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The six elpatie conotants (and slx elasiic compliancesd of rutile were deteemined io the
kilovyecle per second frequency rabge by a resonance method. The standard deviations
range from 0.2 percent for &y to 4.3 percent for a.,

1. Introduction

The slectrical properties of rutile make it o prom-
ising material for solid stale electromic devices and
a large literature on such properties exista and has
heen surveyed [f, £, 3)." Comparatively hitle infor-
mation on the mechanical properties of rutile was
available until recently. The linear compressibilities
had becn messured by Bridgman [4], and & sct of
elustic consianis was caleulated from spectroscopic
data by Daval and Appalansrasimbam 5] No
further work on elustic propertiez was apparently
done until the recent independent and nearly simui-
taneous measurements of three groups. Viek, Hol-
lander, and Brown [§], determined lour of the six
elustic constants of rutile directly [rom pulse ve-
locity messurements and ealeulaled the oiber two
by combining Bridgman's linear compressibilities
with their own data. Verms [7] published a aet of
the elastic constants calculated from his pulse wve-
logtby measuremenis. The present writers reported
{#] & sct of values determined by least squares fitting
of the theoreticsl equalions for the onentation da-
pendence for elastic modult to s set of experimantal
values determined on 10 single-crystal rotile rods by
resonance in the audiofrequency ranee. Appreciable
discropancies existed for some of the constants, es-
pecinlly botween those of Verma and those of the
other investiguntors.  Vick and Hollander [#] checlked
their measurements and published a refined set of
values which are little different from their first set.
The mest serious discrepancies were removed when
it waa discovered that the direction which Vermn
tock to be {10d)] was in fact [10]. It is an interest-
ing property of the 4/mmm ecrystalographic point

up, to which rutile belongs, thal the z axis may

taken as either [100] or [110] and & self consistent
matrix of elastic eonstents results which has the
zgame form (but three of the six constantz will have
different nuwmerical values). There is thus no in-
ternal inconsistency in Verma's work but his results
should be eﬁpmsed in terms of [100] as the z axi=
to agree with the wsual convention snd to permit
direct comparieon with other values. This caleula-
tion has been done by Birch [10] and the resulting
values ugrec faicly well with the results of other in-

1 Inglictzd figures in brockets ndleate the likeraiore references at tive 03 of
Rhia paper.

vedtigators but not as well as would be expected lrom
the accurscy of methods of measurement which were
used. The present writers wished to refine their
data; their initial resylts were based upon messure-
ments on 10 rods whose rod axea were all near the
[001] axis. A comparatively large uncertamty in ¢y
and o4 regulted.  Thie sttnation was improved when
aix additional rods wera eventually ohiamed anid the
present results agree well with the values caleylated
by Birch in the scnse that there is now no statistieal]
sipnificant difference for any of the ¢, Tha Btﬁ]](f—r
ard deviations are, however, appreciahly larger than
those obtained by the authors on corundum [1f]
ueing the same rezonance method. The most 1n-
portant source of this variability iz believed to be
cansed hy the presence of o profusion of small angle
boundurics whoss existence is ghown by back-reflec-
tion Lauve patterns.

The present paper gives the method of applying
tha resonance technigue Lo tetrwgonal orystals
hecauze it apparcntly hus not been previously
described for this erystal spstem. The gensral
method has been described previously and reference
[21] may be consulted for general hackground.

