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Elastic Constants of Synthetic Single Crystal Corundum

Wayne E. Tefft*

(March 10, 1965)

The elaslic constanis of syniberic single ceyatal corundum daluminum oxide) were coleulated from
0 to %0 K from dala obtained by a resonance technique from 80 w0 900 “K.
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1. Introduction

Two previous paperz [1, 2]' have presented respec-
tively, the room 1emperature values of the elastic
constants of synthetic single crystal corundum [1j,
and the temperature dependence of Young's modulus
for certain crystallographic directions. In the present
paper we present results of an extension of that work
to include measurements of the temperature depend-
ence of the torzional modulus for certain erysiallo-
graphic directions, and a calcuiation from all these
measurements of the complete set of elastic com-
pliances from 0 to %33 °Kk. There has been a lapse of
several years between the time of performance of
thiz work and its submission for publication, and
another paper on the subject [3] has appeared in the
meantime. However, the prezeat results cover a
wider temperature range and are believed 1o be more
accurate than those previvusly published.

Thi= work was undertaken for several reasons,
First, a knowledge of elastic constants is desirable
tor an understanding of the interatomic forces in solids,
and most useful in this respect are the values of these
conatants a1 absolute zeto. Second, the variation of
elastic consiants with lemperatore is one important
test of theories of lattice dynamics,

The availability of different kinds of daia on ihe
same material is also of considerable theoretical
importance, because of the interrelations beiween
various thermodynamic properties.  Since corundum
iz of technological importance and good single crystal
specimens are readily available, very accuraie meas-
urements of its specific heat [4] and thermal expansion
[5] have already been made. Thus, elastic constant
date are desirable to permit a test of thermodynamie
relations in which elastic constanta appear [3).

Finally, the results presented here may be con-
sidered as an example of the precision attainable
with the resonance method of elastic constant measure-
ments i ite most refined form. It is believed by 1his
author that none of the other technigques in current
use is more accurate than the ene used here, and these
data are presented to support this view.,
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! Figures in brachets indicade 1he lierature references al the end of thic paper.

2. Experimental Procedure  *

The determination of the elastic constants of corun-
dum at room temperatare, and the temperature
dependence of Young's modolus of seven sapphire
rods of various orientalions, have already been re-
ported [1, 2]. The additional data taken For this
experiment consisted of measurements of the tempera-
ture dependence of the torsional resonance frequencies
of six of the seven rods from 80 10 875 °K.  Abow 40
measurements of torsional frequency were made on
each rod. Most of the experimental apparatus was
identical in these three studies, and it will be assumed
that the reader is [amiliar with the first two papers,

The torsional resonance frequencies of the orignal
rods were of the order of 20 kHz, which was too high
10 be excited and detected in the eryostat, and which
would have been difficult t¢ measure in the furnace,
In order to overcome this problem, the diameter of
each rod was reduced by about 50 percent over approxi-
mately the middle two-thirds of its length. This was
equivalent to attaching loading digsks to the ends, in
that the resonance frequency was thereby reduced ro
aboul one-third of its original value, but this procedure
was preferable to that of attaching loading disks be-
canze it did not introduce the problem of finding a
honding material suwitable for atiaching loading disks
and unaffected by the wide range of temperatures
used. The resultant shape made it impossible 10
calculate absolute values of the torsional moedulus
from the rezonance frequencies, but since the values
at room temperature were already known, only changes
with temperature were nceded, and the temperature
dependence of the modulus frequency relationship
was assumed te be the same as for perfect cylinders.
Thiz assumption undoubtedly introduced zome errors,
but these errors are believed to be very small because
they would enter through the effect of thermal expan-
sion on small correction factors.

Torsional vibrations were excited and detected
in the furnace as previously described [1] for room
temperature, except that glass fiber instead of thread
waa used for the suspension. In order o make
measurements at low temperaiures, small Aats were
ground at each end of the specimen, and very small
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magnets attached to these. The specimen was then
suspended in a horizontal position by two threads
in such a way that sach magnet was perpendicular to
the field of a nearby coil.  When an alternating current
was passed thromgh one coil, a net torque resulied,
and the corvesponding vibrations of the rod induced
currents in the other coil, which was used to detect
resonance. 1o both high- and low-temperature meas-
urements, the precision of the frequency determina-
tions was of the order of one part in 30,000, although
temperature gradients and systemaiic errors such as
changing hardness of bond between magnet and speci-
men and condensation of ice at low temperature, and
gradual crystallization of the glass fibers used for
suaspension at high temperatures, pmhahly reduced
the overall accuracy to about one part in 104,

The relation heiween resonance frequency, f,
density, p, length, I, and torsional modulus, G, of an
iaotropic cylinder is [1]

