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Partially Balanced Incomplete Block Designs With 
Two Associate Classes and Two Treatments 
Per Block 

Willard H. Clatworthy 
In physical science experimentation the experimental material may divide naturally 

into groups of two objects (treatments) each . Thus, the experimental arrangement will 
involve what is known in the design of experiments as an incomplete block d esign. In this 
paper an investigation is made of a special kind of incomplete block design known as the 
partially balanced incomplete block design with two associate classes. In t hese designs the 
various comparisons of pairs of objects involve two kinds of precision. 

All enumeration is made of all pal tiaIly balanced incomplete block designs with two 
associate classes and two t reatments per block where r, the number of times each t reatment 
appears in t he arrangement, is less than or equal to 10. Simple instructions are given for 
writing t he experimental arrangements. These designs have a definite known method for 
analysis of t he data. No attempt has been made to state which of the various designs are 
best, since it is felt that t he best design must be d etermined for t he particular investigation. 

1. Introduction 

It happens rather frequently in physical cience experimentation , and occasionally in 
biological investigations, that the e 'perimental material divides naturally into groups of two. 
For example, the eomparison of the lengths of meter bars is conveniently made two at a time, 
the testing of experimental rubbers for automobile tires might be performed with the two 
halves of a tire made of different experimental rubber, or nutritional experiments might involve 
twins. D e igns with two treatments per block have been studied by Yates [11]1, Kempthorne 
[10], You den and Connor [9], and Bose and Nair [5]. 

The object of this paper is to invesLigate the class of partially balanced incomplete block 
(PBIB) designs with two associate classes having 

(a) two treatmenLs per block, and 
(b) 10 or fewer replications of each treatment. 

A complete enumeration has been made of all seLs of parameter values for all de igns of this 
class that satisfy the necessary conditions for PBIB designs with two associate classes et 
forth in [3, 4, 6, 7, 8]. Solutions (experimental arrangements) for all parameter sets given in 
the emuneration are contained in this paper with but four exceptions. In these four lillsolved 
designs the number of treatment-pair (blocks) is rather large, and an intensive search for 
solutions was not made. 

Bose [1] has exhausted the class of PBIB designs with two associate classes and two repli
cations of each treatment. Designs found in [1] that fall within the scope of this investigation 
are included here. 

The great majority of the designs of the class under consideration may be classified accord
ing to four types discussed in [6], namely, gl'OUp divisible designs, triangular designs, square 
designs, and cyclic designs. 

2 . Definition of a Pa rtially Balanced Design With Two Associate Classes 

A parLially balanced incomplete block design with two associate classes is an arrangement 
of v treaLments in b blocks, such that: 

1. Ea ch of the v Lreatments occurs r times in the arrangement, which consists of b blocks 
each of which contains k experimental units. No treatment appears more than once in any 
~~ . 

2. Every pair among the v treatments occurs together in eit.her Al or A2 blocks (and are 
said to be ith associates, if they occur together in Ai blocks, i= l , 2). 

1 Figures in brackets indicate the literature references at the end of this paper. 
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3. There exists a relationship of association between every pair of the v treatments satisfy-
ing the following condi tions: 

a. Any two treatments are either first or second associates. 
b . Each treatment has nl first and n2 second associates. 
c. Given any two treatments that are i th associates, the nwnber of treatments com

mon to the jth associates of the first and the kth associates of the second is Pik' and this 
number is independent of the pair of treatments with which we start. Furthermore, 
p}k= pi; (i ,j,k = 1,2). 
For partially balanced incomplete block designs with two associate classes, it is well

known that the following relationships are necessary : 

vr= bk, 

pll + p12+ 1 = PII + pr2= nl, 

P~I + P~2= P~1 + P~2+ 1 = n2, 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

The eight parameters v, b, r, k , "I, "2, n l, and n2 are known as the parameters of the first 
kind, and the parameters P;k (i,j,k= 1,2 ) are called the parameters of the second kind. The 
parameters of the second kind may be displayed as elements of two symmetric matrices. 

and (7) 

For a general definition of a partially balanced incomplete block design with m( ~ 1) 
associate classes and for a discussion of the classification, properties, and analysis of designs 
having m= 2, the reader is referred to the excellent paper by Bose and Shimamoto [6]. The 
notation used in the present paper follows rather closely tha t in [6]. 

A design is said to be connected if for every two treatments, two blocks, or a block and a 
treatment, it is possible to pass from one to the other by means of a chain consisting alternately 
of blocks and treatments, such that every treatment of the chain occurs in each of the adjoining 
blocks . In this paper only designs possessing the property of connectedness are considered. 