2. Desgcription of Specimens

All specimens were synthetic “single crvatals”
grown by the Verneudl fame-fusion technique using
an oxygen-hydrogen flame. Such specimens in the
as grown staie characteristically contain two bvpes
of defect: {1) they are oxygen deficient and {2 they
have many small angle boundaries {as much na 2°
misorientetion across a single boundary). The frst
tyvpe of defect is easily removed by heating in oxygen
at temperatures around 1,000 “é Parenthetically
we note that the difficult problems of obtaining exact
stoichiometry and of mensuring small deviations from
sloichiometry do noel concern us here.  The elnstic
constants do undoubtedly depend to 2eme extent on
the desree of reduction but the effect is very small
as noted by Vick and Hollander [§]. We have not
carried out a systematic study of the effect of reduc-
tion on all of the ¢ but observations of the very
amull changes produced in several heavily reduced
{jet bluck) rods indieste that the efflset which the
possible small remaining oxygen deficiency in our
nominally stoichiometric may have on the ¢,
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at Toom temperatore i3 tog small to be of any con-
cern.  Heavy reduction did show » measurable effect
on the tempearature dependance of Young's modules
ot high temperature y #] bui this is outside the scope
of our present considerations. Our specimens were
heated for about 24 hr in flowing O; at about 800 °C
and we consider them to be effectively stoichtometnie.

The secomd type of defect appesrs in all mtile
single crystals examined by the anthors and ne
method of ramoving it is known., Bacl-reflaction
Laue patterne were taken at random on many epeci-
mens ; perhaps one fourth of the patterns show double
sFot»s indicating & change of orientation of 1 or 2 deg,
1f this were a systematic, progressive change of
crientation nlong s rod, one end would differ greatly
in orientation from the other and the erystals would
be uselesa for our work. Fortunately, as table 1
shows, this i3 not so. Laue patterns were taken at
the center and at both ends of each rod. Duplicate
patierns were taken on specimens 21 and 22 to indi-
cate the precision of the method. The resulting
standard deviations were (L12% for @ and (.15° for ¢
where § and & are the usual spherical polar angles.
The colatitnde, 4, is the angle batwean the rod axia
and [001]; the angle ¢ i3 the angle between [ll'llﬂ}] and
the projection GF the rod axis on the (301} plane.
The orientation apparently shifts back and forth in
a random manner from one sinall angle boundary to
snother. The averape valves of # and ¢ were used
for cach rod in the caleulations. It is hoped that
better temperature, atmosphere, and powder fead
contrel during crystal growth would reduce tha
number of the boundaries and this is being atteampted
nt the National Bureau of Standards nng elsewhere.

Both the Linde Co.? and the National Lead Co.
were ssked for high-purity single crystal specimens
and both graciously gave us some of their uetion.
The National Lead specimens were in the form of
houles intended for gem stones, and rods cut from
these proved to be too short for cur use. Seme of
the Linde rode were long Bnﬂuﬁh to permit cylinders
of useful length te be ground from them, These
rods nra listed a3 numbers 21 throvgh 30 in table 1
and our first set of dastic eonstants [8] was caleulated
froin results on thesze rods.

The manufacturer's analysiz for s typical Linde
rutile single crystal indicates the following oxides
at each stated percentage: 0.01-B,O, Zn0O, ZrQ,,
ShyOy; 0.006-Al0;, UsOs, FeyO,, 5r0, MoO, PbO,
Sn0,; 1.003-8i0s, Ca0, Cn0;, Co0;, BalO; 0.002-
MnQ, NiQ; 0.0005-Mg0, Ag.0, Cu(d. The lack of
any rode with high # values in this set is apparent
from table 1. e Linde Co. then mude & epecial
series of growth runs and preduced rod monber 44
with a very useful orientaticn, Additional reds
were aleo needed and a successil effort was made

W. 8. Brower and 5, F. Holley of the National
ureay of Standards to grow rods parallel to the
[100] axis. The purest available TiQ; powder Iroin
National Lead Co. was used. The manufacturer’s
analysia of the impurities in percent is: 0,02-5iCh;
0.01—Nh; less than 0.005-W; 0.001-Fes(dy; less than

1 a divigen of Unicn Carbide end Corboen Co.
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(0.001-A105, Sb 05, Pb, ¥V, Cr; less than 0.0005-Hg,
legs than 0.0003—Cu; less than 0.00005-Mn. Spec-
troscopic analysis of single erystals efter prowth
shoy no significant change in tﬁ: major inpurtics,

3. Relation of Young's Modulus and Shear
Modulus 1o Elastic Compliances and to
Qrientation

In thiz section the elastic moduli measured in
resonance experiments are oxpressed in terms  of
the elastic compliances and the orientation. The
method of solving these equations for the compli-
ances is then deseribed. The theery and experiment
clogely el work on corundum [1f] and therefore
only a brief description will be given.

