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A new formulation is presented for the vapor pressure of ice from the triple point to —100 °C based on
thermodynamic calculations. Use is made of the definitive experimental value of the vapor pressure of water at its
triple point recently obtained by Guildner, Johnson, and Jones. A table is given of the vapor pressure as a function
of temperature at 0.1-degree intervals over the range 0 to —100 °C, together with the values of the temperature
derivative at 1-degree intervals. The formulation is compared with published experimental measurements and
vapor pressure equations. It is estimated that this formulation predicts the vapor pressure of ice with an overall
uncertainty that varies from 0.016 percent at the triple point to 0.50 percent at —100 °C.
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1. Introduction

In meteorology, air conditioning, and hygrometry, particu-
larly in the maintenance and use of standards and generators
in calibrations and in precision measurements, accurate val-
ues of the vapor pressure of the pure water-substance are
essential. Because of this Wexler and Greenspan [I]1 re-
cently published a new vapor pressure formulation for the
pure liquid phase, based on thermodynamic calculations,
which is in excellent agreement from 25 to 100 °C with the
precise measurements of Stimson [2]. Wexler [3] subse-
quently revised this formulation to make it consistent with the
definitive experimental value of the vapor pressure of water at
its triple point obtained by Guildner, Johnson, and Jones.
The purpose of this present paper is to apply a similar method
of calculation to the pure ice phase and derive a new formula-
tion for temperatures down to —100 °C. This new formulation
for ice is constrained to yield the identical value of vapor
pressure at the triple point as that given by the revised
formulation for the liquid phase.

A critical examination of the experimental vapor-pressure
data of ice discloses the disconcerting fact that the dispersion
among those values far exceeds modern accuracy require-
ments. This dispersion arises, in part, from the inherent
difficulties experienced by investigators in making precision
measurements of these low pressures and from the ambigui-
ties in the temperature scale used in the early 1900's when
several major series of determinations were made. Thermody-
namic calculations, based on accurate thermal data, provide
an alternate route to the determination of vapor pressure. It is
therefore not surprising that such calculations have been
made repeatedly for ice with varying degrees of success. It is
interesting to note that these calculations have been preferred
over the existent experimental vapor pressures, primarily
because the calculations appear to yield less uncertainty than
the measurements.

1 Figures in brackets indicate the literature references at the end of this paper.

2. Derivation

The Clausius-Clapeyron equation, when applied to the
solid-vapor phase transition for the pure water-substance,
may be written

dp _ I

dT " T(v - v")
(1)

where p is the pressure of the saturated vapor, v is the
specific volume of the saturated vapor, v" is the specific
volume of the saturated ice, T is the absolute thermodynamic
temperature, / is the latent heat of sublimation, and dp/dT is
the derivative of the vapor pressure with respect to tempera-
ture. The latent heat of sublimation is given by

1 = h- h" (2)

where h is the specific enthalpy of saturated water vapor at
temperature T and h" is the specific enthalpy of saturated ice
at the same temperature T.

The equation of state for saturated water vapor may be
expressed by

pv = ZRT (3)

where Z is the compressibility factor and R is the specific gas
constant. When eq (3) is substituted into eq (1) the result is

dp

P

I

ZRT2 1 + -)
v )

dT (4)

where higher order terms of v"/v are neglected because v"/v
« 1. On integrating, eq (4) becomes

T2



where px and/>2 are the saturation vapor pressures at temper-
atures 7\ and T2, respectively. Suitable functions will be
sought forZ, v9 v" and / in order to complete the integration of
eq (5).

Functions for the compressibility factor Z and the specific
volume of saturated water vapor v will be based on a virial
equation of state expressed as a power series in p. A function
for the specific volume of saturated ice v" will be developed
from experimental data for the coefficient of linear expansion
and the density at 0 °C. A function for the latent heat of
sublimation / will be derived from the specific enthalpies h"
and h of saturated ice and saturated water vapor, respec-
tively. Use will be made of measurements of the specific heat
of ice to obtain h" whereas statistical mechanical calculations
of the ideal-gas (zero-pressure) specific heat of water will
serve as input data for establishing an expression for h.

2.1 Temperature

Guildner and Edsinger [5] have recently made measure-
ments on the realization of the thermodynamic temperature
scale from 273.16 to 730 K by means of gas thermometry.
Unfortunately there are no similar high precision measure-
ments below 273.16 K. Therefore, it will be assumed that the
International Practical Temperature Scale of 1968 (IPTS-68)
[6] is a sufficiently close approximation to the absolute
thermodynamic temperature so that the thermal quantities
given in terms of IFTS-68 can be used in eq (5). From the
triple point to —100 °C the temperature t in degrees Celsius
has the same numerical values on the International Tempera-
ture Scale of 1927 (ITS-27) [7], the International Tempera-
ture Scale of 1948 (ITS-48) [8] and the International Practical
Temperature Scale of 1948 (IPTS-48) [9]. However, the ice
point on IPTS-48 is defined as equal to 273.15 kelvins
whereas on ITS-27 and ITS-48 it is defined as equal to
273.16 kelvins. The difference T6S — T4S, where T6S and T48
are the kelvin temperatures on IPTS-68 and IPTS-48, respec-
tively, in the range of interest reaches a maximum of 0.0336
kelvin at 200 K [10, 11]. Using the corrections given by
Riddle, Furukawa, and Plumb [11], temperatures on ITS-27,
ITS-48 and IPTS-48 have been converted to IPTS-68 where
needed in the calculations.

