IOURNAL OF RESEARCH of the National Bumou of Standards—£. Phyrics and Chemistry
Yol 664, Ho. &, Nowamber Dacember 1962

Batch Adsorption From Solution

William V, Loehenstein
{August T, 1962)

A bateh sdaorption equation was derived by integrating an irreversible rate equation
obtgined by neglecling the desorption term of the Langmuir sdsorption-rate equation. The
integrated equation was in reanonably good agrecwment with exporinent and provided o

means far determining fram the data the parameters gy and &,

These constanta, namely, tha

adsorptive capacity end the adsorption rate constant, completely characterized the adeorp-

tion eyetem st that temperature.

Agreement was found between these hafrk adsorption

parameters and their counterpartz previonsly derived from columa adsorption experiments
when both types of adsorption were performed simultanecusly.

1. Imtroeduction

The study of adsorption from solution of one or
motre solutes by solid adsorbents has lagged in com-
H‘mmn with the advances made in gas adsorption.

he problem is more complicated for a number of
reasons: (1) The systems of interest are invariably
tnulti-component and, hence, the possibility of com-
petition exists for the available adsorption sites if
Indeed, the same sites are involved. {2) Equations of
gtate are less well understood for ]it?uid systems than
for gases. (3) The isotherms applicable to aud~
gorption have been studied in at detail. The
differences between physical and cigemical adsorption
are usually well dBEl]Ed and the parameters of the
sotherm equation are meaningful. In contrast, the
isotherms applicabie to adsorption from solution are
eomplicated ;,I;the fact that no clean-cut distinction
can generally ba made betwesn physical adsorption
and l;'-;l?emisurptiﬂn. Compilete reversibility is seldom
if, indeed, ever attained. A Freundlich adeorption
equation which often fits the data well is limited in
its usefulness becanse itz parameters lack physical
SJ%niﬁcance. (4] The ndditional complications re-
sulting from the greater viscosity in liquids than in
gazes as well as the contribution to the overall com-
Flexity attributable to diffusion can well be
appreciated,

Adsorption from solution 18 cusloinarily conducted
either as a column or 83 a bateh operation  In the
former instance the soluiion ia allowed to pereolata
through a columm usually held in a verrticalppusition
such &8 i1 the common practice with ion exchan
eolumns, In a batch operation, A quantity of ad-
sorbent is mixed all at once with & quantity of
solution and the aystem kepi in apitation for a
convenient period of time. Separation of the result-
ant solution is accomplished by filtering, centrifuging,
or decanting.

I ahoulrfba possible to characterize a solution-
edsorbent system h{meither column or bateh tech-
nicéue and arrive at the same reanlt since the physical
andfor chemical forces applicable in each case must
be identical. Furthermore, the results ahtained from
a batch experiment should be somewhat more veli-
oble because of several reasons., Among the mosi

serious objections to column experimentz are: (1)
The oversll complexity and expense of experimental
equipment; (2} the inherent difficulties sasociater
with muintaining s constant flow rate; (3} the diffi-
culty of assuring a constant temperature thronghout
the column; (4} the appreciahle probahility of chan-
neling within the packed column; (5} the vuriabilit
n the results associated with classification by particle
gize during settling of the column; (6) the errors
inherent in any of the varioua methods of settling of
the column; and (7 the relatively large expenditure
both in titae and manpower required for a eclumn
experiment.

evious attempts to solve the kinetics of batch
adsorption from solution have been, for the most
part, dizappointing. A certain messure of snccess
was reported by Dryden and Kay [1] ' despite the
fact that their equation (based on a solution of the
finite bath theory) assuming s Fnesr adsorption
isotherm was applied to systems which obeyed the
Freundlich isotherm. Their use of the “fractions)
approach to equilibrium™ wae & vefinement of the
work of Eaple and Seott [2] which, in turn, wag an
cutgrowth of the earlier applieation by Geddas [3].

e aforementioned approach while providing a
moeasure of the adzorption rate constant can give no
estimute of the maximum extent of adsorption which
might conceivably corvelate with surface area.
{}tﬁer inveatigators assuming either a Lengmuir rep-
resentation [4, 5, 6, 7] or {less frequently) » BE.T.
behavior [8, 9, 10, 11] applicd to solutions wera ahle
to cstimate adsorptive capacities, However, since
their applications were made using the aguatious
derived for i= =, no kinetic information can be
expected.

2. Theoretical Development

The present investigation ireats the problem of
batech adsorption in & manner snalogous to that re-
cently fnuntf extremely useful in column adsorption
[12]. The kinetic form of an adsorption equation
which may reasonably be expected to fit the data is
integra subject to & “cotzervation' aquation, 1.e.,

1 Fignrea in’brackars ndieats the literaters refacanees e the end of thia paper
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a conservation of mass equation applicd to the
adsorbable solute.

2,1, Adsorption Bate

The kinetic form of a Langmuir adsorption equa-
tion before attainment of equilibrium may be repre-
sented as follows:

Y holg—) kg (1)

where

g=the amount of solute adsorbed per gram of
the adsorbent at any time, ¢;
go=the maximum value ¢ would have if all the
adsorption sites were filled ;
c=the solute concentration at any fime, f; and
ki, ky=the specific adsorption and desorption rate
constanta,

While eq (1) can be handled in itz complete form *
a8 ahown, the result is unwieldy and some doubt
exists that the additional precision that may result
in some instances can justify the resultant merease
in complexity, Furthermore, the presence of the last
term of eq (1} implies complete reversibility, a condi-
tion which is rarely encountered in any practicsl case
concerned with adsorption from solution. Accord-
ingly, the kinetic equation adopted in this work
ia, stmply:

% _tclg—1). @

Further justifieation for this sunplification is the fact
that in the eolumn work already mentioned [1Z]
quite ratislactory agreerment was found in comparing
columns of differant dimensions, although the dII:BI]r -
tion rate constant &, hed beon eliminated from 1}]}1)3
inte%'a.ted aquation in that case sizo. Equation (2}
simply states that the rate of adsorption is propor-
tio at any instant to the concentration of the
solute and to the number of unfilled adsorption sites.

