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Effect of Camera Tipping on the Location of the
Principal Peint "™

Franciz E. Washer

Asymmetrie distortion iz introdused in a lens-camera eombination when the caniera ia

incorrectly alined for calibrsation.

A method {3 described whershy the magnitude amd

direction of the angle of camers tipping een he determined feom anelvais of the asymmetrio
values of distortton for the case of the ohject lying at equal but opposite angles fram the

central line of kight.
autocollination s then resdily determined,
snd the results confirtmed by experiment.

The dizplacement of the central image from the princiP
Theoretical anelyais of the proble
The polint of aymmetry and the priocipal point of

Al point ol
tn ia given

sutocollimation cointide for the case of no prism effect present on the lens,

1. Intraduction

One of the problems that arzes during the cali-
bration of precision serial-mapping cemeras is the
accurate location of the proper ﬁ;‘incipa,l point 1] °
with respect to the center of collimation (the point
determined by the intersection of lines jouwdug
opposite pairs of collimation index markers}, The
principal point in photoprammetry is defined as the
point at the foot of the perpendiculer drawn from
the interior perspective center to the plane of the
photograph. The proper manner of loeating ihis
point has long been a subjeet of discussion.  There
arc at pregent three different procedures that are
employed in lecating a point which is believed to
be a asufficiently clese approximation to the true
principal point.

The first method, which has enjoved eonsiderable
populsrity, locates a point called the prineipal point
of autocollimation [2, 3], which 1z the center of the
image formed in the emulgion plane by the cumern
lenz from mn incident beam of parallel light, which,
in the abject space, is perpendicular to the emulsion
plane. is point has usually besn desighated
‘center croas’ [4] by the writer for convenicnce,
This point i= located by the simplest of the thres
methods, and its popularity wndouhtedly derivea
from this simplicity. To locate it, one needs only
to aitn an asutecollimating telescope at a distant
object. The camers is then Interposed between the
object and the telescope; n plane parallel plate with
a_mirtor surface is pressed againat the focal plane.
With the aid of the autocollimating ielescope, one
can essily adjust the camera until its focal plane is
normal to the Lne of sight of the telescope. The
reflecting plate is then replaced by a photographic
plate and the distant objcet is photographed. [ the
collimation index markers are simultanconaly photo-
graphed, onc can then easily locate the center cross
with respect to the center of collimation.

The second method, which was developed at the
Bureay, is based on the knowledge that most lenses
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suffer irom small crrors in centering that couse the
lens to behave (in a first approximation} as though
it were composed of & well-centered lena plus a thin
prism (4, 5]. This is further accentuated in the
cghbration of precision cameras by the presence
in front of the lens of a filter that 13 seldom truly
plane parsllel, which sceordingly mtroduces a true
prism effect. This prism effect causes a displaee-
ment of the eenter crose from the position it would
have occupied in the absence of prism, effect. This
immediately poses the question as to which of these
loeations should properly be regarded as the principal
point. It has been the custom at the Burean to
regard the point that would acrmplly hava beomn
orcupied by the center cross in the ghesnce of prism
effect as the proper prineipal point of the photograph.
Tt is an invariant point when located uncﬁrr standard
conditiong of locating the center cross and i3 not
affeeted by subsequent changes in filters having dif-
ferent degrees of surface parellelisrn. Tha actusl
shift of the principal point from the center eross is
easily determined from analysiz of the asymmetric
distortion pattern produced by such prism effect.
The third method came out of atiempts to cali-
brate eainersd by a field mothod [6]. It was noat
customary nor readily practicable to aim the camera
ot the central target of a given target-array with the
aid of an autocollimating telescope and, conse-
quently, =mall errors of alinement sometimes wore
present.  Such errors of alinement, called camers
tipping, can produce an asymmetric distortion pai-
tern sinular but not identical to thet prru;nr:luoadFl by
prism effect. In the analysiz of the measuraments
made under these conditions of test, it was found
Eussihle to make the distortion pattern symmetrical
¥ appropriate adjustrent of the angles and imags
separations from the centrel image hy computable
inerements.  The point about which the distortion
is tolerably symmetrical is celled the point of sym-
ALy, .
It is evident that for an idesl lens-camers combina-
tion, where no tipping of the chmera occurs and where
there is no prism efect in the lens, all threc methods
will lead to the same result. In other words, for
thiz ce=e, the principal point of autocollimation {or
center cross), the princapal poing, and the point of