3 . Group Divisible Designs With Two Treatments Per Block 

In the group divisible designs the v= mn treatments can be divided into m groups of n 
treatments each, such that any two treatments belonging to the same group are first associates, 
and any two treatments belonging to different groups are second associates. Bose and Shima
moto [6], who discovered the group divisible designs, showed that their association scheme is 
an m X n rectangular array of the v treatments in which the rows constitute groups. For these 
arrays they showed that the following relations hold: 

n2=n (m - l ), (n - l )" I+ n (m - l )"2=r(k - l ), (8) 

and the parameters of the second kind are the elements of the symmetric matrices, 

n - l ) 

n (m - 2) 
(9) 

For the special case in which each block consists of two treatments (k = 2), each treatment of a 
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group is paired with each of the other n - l treatment of the ame group Al time and with each 
of the treatments of the other m - l groups A2 times to form the blocks of the de ign. Obviously, 
each of the v= mn treatments occurs 

r = (n-l) AI + n(m- l )A2 (10) 

times. in the design that contains 

(11) 
block each of size k = 2. 

Note that for a given subclass of designs characterized by known values of r, k = 2, b, AI, 
and A2, all designs of the subclass are determined by the sets of all integral values of m and n 
(m,n~ 2) satisfying (10) and (11). 

For any PBIB design with two associate classes, Bose and Shimamoto define foUl' com
putational constants CI, C2, H , and Ll by means of the following relations: 

and 

k2Ll = (1'k - 1' + AI) (1'k - 1' + A2) + (AI- A2) {1'(k-l) (pb- PI2) + A2p12- AIPi2}, (12) 

HI= (2rlc - 21'+ Al + A2) + (pl2- pi2) (AI-A2), (13) 

kLlCI = Al (1'lc - 1' + A2) + (AI-A2) (A2Pb- AIPr2) , (14) 

kLlC2= A2(1'k - 1' + AI) + (AI- A2) (A2Pl2- AIPi2)' (15) 

For group divisible designs wiLh two treatments per block these expres ion simplify to 

c2= 2[(1'+ nAI) A2- (11 - 1) Ail!mnA2(1'+ AI), 

H = 1I[AI + (2m - l )A2]!2, 

(16) 

(17) 

(1 ) 

It is known that A2, the "between group A" of group divisible designs, is never zero; hence there 
is no difficulty in evaluating C2 . 

The efficiency, E, of group divi ible designs with block ize two, as compared with a 
randomized block design with the arne munber of treatments and replication, is given by 

E = (nm - l) ![(n- l ) (2 - cI) + n(m- l ) (2 - C2) ]' (1 9) 

Table 1 contains the parameters of all group divisible designs with two treatments per 
block and 2 ~ l' ~ 10. The computational constants CI, C2, H , and Ll, and also E are given. Of 
course, there exist many other group divisible designs with k ~ 3, as well a de igns with k=2 
and 1'> 10. 

The construction of group divisible designs with two treatmen ts per block by use of the 
groups (association schemes) is exceedingly simple. For example, let us con truet design 2 of 
table 1. This design has parameters 

v=6, b= 9, 1'= 3, k = 2, m = 2, n = 3, Al=O, A2=1. 

Let the six treatments be represented by the integers 1, 2,· . " 6, and let the m = 2 groups be 

123 

45 6 

By the rule previously given for forming the blocks, no treatment of any group can occur in a 
block with any other treatment belonging to the same group (since Al=O), and each treatment 

179 

~ __ ~. J 



TABLE 1. Gl'OUp divisible designs with two treatments per block and 2 :::;' l' :::;, 10 

R efel'-
I 

b AI Az H f> 
I 

E v l' 112 n Cl Cz 

I 
ence 

-----------------
I 4 4 2 2 2 0 1 0 1/ 2 3 2 3/5 
2 6 9 3 2 3 0 1 0 1/3 9/2 9/2 5/9 
3 6 12 4 3 2 0 1 0 1/3 5 6 15/26 
4 8 16 4 2 + 0 1 0 1/4 6 8 7/ 13 
5 4 8 4 2 2 0 2 0 1/ 2 6 8 3/5 

6 4 8 4 2 2 2 1 2/3 1/3 5 6 9/ H 
7 10 25 5 2 5 0 1 0 1/5 15/2 25(2 9(17 
8 4 10 5 2 2 1 2 1(3 13/U 7 12 36(55 
9 4 10 5 2 2 3 1 3(4 1(8 6 8 3(5 

10 8 24 6 4 2 0 1 0 1/4 7 12 H (25 

11 9 27 6 3 3 0 1 0 2/9 15(2 27(2 6/ 11 
12 12 36 6 2 6 0 1 0 1/6 9 18 11(21 
13 4 12 6 2 2 0 3 0 1/2 9 18 3/5 
14 6 18 6 2 3 0 2 0 1/3 9 18 5/9 
15 6 18 6 3 2 2 1 1/2 1/4 7 12 10/ 17 

16 4 12 6 2 2 4 1 4/.~ - 1/ 10 7 10 5/9 
17 14 49 7 

I 
2 7 0 1 0 1/7 2 1(2 +9(2 13/25 

18 6 21 7 2 3 2 1 4/9 5(27 15(2 27(2 45/77 
19 6 21 7 3 2 3 I 3/5 2(15 8 15 75/ 133 
20 4 14 7 2 2 1 3 1/4 13/24 10 2 ·~ 9/ l-! 

