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¥ery often a non-solvent diffuses inko 8 glasay polveser with a 5 cahoenltalion Ue meding &1 an
alnwed conslant rale v viekding & weight gaia ional b time. &um diffusion iz cam lypp:“ﬁ dI.ZE:LIEIDH in
order to distinguish it Irom the more weual “Fickian™ diffusion preceeding without such o comtant cangendtation
Eront and yiekling, 1 lenat io the beginping, & weight gein propotionad 1o the square root of lime. Tt tums st that
the conve dtifives b equm wilhuul any !pnr'l.ﬁ] oew 1enm bl with 2 diffusson coeficient ra]:m:"]. m&amg
with conceniration has 8 soriss of selutions represeniing exacily such type Il diffugion with & & a compleichy free
paramester which delamaines the steepisess of conceniration frnt. With |ﬁ usual bayndary comditions ad infinite
mnd}urn Ih: difuwsion cocflizent has 1o become infinite st Ih.e highest penelrent coscentranon This cose can be
d ma an wroe lmil which i apprached te s degree in an actual sxpsrimeol, The finite mmple
lhl:knm. however, requires only & myal‘]:rge but ned an infinile diffusion coeflicient. Hence type 1 diTision i
only n specidl cune of possible difusion proceases compatible with the conventional difusion equetion witheut any
need for new terme il only the diffusion coellicient nermme adfleienly Mt with peoeimmt coooegtesion.
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1. Introduction

In recenl years a larpe amount of cxperimental [1-12]
and thegretical [13-21] work was done= on djﬁusi.un of |i|:| wirks
in polymer glasses with almosi discontinuons swelling which
iz now generally referred to as type Il diffusion [2]. [t is
characterized by three basie conditione: (1} As solvent pene-
trates the polymer, a sharp advancing boundary separates the
inner glassy core from the outer awollen and rubbery shell,
2} Behind the solvenl’s advancing fronl, the swollen gel is in
an almost equilibrium swelling stare, (3} the boundary be-
tween swollen gel and glassy core advances at almost con-
slant rale varying in polvatyrenc, depending on lemperature,
penetrant and ita activity, between 0.2 and 10 % 107 cm/s.
As a consequence the specific weight pain per whil cmss
section of the diffusing front, B increases almest limearly with
time as expected from the almost constant velocity, v, of
progreas of the swelling boundary between the low and high
concentration of the penetrant. An affect of minor importanes
for the diffusion process ilself is the partial destnactiion of
polymer with craze and crack formation in the swollen region

Ii polymer.

As a glassy polymer is cooled the speed of advancing front
falls off and a cniical pmni 15 reached with zero lrcloml}r .
Type I difiusion is replaced by a more or less conventional
Fickian diffusion. In this case the polymer has bath a glassy
shell and glazay core. The swelling by the penetrant i not
sufficient for the reduction of the glass rangilion point of the
gwollens matetial below or to the temperature of Lthe experi-
"V Figures in breckety imicate the Werwture eferences m e eaed of dhis pager,

ment. According ta some analyses of the low molecular
weight paraffin diffusion into polystyrene, the effect occurs at
relatively high pemetram activity [17], between 0.5 and 1,
while older gata ot methyl acetate diffusion inte polyimethy]
methaerylate) and on seetone diffusion in cellolose niteale
show the linear increase of I with lime most cleadly at very
low ar,'.li\'il)' {].a]1

Since the advancing of a sharp houndary between low and
high solvent concentration al an ainost constanl velocity is a
most unexpected feature of a diffusion process, a new name,
type Il diffusion wae created [2] and the phenomenan tred to
be explainad by a new lerm in the diffusion equalicn depend-
ing on the divergence of the stress field onginating at the
beundary hetween the conspicuously swollen and the almost
nonswollen material [15, 16]. An analysie of the diffusion

ess i a poalinear sorplicn and diffusion renge, however,
shows that the effect is neither ro $toimge oor so unexpecled
Lo teed A new name and 4 new tenn in the diffusion squation.
I fellows awtomatically from the classical formulation of
diffusion if the sorption (%) and diffusion {{}} coefficiant are
strongly dependent on concentration ¢ of difusam o its
chemical potentiol p.

En this paper it will be demonsirated that 1he genersl
diffugicn equation in an infinite medium can have a steady
state solulion with a time independent concenlralion prefile
progressing unifprmly through the polymer at 8 constan
welocity. The sole condilion fer such a eolution is that the
mobility becomes infinile sl the maximum concentration £ or
maximum chemical potential of the diffusani. This condition
is a natwal consequence of the geometrical boundaries of Lhe
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sample extending from —22 1o +2. A conglant current ; from
the boundary 41 —2 can be endy susained if D increases to
infinity while (dc/ox)—= goes to zero. The more realistic
coneideration of the finite dimengions of the sample removes
the need for an infinitely large diffugion coefficient but also
mokes the mathematice a little muore complicated than at-
ten}l‘pted in this p:gyer.