svintmetry will be identical. In the present papes
the effect of camers tipping on the displacement of
the central image from the orginal position of the
center eross is congidered. The megoitude of the
sayminetrie distortion introduced by such tipping is
evaluated theoraticslly and confirmed experiment-
olly. A method of determining the mapnitude of
the angle of camera tipping i3 shown for the case of
cqual -::rfypuaite sngles. The identity of the principal
peint of autocellimation end the point of symmetry
13 shown for the ease of & lens having 1o prism effect.

2. Effect of Improper Alinement of Camera
for Test

When the camera is being calibrated ander condi-
tions auch thet the foeal plane of the camers is not
normal t¢ the line drawn to it from the central
target, the calibration dats are likely to show the
presence of asymmetrie distortion [7, 8, 9]. This
asymmetric distortion is sometimes confused with
the ssymmetric diatortion produced by priam effect
m the lens [4, 10]. It is, however, much simpler to
elimiuate the ssymmetry of the disitortion values
arising from cemersa tipping thon it is to eliminate
or reduce the ssymmetrical distorlion arizing from
prism effect. In thie section, the cffect of camera
tipping upon the walues of foeal lenpth and distor-
tion I8 considered.

2.1. Determination of the Equivalent Focal Langth

In figure 1, N is the rear nodal point of an ideal
lens, L: €7 is the point whera a perpendicular drupg;d
from N intersects the focal plane, consequently N
iz equal to f, the equivalent jocal length. The
points of intersaction with the focal plane of rays

Ficyse |, Schemalic drajsing showing the tmgge shift produced
by rolating the comera by ameunt ¢ abou! on azia normal o
e plane of Lhe paper and pasaing Ihrough the rear nodal patal
N of the Tenx L.
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inelined at angles § with Lhe optical axis are desg-
nntedd X and ¥. Ag L is an ideal lens having no
distortion,

{1}

. Let the camera be rotsted by amount ¢ about &
lina through ¥ nermal to the plane of the paper.
The foot of the perpendicular from N moves to &,
tho naga of the central ray is at O/, and the ima
formerly found st X and I &re at X’ and ¥*. The
relations connecting the wvarious quantities and
distanees are

OX=0T=F tan 8.

20" —f tan « (2}

X =F tan({f—e) +f tan ¢ (3}
egnd

O F =F tan{f+¢)—F tan ¢ 43

Tho distances 07X’ and /F* are the only quanti-
tﬂas directly messummble. It is clear from figure 1
that

O0"X'+0F ={ tan (8—«)+f tan(8+¢  (5)

or

2 f tah 8

{}r-’X"" ﬂ}"r-‘=cmz !{1 __tmf ﬂ' tﬂ,\ng f::ll

{6

whence

X0y

~9Tan cod? ofl —tan? 8 tan” €.

f 7]

For amall ¢, the term (1 —&} can be substituted for
oa? ¢, und & for tan® e. By neglecting the term in
¢, eq (7) becomes

DH’X’_‘_QJ’:‘Y!’
f=w [1—é'{14-tan® 5]. (8)
For very small values of ¢ the term in £ can be
dropped, and the expression becomes simply
O X 4 rFr
’~"Zmng (©)

Thus, the equivalent foeal length, f ean be de-
termined to 4 good degree of approximation by using
the meesured values of 07X, (' ¥, and the known
volua of 8. The valua of f, 8o determrined, will bae
correct to the nearest thousandth of & mwillimetor for
«< 10 min for values of the foeal length of the order
of 150 mm. TIf eq (9} i3 used when > 10 rnin, the
values of f will be higher than the true valus, the
error running a8 hich as 0.012 mm for e=340 min.
In such case it is necessary to determine e by the
maihod shown in a later portton of this paper and to
use this valne of < in eq (8). The wflue of f de-
termined with eq (8) agrees with the true walue for
valuea of ¢ as hagh as 30 toin.



