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Efficiency of 4 7-Crystal-Scintiliation Counting:
2. Dead-Time and Coincidence Corrections

W. B. Mann and H. H. Seliger

The dend-tlie ated colreldence eorpections to b applied it dr-ctystal-selatillation

counking have been both approximately apd rigorously clerived.

1t bas been shown thet

unider special conditicnr the non-rendomness dua ta “trus” counts appearing in hoth channels

requires additlons] coreeetion Letrns.

1. Introduction

Two methods of using the 4rcrystal-sandwich-
sointilation counter, initdated by one of us [1]" for
the standardization of radicactive sources, have been
deseribed, namely, the “addition™ and “enincidence”
methods.  The former may he used where the counts
due to tiolse in the multiplier phototubes wsre low
compered with the counta due to the radioactive
sour~a, whereas the latter mathod s sppliad whers
the “true” eoutita due to the source are low com-
pared with the noise counts and it is desired to
reduce the effect of these random noise counts,

In the addition method the dead-time correction
is mmfpleteljr arthodox, it heing necessary only to
allow for the true counts lost dus to the totel dead
time arising from a piven number of counts in the
ong channel, each comnt heving essocisted with it
u gete or dead time .

2. Approxzimate Derivation

In the coincidence method, however, & non-random
element iz introduced that mekes the caliulation of
the dead-time and coincidance losses somewhat more
difficult. But even so, provided that the rounting-
rate losses due to hoth noise and source, or truc,
counia are low, an approximate approach to the
problem may be used.

Let us therefore aszume, in the ficst place, that in
the coincidence method, the counung rates due to
noise in the two channels (N, and N, per second)
and that due to the radioactive source (N, per second)
are snch that there is no appreciable intersction.
I, further, N;. ia the nuomber of Lrue counts per
second Lraversing each channel snd being recurﬁd
mg coincidences, while N{I) and N(II) are the toizl
number of eounts obsarved in each channal respec-
tively, 1hen

MNIr=N+N, {1

' Flgoree In brocketa Indbete the Lte racwn belepetioed sl A el oF Biia o eer,

and

N(ID=N/+N. {2}

If N,, were exiremely small, then tha dead times in
cach channel for a gate dead time of - would be Nor,
and MNarg, and the probabilities of datecting a true
count in channela I and IT wonld be, respectively,

Pr=(1—Nir) (3)
Pu={1—Nir). (4)

arnud

As these noise counts are completely random, the
probability of a true count heing chserved in both
channel [ and chanuel I, that is to say as 4 recorded
coineidence, i3 given by the multiplication tj._lc:%ether
of the prababilities given in eq (3} and (4). at is,

Pr={1— Nl (1— NIz}
=1—{(Np+ Nyl rg+ N NT A, {3)

the last term on the right-hand side representing the
overcorrection en secount of overlapping of noise
counts in the two channels.

If, on the other hand, there were negligible noise
counte but & nuomber of trme counts V.. per second,
then the dead-time correction would be represented
by a probehility F;, where

P:-=l-'N|_ET‘. {ﬁ]

When the quantities N+, and Ny, are amall, as in
the conditions of the present experitnents, it can be
sesutned thet there is no appreciable interaction be-
twean nofze and trus counts, and that the totel prob-
ability of ohsorving & true count as & coincidence is
%iven l?{tha product of the probabilities of eq {3},

4

1, snd (8],
Pl —(No+ N+ Ny g+ NoNod, ()
neglecting N, Va7 and N Nor, which ere usually

an order of megnitude less than N.Nors. NoNard
itzelf involves & curr::n!-inn of st most 0.5 percent,
evan at high nolsa counting ratas.
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Substituting for N} and N} from cq (13 and (2),
wa have

P~ 1—(N(DHNID—Nyyr 4+ NoNoid (8)
and

Ne=NA1—(N(D)+NAD =N re+NoNork ). (9)

Equation {8) neglects an overcorrection of the forin
(/DN NT), where 1, is the resolving time of the
coineidence enalverr. However, as r<€r, and wo
have already sssumed that Npr, and Nor are amell,
the approxmation should still be a good one.

