Journal of Research of the National Bureau of Standards

Vol. 49, No. 6, December 1952 Research Paper 2379

Methods of Conjugate Gradients for Solving
Linear Systems’

Magnus R. Hestenes ? and Eduard Stiefel *

An iterative algorithm is given for solving a system Az=F of n linear equations in n

unknowns.

The solution is given in n steps.
case of a very general method which also includes Gaussian elimination.
algorithms are essentially algorithms for finding an » dimensional ellipsoid.

It is shown that this method is a special
These general
Connections

are made with the theory of orthogonal polynomials and continued fractions.

1. Introduction

One of the major problems in machine computa-
tions is to find an effective method of solving a
system of 7 simultaneous equations in n unknowns,
particularly if = is large. There is, of course, no
best method for all problems because the goodness
of a method depends to some extent upon the
particular system to be solved. In judging the
goodness of a method for machine computations, one
should bear in mind that criteria for a good machine
method may be different from those for a hand
method. By a hand method, we shall mean one
in which a desk calculator may be used. By a
machine method, we shall mean one in which
sequence-controlled machines are used.

A machine method should have the following
properties:

(1) The method should be simple, composed of a
repetition of elementary routines requiring a mini-
mum of storage space.

(2) The method should insure rapid convergence
if the number of steps required for the solution is
infinite. A method which—if no rounding-off errors
occur—will yield the solution in a finite number of
steps is to be preferred.

(3) The procedure should be stable with respect
to rounding-off errors. If needed, a subroutine
should be available to insure this stability. It
should be possible to diminish rounding-off errors
by a repetition of the same routine, starting with
the previous result as the new estimate of the
solution.

(4) Each step should give information about the
solution and should yield a new and better estimate
than the previous one.

(5) As many of the original data as possible should
be used during each step of the routine. Special
properties of the given linear system—such as having
many vanishing coefficients—should be preserved.
(For example, in the Gauss elimination special
properties of this type may be destroyed.)

In our opinion there are two methods that best fit
these criteria, namely, (a) the Gauss elimination

1 This work was performed on a National Bureau of Standards contract with
the University of California at Los Angeles, and was sponsored (in part) by the
Office of Naval Research, United States Navy.

2 National Bureau of Standards and University of California at Los Angeles.

3 University of California at Los Angeles, and Eidgenossische Technische
Hochschule, Zurich, Switzerland.

method; (b) the conjugate gradient method presented
in the present monograph.

There are many variations of the elimination
method, just as there are many variations of the
conjugate gradient method here presented. In the
present paper it will be shown that both methods
are special cases of a method that we call the method
of conjugate directions. This enables one to com-
pare the two methods from a theoretical point of
view.

In our opinion, the conjugate gradient method is
superior to the elimination method as a machine
method. Our reasons can be stated as follows:

(a) Like the Gauss elimination method, the method
of conjugate gradients gives the solution in 7 steps if
no rounding-off error occurs.

(b) The conjugate gradient method is simpler to
code and requires less storage space.

(¢) The given matrix is unaltered during the proc-
ess, so that a maximum of the original data is used.
The advantage of having many zeros in the matrix
is preserved. The method is, therefore, especially
suited to handle linear systems arising from difference
equations approximating boundary value problems.

(d) At each step an estimate of the solution is
given, which is an improvement over the one given in
the preceding step.

(e) At any step one can start anew by a very
simple device, keeping the estimate last obtained as
the initial estimate.

In the present paper, the conjugate gradient rou-
tines are developed for the symmetric and non-
symmetric cases. The principal results are described
in section 3. For most of the theoretical considera-
tions, we restrict ourselves to the positive definite
symmetric case. No generality is lost thereby. We
deal only with real matrices. The extension to
complex matrices is simple.

The method of conjugate gradients was developed
independently by K. Stiefel of the Institute of Applied
Mathematics at Zurich and by M. R. Hestenes with
the cooperation of J. B. Rosser, G. Forsythe, and
L. Paige of the Institute for Numerical Analysis,
National Bureau of Standards. The present account
was prepared jointly by M. R. Hestenes and E.
Stiefel during the latter’s stay at the National Bureau
of Standards. The first papers on this method were

409



given by E. Stiefel * and by M. R. Hestenes.” Reports
on this method were given by E. Stiefel ¢ and J. B.
Rosser 7 at a Symposium ® on August 23-25, 1951.
Recently, C. Lanczos ® developed a closely related
routine based on his earlier paper on eigenvalue
problem.’® Examples and numerical tests of the
method have been by R. Hayes, U. Hochstrasser,
and M. Stein.

2. Notations and Terminology

Throughout the following pages we shall be con-
cerned with the problem of solving a system of linear

equations
autiFaptt . . . Fat.=k
Ao+ aostot . . . F 0=k
(2:1)
@121 Anoe s o o - A Qualn=—FKn-

These equations will be written in the vector form
Ax=Fk. Here A is the matrix of coefficients (a;;),
z and k are the vectors (zi,. . .,2,) and (ky,. . . k).
It is assumed that A is nonsingular. Its inverse A1
therefore exists. We denote the transpose of A by

Al

Given two vectors z=(x;,. . .,#,) and y=
(Y1,- - Yn), their sum z+4+y 1is the vector
(@1 4+y1,. - 2o t+Yn), and ax is the vector (awy,. . .,az,),
where @ is a scalar. The sum

) =B @hAr b lbTre o oartiln

is their scalar product. 'The length of z will be denoted

by )
o] = @2+. . Fa2)i= ().

The Cauchy-Schwarz inequality states that for all
B
@y)?<@o) @y or [@yl<l|allyl. (2:2)
The matrix A and its transpose A* satisfy the
relation
n

(&, Ay)=2>Jasey,=(A*2y).

i,j=

If a;;=ay;, that is, if A=A4% then A is said to be
symmetric. A matrix A is said to be positive definite
in case (x,4Ax) >0 whenever 0. If (x,4s)=0 for

4 E. Stiefel, Uebereinige Methoden der Relaxationsrechnung, Z. angew. Math,
Physik (3) (1952).

5 M. R. Hestenes, Iterative methods for solving linear equations, NAML
Report 52-9, National Bureau of Standards (1951).

6 F. Stiefel, Some special methods of relaxation techniques, to appear in the
Proceedings of the symposium (see footnote 8).

7J. B. Rosser, Rapidly converging iterative methods for solving linear equa-
tions, to appear in the Proceedings of the symposium (see footnote 8).

8 Symposium on simultaneous linear equations and the determination of eigen-
values, Institute for Numerical Analysis, National Bureau of Standards, held on
the campus of the University of California at Los Angeles (August 23-25, 1951).

¢ C. Lanczos, Solution of systems of linear equations by minimized iterations,
NAML Report 52-13, National Bureau of Standards (1951).

10 C, Lanczos, An iteration method for the solution of the eigenvalue problem of
linear differential and integral operators, J. Research NBS 45, 255 (1950) RP2133;
Proceedings of Second Symposium on Large-Scale Digital Calculating
Machinery, Cambridge, Mass., 1951, pages 164-206.

all z, then A is said to be nomnnegative. 1f A is sym-
metric, then two vectors z and y are said to be con-
Jugate or A-orthogonal if the relation (z,A4y)=
(Az,y) =0 holds. This is an extension of the ortho-
gonality relation (z,)=0.

By an eigenvalue of a matrix A is meant a number
N such that Ay=»A\y has a solution y#0, and ¥ is
called a corresponding eigenvector.

Unless otherwise expressly stated the matrix A,
with which we are concerned, will be assumed to be
symmetric and positive definite. Clearly no loss of
generality is caused thereby from a theoretical point
of view, because the system Az=Fk is equivalent to
the system Br=I[, where B=A*A, [=A*k. From a
numerical point of view, the two systems are differ-
ent, because of rounding-off errors that occur in
joining the product A*A. Our applications to the
nonsymmetric case do not involve the computation
of A*A.

In the sequel we shall not have occasion to refer to
a particular coordinate of a vector. Accordingly
we may use subscripts to distinguish vectors instead
of components. Thus x, will denote the vector
(o1, - - -, Zon) and z; the vector (24, . . .,2:,). In case
a symbol is to be interpreted as a component, we shall
call attention to this fact unless the interpretation is
evident from the context.

The solution of the system Ax=Fk will be denoted by
h; that is, Ah==k. If xis an estimate of 4, the differ-
ence r=k—Ax will be called the residual of z as an
estimate of 4. The quantity |7|*> will be called the
sauared residual. The vector h—z will be called the
error vector of x, as an estimate of /.

3. Methed of Conjugate Gradients (cg-
Method)

The present section will be devoted to a description
of a method of solving a system of linear equations
Az=Fk. This method will be called the conjugate
grodient method or, more briefly, the cg-method, for
reasons which will unfold from the theory developed
in later sections. For the moment, we shall limit
ourselves to collecting in one place the basic formulas
upon which the method is based and to describing
briefly how these formulas are used.

The cg-method is an iterative method which
terminates In at most 7 steps if no rounding-off
errors are encountered. Starting with an initial
estimate z, of the solution A, one determines succes-
sively new estimates zo, @, @3, . . . of h, the estimate
z; being closer to h than z,;. At each step the
residual r,—=k—Ax; is computed. Normally this
vector can be used as a measure of the “goodness”
of the estimate z;. However, this measure is not a
reliable one because, as will be seen in section 18,
it is possible to construct cases in which the squared
residual |r;|?* increases at each step (except for the
last) while the length of the error vector |h—a
decreases monotonically. If no rounding-off error
is encountered, one will reach an estimate z,,(m =n)
at which r,=0. This estimate is the desired solu-
tion A. Normally, m=n. However, since rounding-
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off errors always occur except under very unusual
circumstances, the estimate z, in general will not be
the solution # but will be a good approximation of 4.
If the residual », is too large, one may continue
with the iteration to obtain better estimates of A.
Our experience indicates that frequently ,,., is
considerably better than z,. One should not con-
tinue too far beyond z, but should start anew
with the last estimate obtained as the initial
estimate, so as to diminish the effects of rounding-
off errors. As a matter of fact one can start anew
at any step one chooses.  This flexibility is one of the
principal advantages of the method.

In case the matrix A is symmetric and positive
definite, the following formulas are used in the con-
jugate gradient method:

po=ro=k—Ax, (xy arbitrary) (3:1a)
ai~ [ml* (3:1h)

(pi,Ap))
R e 0 (3:1c)
Pig =ri—a;Ap;, (3:1d)

Tauile
b,:tlr*i‘g] ) (3:1¢)
Pir1="i111 bips. (3:11)

In place of the formulas (3:1b) and (3:1e) one may
use

@i,r4)

Thy= 3:2¢
“ o Ap) (3:28)
(1‘i+1,Apz)
b,:— L . 321
(p:,Ap) ( )

Although these formulas are slightly more compli-
cated than those given in (3:1), they have the ad-
vantage that scale factors (introduced to increase
accuracy) are more easily changed during the course
of the computation.

The congugate gradient method (cg-method) is
given by the following steps:

Initial step: Select an estimate x, of & and com-
pute )thc residual 7, and the direction p, by formulas
(3:1a).