2.2. Asymmetric Distorion Produced by Impropet
Alinement

When a camers 18 tipped in the manner described
in section 2.1, it 1s found that an asymmetric distor-
tion is mtreduced by suech tipping.  This distortion
affects the relative location in the image plane even
a5 docs the distortion inherent in the iens arising
from lens abarrations. There is, however, one pro-
nounced difference.  Whereas distortion a,ns‘in% rom
lens aberrations is eymmetric about the optical axis,
distortion ansing from camera tipping is decidedly

a3 etric, . ] .
gn this section, the magpitude of this asymmetric
distortion will be derived o terms of # and « for the
cage of a lens that is distortion-free as far as lens
mberrations are concerned. By refernng to figuro I,
when distortion iz computed from the measmsble

guantities in the usual manner, the distortion, Iy, on

ong side is
h=0"X"—0X (10)
ar
Dy=f[tan{f—e) +tan e—tan 5], {1
which may be wintten
Dy=F tan { tan « ﬂ'i;—n_;t“;n% {12}
which for small velues of ¢ i= equivalent to
Iy =7: tan ple(l+tan® §)—tan B{1+ ), (13)
or on heglecting the texm in &,
Dy=—fe tant g1 2. (18)
The distortion, I, for the other sida is
D=0G"Y —0Y (15)
or
Dy=ftan{g+ e} —tan «—ian g, {18)
which for small values of € can be shown to be
D=7 tan® B+ i;f’;;‘; A, (17)

On inspection of the equations for £ and I, it
is obvious that for small « the second term conlaming
« will be very amall compared to the first term in
botlh eguations. It is, therefore, clesr that [ is
spproximately equal to I in magnitide but is oppo-
site in sign. The effect of camers tipping is, acrord-
ingly, an introduction of u symmetric distortion
whose magnitude is & function of g and e It is
worthy of mention that, when one is analyzing the
reaults of measurement made on a camers whose

FET IR St
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direction of tippmg it unknown, the aigi of the
distoriion velues can serve as a gulde in determining
the angle of tpping and the resultant direction of
displaceinent of Lhe eentral b ifrom the true
position of the cemter cross or point of symmetyy,
The point of eymmetry or true position of the center
eroes lies on the same side of the central imaga as
those points showing meximum negative distortion,
To express it another way, the ceniral imape is
displaced from Lhe center cross toward those points
showing maximum positive distortion, To illostrate
the effect of camera tipping, computed values of
Iy oand Iy oare listed in table 1 for the case of a
cemera tipped through an angle =20 min. Ewven
for this relatively larga amount of tip, it cen be seen
that I is nearly equsal lo I} but is opposite 1 sign.

TapLe 1. Asymmefric ditlortion, Dy and Ik, indured fn the
fmage plane Oy Lipping @ camerd, egkipped wilh & lens Boving
an fvalent focm! femgth of 150 wma, thrangh an gagle

e=#1 min
I ThEabirTion
Ay Wiy Hitnalrl; Remllngt mVeragn distortiob
| ] o torcion i ooy
m A el b
E T
T .
-ﬂ'ﬂ*l Hm kit i Tl
7.4 —0.014 T aols i.4H1L
1 —. ol e DS N
1) — 7 | 152 m il
e — My ) Szt D
i — 5 V5L |
L A5 —. gt -t B7F [ -0l

o. Evaluation of the Distortion

The values of the distortion essigned to & camers-
loms combination arc nsually obtained by averagimg
the walues measured at the two corresponding
opposite angulsr sﬁamtimm froin the axis along a
gingle diameier. is corrcsponds to the eveluya-
thon of

_ DD,
D=""5—

{18)

Ln the present ceee, the contribution of Jens aberra-
tions to the dislorion has been assumed zero, so if
I is not zero, the departure therefrom is a conse-
quenee of the camera tipping alone. It is evident
that for small values of «

D4y fétang
2 go=tl

(i9)

Yalues of 17 have been computed for selected valucs
of & and are shown in table 2. It is readily apparent.
that camers Hpping does induce s resultsot distor-
tion that is not eliminated by the averaging process.
This error in distortion produced by camern tipping
can be ssfely neplected for values of ¢ less than 10
min but mey assume serious proporctions for values
of ¢ greater than 20 min.



Taprx 2. Diglorifon feduced in g normatly disgtorlion-fres lena
by Hpping the camera, equipped with o lenx hawing an egqai-
vafend focal lenpth of 150 mm, through o smafl oagle o

Dlgterilan WM 4 of—
A
10 min 10 milne b Ll 1*

dig 1M ] W .