The “conservation equation” for batch adsorption
may be expressed in the form:

6V =cV4-oW {3)

where ¢, is the initial concentration of the solute,
¥ the volutne of solution, and W the mass of the
a.dsoE rbent. 0

quation {2) is easily integrated subject to aq {2}
and the boundary cugditiuns that =]{I and 3=cn
when ¢=0. This resultant integrated equation may
be expressed as:

£

Iy 0 (W

12 Ve,
o

1)%4&1:, (4)

1 feg o 18,

Perbaps the best representation of the adsorption
equation is obtained by eliminating ¢, entirely,
between eqs (3) and (4) to obtain:

¢ 1—e FD_) Yoo
o E_g_g_e— ;.L:—l)nl.l (5}
Ve

At ¢=0, the numerator of the fraction wvanmishes,

go g=0.

&"hen Wao/ Ve, >»1, the exponent of e is negative, so
that the exponential terms are always less than umttﬁv
Thus the denominator iz always %:reat.ar than the
omumerator and (-Z¢fy< 1, Furthermore, under
thase eonditions there ia not enough adsorbate in the
system to satisfy the capacity of the adscrhent, 50 8s
i—+= the valus of g tends toward VefW. Con-
vorsely, when Wo/Vee<l1l, the exponent of e is
poszitive and the exponential terms ]i:-emma groster
than unity and increase in magnitude with time.
Apsin the quotient is alwaye positive with a value
hetween zere and one. Now, however, as {—« the
limiting value of g is g, a5 expected.

Also from eq (5} it can be ssen that:

lim a4
LA %

¥

=1—e"%", fa}

The slope of the curve g=#{f) iz even more reveal-
i.[ll}g. By differentiating eq (5) with respect to 1, one
abtalng:

Wao

7 —1 R

D Ve = (=1 )t .
a!. qﬂﬂﬂkl W u_e—(r“—]}nht { }

Now if the exponent in eq (7) i3 greater than zero
thern at relatively large wflluas of ¢ ’

g %
iﬂ, - Qﬂﬂo}ﬁ (‘%‘:_ 1)
&t - (%:—1) cekt

(8}

which, in turn, goes to zero as i—=.
If the exponent in eq (7) is less than zero, then as ¢

grows large

-1 W,
oy _ Vea - (—2— ) ot
ai w:l. an g {9}
Vi

which, in the limit as {—+w, again goes to zero,

The integrated equation correaponding to eq
{5} which was found to apply to csfumn [12] adsorp-
tion is repeated here for convenience:

¥ Thid 12 exemtislly ¥he equation detlred by 1Iarned [13] i 1920,
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In (“—‘*— 1)=k’ﬂ—k'ﬂ (10)
¢ vV ¥
where V is the volume velocity; « is the mass of
adsorbent vpetream from the point at which effluent
i collected; and y is the thronghput or volume of
offluent which has passed up to that time, Since
the effluent i columnn adsorption is usually eollected
only at the end of the column, the value of z is
constant, Thus, eq (10} iz readily adepted for
evaluating the parameters ¢¢ and %, from the lincar

plot of 1:1(5;-"—1) againzt ¥. For the present work

where hatch adsorption is involved, ne simple linear
representation of eq (4) or {5} ia possible for teating
goodnesa of fit and for cvaluating the paraneters
g and k. Consequently it wes necessary to resort
to reethode of successive epproximations. Two such
methods which were fuundp te be helpful are given
in the appendix.

3. Experimentol Techniques

The batch adsorption experiments were conducted
in stoppered erlentneyer flasks agitated machanically
by means of a water {ath sheking apperatus thermo-
etated at 30 ®C, 'Tho older experiments involved
the use of a mervice bone char (Char 32) as the
adsorbent in wvarious T.3. aleve fractions both
saparately and in recombined mixtures, The ad-
serbate was the colornnt in & Louisiana raw sugar
liquor {c¢f 60 Brix sucrose concentration}. The
concentration of the celorant was considered to be
proportional to the optical density (or attennation
mdex assuming no seattering) as messured by a
Beckman DU apecirophotometer at 566 mp wave-
leogth. The resonableness of this assumption was
discussed in some detal]l in the previeus work [12].
The proportionality constant, &, 3 not known, so
that only comparative results are possible from all
the colorant adsorption experiments. The length
of time of each adsorption messurement was limited,
i the earlier work, to 3 hr and the volume of solution
was hxed 28 was the initisl concentration. Six
diffcrent weights of adsorbent weore uwsed o esch
experiment, A comparizon was also made at that
time with an sctivated carbon, namely Dareo 5-51,
in an otherwise identical system.

The mora recent seriea of experiments was designed
to compare the results of batch adsorption with
column  adsorption for the same systelus. Again
a service bone char (Char 117-B) was used in all
COmpaTyons, icular Hawailan raw sugar
liquor {Sugar 17) wae tested both by bateh and

umn experiments &ll at R0 °C. Time, as weflr
as waight of adsorbent, was allowed to vary among
hatches. The sdsorption of colorent {optical den-
sity et 420 mu wavelength), sulfate 1o, and totel
cations, were determined independently for the two
methods, The [S0,]™ determination was mada by
& turbidimetric method applied to suspensions of
precipitated BaS0, aa desnrtﬁbed by Gee et al. [14).

