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Reduction of Space Groups to Subgroups by
Homogeneous Strain
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Tt is smaumed that tha symmetry slements possegzed by & strained erystal will be thoze

cominon te the unstrafped crystal and to the macrcacopio state of strain.

‘Thiz principle

has becn apglied to show all of the poesible subgroups to which & given space group can be
lowered by homogeneous strain for all of the 230 srystallographle spaee groups.

1. Intreduction

The symmetry of strained crystals is important in
the following considerations:

(1} The presence or ahsence of internal friction
resulting from the motion of point dafacta in a erystal
can depend upon whether or not the initially equiva-
lent gites accessible to the defect are inequivalent in
the atrained erystal |£, 2, 3, 4.' An izolated point
defect, such as a vacaney, will secupy any one of &
got of atomic sitez extending throuwgnout the crystal
with egual probshility in the absenca of strain; if
the set splita into inequivalent subsets under atrain,
interng} friction will oceur when ihe frequency of un
alternating strain is approximately equal to the
jump frequency for the point defect.

(2) Any tensor pmgert:,r ol a erystal, such as
piegoelectricity, depends primarily upon the sym-
metry of the unstrained ecrystal, but additional
tenzor eomponents may ba introduced by straining
tha crystal in such & way as tu change its symumetry.

{3) A classification of tha types of polymorphism
of erystals Liae been proposed by M. J. Buerzer [5];
i svme categories no bonds are broken but only a
aymmetry change takes place. Some struetural
changea can be indoced by homogenecus sirain.

(4) Introduction into crystals of impurity atoms
ie secompanied by strasin which mey lower (he
syimunetry.  Such symmetry inversions are well
known and perly regurded as phase traneforma-
tiona. At the pame time it is tempting to broaden
the use of the tern solid solution to include inversjong
in which some crystallographic parameter messuring
the departure from higher symmetry is 8 continuous
and incressing funetion of impurity eoncentration
fin a tange including zero concentration). If this
Tunction is linewr to firgt approxymation the hehavior
would be a simpla extension of Vegard's Law. In
any event Lhis phenomenon would be lLimited to
symmetry inyersions in conformity with strict postu-
lates a,plll)‘liying to contipuous transformnations by
gteaatt, that is second-order transformations in the
strict sense used by Landau and Lifshitz as discussed
by Dimmack [F].

1 ltalkizesd figures in brackeds indlcats the lifeTatove velaveces nt ¢he end of
this paper,

(5) Large strain Relde exist near dislocations and
sccompanying syoinetry changes may be assoclated
with large loca} varations in physical propertiss such
ag enhanced diffusion near a dislocation.

{A) Strain-induced alteration of synunetry mey
cause change in electron-apin reaonance [¥] or infrared
abﬂurption [#]; messurernent of thess chan ey
pive wnformetion on the type of sile occupied by a
given point defect.

{73 ]’Jl‘he lowering of the symmetry of 2 erystal of
doubtful poink group may make a more definitive
test availlable for detertmuning the cliss of the un-
atrained erystal.

There are probably other effects associnted with
strain-induced loweting of gyinmetry, but the aim
of the present paper iz confined to the solution of
the formal problem of the possible lowering of space-
group sytmetty by homogeneous strain.

The usual econcept of homogeneous straein can be
extended downward in scale to describe acourately
the change of shape of the wnit eell, but it will net
in gencral describe the atolnic movements within
the celi. However, the present considerations in-
volve ooly the symmetry of the erystal structare,
The atomsa within the unit cell need not move as
if they were suspended in a continuous medium
mndergoing homogeneows atrain, It 1s only required
that their movements be consiztent with the sym-
metry of the macroseopic strain.

2. Scope of Present Paper

In general, a crystal may be subjected to a stress
that causes a strain which need not be homogeneona
and which may have a special amplitude. This
paper iz, however, restricted to the consideration of
homogenecus strain of arbitcary amplitude.

It may seem more natural to consider an applied
stre=s as an unpeosed condition rather than a siate
of strain. It mpkes no difference to the pressnt
argument which is taken as the imposed condition
begause only the symmetry elamnents are significant.
Wa defer discussion of this point until Curie’s prin-
ciple is taken up in the next section.