2.2. Specific Volume of Saturated Vapor

Equation (3) is used to calculate the specific volume of
saturated water vapor v. The compressibility factor Z is
expressed as a power series in p

z = + cy + (6)

where B' is the second pressure-series virial coefficient and
C is the third pressure-series virial coefficient. The contri-
bution oiC'p2 toZ is only a few parts per million at the triple
point and less at lower temperatures and so has negligible
effect. The empirical relationship for the second virial coeffi-
cient is based on experimental data obtained at elevated
temperatures. This equation will be extrapolated below 0 °C
with the full recognition that this may lead to large uncertain-
ties in the virial coefficients. Although Z?' rapidly increases
in magnitude with decreasing temperature, the saturation
vapor pressure decreases even more rapidly so that Z rapidly

approaches its limiting value of unity as the temperature
drops. Saturated water vapor, therefore, tends to behave more
and more like an ideal gas as the temperature decreases,
thereby reducing the effect of errors in B'.

Table 1 shows a comparison of Z from the triple point to
— 100 °C, for water vapor saturated with respect to ice,
calculated using the empirical second virial coefficient equa-
tions of Goff and Gratch [12, 13, 14], Keyes [15, 16], and
Juza as given by Bain [17]. The maximum difference inZ, as
well as v, is 118 ppm and occurs at 0.01 °C. This can be used
as an indication of uncertainty although the actual error is
indeterminate. The differences decrease as the temperature
decreases. At —70 °C and below, the differences are equal
to, or less than, one ppm since, at such temperatures, the
second virial coefficient makes a negligible contribution toZ.

TABLE 1. Compressibility factor for saturated water vapor
over ice

Temperature

°c

0.01
0

-10
-20
-30
-40
-50
-60
-70
-80
-90

-100

Keyes
1969 b

Z
0.999624
.999624
.999907
.999958
.999982
.999993
.999998
.999999
1.000000
1.000000
1.000000
1.000000

Compressibility Factor0

Keves
1947 c

Z
0.999501
.999501
.999726
.999856
.999928
.999966
.999984
.999994
.999997
.999999
1.000000
1.000000

Baind

Z
0.999529
.999529
.999747
.999871
.999938
.999972
.999986
.999996
.999999

1.000000
1.000000
1.000000

Goff
and

Gratch e

Z
0.999506
.999506
.999730
.999859
.999930
.999967
.999985
.999994
.999998
.999999
1.000000
1.000000

a Calculated by eq (6) using B ' given by the indicated investigator.
6 Ref [16].
c Ref [15].
d Ref [17].
e Ref [12-14].

The 1969 second virial coefficient of Keyes [16] will be
used in order to be consistent with the earlier use of this same
coefficient [3]. His virial coefficient equation, converted to SI
units compatible with eq (6), is

_ [0.44687 /565.965X

x 10 34900 + r- x 1O~5. (7)

where B' is in units of reciprocal pressure (Pa)"1.2

2.3. Specific Volume of Saturated Ice

Only hexagonal Ice-I will be of concern. It will be assumed
that the crystals are randomly aligned with respect to the
optic axis. All known measurements of the density of ice have
been made in the presence of an inert gas, usually at a
pressure of one atmosphere and at a temperature of 0 °C.

: 1 Pa = 1 N/m2 = 10"5 bar = 10"2 mb = 7.50062 X 10"3 mm Hg.



Dorsey [18] has compiled an extensive list of such determina-
tions. Ginnings and Corruccini [19] using a Bunsen ice
calorimeter, obtained a value at 0 °C and one atmosphere3 of
0.91671 g/ml. This value is definitive and supersedes all
earlier measurements. Using this value and the coefficient of
linear expansion of ice, the specific volume was calculated at
temperatures below 0 °C as follows.

The isopiestic coefficient of linear expansion of ice otp is
defined by the equation

) (8)

where A.j is the initial length of a specimen at the ice point
temperature, A is the length of the same specimen at temper-
ature T and dk/dT is the rate of thermal expansion. By
integrating eq (8), cubing the resultant equation, neglecting

(9)

higher order terms in I otpdT', it follows that

p T — V P i T + 3 f etp dA

where f "p,r is the specific volume of ice at pressure P and
temperature T, v"P}T. is the specific volume of ice at pressure
P and at the ice point temperature T\.

There are several series of measurements of the coefficient
of linear expansion of hexagonal Ice-I at atmospheric pres-
sure. The data of Jakob and Erk [20], Powell [21], Butkovich
[22], Dantl [23], and LaPlaca and Post [24] were fitted to a
linear equation by the method of least squares. The result is

temperature, v" is the specific volume, f3 is the volume
expansivity, and c"p is the specific heat at constant pressure.
Values of the isothermal compressibility of ice were calcu-
lated by using Leadbetter's values [27] for the adiabatic
compressibility of Ice-I, eq (11) to obtain the specific volume
at pressure Pa and temperature 7\ eq (10) to obtain ft ( =
3apa), and eq (19) (which is derived later) to obtain the
specific heat at constant pressure Pa. The results for the
temperature range of interest are given by the linear equation

k = (8.875 + 0.016571) X 10~u (13)

where k is expressed in units of (Pa) *. The specific volume
of ice at pressure P and temperature T is therefore v"p T —
t/'po,7[l " k(P ~ Pa)] SO that

V"P.T = vn
PatT[\ - (8.875 + 0.0165r)(P - 101325)