151; relating the elastic compliances to Young’s
modulus, it B neccssary to distinguish betwesn
the “free” Toung's modulus, ¥, and the “pure”
Young's modulus, ¥, when snalyzing flexural or
torsional tests. The free Young's modulus is the
value obtained when the speciinen s compleicly
free to deform elastically under the applied tensile
strezs. The pure Younpg's modulus = the wvaloe
obtained when the specimen is tested in flexure and
is preventad from twizting. In an igetropic medium
the free and pure moduli are identieal. Calculation
of Young’s modulus from flesural vibrations of
glender, cylindrical rods of nenisctropic material
corTesponds to Ineasurements of ¥, For auch rods
the modulus determined from torsional resonence is
the pure shear modules, 6. The validity of thase
results is discusged by Brown [F3].

The following treatment deml-:;}ps the relation be-
tween the mensured guaentitiea, ¥, and 7, and the
elaatic complisnces, &, expressed in the standard
rectangnlar coordinate system for teiraponsl ecrys-
tals, xpers, describad by Fye [14]. It is convenient




to introduce & rotated coordinate syatem, @z, with
the z; axis along the rod axis. The free elastic mod-
uli for measurements along the rod axis are related
to the compliances expressed in the primed coordinate
aystem hy

. 1

Sg='1—;-!l “]
and
Sabsam 1
=g, @)

Brown [13] and Hearmon [i5] give the following
equation relating the pure shewr modulus, 7, to
the frea shear modulus,

= G{1—¢), {3)
where

r__Sates

Tt ®

Equations (2), {3}, and (4) can be combined to give

1_ 1 Gatss) ¥,
G G,+ 5 (5

It is now necessary to express the primed quantities
in eqs (1), (2}, and (5) in terms of the unprimed
compliances and the orientation. This is done for
eq2 (2} and (3) by wrting out the tensor transfor-
mations and expressing the direction rosines in terms
of the colatitude, 8, and the wzimmth, ¢ In other
worde, # is the angle botween xy and & and ¢ iz the
angle between 2 and the projection of 23 on the
#;x: plane. The tensor transformation gives

Fy=4gy; sin? @+ 85 cost @4 (28,5540 Sin® & cos® 4

+% (31::—3n+%5) sint 0 sin® 24, (6}

and
R ';3“=% gy Bin? ﬂ-}—% 3u(l+eo8® #) +2{s1, + 55
—&u— 2855} sin® # cos? ﬁ—i—(s.l—au—%f) sint & 2in® 2¢.

(7

The direciions of the x| and #; axes have not been
specified except for the requirement thet xjxixi form
2 right handed rectangular system because eys (1}
and (2) are independant of their direstions. This
independence also holds for (5) because &34 33 de-
pends only on the direction of r, as Heartnon [15]
states. It is convenient to write a3, and &, sep-
arately, however, and these quantities are not spee-
ified by the direction of z; alone. For simplicity
¥; waa chosen to lie in the 5,2 plane and z{ i= then
uniquely epecified. The tensor transformations give

S;I=%(SEM+3|2_3H) sin? § sin 49, (8)

and

=20t ou—Ru—28) &in® 8 cos 4 (284,
'_2333} gin # cos ﬁ+(3|2+%—3“)

¥ain® § cos # 3in® 24, ()

A set of elsstic compliances ecan be determined
from the preceding equations in the following man-
ner: Asaume that v‘]ﬂues of ¥; and &, have hesn
determined on st lesst four rods. Equation {4) is
written for each value of ¥, and the resulting system
of simultanecus equations is solved for s, #4,
24384, w0l 5p—8 4 5,/20 These results are used
in eqs (8), (9), and {7} to calenlate wvalues of &,
from the measured valyes of & Egquation (7) is
written for each value of @, and the resulting eyatem
of simultaneous equations is solved for sy, #m,
antep—ay—28, and &y—s;—8w2.  In thiz way
two independent valucs of 5, and #; are obtained
which may be compured for consistency, If more
than four specimens wre uzed, & good check on the
congistency of the whole set of &, values iz then
available.

