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ABSTRACT

A new determination of the constant of gravitation by means of the torsion
balance has been made in the hope of improving the precision of the result pub-
lished in 1930. A number of suggested improvements in the apparatus were
tried, and two of these were adopted The result obtained shows so slight an
improvement over the 1930 result that it appears that the limiting point of
diminishing returns has been reached with this form of apparatus.
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I. INTRODUCTION

In 1930 ! the senior author of the present paper published a redeter-
mination of the constant of gravitation, the results of which, though
of a precision higher than that of the previously accepted value,
showed a curious relation among themselves for which no explanation
was available. The work was done with the torsion balance, using
small moving masses of gold, platinum, and glass. The results with
each material were reasonably concordant among themselves, but
there appeared to be considerable difference with the nature of the
material. For instance, the mean values of the platinum and glass
sets differed by an amount five times as great as the average departure
from the mean in either set. Moreover, there was no overlap in the
spreads of the two sets. While it seemed reasonable to attribute this

1 Paul R. Heyl, Redetermination of the constant of gravitation, BS J. Research &, 1243 (1930) RP256.
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to experimental error of some nature, it was possible to interpret it
as a departure from Newton’s law of the constant proportionality of
mass and weight. To test this point experiments were made with a
Eo6tvos balance, using one ball of platinum and one of glass. The
results were negative.

As stated in the 1930 paper, it was felt that the solution of this
difficulty could best be attained by working with an apparatus suffi-
ciently sensitive to give the next decimal place. The attempt to do
this forms the subject matter of the present paper.

The general question of improvements in the torsion balance was
considered, and a few suggestions that seemed promising were tried
experimentally. Most of these, however, were failures, only two of
them qualifying for adoption. For the benefit of future workers it
has been thought well to discuss these failures in some detail.

II. SUGGESTED IMPROVEMENTS IN THE TORSION
BALANCE

In the way in which the torsion balance was used, in the 1930
paper and in the present work, the time of swing was measured in two
positions of the large attracting masses, called ‘“near’” and ‘“far”
(fig. 1). As compared with the free time of swing, with the large
masses removed to a distance, the period in the near position will be
shortened, and in the far position lengthened. The difference of these
two times is a multiplying factor in the formula for the gravitational
constant, and anything which will increase this difference without
introducing other difficulties will be a move in the right direction.
There are two ways in which this difference may be increased, by
reducing the torsion of the suspending filament, and by increasing the
moment of the force exerted by the large attracting masses upon the
moving system. The latter may again be done in two ways, by
increasing the force of attraction or by increasing the lever arm by
which this force acts. We shall now consider a number of suggestions
that come under these headings.

NEAR

FAR
Fi1cUuRE 1.—Relative position of balls and cylinders.
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1. BEST FILAMENT MATERIAL

Since the modulus of torsion of a wire is proportional to the fourth
power of its diameter, it is desirable to use a wire of as small a dia-
meter as will safely carry the load of the beam and balls. This
requires a material of high tensile strength. In this respect tungsten
has no superior. Its tensile strength in the form of lamp filament
0.001 inch in diameter is, when hard drawn, from 300 to 400 kg/mm?,
and when annealed about 200. Larger sizes of tungsten filament show
a somewhat smaller tensile strength, as this property increases with
swaging and drawing. In comparison, the maximum value for
chrome-vanadium steel is 232, and for fused silica, 120. In addition,
tungsten can readily be obtained in finer wires than steel, and, as was
found in the 1930 work, is the equal of fused silica in returning to the
zero point after a large deflection.

2. LENGTH OF FILAMENT

The longer the filament the less the torsion for the same twist;
but in practice there is a limit to the length that can safely be used.
The filament is contained in a long tube rising from the lid of the
apparatus case, and a slight warping at the bottom of the tube may be
multiplied at the top to an amount sufficient to disturb seriously the
centering adjustment of the beam. In practice, we have found that 1
meter is a safe limit to the length of the filament.

3. INCREASE IN MASS OF ATTRACTING BODIES

An increased mass of either the large or the small bodies will
augment the force of attraction between them and heighten the
sensitivity of the apparatus. With the small masses a limit of size is
soon reached, as a filament of large diameter is required to carry the
increased load, and by the fourth-power law the torsion will rapidly
outrun the attraction.

There is no theoretical objection to increasing the large masses if
material of sufficient homogeneity can be obtained in large pieces.
Uniformity of density is important, as otherwise the position of the
center of attraction would be uncertain.

4. MULTIPLE FILAMENT

It is theoretically possible to turn the fourth-power law of torsion to
advantage. Suppose that a given load can be carried safely by a
filament of diameter D and torsion 7. Replace this filament by two
filaments of diameter D/2% and torsion 7/4. The joint tensile strength
of the double filament will be the same as that of the larger single
filament, but the joint torsion will be half the previous value; and for
more than two filaments the torsion will be rapidly reduced.

With a multiple filament of this character the question of friction
between the components must be considered. We thought it worth-
while to test this experimentally, but an unforeseen practical difficulty
prevented our getting any evidence on this point. This was the
difficulty of obtaining an equal division of the load among the compo-
nent filaments. Several attempts were made, but in every case the
multiple filament broke down after a few days in operation.
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5. BIFILAR SUSPENSION

Theoretically there should be no difficulty in obtaining an equal
division of load in the case of a bifilar suspension, and with a small
separation between the two components the question of friction will
not arise. However, in such a suspension the restoring force consists
of both gravity and torsion, the gravity component varying as the
square of the distance separating the component filaments, and this
distance must therefore be kept small to avoid undue loss of sensi-
tivity. But even if this distance be only a few tenths of a millimeter,
the restoring force of gravity will be greater than that of torsion.
This, however, appeared to be not without advantage. Ixperience
with a single filament suspension indicated that the modulus of torsion,
like most mechanical properties, varied slightly from time to time,
probably from fatigue. Gravity, however, is constant under all
known conditions, and in a suspension in which gravity is predominant
in the restoring force, it seemed that greater uniformity in the observa-
tions might outweigh the disadvantage of a reduced time of swing.