X 10"11] (14)

where P is expressed in Pa. If the saturated vapor pressure p
is inserted forP, then eq (14) yields the pure phase specific
volume v" at saturation. Over the temperature range 173.15
to 273.16 K the numerical value of the bracket is equal to
1.000013 with a maximum variability of one ppm. Using this
value yields

V"P,T = v" = 1.070003 - 0.249936 X 10"4 T

+ 0.371611 X 10"6r2 . (15)

X 106 = -7.6370 + 0.227097 T (10)
2.4 Enthalpy of Ice

which, when substituted into eq (9) together with the Gin-
nings and Corruccini value4 for the density of ice at 0 °C and It can be shown [26] that the specific enthalpy h" of the
one atmosphere becomes s°lid phase of a pure substance, say ice, is given by the

relationship

v"Pa,T = 1.069989 - 0.249933 X 10"4 T

+ 0.371606 X 10" 6 r 2 (11)

where v"pa>T, expressed in cm3/g, is the specific volume at
atmospheric pressure, i.e., 101325 Pa, and temperature T. It
is the specific volume at saturation rather than at atmospheric
pressure that is needed. The specific volume at a given
pressure can be corrected to that at another pressure from a
knowledge of the isothermal compressibility A:, which is given
by the equation

k = L
it

c p
(12)

where ks is the adiabatic compressibility, T is the absolute

3 1 atmosphere = 101325 pascals.
4 The density was converted from g/ml to g/cm3 by using the factor 1 ml = 1.000028 cm3 [25].

dh" = c"P dT + v"T dP -
dT

dP (16)

where c"P is the specific heat of ice at constant pressure P.
When integrated this equation becomes

Because eq (17) represents a system undergoing a reversi-
ble process between two equilibrium states, the initial and
final enthalpies are independent of the path. Therefore, a
path is chosen which starts on the saturation curve at (7^, p^),
moves isothermally to (7^, Pa), then proceeds isobarically to
(7\ Pa), and finally goes isothermally to (7\ p). The integra-
tion along this path is given by



If pi is the saturation vapor pressure at the ice-point tempera-
ture Tf, p is the saturation vapor pressure at temperature 7\
and Pa is any other pressure, say standard atmospheric
pressure, then h" — h!\ is the difference in specific enthalpy
of saturated ice, under its own equilibrium vapor pressure,
between temperatures T and 7Y

Although measurements of the isopiestic specific heat of
ice have been made by several investigators [28-35], only
those of Giauque and Stout [34] will be used because it is
believed that these are the best available over the range of
temperatures of interest here. These measurements were
made at standard atmospheric pressure and cover the temper-
ature range 16.43 to 267.77 K. They are in good agreement
with the precise measurements of Dickinson and Osborne
[30]. Unfortunately, the latter measurements do not extend
below 233.15 K.

Fitting the Giauque and Stout data from 169.42 to 267.77
K to a quadratic equation by the method of least squares with
the temperature converted to IPTS-68 and the heat units to
joules, yields

c"P = Ao + AJ + A2T
2 (19)

where c"pa is the specific heat in J/gK at a pressure of one
atmosphere. The coefficients are given in table 2. Integrating
eq (19), one obtains

r dT = A0{T - Tt)

(20)

By letting

=
JPPi W/J

and performing the indicated differentiations and integra-
tions, eq (21) is reduced to the form

A/i" = Bo + BJ2 + B2p (22)

+ — (T3 - T?) + A/i". (23)

A numerical value remains to be assigned to the reference
enthalpy h"i. At any specified temperature T, the latent heat
of fusion of ice /" is given by

/" = h' - K' (24)

where h' and h" are the specific enthalpies of liquid water
and ice, respectively. By adopting the convention h'i = 0 at
the ice-point temperature it follows that l"i = —h"i. The
choice of this convention will not effect the final results
because the arbitrary assignment will cancel out in the
computations. Use is now made of the experimentally deter-
mined value for the latent heat of fusion of ice at 0 °C and
standard atmospheric pressure recommended by Osborne
[36]5, namely, 333.535 J/g. By means of the thermodynamic
relationship

dh dv
(25)

the latent heat was adjusted from standard atmospheric pres-
sure (101325 Pa) to the saturation vapor pressure of ice at 0
°C, i.e., 611 Pa, yielding V\ = -h"t = 333.430 J/g. Equa-
tion (23) therefore becomes

h" = -l"t + A0(T - Tt) + ^ (T2 - T?)

+ — (T3 - Tt
3) + A/i" (26)

2.5. Enthalphy of Water Vapor

From eqs (3) and (6) it follows that

RT
v = — (l+B'p + C'p2

P
(27)

and

RT

P

dB'
£ + • • • ) m

which on substitution into eq (25) yield

dC

dp

razr + d_c_+ _ i
LdT dT J

wherep is the saturation vapor pressure in Pa at temperature Integration with respect top leads to
r , Pa = 101325 Pa and/?* = 611 Pa. The coefficients are f f

given in table 2. Substitution of eqs (20) and (22) into (18) , __ , _ 0^2 ^ L _ 1/̂ 7̂ 2 _ - p 2 _
yields P'T P°'T dT 2 dT

(29)

(30)

h" = H\ + A0(T -Td + — (T2 - Tt
2) 5 The value given by Osborne was converted from international joules to absolute joules by the

factor 1.000165 J = 1 i.j.