4, Relation of Elastic Mcduli to Resonance
Frequencies

The valyes of ¥, and @, neaded {or the ealoulation
of the elastic compliances were obtained by resonance
frequency measurements on slender, cylindrical rods,
Youngs modulus was calenlated rom the longi-
tudinal rescnance frequeney for the five longest rods
and from the flaxural resonance frequeney for all
of the 1B rods ysed in this investigation. Tha shear
modulue was caleulated from the torsionel resonance
frequency of sll 16 reds. For both of the Young's
mol;cllulus calculations, the equation relating the
resonance frequency to the appropriate modulus is
approximate but the approximations are very good.

Eor longitudinal vibrations, Young's modulus
of an isotropic medium can be esleulated from
Rayleigh's equation [16] which can be written

Yedpl 3 (1+,.:$)°

where ¢ is the density in gfem®, { & the length in
cm, § is the {undementzl longitudinel resonance
frequency in gycles per second, ¢ is Poisson's ratio,
7 i the radius in em and ¥ is Young's modulus in
dyneafem?, The term in parentheses is the Rayleigh
cortection term for the El]itﬂ thickness of tha rod
and neglects higher powers of rff. For the valucs
of 7/ used in the preseni work the difference he-
tween values given by Rayleigh’s equation and a
mare sccurate treatment by Bancroft [17] iz mueh
less than the experimental securacy. The correction
tern should be modified for nonisotropie material,
but & good estimats of tha correction can be obtained
by using an average value of Poirson’s ratie in the

(20)
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present. equation,  Takine e=0.30 and ril=0.0113
for the shortest of the five rods used in longitudinal
resonanee gives o Rayleigh correction factor of only
Lo0ooos,  The values of Y oaleuluted from (10)
should be very aceurate despite the fuet that rutile
is nonsotropic,

Far Hexural vibrations of o eyvlindrieal rod of
wotrapie materinl the best existing theory seems Lo
he Pickett’s [18] diflferential equation.” The resull
obtaimed can be expressed as the result for a rod
of infinitesimal thickness multiplied by a dimen-
sionless correetion fuctor, T, This result is

i
Y=0.31547p F_;f d i i1}

where the svimbols have the same meaning o in
e (10) exeepl thoat here iz Lhe floxaeal resonanoe
frequancy,  Tefft [22] has caleulated o table of T
from Pickett's dilferentinl squation ws o funetion of
il Poisson's eatios Fortunntely the T values
are nearly equadl tooone and depond very livtle on
the Poizsson's ratio value for small 24 The values
of T for e=0.30 were used for all enleulitions.  The
whole subject of the determination of elastic moduli
of Jsotropic materials has been  summarized (23]
recently.

For teasional vibrations of wn isotropie exlindrical |
ol Ll sipuating
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15 ricovonsly true.  Here f45 the torgional resonanee
froquency and the other svmbols hove their presious
mennings.  The significance of this equation for
eevstalline cyvlinders has been congiderod by Brown
(18] and by Hearmon (151~ The details wre compli-
eated, but the vesult 18, 0s previously stated, thot
for sufficiently slender rods eq (12) gives 6, and
eqs (1) and (11) gve Ty

The density value of 4.250 glem” reported by
Swanson and Tatewe [24] was used.

5. Method of Determining Hesonance Fre-
gquencies

The general procedure for messuring resonance
frequencies of slender evlinders hias been deseribed
previously 107, 28], The specimen is suspended by
fine thrends tied o =ueh o manner Chot free vibreation
is unimpeded ; Lo, the threwds are tisd near the nodes
of the vibrational mode being investigatod.  Vibra-
tion is exeited either by air deive with o loudspeaker
or by detving one of the suspending threads with
transducer.,  The resonanee 15 detected by a pickup
ahtached 1o another theead, The resonanee fre-
fueney is messured with o eevstal conteolled counter
having an wecurady of + 0.1 0/s.