Strain gradients may be important in some
processes, 2uch as Nabarre-Herring creep [#, 10] but
tha effect of a strain gradient must be superimposad
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on the effect of the average value of the strain in the
region in which the physical process under con-
sideration takes place. Creep involves transport
of maller over macroscopic distunces and may ha
agsociated with & strain gradient even though the
aver. gtrain is zerc. The properties listed in the
introduetion wre, however, more likely to depend
on Average strain over an npﬁrupria,ta volume than
on strain gradient because the smallest volume of
eryetal which ¢an be used for diseussion of these
properties is comparable to the unit cell of the erystal.
Accordingly, attention is restricted to homogeneous
strain in this paper ait-houﬁh it 13 recognized that
gymmelry e¢hanges cauzed by strain gradients may
be significant for somae physical properties.

One may epecialize a strain with respect to orien-
tation or with respect to magnitude, but the former
is of more general intereat. Thus one might apply
a tensile stress to a tetragonal cryetal in seeh & way
ss tn lower it to arthorhombie symometty sand then
look for effects on physical properties. Buch an
experiment would rﬁuire valy & Lknowledge of
erystal orientation. ternatively, one might apply
a tensile stress along the unique axis of a tetragonal
crystal and choose its amplitude such that this
axis iz made equal to the other two thos imposing &
peeudocubic charaeter on the crystal. Suoch an
experiment requires a knowledge not only of erystal
orientation but also of lattice parameters and slastic
constapts. Thia second type of experiment seems
of limited interest and we restrict consideration in
thiz paper to strain which may be apecialized with
respect to orientation, but not with respect to
magnitude. 1 ol 1 N :

gtraine may undargo & phese changs
and the space ';;'Ft:l-sup of t.}_ﬂ-. newm];gal_].ﬂncﬁ' h need n%t.
necesgsrily be symmetry related to the starting
cryatal. Wa therefora specifically exempt phase
chanpez Iroan these considerations exeept those
intmﬁuoed by a continuous process such as those
noted in the introduction.

3. Working Principle and Uniqueness of
Symmetry Reduciion

The components of homogensous macroscopic
strain forim a tensor of eecond rank conveniently
represented by a triaxial ellipsoid of symmetry point
group mmm. When any two of its malior AXed ATE
equal the a]]jﬁﬂoid acguires rotationa! syrmmmetry
about the thitd major axis. When all three major
ellipsoid axes are ogual 1t becomes a sphere. In cur
atudy of symmetry of strained cryatais it is necessary
to consider all kinds of possible orientations of the
strain ellipsoid relative to the crystal symmetry
elements.

We aesuine that homogenaously strained crystals
will have all the aymmetry elements common to the
unetrained crysial and to the macroscopic strain, but
will possess no other symmetry elamants. 1t 1s an
extension of Curia's prineiple {71] to include space-
group as well ag point-gproup operatione. Curie’s

inciple has been Eiscuassd Ly Shubnikor [13) and

optsik [18].

Homogeneous strain possesses all possibla tranala-
tional symmel.rliv elements and therefore preserves
all luttice trunslations, a]l glide planes parelle]l to
mirror planes of the strain, and screw axes par
to rotation axes of equal or higher order.

In applying this principle to specific groups it is
convenignt to characterize strain by ita point group.
A situation sometimes arizes in which the atrain has a
mirror F]ane paralle! to a plide plane in the sparce
group of the unatrained crystal, ﬁ'e assume the ghde
plane remains in the strained crystal.  The same as-
sumption ia made regarding the retention of an -
Ield serew axia i the cry=tal when it i parallel to wo
n-fold rotation axis in the strain. The process of
taking symmefry operations common to the macro-
acopie strain end to the unstraaned erystel must be
understood to have this meaning.  This situation iz &
conzequenee of the well known fact that a cevstal may
have glice planes and serew axes corveaponding to the
mirror plane: and robation axes of ita point group.