The roincidence count will also include, however,
accidentsl coinvidences erising fram the random
noise eounts,  These accidental coincidences are
aqual to 2 NN, per second, where r, is the resolving
time of the coincidence rnalyzer. Therefors, the
ohserved eoincidence-counting rate of N, per second
is related to the Lrus—count coincidence rate by the
expreszion,

.f\'T¢=N:,-:-+2T,ﬂ"|:N:, “ﬂ}
From eq (8}
. N..
Ne= N NNt v 4

Ny, iz not directly ebsarvable because the observed
coincidence-counting rate, N, ia the sum of Ny, and
the accidental rate dus to noise. Substituting for
Ny, from eg (10} into egq (11) we have that

_ N.—2r NINZ _
T [N{F NI —(N.— 21 N, N3) 7o+ NoNir]
(12)

M,

In 8 blank expariment (withow! & source in the
cryetal-gandwich scintillator)

':Nc:'h = [hr“}h +21'¢|:N;]t-|:N:}b-

In this expression, {N.), will srige from cosmic
radiation, possible contamination of the cryatal
faces, and fluoreacence in the glass of the mulliplier

hototubea dus to potassium—40. However, in the
individusl channels, gN..}b%'.N(I}.,, NiIT},, so that
within a few tentha of 8 percent,

N (N D= (N(T}y— (Noy+ 2r (N (TN (T,)

(13

14
anud (1)
No={ND) o= (N{II}he= {Nolp=+ 2r (WD} NIDD,).
(15}

Substitution of these values for N and N¥ in eq {12),
and zubtraction of (N.),, 88 given by eg (13), from
M., a5 caiculated from aq (12), j.rielc{’s tha true dis-
integration rate of the =ource to within 2 few tenths
of & percent.

Thiz spproximate derivation of the dead-time
lossea is, however, bused on certain premises that
may not alweys ba atrictly applicable in practice.
In the firsl place, if the nolze counts are negligible,
the dend-time lozscs would be given exacily by eq
(6}; but in practice the noise counts can never ha
neglected. If, on the other hand, the true counts
are venﬁ' low, the ecorrection for dead-time losses
would be given by cq (5); but then the method
would be impracticel, es long penods of counting
would be required to give good statistica. The third
pewsibility that hea been sssumed in the decivation,
namely, that of reasonable numbers of uoise and
true counlts but limited interaction betwean the two
due 10 low counting rates, reflects the condilions of
the present cxperiments,

It wee felt that several of the assumptions made
in the above approximate derivation gre in 8 meagure
intuitive, end that the experimentsl resultz oblained
would be placed on a more firm footing if 1 rigorous
derivation ware daveloped to estaklish the relstive
orders of magnitude of the various interactions. In
addition, once one enters into the realm of very high
counting rates with large counting-rete losses, there
wilf ba an mteraction between noise and true counts,
and it will be impossible to multiply the probabilities
Pr and P4 io give the combined ];J]mbabiiit}r of
observing a trus count eoincidence, P, of aq (7).
Moreover, becsuse a greal many true counte In
channel I are linked to true counts in chamel IL, it
will not be permissible o derive the probahility by
multiplying topether two individual praobabilities for
the separcate channels s was done to derive P {eq
{51} from F, and P, {eq (2} and {4)), althouzh the
individusl probahilities Fr and Py do refer to
processes in channel I and in channel II that are
completely random.

3. Rigorous Derivation

[n determining the desd-time losa and accidental-
coincidence corrections that muost be applied in the
methed of 4dw-erystal-scintillation countmy, it is
necessary to apply e rigorous snalysis of the avents
uccurri;:f in the two multiplier-photatube chanaels
that lead 10 the coincidence analyzer. This is neces-
gitater] by the faet that s number of the svants
pecurring in one channel are linked to those securring
in the other, and it may be therefore no longer vali
to & ];ljr the kind of considerations that would ba
posaible if sll the cventa were completely randomly
distributed.

Let us assume that N, counts per secand, the
go-called trme counts, arize in the composite crystal
seintillator due to the radiosctive source and the
backeroomd. Then, of these counta, a number N,
per zecond will be recorded by the eoincidence
analyzer, Fuyrther, let AL end N* be the number of
nnise counts per secoud passing along channel I and
channel IT, respuctively, and lat &, ba the tatal
nutber of coincidences recorded per second by the

coineidence analyzer.




