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The CD4 glycoprotein is a component of the T cell receptor complex which plays an important role in the human immune response. 

This manuscript describes the measurement and modeling of the binding of fluorescently labeled anti-human CD4 monoclonal 

antibodies (mAb; SK3 clone) to CD4 receptors on the surface of human peripheral blood mononuclear cells (PBMC). CD4 mAb 

fluorescein isothiocyanate (FITC) and CD4 mAb allophycoerythrin (APC) conjugates were obtained from commercial sources. Four 

binding conditions were performed, each with the same PBMC sample and different CD4 mAb conjugate. Each binding condition 

consisted of the PBMC sample incubated for 30 min in labeling solutions containing progressively larger concentrations of the CD4 

mAb-label conjugate. After the incubation period, the cells were re-suspended in PBS-based buffer and analyzed using a flow 

cytometer to measure the mean fluorescence intensity (MFI) of the labeled cell populations. A model was developed to estimate the 

equilibrium concentration of bound CD4 mAb-label conjugates to CD4 receptors on PBMC. A set of parameters was obtained from 

the best fit of the model to the measured MFI data and the known number of CD4 receptors on PBMC surface. Divalent and 

monovalent binding had to be invoked for the APC and FITC CD4 mAb conjugates, respectively. This suggests that the mAb binding 

depends on the size of the label, which has significant implications for quantitative flow cytometry. The study supports the National 

Institute of Standards and Technology program to develop quantitative flow cytometry measurements. 
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Abbreviations 

[A] concentration of labeled antibody in labeling solution at equilibrium 

[A0] initial concentration of labeled antibody in labeling solution 

[AS] concentration of labeled antibody adsorbed on the surface of the cell 

[AST] concentration of adsorbed labeled antibody bound to single target  
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[ASTT]  concentration of adsorbed labeled antibody bound to two targets  

[AT]  concentration of labeled antibody bound to one target (receptor) 

[ATm]  concentration of labeled antibody bound to one target on monocytes 

[ATT]  concentration of labeled antibody bound to two targets (receptor) 

[ATTm]  concentration of labeled antibody bound to two targets on monocytes 

[T0]  concentration of targets (receptors) on PBMC 

[Tm0]  concentration of targets (receptors) on monocytes 

ABC  antibodies bound per cell 

APC  allophycoerythrin, fluorescent protein 

Bkg  background signal in flow cytometer measurement 

CD4  cluster of differentiation 4 on human T lymphocytes  

Co1  company 1, manufacturer of labeled mAb 

Co2  company 2, manufacturer of labeled mAb 

ERF  number of equivalent reference fluorophores 

F/P  average number of fluorophores per protein (mAb) 

Fab  Fab, used in the model to represent F/P 

FBS  fetal bovine serum 

FITC  fluorescein isothiocyanate 

G  gain of the fluorescence detection system of the flow cytometer 

G1  1/(mol/L), gain parameter in the fit of model prediction to data  

Iex  average energy flux of the laser beam in cytometer sensing region 

K1  equilibrium dissociation constant for monovalent binding 

K2  equilibrium dissociation constant for divalent binding 

KD  protein equilibrium desorption constant 

mAb  monoclonal antibody 

CD4 mAb-APC CD4 monoclonal antibody APC conjugate 

CD4 mAb-FITC CD4 monoclonal antibody FITC conjugate 

MFI  mean fluorescence intensity, measured 

MFIpred  mean fluorescence intensity, predicted by the model 

Nab  average number of antibodies per PBMC 

Nat  average number of antibodies bound to a single target on cell 

Natt  average number of antibodies bound to two targets on cell 

NIST  National Institute of Standards and Technology 

PBMC  peripheral blood mononuclear cell 

PBS  phosphate buffered saline buffer 

QY  fluorescence quantum yield 

S  total cell surface area (m2/L) of a cell suspension 

V450  trade name of a fluorescent dye 

 

 

1. Introduction 

 

The goal of quantitative flow cytometry measurements is to obtain the average number of labeled 

antibodies bound to specific receptors on the surface of a cell [1, 2]. The labels conjugated to the antibodies 

are usually fluorescent dyes, which are excited when the cell passes through the sensing volume of a flow 

cytometer. The resulting fluorescence emission is detected, and the recorded mean fluorescence intensity 

(MFI) is an indicator of the average number of labeled antibodies bound per cell (ABC). Flow cytometer 

detection systems collect real-time fluorescence emission in many wavelength ranges, called fluorescence 

channels. Each fluorescence channel is dedicated to collecting fluorescence emission from a specific dye 

conjugated to a specific antibody. Today, many flow cytometers have over 20 fluorescence channels and 

simultaneously detect many different labeled antibodies bound to different receptors on the surface of the 

cell [3]. Successful implementation of quantitative flow cytometry would yield a list of the average number 

of each of the different labeled antibodies bound to the cell. 
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The initial step of the quantification process is to calibrate the flow cytometer MFI in terms of the 

number of equivalent reference fluorophores (ERF) units maintained at the National Institute of Standards 

and Technology (NIST) [4]. Manufacturers of flow cytometer calibration microspheres will have an 

opportunity to assign ERF values to their calibration microspheres, providing an international standard with 

which to calibrate the fluorescence output of all flow cytometers in terms of ERF units. Next, a reference 

cell, with a known number of CD4 (cluster of differentiation 4 on human T lymphocytes) receptors, will be 

used to convert the ERF-MFI scale to the ABC-MFI scale, so that an MFI measurement on an analyte cell 

can be presented as an ABC value. This second step will require conjugation of different fluorescent labels 

to the CD4 antibody so that the conversion to the ABC scale can be done in all fluorescence channels. 

Therefore, it is important to examine the binding properties of CD4 antibodies labeled with different 

fluorescent labels to the CD4 receptor on the surface of the reference cell. Monovalent versus divalent 

binding, nonspecific binding, and other confounding effects complicate the binding properties of labeled 

antibodies. Therefore, the production and validation of the reference cell standard require examination of 

the antibody binding process to ascertain that the binding occurs as expected and that possible confounding 

effects are taken into account. This article develops a model for the binding of monoclonal antibodies 

(mAb) to CD4 receptors on the surface of human lymphocytes, and it uses the model to analyze the binding 

measurements of the mAb labeled with fluorescein isothiocyanate (FITC), and allophycoerythrin (APC), a 

fluorescent protein. 

 

2. Experimental Method 

 

Cryopreserved normal human peripheral blood mononuclear cells (PBMC; catalog number: CTL-UP1) 

and anti-aggregate wash supplement (catalog number: CTL-AA-001) were purchased from Cellular 

Technology (Shaker Heights, OH).1 The thawing protocol provided by Cellular Technology for the 

cryopreserved PBMCs was closely followed using a thaw solution consisting of 1 mL of anti-aggregate 

wash supplement and 19 mL of RPMI-1640 from Invitrogen (Carlsbad, CA). After the thawing procedure, 

PBMCs in the warm thaw solution were counted using trypan blue staining for an estimation of total cell 

number. The thawed PBMCs were then centrifuged at 330 g for 10 min, and the supernatant was discarded. 

PBMCs were washed once with PBS, pH 7.4, containing 2 % fetal bovine serum (FBS; Sigma-Aldrich, St. 

Louis, MO), and resuspended in PBS with 2 % FBS to make a final cell concentration of approximately 1 × 

107 mL−1. The entire procedure was performed at an ambient room temperature of 22 °C. The thawed 

PBMC suspension was used for all measurements described below. 

 

2.1 Staining of PBMC 

 

A 100 µL aliquot of the thawed PBMC suspension (prepared as described above) was added to a 

defined volume of labeled mAb solution in a test tube prewetted with PBS and 2 % FBS. Table 1 gives the 

conditions of mAb solutions used in the staining.  

  

                                              
1 Certain commercial equipment, instruments, and materials are identified in this paper to specify adequately the experimental 
procedure. In no case does such identification imply recommendation or endorsement by the National Institute of Standards and 

Technology, nor does it imply that the materials or equipment are necessarily the best available for the purpose. 
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Table 1. Stock solutions of labeled CD4 mAbs used in staining of PBMC. 
  

mAb labela Concentration Volume F/Pb 

CD4 mAb-FITC, Co1 3 μg/mL 2 mL 4.21 

CD4 mAb-APC, Co1 6 μg/mL 0.5 mL 1.30 

CD4 mAb-FITC, Co2 100 μg/mL 0.5 mL 6.1 

CD4 mAb-APC, Co2 50 μg/mL 0.5 mL 1.4 

aCo1 = company source 1, Co2 = company source 2. 
bF/P = average number of fluorophores per protein (mAb). 