- LN il ]} . O 1. il
15 .1 i - RLOE]
2.5 .l o2 - .02z
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For the case of & real lens having measarable
inherent, distortion, it may be inferred thet the
distortion at a given angle g is given reasonably
closely by oq (18} provided that e 13 kepl less than
15 mmm. If one is desling with a Jenz which is

uired to show less than 0% .020 mm of distortion
referred to Lhe equivalent focal length, it is possible
to induer sn error of 40,003 mm 1 the distortion
referred to the calibrated focal langth if ¢ is a8 groat
a= 30 ran. Il 1= also likely that amesll additional
errors may arise in avergging for those values of g
where the distortion charscteristics of the lens are
changing rapidly with 8. Ewven in such mstances,
the errors in dictortion will uenelly be smoell pom-
pared with the total distortion.

b. Evaluation of the Angle of Camera Tipping

When o camers is tested under conditions such that
the test targets are eymmetrically located about the
central tarpet, it is possible to evaluate ¢ the angle
of camera tipping, in a very simple manner. It can
be shown for small values of « thal

D\ —In

. — 2
7 = fetan®s.

(203

When By, 15, and 8 are known, ¢ can be computed
from the relation

_(D—D)
E—ﬂf mﬂ ﬂ'

{21

This expression iz, of coutse, cotnpuled Tor the case
of a distortion-frec lens but can be used quite satis-
factorily for a lens having distortion arising fron lens
aherrations. This ap nl anomaly results from the
faet that the lens aberration is symmetrical sbont
the axle and has tha same volue at +7 and at — 3.
Consequently, when the diference, I I, ia formed,
the contribution to this difference from lens sberra-
tion is negligible, the only real contribution being
the difference in lens distortion between the angles
B+e and g—¢ which is ususlly very small for =mall
values of e, This difference can become appreciable
in repiona where the distortion is changingb rapidly
with angle. In such cases, a correction can be made,
if one knows the usoal values of the distortion for
the given ‘;?"ﬂe of lens, which vsually will be astis-
factory. able 1 lists the valve of {Dh—1IA} 2 for
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one case of camera tipping.  If « is evaloated from the.
values listed, it will be found that the above approx-
mation (eq (231)) yields the correct value of «

The waiue of tﬁ:! equivalent focal length, f, used
ih eq {21) is the approximate value determinad with
the aid of 2q (9). The departure of thiz value of f
from ita corrected valua will usnally be too =mall to
affoct signifieantly the aceuracy of the determination
of e. However, the value of ¢ derivad from eq (21),
ia suffictently accurate for use in eq (8) to deiermine
the correct value of the equivalent focal length .

2.3. Point of Symmetry

Tt is clear from the foregoing discussion that if a
comers s not properly alined for teat and if eom-
putations of equivalent focal length and distortion
are nonctheless perlormed in the ususl manner,
marked asymmetries in the distortion pattern will
appear. The magnituda of the asymmetey will, of
course, depend upon the amount the camers is tipped
from the condition of proper alinement. In the field
calibration method when the camers is not initinlly
s alined that the focal plene is normal to the line
connecting the front nodal point of the lens and the
center target, an appreciable amount of asymimelric
distortion ig introduced, Methods have been de-
veloped that tend to reduce the itude of the
asvmmetric distortion. This usuall}-involves locat-
ing a new point in the image plane with respect to
wnﬁich the distortion pattern becomes more nearly
symmetrical. This point i1z called the “pomt of
gymmetry™ [6, 11].