21 4 14 7 2 2 3 2 3/5 17/40 \1 20 60/91 
22 4 14 7 

I 

2 2 .'i 1 5/6 - 1/3 8 12 18/35 
23 10 40 8 5 2 0 .1 0 1/5 9 20 -15/82 
24 12 -18 8 3 4 0 1 0 1/6 10 2-1 33/62 
25 16 6+ 8 2 8 0 1 0 1/8 12 32 15/29 

26 6 2-1 8 3 2 0 2 0 1/3 10 24 15/26 
27 8 32 8 2 4 0 2 0 1/ -1 12 32 7/ 13 
28 4 16 8 2 2 0 4 0 1/2 12 32 3/5 
29 6 24 8 2 3 1 2 2/9 10/27 21 (2 27 45/76 
30 8 32 8 -1 2 2 1 2/5 1/5 9 20 35/62 

31 4 16 8 2 2 2 3 2/5 8/15 11 30 45/68 
32 6 U 8 3 2 4 1 2/3 0 9 18 15/28 
33 4 16 8 2 2 4 2 2/3 1/3 10 24 9/ 14 
34 4 16 8 2 2 6 1 6/7 - 4/7 9 14 21 /4J 
35 12 54 9 4 3 0 1 0 1/6 21/2 27 22/4 L 

36 18 81 9 2 9 0 1 0 1/9 27(2 81/2 17/33 
37 6 27 9 2 3 0 3 0 1/3 27(2 81 /2 5/9 
38 6 27 9 3 2 1 2 1/5 7/20 11 30 25/42 
39 6 27 9 2 3 3 J 1/2 0 \1 18 5/9 
40 8 36 9 

I 
-+ 2 3 1 1/2 1/8 10 24 28/5 L 

41 4 18 9 2 2 ] 4 1/5 43/80 13 -+0 40/63 
42 6 27 9 

I 
3 2 5 1 5/7 - ] /7 10 2L 35/69 

43 4 18 
I 

9 2 2 5 2 5/7 13/56 11 28 28/45 
44 12 60 10 6 2 0 1 0 1/6 11 30 33/61 
45 15 75 10 3 .5 0 I 0 2/ 15 25(2 75/2 21 /-W 

46 20 100 10 2 10 0 1 0 1/1 0 15 .,)0 Hl/37 
47 10 50 10 2 5 0 2 0 1/5 15 50 9/ 17 
48 4 20 

I 
10 2 2 0 5 0 1/2 15 .')0 3/5 

J9 8 -+0 10 2 4 2 1 1/3 1/8 10 2-1 1-+/25 
50 9 45 

I 

10 3 3 2 1 1/3 4/27 2 1(2 27 36/65 

51 10 50 10 5 2 2 1 1/3 1/6 11 30 27/-+\] 
52 8 -+0 10 4 2 4 1 

I 
4/7 1/28 11 28 98(185 

53 4 20 10 2 2 2 4 1/3 13/U 1-1 48 36/55 
54 4 20 10 2 2 -+ 3 4/7 19/42 13 -+2 63/95 
55 6 30 10 3 2 6 1 3/4 - 7/24 

I 

11 2-1 12/25 

56 4 20 10 I 2 

I 
2 6 2 3/4 1/8 12 32 3/5 

57 4 20 10 2 2 8 1 8/9 - 19/ 18 11 18 27/65 
I 
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must oCCUT once in a block with each of t he treatments not in-its group (since A2= 1). Thus, 
t he b= 9 blocks of the design are the treatment-pairs in the following cohunns : 

1 1 222 333 

4 5 6 4 5 645 6 

4. Triangular Designs With Blocks of Size Two 

In [6] triangular designs are defined and discussed. Triangular designs have v=n(n-1) /2 
treatments and an association scheme described as follows . The treatment are arranged in 
order and in a symmetrical fashion about t he principal diagonal of an n X n array in which 
the principal diagonal is blanked out. For example, if n = 4 and the v= 6 treatments ar e 
denoted by the integers 1, .. " 6, the association scheme is 

* 1 2 3 

1 * 4 5 

2 4 * 6 

3 5 6 * 

'1'11'0 treatments lying in the same column are first associates, wbereas treatment that do not lie 
jn tile same column are second associates . Thus, in t be above example, treatments 2,3 , 4, and 5 
an' [lrst associates of treatmCl1 t 1, whereas t rcatmen L 6 is the only sceond a, socia te of treatment 
1 . In [6) i t js shown that 

111 = 2(n-2), n2= (n- 2) (n - 3) /2, (20) 

( n - 2 n - 3 ) 1-\ = (P}k) = 
(n -3) (n- 4)/2 ' 

(21) 
n -3 

and 

P 2= (P~k) =( 4 
2(n - 4) ) 

(n - 4) (n- 5)/2 ' 
(22) 

2(n- 4) 
where 11,;;; 4. 