Total cations were determined by an ion exchange
tachuique usin% Amberlite IR-120 in the hgmdmgen-
form followed by titration with a standard base [15].

4. Comparison of Parameters Derived From
Related Batch Experiments

4.1, Comparizon Among Sieve Sizes of the Same
Adsorbent

Table 1a gives the data obtained from one of the
colorant adsorption batch experiments in the older
geries. ‘The first method descrihed in the appendix
for determnining the values of g, and & from the
experitnental dete was applied here. After four or
five trials, the improved choice of gy=% .80 &Ly resulted
in the guantities computed as shown in table 1b.
In comparison with previous trials tha quantity
computed for ag, was sufficiently close to zero,
that mno further refinement waz deetned te ba
justified.

The data of table 1a were used to plot ¢ against
cf¢y 8z shown by the open circlee and curve of

1

Tha correaponding values of ¢ computed according
to eq (5) using the two parameters g, and & from
takla 1b ara shown in crosscs. Tha ecelnent 15
seen to be guite good except at the tsil end of the
cutve wWhere the amount of adsorbent used waa amsll.

Table 2 summarizes the results for the same bone
char but for vartous sieve sizes (hoth separately and
in combination} tested with the same sugar soluticn
for adsorption of colorant, The valves listed for
o 8nd %, were derived in each case by a method de-
seribed in the ap{pendix.

For the case of aleve fraction {30 on 35), the value
of 8.58 ky for g, seems somewhat low in line with the
other members of the series. Likewisc its &, value
of 0,182 1/k, appears to ba high. Interestingly
encugh, the wvalues derived by application of the
theory to the reconstituted 50 percent mixtures agree
rather well with the arithmetic means of the inde-

endently determined separate fractions. It should
Be noted in the last line of table 2 that the mixture
included the (30 on 35) fraction which exhibited the
snomnaloys behavior already mentioned, Ita con-
tribution in the case of the mived sample must hoave
been consistent with its separate behavior te have
resulted in such close agreement hetween derived
value and averaged value for g,

It is seen that the value of g varied about 2%-fold
between the coarser and finer fractions ag shown in
Pigure 3. If the entire surface within a porous
adsorbent particle were accessible to the adsorbate,
the particle size should hawve little (if any) influence on
the eapacity for adsorption per unit mass of adsorbent
providing tha surface aren were large, The sample
of bone char used in this work had a8 B.E.T. total
ares (determined with N; gas at 77 °K) of about
S0 m?. g, It can eazily be shown thet the external
or boundary area of (48 on 80) mesh char paiticles
is about 0.01 m* g™t A 3%fold increase in particle
size to (20 cn 30) mesh would decresse thiz particle
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TaABLE Ia.

Typical date obladned by varping the amount of adsorbend from bateh lo batoh
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area to 0003 m®* g™ and result in & decrease in
B.E.T. nrea of less than 0.01 percent. It is interest-
ing to speculate whether tha ohserved wvartation of
capacity for adsorption with sicve fraction was caused
by the possibility that the service char may have
restricted access to its interior brought on by the

Tapre 2 Relgife velues of adearpfive capacily qo and role
conatend kb lfor the adeorphion of coloranf from a Lonisiona
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building up of mincral deposits, ete., resulting from
repeated cycles of raw sugar filtration and high temn-
peraiure ing.

5. Comparison Between Tweo Different Ad-
sorbents

It is interesting to compare the behavier of o de-
colorizing carbon {Darco 5-51) with & serviee bone
char in connection with the same sugar solution and
under identical conditions in all other respects.
The obaerved curve and ealeulated points for g of
the decolorizing carbon are shown in figure 4. The
mp%mtude of gy and &, are in gualitative agrecmment
with known behavior when activated carbon is
compnarad with bone char.

If the relative number of adsorption sites (as
estimated by the magnitude of ¢) were a constant
fraction of the surface ares for different ecarhon
adsorbenis, ore mighs thIJ‘C to use this as & todl to
compare surface areas. The ratio of their relative
colorant adsorptive capacities of 53.5 &, for Darco
5-51 to, say, 10 &; for (20 on 30) mesh service hone
char wonld predict a surface area for the sctivated
carbon of 80X 83.5/10=428 m“-g“. Published val-
uez of about 500 m?.g—' [16] based on B E.T, nitrogen
adsorption isotherms have been given for the surface
ares of Darco 5-51. Of course, considerably more
work would have to be done in Lhis connection helora
such an inference could be verified.
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6. Batch Versus Column Adsorption-——
Comparison of g, and of k

A Hawajisn raw eugar solution was studied by
meant of a column experiment and a batch experr-
ment using a service bone char as the adsorbent in
each case. The adsorption of colorant as well as
certain inorganic components, notably sulate ion
and slkaline-earth cations, were determined at the
game time. The alkaline-sarth ecatisns consisted
almost entirely of caleinm tons and (to & much lessar
extent) magnesium.

6.1. Colorant Adsorption Parameters

For the column experiment a eylindrical column
of 500 ml capacity was unzed with 562 g of char
leaving a tota{m‘:?oid volume of about 300 ml. The
flow rate of sugar solution was held at 300 ml-hr—.
When plotted according to eq (10), the results are
ghown in figure 5. The last seven points form a
reasonably good straight line, From the slope of
this line and its intercept on the zero-throughput
axia, a value of 4 66 &y for g, and 0.0685 1/&, for &,
were estimated. The first three pointe correaponding
to no more than ome column displacement sre
probably toc high. Rempants of the settling liquor
oot completely displaced would make ¢ abnormally

low and, consequently, (%-ul) would be too high.