In the absence of prism eflect, point O in figure I
is the principal poeint of the camera, and the digtance
'€ ie the shift of the central target image from the
principal point. As °0'’=f tan ¢ and aa the valie
of f tan ¢ can br deduced frotn the measured value of
the asymmetric distertion for a given value of 5,
the location of the prineipal poiot can ba determined.
For this condition the primeipal point and peint of
symmeatry are identical,

When both priem affect and camera tipping are
present, the value of f tan ¢ gzives the location of the
point of symmetry for a selected wvalue of g For
these conditions, the principal point and the poioi
of srmmetry do not coineide,

3. Experimental Verification for Tipped
Camera

In the calibration of precision cameras by the field
method, it is usnal to locate 8 point about which the
distortion is symmetrical. This point i1z called the
point of symmetry [6] and this point is sometimes
set into roincidence with the center of collimation
inatead of setting the principel point intoe coincidence
with the ecenter of collimation. The prevailing prac-
tice At most calibrating laboratories is to set sither
the principal point or the principal pomt of auto-
collimation [2] into coincidence with the center of
collimation (or fiducial center). Tha principal point
iz lacated at the foot of the perpendicular dropped
from the eenter of the exit pupil for the peraxial rays



to the image plane and is the point customarily
brought into coincidence with the center of collima-
tion the Burean. The principal point of anto-
collimation is the image of an infinitely distant point
located in the object space on a line perpendicular
to the focal plane of the camara, This point is
jdentical to the point referred to as the center crosa
in calibration mede by the Bureau. In the abeence
of priem affect, the point of symmetry, principal
point, and the center eross should coincide. The
truth of the foreguing wseertion is readily proved
experitnentally snd the balance of this section ie
devoted to 4 simple experimental proof.

3.1. Exporimental Arrangement

The camera selected for test was one which on
calibration has been found to have negligihle prism
¢ffect, The separation of the principal point and
the center of collimation was less thon 0,010 mm;
and the separation of the center cross and the prin-
cipal point was too smaell to be mesasured. This
camers was placed on tha camera calibrator and
tipped about & horizontal axis lving in a plane defined
by the optical axez of the collimator banks ITT and
I%; {aee B‘;u:es 2 and 3 for diagrammatic sketches of
the trace of this plane in the focal plane of the
camera), To achieve s measured smount of camers
tipping, a amall prism was mounted in front of the
autocollimating telescope, and the telescope alined
to point at the center of the reticle in the eentral
collimator of the camera calibrator,  The prism was
then romoved. The camera under study wms then
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placed in position on the calibrator. An optical -
plane parsllel was sat on the focal plane and the
camera was tippad until its focal plane was normal
to the optieal axis of the autocollimating telescope.
The measured deviation of the line of sight produced
by the prism was 0.2583°. The tip of approximately
15 min accordingly may be expected to produce its
maximum effect along the diagonal that is the inter-
section of tha focal plane the plane defined b
the optical axes of the collimators in banks I and II.

In making the first negative (hereafter referred to
na plate 14}, the camera waa so oriented in azimuth,
that marker A (which designates the line of Bight)
lay between the radisl rows of imagea formed by the
camers lens of the targeta containad in the collima-
tora of banks IT and Because of the tipping, all
of the collimation markers are moved with respect
to the target i toward quadrant I Accord-
ingly when the location of the central image in deter-
mined with respect to the center of collimation, (),
it will be dis from the center of collimation
along the diagonal toward the corner of quadrant IT.
The amount of this tip was measvred directly and
found to ba approximetely 0.2533%. In malang the
second, or check, negetive (plate 2B), the camers
is rotated 180° about the optic axis of the lens with
gll other conditions remaining unchanged. Accord-
in t]}; for plate 1A, the central imagesshould appear
in the quadrant ACD, and displacﬁ from ) in direc-
tion IT, while for plate 2B, the central i should
appear in the quadrant BOC and displaced from ©
in the direction II. In the I80° rotation the direc-
tlion IT remains unchanged and AOLF is replaced
by BOC.
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3.2. Regults of Mearurement
The distances separating all imeges on the negative

{from the i
moasured an
heading ».

of the

{The im
target correaponds to £/ in fi

central collmator target were
are listed in tables 3 and 4 under the

of the eemtral collimator

1, and the values

of ¥ are the measured values of &'X* snd 9'F for
n seried of valyes of A.) The gymbols at the top
and bottom of the columns hesded f tan f indicate
the grientation of the row of images with respect io
the collimator banks and the fiducial markers in the
focal plane (zee figs. 2 8nd 3). ' ! !
h were defermined with the aid of

lent focal le

The values of equiva-

3? {9) ueing the messured values of 8, and the value
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proper solumn. ]Eﬁr using the proper § for each set
of measurements, the values of f tan & are numdputad,
and the value of the distortion, D, obtained from
the relation