This moethod was suecessiully used v the present
worle for all resonanes Fregquencios exeept dthe torsional
frequencies on eods 26 theough 30, Ino the ease of
torsional vibration the resonanes [requencies are so
lnrgre wned the splitude of motion so small that the
peanpitices coultd not be detocted IIS'trI:.{ colLLon ar
gilk thrend. A specinl procedure, shown in Bguee 1,
was used.  Fine springs, made from phosphor bronze
wire, were used to couple the driver and pickup to
thit specimen.  These springs wers Hexible onough
ta permit free vibeation of the specimen, bul had
sufficigntly low damping to permii adequate power
transfer from the driver to the specimen and from
the speciiien to the pickap to allow resonance to be
exeited amd detected,  In this way the torsional
resopanee freguencies of speemens 26 throush S0
were ensured

The value of Young's modulus caleulated Trom the
longitudinal resonance Frequency was considered  to
by .-=|i,'_f|11i_‘.' more aceurate than the value caleulated
from the Hexural resonanee frequency and was used in
subzoquent caleulations when it was available (ie.,
for these rods for which the longitudinal resonance
Frastpuoney could be determined ),

6. Results and Discussion

The Hexural and longitudinal resonanee lrequeneios
ate wiven in table 2 together with the reciproeal
Young's modulus  values  coleulated  from these
frequencies.  Table & gives the corresponding to-
sional resanance Treguencies and reciproeal shear
moduloe vadues,  The values of 1/, 8, and ¢ were
used Lo write oo (6) For cach rod.  The resulting set
of 16 sinultaneous sguations in four anknowns was
thirn solved Tor the Tour Boear eombinalions of s,
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labeled W, are listed in table 2 and provide an
indication of how well eq (6} fits the data. These
resulta were then used in eqe (8), {9), and {5) to
obtain 1/&G, from 1/&, for each rod. The values of
1/, were then used in eq (7) and a least squares
solation for the coefficients was cartied out as was
done for eq {6). The resulting valves of the coeffi-
clents are given in the second helf of table 4. Davia-
tions, Wy, belween calculated and ohserved volues
of 1/, are listed in takle 3.

TabLE 4. Leasl squores beal eelineaies of paramefers in elosie
moduls egualions
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appenring s coeflicients in eq {6). The process of
zolving an overdetermined set of simultanecus linear
equations for the least squarss best estimates of the
coefficienis and their standard deviations is &
straightforward calculation and is deacribed, for
example, by Schefte [25]. This caleulation was done
on an autoematic computer snd the resulting values
of the coefhicients are given in the Arst half of teble 4,
These coefficients were then used it eq (8) to caleu-
late & value of 1/Y, for each rod. The deviations of
the ealoulated from the observed valoes of 1/¥,,
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Tho deviatkons are stancard deciplbais of the eoafickents obtalned frem lessk
Arjunra calaalations.

The results presented in table 4 give &1, 54, s, 8nd
&g directly. E wolue of 2;; and s; can be calculated
from their appearance in the 1/¥, coefficients. A
second value of each can be calenlated using the
1/%; ecefficient in which they appear. For g the
two vialues are —4.063+ 0088 and —35.94010.113;
for & the result ia — 08024 0.039 and — 0,786 4 0.069
The results are thus self consistent. These values
were weighted according to the reciprocals of their
variances and the values of #a=—424.017 £ 0.060 and
gs=—0.709 £ 0.034 were obtained.

The ¢,; values can be caleulated by inversion of the
muirix of &, values. The equations for passiog frot
iy to &, are given by Nye [14] and it is casy to show
that the equations for obtaining e, from s, in this
rase are obtained by interchanging e's and #s. The

result 13
g, 1
ﬁu—'.z 3+3L:"“8|::|

__311+3|'=
fp~=——

_]. LY 1 ]
G B — e,

Cpy=—"
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whers

=851+ —2sd;.