General routine: Having determined the estimate
x; of h, the residual 7;, and the direction p;, compute
Zit1, Tie1, and pi by formulas (3:1b), . . ., (3:1f)
successively.

As will be seen in section 5, the residuals 7, 7y,

. are mutually orthogonal, and the direction vec-
tors pg, 1, - . . are mutually conjugate, that is,

(’li) rj>:07 (])l'y Ap.l):() (Z¢.7)
These relations can be used as checks.

Once one has obtained the set of n mutually
conjugate vectors p,, .y Pn-1 the solution of

(3:3)

Av—F’ (3:4)

can be obtained by the formula

=1 (pi, k) -
i §<Ap,,p>7’ (3:5)

It follows that, if we denote by p,; the jth component
of p;, then

SN PuPu
=0 (ps, Ap))

is the element in the jth row and kth column of the
inverse A~ of A.

There are two objections to the use of formula
(3:5). First, contrary to the procedure of the
general routine (3:1), this would require the storage
of the wvectors pg, p1, . . . . This is impractical,
particularly in large systems. Second, the results
obtained by this method are much more influenced
by rounding-off errors than those obtained by the
step-by-step routine (3:1).

In the cg-method the error vector h—u is diminished
in length at each step. The quantity f(z)=(h—uz,
A (h—u)), called the error function, is also diminished
at each step. But the squared residual |r|*=|k— Ax|*
normally oscillates and may even increase. Thore
is a modification of the cg-method where all three
quantities diminish at each step. This modification
is given in section 7. It has an advantage and a
disadvantage. Its disadvantage is that the error
vector in ecach step is longer than in the original
method. Moreover, the computation is complicated,
since it is a routine superimposed upon the original

one. However, in the special case where the given
linear equation system arises from a difference

approximation of a bounrdary-value problem, it can
be shown that the estimates are smoother in the
modified method than in the original. This may be
an advantage if the desired solutior is to be differ-
entiated afterwards.

Concurrently with the solution of a given linear
system, characteristic roots of its matrix may be
obtained: compute the values of the polynomials
Ry, R,, . . . and Py, P;, . . . at X\ by the iteration

ROZPOZI
Ri+1:I{i_‘)\a’i})i

Pi+]:]{1+1+bil)i. (36)
The last polynomial R, (\) 1s a factor of the charac-
teristic polynomial of A and coincides with it when
m=n. The characteristic roots, which are the zeros
of R,,(\), can be found by Newton’s methods without
actually computing the polynomial &,,(N) itself.
One uses the formulas

R, (A
)‘k+1:)\k ( k)

B (n (M) (3:7)
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where R,,(\;), R, (\;) are determined by the iteration
(3:6) and,
IRESIRAE=)

R .1=R!—\a,P;—a;P;
Pio—Ri+bP,
with A=X;. In this connection, it is of interest to
observe that if m=n, the determinant of A is given

by the formula

det (A)= I

AQop; . . . Ay

The cg-method can be extended to the case in
which A is a general nonsymmetric and nonsingular

matrix. In this case one replaces eq (3:1) by the set
To— k == 4’/1.1'4), Do A *7‘0,
a.*lA*ri]?
" |Apf?
L1 =T+ APy,
(3:8)
P =ri—a;Ap,
e |A* '"z+1\
[A*r?

P1+1:A*"z‘+1+bi271-

This system is discussed in section 10.

4. Method of Conjugate Directions (cd-
Method)!

The cg-method can be considered as a special case
of a general method, which we shall call the method
of conjugate directions or more briefly the ed-method.
In this method, the vectors pg, p1, . . . are selected
to be mutually conjugate but have no further restric-
tions. It consists of the following routine:

Initial step. Select an estimate z, of h (the solu-
tion), compute the residual =k — Az, and choose a
direction p.

General routine. Having obtained the estimate
2, of h, the residual »,=k— Az, and the direction p;,
compute the new estimate x,., and its residual »,,
by the formulas

(Pi,r)
Qg 4:1a
@i Ap)’ (#:12)
T =%;ap;, (4:1b)
ra=ri—a;Ap;. (4:1¢)

1 This method was presented from a different point of view by Fox, Huskey, and
Wilkinson on p. 149 of a paper entitled ‘“Notes on the solution of alg( braic linear
simultaneous equations,” Quarterly Journal of Mechanics and Applied Mathe-
maties c. 2, 149-173 (1948).

Next select a direction p,,, conjugate to po, . . ., p;
that is, such that
(pf+ly‘4])j):0 (j:(),l, GO .y?.:). (4:2)

In a sense the cd-method is not precise, in that no
formulas are given for the computation of the direc-
tions pg, p1, . . . . Various formulas can be given,
each leading to a special method. The formula
(3:1f) leads to the cg-method. It will be seen in
section 12 that the case in which the p’s are obtained
by an A-orthogonalization of the basic vectors
(1,0, . . ., 0), (0,1,0, D, . . . leads essentially to
the Gauss elimination method.

The basic properties of the ed-method are given by
the following theorems.

Theorem 4:1.  The direction vectors pg, py, - - « are
mutually conjugate. The residual vector r;1s orthogonal

to po, P, + -+ -, Pic1.  LThe inner product of p; with each
of the residuals ro, ry, - - -, r;is the same. That is,
(ps,Ap;)=0 (15%7) (4:3a)
(p;,r1)=0 (7=0,1, - - -3—1) (4:3b)
(Poro)=Di,r)= - - - = (Dy,74). (4:3¢)
The scalar a; can be given by the formula
=i )

in place of (4:1a).
Equation (4:3a) follows from (4:2).
we find that

Using (4:1¢),

(Psrre1) = Ds,re) —ar(ps, Apr).

If j=Fk we have, by (4:1a), (pi,rxs1)=0. Moreover,
by (4:3a) (p,,7xs1)=(psre), (77#k). Equations (4:3b)
and (4:3¢) follow from these relations. The formula
(4:4) follows from (4:3¢) and (4:1a).

As a consequence of (4:4) the estimates z;,z,, - -
of h can be computed without computing the 1051(1—
uals 7,7, -, provided that the choice of the
direction vectors pg,p;, - - - 1s independent of these
residuals.

Theorem 4:2. The ed-method is an m-step method
(m =n) in the sense that at the mth step the estimate .,
1s the desired solution h.

For let m be the first integer such that y,=h—a1s

in the subspace spanned by po, - - -, p_i. Clearly,
m=mn, since the vectors po,p;, - - - are linearly inde-
pondent We may, accordingly, choose scalars

g, + + -, ay-p such that

Yo=0coPot * - * T+ tm1Pm—1.
Hence,
h=ry+apot - - - +am-1Pm1.
Moreover,
ro=k—Ar,=A(h—1x,) = acAp,+ DT i B i
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Computing the inner product (p;,7) we find by (4:3a)
and (4:4) that a;=a; and hence that h=u,,, as was
to be proved.

The cd-method can be looked upon as a relaxation
method. In order to establish this result, we intro-
duce the function

J@) = (h—z,A(h—2z))= 2(x, k)4 (h,k). (4:5)

Clearly, f(z)=0 and f(z)=0 if, and only if, z=h.
The function f(z) can be used as a measure of the
“ooodness” of z as an estimate of &. Since it plays
an important role in our considerations, it will be
referred to as the error function. If p is a direction
vector, we have the useful relation

S@+ap)=f(x) —2a(p,r)+*(p,Ap),
where r=k—Ax=A(h—=z), as one readily verifies
by substitution. Considered as a function of «,

the function f(z-+ap) has a minimum value at
a=a, where
®r)

(p, Ap)

This minimum value differs from f(z) by the quantity

<I)A'E) —

(4:6)

= (4:7)

F@)— f@+ap)=a¥p, Ap)= ((7”—” (4:8)

p,Ap)

Comparing (4:7) with (4:1a), we obtain the first two
sentences of the following result:

Theorem 4:3. The point x; minimizes f(x) on the
line t=a; 1+ap,_1. At the i-th step the error f(x; ;)
is relaxed by the amount

(pz 1;’ i— 1)

f(I (pl 1,/1171 1).

flxiy) (4:9)

In fact, the point x; minimizes f(x) on the i-dimensional
plane P of points

T=2To+ aPot...F i 1Pi—1, (4:10)
where ag, ..., o, are parameters.
tains the points xy, x,, ..., ;.

In view of this result the cd-method is a method
of relaxation of the error function f(x). An iteration
of the routine may accordingly be referred to as
a relaxation.

In order to prove the third sentence of the theorem
observe that at the point (4:10)

This plane con-

i—1
F@)= (20 = 23 [2e4(ps, 7o) — ilps Ap))-

At the minimum point we have

o (pH 7"0>
" (p;, Apy)

and hence a;=a;, by (4:4). The minimum point is
accordingly the point z;, as was to be proved.

Geometrically, the equation f(z)=const. defines
an ellipsoid of dimension n—1. The point at which
f(z) has a minimum is the center of the ellipsoid and
is the solution of Az=Fk. The 7-dimensional plane
P;, described in the last theorem, cuts the ellipsoid
f@@)=f(r,) m an ellipsoid E; of dimension i—1,
unless F7; is the point z, itself. (In the cg-method,
FE; is never degenerate, unless z,=~A.) The point a; is
the center of £;. Hence we have the corollary:

Corollary 1. The point x; is the center of the
(1—1)-dimensional ellipsoid in which the i-dimensional
plane P; intersects the (n—1)-dimensional ellipsoid
F@)=f@y).

Although the function f(z) is the fundamental
error function which decreases at each step of the
relaxation, one is unable to compute f(x) without
knowing the solution A we are seeking. In order to
obtain an estimate of the magnitude of f(z) we may
use the following:

Theorem 4:4.  The error vector y=h—u, the residual
r=k—Ax, and the error function f(x) satisfy the
relations

|r|?
4:11
3 SI0 5y e
where w(z) is the Rayleigh quotient
z,Az
wle) =152, (4:12)

2F

The Rayleigh quotient of the error vector vy does not
eaceed that of the residual r, that is,

u(y) = u(r). (4:13)
Moreover, i "
<y =2 4:14
W= =) =
The proof of this result is based on the Schwarzian
quotients
( ) < ( Z, ‘1 ) (A =) A )
(2, dz) (4 . 4:15
z.2) = (,A2) =(dz,dn) 4P

The first of these follows from the inequality of
Schwarz

[, 2= (p,p)(g,9) (4:16)

by choosing p=2z, ¢g=Az. The second is obtained
by selecting p=Bz, ¢= B*z, where B*=A.

In order to prove theorem 4:4 recall that if we
set y=h—u, then

r=k—Az=Ah—z)=Ay
f@)=(y,4y)

by (4:5). Using the inequalities (4:15) with z=y,
we see that
M(1/)_<7/JAU) (A?/vA?/) "iz (A’I/,[lZg/)
. ,y) = (,Ady)  f( )"(A?/,A?/)
r, Az
<(7 /)> il
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This yields (4:11) and (4:13).
p=y and ¢=r we find that

f@)=(,Ay)=@y,r) =y ||

F@)=p@)yl* <yl irl,

so that the second mquality in (4:14) holds.
first inequality is obtained from the relations

Using (4:16) with

Hence
The

|r|?

v)’._f(»b)<|y]] rl.