The proress of finding the space group of & homoe-
geneousl%«' strained crystal can then be carried out in
cither of two wayn., First, the elemeants sirictly
cormmmon to the point proyp of the nostreined crystal
and to the point group of the strain can be found to
give tha point group of the strained ceystal. There
will in general be aeveral space groups corresponding
to this fnal point group. The correct space group
will ba the one which not only belongs to the final
point group but which is also a subgroup of the initial
gpace group. The subgroups of the space groups are
lizted in tha Internationele Tabeollen zur Destim-
mung von Kristallatrulkturen [£4]. Second, one can
b}r};ass consideration of the point group of the crystal
unid work directly with its space group, taking ite
elements in common with the point group of the
strain in the senss axplained in the last paragraph.
The writera have ysed both methods as » nﬂe:zk and &
few mmsprints in the Internatienale Tabellon werc
found.

One can now 3ea that it malees no differences 1o the
present work whether stress or strain is used ns the
1mopoged condition because in either case only the
point-group symmetry is involved.

The reduction of the symmetry of & given erystal
by & given strain with apecified orientation is unique,

a second process, describad ahove, for finding the
final apaca up from the imtial epace proup and
the strain 1z clesarly onique. A given symmetry
operation in the point group of the strain either does
or does not have a correaponding operation in the
space group of the unstrained cryatal; the number of

rations in this point group is finite and smell a0
that avery one can be examined to give a definite,
unigue answer for the Anal space group. Thle asaoci-
ation of erystal with epaca group might be questioned
but this is also unique. In particular, it will be
possible to find & penesl position {characterized by
point syminetry 1 wnd by a specific arrangement of
tha atoms sround the pozition) which is acted on by
every elament of the space group so that in every
pruoitive cell there are & nurober N, equal to the
order of the point group, of identical, distinet po-
pitiona. Application of the strein canpot raise the
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point symmetry, but ¢an only remove scme of the
symimetty operations originally relating the &
itions, us, the originul zet of N positions aplite
oto an integral number, Nfn, of aubsets sach con-
taining » equivalent general positions in the atrained
cryatlnlaf where # iz the order of the point group of a
strained eryatal. A set of ganaral positions defines &
epace group sc the association of the strainad eryatal
with = apace group is unique.
An slternate spproach to the lowering of crystal
aymmetry using mairiz regresentatinn of tha sym-
metry operations has been discussed by Ordway |15].

4. Results

The reduction acheme for c¥'st-&]10graphic oink
groupa is ehonen in figure 1. Thi= result has baen
iven before and the tules for ite conatruction have
n discussed [f, 8. It is shown here for complete-
nezs and te illustrate the important fact, not pre-
viously discussed, thet some of the point-group re-
ductions can be made in two or more erystallograph-
ically equivalent ways. Thu=, the reduction from
4/mmrm can be mide either by reteining the {100},
{010), and (001) mirror planes or by retaining the
110}, (1103, and {001) murror planes depending on
origntation of the atrain, Thus, two or more
ppace-group reductiona, correspondiog to two or
more strain orientations, can ba asaocisted with a
given point-group reduction. )

A given strain orientation {reletive to the crystal)
that is not represenied by a single tieline can be
congidersd a8 an equivelent sum of strains sucees-
sively lowering the symmetry along two or more
tielines.

The Bravais-lattice reduction scheme for homo-
geneous strein ie shown in figore 2, Here o piven
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duction seheme. Thus, n =pace group associated
with point gronp md3m and with & [ace-centered
lattice can go to & space group sesociated with point
ﬂ‘nqp 4/ mmm but only to one with a body-centerad

ttice, not Lo one with a primitive lattice. These
reatrictions are automalkically obeved when either of
the two processes described earlier iz used to cbtain
a reduced space group.  The relations in figure 3 do
provide afuseful partial check on such reaults. The
writers have constructed a chart similar to Azare 3
for the noncentrosymunetric point groups combined
with the Braveis Iattices. The construction is sasy,
but zliphtly tedious, and the resalts do not warrsnt

E:bli{:&tiﬂn a5 a step in the process of checking the
al product, the space-group charts.