8



where JIP)T is the enthalpy of water vapor at saturation pres-
sure p and temperature T and hPo>T is the ideal-gas (zero-
pressure) specific enthalpy at the same temperature T. The
third and higher-order terms will be ignored because their
contributions to hp>T are negligible. Thus, by setting

the result can be written

(31)

(32)

Friedman and Haar [37] have calculated the ideal-gas
(zero-pressure) specific heat cpjR for water vapor from sta-
tistical mechanical considerations over a wide range of tem-
peratures. Their calculated values from 170 to 280 K were
fitted to a polynomial equation by the method of least squares
which, after multiplying by R, has the form

= A) + + D2T
2 + D3T

S (33)

in units of J/gK. The coefficients are given in table 2.
Integrating with respect to temperature from the ice point
temperature T\ to T, one gets

P0,T ~ hpo,Tt ~ CPQ

JTi

dT (34)

which becomes

= D0(T - -r(T2~m

—(T3- 7V) + — (T4 - 7V)
o 4

(35)

I' = h - h'. (36)

It will be recalled that the convention that h\ = 0 at the ice
point has already been adopted. Hence at this temperature
hi = I'i, with the result that eq (32) becomes

where

(37)

(38)

Replacing hi by Vi in eq (37), one obtains

hPQsTi = I'i + A/i*. (39)

Substituting eq (39) into eq (35) gives rise to an expression
for the ideal-gas specific enthalpy of water vapor, that is,

V.r = l't+Aht + D0(T -Ti) + ̂ - (T2 - 7?)

+ V(T3 ~ 7?) + j-{T* - m. (40)

Now by inserting eq (40) into (32) the real-gas specific
enthalpy of saturated water vapor ensu^ , namely,

h = hPiT = I'i + Hhi - Ah + D0(T - Ti)

To calculate V i, use is made of an approach due to Osborne
[38] which starts with the definition of an experimentally
measured calorimetric quantity y

V = y - 8. (42)
where /*pD,r a nd bpo,Tt are the ideal-gas (zero-pressure) spe-
cific enthalpies of water vapor at temperatures T and Tt in y h a s b e e n q u i t e a c c u r a t e l y measured [38-41]. 8 is given by
units of J/g. [38]

The ideal gas specific enthalphy hPo>Tt is a constant to
which a numerical value must be assigned. In order to do so
use is made of the latent heat of vaporization V at the ice 8
point. By definition ^v v

TABLE 2. Coefficients to equations

A
B
D
F
G
H
K
L

0

0.274292
-0.344 X lO-2

.1834928 x

.34238440 x
-0.57284294 X
-0.1369402 X
-0.58653696 X
-0.57170491 x

101

104

104

103

104

104

1

0.582109 X lO-2

.3765 X 10~7

.2542981 X 10-3

-0.52277204 X 101

.2224103300 X 102

.9158658955 X 101

2

0.325031 X
.107 x 10

-0.15852458
.98557190

-0.60309325
. 19779974
.13749042

-0.74950412

10
-5

X
X
X
X
X
X

-5

10-5

10~2

10~2

101

10"1

lO-2

3

0.3550699 X
-0.11305118
-0.17462428
-0.32285532
-0.34031775
0.36067657

X

x
X

x
X

10 8

lO-4

10-5

lO-4

lO-4

101

4

0.64112408
.26326563
.26967687

X
X
X

10-9

10-7

10-7

5

0.33815137 X 101

-0.26896486 X 101

.6918651



where v and v' are the specific volumes of saturated vapor and
water, respectively, and dp/dT is the temperature derivative
of the vapor pressure of liquid water. The quantity y is
represented with high precision from 273.15 to 423.15 K in
units of J/g by the following polynomial equation [3]

y = Fo + FJ + F2T
2 + F3T

3. (44)

The coefficients are given in table 2. At T = 273.15 K, yi =
2500.8384 J/g. The quantity 8U at T = 273.15 K, using v' =
1.00016 cm3/g [42] and dp/dT = 44.4 Pa/K [3], is 0.0121
J/g. Therefore V \ = 2500.8263 J/g. By appropriate substitu-
tions into eq (38) one obtains Ahi — 0.2365 J/g.

2.6. Latent Heat of Sublimation

Substitution of eqs (26) and (41) into (2) gives rise to the
following equation for the latent heat of sublimation:

- (Do -

-\(DX- AX)T? ~\(D2- A2)T? ~ \

- A0)T + \(DX- A,)

+ -DBT4 - A h - Ah".
4

- A2)T*

(45)

2.7 Vapor Pressure

Combining eqs (5) and (45), selecting the temperature 7\
and vapor pressure pt at the triple point as the lower limits of
integration, taking any temperature T and corresponding
vapor pressure p as the upper limits, and performing some
simple mathematical manipulations, one obtains

d(\np)

-1 - rr1) + G5 in (P
j=o

~-(D2

G,=

2R

D2 - A2

6R

12R

and G5 =
R

(47)

(48)

(49)

(50)

(51)

The coefficients are given in table 2.
The first two terms on the right-hand side of eq (46)

provide the major contribution to the vapor pressure; the
integrals are small corrections which account, in part, for the
deviation of water vapor from ideal gas behavior. These have
been left in integral form because each is a function of/? as
well as T.