As is to be expected, any cd-method has within
its routine a determination of the inverse A~* of A.
We have, in fact, the following:

Theorem 4:5.  Let po, . . ., pu_1 be n mutually con-
Jugate nonzero vectors and let py; be the i-th component

of pi.  The element in the j-th row and k-th column of
At s given by the sum
- Awpzk
5 ey

This result follows from the formula

=t

o (pi )
h= fTé(pl,Apl)

for the solution & of Axz=Fk, obtained by selecting
2o=0.

We conclude this section with the following:

Theorem 4:6. Let m; be the (n—1)- dumnvwnal
plane through x; conjugate to the vectors po, pi, . . .,
Pic1.  The plane m; contains the points xi, x; 1, .
and mtersects the (n—1)-dimensional ellipsoid f(:c)f
f@) in an_ ellipsoid E; of dimension (n—i—1).
The center of E! 1s the solution h of Az=Fk. The point

Tiyq 1€ the mzdpomt of the chord C; of E! through x,,
which is parallel to p,.  In the cg-method the chord C,
18 mormal to K. at z; and hence 1s in the direction oj
the gradient of f(x) at x;in ;.

The last statement will be established at the end
of section 6. The equations of the plane =; is given
by the system

(Apj,x—x[):()

(j=0,1,. . i—1).

WPi-1, 8O also
(>1).

The pomnts z4,2:1,. . .,z,=h are accordingly in
and 4 is the center of £;. The chord ;is defined by

the equation z=u;+1tap;, where ¢ is a parameter. As
is easily seen,

f@ittap,) =Ff(x;)— (2t—

Since py,pii,. - . are conjugate to pq,. .
is

Tp—Ti=0:Pit. . T+ Ap—1Pr—1

a;(pi,Ap:).

The second endpoint of the chord C; is the point
2;+2ap; at which t=2. The midpoint corresponds
to t=1, and hence is the point z,., as was to be
proved.

In view of theorem 4:6, 1t is seen that at each step
of the cd-routine the dimensionality of the space ,
in which we seek the solution % is reduced by unity.
Beginning with z;, we select an arbitrary chord C of
=l through 7o and find its center. The plane
m through z; conjugate to C, contains the centers of
all chords parallel to (. In the next step we re-
strict ourselves to 7, and select an arbitrary chord
() of f(x)=f(x;) through z; and find its midpoint
z, and the plane =, in m; conjugate to C; (and hence
to (). This process when repeated will yield the
answer in at most n steps. In the cg-method the
chord C; of f(z)=f(z;) is chosen to be the normal
at b

5. Basic Relations in the cg-Method

Recall that in the eg-method the following formulas
are used

Po=ro=k— Aux, (5:1a)
P L (5:1b)
(pi, Apy)
'T'i+1:mi+a[77,' (5:1(',\)
]'i+1:ri_a1117)i (5:1(1)
b= ’Il”‘ll (5:1e)
Pii=ri+0ps (5:1f)

One should verify that eq. (5:1e) and (5:1f) hold for
1=0,1,2,. . . if, and only if,

k=0,1,2,.... (5:2)

ljl

The present section is devoted to consequences of
these formulas. As a first result, we have

Theorem 5:1. The residuals ry, 7y, . . . and the
direction vectors po, pr, . . . generated by (5:1) satisfy
the relations

(ryr;) =0 (2 #7) (5:3a)
(ps,Ap)=0  (i#) (5:3b)
(Pur)=0 <j),  (Por)=Irf* @25 (5:3¢)

(ro,Ap) = (ps,Apy), (ri,Ap)=0 (i=ji#j+1) (5:3d)
The residuals ry, vy, . . . are mutually orthogonal and
the direction vectcrs po, p1, . . . are mutually conju-
gate.

The proof of this result will be made by induction.
The vectors ro, Do =7, and 7, satisfy these relations
since

(ro,r1) = (Po,11) = o]’ — (19, Apo) =0
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by (5:1b). Suppose that (5:3) holds for the vectors
7o, - . o rrand po, . . ., pr_1. To show that p, can
be adjoined to this set it is necessary to show that

(rop)=|nl>  (@=k) (5:4a)
(pi,Apr) =0 (1<k) (5:4b)
(r,Ap:) = (pr, Apy) (1=kp=k—1) (5:4c)

Equation (5:4a) follows at once from (5:2) and
(5:3a). Toprove (5:4b) we use (5:1d) and find that

(rignpe) = (riypr) — @i (Apip).
By (5:4a) this becomes

|re*=

Since a, >0, eq (5:4b) holds.
(5:4¢), we use (5:1f) to obtain

(Pr,Apy) = (ri, Ap o) +bi1(pr—1, Aps) = (1, Apy)
(1#=k—1)-

(1 <k)-

In order to establish

|[7e|*—a(Apq,p)

It follows that (5:4¢) holds and hence that (5:3)
holds for the vectors ro, v, . . ., rp and pg, pi, . . .,
pk'

It remains to show that r,; can be adjoined to this
set. This will be done by showing that

(74,7%41) =0 (i=Zk) (5:5a)
(Apyria)=0  (i<<k) (5:5b)
Pores) =0 (=k). (5:5¢)
By (5:1d) we have
(riTer) = (royre) —ar(ri, Apy).

If 1<k, the terms on the right are zero and (5:5a)
holds. If ¢=Fk, the right member is zero by (5:1b)
and (5:3d). Using (5:1d) again we have with i<k
0= (rr41,"141) = (Try1,70) — @i (T, AP o) = — @i (ri1,Apy) .
Hence (5:5b) holds. The equation (5:5¢) follows
from (5:5a) and the formula (5:2) for p..

As a consequence of (5:3b) we have the first two
sentences of the following:

Theorem 5:2. The cg-method is a ed-method. It is
the special case of the cd-method in which the p; are
obtained by A-orthogonalization of the residual vectors
7« Onthe other hand, a cd-method in which the resid-
uals ro, vy, . . . are mutually orthogonal s essentially
a cg-method.

The term “essentially” is used to designate that
we disregard iterations that terminate in fewer than
n steps, unless one adds the natural assumption that
the formula for p; in the routine depends continu-
ously on the initial estimate z,. To prove this result

we accordingly suppose that the routine terminates
at the n-th step. Since the r; is orthogonal to
7y we have z;5x,, and hence @,;0. It follows that
(pur)#0by (4:1a). Wemay a(‘cor(hngly suppose the
vectors p; have been normalized so that (p;r,) = |ri[*.
In view of (4:3b) and (4:3¢) eq (5:3¢) holds. Select.
numbers a;; such that

n—1
Di= 2 il
=0

Taking the inner product of p; with r; it 1s seen by
(5:3¢) that

Jrf®

= 62, (<)

aij:O

Consequently, (5:2) holds and the theorem is estab-

lished.
Theorem 5:3.

the direction vectors poy, pi, . . .

The residual vectors ro, vy, . . . and
satisfy the further

relations
e AR (5:6a)
|pa|2=rs|24- b7 _1|pi—i|?=]ry|* Z‘, T [ (1>0)
(5:6b)
(roAr)=0  |i—j|>1 (5:6¢)
(ri,A"i):(PnAPi)”{‘b?-l(ﬁi_hAPiAl) (1>0).
(5:6d)

The vector r, is shorter than p;.  The vector p; makes
an acute angle with p;. .

The relations (5:6a) and (5:6b) follow readily from
(5:1e), (5:1f), (5:2), and (5:3). Using (5:1f) and
(5:3d), we see that
(ri, Ar) =@y, Ap)—b;_1(ri, Ap;_1)=0 (1<g—1).
Hence (5:6¢) holds. Equation (5:6d) is a conse-
quence of (5:1f) and (5:3b). The final statements
are interpretations of formula (5:6b) and (5:6a).

Theorem 5:4. The direction wvectors po, P,
satisfy the relations
(5:7a)

P1=(1+4bo)po—asAp,

i>0).  (5:7h)

. satisfy the relations

Piri=(1+b)p:

Similarly, the residuals rq, ry, . .

—aiAPz““bi—lpi—l

ri=ro—ayArg (5:8a)
rr=14d_)ri—aAri—b]_yri_;, (5:8b)

where
b= ‘f"l bio. (5:9)
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Equation (5:7b) is obtained by eliminating 7,
and 7; from the equations

])H—l:ri-}—l—l_bipi
7'i+1:7"i—aiApi

pi:ri-I_bi—lp‘i—l-

Equation (5:7a) follows similarly. In order to prove
(5:8b), eliminate Ap; and Ap,;_, from the equations

'"i+1:7’i"aiA])i
Api:Ari+bi—1Api—l
ri="ri_1— Qi1 Api_1.

Equation (5:8a) holds since py=r,.
Theorem 5:5. The scalars a; and b; are given by the

several formulas
ri|? Piy74) (Piy 7o)
= = = 5:10
“londp) o Ap) o Apy O
o risal® _ (P, Apy) (g, Ari) o
e Irl2  (p, Ap) Py, ApY) (5:11)
The scalar a; satisfies the relation
1 1 : =
S=ul0, )< g<ul) (>0), (5:12)
where u(z) is the Rayleigh quotient (4:12).  The recip-

rocal of a; lies between the smallest and largest char-
acteristic roots of A.

The formula (5:10) follows from (5:1b) and (5:3¢),
while (5:11) follows from (5:1e), (5:1f), (5:3b), and
(5:3d). Since

|r:| <|pal, (ry, Ari) > (pi, Aps)

by (5:6b) and (5:6d), we have

(PuAP (pi, Apy)

(’)1'7/17‘17
PP S e < -

|r4l?

l)<

The inequalities (5:12) accordingly hold. The last
statement is immediate, since u(2) lies between the
smallest and largest characteristic roots of A.

6. Properties of the Estimates x; of A in the
cg-Method

Let now x, 2, . . ., 2,=h be the estimates of &
obtained by applying the cg-method. Let 7y, 7,
. 7»=0 be the corresponding residuals and p,,
D1, + « .+ Pm—r the direction vectors used. The pres-
ent section will be devoted to the study of the prop-
erties of the points x,, z;, . Tp.  As a first result
we have

Theorem 6:1.

The estimates xg, 1, - - -, T, Of b are
distinet.

The point x; minimizes the error function

f@)=(h—x,A(h—x)) on the i-dimensional plane P,

passing through the points xo, xy, - - -, ¥, In the ith
step of the cg-method, f(x) is diminished by the amount

f@) —f@)=aia|ria|*=p@y) [r—2f?, (6:1)
Hence,

(1<7)-
(6:2)

where u(z) 1s the Rayleigh quotient (4:12).
Sf@) —f(z)=air+ Tt ayalriaf?

The point x; is given by the formulas

—f),

2k r;.  (6:3)

‘IO+ZQJPJ‘—J'0+ZOJ(

This result is essentially a restatement of theorem
4:3. The formula (6:3) follows from (5:2) and
(6:2). The second equation in (6:1) is readily
verified.

Theorem 6:2. Let S; be the convex closure of the
estimates xo, Ty, + - -, 25 The point x; is the point in
S, whose error vector h—z is the shortest.