“ A suspension was constructed with a separation of 0.5 mm between
the filaments, maintained by the use of wire hooks at each end. At
the top, each end of the filament was given a complete turn around the
hook, and the loose ends were wrapped several times around the
shank of the hook and fastened with hard wax. The hook at the
lower end was passed through the loop of filament without wax or
solder. Our experience with breakdowns in multiple filaments had
impressed upon us the necessity of having the tension equal in both
components, and this is difficult to obtain or to maintain when solder
is used. It was thought that in a short time under load the tungsten
wire would cut into the hook sufficiently to prevent slipping.

Measurements of time of swing with this suspension over a period
of a month were disappointing. Fluctuations from day to day were
observed, amounting to as much as 1 part in 3,000, probably due to
slight shifts in the position of the filament on the lower hook. The
time of swing varies inversely as the distance between the filaments,
and when this distance is 0.5 mm a change in the time of 1 part in
3,000 would be produced by an alteration in the distance of 0.00017
mm. If the separation were increased, this fluctuation would be
reduced, but at the expense of a corresponding reduction in time of
swing and diminished sensitivity of the apparatus.

6. LENGTH OF BEAM

The beam used in the 1930 apparatus was about 20 cm long.
Considerable time was spent in the recent work in the attempt to use
a beam 80 cm long. The difficulty with a beam of this length is its
tendency to bend slightly with the weight of the balls during a long
series of measurements, and thus alter the distance between the centers
of the balls. Beams of different materials and different shapes of
cross section were tried without overcoming this difficulty. The
addition of braces to the beam to prevent this bending greatly in-
creases the labor of computing the attraction of the large masses for
the beam. This attraction, though only about 1 percent of the
attraction for the balls, takes much longer to calculate.

Theoretically, it is possible to eliminate the attraction for the beam.
Let the time of swing be measured with heavy balls on the beam.
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Replace these balls by lighter ones, and repeat the measurement of
the time of swing. From two such measurements in both near and
far positions it is possible to eliminate the attraction for the beam,
other things remaining equal. But here comes in the difficulty.
Other things (torsion, for instance) will not remain equal.

In order to change the balls it is necessary to relieve the filament
temporarily of its load. The effect of this upon the torsion was
experimentally investigated.

A series of 10 measurements of time of swing with a beam carrying
platinum balls weighing 175 g each gave a mean value of 1892.62
+0.21 sec. The case was then opened and the beam let down on two
supporting blocks. No change was made in the balls or in their
position on the beam. The next day the beam was again raised and
the case closed. The time of swing was then found to be 1886.69 sec.
And since a change of balls could not be made without temporarily
relieving the tension, the elimination of the attraction for the beam
was found to be impracticable.

7. INCREASING THE NUMBER OF MASSES

By the use of a beam with four arms, carrying four balls, and pro-
viding four large masses, the total attraction can be doubled without
increasing the load on any one arm of the beam. This arrangement,
however, would be practicable only with rather long beams, which,
as shown in the preceding section, are not practicable. A pair of
large masses, when in the near position with respect to one pair of
balls, will be in the far position with respect to the other pair, and
these two effects will partly neutralize each other. This neutraliza-
tion will be the more nearly complete as the arms of the beam are
shortened. Carried to the limit, with arms so short that the large
masses are close enough to touch each other, these masses would ap-
proximate a continuous ring, which would have no resultant attraction

on the beam.
8. DISK BEAM

The idea of replacing the rod-shaped beam by a circular disk,
carrying the balls at its circumference, is attractive from the point of
view of the computer, since the torque of the large masses for such a
disk is zero. The objection is the increase in weight. Such a disk,
even though made of aluminum, would weigh more than the balls it
carried, with the consequence of increased filament diameter and
lessened sensitivity. Moreover, the moment of inertia of the disk
would be great enough to be an important factor in the time of swing,
and the differential effect of the large masses on the balls in the near
and far positions would be correspondingly reduced.

III. ADOPTED IMPROVEMENTS

With the failure of the suggested improvements discussed in
section II, it would appear that in dimensions, masses, and general
arrangement the apparatus described in the 1930 paper is perhaps the
best that is practicable. There were, however, two improvements
which were found to be worthy of adoption. One of these was
photographic recording, which will be described in detail in a later
section. The other was a change in the position of the large attracting
masses.
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In the 1930 apparatus the large masses were steel cylinders weighing
about 66 kg each, arranged with their axes vertical. This position
gave rise to two difficulties. In measuring the distance between the
cylinders it was necessary to grope for the minimum distance. This
required so many measurements that the whole operation normally
required about 2% days.

In addition, the time of swing in the near position varied consider-
ably with the amplitude, making necessary an extrapolation for the
limiting value of the time as the amplitude approached zero. In the
far position the time-amplitude curve was nearly a straight horizontal
line. The reason for this is obvious. With vertical cylinders in the
near position, the balls swing in a gravitational field of varying in-

RAYON FILAMENT

CYLINDER

SLOTTED COVER

el
f[a ALUMINUM VANES
g

~=-BEAKER
F1cure 2.—Rayon plumb bob.

tensity, whereas in the far position the field is much more nearly
uniform.

By laying the cylinders on their sides with their axes horizontal both
these difficulties were avoided. In measuring the distance between the
cylinders, delicate plumb bobs were hung touching the inner surface
of each cylinder. This gave at once the minimum distance, which
was measured by micrometer microscopes as described in the 1930
paper. These plumb bobs consisted of single filaments of rayon
which were attached by a small fragment of adhesive tape to the
upper surface of the cylinder near the ends, and hung down over the
inner surfaces (fig. 2). The bob at the end of a filament was a small
vane of sheet aluminum ®weighing about half a gram. To avoid
disturbance from air currents this vane hung in a small empty beaker
with a slotted cardboard cover. By this device the measurement
of the distance between the cylinders could be made in about 3 hours.

After the measurements were made the beakers were removed, but
the plumb bobs were left in place for use again after the time of swing
had been measured. No correction was made for the attraction of
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the vanes on the moving system, as the effect of two vanes was of the
order of one hundred thousandth of the attraction of the cylinder,
and our results did not reach that degree of precision.

With the axes of the cylinders horizontal the time of swing in the
near position became nearly independent of the amplitude, thus re-
moving the uncertainty of the extrapolation. Near the middle of a
cylinder the equipotential surfaces are very nearly parallel to the
cylinder, and if the amplitude of the swing of the ball is not more than
a few degrees, the motion takes place in a practically uniform gravi-
tational field.