The absolute temperature assigned to the triple point on
IPTS-68 is 273.16 K. The corresponding vapor pressure is
611.657 Pa, the definitive value measured by Guildner,
Johnson, and Jones [4]. The specific gas constant for water, R
= 0.461520 J/g K, was derived from the CODATA recom-
mended value of 8.31441 J/mol K for the universal gas
constant [43], and 18.015227 g for the molar mass of natu-
rally occurring water vapor on the unified carbon-12 scale.6

Because eq (46) is implicit in p it had to be solved by
iteration. Each of the integrals on the right-hand side was
evaluated at intervals of 0.25 kelvins by means of the trape-
zoidal rule [47]. Iteration at each interval was terminated
when successive values ofp differed by less than 0.1 ppm.
The magnitudes of the terms in eq (46) are shown in skeleton
form in table 3. The magnitudes of the integral terms are
equivalent to the relative contributions they make to the
vapor pressure. The sum of the integrals increases from zero
at the triple point to -0.000389 at -100 °C. Neglecting the
integrals, therefore, would introduce an error of up to 389
ppm in the vapor pressure. The sums of the integrals, at
intervals of 2 kelvins, were fitted by the method of least
squares to the equation

integrals = + H5 In (~ (52)

with a residual standard deviation [48] of 0.7 X 10 6. The
coefficients are given in table 2. Substituting eq (52) into
(46), integrating the left-hand side, and combining terms,

vhere Go = — — (yj — 8t + M.t

- (Do - A0)Tt - - ent, respectively. Combining these abunda
lides, recommended by the Commission on

h l l i h f ll

10



2

!

one finally obtains

In ( - ) = 2 UT*-1 ~ TV1) + ^5 In (J-) (53)
\Pt' j=o \Tt/

which reduces to

In p = + ^ 5 In T
j = 0

where ^o = ^o

K5lnTt- In p

A-2 — O2

X4 = G4

K5 = G5

H4

(54)

(55)

(56)

(57)

(58)

(59)

(60)

The coefficients are given in table 2.
The feasibility of reducing the number of terms in eqs (53)

and (54) was investigated. Values of vapor pressure were
generated from eq (53) at one-kelvin intervals from the ice
point to 172.15 K and fitted by the method of least squares to
equations of the form

In - 1 = Z, Ljip-1 - Pf1) + Ln+1 In — (61)
w i=o vr^/

for 0 < n < 4 with and without the ] term. For n = 2,

71

with the In ( —) term included, the standard deviation of the

fit was 14 pprri and the maximum deviation was 26 ppm.
Thus, for n = 2, eq (61) becomes

d (62)
\Ptf 3=0

or, alternately,

where

lnp = 2JLjp-1+L3lnT (63)
J=0

Li = - ^ ~ L2Tt - L3 In T, + lnp ( (64)

The coefficients are given in table 2.

11



3. Error Analysis

It is of interest to assign reasonable bounds of uncertainty
to the independent variables and constants and then calculate
the effect of these uncertainties on p. Start with eq (5) and
recall that

Z = 1 + B'p

ZRT

(65)

(66)

v" = v"Pa,Ti [ l + 3 f aPa dT~\ \l ~ k(p - P j ] (67)

=1 Cp dT + yi - 8t + Ahi - Ah
JTi

fT

c"P dT - AH' + t\ (68)

JTi

vhere

and

(69)

Substituting the above equations into eq (5) converts the
latter into a functional relationship of independent variables
and constants. The vapor pressure is calculated by iteration
and numerical integration, as previously described. The cal-
culation then is repeated with each variable and constant
separately augmented by its appropriate estimated error.

The absolute temperature T enters into eq (5) as the
independent variable so that it is subject neither to experi-
mental nor scale error. However, experimental and scale
errors in the temperature affect the uncertainties in the
independent variables; therefore, these temperature errors
are contained in the estimated errors of the independent
variables. Since Tt is assigned values on IPTS-68, it will be
assumed that its estimated uncertainty is zero.

The estimated error in the specific gas constant for water
vapor R arises from the assigned (three standard deviations)
uncertainty [43] in the molar gas constant of 78 X 10~5 J/mol
K and from a calculated (three standard deviations) uncer-
tainty in the molecular weight of naturally occurring water of
9 X 10~5 g/mol based on the assigned uncertainties [46] in
the relative atomic masses of the pertinent nuclides. The
resultant estimated error (three standard deviations) in R is
45 X 1(T6 J/g K (94 ppm).

There are no experimental data below 273.15 K on which

to base an estimate of the uncertainty in the virial coefficient
B' nor in the derivative dB'/dT. Therefore, four sets of
extrapolated virial coefficients were calculated, using the
empirical equations of Goff and Gratch [12-14], Keyes [15,
16], and Juza as given by Bain [17], and then differences
were obtained from the latest Keyes values [16]. The esti-
mated uncertainty was set at thrice the maximum difference.
This uncertainty in B' contributed to a corresponding uncer-
tainty in dB'I dT.

Pa is standard atmospheric pressure. Because this is an
assigned value it will be assumed that its uncertainty is zero.

Guildner, Johnson, and Jones [4] have assigned an esti-
mated uncertainty (three standard deviations plus systematic
errors) of 0.010 Pa (16 ppm) to their measured value of the
vapor pressure at the triple point pt. Their estimated uncer-
tainty will be used here.

According to Ginnings and Corruccini [19], the combined
random and systematic uncertainty in their determination of
the density of ice at 0 °C and 1 atmosphere is 0.00005 g/ml.
This value was converted to 0.00006 cm3/g and the latter
used as the estimated uncertainty in the specific volume of
ice v"pa}T.. The estimated uncertainty in the coefficient OLpa
will be taken as three times the standard deviation of the fit
[48] as given by eq (10), that is, 0.50 X 10~5 cm/cm K.
Leadbetter [27] has ascribed an uncertainty of 5 percent to
his values of the adiabatic compressibility of ice, namely 0.6
cm3/cm3 Pa. The same uncertainty is therefore used for the
isothermal compressibility k, since the latter is derived from
Leadbetter's values.