For a point 2 #z; in S, is expressible in the form

T —aodot o
where a; 20, o+ a;+- o=
We have accordingly
T—r=ag(X—%o) + + T a1 (@—2:—1) =BoPo

- +Bi 1P,

where the B's are nonnegative. Inasmuch as all

(p,,pr) >0 1t follows that

(x;—x; ©;—2) >0 (2<7).
Using the relation
|, —al?=|a;— 2>+ 2@—x; v,—2)+|2; (6:4)
we find that
r—a <, —xp (<))

Setting j=m, we obtain theorem 6:2.

Incidentally, we have established the

Corollary. The point x; is the point in S; nearest tc
the point x; (7 >1).

Theorem 6:3.
error vector Y=

At each step of the cg-algorithm the
h—ux; is reduced in length. In fact,

fl)+ fQri)

12— ly|2= 5
e (5]

where u(z) is the Rayleigh quotient (4:12).
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In order to establish (6:5) observe that, by (5:6a),

l'i—l):(fm_fi,I)i—1)(li—1

:[‘li(f’h])i—l)+~ . ~+(lm—1(va1yPi41)](li—1

a; i
a/’L" ‘ + +awz 1[’m 1‘2] ];‘pmll

(@ iti—

In view of (6:2) and (5:1b) this becomes

S (x3)
(])1 1)

Wy xe— 7)== (6:6)

Setting 2=z, ; and j=m in (6:4), we obtain (6:5)
by the use of (6:6) and (6:1).

This result establishes the cg-method as a method
of successive approximations and justifies the pro-
cedure of stopping the algorithm before the final-
step 1s reached. If this is done, the estimate ob-
tained can be improved by using the results given
in the next two theorems.

Theorem 6:4. Let xy, - - -, a9 be the projec-
tions of the points xyy, - - -, x,=h in the i-
dimensional plane P, passing through the ])omfs Xo,
Xy, - - -, Xy The points Ty, Ty 284, - - -, o lie
ona straight line in the order given by their en ummatzon
The point 2 (k>>1) is given by the formulas

76— Q,(,',;J),, flag :
G =g @) =T )(.l7 i), (6:7a)
'l"\(’l ' = '/I" i—1 + '/l <.l“i3: ’/‘..,Qk) )1— 1+ ((3:7[.))

In order to prove this result, it is sufficient to
establish (6:7). To this end observe first that the

vector
|7;? Py
P, Pic (721)
‘,i 1
is orthogonal to each of the vectors py, pi, - - -,

Pi-1. This can be seen by forming the inner product
with p,(l<7), and using (5:6a). The result 1s

i JV

|11\

o, = ‘ - Pi- 1)*‘ J [‘ 1! _"1[ =0
The projection of the point
Tk:Tz;l+G'f—1])i—1+(lipi+~ . T @r—1Pr—
in P, is accordingly
) G 2 T
=g gar = ] —T, ]—{- folite ]‘ Pi-1-
i—1

Using (6:2), we obtain (6:7). The points lie in the
designated order, since f(zx) >f(x114).
Since f(x,)=0, we have the first part of

Theorem 6:5.  The point

r(nl)*J +‘f( )

P Pi-1

(6:8)
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1s the point in P, whose distance from the solution h is

the least. It lies on the line x,_yx; beyond x,. Moreover,
1 1 1
— = e - 6.9
T 1) T 8:9)
and
> ey J @) —Ff@) .
h—x|*=|h—2z|? > 6.10
lh—z|*=| iy (6.10)

In order to establish (6:9) and 6:10) we use the
formula

A=) ar o (pi_1,Api_y),

which holds for all values of « in view of the fact that

x; minimizes f(z) on P, Setting a=f(z;)/|ri_1/*
we have
o Jx)? fa)*
( ))_f(ll) (lz X}'zf ‘ ( )+< i— 1)”— (’1)

An algebraic reduction yields (6:9). Inasmuch as

(1) 2 ') ’pl 1\
L r)l 1|
f(f) Ui-l!]{i-lliz,
(I: 1) f(’z) ‘]'L—l};)

we obtain (6:10) from (6:9) and (5:1b).

As a further result we have

Theorem 6:6. Let m{, . . ., a1 be the projections
of the points xy, . . ., x,_, on z‘lw /Ln()_ otning the initial
poznt xo to the sul?mon a“,,,~/f The points x, Wy o o o

L1, Tp=h lie in the order of enumeration.

Thus, it is seen that we proceed towards the solu-
tion without oscillation. To prove this fact we need
only observe that

(Tm— 2o, 13— X41) =(T —T0y@¢—1,Pi-1)
m—1
=a;_1 >, ai(p;pi—1)>0
Jj=0
by (5:6a). A similar result holds for the line joining
z;t0 2;(1<7).

Let 7; be the (n—i)-dimensional ])l(me through z;
conjugate to po, P, - - -, pia. It consists of the set
of points z satisfying the oquatlon

(ES ==

z;) =0 (G=0,1, . . ., i—1).

This plane contains the points z;.y, . . .., and hence
the solution /.

Theorem 6:7. The gradient of the function f(x) at x;
i the plane = is a scalar mulz‘aple of the vector p..

The gradlent of f(x) at z; is the vector —r,. The
gradient ¢, of f(z) at x; in 7, is the orthogonal projec-
tlon of —7;in the plane ;. Hence ¢, is of the form

qi:~"i+’aoﬂpn+ .. -+Oli—'.il])z~1,



where aq, . . .,a;; are chosen so that ¢; is orthogonal

to Apg, . . ., Ap;_;. Since
y i
pe=|r® >
=0 |ryl
f']+l:7'j*(lj[1pj (j:(),],. . ..7‘41),

it is seen upon elimination of 7, r, . . ., 7;,_; succes-
sively that p, is also a linear combination of »;, Ap,,

o Api_y. Inasmuch as p, is conjugate to po, . . .,
p, 1, 1t 18 orthogonal to Ap,, . . ., Ap; ;. The vector
p: accordingly is a scalar multiple of the gradient ¢,
of f(x) at ;in m;, as was to be proved.

In view of the result obtained in theorem 6:7 it is
seen that the name “method of conjugate gradients’
i1s an appropriate name for the method given in sec-
tion 3. In the first step the relaxation is made in the
direction p, of the gradient of f(z) at x,, obtaining
a minimum value of f(z) at z;. Since the solution A
lies in my, it 1s sufficient to restrict « to the plane .
Accordingly, in the next step, we relax in the direc-
tion p; of the gradient of f(z) in 7, at x;, obtaining the
point z, at which f(x) is least. The problem is then
reduced to relaxing f(z) in the plane m, conjugate to
po and p,. At the next step the gradient in 7, in
1s used, and so on. The dimensionality of the space in
which the relaxation is to take place is reduced by
unity at each step. Accordingly, after at most n
steps, the desired solution is attained.

7. Properties of the Estimates x; of h in the
cg-Method

In the eg-method there is a second set of estimates
To=&g, Ly, L9, . . . of h that can be computed, and
that are of significance in application to linear
systems arising from difference equations approxi-
mating boundary-valve problems. In these applica-
tions, the function defined by 7; is smoother than
that of x;, and from this point of view is a better
approximation of the solution 4. The point Z; has
its residual proportional to the conjugate gradient p,.
The points Zy, z;, 5, . . . can be Lompute(l by the
iteration (7:2) given in the following:

Theorem 7:1.  The conjugate gradient p;is expressible
in the form

pi=ci(k—AZ;), (7:1)

where ¢; and Z; are defined by the recursion formulas

00:1, (’iH:l-%—bi(‘i (7:2&)

— S Ti+1+bici;i -
Lo=1Ty, Ji.,HZ_ S (l?b)

Cit
We have the relations
|2
1—|7‘,]22‘ (72321)
i= (M’Jw |

|2 €5

Ti=—"— 7:3b
Cy j= 0\7‘1 (I )
= = 1 ,rl’z i T -
)i—k [1.7/'1‘ 1= ¢ ]ZO‘?JZZ (1.3C>
The sum of the coefficients of o, 1, . . ., 2; tn (7:3b)

(and hence of ro,ry, . . ., ryin (7:3¢)) s unity.

The relation (7:1) can be established by induction.
It holds for i=0. If it holds for 7, then

(1+bic1‘)k_/1(-rf+l+bicizi)

:(’i+1(k—“A§i+1)-

Pit1=Tip1+bpi=

The formula (7:3a) follows from (7:2a), (5:1e) and
(5:6b). Formula (7:3b) is an easy consequence of
(7:2b). To prove (7:3¢) one can use (5:2) or (7:3b),
as one wishes. The final statement is a consequence
of (7:3a).

Theorem 7:2.  The point T, gwen by (7:2) lies in
the convex closure S; of the points xq, a1, - « -, x; [t is
the point x in the i-dimensional plane P; through x,
zy, -« - -, 2y at which the squared residual |k— Az|* has
aits minimum value.  This minimum value 1s given by
the formula

| ral!

1% ]2 " ‘
73] *= fp B

(7:4)

The squared residuals |ro? |7,|% - - - diminish mono-
tonically during the cg-method. At the ith step the
squared residual is reduced by the amount
|Fioa|?
|71 |2— 7| =" Igf’ . (7:5)

i

The first statement follows from (7:3b), since the
coefficients of xg, x;, - - -, x; are positive and have
unity as their sum. In order to show that the
squared residual has a minimum on P; at z;, observe
that a point = in P, differs from z; by a vector z, of
the form

T—T;=2=Pot * T 1Pi1

The residual 7=k — Az is accordingly given by

Az;=agApo+- -

Tta1Apiy.

Inasmuch as, by (7:3¢), 7,=p,/c;, we have

1 N
(T, 1127;):;. (pi, Ap)=0 (7<).
Consequently, (7;,Az,)=0 and
|7|? 2i|2>|74|? (x#=T;).
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Tt follows that Z, affords a proper minimum to || on
P, Using (7:3¢) and (7:3a) and the orthogonality
of r;’s, it 1s seen that the minimum value of |r|? on
Pis given by (7:4). By (7:4) and (7:2a)

W)
:|71<1_,%>:£67|

This completes the proof of theorem 7:1.
Theorem 7:3. The Rayleigh quotients of r,, 7,
. and To, Ty, . . . are connected by the formulas

#(71‘)_’_”(;1'—1)

=S

|2 = | 2
1]

‘71'__1]2"“ /_ = /

urs) _
[ri|2

(7:6a)

,“'(_) V’(rz) #(71 1) 1\ Pﬁp) .
T2l e T D g (56D
The Rayleigh quotient of 7,(i >0) is smaller than that
Of ', th(lt 'éS‘, “(7i><”(rl‘>'

In order to prove this result we use (5:6d) and
obtain

(rhé@:gpj»Api)_l_(pi—erpi—l)'
|r4]* lral* [7i-a]*
Since |ri|*=|p:*I7:|* and u(p;)=u(7,), this relation

yields (7:6a). The eq (7:6b) follows from (7:6a).
The last statement follows from (5:12).

In the applications to linear systems arising from
difference equations approximating boundary value
problems, w(r7;) can be taken as a measure of the
smoothness of z;. The smaller u(r,) is, the smoother
x;1s.  Hence Ty is smoother than x,.