If, when the v treatments are arranged in an n X n array as described above, we form all 
possible t reatmen t-pairs (blocks in the case k = 2) by pairing each treatment of a row (or 
cohunn) with every other treatment in the same row (or column), we obtain a design with 
parametcrs 

v=n(n- l )/2, 

b= 11 (11 - 1)(n - 2) /2, 

1'= 2(n - 2), 

k = 2, 

and parameters of the second kind given by (21) and (22). 

nl= 2(n-2), 
(23) 

11,2= (n-2) (11,-3) /2, 

For triangular designs the computational constants CI, C2, H , and 6 of (12), (13), (14), 
and (15) sinlplify to 

CI = 4/n (n- l ), 

H = (3n - 2) /2, 

C2= - 2(n - 4)/n(n- l ), 

and 6 = n(n - l )/2. 

(24) 

(25) 

The efficiency of a triangular design, as compared with a randomized block de ign with the 
arne number of treatments and replications, is given by 

E = n(n - 1) (n+ 1)/2 (11 - 2) (n2+ 3n- 2). (26) 

If, instead of forming the treatment-pairs for the blocks as described previously, we pair 
oft' each treatment with each of the treatments that does not lie in the same row or column 
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of the association scheme, we obtain a triangular design whose parameters are 

v=n(n- l) /2, 1'= (n-2) (n-3) /2, 

b= n (n - 1) (n - 2) (n - 3) /8, k = 2, 

and (20) , (21), and (22), where n2:5. 
The constant CI, C2, H, and 60 for the latter triangular designs are given by 

CI = - 8/n(n- 1) (n - 4), 

H = (n 2- 4n+ 2) /2 , and 6. = n(n - l) (n - 2) (n - 3) (n- 4)/16, 

and their efficiency is given by 

(27) 

(28) 

(29) 

(30) 

Table 2 gives the parameters of all triangular designs with k= 2 and 2:::;1':::;10, along with 
the corresponding values of c!, C2, H , 60, and E. Obviously, triangular designs with k = 2 and 
r> 10 can be found, as can designs with k 2:3. 

TABLE 2. Triangular designs with two treatments per block and 2~r~ 10 

Refer- v b 

I 
Al A2 CI H A E ence r n C2 

--

I 6 12 4 4 1 0 1/3 0 5 6 15/26 
2 10 30 6 5 1 0 1/5 - 1/10 13/2 10 10/19 
3 15 60 8 6 1 0 2/15 - 2/15 8 15 105/208 
4 21 105 10 7 1 0 2/21 - 1/7 19/2 21 42/85 
5 10 15 3 5 0 1 - 2/5 1/5 7/2 5/2 5/11 

6 15 45 6 6 0 1 - 2/ 15 2/15 7 45/4 105/212 
7 21 105 10 7 0 1 - 4/63 2/21 23/2 63/2 126/250 
8 6 24 8 4 2 0 1/3 0 10 24 15/26 
9 10 30 6 5 0 2 . - 2/5 1/5 7 10 5/11 

Construction of triangular designs with two treatments per block is easily done by use of 
the association scheme for the design and the rules for formation of the blocks stated earlier. 
For example, the association scheme for design 2 of table 2 is 

* 1 2 3 4 

1 * 5 6 7 

2 5 * 8 9 

3 6 8 * 10 

4 7 9 10 * 

ince AI = 1 and A2= 0, the b= 30 blocks of the design are formed by writing all pairs of number 
lying in the same row (or column) of the association scheme: 

1 2 1 5 2 5 3 6 4 7 

1 3 1 6 2 8 3 8 4 9 

1 4 1 7 2 9 3 ]0 4 10 

2 3 5 6 5 8 6 8 7 9 

2 4 5 7 5 9 6 10 7 10 

3 4 6 7 8 9 8 10 9 10 

182 



5 . Designs With Square Association Schemes 

Consider V=S2 treatments arranged in a square array of side s. Let this 8X array be 
the association scheme of the design. We shall form blocks of size k by forming all possible 
distinct k-plets from the treatments lying in each of the rows and in each of the column of the 
array. From one row (or column) it is possible to form 0: distinc t k-plets, where 0: represents 
the number of combinations of s things taken k at a time, k and s being restricted in this appli
cation by 2~k~s. In this manner it is possible to form b= 2s0: blocks, each of size k, and 
each of the V=S2 treatments will appear once in each of r= 20Z:} blocks. Two treatments 
lying in the same row or in the same column of the association scheme are first associates, while 
two treatments not lying in the same row or in the same column are second associates. Thus, 

and (31 ) 