or the sake of simplicity only the linear case will be
treated. The swelling boundary has a conatant cross-section
arid procesds wilh ronstant velocity in Lhe 2-axis diveclion.
The epecific weight gain of the sample per wnil lme, dWFfde,
is constant as in the case of type 11 diffusion if one neglects
the transienis at the heginning and the end of the expenment.
The ransients are of course completely neglected in the
considevation of Lhe sleady state boundary propagation
through an infinirely thick sample extending from = Lo+,

In the actual membrane the diffusant mohility may in-
crease quite drastically with glass to rubber transformation
but slill remains Gnite. Yet the changes are qzuite substantial,
fom P = 1072 ¢m®¥s in a glass 1o 107% cm¥fa io a gel. The
above mentineed steady state solution in Lhe infinite medinm
is therefore the asympiotic approximalion to the actuel diffu-
sion process i the mobility increazea by a few orders of
magnitude while the sorbent concentration increases from ¢
= 0 1p ry. This is inderd the cose with a diffusant which
trepsforms the glassy polymer into a rubbery gel. The gel
must be se much lower in polymer conlent that Lhe sorbate
flows through it almos1 freely and rhus easily supplies the
amount of liguid requested for the awelling a1 'tfle propagating
concemration fronlk

Transienl from the slarl ald = O with ¢ = 0 theoughout the
sample to the sieady state sclution is & combination with the
usual type [ diffusion with the inival weight gain proportional
to the square reot of time. During this transilion time the
eteady siate of the coneentralion 1ail gets established in front
of the almost constant conceniration profile. The shape of the
profile depends on the propagation velacity [14). The iotal
weight gain is 2 sum of two terms, one proportional to 12 and
pre proportional to ¢ [13]. The former soon tapers off while
the latler comains praclically unchanged. Another transient
elfect vecurs at the end of the experiment when the steadily
progressing concenliralion frools neatly meel 2ach other in Lhe
center of the film if the hiquid enters the Glm from both
surfaces. According to Hopfenberng et al. [B, 9], the spacific
weipht gain elightly increages in the cage of propagation of r-
pentane inte plessy polystyrene just belore the diffusion
precess & compleled. Such an elfect linds a simple explans-
tion in the superposition of the concentration 1ails in front of
the concentration discontinuities as they zpproach the center
plane of the film. Hence the concentration al each point
between Lhe advancing fronts increaszes fastes than formerly
when the fronts were Farther sparl. As 4 consequence the
eritical eoncentration for the transformation from glass to gel
ie reached earlier. This shows up in an acceleration of
specific weight gain at the end of type H diffusion.

The diffusicn equation and the boundary conditions do not
impose any himitation on v and hehee do nol delermine t:
velocity of profile propagation. The velocity must be con-
nected with some independemt material property. [t seems o
be B good auggestion thal the incrrase of concenbmlion af the
penetranl produces by the ensming wembrane swelling a
sufficiently high stress an the polymer nelwork for the rupture
or partial dizentanglement of most strained chains. But since
the chain upiure or the pulling 0wt of chaine iz not an

inslanlaneous process an eliecl of this type suificiently Large
lo permnit a substantial swelling is only achieved if the sirese
pemsists Tor a sufficiently long time. This condition deter-
mines the propagation velocity of the concentration profile. I
the condition cannot be met Lhe teanspon of permesnt pro-
ceeds in the usual way as rype I diffusion, ie., without a
diaconlinuows concentration front and with a weighi increase
which is for a long while propontional w the square root of
tlime.

2. Mathematicol Description of Type I
Diffusion

All the iheoretical work up till now is purely descriptive
wilhoul any sericus attempl of explanation. Peteclin [13, 14]
hased his description on tﬁe diffuzion and sorbaie concentra-
lion deperdence on time in fmnt of & sorplien discontinuity,
i.e., a jump lom % to oy, moving through the sample at
constanl velocity v. o this area Lhe Fickian diffusion equa-
tion reads [13]

a de e
' (DE-I_W) T (ny
with the diffusion cuirent
Ff=-D " 2}

Here &' = x — w, P is the constant diffusion coefficient, and
c* the maximum conceniration of liquid in the glass beyond
which a diseonliboous transiormeation to 8 pel with concentra-
tion ¢y and so high difusivity Lakes place that practically no
driving gradient is needed for the supply of liquid to the
proceeding discontinuity fronr. The point ¥ corresponding o
a constanl 3° moves with the constant velocity v to larger x as
dees the concenttalivh dizeontinuity. The Fickian foraula-
tion with the conent proportional 10 the negative gradient of
conceniration instead of that of chemical potennial 15 Fally
legitimate because the sorpiion coefficient is assumed can-
sian! although much smaller in front than behind the concen-
teation discontinoiy.

Behind the discondinuity the acrbate concentration 18 prac-
tically constant (g4} and hence the cumeni §° in the x' ¢t frame
equal to zero. In the laberatory system x,f the diffusion
cuwrrent § ig by we larger 1han §°. Hence il tums owl o be
—0 &t in ool of discontinuity aod wey behiod it. Exscily
speaking the very large value of [} in the swollen region
permits even a higher value of current than 2cq in omder to
supply the liquid needed for the gradual establishment of the
steady state concentration 1ail in front of discorlimity.

