whose parameters are given by (48), also
exists and consists of all distinct treatment-pairs that can be formed from the treatments within the

blocks of D.

Now Bose and Clatworthy [2] have solved the design whose parameters are

IS
1’227y ":5, )\1:1, 711:10, Pl: )
AR

5 5
b:45, ]{':3, )\Q:O, 772:16, L= .
5 10

The blocks of design (49) are:

110 11

21213 41220 62015 82017 10 20 19

21415 41422 62213 82413 10 26 13

20016005 4 168524 = 6169278 8182311016523
21819 41826 61825 81427 10 14 25
32021 51321 72419 92219 112217
32223 51523 71726 91526 111524
32125 51725 71421 91621 111821
32627 51927 91223 91225 11 1227

~

Thus, by the theorem, design 6 of table 5, having parameters

= gl el =), IR =R

b*=135, k*=2, M=0, ni=16, Pr=P;

has a solution that may be obtained by forming the three distinct treatment-pairs from the
treatments in each of the blocks of design (49).

8. The Enumeration Problem

There exist many sets of parameters for PBIB designs with two associate classes, k=2
and 2 <r<10, that satisfy the necessary relations set forth in [4] and restated in [6]. However,
not all such sets of parameters have solutions (constructions). The writer has obtained an
exhaustive enumeration of the sets of parameters for the class of designs investigated in this
paper by use of theory developed in reference [7]. Those parameter sets that fail to satisfy
the necessary conditions for the existence of solutions given in [3, 6, and 8] were discarded.
The remaining sets of parameters appear in this paper. Constructions are given for all de-
signs for which parameters are listed in tables 1 to 5, with four exceptions. These four designs
are the designs of table 5 marked with asterisks. For these designs, b is rather large, and
consequently an intensive search for solutions was not made.
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For suggestions leading to the construction of designs 3 and 6 of table 5, the writer is
indebted to W. J. Youden.
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