=4p2f2, (1)

Thaus, il our specimens had been isotropic cylinders,
the torsional modulus, &, at any temperature, T, wonld
be related to the torsional moduluz at room tem-
perature, Gy, by

o) Y (&)

Mow if the specimens had been perfect cylinders at
room temperature, the anisotropic thermal expansion
would have cavsed their cross sections to become
elliptical at any other temperatore, becavse for a
crystal of trigonal symmetry, the thermal expansion
{fractional change in length) in any direction is given
by [5]

eld=1¢, cos® #+ & ain® 0

where € and € are, respectively, the thermal expan-
signs parallel and perpendicular to the crystallographic
c-axis, and # is the angle between the c-axiz and the
direction under consideration. Thus, the circolar
cylingder of le:ﬁh iz and radius r at room temperatuye
becomes an ellipical eylinder of length { and semi-
axes a and & al other temperatures. [f 2 iz chosen
to be perpendicular to both the rod axiz and the
c-axis, and & is in the plane formed by the rod axis
and the c-axis, then these guantities are given by:

I=ig1+ ¢ cos? 84+ & sin 6)

a=r{l 1)}
b=r{l+ ¢ nint 9+ & cos® &

The density is ——, so that the equation {or & becomes

ab.‘,'

Bl B F e (}ﬁ)
C=Cr i B A% abla

L+ e cos? B+ & sin? @ (f
f1+Ez][1+£1 sin? 8+ & cos® 8)

which reduces approximately to

= (’.i)g[l— + 2 - oa? @4 ef
" € € —€a) cos® @4 £F]
]

where the square and higher powers of the difference
{e:—ez), and the cube and higher powers of g, and &
have been neglacted.

Now, it iz troe that eq {1) is correct only for a ciren-
lar cylinder, and that it should be modified for the
elliptical shape caused by anisotropic thermal expan-
sion. However, it may be shawn from the equations
of static torsion of elliptical cylinders that the largest

— 2
correction term is proportional to (ﬂ b) which is
always very amall. d

A more serions gQuestion is what modification is
neces28ry because of the reduetion in diameter over
a pottion of the length. There seems to be no very
rigerous argument here, but one can say qualitatively
that since the correction for thermal expansion is
quite small, no appreciable error is likely 10 be intro-
duced becanse this correction is not made exactly
as it should be.

3. Analysis of Dato

The systematic errors in the compliances are
believed to be smaller than the error introduced
by random error in the orientations. In order to
achieve a higher degree of aecoracy, the amount
of data taken was considerably larger than the
minimum needed to determine the six independent
elaztic constants of sapphire. An extensive statistical
analysis of these data was made to determine the best
values of these constants, and their variation with
temperature.

In the original room temperature work, Young's
madulus and the torsional modulus were measured on
29 different specimens, and a standard least-squares
routing was then used to evaluate the six independent
constants from this set of 38 maasurements. It was
noted, however, that the differences between messured
and caloulated values of E and @ were due primatily
Lo £TroTs in oriemtarion measurements, rather than to
errors in the measured values of £ and & which is
implicitly assumed in the standard least-sguares
calculation.  In order to take this into account, weights
were determined by a method deacribed by Deming [6).
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After having redetermined the elastic constants at
room temperature, and having measopred both £ and &
for several orientations &= a function of temperature,
the problem aroze.as to how best {0 use this information
to estimate the temperature dependence of the elasiic
conztants, If measurements on all specimens had
bheen made at identical temperatures, say 50° intervals,
then ooe might simply have carried out the weighted
least-squares routine at each of these tempetatures,
and thereby obtainéd an adequate representation of
the temperature dependence of the elastic constants.
This, however, would have involved an enormous
amount of experimental work, and would npot have
significantly improved the aceuracy of the results,
hasically because changes in the constants could be
measured with better precision than the absolule
values of the conslents, and therefore a smaller number
of measurements was needed.

It was pointed ont in reference 2 that an empirical
equation had been found to accurately represent the
variation of Young's modulus with temperature,
While fitting the experimental data to this equation
by means of a least-square routine on an automatic
computer, calcnlations were also made of the values
of Young's modulus at 50° intervals from 0 to HH °K.
An attempt was made to At the torzional moduolus
variation to the same form of equation. Tn this case,
although the fit was reasonably good, the deviations
appeared to be systematic, indicating that the equation
did not represent the data within the expetimental
precision. Therefore, a plot of deviations wversus
temperature was made for each specimen, and correc-
Lions ranging up to about 0.04 percent were made for
the calenlated values of & at the same 507 temperature
intervals.