I

NOISE

TRUE === ! Y r

v il t
TIME—+
I No
_hoIsE
TRUE ———— —_————— 4

b c

Fripre L fiogrammatic representatdon of differsnl binda of connting losses.

It ts, however, also necessery to consider, in each
chennel, whet may be conveniently designated as
“divoreed trae counts” which we will gszsume to be
respectively &, z2nd N per second. ‘These crise in
the following meanner. A iree couat, if it can pass
through hoth channels unimpeded, artives At the
coincidence analyzer a3 & “perfect’” coincidence with
noe delsy whatsoever and, as an “N,." event, will be
recordad, If, however, the pulse dus to a Lrue
ceunt happens to coincide with the gate of & preced-
ing noisa pulse in one chennel, tha true count in
that channal will be lost and the rulse in the other
chanmel due to the trus count will proceed to the
goincidence anelyzer linked to the nolze pulse theot
hes “consumaed” ite partner. A divoreed true count
is thua always linked temporally to & noise count
in the other channel, and such divoreed true eounts
sre thersfore no longer repdomly distributed with
respect to the othar counts,

The disgrems in Agare 1 will help to llusteste
the relationships of the vetious kinds of counts one
to ancther. In these diagrams the pulses of noise
connts are shown ghove the tiroe axis of sach chirnnel,
wlhereas the pulses due to true counts wre shown
below the axes, although in reality they are ex-
perimentally indistinguisheble.  Figure 1{a) illua-
trates the cueumslanees in which a diverced Lrue
coutit (A per second) een weise in chennel [, figure
1{b} the circumstances giving rise to & divorced
true count (A per second) in chenmel IT, and figore
1{e) those m which the brue counts can be lost in both
chennelz I end II. In 8!l cases the length of the
pulse iz chosen to signify the time r, in which the
electronic gates in either channels I or IL will be
clozed to the trensmission of further pulses.

What then are the numbers of divoreed true eounts,
Ne and NT per second, in chennels I and II,
reapectivelr?

hese correzpond to the numbers of overlaps be-
tween true-count pulses end preceding noise-count
pulaes in the ofher channel, for times greaker than =,
the resolving time of the coincidence englyzer.

M —0———2

If & pat of true counis is impressed on the cr-
cuit within a time interval leas than . after & single
noize pulse or a coineident peir of noze pulses, the
coingidonce analyzer will accept these as a true co-
incidence. The alfective noise-pulse dead time for
Lhe ereation of divorced counts in the other eircuit
iz thus r,—v,.

In channel I1, the noise counts N per second
give rise, therefore, to an effective total dead time
of No{r,—r,) per second for the ereation of divoresd
trus counts (V| per =econd) in ¢hannel 1. During
this time N true counts will be submitied to chan-
nels I and II, Thersfore, if there were no inter-
actiom between channels T and I,

divorced true connts in chaome] T

={r;— rotNol¥, per sccond. (16}
Similarly,
divorced true eonmits in channel I1

={fl-f¢}N|;Nt per seeomd, l:l'?:l

These expressions as they stend give, however,
somewhet higher values then N, and N7, becguse
they slea include rases of sverlap, as in figure 1{c),
in which bhoth true-eount pulses are rejected by
two preceding Noise counts,

The numbers of overlaps between s pair of true-
countd mod a preceding noise count in channels
and 1L are, ra&gectiv&l}', (rg— ro)¥aly and §rp—rg)
NN, per zecond. )

The time in which n second noise count in channel
IT (fig. 2) must oceur to eliminate N, varies therefore
from 0 (fig. 2{a)} to {ry—r {fig. 2(h)), giving an
average time per overlap of ${r,—r.).