Theorem 7:4. At the point Z; the crror function

1(x) has the value

f(T]+1)

l' [t

F@E)=f(a)+ |7 Z

and we have

(7:7)
f@)<f@)<Sf@i). (7:8)

The sequence f(Zy), (), #(x2),

tonically.

In order to prove this result, it is convenient to set

. decreases mono-

7 1&2 _Ci—llri‘z_bi—lci—l_

i——1:I7i_1’|’2——Ci!ri_1]2-—— ¢ (79)
By (7:2) we have the relation
T—2i=bi1 @i —a)). (7:10)

Using the formula
J@)—f(@) = @—2;, Al—21)),

which holds for any z in P, we see that

f(EI) —f(;l'ri) :b'%_1(zi_1 *J:t, 4/1(;1'—1—'1)')) )

that is,

@) —f@) =21 [f@e) (7:11)

By (7:9) it is seen that this result can be put in the
form

J@)—f@)_

R

— /(@)

ffjp 1)jf(f )

7ial*

L IG) =i

7y |*

Slnee Tg=—=2ry thi_s formula yields the desired relation
(7:7). Since b, <1, 1t follows from (7:11) and
(7:7) that (7:8) holds. This proves the theorem.

Theorem 7:5. The error vector y;—h—ux, is shorter
than the error vector y;—h—2z;.  Moreover, 7, s shorter
than 1y,

The first statement follows from (7:2). It also
follows from theorem 6:2, since 7; is in §;. By
(7:2) the point Z; lies in the line segment joining
T, to Z;_,. The distance from A& to 7; exceeds the
distance from h to ;. It follows that as we move
from 7; to 7,_; the distance from A is increased, as
was to be proved.

8. Propagation of Rounding-Off Errors in
the cg-Method

In this section we take as basic relations between

the vectors 7, 7, - - - and py, p;, - - - in the cg-
method the following:
PDo=To, (8:1a)
T; 2
I =r;—a; Ap; (8:1¢)
2
bIZVT;f[IJ. (8:1d)
Piy1=Tir1+bips. (8:1e)

As a consequence, we have the

relations

orthogonality

(ri,r) =0, (Ap;,pr)=0 (v=k). (8:2)
Because of rounding-off errors during a numerical
calculation (routine), these relations will not be
satisfied exactly. As the difference |[k—i| increases,

the error in (8:2) may increase so rapidly that z,

will not be as good an estimate of A as desired. This
error can be lessened in two ways: first, by intro-

ducing a subsidiary calculation to reduce rounding-
off errors; and second, by repeating the iteration so
as to obtain a new estimate. This section will be
concerned with the first of these and with a study of
the propagation of the rounding-off errors. To this
end 1t is convenient to divide the section in four parts,
the first of which is the following:
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8.1. Basic propagation formulas

In this part we derive simple formulas showing
how errors in scalar products of the type

(Api_1,p:)

are propagated during the next step of the computa-
tion. From (8:1e) follows

(ric1,ra), (8:3)

(rhri+1):(pi;ri—}-l)_bi—l(pi—lari-f-l)-
Inserting (8:1¢) in both terms on the right yields

(rori)=Pird) —a:(piAp) —biy(pi-1,r2)
+biai(Api1,pa).
Applying (8:1e) to the first and third terms gives
(ririp)=(ror) —apudp) +bi1a:(Api1,ps), (8:4)
which by (8:1b) becomes
(rorip)=0:104:(Api1,p:). (8:5)

This is our first propagation formula.
Using (8:le) again,

(Apyupip)= Ap oTig1) T+ bi(AP oP1).

Inserting (7:1¢) in the first term,

1 1
(Api,pit)= . |7'i+1!2+(‘1f (ri,rip) +0:(Api,po).

(8:6)
But in view of (8:1b) and (8:1d)
iri+1|2=@ibi(APi,pi)- (8:7)
Therefore,
1
(Api,pwl):a—' (7'i,7"i+1)- (8:8)

This is our second propagation formula.
Putting (8:5) and (8:8) together}yields the third
and fourth propagation formulas

bipa;
(ririp)= Al

dis (7"1'_1,7'1') (8'9&)
(Apypi)=bi_1(Ap;_1,ps), (8:9b)
which can be written in the alternate form
(rirep) @ (i) .
’THZ ¥ai—1 ‘7'1—1‘2 (8:102)
KAPi,z’iH)__(l_i__ (Api—hpiL (8:10b)

(Api,pi) @i (Api-1,pi-1)

by virtue of (8:1b) and (8:1d). Each of these propa-
gation formulas, and in particular the simple formu-
las (8:9), can be used to check whether nonvanishing
products (8:3) are due to normal rounding-off errors
or to errors of the computer. The formulas (8:10)
bave the following meaning. If we build the sym-
metric matrix P having the elements (Ap;,p:), the
left side of (8:10b) is the ratio of two consecutive
elements in the same line, one located in the main
diagonal and one on its right hand side. The
formula (8:10b) gives the change of this ratio as we
go down the main diagonal.

8.2. A Stability Condition

Even if the scalar products (8:2) are not all zero,
so that the vectors pg, p1, - - -, pu—1 are not exactly
conjugate, we may use these vectors for solving
Az=Fk in the following way. The solution & may be
written in the form

h=xo+apotaipi+- - -—+a, 1pn_i. (8:11)

Taking the scalar product with Ap;, we obtain
($0,Ap1) +; (Apl:pk)alt: (h:Apl) = (Ah)pl) = (k)pl)

or

Zk(APink)azi:(To,Pi)- (8:12)

The system Az=Fk may be replaced by this linear
system for ag,- - -,a,_,. Therefore, because of
rounding-off errors we have certainly not solved
the given system exactly, but we have reached a
more modest goal, namely, we have transformed the
given system into the system (8:12), which has a
dominating main diagonal if rounding-off errors have
not accumulated too fast. The cg-algorithm gives
an approximate solution

h’=$0+aopo+ UG +a'n-—1pn—l~

A comparison of (8:11) and (8:13) shows that the
number a; computed during the cg-process is an
approximate value of a;.

In order to have a dominating main diagonal in
the matrix of the system (8:12) the quotients

(Aps,pr)

(8:13)

(1#k) (8:14)

must be small. In particular this must be true for
k=i-+1. In this special case we learn from (8:10b)
that increasing numbers a,, a;,- - - during the cg-
process lead to accumulation of rounding-off errors,
because then these quotients increase also. We
have accordingly the following stability condition.

The larger the ratios aja;_, the more rapidiy the
rounding-off errors accumulate.

A more elaborate discussion of the general quotient
(8:14) gives essentially the same result.
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By theorem 5:5, the scalars a; lie on the range

.

1
= 0
xma X

<ai<r

min

where Amin, Amax are the least and the largest eigen-
values of A.  Accordingly, the ratio p=Anax/Aui 1S an
upper bound of the critical ratio a;a,;_,, which deter-
mines the stability of the process. When p is near
one, that is, when A is near a multiple of the identity,
the cg-method is relatively stable. It will be shown
in section 18 that examples can be constructed in
which the ratios a;a;,—, (:=1,- - -n—1) are any
set of preassigned positive numbers. Thus the
stability may be low. However, this instability can
be compensated to a certain extent by starting the
cg-process with a vector z, whose residual vector 7,
is near to the eigenvector of A corresponding to Apn.
In this event a, is near to the upper bound 1Ay of
the @;. This result is brought out in the following
theorem:

For a given symmetric and positive definite matriz A,
which has distinct eigenvalues, there exists always an
wnatial residual vector ro such that (a;/a;_1) <1 and hence
such that the algorithm is stable with respect to the
propagation of rounding-off errors.

In order to prove this we introduce the cigenvalues

)\mln:)\()<)‘1<)\2< O] <)‘71—1:)\1le

of A, and we take the corresponding normalized
eigenvectors as a coordinate system. Let «p, «, ...,
a,_1 be real numbers not equal to zero and e a small
quantity. Then we start with a residual vector
ro="(cg,00€,02€%, . . . ,0n_1€" 7). (8:14a)
Expanding everything in a power series, one finds
that

ai=s-+ ). (8:14b)
Hence
G Moy o
a N +e(M<1

if € is small enough.

As a by-product of such a choice of r, we get by
(8:14b) approximations of the eigenvalues of A.
Moreover, it turns out that in this case the successive
residual-vectors rq, 7, ..., 7, are approximations of
the eigenvectors.

These results suggest the following rule:

The cg-process should start with a smooth residual
distribution, that is, one for which wu(ro) is close to Ain.
If needed, the first estimate can be smoothed by some
relaxation process.

Of course, we may use for this preparing relaxation
the cg-process itself, computing the estimates 7;
given in section 7. A simpler method is to modify
the cg-process by setting ;=0 so that p;=7; and
selecting a; of the form a;=a/u(r;), where « is a
small constant in the range 0<Za<1.
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8.3. The End-Correction

The system (8:12) can be solved by ordinary re-
laxation processes. Introducing the numbers a; as
approximations of the solutions a;, we get the resid-
uals

(7’0,171‘)“;(44171,270%- (8:15)

Inasmuch as ro=r;y, +aeApe+. . .+a;Ap; by (8:1¢),
we have
(ro,p) = (ris1,p0) +ao(Api,po) +. . . +a(Api,p). (8:16)

It follows that the residual (8:15) isreduced to

(ri-vaf) - (11])'L~pi+l)a/l+l_ (4‘1]’1',]’1“)01“— ..

— (ApyPa—1)Cu-1. (8:17)
This leads to the correction of a;
A(“:(Apl,;p{) {(rigu,p)—(APy,pir)@is
—(Api,Piya)tivo—. . .— (APi,Pui)Wpni}- (8:18)

A first approximation of a; is accordingly
a; ~a;+Aa,.
In order to discuss this result, suppose that the

numbers a; have been computed accordingly to
the formula

(Pa,re)
e 8:19)
o Ap) (
(theorem 5:5).  From (8:1¢) it follows that

(rip1,p0)=0, and therefore this term drops out in
(8:18). In this case the correction Aa; depends
only on the products (Ap,p,) with ¢<k. That is
to say, that this correction is influenced only by the
rounding-off errors after the i-th step. If, for
instance, the rounding-off errors in the last 10 steps
of a cg-process are small enough to be neglected,
the last 10 values a; need not to be corrected. Hence,
generally, the Aa; decrease rather rapidly.

From (8:18) we learn that in order to have a good
rounding-off behavior, it is not only necessary to
keep the products (p,,Ap,) (15=k) small, but also to
satisfy (r;.1,p)=0 as well as possible. Therefore,
it may be better to compute the «; from the formulas
(8:19) rather than from (8:1b). We see this im-
mediately, if we compare (8:19) with (8:1b); by
(8:19) and (8:1¢) we have

1 . m. )Y
al:ZTAM {'ri12+b541(’iv1)1—1)}

For ill-conditioned matrices, where a; and b; may
become considerably larger than 1, the omitting
of the second summand may cause additional errors.
For the same reason, it is at least as important in



these cases to use formula (3:2b) rather than (8:1d)
for determining b, since by (3:2b) and (8:1c¢)

1
b= dpy L el = T

Here the second summand is not directly made
zero by any of the two sets of formulas for a; and
b;. The only orthogonality relations, which are
directly fulfilled in the scope of exactitude of the
numerical computation by the choice of a; and b,
are the following:

(Pis1,4p:) =0.