The data of the baiech experiment (26-B:) per-
formed with aliquots of the satne raw sugar solution
and of the same bone char carvied ont at the same
tetaperaturo and on the game day are available for
comparison, It should be noted that in bateh
experiments of the recent work, time was not held
constant in all of the samples, Put was deliberately
varied from ¥ hr to 4 br. The dats collected are
shown to the left of the deuble rule in table 3.

By applyinﬁe the metheds: of suceessive approxi-
mation described in the appendix the values of 5.52
ky and 0.0490 1/k, were obtained for ¢ and &,
respectively. These parameters applied to eg (5}
were used to calculate the quantity g for each batch.
These calculations and results ave shown to the right
of the double rule in table 3. The differences
bBotween #o.; a0 g, 8fe given in the last col-
umn. The sum of the equares of these differences is
1.83 %3, hence the mean agusre deviation between
calculated and observed values of g amounts to

11 aF1 111

1
1320

ol I 1 L 1
o i) af0 LLsls) Ay

THRQUGEPUT mi

Fiogure 5. Column edierplion of colorand (ronipfned 47 o
Hawaitan raw sugar Lgugr) by & gervice bone chor shown by
erperimendal pormls,

P T R PR TR

on brokem Jloe. )

(.305 &. This yiclds & value of 0.55 k; a3 “standard
error of estimate” for the quantity g bmsad on the
above ealculations, although it should not be inter-
prated ns experimental error. Attention should be
ceélled to the apparent anomaly between samples 4
and 5 Tho concentration may have heen errone-
ously recorded as the sama, but it is equally likely
that the experimentgsl crror was &:‘cﬂt encugh to have
given identical readings for the 14-hr and 2-hr
samples. The data wers treated as though the latter
was the case. It is significant that even if the
1¥-hr point had been otnitted and the computa-
tions had been baged on the seven remaining batches
the value thus obiained for g, would havo differed
by ne more than ahout 3% percent.

All in all, considering the assumpiions inherent in
the derivation of the adsorption rate equation as
well as the experimental errors present in the bateh
and eolumn adsorption methods, the wvalres of

1
oo A0
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8.52k, versus 4.566k, for
0385 1/&, for b, deniw

s snd 04090 17k, veraus
from batch and ecolumn,
respectively, are rather enmuragin?v, If the column
experiment had yielded results for g, and & in
identical agreement with those obiained from the
batch experiment, the dashed line shown in figure 5
would have resulted.

6.2, Sulate Adesorption Parametars

The ragulta obtained in the adsorption of sulfate
ien by bone char from raw sugar solution are espe-
cially sipmficant. Since the concentration of sulfate
can be measured in adsolute units (only relative
uniis for colorant concentration), a means was avail-
ablae for the first time for estimating that fraction of
the surface of the adsorbent on which sulfate-
adsorption sites existed.

Dats collected from the column experiment are
given in table 4. A semi-logarithmic plot of the

dimensionless guantity (%“—1 against throughput

gave a reasonably good straight line (in accordance
with eq (ID}{ with intercept on the zere-throughput
ordinate of ln 10 {(or 2.303) and with a slope of
—2873%107" m1'. From these reanlts the valuas
of g, and &, were easily determined:

go=>34.T peq-g™
k,=0.036 ml-xeq~! hr'.
TABLE 4. Calymn adiorptron of sulfale

‘Welght, of pdeorbent 582 g; Sow rate 300 mi-br); conosntradlon nl#&ﬂq]- in one
T1aisE, e RS NN Ik 10076 mobig 1L Tl gt bancns meith 043,

Throngbpiat (E_l)
v
=7
1 a6
am 5. 8L
I 484
kLl A
L] a2.87
L 217
BHY 1.4
1,20 Ll
1, 4y -
T, BN 807
1, bt ‘s

The eorresponding batch adsorption experiment
for sulfate ion was performed, the g&tﬂ- of which are
iven in teble 5 (to the left of the double rule).
y use of the mcthode deseribed in the appendix,
the final values obtained were

go=235.4 paq-gt
b =0.0287 ml-paq~*-hr-'.

With these numeriral values for the hatch adsorption
capacity and ratc constant, the remainder of table 5
(to the right of the double rule} was calevlated.
A comparison between the calenlated values of g
and the corresponding ohserved walues discloses
a mean squere devistion of 1.75 wM%g® (with six
degrees of freedom}. Considering the number of
variables involved and the experimental difficulties
nasociated especially with colmun adsorption, the

eement attained for [$0,]" between eolumn and
hatsh adsorption is very pood. In kinetie studies
of this type, agreement within the samc order of
magnitude i often acceptable.

6.3. Alkaline Earth Cation Adsorption Parameters

The adsorption of caleium aad magnesium ions
ghounld in ﬂ]f fairness be treated separately, since
each ion must follow its own unique sdsorption
isotherm. The only justifieation thet could be

iven for treating the mixture as a composite would

¢ the assnnption that the individual ion adserption
characteristios micht not be too different one from
the other. Furthermore, since the data were al-
ready available, they werc tested according to the
present theory. The daka for tha column experiment
when plotted according to eq (10} were reascnably
well fitted by u straight line as ghown in figure 6.
From, this it may be estimated:

. g =58.5 peq g™}
Ey =0.005¢ ml- zeq-t- hr—!

and

{or the adsorptive capacity and rate conatant, re-
pectively.