Friedman and Haar [37] have computed cpjR to six
significant figures. However, they did not give an estimate of
the uncertainty in their calculated values. An error of 100
ppm therefore was assigned to cpjR. Combining this error
along with 99 ppm for the estimated uncertainty in R and 9
ppm which represents three times the residual standard
deviation of the fit of eq (33) resulted in an estimated error of
140 ppm in CPQ, i.e., 0.26 X 10"3 J/g K.

In the absence of any other criteria for estimating the
uncertainty in c'pa, a value of 0.0103 J/g K was selected
which equals three times the standard deviation of the fit of
eq (19), 0.0099 J/g K, plus an estimated error of 0.0004 J/g
K due to ambiguities in the temperature scale employed by
Giauque and Stout.

The estimated error in yt was taken as 0.45 J/g which is
three times the standard deviation of the fit of eq (44). The
uncertainty in 8$ was conservatively estimated at less than
one percent, that is, less than 0.0001 J/g. Osborne [36] has
estimated that the random and systematic error in t[ was 0.2
J/g and his value, therefore, was used here.

The quantity Ah" varies from zero at 0 °C to about —0.002
J/g at -100 °C. Since it is small compared to / (~ 2830 J/g),
its functional dependence on other parameters will be ig-
nored. The uncertainty in Ah" was estimated at less than
0.0001 J/g.

A summary of the individual estimated errors contributing
to the total error in the predicted vapor pressure is given in
table 4. The corresponding uncertainty inp due to each of the
enumerated errors is shown in table 5. The square root of the
sum of the squares of the individual errors was used as the
best estimate of the overall maximum error inp [49]. As the
temperature decreases from the triple point to —100 °C, the
estimated relative error in p increases from 16 ppm to 0.5
percent.
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TABLE 4. Summary of estimated errors in variables and constants

Temperature

t

°C

0.01
0

- 1 0
- 2 0
- 3 0
- 4 0
- 5 0
- 6 0
- 7 0
- 8 0
- 9 0

-100

Parameter

R

Magnitude
J/gK

0.461520
.461520
.461520
.461520
.461520
.461520
.461520
.461520
.461520
.461520
.461520
.461520

Error
J/gK

0.000045
.000045
.000045
.000045
.000045
.000045
.000045
.000045
.000045
.000045
.000045
.000045

B'

Magnitude
I/Pa

-0.6151 x 1O~6

-0.6151 x 10~6

-0.7420 X 10~6

-0.9036 x 10~6

-0.1112 X 10~5

-0.1383 X 10~5

-0.1741 X 10~5

-0.2219 X 10~5

-0.2866 X 10~5

-0.3753 X 10~5

-0.4987 X 10~5

-0.6728 X 10~5

Error
I/Pa

0.6303 X 10"6

.6303 X 10~6

.9333 X 10"6

.1432 X 10-5

.2278 X 10~5

.3755 X 10~5

.6414 X KT5

.1135 X 10~4

.2083 X 10~4

.3961 X 10~4

.7806 X 10~4

.1594 X 10~3

Pt

Magnitude
Pa

611.657
611.657
611.657
611.657
611.657
611.657
611.657
611.657
611.657
611.657
611.657
611.657

Error
Pa

0.010
.010
.010
.010
.010
.010
.010
.010
.010
.010
.010
.010

V"Pa.Ti

Magnitude
cm3/g

1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089
1.09089

Error
cm3/g

0.00006
.00006
.00006
.00006
.00006
.00006
.00006
.00006
.00006
.00006
.00006
.00006

k

Magnitude
cm3/cm3 Pa

0.13 X 10~9

.13 X 10~9

.13 X 10"9

.13 X 10-9

.13 X 10"9

.13 X 10-9

.13 X 10~9

.13 X HT9

.13 X KT9

.13 x 10-9

.13 X 10~9

.13 x 10~9

Error
cm3/cm3Pa

0.6 X 10"1

.6 X 10"1

.6 X HT1

.6 X 10-1

.6 X 10"1

.6 X 10"1

.6 X 10-1

.6 X lO"1

.6 X 10"1

.6 X 10"1

.6 X 10"1

.6 X 10"1

Magnitude
J/gK

1.85848
1.85848
1.85677
1.85532
1.85408
1.85305
1.85219
1.85149
1.85093
1.85049
1.85014
1.84987

Error
J/gK

0.00026
.00026
.00026
.00026
.00026
.00026
.00026
.00026
.00026
.00026
.00026
.00026

TABLE 4. Summary of estimated errors in variables and constants — continued

Temperature

t

°C

0.01
0

- 1 0
- 2 0
- 3 0
- 4 0
- 5 0
- 6 0
- 7 0
- 8 0
- 9 0

-100

C"P0

Magnitude
J/gK

2.1069
2.1068
2.0312
1.9562
1.8818
1.8082
1.7351
1.6627
1.5910
1.5199
1.4494
1.3797

Error
J/gK

0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103
0.0103

7i

Magnitude
J/g

2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84
2800.84

Error
J/g

0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45
0.45

Magnitude
J/g

0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121
0.0121

Error
J/g

0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001

Parameter

l"i

Magnitude
J/g

333.43
333.43
333.43
333.43
333.43
333.43
333.43
333.43
333.43
333.43
333.43
333.43