The final results are shown in figure 4, for centro-
symunetric space groups, and figure 5 for noncentro-
aytiometric space groups, This division inte two
clinrts 15 possible hecause homogeneous= strein is
rentrosyminetric and cannot changs the space-group
property of heing centrosymmetric or noncentro-
gyminetrys,

As in the scheme shown in figure 1 & plane of sym-
metry on strain transformation is presecved only if it
i perpendicular to one of the principal axes of the
strain ellipaoid for any permmssible choice of prin-

mE
—

H Ia3d
‘llr

gl

.

Fmim
Fp3an
Fm3n
Pn3m
FmIm
Im3im

] Fd 3c

—1 Fm3s
—] Fd3m

PEim
Fim
Paml
Pac |
RYm

A%¢
Fd:m

4

14/m

14,/
T

Phigy/m

—

Y

o

-r

ir

)

-

5
i

.

fmem
Pdginnm
Py fin b
P4 /mnm
P4y FmmG
Py /nEm
14 fmm
4 mirn
I, /omd

P4/mmm
P
P4/nbm
P4/nnc
Pamot
P, rnke

P4, smmc
Pd,

P4/mbm
Pa/mnc
P4/mmm

P2,%
C24m
C2fs

P2ic

P2,/m

,_
2
=

A ]

' 14 4

1 ¥

]
Lo

Pmmm
Fnnn
Pccm
Pban
F mumna
FEnno
Pmna
Feca
Pbom
Peen
Pbem
Fnam
BEmmn
Pban
Ph&d
Fama
Crmem
Cmca
I mrnm
Gecm
C mma
Coea
Fmmm
Fdad
Immm
Ibam
Ibca

.

e B B — F2rm

T i B e e

I

&L

-

I

E

b}

L]

Frmurs 4.
‘The notatlon of the Intermetensd Tebles |rf] 18 used.  Apaoe

Tipwps, + Arows nre dirawn from searting space ot dal
bawing ne nieTiog amow esomod be ainad Ig:r B o

298

Imema

m;g:emhed 1:-;:-
DULOEATHELS n frabh & TUFHEr SirCCeeEry Spave group,

Reduction of centrosymamtetric spaee grovpe by homogenopus stredm,

ur anglgeed In

proaapa actoelated with a gingle pﬁ:_t.frwp I
o, A apmcs group

TLOET W et



http://Q-Q.CLQlQl.Q-CL

P&

et F&,

B ] =T
P&,
P 5,
P&,
Fm FZml
Pc P3Im
Zm Picl
o P3ic
R3Im

|
F4
P4,
Pa,
Pa,
14
14

—
l ]

paimv

4]

.
r

e —— e e o | — | ——
—— e —— — v e R o e E—— E— s

_LLLJ__LJ TL

Fm
o

Pc
om
Ce
Fg
P2,

oy

-

J P 2
k Pmc 2,

Pec2
Pmag2
Pca 2,

Pne 2
Fmn2,

Fba 2
- Pna g,.
Frng
Lape. («mm 2
, Gmeg, |1 M
: Sece
Epe | b= Amm 2 4 4 :
Abm 2 __.__'t_ﬂ'_‘”
g g Amﬂz +
Aba 2
Fmm2
Fdd 2
Immg
Ibo ¥
img?
L Przze
pzza.if }
P2,22

P22, :—
1

Eal Bl

b b i e e e e [ e

- | L

[

7!

c2ee
czg2

»| Fz22 -l
b I

z2e
. ] 12 22, )

Fizvre §. Reduciion of nomeenivoaymnelric xpace groups by hemogenegun sirain.

The vertloal aslutn, senabdme of apace groupa nasedated with polnk proups £, & am, 22 mon?, and 292, hig Deen repeatod on page 400 to
Ll iuﬂﬁentm:mr tor enler and exit of arrowre,  The apaon h-L] w&kﬂ 'I'!lﬂ:rlz-ulnl- pronpes i and 2 hava g:-m shown Lwloe an
thie lelh Band pags fw the sums reaso.  The text gives mammpﬁﬁthc s o this chiack.