From Lhese eqguations one obtsins the weight gain per unit
cmss sectian of Lhe Al as function of time

B o= 2057 + oan A fab — i (3
for small ¢ and
F = 50/ + can Et A0 — = 4}
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for large ¢ after the concentralich profile in front of the
discontinuity hes reached its stationary value. The concen-
tration is measored in g of sorbate per cm?® of sorbent.

The first term describes 1he effect of Fickian diffusion with
eonzlant diffusion coefficient & in fronl of the discontimuaty
which efter the inilial praporicnality ta £** reqches the con-
stant vafue ¢*Div. The second lerm describes the weight gain
in the highly swollen region behind the discontinuity propor-
tional 10 the uniforn incresge of the volume of the swollen
region as a consequence of constanl velocity o of the profile
propagalion, In these expressions one assumed that the diffu-
=ivily 1n Lhe gel 15 so much higher than in the glass thar there
practically no measurable gradient is needed for the mansport
of 1he liguid. A rather similar approach was ueed by Crank
[22] in his description of diffeyent cases of diffusion in solids.

[n the initial stale the coexistence of the square root and
linear lerm in time acconding o aq (3} yields over appreciable
time intervals a constant power m Telationship between
weight gain and time, W = Bt™, ae can be seen from figure 1.
where log W is plotted versos log {. At small ¢ one has the
squate root, m = 0.3, and al high ¢ the linear, m = 1,
dependence. A ralher constamt m, i.2., a rather conslant
slope, applies 10 imervals extending over almost twn derndes
of tinee, One can goess Lhat within experimental emrors such a
theoretical prediu:tion LAy sufﬁci:nﬂy well fit Lhe power Law
of weight gain observed in some cases of unconventional

sotption [7].

ing 1,
I L J [ -

-2 -1 1 1 T

Figvag ). Blogarithmic pied of sz pair W over me t cocarding fo o
{3

There is no limitation about v in egs 1 ta 4 although the
time dependence of the soncentrations profile in front of the
concentation discontinuiy [14] snd Lhe ssymplotic steady
state “value c*Djr depend on ». The dimensionless time
parameter @ = (/4D ? increases and t1he 1ctal equilibrium
sorption "y in that region decyrases with increasing v, The
constant rate progression of the concentration disconlinuity
vielding the linear weifhl in according to eqs (3) and (4}
characterietic for type I dif?l.‘::sim hence 13 a distinct possibil-
ity competible wilh ihe ¢lassical diffugion equation az long a8
the supply of the sorbale through the highly swollen section of

the film is sufficicntly high. This Mux hes 1o 611 continuously
with the solvent a volume increasing in depth by ¢ per 2econd
in gpite of the steadily incressing length of the supply oute
from the outer surface of the film to the steadily progressing
discontinuity. In all Fraciical cases Lhat requires that the
diffugion coeflicient of the gel (fg) iz some orders of magni-
tude higher than in the not swollen glass (D). In the ideal
case of an irdinite exiension of the film in the direction
perpendicular 1o the front this condition amounts to an infi-
nite value of O,

One conclodes LThal the Lype II diffusion can be Eumr:iently
well approximaled on the busis of the classical diffusion
equaticn by the limiting case of corstant rate propagstion of a
concentalion discontinuity, The very beginning it = 40a%fe*
with ¢ = ) with the weight gain propostional 1o 1'% may be
over in such a short time that it is practically unobservable.
After thar a linear increase of weight gain with time is
established. In a sample with a very large dislance belween
the border where the liquid emers and the concentration
dirconlinuily the weight gain mosl show some incipienl drop
as span as the inflluence of diffusion Lime through Lhe swollen
region becomes preceptible on the solvent supply al ihe
coneenteation  discontinuity. Thiz does not occur in 1he
abuve-guoted experimenis g}r Hopfenberg e1 al. [7-9] , where
for a polystyrene (P3} film of 38pm thickness the diffusion
from bath surfaces of the film was compleled between 12 min
and M} hours, dependenl on temperature, aclivily of n-
pemlane vapor, ard on polymer orientalion. The welocity of
cancentration fronl propagation in the same cages varied
between 1.3 X 1079 | cast annealed P3, 25°C, n-pentane gas
arlivily 0.63) end 2,65 ¥ 1% et (biaxially oriented PS,
35 °C, activity 1). Since the maximum liquid voncentration
waa about 13 g per 100 g of polymer one needs Indeed such
an extremely entall pradient for ateady supply of a0 small an
amgunl of liquid incresse per unit Lme that its decrease
wnuld ]:‘u; hard ta delecl.