D=yr—f tan 8. {22)
These values are shown under the headings f tan g
and I*. Tt ja clear from the measurements t the

primi}ml effect has been produced slong the direc-
tionz I and I a= planned. The asymmetric distor-
tion appearing along the diameter I and ITI is shown
graphically as corve 1 in figure 5. It may ba noted
that Y {hereafter referred to as [y and Dy (hereafter
designatad II), although opposite in sign, are of
unequel magnitudes. This difference in magnitude
is, in large part, a consequence of the large value of
distortion inberent in the lens itself.

a. Evaluaticn of the Angle of Camera Tipping

Tahles 5 and 6 show the avaluation of the angle of
camers tipping e from the distortion arising from the
camars tipping. Values of f tan ¢ are computed
irom the relation

j' tan !=M

2 tani g (23)

)

darived in ssction 2.2 (b), For convenience in com-
putation, the averaga values of ten 8 and tan® 8 for
the actual messured angles are listed in table 7.
The values of f tan & are quite constant for the la
angles of @ for any one zat of computations. For
plate 1A the values a from 0.858 mm: at 45° to
0.681 mm at 30%, with the values of 22,5% and 37.5°
falling within this range. The simple average for
these four values is 0.578 mm, with the maximum
departure being —0.020 at 45° for a deviation of
approximately 3 percent. ‘This sproad of values
cah be appreciably redueed if one correcis for the
presence of disfortion, which m this case would
raize the value of f ten e at 45° by 0.018 o 0.676
while producing changes not exceeding £0.002 mm
for any of the other three values. Although thia
would substantially redoee the spread, thie correction
cha:il.lghes the average by lees than 1 percent; it does
not therefore appear worthwhile to inciude 1t in the
pregemnt discoesion. The veluer of F tan e at the
smaller vahyes of 2 are less relisble, us a srasll ervor
in 7 produces s large error in f tan ¢; for exnmpls, an
aerror of +0.00] mm in r st §=7.5° produces an
error in f tan ¢« of +0.029 mre. The values of f
ten e &t 7.5% and 15° accordingly are not vsed in
evaluating the average value of f tan &. This type
of error decreasez rapidly with increasing g and
becomes negligible for angles greater than 30°.
Soma of the small discrepancies at tha larger angles
doubtless arise ay mentioned from the small differ-
ences in lens distortion at 8-+« and §—« which are
small but noticesble for large ¢¢ These errors are,
however, small in comparison to the larger values of
Ftan e
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Although care was taken to ensure that the
maximum effect of camera tipping would take place
along diagonals I and II, the setting in azimuth was
not quita perfect so & small eifect of the tip mani-
fested itself in directions IIT and IV, The compu-
tation of this component of f tan ¢ is shown in the
lower portions of tables 5 and 6. The full magnitude
of f tan v is then obtained by finding the =quare root
of the sum of the equares of the two orthogonal
components. The resulitant F tan « for plate LA is
0.681, and the corresponding value for plate 2B is
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0.689. Tt iz evident that excellent agreement cxists
between the values, even though the eamera was
rotated 1507 and the direction of the effect therehy
Teversed.

The values of f tan ¢ computed from the measura-
ments of plates 14 and 2B are the amounts by which
the conter imape has been displaced from the position
it occupies n the camers under tkat has besn
properly oriented by autocollimation. A4 the center
nrage was initielly in near coincidence with the
conter of collimetion, the computed displacemeont,
f tan o can ba regarded as a displacement with
regpect to the center of collimetion. The megmitudes
pnd directions of F tan ¢ derived from tahles 5
and £ are shown in the upper part of fizure 4 for
plates 14 and 2B, In the lower part of the figure,
the displacements, originally determined along the
diagonals, have heen resolved into their componenis
along AE and {74 which form the reference systemn
sfforded by lines conneeting opposite paira of col-
limation indax markers. The resultant, &, for each
plate is shown st the bottom, It is clear that there
15 remerkably gpood agreement betweon the wvalues
of & for plates 1A and 2B.
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Finally, the positions of the displaced center image
were measured on the plates themselves with rem::t
to the center of collimetion. The resuliz of ]
measurements are shown in figure 4. Also shown in
the lower part of figure 4 is ths actusl ensured
value of the induced angle of eamers tipping, which
in 0.2583%, snd the computed value of f tan ¢ derived
from this value of ¢ Comparson of these results
with those shown in figure 3 demonstrates that the
displacernents of the center i computod from
the asymmetrical values of the distortion ngree in
direction 2nd magnitede with the observed shift
that nctuslly took place, The emall discrepancies
that remsin may be attributed to several factors
that include the ce of o small residual prism
in the leos, s:unli additional distortions induced by
tipping not completely mr:ﬁansated! small amounts
uip lata corvature, and emall errors in » and §.