Two treatments that are first associates occur together in OZ:~ blocks (when s= k = 2, we define 
03 to be unity), while two treatments that are second associates do not occur together in any 
block. H ence, 

and (32) 

It is ea y to verify that the matrices PI and P2 of (33) give the correct values for the parameter 
of the second kind. Thus, we have a two-parameter famil~T of designs with 

b= 2s0L lc = k , 

where s?k?2 . 

s- l ) 

(s- 1)(s-2) , 

2(s-2) ) , 

(S-2)2 

The expressions for Cl, CZ, H , and D. simplify, in this type of design, to 

l eT 38 0 8-2 :Z = 2 h-2' and 

(33) 

(34) 

(3 5) 

The efficiency of these square designs, as compared with randomized block designs with the 
same number of treatments and replications, is 

E =s(s+ 1) (k - 1)/k (s- 1) (s+ 3) . 

In the special case s= k, the set of parameters (33) becomes 

s- l ) 

(s- 1)(s-2) , 

2(s- 2) ) , 

(S - 2)2 

which is the ffl,lnily of familiar simple square lattice designs with r= 2 replications. 

(36) 

(37) 

Putting k = 2 in (33), we obtain the family of square designs with two treatments per 
block, the parameters of which are 

r = 2(s- 1), 
(38) 

lc = 2, 

183 



where 8 ~ 2, and the parameters of the second kind are given by (33). 
All of the designs discussed in this section are of the type known as Latin square designs 

with two constraints [6]. 
Setting 8= 2,3, . . ·, 6 in (38) we obtain the first five designs of table 3. Designs 6, 7, 8, 

and 9 are n-plicates of design 1, i. e., their solutions are obtained by writing the solution of design 
1, n = 2, 3, 4, 5 times, respectively. Design 11 is obtained by pairing each treatment with the 
treatments not lying in the same row or column of the square association scheme. If the 
associate classes of design 11 are renamed, so that ;\1= 1 and ;\2= 0, it is seen that it is a Latin
square type with i=3 constraints. 

T A BLE 3. Square designs with two treatments per block and 2 ~ I ' ~ 10 

Refer- b Al 

I 
A2 H t:. E ence v r s CI C2 

- - - ------
I 4 4 2 2 1 0 1/2 0 3 2 3/5 
2 9 18 4 3 1 0 2/9 - 2/9 'J /2 9/2 1/2 
3 16 48 6 4 1 0 1/8 - 1/4 6 8 10/21 
4 25 100 8 5 1 0 2/ 25 - 6/25 15/2 25/2 15/32 
5 36 180 10 6 1 0 1/ 18 - 2/9 9 18 7/15 

6 4 8 4 2 2 0 1/ 2 0 6 8 3/5 
7 4 12 6 2 3 0 1/2 0 9 18 3/5 
8 4 16 8 2 4 0 1/ 2 0 12 32 3/5 
9 4 20 10 2 5 0 1/2 0 15 50 3/5 

10 9 36 8 3 2 0 2/9 - 2/9 9 18 1/2 

11 16 72 'J 4 0 1 - 1/ 16 1/8 10 24 80/123 

Again , the association scheme and the rule for formation of the blocks provide the method 
of construction that holds for square designs with k = 2 and r> lO , as well as for the designs of 
table 3. To illustrate the construction of square designs , the association scheme for design 2 
of table 3 may be represented by the 3X 3 

1 2 3 

456 

7 8 9 

array of integers 1, 2, . . ,,9. Since ;\1= 1 and ;\2= 0 , the b= 18 blocks of the design are formed 
by pairing every number with every other number lying in the same row 01' column. Thus, 
the 18 blocks are 

1 2 4 5 7 8 ] 4 2 5 3 6 

1 3 4 6 7 9 1 7 2 8 3 9 

2 3 5 6 8 9 4 7 5 8 6 9 

6 . Cyclic Designs With Two Treatments Per Block 

Another type of partially balanced design defined and discussed in [6] is the cyclic type . 
Let the v treatments be represented by the integers I , 2, .. " v. Then the first associates of 
treatment i (i = 1,2, . . ' ,v) are 