 
The suspensions of labeled mAb and cells were vortexed and then incubated for 30 min in the dark at 

room temperature (22 °C) without further mixing. After the 30 min incubation time, the cells were washed 

with 2 mL of the PBS and 2 % FBS buffer and centrifuged, and the stained cells were re-suspended in  

0.5 mL of the same buffer. To construct a titration curve for the labeled mAbs, the starting point was the 

amount of antibody recommended by the manufacturer to obtain saturation. Approximately eight 2-fold 

dilutions and one 1.5-fold increase of the recommended amount of the antibody were included in the 

titration curve. The stained PBMCs were analyzed using an Aria II flow cytometer within 2 h after the 

preparation of the sample. The FITC and APC labels were measured using the FITC and APC fluorescence 

channels of the Aria II flow cytometer. 

 

2.2 Measurement of the Concentration of CD4+ Lymphocytes 

 

To determine accurate concentrations of CD4+ lymphocytes present in the staining tubes, at least two 

extra thawed PBMC staining tubes were used as described in Sec. 2.1. The concentration of PBMCs in the 

staining tube was measured relative to the microsphere count standard in a TruCount tube (BD Biosciences, 

San Jose, CA). The concentration measurement was performed by adding 100 µL of the thawed PBMC 

suspension (the same suspension used in the staining tubes discussed in Sec. 2.1) and a defined volume of 

labeled mAb to a TruCount tube. The labeled mAb concentration was chosen to ensure saturating condition 

for the staining of PBMC in the TruCount tube. In order to minimize the loss of cells, a no-wash procedure 

was performed after sample staining. A total final volume of 1 mL of stained PBMCs in the TruCount tube 

was made with PBS and 2 % FBS. The stained samples were analyzed using the Aria II flow cytometer 

within 2 h after sample staining. Moreover, the gating of CD4+ lymphocytes was also confirmed by 

staining of both CD3 V450 and CD4 FITC or APC in some cases. The concentration of CD4+ lymphocytes 

in the TruCount tube was determined to be 0.2 × 106 cells/mL. After adjusting for the 10-fold dilution, the 

concentration of CD4+ cells in TruCount tubes during cell staining was approximately 0.2 × 107 cells/mL. 

 

3. Model of the Binding of Labeled CD4 mAbs to CD4 Receptors 

 

The model is based on a sequence of binding events shown in Fig. 1 [5]. 
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Fig. 1. The dashed vertical lines separate four states that model the binding of a labeled CD4 mAb to a CD4 receptor on the surface of 

a cell. The small red circle is the label, the “Y” shape is the CD4 mAb, the large blue circles are the CD4 receptors, and the horizontal 

wavy line is the surface of the cell. In state A, the CD4 mAb is in solution, and the CD4 is on the surface. In state B, the CD4 mAb is 

associated with the cell surface. In state C, the CD4 mAb has undergone a monovalent binding to the CD4 receptor on the surface. In 

state D, the CD4 mAb is bound to two (divalent) CD4 receptors. The model assumes that the CD4 mAb binding is a sequential 

process going from state A to state D. 

 
The process of binding may consist of four identifiable states. State A consists of the labeled CD4 

mAb in solution and CD4 receptor on the cell surface. State B consists of labeled CD4 mAb associated 

with the surface of the cell. The association is via nonspecific interactions between ionic and hydrophobic 

complementary sites on the labeled CD4 mAb and the cell surface. The nonspecific adsorption can lead to a 

significant population of labeled CD4 mAb in state B. In state C, the labeled CD4 mAb has undergone a 

monovalent binding to one CD4 receptor. Finally, in state D, the labeled CD4 mAb is bound to two CD4 

receptors via a divalent bond. The transition from state A to state B should consider the roughness of the 

cell surface. This transition is expected to be diffusion controlled, and diffusion near a surface is influenced 

by the roughness of the surface. The model is based on a fundamental assumption that the transition from 

states A to D is sequential. 

Section 3.1 describes a simplified model that neglects state B and jumps directly from state A to state 

C. Binding measurements by themselves do not provide enough information to identify the steps in the 

transition from state A to state C. Therefore, the model uses a phenomenological approach and defines a 

dissociation equilibrium constant that describes the combined result of all steps in the path between states 

A and C. In Sec. 6 of the manuscript, we try to make it plausible that the likely path from A to C goes 

through state B, which is populated via nonspecific adsorption. During lymphocyte labeling, there is a 

substantial population of monocytes that also have CD4 receptors. Section 5 describes a modification of the 

model to include binding of CD4 mAb to lymphocytes in the presence of monocytes. 

 

3.1 A Simplified Model for Lymphocyte Labeling 

 

The model is implemented by writing the equilibrium relation for the transitions from A to C and from 

C to D. These are given by Eq. (1) and Eq. (2). 

 

           0 = 𝑘+1[𝐴][𝑇] − 𝑘−1[𝐴𝑇] − 𝑘+2[𝐴𝑇][𝑇] + 𝑘−2[𝐴𝑇𝑇].  (1) 

 

     0 = 𝑘+2[𝐴𝑇][𝑇] − 𝑘−2[𝐴𝑇𝑇].    (2) 
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Here, [𝐴] is the volume concentration of labeled CD4 mAb in the labeling suspension, and [𝑇] is the 

apparent volume concentration of CD4 receptors on cell surfaces. The association rate constant, k+1, 

describes the transition from A to C. It depends on the diffusive flux of labeled mAb to the receptor CD4 

and the sequence of orientation changes resulting in the monovalent binding of the labeled CD4 mAb and 

the CD4 receptor. The bound system exchanges energy with the surrounding fluid, resulting in dissociation 

characterized by a rate constant k−1. In state C, the labeled CD4 mAb may be oriented for optimal 

association with another CD4 receptor molecule. In addition, the first binding locates the labeled CD4 mAb 

on the cell surface, where the local concentration of CD4 is much higher than the average concentration in 

suspension. Therefore, the first binding may increase the likelihood of the second binding and result in an 

association constant k+2 much larger than k+1. Such behavior has been investigated recently Ref. [6, 7, 8]. 

The transition from state C to D could appear like cooperative binding of monovalently bound CD4 mAb to 

another CD4 receptor. The relation between the apparent volume concentration and the number of receptors 

on the cell surface is given by Eq. (3). 

 

                        [𝑇0] =  𝑁𝑐𝑒𝑙𝑙𝑠 ∗ 𝑁𝐶𝐷4 ∗
1000

𝑁𝐴
, mol/L,    (3) 

 

where Ncells is the number of cells per milliliter of labeling suspension, NCD4 is the average number of CD4 

receptors per cell, and NA is Avogadro’s number. The volume concentration of the CD4 receptors is very 

inhomogeneous since they are concentrated on cell surfaces. This fact has to be kept in mind when 

discussing the meaning of the rate constants in Eq. (1) and Eq. (2). [𝑇0] is the initial concentration of 

unbound receptors, and [𝐴0] is the initial concentration of labeled CD4 mAb at the start of the labeling 

process. The value of [𝐴0] was freely adjusted, while [𝑇0] , which depends on the known number of cells in 

the labeling suspension and the average number of CD4 receptors on a single cell, was a fit parameter. The 

symbols [𝐴𝑇] and [𝐴𝑇𝑇] represent the apparent volume concentrations of labeled CD4 mAb bound to the 

receptor via monovalent and divalent binding, respectively. The actual number of bound receptors on a cell 

can be found by inverting Eq. (3). Since the binding between an antibody and its antigen is reversible and 

preserves the molecular identity of molecules involved in the binding, we can write relations for the 

conservation of the number of molecules given in Eq. (4) and Eq. (5). 

 

  [𝑇0] = [𝑇] + [𝐴𝑇] + 2 ∗ [𝐴𝑇𝑇].    (4) 

 

        [𝐴0] = [𝐴] + [𝐴𝑇] + [𝐴𝑇𝑇].    (5) 

 

The concentrations of monovalently and divalently bound receptors, [𝐴𝑇] and [𝐴𝑇𝑇], respectively, are zero 

at the start of the incubation. Equations (1), (2), (4), and (5) represent the model. We are interested in the 

values [𝐴𝑇] and [𝐴𝑇𝑇], since their sum is proportional to the mean fluorescence signal (MFI) measured in 

a flow cytometer. The other quantities that were measured are Ncells and [𝐴0]. Equation (2) and Eq. (4) were 

used to solve for [𝐴𝑇𝑇] in terms of [𝐴𝑇], with the result shown in Eq. (6). 

 

         [𝐴𝑇𝑇] =
[𝐴𝑇]∗([𝑇0]−[𝐴𝑇])

𝐾2+2∗[𝐴𝑇]
.    (6) 

 

The dissociation equilibrium constants K1 and K2 are defined as 𝐾1 = 𝑘−1 𝑘+1⁄  and 𝐾2 = 𝑘−2 𝑘+2⁄ , 

respectively. The expected MFI is proportional to the total number of labels on the cell and is given by Eq. 