While this position of the cylinders simplifies the physical measure-
ments, it greatly increases the labor of calculating the attraction of the
cylinders on the pendulum. However, one must always use the
simplest physical procedure, involving the least probability of experi-

N
Lo
B
// <
6 € N
il y I ‘\1

a

Lt

Ficure 3.—Geometrical constants in atiraction formula.

mental error, without shrinking from the mathematical labor which it
may entail.
IV. MATHEMATICAL THEORY

In deriving the formulas for the torsion pendulum as used in the
present work, it will be convenient to consider first the action between
a single cylinder and one ball of the pendulum (fig. 3). We shall
assume for the present that the center of the ball is at the same level
as the axis of the cylinder.

The beam of the pendulum is supported by a filament at #. From
F'is drawn the line FE perpendicular to the axis of the cylinder. The
beam makes a position angle ¢ with FE, the positive direction of ¢
being counterclockwise. B is the ball under consideration and R its
radius of gyration.

From B draw a line of length C perpendicular to the axis of the
cylinder and dividing it into two parts, /; and l,. In the present
work, {; will be considered positive and I, negative, although in the
1930 paper both were regarded as positive. The distances from the
ball B to the ends of the axis of the cylinder are », and 7,, respectively.
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It must be carefully noted that ¢ is merely an angle defining the
position of the ball under consideration with respect to the cylinder
which is attracting it, and does not necessarily measure the angle of
displacement from the position of equilibrium, where the torque due
to the suspending filament is zero. This angle of displacement will
be denoted by 6. Its positive direction is the same as that of ¢.

Figure. 4 shows the relation between ¢ and 6 in the four cases that
occur in practice. The relation may be summarized as follows:

NesnfpositionitcloseibalISauas e S e =0

Near position, distant ball___________________ $=180°+49
Harpesition ticht ball s twlc v 0 ae s T mm s $=90°+46
Farposition;dleftiballs i aui i = iee o q el B ¢=270°+40

In all cases it is to be noted that dp=d8 and d2p—=d?0.

NEAR FAR

Ficure 4.—Posttion and deflection angles.

The differential equation for the motion of the pendulum may be
conveniently derived as an energy equation. Considering the com-
plete system, beam, balls, and cylinders, for any position angle ¢:

Kinetic energy of the pendulum-potential energy due to ﬁlament}(l)
~+potential energy of attraction=-constant.
Let I=moment of inertia of the pendulum
r=modulus of torsion of the filament (moment required to give
the beam an angular displacement of 1 radian)
Then:

2
Kinetic energy of pendulum:%(%—i

? 1
Potential energy due to filament= §702,

and it remains to find an expression for the potential energy of attrac-
tion as a function of 6.
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To find the potential energy of attraction we must take the sum of
the attractions of the cylinders for the whole moving system, beam
and balls. The attraction for the balls is comparatively simple, as
we may suppose the mass of either ball concentrated at its center.
For the beam the calculation is more laborious, as it is necessary to
imagine the beam divided into a number of elementary segments so
small that it is permissible to assume the attractive force concentrated
at the center of a segment. We shall consider first the attraction of
one cylinder on the pendulum.

Let V, be the potential of the cylinder at the center of any element
of the pendulum (ball or beam segment) when the beam is in an
equilibrium position (near or far) where 6=0, and let Vj be the poten-
tial when the beam is displaced from equilibrium by an angle 6.
Then, by Taylor’s theorem:

aVy , 62 d*V,
Vi~ V0=0%9+§ 332—07 : @)

neglecting terms in 6 and higher powers. This is a valid procedure,
not because the pendulum actually swings through a small angle,
but because its time of swing is reduced empirically to its value
T, for an infinitesimal arc before being used in the calculations.

\Y

1 1 1 1] 1 1 1
el e S e OF 920° 180° 270° 360° O

Vv =1£(})

Fieure 5.—Curve of potential.

If m=mass of an element of the pendulum,—m(Ve,—7V;) will be
the potential energy of attraction of the cylinder for this element.
Taking into account both cylinders and all elements of the pendulum:

dVO+m ddg())' @)

In the ideal case of perfect centering of the pendulum, and sym-
metry and parallelism of the cylinders, the terms in dV,/df disappear
in both near and far positions. In the near position, V;is a maximum
for the pos1t10n angle =0, and dV,/d$=0; and for the position
angle ¢=180°, V;, will be a minimum and dVO/d¢ will again be zero.
And since, as 'we have seen (fig. 4), dp=d0, all terms in dV,/do are
individually zero in the near position.

In the far position (ideal case), for the equilibrium angles ¢=90°
and $=270°, dV,/d¢ will not be zero, but will have equal and opposite
values in these two positions (fig. 5). In consequence, the terms in
dV/d6 will mutually cancel out in the summation.

Potential energy of attraction= —E(mo
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In the ideal case, therefore, we have in both near and far positions:

2
Potential energy of attraction=— (e Q—V—;O— il KGe?, (4)
2 df 2

where @ is the constant of gravitation and K is a calculable function
of the masses and dimensions in the apparatus.
Equation 1 now becomes, in the ideal case:

I(Z > +—702——KG02—constant 5)
Differentiating and reducing:
25 P
a9 KG L,
whose solution is:
6=A sin T_IKG i (6)
with a periodic time:
=2 ———-lK—é (7)

Formula 7 applied to the near and far positions gives two equations
for the unknown quantities r and G. ~Assuming 7 to remain constant
in the two positions, and eliminating it, we obtain the following
formula for G:

(K@)~ (KG@=4 72— 702 ®

So much for the ideal case; but any practical setup must be expected
to fall short of perfection, and we must expect that the potential energy
of attraction, as given by eq 3, will contain a term in . We must
therefore rewrite eq 4 as follows:

Potential energy of attraction= —%KGOLI— @0, 9)

in which @, like K, is a calculable function of the masses and dimen-
sions in the apparatus. KEquation 1 now becomes, in the practical
case: |

—< > +5 (1- KG)60*+ Qo=constant. (10)
Differentiating and reducing:
d* Q
dt2+ 0+ —0 (11)

whose solution is:

P sin<\/ T—iK_G)t—T_%{G, (12)



Constant of Gravitation 11

which has the same periodic time as in the ideal case (formula 6). Tt
appears, then, that even in cases where a term in 6 is present, we may
follow the same procedure for the calculation of G as when it is absent.