Therefore, we have to represent (r,.,,7;) in terms
of these scalar products:

(rig1,p1)=0,

GrPi= (7“1‘+1,Pi) —bi1(rs,pi1) +ab; (puAp._1):

From this expression we see that for large b; and a;
the second and third terms may cause considerable
rounding-off errors, which affect also the relation
(pip,Api) =0, if we use formula (8:1d) for b,. This
is confirmed by our numerical experiments (sec-
tion 19).

From a practical point of view, the following
formula is more advantageous because it avoids the

computation of all the products (Ap;pi). From
(8:1¢) follows
Tn:7'1+1—‘li+1Api+1—at+2APi+2‘“ . ‘_an—lAan

(rnyP8) = (rig1,01) — @131 (APi,Poy1)
=g LA e
and we have the result

(T pz)
(Apiv pi)

This formula gives corrections of the a, if, because
of rounding-off errors, the residual 7, is not small
enough.

Aa,= (8:20)

8.4. Refinement of the cg—algorithm

In order to diminish rounding-off errors in the
orthogonality of the residuals 7; we refine our general
routine (8:1). After the 7th step in the routine we
compute (Ap;_1,p;), which should be small. Going
then to the (24-1)st step we replace a; by a slightly
different quantity @; chosen so that (r;,7;.,)=0. In
order to perform this, we may use (8:4), which now
must be written

(rorig1) = (royr:) —@:(Ap:,ps) +bi18:(Api1,p:) =0

yielding
- |7°1|2
aAs— .
(Apup)—bii(Api_1,p0)

Introducing the correction factor

s (Api_hpi)
(Api, p)

and taking into account the old value (8:1b) of a,
this can be written in the form

=1 (8:21)

(8:22)

Continuing in the general routine of the (i-1)st step
we replace b; by a number b; in such a way that
(Apipiy)=0. We use (8:6), which now must be
written in the form

—|re*+ (royrigs) + @b i(Api,pi) =0.

The term (r;7;:;) vanishes by virtue of our choice

of @;. Using (8:7), we see that ab,=ab, and from
(8:22) _

bi:bidi. (8:23)
Since rounding-off errors occur again, this sub-

routine can be used in the same way to improve the
results in the (i+1)th step.

The corrections just described can be incorporated
automatically in the general routine by replacing the
formulas (3:1) by the following refinement:

p():?"o:k——Awo, d(]:l
g 1”1
1_(2)1', Ap;) d;

$1+1:xi+(lipi

rop=ri—a;: Ap; (8:24)

:Di+1:7‘i+1+bipi

dt 1:1 (ApH—l; )
’ (prx,?’wl)

Another quite obvious, but numerically more
laborious method of refinement goes along the
following lines.  After finishing the ith step, compute

a product of the type (Ap,p;) with £<i. Then
replace p; by

— (‘4p1 pk)

D=1 — ! 8:25

2 e (8:25)
The vector p; is exactly conjugate to p;. This

method may be used in place of (8:24) in case
k=1i—1. It has the disadvantage that a vector must
be corrected and not just numbers, as in (8:24).
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9. Modifications of the cg-Process

In the cg-method given by (3:1), the lengths of the

vectors po, p1, - . .

are at our disposal.
preserve significant figures in computations,

In order to
it is

desirable to have all the p, of about the same magni—

tude.
the p’s by the formulas

Po=T0,

Pizri+bi—1pt—1

In order to aim at this goal, we normalized

(1>0)-

However other normalizations can be made. In

order to see how this normalization appears,

we

replace p; by dip; in eq (3:1), where d; is a scalar

factor. This factor d; is not the same as that given
in section 8 but plays a similar role. The result is
i
ro=k—Ax,, d(:
1‘i+1=1‘i+azpi
P =ri—aAp;
i1+ 04
P1+1=-——*—i+:i = (9:1)
i+1
o Irllz (pi)ri)
g (puApl)di (pi;Api)
b1=|ri+’| di__ (ris1,Apo),
| rif? (p1, Ap1)

The connections between a;, b, d; are given by the
equation

d
#(ro)—a_zzo

d_bi—l_ |7"1j|2 di—l . .
.Uv(ri)_'a_—ai . Iri—llz @i, (7’>O)’ (92)

where u(r) is the Rayleigh quotient (4:12).
to establish these relations we use the fact that »;
and 7, are orthogonal. This yields

|ri2=a(r:, Aps) .
(120)
i7‘1+1|2= _ai(ri-{—l;Api)
by virtue of the formula r,,,=7,—a;Ap,. From the

connection between p; and r;, we find that

d;
P |7:|2=d(rs, Ap))
=(ry, Ar;)+ bi 1(ri, Api_y)

——(l‘,,ATI)— iy ]7'1'12'

Ai—y

This yields (9:2) in case 2 >0. The formula, when
1=0, follows similarly.

In the formulas (9:1) the scalar factor d; is an
arbitrary positive number determining the length of
p:. The case d;=1 is discussed in sectlons 3 and 5.

The following cases are of interest.

227440—52——F5

In order

1. The vector p; can be chosen to be the residual
vector T; described wn section 7.
In this event we select

(9:3)

d():]., di+1:1+bi.
The formula (7:2b) for Z;;; becomes
— b,
Bon=eE (9:4)

I1I. The vector p; can be chosen so that the formula

s T
pi_—jgo 7yl
holds.
In this event the basic formulas (9:1) take the
simple form

r
ro=k— Ax,, Po=ﬁ
Tit1= xt_l_(p,Ap;) (9 r)
9
A
ri+1=rl—(pi ﬁ;’z)

r
P1+1=Pi+ .

l’“i%llf
This result is obtained from (9:1) by choosing
d;:Iri[L’.

In this case the formulas (9:5) are very simple and
are particularly adaptable to computation. It has
the disadvantage that the vectors p; may grow con-
siderably in length, as can be seen from the relations

1
|pe|*=pil*+ 77—
[Pi41]

However, if “floating’”” operations are used, this
should present no difficulty.

I1I. The vector p; can be chosen to be the correction
to be added to x;in the (1 1)st relazation.

In this event, a;=1 and the formulas (9:1) take
the form

=k— Az, — 0
To Lo do
x¢+1=xi+p1
Ti+1=7'i—APi
(9:6)
P =7'i+1+bfpi
i+1 “di+1
do=p(ry), dipy=p(riy)—b;
|744a]?
by="—%- T di.
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These relations are obtained from (9:1) and (9:2) by
setting a,=1.

IV. The vector p; can be chosen so that a;is the recip-
rocal of the Rayleigh quotient of r.

The formulas for a;, b; and d; in (9:1) then become

e |rs|?
bo(r,Ar)
|7444]?
N Tl
bai
do=1, dig,=1— ai“

This is sufficient to indicate the variety of choices
that can be made for the scalar factor dy, dy, . . . .
For purposes of computation the choice d;=1 appears
to be the simplest, all things considered.

10. Extensions of the cg-Method

In the preceding pages we have assumed that the
matrix A is a positive definite symmetric matrix.
The algorithm (3:1) still holds when A is nonnegative
and symmetric. The routine will terminate when
one of the following situations is met:

(1) The residual 7, is zero. In this event z,, is
a solution of Aa=Fk, and the problem is solved.

(2) The residual 7, is different from zero but
(Apm,pm)=0, and hence Ap,=0. Since p;=c;7;,
it follows that A7, =0, where 7, 1s the residual of the
vector Z,, defined in section 7. The point 7, is
accordingly a point at which |k—Az]* attains its
minimum. In other words, z, is a least-square
solution. One should observe that p,, 0 (and hence
7,70). Otherwise, we would have 7,=—b,,_1p,._1,
contrary to the fact that r, is orthogonal to p,,_;.
The point x,, fails to minimize the function

for in this event
g(fm-“}‘tpm) =1 (xln) _2t|7"m]2.

In fact, g(x) fails to have a minimum value.

It remains to consider the case when A is a general
nonsingular matrix. In this event we observe that
the matrix A*A4 is symmetric and that the system
Az=Fk is equivalent to the system

A*Ax=A%F. (10:1)

Applying the eq (3:1) to this last system, we obtain
the following iteration,

ro=k— Az, Do—= AFry,
;= | A*r"tf
b lAp?

Tip1=2;+a:p;

(10:2)
ri-}—l:ri_aiApi
b_:[A*ri+1|2
A

Pi+1:A*r1+1+ bipi-

If one does not wish to use any properties of the
cg-method in the computation of a; and b; besides
the defining relations, since they may be disturbed
by rounding-off errors, one should use the formulas

_(Aps, 1)
Y Tapp
bA:_(APi,AA*"Hl)‘
' |Ap.[?

In this case the error function f(2) is the function

f(x)=|k—Az]*, and hence is the squared residual.

It is a sunplo matter to interpret the results given
above for this new system.

It should be emphasized that, even though the use
of the system (10:2) is equivalent from a theoretical
point of view to applying the cg-algorithm to the
system (10:1), the two methods are not equivalent
from a numerical point of view. This follows because
rounding-off errors in the two methods are not the
same. The system (10:2) is the better of the two,
because at all times one uses the original matrix A
instead of the computed matrix A*A, which will
contain rounding-off errors.

Thereis a shg,ht generalization of the system (10:2)
that is worthy of note. This generalization consists
of selecting a matrix B such that B4 is positive defi-
nite and symmetric. The matrix B is necessarily of
the form "A*H, where I1 is positive definite and

symmetric. We can apply the cg-algorithm to the
system
BAr=Bk. (10:3)
In place of (10:2) one obtains the algorithm
7'0:k—A.l'0, p():Bl'O;
u | Br;|?
=
(pi, BApy)
Ty =2+ APy,
(10:4)
Pip1=ri— @i Ap,,
Br |
b l 141
[Bri*”

pi+1=Bri+1+b1~pi-

Again the formulas for @; and b; which are given
dir ectly by the defining relations, are

o (pi, Bry)
: (pw BApl)
b= Briy BAp)
(pi, BAp:)

When B=A%* this system reduces to (10:2). If 4
is symmetric and positive definite, the choice B=71
gives the original cg-algorithm.
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Sor any linear system.

There is a generalization of the ed-algorithm con-
cerning which a few remarks should be made. In
this method we select vectors po, . . ., p,—1 and
Go, + + + Qn—1 such that

(9:,Ap;)=0 (i#7),
(¢5,4p;)>0.

The solution can be obtained by the recursion for-
mulas

(10:5)

ro=k—Ax,,

= (0:‘17'1) :7((1?{7'0) ,
(qi)‘/lpi) ((IiyApi)

$i+1:~7'i+aipi,

@
(10:6)

rig1=ri—a;Ap;.