(7). 

  𝑀𝐹𝐼 ∝ [𝐴𝑇] + [𝐴𝑇𝑇] =
[𝐴𝑇]∗(𝐾2+[𝑇0])+[𝐴𝑇]2

𝐾2+2∗[𝐴𝑇]
.    (7) 

 

https://doi.org/10.6028/jres.123.022
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[AT] was found by first adding Eq. (1) and Eq. (2) to obtain K2×[AT] = [A]×[T]. Then, Eqs. (4), (5), and 

(6) were used to get an equation containing only [AT]. The equation was further simplified to a third-order 

polynomial in [AT], as shown in Eq. (8), 

 

  𝑐0 + 𝑐1 ∗ [𝐴𝑇] + 𝑐2 ∗ [𝐴𝑇]2 + 𝑐3[𝐴𝑇]3 = 0,    (8) 

 

where the coefficients are given by: 

 

   𝑐0 = [𝐴0] ∗ [𝑇0]. 
 

𝑐1 = − ([𝐴0] + [𝑇0] + 𝐾1 −
2 ∗ [𝐴0] ∗ [𝑇0] − [𝑇0]2

𝐾2

). 

 

𝑐2 = 1 −
2∗[𝐴0]+4∗𝐾1

𝐾2
 . 

 

𝑐3 =
𝐾2−4∗𝐾1

𝐾2
2  .  

 

The model binding curve was obtained by finding the roots of Eq. (8) as a function of the initial 

concentration of labeled CD4 mAb, given by [𝐴0] in Eq. (8). The roots were found using polyroot function 

in Mathcad 15. Only the physically meaningful roots were considered, where both [ATT] and [𝐴𝑇] are real 

positive numbers and approached zero as [𝐴0] approached zero. In addition, the predicted MFI at 

equilibrium had to be associated with a value of [T0] approximately equal to 145,000 ± 9000, the previously 

measured number of CD4 receptors on the surface of normal lymphocytes [9, 10]. The value of [T0] was 

not constrained during the fit of the model to the observed MFI values. However, if the fit was consistent 

with several roots, then the root that gave a value of [T0] closest to 145,000 was chosen. It was observed 

that root 1 corresponded to physically meaningful binding curves when K1 was smaller than K2. This case is 

illustrated in Fig. 2(a), where the dotted trace is the concentration of monovalently bound labeled CD4 

mAb, [AT], and the dashed trace is the concentration of divalently bound labeled CD4 mAb, [ATT]. The 

solid trace is the sum of the two concentrations. This is the result one would expect for the case where the 

binding of the first CD4 receptor and the binding of the second CD4 receptor to the CD4 mAb were 

independent of each other. The second root of Eq. (8) gave physically meaningful results when K2 was 

much smaller than K1. This case is illustrated in Fig. 2(b), with the same notation of the traces as in Fig. 

2(a). The binding curves for the two cases are very different. In Fig. 2(a), monovalent binding dominates, 

and at equilibrium, there is almost zero contribution from divalent binding. In other words, there is a single 

labeled CD4 mAb for each CD4 receptor. In Fig. 2(b), divalent binding dominates at equilibrium, with a 

small contribution from monovalent binding. In this case, there is approximately one labeled CD4 mAb for 

every two CD4 receptors. Mathcad was used for the initial exploration of the roots of the third-order 

polynomial in Eq. (8), and the results are shown in Figs. 2(a) and 2(b). 

 

https://doi.org/10.6028/jres.123.022
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Fig. 2. (a) The solid line gives the prediction of the equilibrium concentration of surface-bound mAb for the case where the divalent 

dissociation constant K2 is larger than the dissociation constant, K1, for monovalent binding. The horizontal axis gives the initial 

concentration of mAb in the labeling suspension. The dotted line and the dashed line give the predicted concentration of monovalently 

bound CD4 mAb, [AT], and divalently bound CD4 mAb, [ATT], respectively. At saturation, monovalent binding dominates. The 

concentrations can be related to the number of mAbs on the cell surface using Eq. (3) in the text. The concentration of CD4 receptors 

was set to 0.8 nmol/L. (b) The meaning of the lines is the same as in (a); the only difference is that K2 << K1. At saturation, divalent 

binding dominates. The predictions were calculated using Eq. (8) in the text. The solid lines in (a) and (b) correspond to different roots 

of Eq. (8).  

 

The analysis of the binding curves and the model calculations were performed using Matlab. Equations 

(1), (2), (4), and (5) were solved numerically using the Matlab function fsolve, and the fit to the measured 

binding curve was performed using the Matlab function lsqnonlin. The details of the analysis are described 

in the Appendix. The numeric solution was identical to that given by Eq. 8.  

In summary, the model assumed the existence of three states for the labeled CD4 mAb and the CD4 

receptors. The first state corresponds to unassociated labeled CD4 mAb and CD4 receptors, the second 

state involves an association between a single labeled CD4 mAb and a single CD4 receptor, and a third 

state is where each labeled CD4 mAb is associated with two CD4 receptors. The model predicts the 

equilibrium concentrations of all four species ([𝐴], [𝑇], [𝐴𝑇], and [𝐴𝑇𝑇]). The four concentrations depend 

on the set of parameters, K1, K2, [𝐴0], and [𝑇0]. By varying the initial concentration of labeled CD4 mAb, 

[𝐴0], in the labeling solution, it was possible to obtain a set of concentrations [𝐴], [𝑇], [𝐴𝑇], and [𝐴𝑇𝑇] for 

each value of [𝐴0]. The value of [𝐴𝑇] + [𝐴𝑇𝑇] is directly proportional to the value of MFI measured by a 

flow cytometer. A model binding curve was obtained by plotting the predicted values of MFI as a function 
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of [𝐴0]. The set of parameters, K1, K2, and [𝑇0], was obtained by finding the best fit between the measured 

values of MFI and those predicted by the model. It should be emphasized that the model predictions for 

MFI are based on the values of [𝐴0], and some general assumptions inherent in the model that describe how 

[𝐴0] is apportioned among the states A, C, and D with concentrations [A], [AT], and [ATT], respectively. 

The solid lines in Figs. 3(a) to 3(d) show the best fits to data, represented by the solid circles. The figures 

will be discussed in the section below. 

 

4. Results and Discussion 
 

When the cell passes through the laser beam in a flow cytometer, the cell emits fluorescence from 

excited fluorophores conjugated to antibodies bound to the receptors on the cell. The fluorescence is 

collected and then directed to a set of selection filters, which partition the fluorescence into various 

wavelength ranges (called fluorescence channels). Each wavelength range is sent to an individual 

photomultiplier detector. The output of each photomultiplier detector is processed and converted into a 

digital number representing the intensity of the emitted fluorescence. The flow cytometer collects the 

output from many cells of the same type and provides a histogram of the distribution of fluorescence pulse 

amplitudes from the cells. The mean fluorescence intensity (MFI) is modeled in Eq. (9), where the various 

terms characterize each of the steps in the detection process. 

 

𝑀𝐹𝐼 = Γ𝐺𝐼𝑒𝑥(𝛥𝑡)𝑃𝜎𝑒𝑥(𝑄𝑌)𝐹𝑎𝑏𝑁𝑎𝑏 .   (9) 

 

The first five factors in Eq. (9) characterize the flow cytometer, while the last four factors characterize 

the cells with the labeled mAb attached to the receptors on the cell surface. The symbol Γ represents the 

throughput of the collection optics and the filter wheel. The fluorescence from the cell is emitted in all 

directions, and the collection optics collect a fraction of the emitted fluorescence. The collected 

fluorescence is then passed through a series of optical filters to select the fluorescence wavelengths 

characteristic of the label. The filters define a fluorescence channel on the flow cytometer. The symbol 𝐺 is 

the total gain, which is composed of the gain of the photomultiplier detector and the gain of the electronic 

components that further amplify the photomultiplier detector output. Iex gives the average energy flux of the 

laser beam at the point where the laser beam intersects the streaming cells, and Δt is the average time spent 

by the cell in the laser beam. The symbol P in Eq. (9) is a measure of the effect of laser polarization on the 

magnitude of the response. Usually, the illuminating laser beam is linearly polarized in the direction 

perpendicular to the plane defined by the laser propagation direction and the direction of the detection cone. 