(39) 

where the d's satisfy the conditions: 
1. The d's are all different and O< dj<v (j = l ,2, . . ' ,n J ; 
2. Among the nl(nl - l ) differences dj- dk (j;:t-k; j,k= l,2, . . ' ,n l ) reduced mod v, each 

of the numbers dl, d2, .• " dn l occurs a times and each of the numbers el, e2 , . . . , e"z OCCllrs {3 
t imes, where ell, ... , eln1 , el , • • . , en2 are all the numbers 1, 2, .. " V- I , a = p il, and 
{3=P~l' 
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In the special case of PBIB designs with two a sociate classes and k = 2, determination of 
a difference set dI, d2, ••• , dnl satisfying 1 and 2 above is equivalent to construction of the 
design, since each of the treatment-pairs (i, i + dj ) reduced mod v (i= 1,2, .. ',v; j = 1,2, .. ',n! 
is a block occurring AI times, while each of the treatment-pairs (i, i + ek) reduced mod '" 
(i = 1,2, .. ',v; k = 1,2, .. ',n2) is a block occuring A2 times. 

In table 4 are listed 11 designs having cyclic solutions. 
TABLE 4. Cyclic type designs with two treatments per block and 2 ::; r ::;10 

R efer-
ence v b r A\ A2 n l n2 a {3 CI C2 H D- E 

----------------

I 5 5 2 1 0 2 2 0 1 2/5 - 2/5 5/ 2 5/4 1/2 
2 5 10 4 2 0 2 2 0 1 2/5 - 2/5 5 5 1/2 
3 5 15 6 3 0 2 2 0 1 2/5 - 2/5 15/5 45/4 1/2 
4 5 15 6 2 1 2 2 0 1 26/55 2/5 15/2 55/4 55/86 
5 5 20 8 4 0 2 2 0 1 2/5 - 2/5 10 20 1/2 

6 5 20 8 3 1 2 2 0 1 46/95 14/95 10 95/4 19/32 
7 5 25 ' 10 5 0 2 2 0 1 2/5 - 2/5 25/2 125/4 1/2 
8 5 25 10 3 2 2 2 0 1 ]4/29 2/29 25/2 145/4 29/ .50 
9 5 25 10 3 2 2 2 0 1 14/31 10/31 25/2 155/'1 31 /50 

10 13 39 6 1 0 6 6 2 3 2/13 - 2/13 13/2 39/4 1/2 

11 17 68 8 1 0 8 3 4 2/17 - 2/ 17 17/ 2 17 1/2 
, 

The designs ] to 9 of table 4 h ave the difference set dl = 2 and d2= 3 (mod 5) . The e 
designs belong to the family having parameters 

v= 5, 1' = 2(AI + "2), AI, 1h = 2, Pl = G :} 
(40) 

b= 5(AI+ A2), k = 2, A2, n2= 2, P 2= G ~). 
D esigns of (40) have a geometrical representation that provides an association scheme. 
Number the vertices of the five-pointed sLar ] , 2, 3, 4, 5, in clockwise order. Each line of the 

star connecting two vertices is a block occuring Al times, while two vertices not connected by 
a line is a block occurring A2 times, where Al and A2 are nonnegative integers satisfying (39). 

D esign 10 of table 4 has the difference set, 

dI = 2, d2= 5, d3= 6, d4= 7, d5= 8, d6= 11 (mod 13). 

Since AI = 1 and A2 = 0, each of the treatment-pairs (i, i + dj ) reduced mod 13 (i= 1,2, .. ,,13 ; 
j = 1,2, . . ,,6) occurs once to give the b= 39 blocks: 

1 3 2 4 3 5 4 9 5 11 6 13 9 11 

1 6 2 7 3 8 4 10 5 12 7 9 10 12 

1 7 2 8 3 9 4 11 5 13 7 12 11 13 

1 8 2 9 3 10 4 12 6 8 7 13 

1 9 2 10 3 11 5 7 6 11 8 10 

112 2 13 4 6 5 10 6 12 8 13 
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Design 11 of table 4 has the difference set 

d1= 3, d2= 5, d3= 6, d4= 7, d5= 10, d6= 1l , d7= 12, ds= 14, 

which, when developed mod 17, will yield a table of first associates for the treatments 1 to 17, 
where ° is replaced with 17. Since f.q = l and A2= 0, pairing each of the treatments with each 
of its first associates will yield 68 distinct treatment-pairs, which are the blocks of the design. 

7 . Other Designs With Two Treatments Per Block 

In table 5 are listed 8 sets of parameter values, 4 sets of which are unsolved. 