©

/
(6)7 t
T .

o=f(t)

Ficure 6.—Ideal and practical time-of-swing curves.

The relation between the ideal and the practical solutions is shown
in figure 6. The ideal solution (6) is a sine curye which is symmetrical
with respect to the axis of ¢; the practical solution (12) is a similar sine
curve at a constant distance below the other. The curve has the
same periodic time, but while the “half-periods’ in the practical case
are alternately long and short, in the ideal case they are equal.

In the present work the 6 term is insignificant compared with the
6* term. A calculation made for one of the near positions showed that
the ratio of the coefficients of the two terms was about 1 to 40,000.

In order to apply formula 8 to the calculation of G, it is necessary
to compute the value of

&V,
KG‘ESG”dm>

for both the near and the far positions. The 1930 paper gives a
formula for V at any point exterior to a cylinder (eq 9, p. 1264-66),
and by differentiation with respect to ¢, we can obtain from this the

value of
a?V, _dW‘)
de?\~ do?
at any desired point.

Using the notation given in figure 3 for the fundamental quantities,
we obtain the following relations:
C;=Cy+R(1—cos ¢)
B
B s (13)
2
(—Z%%zR cos ¢
At the four equilibrium values of ¢ these derivatives of ' have the
following values:

2 a0y &0,
de d¢?
0° 1% R
90 0
180° el R (14)

270° o 0
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We have also the following values of {; and l5, and their derivatives
as functions of ¢, in which A; and A; denote errors in centering:

llz‘%:l:A1~R sin ¢ l2=—(£2:l:Az+R sin ¢>>

dl, dl

d_¢t=c—l£: —R cos ¢ (15)
dil il

(%—; d¢§ =R sin ¢

At the equilibrium values of ¢ these derivatives of ¢ have the fol-
lowing values:

dl @l

0 0

90° 0 R
180° R 0 (16)

270° O Sl

And since, for both subscripts, 7= C,*4-1?, we obtain
dr_CydCs 1 dl

d¢ r do e d¢

C, d°C, dOs\ Gy dr dC,
dzr r  d¢? +{ 7 d¢ do (17)
de* l d2l+ ( 2 drdl

o d¢? r d¢ d¢

Atlthe equilibrium values of ¢ these derivatives of » have the following
values:

¢ de d¢?

; 1 0, B P

0 =k R2+——Ry

2
90° % Hape g
(18)

> l O'¢ l2

B B RO 1
22 ; 7o Ry

The foregoing formulas will enable us to obtain d?V/d¢? from the
formula for V in the 1930 paper. In performing this differentiation
it is to be remembered that a change in the sign of /, has been made
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for the present work. We thus obtain the following formula (19) for
d*V/d¢*. For convenience in printing, only the first term is given in
full. In this it will be seen that to each term in l; and r; there corre-
sponds a similar term in /; and 71, but with opposite sign. The same
holds true in all terms after the first, and in these terms, for brevity,
the terms in /; and r; are omitted.

It will be convenient to classify all terms after the first according
to the different derivatives which they contain. These are five in

number:
&l d&r < ) ( g dr 4.
de? d¢?¥ \d e

And finally, all terms, including the first, are to be multiplied by
2mpa’@, where p is the density of the cylinder. (This factor is incor-
rectly given with a negative sign in the 1930 paper.)

il

FIRST TERM

d0¢ dl"g d?‘l dlg dl1>] dzfg lo drl Jl___.
[ Gy (lldcp g g T T8 302 dg? 30,2
d l2 Ty d ll Ty
d¢* 20,7 T dg? 2057

2
TERMS IN —(ZE)?

Term

5 £@<_L>
© 16dg\ 77

i d2l2< 15[2 3
128 d¢°

. 5 @(_wgo_lz_g
. 2048 d¢2 7'211 7'2

7a8 d2l2 3003[2 3465l0 94()12 50,
5 39768 dT>2<+ P Cpbins | Tl
6 21a® d4, __2187912 360361,° _18018l24+2772122_§§
p 262144 d¢* o 750 T 7otk
; 83 d2l2 (+323323lzl° 692835l28_*_510510l26
T 2097152 d¢? 7o o
1501507,* 1501519 231
i 717 44 T B
2 2
8 429a' ﬁz _2414425l212 63740821210_6235515l2_
¥ 67108864 d¢2 7”227 7’225 7'223

277134005 546975L* | 38610L* 429

7.221 7«219 + 7'217 7.215

+
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9 7150 gfz_l2< 145422675l2“_456326325l212+5577321751210
: 2147483648 d¢? 750k T Ve
33463930508 , 1018467450,° 145495350,* 76576502 6435
e 7.225 i 7"223 o 2 = 7,219 P, 1.217
0. . 2431a® &% (_1101980715l216 _y 40072026004,
i 17179869184 d¢2 7'235 7’233
58815393000, | 44618574000,° 185910725018
=5 gt b e e o

41644002412 _ 452652200*

1847560L% 12155
s 25 7,223 +

7,.221 7.219

NUMERICAL FACTORS

. 0625
. 1171875 . 0234375
. 2563477 . 1708984 . 0122070

. 752697 . 886795 . 443398 0.2220612
.087690  10. 90219 . 033195 2. 362704

0. 0050468
0. 2362704
0. 0036349
8. 15.43445 40. 74694 39. 86114 17.71606 3. 496591
0.2468182 0.0027424

3

0

3

0

RUSCHERCIID
MOS0 O

0
0 0
. 6415100 0.7402039 0.2018738 0.0074768
2 1
0 8

9. 48.41816 151.9329 185. 6957 111. 4174 33. 90965
48. 44236 25. 49598 . 2142519
10. 155. 9334 567. 0305 832. 2544 631. 3654 263. 0689
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Equation 19 may appear formidable, but as with a similar formula
in the 1930 paper (eq 11, p. 1266-67), it is comparatively simple in
application. It contains the same system of vertical and diagonal
moduli by which the literal parts of all terms after the second can be
rapidly obtained, after which the terms are completed by applying
the numerical factors.