Yy
rF¥Y Yy




g8

P g
Fg,

Pe
P&,

Pe,
Fami
P3im
P3acl
Filc
R3m
A3c

T F33m

— FZ 3n 1—*

T4 3m

——1 I3 3d

FZ 3am

1]

Fa 3¢

— F'q'p_:'.'l 2

B Pa 32

Fii g
P32
Fil2
F3, 21
F3,i 2
P3; 21
R332

P43 2

I« 32

14,32

Fq 3 2

|

Fabm
P4zﬂ m
Pd,nm
P4ce

Pdng
P4=I'I'l¢
Pa ke
IL4mm
I4cm
I4md
14,cd

Pmm 2
Pmc2,
Pce?
Pmag
Ptag,
Pac2
Pmn2,
Pba2
Pno2,
Fnng
cmm2
ocme2,
Coce2
Ammg
Abm?2
Amao2
Abag2
Fmmz2
Fadz
Immg
Iba 2
Imag
F222
P22 2,
Pa 22
Pz2,2,2|
G222
c2ez2

—

%! Pamm

A

A4
|

Fzz2

1222

FicueE §. Reduslion of noncenirosymmatric space groups by komageneous sirgin.—Continued.

41

41

— e — — i — — — — — — ——— A ey W o  — e e m—— —— ——

400




cipal axes. A symmetry axis can be retaned only
if it i= é;amllel to one of these principal nxes of the
ellipsoid. An pxis of order higher than two can be
retained only if it is endicular to the cireular
eection of an ellipssi revolution. A plane of
symmatry parallel or a two-fold axia perpendicular
to an axis of order higher than twoe cannot be re-
moved withoyt simulteness loss of the higher-order
nxis,

To illustrate the use of these charta, we discuss the
reductien of %‘oup Pimm aesocigted with point
eroup 4mm, Figure 1 shows that 4mm goes directly
to mm2 but the latter can occur in two crystallo-
graphically differeni orientations depending oo
whether the mirror planea (100) and (Il:ﬁl]} are Te-
tained or alternatively the planes {110) and (1700,
We thus expect to obtain two space groups associ-
ated with mm2 from P4mm and 6 5 shows that
these are Pram2 and Cmm2. e [ormer corre-
gponds to retention of (100) and (010} mirror planes
and of the original coordinate axes. The latter
correaponds to retention of (1100 and {1TQ} mirror
planes and to a change of cell ta & C-face-rentered
cell of twice the volume with its [100] axis along
{110] of the original cell. Pmm2 can go te Pm with
poiot group m in two ways and then to P1, the final
space group with no symmetry to which all non-
centrosymmetric space groups must ultimately re-
duce. Fmm2 can alternatively go to P2 oond then
to I'1. Retwrning to the other branch coming from
Pimm, wo sea that Crmm? can go either to Cm and
then to P1, or to P2 and then I°1.

The behavior of a set of Wyckoff positions under
homogeneous strain is impertent 1o determining
whether internal friction can oceor 3] and may be
relevant to the subjects mentioned in the intro-
duction. Wa have noted in the previous section
that the set of N genaral Apoaitions of &n initial space
eroup always map onto Nin sets of general positions
in the lower space group. The mapping of a =et of
special positions of the starting apace group onto seta
of special andfor general positions of the lower
Bpaee up is move complicated. In particulsr
it zhould be noted that splitting into unequal sub-
sats ia possible for some special orientations of the
strain ellipsoid relative to symmetry slements of
the point group [3]. For_example the oxygen ions
in corundum {e—AlOy, R3c} occupy a set of posi-
tiong designated e by Wyckolf and located on
diad axes. The other symmetry operations gen-
erate n set of six egluivnlent e-type positions per
primitive cell, Tensile strain parallel to an a-axis
retaing the centers of symmetry, the diad axes
parsllel to, and the glide planes perpendicular to
the direction of tbe ienszile strgin, The set of aix

initially equivalent oxygen positions then splits into
one subsat of four an(fe another of two equivalent
pozitions. A table of the mapping of specisl posi-
tions onto positions of subgeroups has not yet heen
completed.

The authors thank Dr. J. D. H. Donnay lor helpful
dizenssionz. This work was partially supported by
the Advanced Research Projeets Agency.
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