TABLE 5. O/he?· designs with two treatments per blocle and 2~r~ 10 

Refer- v b ence r Al AZ nl nz ph pil Cl Cz I-I A E 

-------------------

1 16 40 5 1 0 5 10 0 2 1/8 - 3/16 6 8 12/25 
2 16 80 10 2 0 5 10 0 2 1/8 - 3/16 12 32 12/25 
3 16 80 10 1 0 10 5 6 6 1/8 - 1/12 10 24 18/35 

*4 21 105 10 1 0 10 10 4 5 
*5 26 130 10 1 0 10 15 3 4 

6 27 135 10 1 0 10 16 1 5 2/27 - 2/27 12 135/4 117/236 
*7 50 175 7 1 0 7 42 0 1 
*8 56 280 10 1 0 10 45 0 2 

We shall now give a construction for design 1. Let e represent any treatment of the 
design, let the nl = 5 first associates of (J be a, b, ... , e, and let the n2= 10 second associates 
of e be the integers 1, 2, ... , 10. Since Al= l, A2= 0, and P~l= O , the five treatments that 
appear in the blocks containing a common treatmen t must be second associates of each other, 
and since Pil= 2, any pair of these treatments must have just two common first associates. It 
is easily seen that the following 25 blocks satisfy these requirements: 

o a alb 1 c 2 d 3 e 4 

o b a 2 b 5 c 5 d 6 e 7 

o c a 3 b 6 c 8 d 8 e 9 

. 0 d a 4 b 7 c 9 d 10 e 10 

o e 

Reapplying the above requirement, it is seen that no treatment-pairs can be formed from 
treatments within the following groups: 

(1,2,3,4), (1,5,6,7), (2,5,8,9) , (3,6,8, 10), (4,7,9,10). 

Hence, the three remaining blocks containing 1 must con tain 8, 9, and 10; the three remain
ing blocks con taining 2 must contain 6, 7, and 10; the remaining blocks containing 3 must 
contain 5, 7, and 9; the remaining blocks containing 4 must contain 5, 6, and 8. This gives 
the following blocks: 

1 2 635 4 5 

1 9 2 7 3 7 4 6 

1 10 2 10 3 9 4 8 

The remaining three blocks must con tain 5, 6, .. . , 10. R easoning a before, it is clear 
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1 hat these blocks arc 
5 10, ~, and ~. 

This gives the b= 40 block~ of design 1. The reader can check the constancy of the 
lJ jk (i,j ,k= 1,2) for all LreaLment-pairs of the design. 

The solution for design 2 of table 5 consists of the bloeks of design 1 wTitten twice. 
Let us now develop some theory that will enable us to construct design 3 of table 5. 
Consider any PBIB de ign with 2 associate classes and 2 treatments per block, and let 

its parameter be deno ted by v, b, r, k= 2, AI, A2, nI, n2, and P~k (i,j,k = 1,2). Let us adopt 
tll e convention AI> A2 ~ O. The blocks of thi design are some b treatment-pairs from among 
the v(v- 1) /2 distinct treatment-pairs that can be formed from the v treatments. The b 
blocks will not all be different unless AI= 1 and A2= O. Let D represent this design . 

Let us form a desio'n D' from D as follows: If a treatment-pair (a,(3 ) occurs in Al blocks 
of D , let (ex,{3) occur in A2 blocks of D'; if (a ,(3) occurs in A2 blocks of D, let (ex ,(3 ) occur in Al 
blocks of D' . We shall call design D' the pair-complement oj design D . 

Let the parameters of design D' be represented by the usual letters carrying primes. 
Any lreatment a will occur in Al blocks with each of its ni first associates in design D and will 
consequenLly occur in A2 blocl s with each of these nl treatments in design D'. imilarly, a 

will occur in Al block in D' with each of the n2 second as oeiate of ex in D. If we put A~= A2' 
then clearly, 

v' =v, k' = 2, (41) 

Consequently, ex occurs in 
(42) 

blocks in D' , ftnd D' will contain 

b' = V(A2nI + Aln2) /2 (43) 

block . A bit of refl ection on the parameters of the second kind for D' reveal that 

(44) 

and 

(45) 

It is easy to verify that the parameters of D' ati fy the necessary relations among the param
eters set forth in [4] . 

Consideration of the association schemes of group divisible, triangular, Latin quare, and 
cyclic designs with two treatments per block shows that if design D is one of these types, then 
its pair-complement D' is of the same type. It should also be noted that the existence of D 
flS a cOlmected design does not guarantee that D' will be a connected design. For instance, if 
P~1= A2= O, then D' will be a disconnected design of the group divisible type. 

The parameters of design 1 are 

v= 16 , 1'=5, AI= l , nl = 5, PI= G :} 
(46) 

C :} b= 40 , k= 2, A2= O, n2 = lO, P 2= 
3 
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If design IIis design D, then its pair-complement D' will have parameters 

v' = 16, 1" = 10, A~= l, n~= 10 , P~=G ~} 
(47) 

b' = 80, k' = 2, 1.; = 0, n;= 5, P;= (: :} 
But (47) is design 3 of table 5. Hence, design 3 is the pair-complement of design 1. 