Error
J/g
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2

A/i"

Magnitude
J/g

-0.0000
-0.0000
-0.0006
-0.0009
-0.0012
-0.0014
-0.0016
-0.0017
-0.0019
-0.0020
-0.0022
-0.0023

Error
J/g

0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001

"Pa

Magnitude
cm/cm K

0.544 X 10"4

0.544 X 10-
0.521 X 10-'
0.499 x 10"'
0.476 x 10""
0.453 X 10"'
0.430 x i (T
0.408 X 10-'
0.385 x 10~4

0.362 x 10-'
0.340 x 10-'
0.317 x 10-'

i

i

Error
cm/cm K

0.50 X 10~5

0.50 X 10-5

0.50 X 10~5

0.50 X 10-5

0.50 X 10~5

0.50 X 10~5

0.50 X 10~5

0.50 x 10-5

0.50 X 10~5

0.50 x 10~5

0.50 X 10-5

0.50 x 10"5



TABLE 5. Summary of equivalent errors in vapor pressure due to estimated errors in variables and constants

Temperature

t

°C

0.01
0

- 1 0
- 2 0
- 3 0
- 4 0
- 5 0
- 6 0
- 7 0
- 8 0
- 9 0

-100

Parameter

R B' Pt k CPo l"i Ah"

Estimated error in vapor pressure due to estimated error in indicated parameter, ppm

0
0

83
173
270
376
491
618
756
909

1078
1278

0
0

532
950

1289
1580
1845
2101
2363
2641
2943
3279

16
16
16
16
16
16
16
16
16
16
16
16

< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1

< 1

< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1

< 1

0
0
0
1
3
7

12
18
27
38
52
72

0
0

15
66

157
295
488
746

1081
1508
2043
2708

0
0

135
282
440
612
799

1004
1229
1477
1752
2055

< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1

< 1

0
0

60
125
195
272
355
436
546
656
778
912

< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1

< 1

"Pa

< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1
< 1

< 1

Estimated
Overall
Error0

ppm

16
16

559
1016
1411
1781
2156
2561
3022
3562
4064
4978

Square root of the sum of the squares of the estimated errors contributed by each parameter.

4. Comparisons

The first experimental values of the vapor pressure of ice
were reported by Regnault [50] in 1847. Subsequently, mea-
surements were made by Fischer [51], Juhlin [52], and
Marvin [53]. In 1909, Scheel and Heuse [54] at the Physikal-
isch-Technische Reichsanstalt (PTR) published the results of
their work which superseded all earlier determinations for
range, precision and accuracy. Using a Rayleigh inclined
manometer and a platinum resistance thermometer they mea-
sured the vapor pressure from 0 to — 67 °C. In a second paper
[55] they suggested that temperatures interpolated from the
Callendar formula would be more in accord with the thermo-
dynamic scale than the temperatures given in their first
paper. In 1919, the PTR issued revised values of the Scheel
and Heuse measurements [56]. Although not explicitly
stated, these new values appear to have been based on the
use of the Callendar formula for interpolating temperature
measurements with platinum resistance thermometers.

Weber [57] in 1915, employing both a hot-wire manometer
and a Knudsen radiometer, made measurements from —22 to
— 98 °C. A limited number of determinations were made by
Nernst [58] in 1909 and by Drucker, Jimeno, and Kangro
[59] in 1915. Douslin and McCullough [60] in 1963, using an
inclined dead-weight piston gage, made measurements to
— 30 °C. Jancso, Pupezin, and Van Hook [61] in 1970 used a
differential capacitance manometer to effect a series of deter-
minations to —78 °C. They used the vapor pressure of ice at
0 °C as the reference pressure for their manometer, assigning
to it the value 4.581 mm Hg (610.7 Pa).

A comparison of eq (54) with these measurements, exclud-
ing the early work of Regnault, Fischer, Juhlin, and Marvin,
is shown in figure 1. The temperatures given by the investiga-
tors were converted to IPTS-68 for this comparison. Many of
the errors associated with these measurements are not given
explicitly so it is difficult to determine both their sources and
magnitudes. Therefore, no attempt has been made to assign
uncertainties nor to make corrections except for the tempera-
ture scale and, where noted, for reference pressure. Because
the Jancso, Pupezin and Van Hook pressure measurements
were made with respect to the vapor pressure at the ice point
they were adjusted to conform to the vapor pressure at 0 °C

predicted by eq (54), namely, 611.154 Pa rather than 610.7
Pa (4.581 mm Hg) which Jancso, Pupezin, and Van Hook
used.

The sets of data of some of the investigators tend to deviate
from eq (54) in consistent ways. The Scheel and Heuse
measurements (black dots) are generally lower in magnitude
(except for two points) than the vapor pressures calculated
from eq (54); the differences increase until at —67 °C they
are of the order of 70 percent. Weber's measurements
(pluses) are much closer, but they also are lower in magni-
tude (except for two points); at about —98 °C, where supris-
ingly Weber obtained several measurements, the deviations
are as large as 25 percent. Among all the investigators, the
best agreement is achieved with Weber. However, Weber
made no measurements above —22 °C.