This maximizes the response from labels attached to microspheres or cells and excited by the polarized 

laser beam. (The fluorescence lifetime is usually less than 10 ns, and the initial orientation of the transition 

dipole moments of the immobilized labels does not randomize significantly.) The effect of laser 

polarization is difficult to quantify, since the details of the illumination and detector design are proprietary 

information. The assumption is made that once the instrument is set up, the factor P stays constant for the 

duration of the measurements. The next four factors in Eq. (9) describe the properties of the fluorescent 

labels. The symbol σex is the absorption cross section at the laser wavelength, and together with Iex and Δt, it 

gives the amount of laser light absorbed by one label on the cell. QY is the fluorescence quantum yield of 

the label on the cell surface, and it gives the probability that after the label absorbs a photon, a fluorescence 

photon will be emitted. Fab gives the average number of labels conjugated to the mAb. The QY of the labels 

on the antibodies bound to cells is difficult to measure. The product 𝑄𝑌 × 𝐹𝑎𝑏 in Eq. (9) can be written as 

𝑄𝑌 𝑄𝑌𝑟𝑒𝑓⁄ × 𝑄𝑌𝑟𝑒𝑓𝐹𝑎𝑏 , where QYref is the known quantum yield of the reference solution of the labeling 

fluorophores. The relative quantum yield, 𝑄𝑌 𝑄𝑌𝑟𝑒𝑓⁄ , can be estimated using fluorometer steady-state 

measurements or lifetime measurements. Nab is the average number of labeled mAb bound to a lymphocyte 

cell. The value of Nab is the end result of the labeling process and is the object of the modeling described 

above. Fab is determined by the process used to create the mAb and conjugate labels onto the cell. In order 

https://doi.org/10.6028/jres.123.022
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to characterize the response of the flow cytometer to cells with a given label, all of the factors in Eq. (9) 

have to be considered. An important parameter that is not shown in Eq. (9) is the background, Bkg, of the 

MFI signal. The background subtraction modifies the MFI data so that the subtracted MFI values approach 

zero when the labeled mAb concentration in the labeling solution approaches zero. Inclusion of this 

parameter is justified physically, and it is likely due to a combination of electronic noise, scattered light, 

and autofluorescence. 

 

4.1 MFI and the Prediction of the Model 

 

The solid circles in Figures 3(a) to 3(d) show the measured MFI (vertical axis) for cells labeled with a 

solution containing labeled CD4 mAb for which the initial concentration is given on the horizontal axis. 

The solid trace through the solid circles gives the value of MFI predicted by the model given by the sum of 

[ATT] and [AT] and the background parameter, Bkg. The inset plot in each of the figures gives the model 

prediction of the MFI versus the actual number of monovalently (Nat) and divalently (Natt) labeled CD4 

mAb bound to CD4 receptors on the surface of the cell. The values of Nat + Natt and [AT] + [ATT] are 

related by Eq. (3), discussed previously.  
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Fig. 3. (a) The solid circles give the measured mean fluorescence intensity (MFI) associated with peripheral blood mononuclear cells 

(PBMC) labeled with solutions containing different concentrations of CD4 mAb-FITC conjugates provided by company 1. The solid 

line is the prediction of the model given in detail in Table 2 using parameters shown in the first row of Table 3. The monovalent 

binding dominated at saturation. The inset plot shows the dependence of MFI on the total number of mAbs bound to the cell surface at 

equilibrium, Natt + Nat. As expected, the dependence is linear, and the slope of the line, 0.067, gives the label gain in units of 

MFI/mAb. (b) Identical information as described in part (a), except the CD4 mAb-FITC conjugates were provided by company 2. The 

parameters used to generate the solid curve are given in row 3 of Table 3. The label gain was 0.074 MFI/mAb, and monovalent 

binding dominates. (c) Identical information as described in part (a), except the CD4 mAb-APC conjugates were provided by 

company 1. The parameters used to generate the solid curve are given in row 5 of Table 3. The label gain was 0.066 MFI/mAb, and 

divalent binding dominates. (d) Identical information as described in part (a), except the CD4 mAb-APC conjugates were provided by 

company 2. The parameters used to generate the solid curve are given in row 7 of Table 3. The label gain was 0.142 MFI/mAb, and 

divalent binding dominates. 

 

 

Below is a detailed discussion of the generation of Fig. 3(a). The same procedure was followed to 

generate the other figures, Figs. 3(b), 3(c), and 3(d). 
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4.1.1 Analysis of Cells Labeled with CD4 mAb-FITC Conjugates  

 

The first column of Table 2 gives the initial CD4 mAb-FITC concentrations used in labeling of the 

cells, and the second column gives the measured MFI. The third column gives the predicted MFIpred values. 

The predictions were based on Eq. (9), with MFIpred = GI × ([AT] + [ATT]) + Bkg. The parameter GI 

represents the product of all the factors in Eq. (9) multiplying Nab, and a conversion factor relating Nab to 

[AT] + [ATT] (see Eq. (3)). The sum, [AT] + [ATT], was obtained from a solution of Eqs. (1), (2), (4), and 

(5) with a given set of parameter values. The best MFI prediction was obtained by requiring that the sum 

(𝑀𝐹𝐼𝑝𝑟𝑒𝑑 − 𝑀𝐹𝐼)
2
 evaluated at all concentrations of CD4 mAb-FITC was a minimum. The search for a 

minimum was performed using the Matlab function lsqnonlin, which varied the parameters. The fourth and 

fifth columns in Table 2 give the predicted contributions from CD4 mAb-FITC with monovalent and 

divalent binding to CD4 receptors. The sixth column gives the total number of bound CD4 mAb-FITC 

receptors on the cell obtained from the sum [AT] + [ATT]. Columns 1 and 2 were used to generate the plot 

of the solid circles, and columns 1 and 3 were used to generate the solid trace in Fig. 3(a). The inset plot in 

Fig. 3(a) was obtained from column 2 and column 6 of Table 2. The inset plot in Fig. 3(a) is a good 

summary of the model results. The straight line shows that the values of MFI depend linearly on the total 

number of CD4 mAb-FITC receptors on the cell given by Nat + Natt. The points on the straight line 

converge to a limiting value for large values of Nat + Natt, indicating the onset of saturation of binding. 

 
Table 2. Concentration of the labeling solution of CD4 mAb-FITC, Co1, and the measured MFI. The last four columns show the 
predictions of the best fit to the MFI data. 

 

Concentration 
(nmol/L) 

MFI GI × (AT + ATT) + Bkg GI × AT GI × ATT NAT + NATT 

0.0374 563 675 675 0.027 10145 

0.0744 1313 1329 1328 0.0483 19970 

0.13 2306 2276 2276 0.0698 34210 

0.238 3968 3933 3932 0.0819 59104 

0.448 5912 5962 5961 0.0522 89595 

0.895 7039 6961 6961 0.0196 104616 

1.713 7186 7235 7235 0.0086 108725 

 
The first row of Table 3 gives the values of the parameters that gave the best fit to the solid circles in 

Fig. 3(a) and generated the predictions shown in Table 2. Rows 3, 5, and 7 in Table 3 hold the parameter 

values that gave best fits to the data obtained with other labels, the names of which are shown in column 2 

of Table 3. Rows 2, 4, 6, and 8 of Table 3 contain the estimates of uncertainties obtained from the fit. As 

stated previously, the parameters GI and Bkg were estimated together with parameters K1, K2, and [T0] by 

requiring the minimum deviation between the values of MFI and the values of (GI × [AT + ATT] + Bkg). 

The parameter [T0] = 0.37 nmol/L in row 1 of Table 3 implies a total of 112,000 receptors on the cell, 

which is slightly greater than the value of 109,000 in column 6 of Table 2 at the highest concentration of 

CD4 mAb-FITC in the labeling solution. This may indicate a small departure from saturation at the highest 

concentration of CD4 mAb-FITC in the labeling solution. Similar results were obtained for CD4 mAb-

FITC from company 2, shown in Fig. 3(b). The best-fit parameters are shown in row 3 of Table 3. The total 

number of CD4 receptors obtained from the parameter [T0] was 116,000, which is consistent with the 

results for CD4 mAb-FITC from company 1.  
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Table 3. The model parameters that gave the best fit to the MFI data. 
 