Hence the contrast between types [ and 1 diffusion is one
of the comsequences of the extreme nonideality of 1rznsport
properties in the latrer case. A discontinuous substantial
increase of sorprion and diffusion takes place afler a himiling
concentration £* of aozbent ia attained in the film by more or
less convenlignal Lypa I diffusion. The constant rate Propega-
tion of the concentration discontinuity represenis a paeudos-
tationary stale of diffusion in such a nonideal medium. The
velocity v, however, is nut derivable from the difflusion equa-
tion and boundary condilions and must be detetmzned by
some other mechanism of solvent-polymer interaction,

The non-ideality of the medium, i.e., an almost discontin-
wous increase of diffusion cosfficient as seon as the penetranl
concentration reaches a critical value ¢* was already supg-
geeted by King [1] for explanation of the unconventional
diffusion of alcohel vapor inie wool and keratine, His results
cannot be directly compared with eqg (1 {0 4} because he uses
an expansion of ) in powers of ¢ which makes the results
more complicated, dependent on the coefficients of 1he power
cxparsion, But he actuslly estimates the effect of rapidly
increasing &' with concentration yielding a sleep concentra-
tich [ront propagaling with almost conelant velocily into the
medium,

Frsch et sl [15, Iﬁ] assume lhal the diffusion coment
densily is caused by the gradient of chemical potential and
the divergeoce of the partial atress tensor of the penetrant

J = —Beldg/dx — (1/c)38,./ba] (5)
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if one puals

Soc=s J ol )" (6)
o

i.e., if one malkes the aesumption thar the parial stress iensor
5 of the penetrant at any location and time is proportional lo
the tolal uptake of the peneirznt up to thal localich and time.
With a constant proponionality factor s one chlaine [wm

S S = sz t) (7)

4 currenl
i= —Boipfix + Bse= — Belxalop/dx — 5} @)
= — Bedu fox + ve,
Wilh constant I and 2 = RT én ¢ one oblains
etxot) = legf2explaniDerfclix + w)f2Dn) 2] (8a)

+ eddix — o) 2De)* ]}

lar diffusion into the half space with 2 # 0. Aceording 1o this
golution the steepness of concentration “disconiinuity™ a1 co/2
soon tepers off in exacily the same manner as in conventional
diffusion. The point with ¢ = cgf2 proceeds inlo the medium
al almest constamt velocity v, Points with smaller ¢ move
lusier and those with higher ¢ move more slowly 5o that the
maximum slope, located at ¢ = cyfZ, pradually diminishes
and finally becomes zero. The weipht gain Fie, is initially
propertional to 1'%, With increasing time it approaches sirict
proportionslity tof. The assymprote goes exacily through the
otigin of Wt coordinate ayetem.

The “Lheary™ depends on the “natural” assumption formu-
luted in rn {6) Lthat the partial siress wensor of the [iquid 5 .2 in
the highly swollen section of the sample Inearly Increases
with x and hence goes 1o infinity in an infinite medium. Since
to our knowledpge o such giress exists one geta the impres-
sinn that all the naluruiness of the above agsumption is rather
pragmatic besed on the success, Le., on the yielding ol 2
constan lerm in eq {5) one wants 1o have in aeder o fit the
expetimental data. There is no correlalion between sny prop-
erty of the polymer or penetrant and the coeflicient 5 which
togelther wilh B delemines Lhe velority of propagation ¢ = Bs
of the concenteation front. Hence the derivation of the au-
thars, the introduction of the new term dependiog on the
siresa gradient, and the choice of arress which yields the
conatanl component Bac of the current can be labelled mathe-
malical descriplion but not explanation of the type I1 difiu-
sion.

The difference hetween the selution of Frisch et al. and
that of Peterlin is in the shapa of concentration prefile and in
Mmiting weighl gain, According 1o the former concept ihe
shape of concenlration [ront gelz gradually less steep and
finglly becomes perfectly flar as at the end of conventional
diffusion. In the latier formulation it rather soon reaches o
finite shape which after that doea not ehange any more. The
asymptotic weight gain is alrictly proportional to lime in the
former case and siill contains a square rool term in time in the
latter case.

None of Lhe twa concepts yields a bront propagation con-
taining linear ard square root terma in tme. Both yield a
conslant or almast constant velocity of propagation of concen-
wration front if this is taken as the point of fastesi concentra-

tion increase, i.e., al ¢ = o2 (model of Frisch), or at the
peint where the concentration jumps from c® to cp {model of
Pateriin]. Henee the experimental data of Kwei and Zupko [6]
yielding such a combination of Mnear and square roat of tine
tevms cannot hie described by any of the iwo concepts,

A funher difficulty for the model of Frisch et al. shows up
in deserption experiments [4, 8] which eorregpond to purely
Fickion diffusion. Pelerlin®a formulation is nol affected be-
causa il only deserihes the diffusion process if 5 concentra-
tion front moves with a constant velocity through the medium.
[f there iz none 1he diffusion is conventional. Frisch's fermu-
laticn, however, staris with a Lavge S0 which gl compleled
sorplion increases lingarky from 0 at the it boundary, x =
0, 1o scpd ut the olher boundary, x = 4. The gradienl 35 5.f t
would aimply continue to pump the liquid through the film at
the same rale v and in the zame direction as during Lhe
preceding type I¥ diffusion. There is oo end to the process.
The way out of Lhis impuss 15 the aimultancous conspdecation
of the identical type IT diffusion pumping the liquid st the
same rate v and in opposite direction from the other boundary
af 4 cOnFequense anSP:f{d} starting with value 0 atx = o and
increasing Lo sef at z = 0. Al the end of sorplion the sum of
5 A Mand 8 2 Ad} is conslant, scodf, throughout the sample. Tts
gradient disappears and 50 does the comenl comesponding 1o
tvpe Il diffusion. This happy end effect has however the
disadvamage thal il yields the same negative resalt for all
previous and later timnes. The sum of both 5 ., i2 8 constant 8=
lar az x is concemed athough it increascs with Lime doring
sorption and decreases during desorption as does the total
uptake of penerranl. Hence it cannot generate any sieady flow
ae observed in Lype I diffuzsion. The modification of 52z in
eqs {5) end 16} whichk expleins the end ol sorplion and the
Fickian type of desorption process excludes the explanalion
of The unconvenlionel sarplicn the equalions were lormulated
for.