Of the three measurements of Nernst (black squares) two
(at —30 and —50 °C) show positive differences and the third
(at —40 °C) a negative difference, none exceeding 2 percent.
The Drucker, Jimeno, and Kangro measurements (black tri-
angles) tend to be high, with one value (at —34 °C) differing
by as much as +12.3 percent. The differences for the
Douslin and McCullough measurements (asterisks), which
cover the range of temperature from —2 to —31.4 °C, are
almost equally positive and negative in number and reach a
magnitude of about one percent at —31.4 °C. The Jancso,
Pupezin, and Van Hook differences (circles) scatter more or
less randomly in the temperature region above —15 °C; from
— 35 °C and below, the differences are all positive, reaching
a magnitude of 20 percent at about —78 °C.

The differences far exceed the estimated uncertainty of the
values predicted by eq (54). It may be inferred from the
difference patterns displayed by these several sets of data
that there are significant systematic errors present in each of
these data. The obvious conclusion is that a definitive set of
measurements remains to be made.

Numerous empirical equations have been proposed to rep-
resent the vapor pressure of ice. Scheel and Heuse [54] and
Thiesen [62] derived formulas which fit the original Scheel
and Heuse data [54]. The equations of Tetens [63] and
Erdelyszky as given by Sonntag [64], are of the Magnus type
[65] with different sets of coefficients. The Jancso, Pupezin,
and Van Hook [61] empirical equation is based on a least
square fit to their own measurements.
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There also have been repeated attempts to derive thermo-
dynamically based expressions for the vapor pressure of ice.
The equations of Nernst [58], Washburn [66], Whipple [67],
and Goff and Gratch [68, 69] were obtained by integrating the
Clausius-Clapeyron equation and inserting selected values of
thermal data. Vapor pressures based on the Nernst equation
were included in an early edition of the Smithsonian Meteoro-
logical Tables [70]. Vapor pressures based on the Washburn
equation are given in several standard references [71, 72]
often used by chemists. The Goff formulation is used in the
meteorological and air conditioning disciplines [73-75]. The
equation ascribed to Kelley [76] is based on an expression he
derived for the free energy difference which, when integrated
with respect to temperature, yields the logarithm of the vapor
pressure. This equation is given in a widely used set of
German tables [77] and by Dushman [78]. The equations of
Miller [79] and Jancso, Pupezin, and Van Hook [61] were
derived from an expression for the vaporization process given
in terms of vapor fugacity and condensed phase activity [80].
The Miller equation was not presented in explicit form al-
though calculated vapor pressures were given in an abbrevi-
ated table.

A comparison between the empirical equations and eq (54)
is shown in figure 2 and a similar comparison between the
thermodynamic equations and eq (54) is shown in figure 3.
Because the Thiesen and the Whipple equations give func-
tional relationships for the ratio p/po, where p is the vapor
pressure at any given temperature and p0 is the vapor pres-
sure at 0 °C, the value predicted by eq (54) was inserted forp0
to compute p rather than the value used by these investiga-
tors. No attempt was made to adjust or correct any of the
empirical equations from the temperature scale used by the
investigator in his formulation to IPTS-68.
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All the empirical formulations, except that of Jancso,
Pupezin, and Van Hook, deviate substantially from eq (54).
This, in part, may be accounted for by errors in the tempera-
ture scale. More important, however, is the fact that these
equations were fitted to experimental data and it has already
been demonstrated (see fig. 1) that there are significant
differences between those data and eq (54). On the other
hand, the Jancso, Pupezin, and Van Hook data differ ran-
domly from eq (54) above —15 °C. Therefore, it is reasonable
to expect their empirical equation to agree closely with eq
(54) in this region, as indeed it does. What is not clear is why
at lower temperatures, say from —50 to —80 °C, the differ-
ences between their equation and eq (54) are negative
whereas the differences between their measurements and eq
(54) are positive. No significance is attached to the differ-
ences below —80 °C because their equation was not fitted to
data at these lower temperatures and hence is an extrapola-
tion.

There is much better accord between the thermodynamic
equations and eq (54), at least down to about —40 °C. Below
— 40 °C the Kelley, Whipple, Nernst, and Washburn equa-
tions deviate increasingly from eq (54); at —100 °C, they
differ from eq (54) by +1.6, —4.4, —5.4, and —5.8 percent,
respectively. There is good agreement between the Goff and
Gratch equation and eq (54); the former yields calculated
values that are smaller by 0.08 percent at 0 °C and by 0.29
percent at —100 °C. There is also good agreement between
the Jancso, Pupezin, and Van Hook equation and eq (54); the

vapor pressures from their thermodynamic calculations are
smaller by 0.06 percent at 0 °C but are larger by 0.31 percent
at —100 °C. The vapor pressures from the Goff and Gratch
equation and the Jancso, Pupezin and Van Hook equation
straddle both sides of those derived from eq (54).

5. Tabulations

Vapor pressures were computed from eq (54) and are given
in pascals as a function of temperature (in degrees Celsius on
the IPTS-68 scale) at 0.1-degree intervals from 0 to -100 °C.
These computed values, as well as the derivative with respect
to temperature at intervals of 1 degree C, are given in table 6.

6. Discussion

Two equations are offered for use by those who wish to
compute the vapor pressure rather than to select or interpo-
late it from tabulated values. Equation (54) is the preferred
equation because it has a rational thermodynamic basis. If a
simpler form is desired, then eq (63) may be used, but it
should be remembered that the latter equation is empirical.
Although the vapor pressures in table 6 are given to six
significant figures, the accuracy ascribed to these values is
no better than that listed in table 5. Finally, because of the
truncating procedure used in the calculation, the last signifi-
cant figure may differ by 1 from the best rounded value.
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