The preceding discussion has been based upon the assumption that
the center of the attracted segment is on the same level as the axes
of the cylinders. While in practice this is nearly true for the balls, it
is not the case with the elements of the beam, and in calculating the
attraction on the beam, formulas 13 to 18 require aslight modification.

Co

Co

F1GURrE 7.—Geometrical constants for allraction on beam.

In figure 7, C, is the same as O, in eq 19, the fundamental length
which determines the potential of the cylinder at the center of the
attracted element; A is the elevation of the center of the element
above the cylinder axis, ¢4 is the horizontal projection of (s, and ¢,
the horizontal projection of C,. The slanting line (s is not directly
measured, but is calculated from ¢, and h. The plane of the angle
¢ remains horizontal. The next step is to see what difference (if any)
the introduction of A will make in Cj, 7, [, and their derivatives which
occur in formula 19.

We have the fundamental equations:

At d¢
¢s="¢o+R(1—cos ¢), whence a6 =R sin ¢ and @ =R cos ¢

Cg*=¢,+h (20)

r2=¢ 2RI
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For the derivatives of (s, we have

dCy_¢s déy_¢s 1y
X i ¢Rs1n¢

BOu_te Pbs, (1 _ 452\ (84sY’
@ Cde T\C, 0¢3>(d¢) @)

__¢v5 R s 2 ain2Ah |
=0, cos ¢ —I—a;;o,R sin’g,|

which assume still simpler values at the equilibrium angles.

The formulas for /; and l; and their derivatives, given by eq 15
and 16, are unaltered by the introduction of . And this being the
case, the formula for 72 in eq 20 will give derivatives of the same form
as those in eq 17, the only difference being that ¢, is written for Cs.

In the case of the attraction between cylinders and balls in the
present work, the value of »A was always less than 1 mm, and the
minimum value of ¢ about 13 em. This rendered the h-correction
unnecessary for the balls, though obviously necessary for the beam.

V. DESCRIPTION OF APPARATUS

For the purpose of this work a special building was erected in a
wooded section of the Bureau grounds, at a sufficient distance from
parking lots and moving traffic to avoid disturbances. This building
was 30 feet long and 20 feet wide, and was divided into two rooms by a
partition. The walls of the building were of sheet steel with heat
msulation, and were unprovided with windows. The inner partition
was also heat-insulated. The front room of the building was the
observing room, and contained the photographic recording apparatus.
The torsion balance was in the rear room. Both rooms were electri-
cally heated, with thermostatic control.

The torsion balance (fig. 8) was mounted on a massive concrete
base in the center of the rear room. The rest of the floor was of wood,
except that four concrete slabs were provided for the purpose of setting
up a kathetometer for measuring vertical distances. The concrete
base carried a circular steel plate 65 cm in diameter and 5 cm thick,
at the center of which was the pendulum case, supported by three
leveling screws. Three additional leveling screws were provided,
which carried no load, but served to produce a more uniform gravi-
tational field about the pendulum.

On the outer portion of the circular steel plate there was a circular
steel ring 12 cm wide and 4 cm thick, resting on a complete ring of
steel balls running in grooves. This steel ring carried the large
attracting cylinders, and by rotating the ring the cylinders could be
brought into the near or the far position as desired. To facilitate this
adjustment the outer rim of the circular steel plate was provided with
graduations and the rim of the circular ring carried a reference mark.

The cylinders were kept in place on the steel ring by four small
aluminum wedges. As these wedges weighed about 0.21 g each, and
the cylinders about 66,000 g, no correction for the attraction of the
wedges was necessary.

The pendulum case and its lid were made of soft iron, for magnetic
shielding. Windows were provided for observing the elevation of the
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Ficure 8.—Torsion balance.
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balls. The joint between the case and lid was sealed with Peixene
wax. A brass tube attached to the lid carried the suspending filament.
This tube was provided near the lower end with an observing window
and four smaller windows for centering the filament. At the upper
end the tube contained the movable torsion head described in the
1930 paper, by which the resting point of the filament could be
adjusted from outside by means of a magnet without breaking the
vacuum.

The beam of the pendulum with its attached balls can be seen in
place in figure 8. The beam was an aluminum tube 20 c¢m long and
0.5 cm in outside diameter. The beam was provided at its center
with a vertical brass rod 5.5 cm long. A phosphor-bronze truss wire
was run through the tube and its ends soldered to the upper end of the
vertical brass rod. A piece of annealed tungsten filament, 0.0012 in.
in diameter, was also run through the tube to provide a suspension for
the balls, the centers of which were about 4 em below the center of the
beam. The balls were of platinum, provided with platinum hooks,
and weighed about 87 g each. They were shaped to a spherical form
by scraping through a steel die plate, as described in the 1930 paper.

The upper point of the beam truss was not joined directly to the
suspending filament, but to a short piece of thin brass rod which
carried a small optically flat silvered mirror at the level of the observ-
ing window. The connections with the filament at each end were
made by small clamps.

The total mass of the beam was about 5.7 g. The vacuum masses
per unit length of the different parts were as follows, in grams per
centimeter:

Alumintumtubelisiaie sl teids it o 0. 21254
AURURSEWITe Ao v - & itk S g . 00261
Filament supporting balls______________ .00015

Two different tungsten filaments were used as a suspension for the
pendulum. One of these was ordinary commercial lamp filament,
hard-drawn, of diameter 0.0012 in. and tensile strength 288 g. This
filament had been coiled in the drawing process, and consequently
exhibited considerable drift when first set up. The measurements
with this filament were not begun until 3 months after setting up, by
which time the drift of the resting point had been reduced to 0.04 cm
in 15 hours, the photographic plate being 490 em from the filament.
The total load on the filament was about 182 g.

After the completion of the measurements with this filament, we
obtained, through the cooperation of W. E. Forsythe, of the General
Electric Lamp Works at Cleveland, several pieces of specially annealed
filament which had been kept straight in drawing and shipping. This
filament, on account of being annealed, had a lower tensile strength
than the hard-drawn filament, and a diameter of 0.0014 in. was neces-
sary to give a tensile strength of 284 ¢. This filament, although care
was taken not to bend it in the process of setting up, showed a slight
drift, which after 2 months’ time was reduced to about half that of
the hard-drawn filament.