 
Label on 

mAb 
K1 K2 

[To], 

nmol/L 
Bkg 

G, 

MFI/nmol 

Label gain 

MFI/mAb 

Total CD4 

on cell 
Binding 

1 FITC-Co1 3.71*10-2 8.39*10+3 0.371 0 20038 0.067 111700 monovalent 

2 Std. Dev. 3.6*10-3 3.19*10+4 0.004 43 180 0.001 1180  

3 FITC-Co2 7.60*10-3 5.52*10+4 0.386 677 22590 0.074 116300 monovalent 

4 Std. Dev. 6.1*10-3 4.5*10+5 0.014 180 670 0.003 4200  

5 APC-Co1 7.00*10+5 7.21*10-10 0.463 3760 19960 0.066 139400 divalent 

6 Std. Dev. 4.94*10+5 1.06*10-9 0.011 65 390 0.002 3240  

7 APC-Co2 5.99*10+6 3.69*10-10 0.527 555 42200 0.142 159000 divalent 

8 Std. Dev. 4.09*10+6 6.4*10-10 0.022 219 1500 0.007 6800  

 
4.1.2 Analysis of CD4 mAb-APC Conjugates 

 

Applying the same analysis (monovalent binding with K1 << K2) to CD4 mAb labeled with APC lead 

to problems. This is illustrated for the case of CD4 mAb-APC from company 2. The fit to the data was 

good and almost indistinguishable from that shown in Fig. 3(d) (to be discussed later). However, the 

parameter [T0] = 0.217 nmol/L gave 65,000 ± 6000 CD4 receptors on the lymphocyte. This value is 

inconsistent with the results obtained from the analysis of CD4 mAb-FITC conjugates from the two 

companies. Furthermore, it is also inconsistent with a recently published value of 145,000 ± 9000 CD4 

receptors on T lymphocytes [9, 10]. Possible sources of the discrepancy and resolution of the discrepancy 

are discussed in the following two sections. 
 

4.1.3 Effect of Unconjugated mAb 

 

A possible source for the discrepancy is the presence of unlabeled mAb in the labeling solution (the 

labeling solution supplied by the manufacturer may contain unlabeled mAb). During labeling, both the 

labeled and unlabeled mAbs bind to the receptor sites on the surface of the cell. Assuming the two species 

have similar affinities for the receptor, subsequent to labeling, the cell surface will contain both mAb and 

labeled mAb. However, only labeled mAb will contribute to the MFI when the cell is analyzed using a flow 

cytometer. The concentration provided by the manufacturer, designated by con in the manuscript, gives the 

total concentration of the antibody and has to be separated into two parts 𝑐𝑜𝑛 = [𝑙𝑎𝑏𝑒𝑙𝑒𝑑 𝑚𝐴𝑏] + [𝑚𝐴𝑏].  

The symbol [labeled mAb] gives the concentration of labeled mAb, while [mAb] is the concentration of 

unlabeled mAb. The concentration [𝑙𝑎𝑏𝑒𝑙𝑒𝑑 𝑚𝐴𝑏] can be represented by 𝑓 ∗ 𝑐𝑜𝑛, where the fraction of 

labeled mAb is given by 𝑓 =
[𝑙𝑎𝑏𝑒𝑙𝑒𝑑 𝑚𝐴𝑏]

𝑐𝑜𝑛
. The binding model uses [𝐴𝑇 + 𝐴𝑇𝑇] to describe the measured 

value of MFI on the vertical axis, and the total mAb concentration, con, on the horizontal axis. The 

concentration con gives a true representation of the saturation of binding, since both labeled and unlabeled 

mAb bind equally to the receptors on the cell surface. However, MFI depends only on the labeled portion 

of the bound mAb, given by 𝑓 × ([𝐴𝑇] + [𝐴𝑇𝑇]). Thus, the observed values of MFI are scaled-down 

versions of the true values when all of the mAb contributed to the fluorescence signal. To compensate for 

the unlabeled mAb, the observed values of MFI should be scaled up by 1/f. Consequently, the value of the 

parameter [T0] obtained using the model to fit the observed values of MFI should be scaled up by 1/f to 

include receptors bound to unlabeled mAb. Assuming the fraction, 𝑓, of labeled mAb in the labeling 

solution was equal to 0.8 gave 65,000/0.8 = 81,000 for the total number of CD4 receptors. This value is still 

too low. Taking f = 0.6 increased the receptor number to 108,000, which approaches the accepted value. 

The fraction of labeled mAb can be obtained by analyzing the labeling solution using size exclusion 

chromatography (SEC), which is generally used for purification of labeled mAb reagents. It is our 

understanding that it is extremely unlikely that two manufacturers provide labeling solutions of CD4 mAb-

APC with 40 % unlabeled mAb. The size difference between mAb (150 kD) and mAb-APC (267 kD) is 

sufficiently large for SEC to be a robust separation technique.  
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4.1.4 Analysis of CD4 mAb-APC Data Assuming Divalent Binding 

 

A better approach is to assume that the binding of CD4 mAb-APC to the CD4 receptor is divalent. 

Divalent binding was also invoked in the case of CD4 mAb-PE, where PE stands for phycoerythrin [11], 

which is a fluorescing protein similar to APC. The result of the model with divalent binding (K1 >> K2) is 

shown in Fig. 3(d) for CD4 mAb-APC from company 2, and the parameter values that give the best fit are 

given in row 7 of Table 3. Of greatest interest is the value of [T0], which in the divalent binding case is 

0.527 nmol/L. Thus, the predicted total number of CD4 receptors is 158,000 ± 9000. Similar analysis was 

performed for CD4 mAb-APC from company 1, with the fit results shown in Fig. 3(c) and the best-fit 

parameter values shown in row 5 of Table 3. In the case of CD4 mAb-APC from company 1, the total 

number of CD4 receptors was found to be 139,000 ± 3000. The number of CD4 receptors found for the two 

CD4 mAb-APC conjugates is within two standard deviations of the value 145,000 ± 9000 reported 

previously [9, 10]. The difference in the values of the parameter [T0] between mAb labeled with FITC, 

about 114,000, and those labeled with APC, about 147,000, is significant and may point to problems with 

producing a “pure” solution of CD4 mAb-FITC conjugates due to the small size difference between CD4 

mAb (150 kD) and CD4 mAb-FITC (150.4 kD). A fraction of 0.1 of unlabeled mAb in the CD4 mAb-FITC 

labeling solution would reconcile the difference in the values of [T0] for the FITC and APC CD4 mAb 

conjugates. The dominance of divalent binding in the case of CD4 mAb-APC and monovalent binding in 

the case of CD4 mAb-FITC is not understood at present.  

In summary, Table 3 gives the parameters that gave the best fit to the measured binding curves and a 

number of CD4 receptors consistent with the known value. The parameter [T0], given in the fifth column of 

Table 3, was used in Eq. (3) (the relation between the number of bound species on cells and the effective 

volume concentration in the cell suspension) to obtain the total number of CD4 receptors shown in column 

9. The average number of CD4 receptors on a lymphocyte was about 132,000 ± 11,000 (average of column 

9 in Table 3). This value is consistent with the known number of CD4 receptors, 145,000 ± 9000 [9, 10]. 

The large uncertainties in the values of K1 and K2
 suggest that the residue function has small curvatures in 

the K1 and K2
 directions in parameter space. However, it is likely that the relation K1 << K2 holds for the 

pair of mAb labeled with FITC, and K1 >> K2 holds for the pair labeled with APC. This result suggests that 

the binding of labeled CD4 mAb to CD4 receptors is influenced by the size of the label attached to the 

mAb. The model prediction of “label gain” (MFI/mAb) is similar for the three labels in rows 1, 3, and 5 in 

Table 3 and is about two times larger for the label in row 7. The measurements also give an estimate of the 

labeling quality index, defined as the difference between the highest MFI and the background, divided by 

two times the standard deviation (SD) of the background. The values of the labeling quality index have 

been reported previously [12]. Below is a discussion of the use of the model to provide additional 

characterization of the labeled mAb provided by different manufacturers. 

 

4.2 Comparison of Labeled CD4 mAb from Different Manufacturers 

 

At present, there is no accepted cell with a “standard” CD4 receptor and a “standard” CD4 mAb for the 

receptor. The best we can do is to compare CD4 mAbs with the same clonality from different 

manufacturers labeled with the same fluorophore. For example, it is possible to compare the two CD4 

mAb-FITC conjugates obtained from company 1 and company 2, and the two CD4 mAb-APC conjugates 

from the same two companies. The comparison is possible because the cells labeled with the two similar 

conjugates are measured in the same fluorescence channel of the flow cytometer with identical instrument 

settings. Thus, all of the properties associated with the instrument in Eq. (9) cancel out, and we are left with 

the ratio shown in Eq. (10). It is assumed that the photon absorption cross section is the same for both 

labeled mAbs. 
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(

𝑀𝐹𝐼

𝑁𝑎𝑏
)

2

(
𝑀𝐹𝐼

𝑁𝑎𝑏
)

1

=
((𝑄𝑌)𝐹𝑎𝑏)

2

((𝑄𝑌)𝐹𝑎𝑏)
1

 .                                                 (10) 

 

The two terms on the left side of Eq. (10) are the label gains given in column 7 of Table 3. We can use the 

numbers in Table 3 to write the ratio as shown below for the case of CD4 mAb-FITC provided by company 

1 and company 2. 

 

                                                           1.10 =
((𝑄𝑌)𝐹𝑎𝑏)

𝐶𝑜2

((𝑄𝑌)𝐹𝑎𝑏)
𝐶𝑜1

 .        