A further correction was necessitated becanse the
temperature dependence was measured for fewer
spetimens than were used in the room temperature
measurements=. It was first thonght thal an adequate
correction wonld be to adjust the hase {room tempera-
ture} values of F and & for eech specimen so that they
agreed with the calculated values in the room tem-
perature curve fit. However, it was noted that the
elastic amisotropy increased rather markedly with
temperature, and that orientation errors were intra-
ducing apprecizble scatier at the highest temperature,
In order to partially overeome this difheuliy, the orien.
tation angles of two of the specimens (those whoze
caleculated modulus values were most sensitive to
orientation errors, and which had the largest deviations
at toom temperatire} were adjusled to give the smallest
possible deviations of K and G at room temperatore
ithe deviation of either conld be made zero in this
manner, bet not both simultlanecusly).  The remaining
deviations in £ and €& at rocom temperature for all
specimens ware then corrected for, and a least-squares
zolution for the elastic constants made a1 50° intervals,
The final result was that the errors in temperature
dependences of the elastic constants were somewhat
smaller even at the highest temperature than were
their absolute values at room temperature. There-
fore, the values quoted at 900 K should be in error

{in absolute valee) by less than iwice the errors of
ahsolute value at room temperature. Since measure-
ments were only made down to liquid nitrogen tem-
perature, the errors in the values at absolute zero are
somewhat uncertain, but there is reason o believe
that they are less in error than the values at 900 °K,
although certainly somewhat more in error than the
values at room temperature. The reason that these
errors are small in spite of the BIP extrapolation is
that nearly all the variation takes place al higher
temperature; i.e., the modulus temperature curves are
very nearly Hat up to about 100 “K.

4. Results ond Summary

Values of the six elastic compliance constants of
corundum in the temperature interval 0 to WM °K are
given in table 1. The base values, at 25 *C and their
atandard error estimaies, are given in the first row,

TasLel The elastic complfiances of corichdum in urits of
JO=12miIN (I3~ em¥gyn)
The firml row B8 mom Iempertare e luml'lzr with ll'mr atandard devistiona,
Thear valarn were bhined with Lol with tempersiure
1o ublain the vilwer o other tempeiares,

Temper. LT fu Em £z L I
e
K
742 2353 2. 1es 5.0 =714 =058 0491
=000 =000 =g = 00T & D0 = 005
i} 2314 2.13] £ 16 — 548 - 3T K
I i 2,152 53176 — .5 — 353 JA47
15 233 154 G602 — —. M 411
Fal il 2,336 214 Gl - TH — _36% AT
izl FECE FALE] o Y =T — 966 K]
i 5353 2.1 L =510 — 368 A
L] T 364 2178 Tl -1 — 550 o0
HI AT L T4l —=.7al — AM 500
[ =] & 386 2.19] 1.k . ] —3m Rl
S0 3. 2,200 T. 143 —. T8 - 471 30
S50 2417 .} 1. 463 - 157 —.in bt
LU 425 2.4 1AM — . et =_JI2 L]
650 2438 | T80T -.775 =313 Sbd
TIN 4453 2077 Tk —.784 —.J1 5
o 2447 M7 7550 — T ~.3T4 R
Bk 2482 | T3E — 808 —. 314 600
LT 2997 2.4 .71 —. B2t -3 &1
CalWk 2512 2319 7003 — g —. 575 K-V

These walues were determined from measurements
oh the same 2t of 29 specimens used in reference 1,
but the present results are believed to be slightly
more accurate because of improved temperature
control and use of a weighted least- squares routine,

The values at other temperatures are based on
values at 25 °C, and therefore include in their absolute
magnitude the errors of the base values. However,
the changes with temperature over any small tempera-
iure intetval were determined more accurately even
though based on only seven specimens, because
changes in Young's modulus and the torsional modulus
could be measured more accurately than the actuoal
values of these moduli, On the other hand, the
anisotropy (as estimated, for example, from the varia-
tion in Young's modulus with prientation) increased
significantly with increasing temperature. Thus, the
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small orientation errors which remained after making
the room temperature corrections described eaclier
would have introduced some error into the tempera-
ture dependence of the elastic compliances, even
i the moduli had been measured exactly.

The result was that the change in any constant
between room temperature and either 9 or 9 K
was determined with an accuracy approximately
equal to the accuracy of that constanl at room lem-
perature. One cannot make a more precise staie-
ment than this because, while systematic errors are
believed to be insignificant in the room temperature
results, they may be comparable to the random errors
at other temperatures. Furthermore, even random
errorz, such as would resolt from miscrientation,
cannot bhe estimated very well for the temperature
dependence measurements because of the small num-
ber of specimens used.
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