The experience of Bearden ? of Johns Hopkins University with
straight-drawn and especially annealed tungsten filament, in his work
on the viscosity of air, led us to expect more precise results from the

2 Phys.!Rev. 56 [2] 1023 (Nov. 15, 1939).
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annealed filament than from the hard-drawn one. The reverse, how-
ever, was the case. The average departure from the mean in our
measurements with the hard-drawn filament was about half that
obtained with the annealed filament, because of the fourth-power law
of torsion. The times of swing with the annealed filament of diameter
0.0014 in. were about 1,880 and 1,640 sec in the far and near positions,
respectively, with a difference of 240 sec. With the hard-drawn
filament, of diameter 0.0012 in., the times of swing were increased to
2,920 and 2,200 sec, with a difference of 720 sec. This threefold in-
crease in sensitivity with the hard-drawn filament apparently over-
balanced any slight advantage of stability on the part of the annealed
filament.

Of course, in geophysical surveying, where it is of importance to
occupy as many stations as possible in the course of a week, it is out
of the question to allow a month or more for a filament to stabilize
itself; and in Bearden’s work it was not necessary to determine the
difference between two times of swing.

The vacuum used in the pendulum case was always less than 0.5 mm.
Experiments were made with a molecular pump giving a much lower
pressure, but it was found that at pressures below 0.5 mm the damping
factor of the pendulum became constant, indicating that at such pres-
sures the air resistance was negligible compared to the internal friction
in the filament.

VI. METHOD OF OBSERVING
1. ADJUSTMENTS

(a) ADJUSTMENT OF CYLINDERS

The ideal adjustment of the cylinders requires that they be symmet-
rical with respect to a certain circle, which, of course, includes the
condition of mutual parallelism. The tolerance for this adjustment
is much greater than might be supposed. In all cases of asymmetry,
one half of a cylinder will be a little nearer a ball than it should be and
the other half a little too far away, and these two inaccuracies will
partly cancel each other. For instance, calculation shows that, in the
near position, a difference of 0.3 mm in the distance between the
cylinders at their ends (28 em apart) will affect only the seventh signifi-
cant figure in the value of d?V/d¢? and for the far position the effect
will be still less. It is, in fact, quite practicable to adjust for parallel-
ism by a few trials to an accuracy of 0.1 mm.

The cylinders were so accurately shaped that their lengths differed
by only 0.01 mm, and consequently it was easy to set them with their
end faces in the same plane with an accuracy of 0.1 mm by laying a
straightedge across the faces.

It was found also that the circular steel ring was sufficiently accurate
to serve as the circle of reference for the cylinders and the pendulum.
Measurements of the inside and outside diameters of the ring showed
that no error greater than 0.2 mm existed in these dimensions. By
means of the graduated circle around the rim of the steel plate it was
possible to complete the adjustment of the cylinders for symmetry
with respect to the circle.
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(b) ADJUSTMENT OF PENDULUM

For the pendulum three adjustments are necessary—azimuth,
longitudinal, and transverse. These adjustments, as was found in the
1930 work, have a rather large tolerance, which in some cases, as in the
azimuth setting in the near position, is increased by the changed posi-
tion of the cylinders. Calculation gives the following errors in the
result introduced by neglecting the errors in the separate adjustments
iI}ll the n(iar position. In the far position there will be still less effect in
the result.

Transverse centering, error 0.5 mm____1 part in 27,000
Longitudinal centering, error 0.5 mm___1 part in 26,000
Azimuth centering, error 0.1°_________ 1 part in 65,000

The original adjustments for centering could be made to 0.1 mm and
0.1°. The centering adjustments were checked at intervals during the

BRASS TUBE -

SHADOWS

Q \WlNDOW

PROJECTOR LAMP SCREEN
(FILAMENT EDGEWISE )

6 é) ~PLUMB LINES

180° APART
L] L[h-l GRADUATED RING J'

Figure 9.—Centering device.

work, and such errors as arose in the course of the.work were recorded
and allowed for in the computations.

The azimuth setting was made in the present work by direct observa-
tion. The lid of the pendulum case was lifted sufficiently to allow the
beam to be held against two supports in such a position that the
normal to the mirror passed approximately through the center of the
recording apparatus, as determined by visual observation. Then by
means of two plumb lines the azimuths of the centers of the ends of
the beam were found to be 285.6° and 107.2°, with a difference of
178.4° instead of 180°. This showed that a transverse adjustment
was necessary. Imagining such an adjustment to be made so that the
azimuth at each end will be altered by 0.8°, the correct azimuth read-
ings were found to be 286.4° and 106.4°. Then, by turning the steel
ring carrying the cylinders until the centers of the cylinders were at
these azimuth readings, the cylinders could be set in the near position,
and by turning 90° farther, in the far position.

The pendulum case was then closed and the filament centered
longitudinally and transversely, making use of the four observation
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windows in the tube carrying the filament (fig. 9). For this purpose
two plumb bobs were hung close to the graduations on the circular
steel plate, 180° apart. A projector lamp was placed in line with
these plumb bobs at a distance of about 3 m from the filament, giving
approximately a point source of light, and a white cardboard screen
was placed on the opposite side of the pendulum case, on which three
sharp shadows could be obtained, two of the wire plumb lines and one
of the filament. By moving the plumb lines around, always keeping
them 180° apart, their shadows could be made to coincide, and then by
tilting the pendulum case by means of its leveling screws the shadow
of the filament could be brought into coincidence with the shadow of
the plumb lines. By carrying out this process in two positions 90°
apart, the filament could be centered with respect to the circular steel
plate with an accuracy of 0.1 mm.

This centering was made at first with the glass panes of the observ-
ing windows removed. The glass panes were then replaced and the
case was exhausted. No apparent change was observed in the centering.
From time to time as the observations were made the centering was
checked, and slight variations were observed, the maximum being 0.9
mm. No attempt was made to correct these changes, but they were
recorded and allowed for in the computations.

2. LENGTH MEASUREMENTS

The lengths to be measured, horizontal and vertical, in the present
work were essentially the same as those in the earlier work, and ex-
cept for the device of the previously described rayon-filament plumb
bobs in measuring the distance between the cylinders, were carried
out with the same instruments and in the same manner as described
in the 1930 paper.