 

This result suggests that the fluorescence properties of the two labels are very similar. Performing the same 

calculation for the ratio of the two CD4 mAb-APC labels, we get 

 

2.15 =
((𝑄𝑌)𝐹𝑎𝑏)

𝐶𝑜2

((𝑄𝑌)𝐹𝑎𝑏)
𝐶𝑜1

 . 

 

The ratio of the two mAb-APC labels comes out to 2.15. This suggests that there may be two APC 

fluorophores attached to each mAb from company 2 and only one APC fluorophore attached to the mAb 

from company 1. Alternately, there could be a significant number of unlabeled mAb in the preparation 

supplied by company 1. It is unlikely that QY can differ by a factor of two. In any case, there is a difference 

in the CD4 mAb-APC preparations supplied by the two manufacturers. The right side of Eq. (10) can be 

evaluated using independent fluorescence spectroscopy measurements on solutions of labeled antibodies. A 

good match between the value of the right side of Eq. (10) (spectroscopy) and the left side (flow cytometer 

and modeling) would give additional credence to the model.  

Equation (10) is the confluence of binding measurements, modeling, and fluorescence measurements. 

Assuming that the simple model discussed in Sec. 3.1 is correct, it gives some interesting predictions 

regarding the valence of mAb binding, estimate of label gain, and the relative efficacy of identical labels 

from different manufacturers. It is worthwhile to improve the model and bring more certainty to the 

predictions. Two such improvements are discussed in Sec. 5. 

 

5. Enhancements of the Antibody Binding Model 
 

The discussion in Sec. 4 suggests that the measurements are well described by the model developed in 

Sec. 3. However, the interpretation of the parameters requires the examination of several factors neglected 

in the simplified model discussed in Sec. 3. One of these factors is the binding of mAb to monocytes 

present in the PBMC sample. Preliminary measurements indicate that the monocyte concentration is about 

a third of the lymphocyte concentration, and the monocyte MFI at saturating staining conditions is about a 

fifth of the lymphocyte MFI. Although relatively small, the monocytes will affect the binding of mAb to 

lymphocytes. The magnitude of this effect is examined in Sec. 5.1. The second important omission in the 

simplified model is nonspecific adsorption/binding of mAb to the surface of the cell. This process is 

examined in Sec. 5.2 by adding an adsorption step (state B in Fig. 1) to the model discussed in Sec. 3. The 

combined effect of monocyte binding and nonspecific adsorption is not discussed at this time. 
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5.1 Labeling of Lymphocytes in the Presence of Monocytes 

 

It will be assumed that the binding of labeled CD4 mAb to CD4 receptors on monocytes is very similar 

to their binding on lymphocytes, so that the dissociation and association equilibrium constants for the 

lymphocytes can be applied to the binding of labeled CD4 mAb to CD4 receptors on monocytes. The 

symbol [Tmo] represents the initial concentration of CD4 receptors on monocyte cells in the labeling 

solution, and the symbol [Tm] represents the concentration of unbound receptors on monocytes at 

equilibrium. There will be two additional equations describing the equilibrium state on the monocytes. 

 

     [𝐴][𝑇𝑚 ] − 𝐾1[𝐴𝑇𝑚] = 0.    (11) 

 

 [𝐴𝑇𝑚][𝑇𝑚] − 𝐾2[𝐴𝑇𝑇𝑚] = 0.    (12) 

 

The new variables [Tm], [ATm], and [ATTm] give the concentration of unbound CD4 receptors, and the 

monovalently and divalently bound labeled CD4 mAbs on the monocyte surface, respectively. The 

monocyte and lymphocyte binding reactions share the same labeled mAb in the labeling suspension. The 

conservation equations have to be modified to include the labeled CD4 mAb on the monocyte cells as 

shown below. 

 
[𝐴0] = [𝐴] + [𝐴𝑇] + [𝐴𝑇𝑇] + [𝐴𝑇𝑚] + [𝐴𝑇𝑇𝑚].   (13) 

 

   [𝑇0] = [𝑇] + [𝐴𝑇] + 2 ∗ [𝐴𝑇𝑇].    (14) 

 

         [𝑇𝑚0] = [𝑇𝑚] + [𝐴𝑇𝑚] + 2 ∗ [𝐴𝑇𝑇𝑚].    (15) 

 

There are separate conservation equations for receptors on monocytes, Eq. (15), and lymphocytes, Eq. (14), 

because the two receptor populations are independent of each other. In summary, the model contains two 

new equations, Eq. (11) and Eq. (12), describing the equilibrium binding of labeled CD4 mAb to CD4 

receptors on monocytes. The dissociation constants in Eq. (11) and Eq. (12) were assumed to be the same 

as those for the binding of labeled CD4 mAb to CD4 receptors on lymphocytes. Equation (15) is a new 

conservation equation for the number of CD4 receptors on the monocyte surface, and Equation (13) is a 

modified conservation equation for the number of labeled CD4 mAbs in the labeling suspension. Equation 

(14) is the original conservation equation for CD4 receptors on the surface of lymphocytes. The form of 

Eqs. (13), (14), and (15) emphasizes the fact that the binding of labeled CD4 mAb to CD4 receptors on 

monocytes and lymphocytes is independent of each other; however, they both share the same pool of 

labeled CD4 mAb in the labeling solution.  

The results from the previous modeling of lymphocyte binding in Sec. 3.1 were used as initial 

conditions for the variables in the solution of the system of seven nonlinear equations describing the 

binding of labeled CD4 mAb to CD4 receptors on lymphocytes and monocytes. To improve the speed of 

convergence, the Jacobian matrix associated with the seven equations was provided to fsolve. Figure 4 

shows the effect of monocytes on the binding of CD4 mAb to CD4 receptors on lymphocytes.  

 

 

https://doi.org/10.6028/jres.123.022
https://doi.org/10.6028/jres.123.022


 Volume 123, Article No. 123022 (2018) https://doi.org/10.6028/jres.123.022  

Journal of Research of the National Institute of Standards and Technology 

 

 

 17 https://doi.org/10.6028/jres.123.022 

            
 

Fig. 4. The solid circles give the measured mean fluorescence intensity (MFI) associated with lymphocytes and monocytes labeled 

with solutions containing different concentrations of CD4 mAb-FITC conjugates provided by company 1. The solid and dashed lines 

give the predictions of the model for MFI associated with lymphocytes and monocytes, respectively. The parameters used in the 

calculation are shown in first row in Table 3. The number of CD4 receptors on monocytes was 0.13 of the number of CD4 receptors 

on lymphocytes. The dissociation constants were the same for the two cell types. There was no attempt to get the best fit for the 

lymphocyte data.  

 
The solid circles are measured MFI values for the CD4 mAb-FITC from company 1 taken from Fig. 

3(a). The solid line is the model calculation for the case where [Tmo] is 0.05 nmol/L and [T0] is 0.39 nmol/L. 

The value for [Tmo] was chosen so that the model reproduces the monocyte response shown by the solid 

circles in Fig. 4. The dotted line in Fig. 4 shows the calculated monocyte response. Using the gain 

parameter found for lymphocytes, the calculated monocyte signal at large values of [A0] is about 1200 on 

the MFI scale. The presence of monocytes has a small effect on the lymphocyte response at small CD4 

mAb concentrations. At large CD4 mAb concentrations, the effect is insignificant. The fit of the calculated 

lymphocyte response to the data in Fig. 4 can be improved by performing a simultaneous fit to the 

lymphocyte and monocyte data. However, judging from the results shown in Fig. 4, the net improvement is 

expected to be small. 

 

5.2 Lymphocyte Binding Model with Inclusion of Nonspecific Adsorption 

 

The probability that a labeled CD4 mAb in solution will undergo a direct binding to a CD4 target 

receptor on a cell surface is very small. A more likely scenario is an association of the labeled CD4 mAb 

with the cell surface followed by a binding to the CD4 receptor. This scenario is shown in Fig. 1, where 

state B represents the labeled CD4 mAb associated with the cell surface. In what follows, the words 

association and adsorption will be used interchangeably. Equation (16) gives the equilibrium relation 

governing the concentration of labeled CD4 mAb associated with the cell surface. 