The currmpnndinlg batch experiment was applied
to the adsorption of [ealciom plus mapnesium] with
the data shown in the left half of table 6 subjectad

Tarer 5. Baick adsorpiion of eulinte and fest of improved eslimale of peremelers
Bateh experiment 26 By; Pwedd.5 ml; cowt, 9 uB-mld &b

Bamuie L] L) Ex - |I Nutter- | Denombs | oy (aals
No. W : 3 WV | e Ver (V_nu_] chd | tialterm | atorod | netorof | cokted) | kg | sag
ol e (5 ag {5 aq {5)
g- hr Mo | i pM- ! gt | uMogt
2 5040 1A a T 1ol . T 1. B a2 L Te6 0 2 LOIE o M1 5 5B 1.3
A__ LX) 1.0 i) 1,000 L) 1, T 400 5 i) | i) 5 5 0, %
A S0 LE 288 1, 8BS 1. i . 888 1] T 1. M4 AR L] 18
B.. &0 FR ) iyl 1414 510 I, B -8 + 00 - B(r] L &0 L 7. B& e ]
[ LX) 1.0 Lot 1, oin 75 I, BM LEM - 16t .l 1- b . R -1
B__ [ 11} i) 1.5 1, 217 il 2171 2 aET Ol L0 L1 442 84 =07
q.. L] .0 3N 0 B a1 1wy 1014 -1 R 1.0 . GAE 10 43 —2m
9__ o L0 ) Bk 1 o2 1, DES o 10 | B L1 1. a6k ir| 1182 - l.ll'.'ll.
Sl
= Compatadkons bave been carried Ie onits of micromwles, hek thase dimenslons weoee convarted bo micro sqoivelené in rtporting ¢ 304 k.
* Hilght difference In walven of & babween colunim and Batah experimata 13 4 reguit of beged blank saple Mo. 1in bateh a:parﬁmm: redeberrnined
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to the method of alculation alrend¥' described. The
right balf of table & (to the right of the double rule;
was computed eorresponding Lo

Go== 108 pog-g7!
and
ky ==0.0030 ml - yeq~t-hr™?

after several suceessive approximalions. No appre-
ciable improverment in the degree of fit was indieated
although, in this case, & mean square deviation as
large as 58.1 ueq?-g~? (w:th six degrees of freedom)
wae estimafed between the observed and caleulated
values of .

A comparison of batch with column-derived
patameters in this instanee discloses a twofold
discrepancy in the rate constant, while the ad-
porptive capacities disagreed by almost an order of
magnitude.

7. Fraction of Surlace Area Available for

ticn

It was stated at the heginning of the section on
sulfate adsorption that the cepacity for adsorption
in absolute units could be veed to estimate the
fraction of the surface to which the adsorption of
each species was confined. In the case of [SG,)7,
for example, it was found that the maximum capacity,
o amomted to shout 35 peq - gt for & service bone
char {Char 117-B} whose BET. saresa 13 about
20 mf.g=! [messured by nitrogen adsorption at
77T "K). If the affective ares of an adsorption site
for the witrogen molecule is taken as 16.2 AY there
would be required £12 uM of nitrogen per gram of
cliar to cover & monolayer for the particular bone
char used. The sulfate ion is & tetrahedron with &
sulfur-oxygen interatoime separation of 1.51 A [17]
and an oxygen radiue of 132 A Tf the effectivae
area of an adsorption asite for the sulfate ion is
roughly 28 A%, then the fraction of the total surface
that ceuld accommeodate sulfntz ndsorption at the
maxinam adsorptive capacity of the char {measured
by ¢ wonld amount to only about 3% percent.

8. Temperatura Dependence

Very little has heen said bere concerning &, the
adsorptive rate constant, Dats at several tempera-
tures would certzinly be of prime importanee in
order to ascertain whether eq (5) might be made
even more gencral. It wuu]g be ant.mlpntcd that
k; might be replaced by an exponentizl Arrhenius
type forirmlation te describe the Lemperature de-
pendence of adsorption providing temperature has
no more than a trivial ll;ect upon ¢y, &8 was found
hy Hirat and Lancaster [18].

9. Shapes of Adsorption Curves

The practical (finite time) adsorption ecurves,
gome examples of which are given here in figures
1, 2, snd 4, should not be confused with equilibriom
adsorption izotherms. The experimentally obzerved
curves may have so many diﬁerent shapes that they
are dijﬁcuft to catalog. ura 7, for example, 15 a
plot of the resuwlts alr glvsn for the batch
adsorption of sulfate ion b_i,r hone char from a raw