The caleculations were made by substituting for the
8y the directly computed quontities of table 4. For
each of the constants o, e, o, &and o3 the two
valzes were obtained and a weighted mean computed
as in the case of &2 and s,

The 8y; and ¢,y valoes are listed in table 5 for com-
parison with the work of other investigators, The

resent ¢, show no statistically significant differences
? rom the values ealeulated by Birch. Using the
simple test of twice the standard deviation we find,
howewver, that the s, and s&; values of Birch are
significantly different from our resuits. This is
probably caused by the fact that the sguations for
& and &, (which have the same form as the above
aqe for ¢;; and &) both mvalve the Jifference ¢—ei.

era i8 thus some resson to prefer the present s,
and #; values as they are more directly determined;
the same armgument {avors the ¢, and ¢; values of
¥erma-Birch. Our linear nnd voluma compressihil-
ity values are also given in table § and are consistent
with Bridgman and Verma-Bireh.

i is interesting to compare the elastic properties of
rutile single crystals with thoss of pelycrystalline
rutile. Huntington [28] discusses the problem of
calculating elastic modult of a pore-free polveryatal-
line =olid from the single crystal elastic constants.
Results caleulated from theories of Reuss (which
gives a lower bound) and of Voigs (Whmh uras A1)
upper bound} are given mn table 8, bulk
modules is determined within narrow 1iIIlltﬁ but. the
Young's modulus and shear 1nodulus valuss are not
s0 well determined. This is a reflection of the fact
that, as shown hy figures 2 and 3, these two moduli
depend strongly on orientation,
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The writers have previously used the resonance
method to determminie the six elastic compliances
7y, of corunduvm [f1] with standard deviationg o

ut 0.1 percent for the disgonal compliances and
about 1.0 percent for the off-diagonal complinhees,
The present uncertainties in the diegenal constants
range from 0.2 percent for &, to 2.6 percent in s,
For the off-diagensl] constants the wvalues are 1.7
percent for 5, and 4.3 percent for &;. Theae resulta
gre somewhat disappointing when comparsd with
the precision achieved with corundem. Rutila
differa from corundum in being more anisotropic
but thia sheold not cause such an 1erease in standard
deviation if the orieotetion were constant thmu%h-
out the specimen. The principal diffieulty probabl
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Fiovee 3. Shear modulur, Gy, a5 ¢ funcifon of arfeniation,
caleufated from eqs {2) and (7, using the leas! sguares best
esfimates of the cosfRoiends given in fabie 4.

iz sssociated with the small anple boundaries. If
specimens free of these boundaries are ever produced
it would be interesting to repeat both the pulse
velocity and resollance messurements and attempt
to obtain agreement to 0.1 percent in the diagonsl
vonstants. [t is probably not worthwhile to attempt
to improve the apreement using exisling specimens.
The present remﬁg gre accurate enough for most
purposes and the genera! agreement of different
obscrvers leaves no question of serious error. The
value of v caloulated by Dwyal and Appalanars-
gimham from spectroscopir data is in serious error,
as previously noted [#, 10/, and an extension of their
caleulation to correct this value might be worthwhile.

Notre.-—The writers were recently informed by Gilman
[#7] of unpubliched work by himself and B. Chick on the
elastic constants of rutile. They obtained co=4.75%¢10%

dynesfem? and £,=1.23x 107 d{'l:u:ﬂ,-’cm*. Both values are
in good agreement with the resulta of the present worlk.

The writers gratefolly acknowledge the help pro-
vided by the suppliers of the rutile powder and
single crystals. In lpla.r1:,i+::ul:al,r‘|i=ir~a thank W. 5. Browar
and 5. F, Holley of the National Buresu of Standards,
R. ;. Rudness of the Linde Co., and M, D. Beals
of the National Tead Co,
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