After a change of notation the b= 80 blocks of design 3 may be written as follows: 

1 7 2 3 3 4 4 6 5 10 7 8 

1 8 2 4 3 5 4 7 5 11 7 9 

] 9 2 5 3 6 4 9 5 13 7 10 

1 10 2 6 3 8 410 5 15 7 11 

1 11 2 11 3 9 4 12 6 7 7 12 

1 12 2 12 3 10 4 13 6 8 7 13 

1 13 2 13 3 14 4 16 6 9 8 9 

1 14 2 14 3 15 5 6 611 8 10 

1 15 2 15 3 16 5 7 6 12 8 11 

1 16 2 16 4 5 5 8 6 14 8 14 

8 15 

9 10 9 16 10 16 11 14 12 14 13 16 

9 ]2 10 13 11 12 11 15 12 16 14 15 

9 14 10 15 11 13 12 13 13 15 14 16 

15 16 

An examination of the pair-complements of the designs discussed in this paper will show 
that they are either 

a . Disconnected designs in which we have no interest, 
b . Design with 1'> 10, 
c. Self pair-complementary, i. e., have the same parameters as D, or 
d . Other designs that are included in this paper. 
We shall next prove a theorem that will enable us to construct design 6 of table 5. 
Suppose a construction exists for a design D that has parameters v, b, r, k = 3, 1.1= 1, 

)"2=0, n!) n2, and ph (i,j,k = 1,2). We shall form a design D* from design D as follows: If 
B j=(a,{J,"! ) is a block of D , then the treatment-pairs (a,{J) , (a,,,!), and ( {J ,,,!) shall b e blocks of 
D*. Obviously, any treatment-pair (e,7r) that occurs in At blocks of D will also occur in A!=A; 
blocks of D*, (i= 1,2). Any treatment of D* will consequently have the same ith associates 
as it has in D. Hence, the parameters of the second kind p}; (i,j,k = 1,2) of D* will be the same 
as the corresponding parameters of D. Thus, D* is a two-associate class PBIB design with 
parameters, 

v*= v, 1'*= 21', Ai = l , ni= nl' Pi= (P;k), 
(48) 

b*= 3b, k*= 2, 1.: = 0, * . n2 = n2 , P:= (plk) ' 
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This proves the theorem: 
THEOREM. If a solution for design D having pammeters v, b, 1', k = 3, Al= l, A2= 0, nl, n2, 

and P;k (i,j,k = 1,2) exists, then a solution for design D *, whose parameleTS are given by (48), also 
exists and consists of all distinct treatment-pairs that can be form ed from the treatments within the 
blocks of D . 

N ow Bose and Clatworthy [2] have solved the design whose parameter are 

v= 27 , 1'= 5, Al= l , n 1= 10, Pl = G : ) , 

b= 45, k = 3, A2= 0, n2= 16 , P2= G ~o). 
The blocks of design (49) are: 

J 2 3 

1 '1 5 

16 7 
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1 ]0 11 

2 12 13 4 12 20 6 20 15 8 20 17 JO 20 19 

2 14 15 4 14 22 6 22 13 8 24 13 10 26 13 

2 16 17 4 16 24 6 16 27 18 23 ]0 16 23 

2 18 19 4 18 26 6 18 25 8 14 27 10 14 25 

3 20 21 5 13 21 7 24 19 9 22 19 11 22 17 

3 22 23 5 15 23 7 17 26 9 15 26 11 15 24 

3 24 25 5 17 25 7 14 21 9 16 21 11 18 21 

3 26 27 5 ]9 27 9 12 23 9 12 25 11]2 27 

Thus, by Lhe Lheorem, design 6 of table 5, having parameters 

v* = 27, 7'* = 10, Ai = l , ni = lO , P i=P" 

(49) 

has a solution th at may be obtained by forming the three distinct treatment-pairs from Lhe 
trcatments in each of the blocks of design (49). 

8. The Enumeration Problem 

There exist many sets of parameters for PBIB designs with two associate classes, k = 2 
and 2 ::::;1'::::; 10, that satisfy the necessary relations set forth in [4] and restated in [6]. However, 
not all such sets of parameters have solutions (constructions) . The writer has obtained an 
exhaustive enumeration of the sets of parameters for the class of designs investigated in this 
paper by use of th eory developed in r eference [7]. Those parameter sets that fail to satisfy 
th e necessary conditions for the existence of solutions given in [3, 6, and 8] were discarded. 
The rema ining sets of parameter appear in this paper. Constructions are given for all de
signs for which parameters are listed in tables 1 to 5, with four exceptions. These four designs 
are the designs of table 5 marked with asterisks. For these designs, b is rather large, and 
consequenLly an intensive search for solu tions was not made. 
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For suggestions leading to the construction of designs 3 and 6 of table 5, the writer i 
indebted to W. J . Youden . 
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