The fermulation according 1o eq {5) leads to znother quite
unexpected consequence. The coefficienl s in the stress
tensor, &q 6), which multiplied by B yields the velocily of
conceniration fronl propagation seeme to be a conziant of the
penelrant-polymer system and hence independent of «. All
the concentration dependence is in the factor & which affacia
equally the pype Iithe firet tetm) and rype I ithe second term})
diffusion. Hence v is proporional o the convenlional diffu-
sign coelhcient. The proportionality fuclor s depemds on the
pencirant-polymer combination bur nol on concentration.
That leada 10 the peculiar consequence that the normal type
of diffusion is nol the classical “Fickian™ diffusion but the
type 1 diffusion.

[n contrasi to that the experiments by Hopfenberg =1 21 [7,
8] on the dependence of type [1 diffusion on vapor activity
convineingly show a rapid decrease of ¢ with decreasing
activity a and Lhe complete cessation of such diffuzion below
a Mmiling aclivily &® —0.3. Hence 3 cannol be a constani bul
musl be g function of g-a* vanishing at * and for any s below
a*. Although this dependence is the crucial point of explana-
tion of iype 1l diffusion i1 was never allempied to be derived
froen malerial properties.

Moreaver the presence of the term 8, in diffusion eguation
completely changes the concentration increase in lime ahead
of the concentration fronl as soon as the local concentiation c
surpasses the value o* corresponding to the limiting activiey
&%, Thia consequence may be lesa disturbing if ooe assumes
that ahead of concentration front ¢ is always smaller than o
and behind it larger than or equal 10c*. But it still may cause
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some preblems in the feont itself if the concenlration does not
jump discontinuously from ¢; = ¢* ahead of the front 1o ¢,
behind the fronl. The variation of propagation velocity with ¢
must create a special type of front protile which was never yet
snalyzed from this point of view, Withoul any mute detailed
analysis one can only guess thal any concentration increase
in the ifront will become zteeper until it will be glmosr
discuntinuwous.

3. Constant Rate Propogation of
Concentration Profile

On the besis of the gencral diffusion equation with § and &
dependent on chemical potential one can easily formulate Lhe
cenditions {or a constant rate propagation of a concentration
profile

clxtt = Clx — W} = Clx'h {2)

The coordinale system x” maoves o the right with the same
velocity v 8z the concentration profile. Hence in this aysiem
the concentration C iz constanl sl each #” and 1hr current
density ;° = 0. With these assumptions. the solulion of the
diffusien problem is rruly conventional without a need for any
additional mare or less arbitrary ferm in the diffusion equa-
tien.

According 1o the thermodynamics of ireversible processes
the diffusion cument density in the laboratory fixed system x
in prapostional to the chemical potemtial gradient of the
diffusant

f= ~le/f dpjix = —DS Apféx = — P dpfae (100
where f ix Lhe frictional resislance yielding the diffusion
coeflicient ) = RT{. The chemical poiential g can be
expressed as function of vapor pressure pix,t} in equilibrium
with 1he sorhate at position x &1 time ¢

i = BT fopix,e) + pt (11}
The constant W® is siill a funcrion of T and of any other
parameter independent of p and 2. The concentration r is a
product of sorption S{p) and pressure. The conservation of
mass yields the concentration varialion with lime

Scfdt = JSp)/ar = —é&ifdx = MPApfBx)/8x.  (12)

i thiz well-known classical one dimensional diffusion equa-
tipn the soepiion 5, the diffusion coefficient £ and permeabil-
ity P are functions of g or conceniration « and not conatania as
assumed in the ideal Fickian cage. But they are independent
of time and location. The membrene is bomogenous and dees
nat change although at each point x ite swelling and diffusiv-
ily vary drastically with time. There is also no temperature
effect considered.

The drastic change of somption in the Lunsition from glass
to gel implies quile o subslantial swelling of the polymer
causing eventyplly the formation of macroscopic cracks as
observed in the earlier experiments [2, 3]. For aimplicity
sake, these dimensional changes are nol at all considersd in
the above formulation of the diffusion equation. Such an
omiesion affects the numerical reeults bul not the funclional
praperiics of the solutions a5 for instance the exisience of the

eteady stale solution and the conditions for a constant velocity
ol profile propagation.