TasLE 6. [Caj plus [MegP+ composife adaorpiion ond lesf of improved cettatale of perestelera
Bateh experitient 25 B, Ve 49,0 anl; comd, A0 paoig -1
[ .
S pla HI Wy Ex| n= | Wumers Dpdntle [ gyign (sl
Mo, w 4 r Yl B iakuk 1}% % "1) akit | Gl sar | weorel | matorot | eaitel) | fesin g
of eq 45 & (51 Bq (5
¢ Ar mrmi | pmi et wep gt | g
50,0 1Y) 43,1 L0 154 [ v0r 0. 009 D P00 0, D00ES a1 0. 0887 o, b
5.4 Lo 151 1004 1.2 1. 1 O g LG |11 .18 L4 7.4
&4 1.8 il-# .00 N | [ LS i s i 13 ) 158 LA
50,0 2.0 4.7 1000 Zhf L1 L0308 AL . 0385 14 T 1.6 &1
00 Ln 0.8 1D Tl LM 70 L9 021 an A .2 —55§
AL i ar s 1212 xXaa 1 3l SEAY LT ek ] A [N ] -5 R
AL O 44 5, D o B il oEEL —. 0l L0077 | —ouaT — 217 45 2.8 —T.E
i 40 2.7 . B0 e . BEDS —. BRRD: L0 | — 3000 —. B35 T 2.4 Lé
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sugar solufion. The 4-hr experimental points
feircles) show a maximum appearing st about
0.7 on the ¢feg axis, Similar maxima %mvn showt
up in munerons other investigalions reported in
the leterstaee [19 26] forr which various explanationg
lave been proposad.  The present tleory, e og
(5), does not predict these pliennmena despite the
fact that it appears to ilo z0, as in figure 7. This is
n Tesuit of the fact that the yulue of ¢ in the abscissa
iz the ebsereed concentration,  The maxinuun in the
calenlated values woull disappear i ploltled againat
recompited values of ¢ determined from these least-
aquara g-values accerding to eq (3). A hovizontal
shift would then result in the position of encl of e
caleulated points {squares m hig. 7). The resuftant
adsorption curve cohmecting these new  posibions
would resemble, in general appearance, the shepe
of the familiar Freuncllicl Isolherm.

From a physical point of view, Lhe observed
concentration ¢ is not an independent variable,
gince lia values cannct be preselected as can values
of WiT nud of . It is significant that ng maximam
in the ohserved adsorption curve appears when g is

plotted az o funstion of WV instead of ¢ for the
4-hr noints of figure 7.
Regardless of whether the batch experiment is

performed h',f holding &, censtant (ns wns done
herej or by holding gr.fV constant if in each case
the time is held constant, the slope of the adsorplion
curve 1= Always greater than zere according to
eq (5). This may bhe proved by the following
eonsiderations:

At ronstant £, eq {5) expresscs ¢ o2 n Junciion of
lwo variahles, Thf-.r&fnrr, a differentinl rhange in g
s given by eq (11)
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in o Howarian rete suger Soyor) by o serviee bone char af
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Experimetital painta are shown by cimcles, eslealsted polots by squares.

3Gl —0—0F0

When each worisble, in turn, i= held eonstant the
slope of the adsorption curve may be expressed as

ag] oy | oM

B 0 iR e
o e WV e, oo & (12)
anil
Dy _oy Ay
13
ae WV aﬁl} K Elc W [: }
It is clear from inspection thaet % . iz naga-
]
tiva and that %%" iz positive. Now if it con
L

is always negative nnd

I shown Lt -

i= always pnmtive, then it muost follow
Wir

Lt el ‘

igls groater than zero throughout its entire range.

Equation (5} may be differentiated with rvespect
to wfr to obbain:

that

0g
-?J{“ﬂ"} £y

(B ()]
- W 1‘51;'"')***]'

Vﬂ-—l} sk ﬁ‘n
Ty

(14}

feom which it can he shown that eq (14) is indeed
negative providing ite numerator ia negative. This
redures to the requirement that:

. I'({E':-?-I) :-.P:u'j-:___] +(?[1;%‘-—- |)L‘n-h f.

Hf“}l and the exponentinl tern: is expressed
o

18 i series expansion, the proof is self-evidenl, When
Hq"{l the above inequality is rearranged to an

equwa.leut- form, namely:

(1— —) cotit

1+(1
where the power series results from the reciprocal
H’ﬂ'o

1
k1¢+(1—

vy {eei ty'+ ...

of 1—

£y . Again the inequality is proved

by & term—fur term cemparison with the series
expansion of the expenential.

or the case where W/T is held constant, it can
Iva shown again from eq (5) that:
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o Wery_[( 'ﬁ) o Wy, ] () et
%9 M Vﬂu) fo b Ve +‘-1Edjj_(_wﬂ I) T (15)
Aol wovr :fqﬂ_f-_(l:_'}i"_l) mn.:T
Ty
and by the same {ype of reasoning as in the previcus Wy,
. dy BV )
case, it follows that . =0, n| ———*<
ulwiv Ho—h
o= W : (18)
10. Simplified Method for Evaluating it (1- 72
Parameters

Most of the present treatment included in eqs
(11) throupgh (15} has been concernsd with the spe-
cial requirements of eqg (5) that ¢ be considersd a
function of the ratio WiV or of &, but that ¢ he heldl
conztant. The leasi-squares methed (method 2 illus-
teated in the appendix) of determining the eptimum
valuea for g, and &, is exact and applicable in all
cases-—even when the values of the three independent
variahles are sirnultanecuely changed from bateh to
lLiatch, At best, however, the method 18 laboricus,
sinee it is based on a process of Buccessive approxima-
tiens.  The experimental arrangement also is some-
whal ineficient in that it limita cach batch 1o one
cxperimental point. The experimental setup would
he muech sim {:1)' if, say, only one flusk were nsed uml
the eourse of adsorption as & function of tima were
mensured o sitw.  This would be eguivalent to the
ennsideration of g as & function only of &.  This gives
rise 1o the simplest and quickest determination of ¢
wnl &y from only twoe measurermnents by judicious
thoice of the intervals. Let ¢, correspond to the Line
), and gp to time ¢y such that {,=2¢,. 1l ea {5 iz
solved for ite exponential term and the dota of thes:
1wo experitental pointr are substituted back, the
following pair of equations resnlts:

I e,
", —
) a0 U

i"m

fo—th .
" g IR
ot (:':—,:":"—:) m.n=q° BV,
otz J

They ma{u::ne solved simultancously by squaring hoth
sidea of the first equation and eliminating the expo-
nent. The equation which remeing mey be solved
directly for q; to vield g (17).