Thue, consdering fignre 2, the number of such
divorced true counts psssing along channel II is
(re—r ) Mo, per second {eq 17), and the sveragn
daad time for ench of these rvents [or the aceeptance
of a prereding noise count in channel IT which wilt
eliminaie the “N[" pulse is }(rp—7r}. This corre-
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Firure 2. Cherlap befueen frug-count pilse and preceding noigc-couni pulae,

sponds for such events to n dead time per sccond of
HHre— 7’ NuN..  With N noise counts per second
m channel [T, the number of triple events causing the
losg of both of & pair of true counts in channel T and
channe] IT s E{T;—TJEN;:N;NL per second., It
3 seen that the same result will be obtained by
proceeding vig “N{" events in channe! 1 {eq 16) and
the &, counts in channel T,

We thus derive the following corrected values for
the divorced true eounts in chennels T and T1:

Ni={rg— 1NN {1—}({r,— r) N.} per sccond,

{18)
and
M= (ry— NN {1 =3 (r— r N2} per gecond.
(19}

It is now possibla to procead to the computation
of the true counts lost es a result of the events that
are sunimatized in figure 1. In the first place, every
“N¢'oand N evenl corrcsponds to a lost true-
count pair. In addition, true counts can ba lost in
the desd times initiated in each channel by the
divoreed true counts, N and N7 per second,” The
dead times involved in “Ny’ or "N, events vary
from =, tg To— Te. 83 illustrated for the "N pvents
in re 3.

The dead time is only that which suceeeds nn
SN or “NT pulse.  In no ease does the préceding
noise connt contribute to the dead time, for, Trom the
very nature of the divorced t{rue counts, an earljer
truc-count pair following a noise count merely creates
an earlier divoreed true count,

It is & curious fect. that, as ehown in figure 3 (e}, an
intermediate time Interval, varying from 0 to r,,

hecomes availahle for acceptance of true counts
mumediately following the noise-count dead time in
channel 1. This is effected when the channel-1 pulae
of the true-count pair regiators as a coineidence with
the “N{” pulse at the coineilence analyzer. The
fraction of the “N" or “N’ events in which this
window becomes available is /., and its width is on
the average equal to 4r.. Thus, the tree counts that
cen be acccpted in this window for “AL and <N
eventa nre, respectively, 3+i/w NN, and §<3/'r NN,
pet second B

It therefore follows that the total true counts lost
in chennels I and I1 due to the dead times succeading
S“NU' mnd NPT events wre respeetively NIV (re—
riirg aad NN (rp— e¥izgd per aecond.

In eddition to lossea of true counts N, NY,
NN r—3r2r,), and N{‘I‘v‘t(l-r,—&rffr,), true counts
oan alsa be loet in the triple events dliustsled by
fizure 1f¢). These numher }f+,—r 2N NIN, per
second.  Thesa triple events in which a pair of true
counts is completely eliminated by #wo naise counts,
one in each clhannel, are illustrated in greater detail
in figure 4,

As can be seen from inspection of figure 4, the
dead tima due to the second noise count varies from
ry (e, 40a)) to the average of +, and +,-0r *(r, 4.}
{fig. 4(b3). This is equivelent to & total average
dend time of 3(3r,+v.). The trne counts lost in
triple evenis such as that of figure 1{c) are iherefore
$lrp— ot Qe r g NoNANTE por second.  Therefore
the total true eounts lost per zecond as & resuit o

# In the aetnal experiment the pesolving Litee of Lhe um{iliﬂcr wBS Freater than
+a, ¥ thpt rvofy B abe [dialal i Boice 3}: do nobgecur.  Flmira
Hed B wn M only for very sharp piakses whiee dursidon {5 mach Jes thao re
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Tauze 4.

lozses in both channels I and IT due to overdapping
true-count and noise-count pulses are

b
ENH=M+N:+P~H(T.—%-:—° (NN
+ 3 e —r )M A+ ) NININE,
1‘1 EN‘I.= {.ﬁ'rz—I_NfJ { I +N;(T‘-—%§)}

+ i{'rl:_ TL‘:I 1{3 Tn:+ Tq} -hrr:-ﬁr:ahrf. (20

Lhead Limea of V'iviple events'"

3 %:l={ Ty— e} { Nofl—3(r,—1,IND)