The problem is then reduced to finding the vectors
P4 qi such that (10:5) holds.  We shall show in a
moment that ¢; 1s of the form

(k=185 (10:7)
where B has the property that BA is symmetric and
positive definite. The algorithm (10:6) is accordingly
equivalent to applying the cd-algorithm to (10:3).
To see that ¢; 1s of the form (10:7), let P be the
matrix whose column vectors are pg, . . ., p,—; and )
be the matrix whose column vectors are qq, . . ., ¢o—1.
The condition (10:5) is equivalent to the statement
that the matrix D=0*AP is a diagonal matrix whose
diagonal terms are positive. Select B so that
()=B*P. Then D=P*BAP from which we conclude
that BA is a positive definite symmetric matrix, as
was to be proved.

In view of the results just obtained, we see that
the algorithm (10:4) is the most general cg-algorithm
Similarly, the most general
cd-algorithm is obtained: by (i) selecting a matrix
B such that BA is symmetric and positive definite,
(i1) selecting nonzero vectors po, . . ., p,—1 such that

(pi,BAp;)=0,  (@#])
and (iii), using the recursion formulas
ro=k—Azx,

— (szB"z) :£&7Br0)
(p,BAp:) (py, BAp))

Ti+1:xi+aipi

a;

P =Ti— @ APy

11. Construction of Mutually Conjugate
Systems

As was remarked in section 4 the ¢d-method is not
complete until a method of constructing a set of
mutually conjugate vectors po, 7, . has been

given. In the cg-method the choice of the vector
p: depended on the result obtained in the previous
step. The vectors po, pi, . . . are accordingly deter-
mined by the starting point z, and vary with the
point .

Assume again that A is a positive definite, sym-
metric matrix. In a cd-method the vectors p,
P, . . . can be chosen to be independent of the
starting point. This can be done, for example, by
starting with a set of n linearly independent vectors
Uy, Ui, . . ., U,y and constructing conjugate vectors
by a successive A-orthogeonalization process. For
example, we may use the formulas

Po=Uy,
P1=U1— ayoPo,

P2=Uz— QxpPo— 211,

(11:1)

Pi=Ui— QjgPo— AitP1——« « «— Q4yi1Pi-1-

The coefficient «,;(2>7) is to be chosen so that p; is
conjugate to p;. The formula for «;; 1s evidently

~ (uy,Apy)

aij;(Y)j,/l])j) (1<) (11:2)

Observe that
Podu)=0 (<)
(])iy‘/lui):(])iyi]pi). (113)
Using (11:3) we see that alternately

o _:("1qli)])1).
N (Auj’pj)

As deseribed in section 4, the successive estimates of
the solution are given by the recursion formula

(11:4)

10:0, .TH_l:.l'ri‘j[_(l[])“ (1]5)

where
(= (pjyk) .
" (pi,Ap))

There is a second method of computing the
vectors po, Pi, . . ., Pu-1, given by the recursion

(11:6)

formulas
1Y =y, (11:7a)
D=0l (11:7b)
UI Y =y —a;p;, (=541, . . .n) (11:7¢)
(i, Au,) .
1= I 0=k 11:7d
ij (pj,AUj) ( >D ( )
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We have the relations (11:3) and,

(u®  Au;)=0 (y<k) (11:8a)

(u® Ap;)=0 (3<k) (11:8b)

UP =u;— anpo— —ay_1pj—1 (2>7) (11:8c¢)
(p,Ap;)=0 (T #7). (11:8d)

The eq (11:8a) hold when k=j+1 by virtue of
(11:7¢) and (11:7d). That they hold for other
values of j<k follows by induction. Equation
(11:8¢) follows from (11:7¢).

If one selects successively u,=r,, W=Ty, . .
Up—1=Tp_1, the procedure just described is equ1valent
to the cg-method described in section 3, in the sense
that the same estimates xy, @, . . . and the same
direction vectors pg, pi, . . . are obtained. If
one selects w,=k, u;= . Un—1=A""k, one
again obtains the same estimates z, 2;, . . . as in
the cg-method with 2,—=0. However in this event
the vectors py, p;, . . . are multiplied by nonzero
scalar factors. On the other hand if one selects
’U/O:(lyov' . 'yO)s u1:(0)1) Rt ')0)? . ) un—IZ(OJ

.,0,1) the cd-method is equivalent to the Gauss
elimination method. This case will be discussed in
the next section.

12. Connections With the Gauss Elimina-
tion Method 2

In the present section it will be convenient to
use the range 1, , n in place of 0, 1, o =1l
used heretofore except for the notatlons zo, xl, C.
z, describing the successive estimates of the solution.
Let ¢, . . ., ¢, be the unit vectors (1,0, .,0),
(0,1,0,. . .,0), . (0,. . .,0,1). These Vectors
will play the role of the vectors Uy + « oy Up—y Of
section 11. The eq (11:7), together with (11:4) and
(11:5), yield the recursion formulas

u®P =¢, (@=1,. . .,;n) (12:1a)
p=u® (12:1b)
uF T =uP — oy, (i=9+1,. . .,n) (12:1¢)
(Aul(v) 6])
! 12:1d
@pie) A
7,=0, =011 A:P: (12:1e)
_(pi,k)
;= 12:1
~(Apied 12:10
These formulas generate mutually conjugate vectors
Pi, - . ., Pn and corresponding estimates z;, . . ., 7,

of the solution of Az=Fk. In particular z, is the
desired solution. The advantage of this method
lies in the ease with which the inrer products appear-

[ 12 ¢f. Fox, Huskey, and Wilkinson, loc. cit.

ing in (12:1d) and (12:1f) can be computed. A
systematic scheme for carrying out the computations
will now be given. The scheme is that commonly
used in elimination. In the presentation that we
now give, extraneous entries will be kept so as to
give the reader a clear picture of the results obtained.

We begin by writing the matrices A, I and the
vector k as a single matrix

Q11 Az Qg3 A1n 100 ky
(1 Aoz Qo3 a, 0 1 0 ks,
A3 A3z Asg A3n 0 0 1

(12:2)

0
Api Apz Qg3 Wy, O 0o @ 1 [
The vector p; is the vector (1,0,.. .,0), and a;=
ki/ay; is defined by (12:1f). Hence,
k
1= p1= 0/—111, 0 ¢ o .,0)

1s our first estimate. Observe also that

o _ Ay
=
a11

Multiplying the first row by ay and subtracting the
result from the ith row (1= - ,m), we obtain the
new matrix

Ay Ay Qg3 A1n Pu Pin ky
@ @ @ 2)

0 @3z Qg Ay, Pa Pan k%
2) @ 2 2

0 af af a$) usy Usy k%
2 (2) 2) (2) 2

0 a n2 a n3 a/rm unl ur(m) k (12'L>

(12:3)

One should observe that (0,9 ,...,k?) is the residual
of z. By the procedure just described the ith row
(:>>1) of the identity matrix has been replaced by

u?, the second row yielding the vector p,=u2. Ob-
serve also that
af =(Au?,e) (1=2,...,n)
a5y =(Apy,es), kD =(ps,k).
Hence,
(g)
Ly=T 1+r<222)172
is the next estimate of the solution. Moreover,
a$ .
Olig=a/—(22) (2:3, . .,'n).
22

426



Next multiply the 2nd row of (12:3) by a; and sub-

tract the result from the ith row (2=3,--,n). We ob-
tain
a1 Q12 Qi3 4373 Pu Pin fey
)
0 af a ... a5 Do Don kS
3 3 o
0 0 af ag,  Pa Pan kS
0 0 a i W .o WY [2
3 ) 3) 3) 3.
0 0 @Y .. @ U u® T

The vector (0,0,k%,...,k?®) is the residual of ..
The elements u,‘ﬁ), Cu® form the vector u® (1=3)

7 in
and p;=u%. We have

S =AY, @) (=37 un)

(l;g) = (Ap?ﬂ eli)) ke (g) :(P3: k)

We have accordingly

k(3)
Ta= Lot —>= a9 D3,
and
a3 .
ai3— 1(3, (@:4, Sae .,72()
A 33

Proceeding in this manner, we finally obtain a matrix
of the form

aj; A2 Qg A1n Pu DPin Iy

) (2) 2 A2
0 af a3 sy P2 Dan ke
0 0 a asy Pt --. Din k®

. . { .
y
0 0 ... 0 a-z D1 Do e
(12:4)

The elements 9y, - - -, P define a vector p;.  The
vectors p;, - - -, p, are the mutually conjugate
vectors defined by the iteration (12:1). At each
stage
i(;:)
aij:a:i)‘

(t=j+1,...,n)

EE =(ps, k)=(p4,1y).

Moreover the estimate z; of the solution A is given
by the formula

(Li(::):(pi)Api)7

k(l)

Li=Ti- 1+ (1) Pi-

The vector 0, 50, a9, - af) defined by the
first n elements in the ith row of (12:4) is the vector
Ap;. If we denote by P the matrix whose column

:y Pu, then the matrix (12:4)
P*E||.

vectors are p;, ps, - -
is the matrix
Al jek

The matrices P*A and P are triangular matrices
with zeros below the diagonal. The matrix D=P*AP
is the diagonal matrix whose diagonal elements are
@y a5y, ..., al. The determinant of Pisunityand
the determinant of A is the product

apas) ... an.
As was seen in section 4, if we let
J@)=(h—z,A4(h—2)),
the sequence

f(mo) }f(xl> y e

decreases monotonically. No
can be made for the sequence

"f(x”—l)uf(xn) =)

general statement

ol lgils - - s, 7l =0
of lengths of the error vectors y,=h—uz,. In fact,
we shall show that this sequence can increase mono-
tonically, except for the last step. A situation of
this type cannot arise when the cg-process is used.

If A is nonsymmetric, the interpretation given
above must be modified somewhat. An analysis of
the method will show that one finds implicitly two
triangular matrices P and @ such that Q*AP is a
diagonal matrix. To carry out this process, it may
be necessary to interchange rows of A. By virtue
of the remarks in section 10, the matrix Q* is of the
form B*P. 'The general procedure is therefore equiv-
alent to application of the above process to the sys-
tem (10:3).

13. An Example

In the cg-method the estimates xg,y, . . . of the solu-
tion h of Ax=Fk have the property that the error
vectors yo=h—x,, y1.=h—ua,, . . . are decreased in
length at each step. This property is not enjoyed
by every cd-method. In this section we construct
an example such that, for the estimates z,=0,2y, . . .,
of the elimination method,

|h—x; 4| <|h—;|

If the order of elimination is changed, this property
may not be preserved.

The example we shall give is geometrical instead
of numerical. Stact with an (n—1)-dimensional
ellipsoid %, with center x,=h and with axes of un-
equal length. Draw a chord (', through z,, which
is not orthogonal to an axis of £,. Select a point
Zp_1 72, on this chord inside £,, and pass a hyper-
plane P,_; through z,_; conjugate to C,, that 1is,
parallel to the plane determined by the midpoints
of the chords of £, parallel to (,. Let ¢, be a unit
vector normal to P,_;. It is clear that e, is not

(i=1,...,n—1).
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parallel to (,. The plane P,_; can be shown to cut
E, in an (n—2)-dimensional ellipsoid £, _; with cen-
ter at x,_; and with axes of unequal length.

Next draw a chord (,_; of F£,_; throughz,_; which
is not orthogonal to an axis of £,_;, and which is not
perpendicular to A—z,_;. One can then select a
point x,_, on C,_; which is nearer to A thanz,_;. Let
P, be the hyperplane through z,_, conjugate to
1. It intersects K,_; in an (n—3)-dimensional
ellipsoid E,_, with center at x,_,. The axes of £,_.
can be shown to be of unequal lengths. Let ¢,_; be
a unit vector in P,_; perpendicular to P,_,.