3. TIME MEASUREMENTS

The choice of a photographic method for recording the transits of
the pendulum was prompted by several considerations. Perhaps the
most important of these was the desire to obtain an accurate record
of transits at small amplitudes, as these have the greatest influence
in the reduction of the time of swing to infinitesimal amplitude.
Moreover, by making the method completely automatic, the necessity
for the continuous presence of the observer was eliminated.

(a) STANDARD OF TIME

The standard of time employed was the primary frequency standard
maintained by the radio laboratory of the National Bureau of Stand-
ards. This standard originates in a 100-ke¢ quartz oscillator, from
which, by a submultiple generator, a 60-cycle current was obtained.
This standard 60-cycle current was amplified sufficiently to operate
the signaling mechanism of the photographic recording apparatus.
The frequency of the primary oscillator was constant to better than
1 part in 10 million.

The signals used in the recording apparatus were flashes of light
at 5-sec intervals. These were obtained by a revolving shutter in
the form of a brass disk with radial slits cut in its periphery. This
disk was rotated at a speed of one revolution a minute by means of
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a synchronous clock motor driven by the standard 60-cycle current.
The disk carried 11 slits at intervals of 30°, the twelfth being omitted
to mark the minutes.

(b) OPTICAL SYSTEM

Two slightly different optical systems were used. The first system,
used with the hard-drawn filament, was an adaptation of a system
previously used for visual observations. In this system the light
from a 200-watt projector lamp was focused on a narrow slit close
to the revolving disk. The light from the slit then entered the eye-
piece of a telescope and was directed to the plane mirror carried by
the torsion pendulum. After reflection at this mirror, the light was
brought to a focus to form an image of the signaling slit on a photo-
graphic plate. As the pendulum swung, an 1mage was recorded on
the plate every 5 sec. The distance from mirror to plate was 490
cm, and a deflection of 1° at the mirror corresponded to a distance
of 17 cm at the plate. The sharpness of the lines obtained was such
that three lines per millimeter could easily be resolved by a low-power
microscope.

For the measurements with the annealed filament the optical sys-
tem was improved to give sharper images on the photographic plate
(fig. 10). Here the light flashes from the revolving disk were focused
on a stationary slit by means of an achromatic lens. It was found
that the presence of this second slit gave a much sharper image on
the plate. After passing through a concave lens of 25 cm focal length,
the light fell on a convex lens of 400-cm focal length mounted on the
outside of the pendulum case just in front of the mirror carried by
the pendulum. The light was reflected by the mirror back through
the convex lens and was brought to a focus on the photographic plate.
The sharpness of the lines obtained with this second system was such
that five lines per millimeter could easily be resolved.

Except for the mirror on the pendulum and the convex lens on the
outside of the pendulum case, the whole optical system, including the
camera, was mounted on a concrete pier in the observing room (fig.
11). It was found that even though the apparatus and observing
rooms were closed up and the temperature thermostatically con-
trolled, there was sufficient turbulence caused by convection currents
to be noticeable in the photographic record. For this reason a series
of paper tubes was set up enclosing the light path in both directions.
Undesirable reflections from the inner surfaces of these tubes, which
]vovoflﬁld have fogged the plate, were prevented by a system of interior

affles.

A reference mark was provided on the photographic plate as a basis
for measurements of the positions of the recorded images. This mark
was the shadow of a fine wire fastened to the front panel of the camera
(fig. 12). The shadow was made by the light from a neon lamp behind
a pinhole in the optical path about 200 cm in front of the camera.
The plate being continuously illuminated by the faint red light was
fogged just enough to show the shadow of the wire as a white line, with-
out interfering perceptibly with the definition of the recorded images.

(c) THE CAMERA

The camera consisted of a metal box in which the plateholder
could move only in a vertical direction (fig. 12). A spring on the
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Frcure 11.—Photographic recording apparatus.
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plateholder bearing against the side of the camera prevented any
sidewise motion of the plateholder. The beam of light reflected from
the moving mirror entered through a horizontal slot cut through the
front panel of the camera. With the pendulum at rest, the image of
the illuminated slit was centered vertically across this slot and the
motion of the mirror made the beam traverse the length of the slot.
Thus, only as much of the plate was exposed during a given transit
as was exposed by the slot during the transit. A guillotine safety
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Ficure 12.—Camera and tripping mechanism.

shutter on the front panel could be dropped to cover the slot whenever
it was desired to make the camera light-tight.

Between transits, the vertical position of the plateholder was
changed automatically by means of a tripping mechanism mounted on
the back of the camera (fig. 12). Essentially, the mechanism con-
sisted of a pawl-and-ratchet escapement. The pawl was actuated by
an electromagnet. The ratchet was rigidly connected to a pinion
which in turn was geared to a rack sliding in ways. The rack formed
one prong of a_fork whose other prong entered the camera through a
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hole in its bottom. The plateholder rested on the end of the prong
within the camera. Thus, when a pulse of current from a timing
device actuated the electromagnet, the escapement permitted the
plateholder to drop by gravity through a predetermined distance.

The camera accommodated 4- by 5-in. photographic plates. The
choice of this particular size was dictated by the availability of a
traveling microscope whose screw was 10 cm in length. The plate
emulsion was of the modern high-speed panchromatic variety. Over
80 transits could be recorded on a single plate.

The pulse of current through the electromagnet was obtained when
a timing device (fig. 13) momentarily closed a switch as the pendulum
reached the end of its swing. The timing device consisted of an end-
less rubber belt running over two pulleys, one of which was driven by a
synchronous motor suitably geared down, and the other idled in a set
of pivot bearings. A balance wheel from a watch, lightly pivoted to
reduce friction, was fastened to one arm of a spring-leaf switch.
This balance wheel, acting merely as a pressure wheel, was brought
to bear against the rubber belt opposite the idler pulley. The switch,
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F1gure 13.—Timing device.

in series with a battery and the electromagnet, was normally open,
but when a rubber button which was cemented to the outer surface
of the rubber belt came in contact with the pressure wheel, the switch
contacts were momentarily closed and a pulse of current was sent
through the electromagnet.

The base on which the idler pulley and the switch were mounted
moved in ways parallel to the belt. The length of the rubber belt,
and therefore the interval between contacts, could be varied by means
of an adjusting screw.