+J?"IT: il:l —é[‘r‘— f,::lN.:}} { 1+ 4.;"l'rt. (T‘_& T;:i)}
+ é{.'rl:_ TEJT{L&TE-I_Tﬂ:'Nl:N:NI- (21}
N, 15 the number of true-count eovincidences per

geeond thal are vegiztered by Lhe eoancidenee analyger
and thercfore pess through channels I and IT un-

impeded. Each of ihese counts imposes a gate
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Froore & Cofucidencea between accidendn! modre coincidences and frua counts,

degd time of =, snd zives rise therefore to N, v ¥,
losses per second. Therefore, the totsl of all true
counts loat from any ceuae whatsoever is equal to
thhrtfl-l_zh';tl-

The true counta per second, N, are therefore
given by

-Nu—_"NtrF NteNtf¢+EN=1
Moy TV )

Ny being the number of true-count prirs that pess
through channcla I end IT unimpeded. A, is, how-
ever, the {slg! number of roincidence ¢ounts re-
corded per gecond.  Thus the difference betwoen &,
eod N, will be essentielly Jdue to accidental noise
coincidences that see of the order 2+ N,—N
{Ne—N) per second. Thus,

Nigm Ne—2r,(No— NHNI-N,). (28

The reeaon for subtracting N7 from N and AN/
from A7 in the gecidentnl nolse-coincidence term
is that any noise count associated with wn “A)" ar
UNTT owent can neesr contribinte to en pecidentel
coincidence. This sccidenta] comeidence correction
in eq {23) is, however, rn overcerrestion in that true-
eount pulzes ean arrive during the time the secidental
noise coincidences pre being aceepted by Wke coinei-
dence analyser. The time during which sueh true
counts ein be accepted as coincidences i seen by
inspection of figure 5 to vary from 0 to 2r,, giving
an average of 7.

The number of epincidences between accidental
noise coineidences and troe-count pulees i3 thus
equal ta 2r( Ny — NTHN{—N 7 N, per second. In
nther words, the aecidental noisecoincidence term

musi be multiplied by a factor equal to {1—7.N) to
allow for true counts coinciding with aceidental noise
eoincidences.  Thus, as a closer approximation,

Nig~wNe—2r Ny = NN =N (- N} (29

There iz, however, still one other possible spurce of
coincidence counts that cannot be overlooked. If we
consider figure 1(a) in detail it will be =een, ks shown
in ﬁgtl'.lm &, that a window &l=o exists for a very smell
number of eoineidences of “N and “N7' evenis
with noise counts, just as 8 window was previously
neied to exist (fig. 3(e)) for the acceptance of true
sounts,

The numbers of “N;" and “ANT" events that
cen be availeble Tor such coincidences are e ual
regpectively to [ro/tre— )N, and [roflre—r [’Nt
for 27,77, or N, and N7{for 21 .>r,. The average
time that the window is open for the acceptance of
4 noise count in coincidence iz 3r,, provided that
Bro 1, OF 33r,—sr) of 29.>r.. The numbers of
such  coincidences for “N1" and YNT" events,
respectively, are ihevefore yeE/{vr,— )| NN and
il (re— 1) INTN L per second as, in general, 2r,< ..
As these eoinecldences can alse be in coineidence with
true-count palaes, they too Tepresent &n overcorrec-
tion and must be multiplied by the same correction
fector {J—7.N:} used to correct the accidental
neise-colncidence counts of eq (243

We een therefore now write exactly that

Ny=Ne— { 21 Nom NN— N

L {N:N:+N:‘N:::} O—r N (25)

2 Ta_"Tu

* Here aguin, brwower, Becpuse the res-1ving time of the ampdlfer was greater
them 7, k= eoincidendess coukd not, In proctiee, soour.
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The true counts per second, &, are now given by

M
e @
TN,
. 0 ENI.]
where IV, is piven by eq (25) and i by eq (213,

1

The expression for N, can therefore be written
down exactly for those who degire to experiencs such
an exercise ot whose experimentsl conditions demand
it. In the interest of economy of space, however,
let us at this point make an approximation that is
justified hy the physical quantities involved under
the experitnental conditions [1], nemely, to neglect

all terms involving higher powers than o {r,~=10
wec) and 7, (about % usec) in eq (21). "'Then, by

subatitution from eq (21} into eq ?22},
Ne=- N e .
I N (e o N RN — (e v JN N T+ W]
(26}