The tfmrn]od}'namic equi]il:cl'ium conelalion between con-
centration and vEper pressure penmits to express the concen-
tration profile according to eq (9} a2 a profile of vapor
pressure proceeding with a constant velocity o

pleg) = glx — ) (13}
bevause the material property Sip} is indepandent of x and 1.
Hence the values pix.t) cun be expressed us functions of u
single variable ' = x — of. Thut means that the pariial
derivatives in eq (109 can be expressed as wotal derivatives by
x'. In such a case the differentiation on time is equivalent to
differentiation on location

dglon = —v dgjdx’

which with constant ¢+ transforme eq (109 inte the straightfor-
wardly integtable tolal differential equation

d g ) df’
| =pL - =
' ( wSef = e

{14)

=0 t15)

Thiz formulation actually means that there is neither a cur
rent nor 2 change of concentration since the coordinate
gyaten1x ' iravels with the same velocity v as the concentralion
or vapor preasure profile. This vields

vds’ = — Dig) dg/'y {16}
with 1he sclulion
"
— ' = j Lghdln 4. (17)
o

The boundary conditipn g = pi+ %) = O et x’ = + X s mel
sutomatically with a finite, not vanishing ! at ¢ = 0. The
finite ¢ = py at &’ = — = demands an infinile value of Hpg).
Equation (17} iz complelely general nol impogitg any conrdi-
tion on the choice and conlinuwity of & beyand Lhese men-
tioned in connecticn with the boundary condition, i.e., at 2"
= = w0, Note thal the value of § and its dependence onp ot e
do nol enter eqs (16) and (17} explicitely.

One sees thal in an infinite medium the diffusion eq (140]
permita aolutions with a constant concentration or thermo-
dynamically equivalent pressute profile moving with & con-
stanl veloeily o if only the diffusion cocfficient goes to infinity
at the magimum Pressurs gy atFPI:i':d a& Lhe i'?ﬁ"im?iﬁm";
negalive boundary x” = — % of the medium. The profile gix”
depends on fHp) and v aa shown in eq {17}. For a very simple

depetrdence of O on p
L =4 + Bpofipe — p}
vielding Dy =A + Baip=0and D = 2 atp = py, iz, at

the maxisnm pressure of the aorbate at the infinitely distant
il boundary, #' = — =5, one obiatns the profile

£n (g(x')po) — (B/Dy) En {1 — qiz' }/pg)

= — ' /1 + consi.

{18)

{19}

247




shown o ﬁgurg 2 ac [unclicon of l.zxrfﬂo. = ¥ for differem
values of 8/0y. If 1the constant is equaled 1o zerc one only
displaces the g{x’){py curves horizonially. This does not affect
Ltheir shape which is our primary interest. The larger v and the
smaller Dy the steeper the true profile if plotied apainal 2°
(figure 3). The consterd preasure profile g starts at high
positive ¥ with a long 1ail which only alightly differs from that
caleutated formerly [14] for a cunstmlt%).. continues with =
sherp rise of preseure and asymptotically approaches the
limiting pressure pg &l ¥ = — . The bime independent
concentration profile is obtained by multipliestion of ¢ by Sip)
which exhibits a large increase with g approaching pg if one
wishes to describe Lhe Lupsition (s a glass at p = 0 (%
small) te a highly swollen gel with ¢ = ey ;1 p = py (5 large).
Hence the concenlration profile is expected to vary substan-
lially fasler than the pressure profile.

B/iA + B} = 4

Mi,
0.5

/A + B)
" 1 ] i
—4 -1 0 2 L

Ficure 2. Fressure s aecarding to og {19 mmrng o Ve right with
consart walovily vfw% q"B.I'{A + B finetions of v A +

T‘h-—hrlw'—:r—qnl‘dihid,-ihr--—dh,m + H i thar bintputt 41 the il i this
Lo T

X, lsFom]

b 1 i i
- -7 0 1 L)

FICURE 3. FPressure profiter acowding A8} meving to the o
poiuant sefocity v memef.erql"lﬁe rurlra}} IHM + Bj -Sm
of ' fid + H} | =x' [

:.nl.lh

The shape of the profile can be varied ae freely as the
dependence of D and § on p. In particular, one can choose
cobistant £} arwl 8 in the glass and mbber wilh 2 discontinuity
at p¥ thus producing a change of shope of P and a step-like

cancenteation profile ot p* (fgure 4) as alveady pavtially
treated by Crank [22]. Hence the cese treated formerky [13,
14] with two concentration independent diffusion constanis,
&}, < [ty, ia contained in the present more general reatment.

10 p/p,
o'/
¢ = 350 ’
t2
n.5 [~ pilrp'
C3
/D,
M L
2 a 2 4

Fiuke 4. Presare and covicentrarion

coRalant seloccly ¥ as funciions of v

@umwunaﬁw DOy pe Oy = 100 Dy ool of parpiian frang 5, o §y = 45,
=0

Mﬁpuel'lweo-muu

w aad bhe dimeoniinualy of = wi e boondery between l.ndFL'l'k
tmﬂlm:,ol'ﬂﬂimﬂmhmhnﬂldmhﬂqmwmmﬂp w u Aoete vl
:q D.Fplnnﬂdrll'llx.l—iu hlﬁemmuﬂnlm {130, A w

mﬂnrﬂuzl rhlhul!rrlum-mn-x. o approeehes ad Teee e
ﬂumhun-d.uy E; hlck s i tham on the
dm—w&plh_ﬂtmu“irﬁmmdm P that me b
antatitr] it e ik nbrser e il Ll o e i thiat i i e, o h
bl o b bl ok e g iy

The boundary between unswollen and swollen region
moves wilh Lhe constanl velocity 1. The value of ¥ & slill
completely free and iz not a1 all determined by the diffusion
equation of Lthe boundwry conditions. From the unifoon Lnos-
lation of the concenication profile one derives the weight gain

w = ji= oo}-s = 1Spgt = vogt (20}

prapotticnal ta time in pedecl agreement with the cheerva-
tione of the steady staie of 1ype U diffusion.