 

0 = 𝑘𝑜𝑛[𝐴]𝑆 − 𝑘𝑜𝑓𝑓[𝐴𝑆] − 𝑘1[𝐴𝑆][𝑇] + 𝑘−1 [𝐴𝑆𝑇].   (16) 

 

Here, S represents the cell surface area (m2) per liter of suspension, [𝐴𝑆] is the concentration (mol/L) of 

labeled CD4 mAb associated with the cell surface, and [AST] is the concentration (mol/L) of labeled CD4 

mAb bound to a CD4 receptor on the cell surface. As in previous discussion, Eq. (3) relates the volume 
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concentration of any species to the number per cell of the same species. The constants 𝑘𝑜𝑛 and 𝑘𝑜𝑓𝑓 are the 

rate constants for adsorption and desorption of mAb, respectively. The adsorption process can occur via a 

number of different interactions, e.g., interaction of charged groups, interaction of hydrophobic domains, 

and steric entanglement. It is assumed that all of the different interactions share the same cell geometry, so 

that the adsorption term in Eq. (16) can be written as a product of the cell surface area, the solution 

concentration of mAb, and an absorption rate constant. It is also assumed that the total number of 

adsorption sites on the surface of the cell is very large and remains approximately constant during the 

labeling process (the fraction of available adsorptions sites remains close to 1). The cell surface, S, may 

have to be represented by a fractal object, and the absorption and desorption constants will have significant 

contribution from diffusion near a fractal surface [13]. The equilibrium equation for [AS] is supplemented 

by additional equations for [AST], the population of labeled CD4 mAb bound to CD4 receptors 

monovalently, and [ASTT], the population of labeled CD4 mAb bound divalently to CD4 receptors. The 

concentrations at equilibrium are given by Eq. (17) and Eq. (18). 

 

0 = 𝑘+1[𝐴𝑆][𝑇] − 𝑘−1 [𝐴𝑆𝑇] − 𝑘+2[𝐴𝑆𝑇][𝑇] + 𝑘−2[𝐴𝑆𝑇𝑇].   (17) 

 

     0 = 𝑘+2[𝐴𝑆𝑇][𝑇] − 𝑘−2[𝐴𝑆𝑇𝑇].     (18) 

 

The two conservation equations become: 

 
[𝐴0] = [𝐴] + [𝐴𝑆𝑇] + [𝐴𝑆𝑇𝑇] + [𝐴𝑆].    (19) 

 

   [𝑇0] = [𝑇] + [𝐴𝑆𝑇] + 2 ∗ [𝐴𝑆𝑇𝑇].    (20) 

 

There are five equations for the five unknowns [A], [AS], [AST], [ASTT], and [T]. The model explicitly 

states that the binding of labeled CD4 mAb to CD4 receptors occurs after the adsorption of labeled CD4 

mAb to the cell surface. The direct binding of labeled CD4 mAb in solution to CD4 receptors on the 

surface is neglected. The model given by Eq. (16) through Eq. (20) implements the full state diagram 

shown in Fig. 1. Adsorption is governed by a weak interaction, and since the preparation of the sample for 

flow cytometer measurement involves a separation and resuspension step, most of the adsorbed labeled 

CD4 mAb would be eliminated from the cell surface and not interfere with the fluorescence measurement 

from labeled CD4 mAb bound to the CD4 receptors on lymphocytes. Since the binding is a sequential 

process, the flux of reactants at each step must be conserved. Thus, Eq. (16) through Eq. (20) can be recast 

in a more compact form, shown below. 

 

0 = 𝑘1[𝐴𝑆][𝑇] − 𝑘−1 [𝐴𝑆𝑇]  = [𝐴𝑆][𝑇] − 𝐾1[𝐴𝑆𝑇]. 
 

0 = 𝑘2[𝐴𝑆𝑇][𝑇] − 𝑘−2[𝐴𝑆𝑇𝑇] = [𝐴𝑆𝑇][𝑇] − 𝐾2[𝐴𝑆𝑇𝑇]. 
 

0 = 𝑘𝑜𝑛[𝐴]𝑆 − 𝑘𝑜𝑓𝑓[𝐴𝑆]    = [𝐴]𝑆 − 𝐾𝐷[𝐴𝑆]. 

 
[𝐴0] = [𝐴] + [𝐴𝑆𝑇] + [𝐴𝑆𝑇𝑇] + [𝐴𝑆]. 

 
[𝑇0] = [𝑇] + [𝐴𝑆𝑇] + 2 ∗ [𝐴𝑆𝑇𝑇]. 

 

The model, given by the five equations above, was solved using the fsolve function in Matlab. As in Sec. 

4.2, the solution in Sec. 3.1 provided initial values for the variables, and the Jacobian matrix was used to 

facilitate convergence. The solid line in Fig. 5 shows the calculated response, and the solid circles give the 

measured MFI for CD4 mAb-FITC shown in Fig. 3(a). 
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Fig. 5. The solid circles give the measured mean fluorescence intensity (MFI) associated with peripheral blood mononuclear cells 

(PBMC) labeled with solutions containing different concentrations of CD4 mAb-FITC conjugates provided by company 1. The solid 

line gives the predictions of the model for MFI of lymphocytes when nonspecific adsorption is included in the model (state B in Fig. 

1). The parameters used in the calculation are shown in the first row in Table 3. The PBMC area was set to 0.084 m2/L, and the ratio 

of the mAb desorption and adsorption rates was set to 0.4. It is very likely that the ratio of desorption and adsorption rates is several 

orders smaller than 0.4. In that case, adsorption/desorption has minimal effect on the shape of the binding curve as modeled in Sec. 

4.2. 

 
The parameters shown in row 1 of Table 3 were used in the calculation. The cell area was taken as 

0.084 m2/L (for 0.2 × 107 cells/mL and cell diameter of 7.3 × 10−6 m [14]), and 𝐾𝐷 = 𝑘𝑜𝑓𝑓 𝑘𝑜𝑛⁄  was set to 

0.4. For such a large value of KD, nonspecific adsorption may have a significant effect on the lymphocyte 

response, as indicated by the solid line in Fig. 5, and the fit parameters G, K1, K2, and [T0] will change 

when nonspecific adsorption is included in the model. However, the value of KD is expected to be much 

smaller (<<0.1) [15, 16], with negligible effect on the prediction of the model described in Sec. 3.1. In that 

case, the parameters K1 and K2 are associated with surface reaction between the adsorbed labeled CD4 mAb 

and the surface-bound CD4 receptors. There is a need for additional information to guide the choice of the 

value of the diffusion parameter, KD, for CD4 mAb-dye conjugates.  

 

6. Conclusion 
 

A model was developed to describe the flow cytometer measurement of the equilibrium binding 

between labeled CD4 mAb and PBMCs with CD4 receptors. The cells were incubated in suspensions 

containing specified concentrations of labeled CD4 mAb. After a sufficient incubation time, the cells were 

resuspended in a PBS buffer and analyzed using a flow cytometer. The flow cytometer measured the mean 

fluorescence intensity (MFI) from the cell population. The MFI was a measure of the average number of 

bound labeled CD4 mAb on the cell surface. Equation (9) was used to relate the MFI to the predicted 

number of bound labeled CD4 mAbs on a cell. Model parameters were adjusted to give a good fit between 

the measured MFI values and the model predictions. In addition to a good fit, it was necessary to invoke 

divalent binding for CD4 mAb labeled with APC, and monovalent binding for CD4 mAb labeled with 

FITC in order to get a total number of CD4 receptors as close as possible to the previously measured value 

of 145,000 ± 9000 [9, 10]. As a result, the number of antibodies bound per cell (ABC) was two times 
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higher for the CD4 mAb with FITC labels compared to CD4 mAb with APC labels. For any two 

preparations of CD4 mAb labeled with the same fluorophore, the ratio of their effective F/P numbers 

(Table 1) was equal to the ratio of label gain, defined as the ratio of the MFI divided by the number of 

bound labeled CD4 mAbs (Eq. (10)). The ratio of label gains and the ratio of the effective F/P for CD4 

mAb-FITC from company 1 and company 2 were approximately one. For CD4 mAb APC conjugates, the 

ratio of the label gains was about 2.1, but the ratio of the effective F/P values was close to 1. These results 

will be reconciled in the future using fluorescence spectroscopy measurements on the solutions of labeled 

CD4 mAb. The model was extended to include the competitive binding of labeled CD4 mAb to monocytes. 

For low concentrations of labeled CD4 mAb, the presence of monocytes leads to small observable effects 

on the equilibrium binding of labeled mAb to CD4 receptors on lymphocytes. For large concentrations of 

CD4 mAb, the presence of monocytes had minimal effect. The model was also extended to include 

nonspecific adsorption of labeled CD4 mAb on lymphocytes. Preliminary calculations indicate that 

nonspecific adsorption most likely does not change the shape of the CD4 mAb binding curve. It is likely 

that the binding of labeled CD4 mAb is a surface reaction between the adsorbed labeled CD4 mAb and the 

CD4 receptors on the surface of the cell. It is anticipated that the reconciliation of flow cytometer 

measurements, the predictions of binding models, and fluorescence spectroscopy measurements will be an 

important step in the quest for quantitative flow cytometry measurements. 