It 18 seen from eq (18} and (19} (hat substitution
for N; and N7} in eq (25) for &, will introduce terms
mvolving T (r,—r.) and T.._{T‘—T.c]!} which can he
neglected by compsarison with 2r, N N, Equation
(26) can therefore be further simplified to give

_ No—2rNIN:
T= 1N~ Zr NN —(ry = 1IN W = (ra = T NN}
(27)

N,

Az a further simplification, because
No+Noe N1 A N(I1) = 2(N — 20 N NG,
H all products of +'s containing 1, are neglected,

N N,—2r NiNG _
TN — e — 7 VO NAD) =2V, T 72Navs
28)

TME—+

\
E
ﬂ

_."Tt"_

b

"“Windraw' for coincidences befioern naise rounts and divorced {rue counls,

In order to determine N, and N7 a blank experi-
ment can be carried out with the crystal removed and
with &n opaque obatruction between the two multi-
plier photo tubes, to prevent phosphorescence in one

htorsthode consing & simultensoua signel in both.

'hen N, is zero and the noise counts will be regiatered
directly by the scalers in sach of channels I and I1.
By inserting the cryztal and cercying out experi-
mmente with and without & source, the values for &,
far hoth the source plus backoround and back-
ground, reaspectively, can then be determined in
lerms of the number of coineidences and the known
quantities 7. snd v, and the noise counts.

It 1a interesting to note from an inspection of
{18) and (19} thai if ;= r,, the numbers of divorc
counta N snd N become zero.  For such & condi-
tion, XN, (from eq (21)) also hecomes zeroc and eq
{22) gives without any approximation

NE-_ETONT:NTT{I _rENI}

N N 127 NN oV

(29)

In considering the case for r,=r,, il is also necessary
te use the form of eq (25), for &, where 27,7,
namely,

Nee= N.,—{zfu (N — N (NI— N}

g (Bramr M NN+ N f;}}(l—r.m) (30)

in which, however, the second term in the first
bracket hecomes zero when re=r, by virtue of both
Niend N bammmg ZETO, i—Inwever, this is never
experimentally feasible, for (a} if r, Is tncreased to
equal 7, the secidental rate will be toa high, and (b}
it r, 18 decrensed to equal r,, the nonrandomness
tends io disappear and the rigorous denivation be-
COMES UANECEINALY.
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4. Comparison of Rigorous and Approxi-
mate Derivations

It is of interest Lo compare experimentally the
validity of the cerrections required by the epproxi-
mate derivation, eq {12), and the rigorous detiva
tion, eg (28}, The arrangement shown schemnati-
cally in figure 7 was designed to test direcily both
derivations over the range of photolube noige en-
counitered in the experiments,

A sandwich aource of T1™ covered by a hemi-
apherical aluminum yeflector, wes counted by photo-
tuba 5. These counts, and the noize counds from
phototube &, were fed inte channels [ and I3 stmul-
taneousfy, thus providing a source of “‘trus”™ pulses,
Separste phototubes, N, and N;, were then used as
independent sources of rendom noise, and pulses
from N, and N. were fed at the same time into
chennelz I and I, respectively. The counting rale
from 5 waz maintained conatent.

The voltages across the dynodes of N and N: were
varied stepwize so ma to ineresse the randem noise
from ¢ to 11,000 counts per second, covering the
most extreme noise messurements eacountered in
the actual experiments. The noise pulzes from N,
and the “Lrus” pulses from S passed through channel
I, and similarly the noise pulses from N; and the same

“true’” pulses from S pessed through channel II.
NI, N(II), and N,, werc then ensalogous to the
values obtained in the actual experiment, except in
this case N, was known exaclly (by counting 5 alone)
and N and N} wers known exactly (by counting N,
gnd N; separately). In figure & are shown the values
of NV, {approximate) snd N, (rigovous} obteined by

means of ag (12} and (28}, respectively, as funetions of

A +NTD, the sum of the single-channel counting
ratos. As can be seen, both methods of correction
sre applicable over the range of phototube noize en-
countered in the experiment.

The foregoing derivations will be applicable to
any system where coincidence between two counters
iz usad te select particular evente from e high-
background environment.

Wa gratefully acknowladge the assistunce of Carter
C. Smith in carrying out the experimental comparizon
of the rigorous aml epproximete derivations.
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