One hence has the rather unexpected reeult that the same
mathemalical formalism (eq (12)) yields both rypes of diffu-
siont Type I lor constanl s appeoximately constant and Type
II lot sxitemely pressure of concenttation dependent 2, 5,
and £. Actually the diffusion constant must be mFmie for p
= pu in order to satisfy the boundary condition at &' = — .
From a pure mathematical point of view the values of 5 are
irrelevant smd can be chosen at will. Type 1 diffumion in a very

cizl case corfined to ideally linear systems with constant
.Je nd 3. Type Il diffusion 15 more or less close te the
diffusion in acioal polymer-sorbent aystems with I aod S
:I'Bpidl.}' ir.u:ma.ai.ng wil]lp, afier the inilial lramsient hos aboted
and before the great izamspert length from the boundary 1o the
mmring fromt starts 1o reduce perceptibly the velocily of front

thon.
'ﬁf&gadlﬂ’usmn coefficien [ of the penetrant or permeability
P of an sl medium centainly may become very lavge but
can never assume miinite values, In going foom 2 glana o a
swollen rubber or gel the increase in D) may be many orders of
magnitude, from 1072 o 107* emfs, so thar the stezdy state
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sololion with Hpylfflo] ~ ® i3 a very good asymptolic
approximaticn of the actual malerial rraneport. Bul the hinite
maximum value of & imposes a reduction of the penmeant
supply with increasing transporl lengih ! because the pres-
sure gradient g1 the ouier boumdary of the sample, {dpfadx)—y
~ {py = plE€)f€; , decresses with this length. Thel means 2
slow bl steady decrmaee of propagation velocily of the con-
centration profile with incereasing dislance of the profile from
the outer boundary of the sample. In a very thick sample the
initially constant velocity propagation of the peofile and
hence the linear increase of weight gain with Lime are =x-
pected to show an ubservable decrease. Bul since the most
preciss mearurements were made on extremely thin flma
with lotal liquid path less than (1 mm cne was never faced
with this limitation.

A very insttuctive gencrul piclure of the effects caused by
the [inile although very large diffusion coeficient D in the
highly swollen material can be derived from the very sche-
matic figure 4. It iz based on a constanl By, independent of
concetlmtion which varies [mim o %y at the concentration front
10 the maximuen ¢g in thensodynamic equilibrium with the
penetrant pressure gy &i the outer boundary of 1the sample. In
order to simplify the matter one assumes in that which follows
that 1he profile shown in figure 4 is established immediately,
al time £ = 0, &l the outéet boundary, x = ), &c that Lhe initsl
tranzienl offects can be complelely neglecied. AL = 0 one
hence has s’ =x —w = 4.

One first notices that the concentration «{0) at the outer
boundary has the initial value %3 which steadily increases
with time up to the maximum value c5 If one assumes thai
during this ime the conceniretion front moves with a constant
velocity v ane deduces a slight increase of current density and
a more than linear increase of weight gain with time

F = w1 — 2%/ Dy)
W = —(c*; Dy fo) 0 {1 — v*1fDy)
=%l + v 2D+ ---)
(0} = e /(1 ~ e%/D5)

The parameter vt ff); remains small during the whole experi-
meni. [is maximum value is reached at the moment when the
front hils the opposite boundaty of the sample or meets the
front procesding from this boundary, In the latter case ane
derives from film thickness d and £pg = J/2 the maximum
value of this parameter

WD ahgax = 4D s

(21)

(22)

In the diffusion of R-pentane into cast annealed PS Gln [8]
the film thickness waa 38 pm = 3.8 X 1077 cm, {pay = 61}
hours = 2.16 % 10P: for py = 550 mmHg ar 30 °C. From
theac deta one oblains maximum values for the parameter
between 1.7 ¥ {071 and 1.7 ¥ 107% A Iy vades between
1077 and 107" em® 7. In biaxially oriented film at penetrant
aclivity 1 and T = 35 "0 the values are up to 300 Limes
higbl:r sn Lhat a slﬂﬁcieﬂll}r small value of the parameler is
only abdainable with the higher diffuston coefficient which is
inddeed more probsble than the lower limit, One can be rather
certain that in moet cases the parameter is a0 emall that the
currenly iz practically constant, the weight increase B almost
linear with time, and a very small differesce () — %

required for a constant supply of liquid 10 the progressing
cupcetitralion front. The small value of the pararmeler also
tells that the ideal case, eqs {9) through {209, is a good
approximation of the aclual polymer-penetrant systems dis-
praying type [l diffusion.