A different driving pulley was used with each type of swing, since the
difference in the half period in the ‘“‘near” and ‘‘far’” positions was
more than could be taken care of by the adjusting screw.

Using a pulley of the proper size, the length of the rubber belt was
adjusted so that the interval between contacts was very nearly equal
to the mean half period of the pendulum. The button on the rubber
belt was brought into position to make contact, and the motor was
started as the pendulum reached the end of its swing. Then through-
out a series of 60 to 70 transits the time of contact and the time the
pendulum reached the end of its swing remained very nearly syn-
chronized.
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Records were made at night, from five o’clock in the afternoon until
eight o’clock the next morning. The pendulum was started swinging
(by movable weights outside the case, as in the 1930 paper) and the

- plateholder adjusted in the camera. The guillotine safety shutter
was dropped and the room darkened. The operator then pulled the
slide of the plateholder, and going outside of the house and closing
the door, pulled a wire which lifted the guillotine shutter, and the
run was on. This process was reversed the next morning, the safety
shutter being dropped before the door was opened.

The precision obtainable by this method of photographic recording
can be seen from the following examples (table 1), taken from ob-
servations in the near position with the annealed filament. Measure-
ment of the photographic record by a traveling microscope gave the
following figures, for two transits, one near the beginning and one
near the end of a 14-hour run, the central reference line on the record
being taken as 50 mm.

TABLE 1.—Time-scale relation

TRANSIT § TRANSIT 66
: Scale Scale : Scale Scale
Time reading | difference || Time reading | difference
sec mm mm sec mm mm
40 15.92 30 44.33
6. 33 0. 57
35 22.25 35 44,90
6.34 .58
30 28. 59 40 45.48
6.33 .58
25 34.92 45 46. 06
6.38 .56
20 41.30 50 46. 61
6. 36 . 56
15 47. 66 55 47.17
6.38 L 5TX2
10 54.04 5 48. 31
6.38 . 56
5 60. 42 10 48. 87
6.34X2 .58
55 73.10 15 49.45
6.28 .57
50 79.38 20 50.02
55
25 50. 57
57
30 51. 14

It will be seen that although the speeds in these transits differ by
a factor of 11, the speed in each transit is practically uniform within
the space covered by each record, and interpolation is safe. By
interpolation we next obtain for each transit of the run a table with
integral values of the scale readings and nonintegral values of the time,
such as would be obtained by chronographic recording of visual obser-
vations.

It was found that with 60 or more transits in each record, consid-
erable time could be saved by making a change in the procedure of
the 1930 paper. The calculation was carried out in the usual way up
to the point where the mean midpoint of the swing was determined
as the average of five separate values. The next step, the sinusoidal
corrections, took a great deal of time, and it was found that this could
be avoided.
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The alternative procedure adopted can be illustrated by an example.
Taking transit 5, we obtain by the aid of transits 4 and 6 the following
midpoints on the scale in millimeters:

47. 39
5 R

From the time-scale relation for this transit (table 1), we find by
interpolation the following values of the time at the mean midpoint:

28 min 15. 22 sec.

Mean______ 28 min 15. 22 sec.

The corresponding value for transit 7 is found to be 55 min 35.45
sec, and the difference of these times, 27 min 20.23 sec, gives us one
value for the damped period of the pendulum. From this point the
procedure is the same as that in the 1930 paper.

VII. RESULTS

The computations for the present work are much too extensive to
be given here. The complete computations and original notebooks
are preserved in the Library at the National Bureau of Standards.
As an illustration of the general procedure, we may summarize the
calculation of one result in table 2.

TaBLE 2.—Calculation of G
[Hard-drawn filament]
Far position, May 15-18, 1940. Periodic time= Tr=2924.20 sec. Temp. 24.1° C.

I=moment of inertia=17735.4

Values of KG

Balssudteviimderay. - e b 1000 e ies Tt Tl 349253.6 G
Beam andieylinderss o i iieR ol Cpba o 0 2951.5 G

352205.1 G=(K®)r
Near position, May 22-24, 1940. 7T'¥=2200.12sec. Temp. 24.1° C.
I=17735.4

Values of KG

Ballsiandreylinders - o -0 sooioi Copoga e —584323.1 G
Beam and'oylingens. . 2 dolitih . UL atE v e —3924.6 G

—588247.7 G=(K@)~

KO r— KO y=tx (773

940453 G=0.0627647
=6.6739X10-8
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Five values of G were obtained with each filament, hard-drawn and
annealed. These values are given in table 3, with their average
departures from the mean.

TaBLE 3.—Values of G

Hard-drawn filament Annealed filament

6.6739 0. 0016 6. 6670 0.0015
56 667 18
69 14 703 18
62 7 707 22
51 4 680 5

6. 6755 0. 0008 6. 6685 0.0016

It will be seen that the precision of the results with the hard-drawn
filament is twice that of the results with the annealed filament.
Weighting the results in this proportion, we obtain for the weighted
mean:

6.67324-0.0031.

In view of the fact that the average departure from the mean ap-
pears in the third decimal place, the fourth decimal place may be
dropped, and we obtain for the final result:

6.673+0.003107% cm? g! sec’.

The final result in the 1930 paper was:
6.670+0.005><107% cm?® g! sec?

These two results agree well with each other, but it is to be noted
that the increase in precision in the present work is hardly appreci-
able. It will also be noted that the present results show the same
peculiarity of pattern as did those in the 1930 paper. The results
with the hard-drawn filament differ from those with the annealed
filament by an amount greater than can be accounted for by the
departures from the mean.

It is difficult to explain this anomaly. The only point of difference
in the two series of measurements was the difference in the filament,
and while irregular variations in the torsion constant of the filament
are to be expected, and would account for random variations in the
individual results with any one filament, what is needed to account
for the observed anomaly in the results with the two filaments is a
regular variation of such a nature as to be incredible.

Comparing the 1930 results with those of the present work, the
outstanding feature is that a carefully planned and executed attempt
to increase the precision of the 1930 results has met with but slight
success. The conclusion may be drawn that the limit of the possi-
bilities of the torsion balance has been reached.

WasHINGTON, March 30, 1942,

463607-—42——3
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