coordingly the resultant f tan ¢ hes been de-
termined in three ways with the following Tesults:
{1} # tan « hag been computed from the mesasured
values of the asymmetric distortion, and its average
value for plates 14 and 2B i= 0.685 mm; (2} f tan
¢ haz been measured directly on the negstive with
regpect to the center of collimation, and its average
vahie for plates 1A nnd 2B 1= 0.698; (3) finslly, f tan
¢ hna baon computed en the basiz of the known value
of the induced camera tipping, and its value is
0.691. In view of the relatively large value of f tan
€ 1t is clear that excollent agreement exists among
the three methods, ‘This accordingly justifies the
uea of eq {23) in evaluating the angle of camers
tip‘iaing from the agymmetric values of distortion
and provides & simple mothod of locating the point

of aymmetry on the basis of distortion mensurements.

k. Evaloation of the Distortion

In point of symmetry operations, it is customary
to aqualiza the distortions. Thie esn be done in the
resent case by subtracting the distortion produecd
tipping from the measzured valnes. This is done

in table 8 for one diagona] of plate 1A. In tuble &,
column 1 lists the values of the messured asgymmetric
distortion for one dizsgonal, and column 2 lista the
averaga asymmetric distortion computed for f tan
§=0.678 mm. By adding the values in 2 to those in
1, the resultant lens distortion is obtsined, which is
shown in column 3, The distortion values in 3 are
nenrly equsl for corresponding walues of 2. This
rocess i= shown graphically m figure 5. In the
Egum, curve 1 shows the wvalues of the distortion
computed with the displaced centrsl image as the
center. Curve 2 ghows the amount of this distortion
attributable to camers tliﬂping. _Curve 3 shows the
amount of distortion etill remaining after the cor-
mection for camers tipping is appli It is evident
that ecurve 3 is uibe symmetrical and clossly
approximates a typicsl distortion curve for this
vatisty of wide-angle lens. In the table, column 4
shows the complete equelization obtained by aver-
aging. Column 5 shows the diffarence hetween 3
and 4 and leads to the helief that complete eguasl-
ization was niot achisved becsuse of the introduction
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of a small amoont of residual distortion induced by
plete tipping. Column 6 shows the correction in
distortion introdueed by ehanging from the EFL to
the CFL by amount Af=0.058 mm, Column 7
shows the values of the distortion referred to the
celibrated focnl lenpth, These finel values of the
distortion referred to the CFL; are nearly the same &
thosa obtained from the properly oriented camera;
the small differences arising from the uncompensate
distortion introdyced by camera tipping, which in
this instance would not cxeand 20003 mm.
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4. Diecussicn

When & camera under calibration ia imtislly =o
alined that the focal plang of the camera is not
normal to the line joining the front nodal point of
the lenz and the diztent farget the values of the
distertion based on the mumptlﬂn that the central
image is indeed in its preper poeition will be asym-
metrical about this peint. e values of tha dis-
tortiom at points located at equal but opposite
angles from the center can be used to evaluate the
magnitude and direction of the displacement of the
centra]l imape from its position for the condition of
true normality. On making thiz correction, which
can be done in a zimple manner, the point of sym-
metry cen be readily located. For the case of no
prism effect on the lens, the point so located is the
point of autocollimeation or center crosa.  Accordingly
it iz glaar that for these conditions, the point of
autocollimation angdpomt of aymmetry are identical
and ecan be regarded as the true prineipsl point of
the carmera.

The suthor expresses his eppreciation to other
memberes of the staff for sssistance rendered during
the course of this work. Tha negatives vgad in the
confirmatory experimenta werse made by W. P.
Tayman. esauramenta oh the nepatives were
mm:la Ig W. R, Daring, The drawings were made

Watts.
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