Bt the: finils iterease in line of penclrant concentlraliot sl
Lhe 5a.mp|e bnu.nﬂary in contact with the |iqui1:| uf' pEs ECEms
to be an important Feature of wpe IT diffusion. Il is a
consequence of the fact that the polymer glass simply cannot
expand inslantaneotsly Lo sieh an extenl thal the sgoilibriom
concenlration of peneirant could be accommodaied. Since the
p-oljrmer s quitg inhﬂm.ogenwuﬁ an mulcc:u]ar Sq.n]g it -
hibits a wide variation of peneirability in very amall regions.
The more penetrable areas expand substantizlly more and
fazter than the less penelrable sactions. The forpes exerted by
the penetrant on laut molecules connecting the latter sections
across the former regions will either mpture ithese chains or
pull them out slowly. Both effects require a finite lime. As a
consequence of such enforced polymer expansion the sample
crazes and even cracks. One pels convineed thal just Lhis
relaxation of the specimen under the osmotic pressure of the
penetrant determines the velocity of propagation of the con-
centralion front which ie independent of I! and of any other
patzmeler of the diffusion equation.

In a more realigtic approach the inability of the polymer boe
expand sufficiently for Lhe scoommedstion af the equilibrium
amount of penetrard most likely slanis al a substanlially
smaller concentration than c*;, i:a-t us say ¢*;. This means
that at low activity with ¢{0) = ¢*, the sorption and diffusion
are conventional without any concentralion lront propagating
at conslent velocily Lhrough the glass, II however, the activ-
ity i5 80 hish thet c[{)} = ¢", o blinite time & needed for proper
polymer expanaion thus creating the circumstances observed
with type Il diffusion. The higher the driving foree c{0) = %,
a5 l:nmpared with -:". u.m;] the higi‘n:r lhl,-. !mlumn: change with
the linear expatsion of the pulymer the more rapidly the glass
adjusts 1o the spaee requirementa of the peneteant, i.e., the
higher the welocity of concestmbiun fronl propagation in
perfect agreement with observationa.

Om the other hand, the steady state profile cannol be
established inetantanecusly. Even if & constant propagation
rete is impased it lakeg a certain time before the prezsure or
concentration distribution in the frontal tail aseumes time
independent values, This was explicitly demonetrated for a
concentration discontinuity moving with a constanl velogity
[14]. The reeult can be generalized for any profile. [n first
approximalion the wetght gain in this lransient is proportional
to the square ot of time. The duration of a substantial
contribution of the transien can be unobservably short so thar
the weight gain does not exhibit a significant initial compa-
nent propottional Lo the square root of time bur inglead is
directly proportional to time,

4. Condusiont

The steady atate solution of the simple diffusion equation
with the constant rate of propagation of the fixed concentra-
Lion prﬂﬁ]g a.ccurdin.s; ko ey [9} =3 Enﬂd appcmximalii;m of the
paeudo-etalionary situalicn of Type I diffusion. Its range is
between the usual initial irensient with concentrmlion and
weight gain dependence on ¢ and the final stage with the
weight gain less than proportivnsl 1o ¢ because ar fixed
maximure values of I and P the sorbate has 1o be ransported
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i Lhe concentration [ronl through a steadily increasing depth
of the fully swallen film. The large mlic belween O, and
Dyan and the small maximum linear extension . max of
filmes through which the material 1ransport takes place may
rmoke very chort the duration and rather difficult the obsarva-
tion of the initial and fina] slages. Therclore, as a male, the
scene is dominated by seudo-staticnary type IT dilfusion
az formulaoted in eqgs (9) arus.{lg}. In the case of thin film witk
the liguid erdening from both plane surfaces the superposition
of concentration tails in front of the propagaling concentration
discontinuily may overcompengale the laliet effeoct ard yield
a final increase of weight gain rate,

But owe also sees that type [1 diffusion iz nothing excep-
Lional requesling any change or modification of diffusion
equation. It is a simple consequence of a very rapid change of
£, e, of 5 and P with sorbate activity. The increase in 8 15
only needed for a rapid inerease of penetrant moebility. There
is no need for inlnduction of & new mechanism although a
new name may have some practical mse. The old Fickian
{formulation in conceniralion lemms is of course tather inade-
quate for the deseription of such less canventional effects
becauee il is app]icaII;IE only to perfecily ideal material with
activity irdepemdent sorption. But this limication was already
=0 lhnmughl}' demonsiraled [23] Lhat il has no zense to o]
the subject again.

An impotiant resultt of this investigation 1 also the confir
mation of the very early finding {13] thai the velocity » of
popagalion of concentration digeuntinuity is not in the slight.
est manner determined or limited by the diffusics +qualicn
ard the dependem:g ol ! an concentration. Exprriments,
bowever, very clearly show a drastic increase of v with
activity of the permeant and temperature of experiment.
There is \lso o sebslantisl dependerce of ¢ oon thermody-
namic properties of peneirant and polymer and on mechani-
cal and thermal history of the polymer. Hence one will have
1o congider the molecular efiects connected with swelling
much more thoroughly Lthan it was done up till now in order to
be able 1o find the connection between the velocity and the
mechanical and thermodynemic propetlies of the penetrant-
polymer system. A next paper will try lo discuss some

possible approaches ta such a molecular theory of wacenven-
tional diffugion.
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