# 2. (ve)1]

(D)t

th= (17)

Then, by back substitution it can be shown that:

An axcellent opportunity for testing the self-
consistency of eqs (17} and (18) iz afforded by the
previously ciled referenee of Dryden and Kay [1].
They used n conductivity eell head attached to the
adsorption flask to messure ehanges in concentration
of agueous acetic acid as a function of time. The
sdsorhent was steam-activated eoconut carbon. The
total duration of their adsorption cxperiment was
60 min {at 2040.5 (Y at the end of which time,
wdsgrption was virtually completa.  The weight,
W, of the carbon was 3.00 g; the volume V of solu-
tion was 100 ml; and the initia]l concentration o of
acatic acid was 0.0306 N, After the first 5 min,
Dryden and Kay ineasured the following eonerntrea-
tions at the ines indicaded :

¢ L4
min e - nl=t
1% £, (200
15, 0 - MEh
2n, 0 . (1AG
A0 0 .0155
45.0 L0147
G0, O UL

The 10.0 and 20,0 min dits give rise lo g and @
vilues of 0,353 and 04887 meq-g=! reapactively, by
wpplication of eq (3), These, m imrn, may be sub-
abiluted in eqs (17) and (18] to yield g and &, direcily.
A second independent determination results from tha
150 and 30.0 min data and & third deterinination
from the 30.0 and 80.0 min duts, ‘These determina-
tions are, respectively

T &y .
meq-g~'  ml-meq™ . min™!
0. 576 3-94
-h73 3-55
- 06G 3-74

In ditnensions somparable to the work of the presant
puper this would correspond to about §70 peg.g~*
for ¢ and about 0.22 ml- peq™ - hr! for &. th. iz
seen, for exumple, that Dryden and Kay's charcoal
exhibited shout ten times the capacity for acetic acid
ndsorplion from agueous solution as did our service
hone char for eulfate from & raw sugar liquor.  Also,
Lheir rate eonstant was grester by about the samc
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factor deapite their lower temperature, as might have
hean anticipated qualitativeﬁ' because of the dif-
larenees in viscositiss.

The niethods given in the appendix for determining
the parameters fron bateh adsorption were devised
for desk caleulntor computation. Where many
batch experiments wre to be made on 4 routine basis,
ot where it wny e preferred Lo use eg {19) in place
ol eq {5) it is oroe praclics] Lo colist the services of
o digital cormpazter.

11, General Equation When Desorption Is
Appreciable

In the event that the desorption rate constant &y
iz retained in the integration of eq (1), the resultant
adsorption equation becomoes:

{(M-Ny—¢ M—N

_ W
(MIN'—g MIN® (7)

(19}

where

V [k Wa,
e[+ (1+ve)]

N=(a7— 5 )

A=

and

Equation (19) redurcs to oq (5}, as axpeeled, when
k218 set egual o zero. By the sune token WiV is elim-
inated by means of eq {3), and it iz interceting to
show that as tune, ¢, goes to infinity, equation (19}

reduces to  the [amiliee Langmoir  adsorplion
isotherim:

a_ e

d=rtk {20

where the equilibrioin constant K is defined in the
usual way as the ratio of the individual rate eon-
stants, ky/k.

12, Summary

A batch adsorption equation was derived which
expreases the amount of solute adsorbed per umit
woight of adsorbent at constant temperature az »
function of solution vohnne, concentration, amount
of adsorbent, and time of contact. The aguation is
*iven in terms of only {wo constants, hoth of which
tﬂ.VB physicsl significance and are extremely uselul
in adsorption work. Umne of these parsineters, g, is
a nensure of the mmaximwm ndsorptive capucily of
the ndsorbeni lor the solute or species adeorled,
while the other parameter, k,, is the specific adsorp-
tinh rate constant applicable st that temperature.

For known mixtures of different mesh {or grain
size} of the same adsorbent the adsorptive capucity
appeared to be an addilive property.

he relative abundance of adsorptien sites exhib-
ited by & family of carbonaceous adsorbents for
adeorption of organic colorant molecules was approxi-
mately proportional to the known surfucc wreas of
the adsorbents.

Adeorplive capacitiss and rate conatants obtained
[rom the bateh adsorption equation were in sub-
staitial agreement wit-l? the numerical values for the
mune purnmeters obtained from columnn adsorption
experimenls performed sinulleneonsly under identi-
el conditions.

13. Appendix. General Methods for Cal-
culating g, and k,
13.1. Msthod 1

The first niethod illugtrated is applicable to ey {4).
Lot Fiop and Fiooy be defined ayeh that

From=In aye {1a}
and
OF
Fran=—1n (1--gigo) +4 "EET?B {2a)
%‘t”= L_:I'; {[q_ﬂn)t {:hﬂ
a-'Fr!u.l:- H"r qqu
= i — 40
20 VU 1—gif )
Al
A= ffl{Hm_ 'Firulh {ﬁﬂ')
A value for g, i assumed.  Now in the equalion:
U - ok g-ﬁlrl'cﬂ.l]
AF=1n eyfe+In (1 —glg)--fy A {Gn)
1

which may be separately determined for each point,
nutnerical values are assicnable to all guantities
except &y, and AF. A “best” valua of k, consistent
with the initial choice of gy i8 obtained by leasi-

squaring AF over all points. This result= in the
equation: :
L2 (e Y5 {2 ta oot in (- }

{Ta}
from which the first b, i3 evaluated.