 

7. Appendix 
 

Four separate functions were used for the analysis of the binding data of labeled mAb to receptors on 

the surface of lymphocytes. First, the model equations described in Sec. 3.1 of the manuscript were 

implemented in the Matlab function lymph(v, par, A0). The function lymph specifies (does not solve) the 

model equations for a set of parameters contained in the variables par and A0 , and the concentration 

variables contained in v. Second, the function FIlymph(par,con,MFI,err,save) evaluates the model 

equations provided in lymph for a set of mAb concentrations given in the variable con, and the parameters 

specified in par. The function FIlymph evaluates the model equations for each concentration in the vector 

variable con using the same set of parameters in par. The function fitdata2(par,con,MFI,err,SD) uses the 

initial guess values of the parameters given in par to find the best representation of the measured binding 

curve specified by the variables con and MFI. The best fit is found using the Matlab algorithm lsqnonlin, 

which searches for a minimum of the function given in Eq. (A1). 

 

                   𝑟𝑒𝑠𝑖𝑑𝑢𝑒2(𝑝) = ∑ (𝑀𝐹𝐼𝑖 − (𝑝4𝐹𝐼𝑙𝑦𝑚𝑝ℎ(𝑝, 𝑐𝑜𝑛𝑖 , 𝑀𝐹𝐼𝑖 , err, 0) + 𝑝5))2𝑚
𝑖=1 .  (A1) 

 

The index i runs over the entire range of measured values of concentration and MFI. (The index i is used in 

Eq. (A1) to clarify the procedure. In practice, Eq. (A1) is written compactly using Matlab matrix notation.) 

The solver lsqnonlint permits a selection of algorithms that search for a minimum, and it calculates the 

Jacobian matrix at the minimum. The Jacobian matrix is used to calculate the uncertainties in the values of 

the parameters that give the best fit. lsqnonlin requires the input of a residue vector. An example is shown 

in Table A1 for the case of a binding curve with seven measured pairs of concentration and MFI. 

 
Table A1. Residue vector for the case of a binding curve with seven measured pairs of concentration and MFI. 

 

(𝑀𝐹𝐼1 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛1, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼2 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛2, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼3 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛3, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼4 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛4, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼5 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛5, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼6 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛6, 𝑝) − 𝑝5) 

(𝑀𝐹𝐼7 − 𝑝4 ∗ 𝐹𝐼(𝑐𝑜𝑛7, 𝑝) − 𝑝5) 
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Each component of the residue vector is the difference between the measured value of MFI and the 

prediction of MFI for the mAb concentrations used in the binding study. The parameter p4 is the gain, p5 is 

the background, p1 is K1, p2 is K2, and p3 is [T0]. The function FIlymph calculates the components of the 

residue vector prior to calling lsqnonlin, which squares the components of the residue vector and proceeds 

with the search for the minimum. The output of lsqnonlin consists of the parameters that yield the 

minimum of the residue vector magnitude, the final residue vector, and the Jacobian matrix evaluated at the 

minimum.  

The uncertainties in the parameters, 𝜎𝑗
2, were calculated using the formula presented on page 147 in 

Ref. [17], which is rewritten as Eq. (A2). 

 

                                                𝜎𝑗
2 =

2

𝜕2𝜒

𝜕𝑝𝑗
2

 .              (A2) 

 

The χ2 is a modified form of Eq. (A1), where each squared term in the sum is divided by the square of the 

standard deviation (SD) of the MFI. Thus, the square of the difference between the measured and predicted 

values is given in units of the square of the SD of the measured value. The χ2 becomes a measure of the 

quality of the fit, a property absent from the residue function shown in Eq. (A1). In addition, χ2 is divided 

by the difference between the number of observations and the number of parameters. Therefore, at the 

minimum, χ2, should be of the order of 1, and it will increase quadratically with parameter deviation from 

the values at the minimum. The function χ2 is used to justify Eq. (A2), as demonstrated in the following 

paragraph. 

The second derivative of χ2 can be estimated by first expanding χ2 as a function of (𝑝𝑗 − 𝑝𝑗
∗), where pj

* 

is the value of the jth parameter at the minimum. It will be assumed that a first-order expansion will be 

sufficient. In that case, the expansion is written as shown in Eq. (A3). 

 

𝜒2(𝑝) = ∑ ((𝑀𝐹𝐼𝑖
𝑚
𝑖=1 − 𝑓(𝑐𝑜𝑛𝑖 , 𝑝∗) − ∑

𝜕𝑓(𝑐𝑜𝑛𝑖,𝑝∗)

𝜕𝑝𝑗

5
𝑗=1 (𝑝𝑗 − 𝑝𝑗

∗))2 1

𝜎𝑖
2 .  (A3) 

 

The symbol 𝑓(𝑐𝑜𝑛𝑖 , 𝑝∗) stands for everything that is subtracted from MFI in Eq. (A1). The Jacobian matrix 

at the minimum is defined in Eq. (A4). 

 

𝐽𝑖,𝑗 =
1

𝜎𝑖
2

𝜕𝑓(conI ,p)

𝜕𝑝𝑗
]

𝑝𝑗
∗
 .    (A4) 

 

Equation (A4) can be used in Eq. (A3) to represent the derivatives of f(con,p). Next, we expand the squared 

term in Eq. (A3) and note that at the minimum of 𝜒2, the first derivative of 𝜒2 with respect to pi is equal to 

zero. Note that the derivatives of f(con,p) with respect to p are not necessarily zero at the minimum. After 

some rearrangement, Eq. (A3) simplifies to the result given in Eq. (A5). 

 

                                             𝜒2(𝑝) − 𝜒2(𝑝∗) = ∑ (JTJ)j,k
5
j,k=1  (𝑝𝑗 − 𝑝𝑗

∗)( 𝑝𝑘 − 𝑝𝑘
∗ ).         (A5) 

 

Equation (A5) can be used to estimate the second derivative of 𝜒2 at the minimum. After some algebra, the 

second derivative evaluates to the result shown in Eq. (A6). 

 

                                              
𝜕2𝜒

𝜕𝑝𝑗
2 = 2(𝐽𝑇𝐽)𝑗,𝑗  .                          (A6) 

Equation (A6) is used in Eq. (A2) to provide an estimate of uncertainty in the values of the parameters 

shown in Eq. (A7). 
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                                        𝜎𝑗
2 =

2

2(𝐽𝑇𝐽)𝑗,𝑗
=

1

(𝐽𝑇𝐽)𝑗,𝑗
 .       (A7) 

 

Equation (A5) provides a perspective on the uncertainty formula. The increase by one unit in the 

difference 𝜒2(𝑝) − 𝜒2(𝑝∗) is a measure of parameter excursion, which still gives a reasonable fit. 

Therefore, Eq. (A8) 

 

                                   𝜒2(𝑝) − 𝜒2(𝑝∗) = 1 = ∑ (JTJ)j,k
5
j,k=1  (𝑝𝑗 − 𝑝𝑗

∗)( 𝑝𝑘 − 𝑝𝑘
∗ ),        (A8) 

 

can be solved for a given parameter deviation from minimum while other parameters are held at their value 

at the minimum. This gives the range of parameter values that still gives a reasonable fit. The range is equal 

to that given by the uncertainty formula in Eq. (A2). The procedure is carried out for each parameter, 

leading to an estimate of error. Clearly, the uncertainties given by Eq. (A2) do not include effects due to 

correlations between parameters. Nevertheless Eq. (A7) is a practical estimate of the uncertainty. However, 

Eq. (A7) has to be modified because the Jacobian matrix calculated by lsqnonlin is given by Eq. (A9) and 

lacks 𝜎𝑖
2 in the denominator. 

 

                                    𝐽𝑖,𝑗 =
𝜕𝑓(conI,p)

𝜕𝑝𝑗
]

𝑝𝑗
∗
.    (A9) 

 

The modification that is adopted here is to multiply Eq. (A9) by 1 〈𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠2〉,⁄  where 〈𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠2〉 is the 

average value of residues squared for all data points. The final form of the uncertainty estimate is given in 

Eq. (A10). 

 

                                                    𝜎𝑗
2 =  

∑ 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠2

𝑚−𝑛

1

(𝐽𝑇𝐽)𝑗,𝑗
 .               (A10) 

 

Here, m is the number of data points (7 to 8), and n is the number of parameters (n = 5). Expressions for 

uncertainties that include correlation effects have been presented on page 155 in [18]. The uncertainties are 

obtained by inverting Eq. (A8). Future analyses will include this improvement. This manuscript used 

uncorrelated uncertainties calculated using a modified form of Eq. (A2) given by Eq. (A10). 

 

The Matlab code for the analysis of the data in this manuscript can be obtained from 

paul.derose@nist.gov. 

Online references for appendix: http://www2.compute.dtu.dk/~pcha/LSDF/NonlinDataFit.pdf 

http://www2.imm.dtu.dk/pubdb/views/edoc_download.php/3215/pdf/imm3215.pdf. 
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