If both g, and ky, were now to bo “corrected™ by
adding to each the guantities A, and Ak, respec-
tively,according to the firat terms of & Taylor’zexpan-
gion m two voriables [27], one of the resultant normal
equottons obteined [tom all the points would be:

OF ey ‘?f;cﬂt)
aﬂ{; ﬂ.r'r.

2g = (Zgiet Y bk

Y )
“Z(—agu AFY  (8a)

However, in the present application &, is held con-
stant techomil}r while g 18 allowed to vary, lience
the second term of oq (893 vanishes and there resulla:
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a-'_F!f_nlll

Age 22 By

5 CAF) )

Trom which & Agy s conipuled,

The gign of Ag, indicates the divectiou of the next
vhoiee for ¢ although 1ts magnitude wsually will
grogely underestiteate the extent of the correction.
However, o plot of Ag, against g, quickly discloses,
wfter o Jew triala, the choiee of g which causes Ag; to
vanish. Concurrently, it can be verified that 2=
successive g choices are made closing the gap
between the plus and minus vwealues of Agy, the
magnituda of tha correzponding new sums computed
for Z(AF® tend toward a minimum,

Method 1 iz subjeet. to some bias, partly beeause it
comparse solution concentrations inatead of amounts
ahsorbed per gram and partly because the comparison
iz lugnrithﬁnic. Despite these disadventages, it re-
fuires successive choices of g only, and it is applicahle
over wide ranges, An example of the application of
method 1 was indicated in table 1b,

13.2. Method 2

The second method is applicable to eq (5). 1L is
free from: the seripus limitations of method 1 and
follows 2 more conventional procedure, as given by
Scarberough [27].  The value of ¢ obtained by
substituiing the expecimentally observed value of ¢
into eq (3} 16 termed ¢, For @ given cholee of E
and gy, eq (&) mui,r bo uscd to calculate a g for each
colnbination of W, V, ¢, and e, and this value is
designated ¢ronie. _Thl;'l-‘?-, ﬁq=qfqmw-q:um-‘ BF ob-
taining partial derivatives of ¢ in eq (5} it can he
verified that:

Ha
Eri}_ ]_)2 ﬁnﬂ'ﬂt [ _('[,T._-:i_' 1) eaky t
Ve,

ok~ [E&@..g‘(ﬁﬁ”‘)‘““]x

e,

and

ﬂ= Treg oy
O e
i"i"rl?g

W { |:
Vﬂq an

— ) cﬂk1c+1] z_(%:_l) oot —1}

[yﬁ_e_(%_l) kit ]3
Ve

+

(11n)

For a particular choice of & and g the quantity
E{Aq)? {summed over zll » Mmeasurements} s a
measure of goodness to fit , . . the smaller the
summation value, the batter the choice of k, and g,
The initial choice of these parameters has beon
successively improved by adding to &; the quantity:

a
E(ﬁg-ﬂq)
. (128)
= (o
mind by wdding {o gy the quantily
dy
252
M=o (t30)
= (op)

It should be pointad out that this procedure assigna
alf of the varinbility of g first to one parameter and
then to the other. Thus, it tends to oceer-cerrect,
but by a lesser amoant each trinl.  After a few such
trials have heen made, in a given cxperiment, if is
usually possible to converge wore quickly b%' a
weighted avernging of the resulte zo far. This
separale adjustinent haz been found to work eon-
sistently better than by assiguing the variability in
¢ to o simuftenecns adjustient in &y and .

Ervgmple: In a bntcﬂ experiment for adsorption of
sulfute ion on service hone char 117-58 the following
data wers obtnined : =990 pAoml™

Bampho w I olea | ey
Mo,
|
-1 hr pAL -
2 LRI i il 5 l. .TR
k| T.001L |4k Al [T )
4 1.0k 1.5 Lol L8 CH]
H 1.t L) LML T 0
F 1. 4HLIK A L. 7ok
1 1.8 4.4k . kR 700
-3 [[N.1 {.0 - || b N |
1  fupi in Ll (PR

By starting with an initially assumed value for ¢
of about 33 using the first method, a corresponding
valpe of 0017 for &y wae determined. After four
trials had been wade, improved valoes of 4,~15.5
and by =0.0437 wore obtained.  For most purpescs
Hesr approximate valuee might be sulficient and
vonsisiont with exporimental crror. Howover, for
purposes of illustration, the sceond method was vsed
Lo tefine these reenliz still further. The following
tuble summarizes the suceessive improvemenla;

Valmes sgmumesl Reguleant correctlng
Trlal Ziaght -
Mo 1l i Ay Ak
et mt-pM"»h—ﬂI' pﬁ.ﬂ'p-! LI Wl ilid-1-hr-
1 1354 0, 437 FIAE] ] B RILE
I 1932 23 TL 20 23 - 05
¥ e RS 11, 1% +1. 43 +, (ot
L] 18,3 UL 10 5T =110 —
) 1773 AR 028 ~ 07 . W1

Thus it is seen after the fifth trial that even though
the degree of fit (as mensured by Z{4g}") had heen
mproved by a factor of two, the values of g, and
& had only chanped from 15.5 to 17.7 and from
0.044 to 0,057, respectively, In addition, the final
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Agy and Ak, guantities amounted to changes of
legs than .1 and 2 percant, rezpectively, in 4 wiul
%1.  Further refinement could mol e jusidfed.

The author thanks metabers of the Bope Cliar
Hesearch ]“m}jeut for their assistance in carrying
vul mueh of the experimental work.
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