We now repeat the construction made in the last
paragraph. Select a chord C, ., of FE, , through
z,_» that is not orthogonal to an axis of I7, , and that
is not perpendicular to A—x, ,. Select x, 3 on (', ,
nearer to A than z,_,, and let P,_3; be a plane through
x, 3 conjugate to C,_,. It cuts £, , m an (n—4)-
dimensional ellipsoid F,_; with center at x,_3 with
axes of unequal lengths. Let ¢, , be a unit vector in
P, ; and P, , perpendicular to P, 3. Clearly, ¢,,
€n1, €n2 are mutually perpendicular.

Proceeding in this manner, we can construct

(1) Chords €, C',_y, . . ., (}, which are mutually
conjugate.

(2) Planes P, ,,. . ., Py such that P, is conjugate
to Cy;. The chords €y, . . ., C, lie in P

(3) The intersection of the planes P, ;, . . ., Py,
which cuts £, in a (k—1)-dimensional ellipsoid £
with center ;.

(4) The point z;, which is closer to A than z;,,
<<n—1.

(5) The unit vectors e,, . . ., e, ¢; (with ¢; m the
direction of (), which are mutually orthogonal.

Let 2, be an arbitrary point on (') that is nearer to
h than x,. Select a coordinate system with z, as the
origin and with ¢, . . ., ¢, as the axes. In this co-
ordinate system the elimination method described
in the last section will yield as successive estimates
the points x;, . . ., x, described above. These esti-
mates have the property that x; is closer to z,=/h
than x,, if i<n—1.

As a consequence of the construction just made we
see that, given a set of mutually conjugate vectors
D1, - - ., Pr and a starting point x,, one can always
choose a coordinate system such that the elimimation
method will generate the vectors py, . . ., p, (apart
from scalar factors) and will generate the same esti-
mates z1, . . ., x,of & as the ed-method determined by
these data. One needs only to select the origin at
xg, the vector e; parallel to p;, the vector e, mn the
plane of p, and p, and perpendicular to ¢;, the vector
e3 in the plane of p;, ps, ps and perpendicular to ¢,
and e, and so on. This result may have no practi-
cale value, but it does serve to clarify the relation-
ship between the elimination method and the cd-
method, and also the relationship between the
elimination method and the cg-method.

14. A Duality Between Orthogonal Poly-
nomials and n-Dimensional Geometry

3

The method of conjugate gradients is related to
the theory of orthogonal polynomials and to con-
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tinued fraction expansions. To develop this, we
first study connections between orthogonal poly-
nomials and n-dimensional geometry.

Let m(X) be a nonnegative and nondecreasing
function on the interval 0<A</. The (Riemann)
Stieltjes integral

J;l FN)dm(N)

then exists for any continuous function f(\) on

0<A<I. We call m(\) a mass distribution on the
positive A-axis. The following two cases must be
distinguished. :

(a) The function m(\) has infinitely many points
of increase on 0<A<{.

(b) There are only a finite number n of points of
increase. In both cases we may construct by
orthogonalization of the successive powers 1, \, A%,

- -, N" a set of n+1 orthogonal polynomials **

Bo(N),Bi(N), - - RN (14:1)
with respect to the mass distribution. One has
2
ﬁ] ROVRONAmMON)=0  (ik) (14:2)

The polynomial R;(\) is of degree 7. In case (b),
R,(\) is a polynomial of degree n having its zeros at
the n points of increase of m(\). In both cases the
zeros of each of the polynomials (14:1) are real and

distinet and located inside the interval (0,0). Hence
we may normalize the polynomials so that
R;(0)=1 =1, o o o W) (14:3)

The polynomials (14:1) are then uniquely determined
by the mass distribution.

During the following investigations we use the
Gauss mechanical quadrature as a basic tool. It can
be described as follows: If X\, - - -\, denote the
zeros of R,(N), there exist positive weight coeflicients
my, Mo, - - -;m, such that,

LIB()\)JM()\): miRON)+moR(N) 4. . . Fm,R(N,)
' (14:4)

whenever R(\) 1s a polynomial of degree at most
2n—1. In the special case b) the N\, are the abscissas
where m(\) jumps and the m, the corresponding
jump.

In order to establish the duality mentioned in the
title of this section, we construct a positive definite
matrix A having \;, N, - - -, N\, as eigenvalues (for
instance, the diagonal matrix having N\, - - -, X\, In
the main diagonal and zeros elsewhere). Further-
more, if ey, e, - - -, ¢, are the normalized eigen-
vectors of A, we introduce the vector

(14:5)

13 The various properties of orthogonal polynomials used in this chapter may be
found in G. Szegd, Orthogonal Polymomials, American Mathematical Society
Colloquium Publications 23 (1939).
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where
al=m, (2:1, .. -,Ilr). (146)
We then have
A ro= a)Mfe -+ aohfe,+ - - - FaNfe, (14:7)

for k=0,1, - - -, n—1. The vectors ry,Ar,, - - -,
A" 1y are linearly independent and will be used as a
coordinate system. Indeed their determinant is up
to the factor eqay « -+ - a, Van der Monde’s determi-
nant of \;, - - - \,. By the correspondence
N—A%rg =), 1, -n—1) (14:8)

every polynomial of marimal degree n—1 is mapped
onto a vector of the n-dimensional space and a one-
one correspondence between these polynomials and
vectors is established. The correspondence has the
following properties:

Theorem 14:1.  Let the space of polynomials R(N)
of degree <n—1 be metrized by the norm

1RI=[ [ ROy (x)];.

Then the correspondence described above is isomelric,
that is,

fo ‘ROVR'O) dm (N =(r, 1),

where R(N),
to r and r'.

It is sufficient to prove this for the powers 1, X\,
N, .., ML Let M, N be two of these po“ms
From Gauss’ formula (14:4) follows

Y'(N) are the polynomials corresponding

1 1
f NNEdm (x):f N *Hdm (\)
0 0

. D

=N LMoL TE L L L m N TR
But (14:5), (14:6), and (14:7) show that this is
exactly the scalar product (A’r,,A*ry) of the cor-
responding vectors.

Theorem 14:2.  Let the space of polynomials R(XN)
of degree <n—1 be metrized by the norm

[. ﬁ) "R Oyndm (x)jr.

Then for polynomials R(N),R'(N) corresponding to
r” one has

l
fzzo) v
JO

that is, the correspondence is isometric with respect to
the weight function Ndm(N) and the metric, determined
by the matriz A.

N Ndm (N)=(Ar, 1), (14:9)

Again we may restrict ourselves to the powers
that

1, X\, AL That is, we must show
l
f NFINEIm (N) = (A7 7o, A1) (4, k<n—1).
‘ (14:10)
If j<n—1, this has already been verified. The

remaining case

/
f INENE (N = (A Z o ARy (k<n—1) (14:11)
0

.

follows in the same manner from Gauss’ integration
formula, since n+k <2n—1.

Theorem 14:3. Let A be a positive definite sym-
metric matriz with distinet eigenvalues and let vy be @
vector that is not perpendicular to an eigenvector of A.
There is a mass distribution m(N) related to A as
described above.

In order to prove this result let e, ., ¢, be
the normalized ecigenvectors of A and let N\, . . .,

N\, be the corresponding (positive) eigenvalues. The
vector 7 is expressible in the form (14:5). According

to our assumption no «; vanishes. The desired mass
distribution can be constructed as a step function
that is constant on each of the intervals 0<A\ < A<

. <\,<!, and having a jump at N\, of the amount
mi=«;_>0, the number [ being any number greater
than \,.

We want to emphasize the following property of
our correspondence. If A and r, are given, we are
able to establish the corredence without (()m]mtmg
eigenvalues of A.  'This follows immediately from the
basic relation (14:8). Moreover, we are able to com-
pute integrals of the type

J R

f/.

where R, R’ are polynomials of maximal degree
n—1 without constructing the mass distribution.
Indeed, the integrals are equal to the corresponding
scalar products (r,7"), (Ar,7") of the corresponding
vectors, by virtue of theorems 14:1 and 14:2.  Finally,
the same 1s true for the construction of the 01t]100—
onal polynomials R(\), Ri(\), , R,(N\) b(‘('auso
the construction only mvolves the computation of
integrals of the type (14:12). The corresponding
vectors 7o, 71, . . ., ',y build an orthogonal basis in
the Fuclidian n-space.

(N dm (N, Y (N) Ndm (N),

(14:12)

15. An Algorithm for Orthogonalization

In order to obtain the orthogonalization of poly-
nomials, the following method can be used. For
any three consecutive orthogonal polynomials the
recurrence relation holds:

R (N)=(d;—aXN)R;\)

_'Cill)i_l()\) ]l)():], (30:0,

(15:1)
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where a;, ¢;, d; are real numbers and a;#0. Taking
into account the normalization (14:3), we have

1=d;—e, (15:2)
Hence
Ri+1()\)=(1—|—ci—ai)\)Ri()\)—CiRi_l()\).
This relation can be written
Ri+1—‘R Ci R Rl 1,
@\ = + N

From this equation it is seen by induction that

RH—I_Ri

P,N)=— o (15:3)
are polynomials of degree 7. Introducing the num-
bers

bi_l_ci‘;—% b_,=0 (15:4)
we have
P,(N)=RN)+biPia(N) (15:5a)

Beginning with 2,=1, we are able to compute by
(15:5) successively the polynomials P.=R,=1, R,
Py, R,, P,, . . ., provided that we know the numbers
@;, b, In order to compute them, observe first the
relation

ﬁ CPAOVPONIMON=0  (i=k).  (15:6)

Indeed this integral is up to a constant factor
1
f (Bip—R) Prdm(N).
0
For /<% this is zero, because the second factor is of
degree k<i.
Using (15:5a) and (15:6), we obtain

f ' ROVP.OOAIM () = f " PIImON).

Comblnmg this result with the orthogonality of
R, and R;, we see, by (15:5b), that

f RN dm(\)
f PNNmO)

(l5=7)

Using (15:6) and (15:5a),

l l
0= [ RP_,(AdmN)+b,_, f Po_y()Ndm(N).
JO 0

Applying (15:3) to the first term yields

=bims [ PiayNIm()

Combining this result with (15:7), we obtain
ﬂ ROYdmO)

N ﬁ R MmO

The formulas (15:5), (15:7), (15:8), together with
Ry=1, b_;=0, completely determine the polynomials
Ry Ry, ... R

Vp—1-

16. A New Approach to the cg-Method,
Eigenvalues

(15:8)

In order to solve the system Az=Fk, we compute the
residual vector ro=Fk— Az, of an initial estimate z, of
the solution /4 and establish the correspondence based
on A, 7y deseribed in Theorem 14:3. Without com-
puting the mass distribution, the orthogonalization
process of the last section may be carried out by
(15:5), (15:7) and (15:8) with Ry=1, b_;=0. The
vectors 7;, p; corresponding to the polynominals
R;, P, are therefore determined by the recurrence
relations

pi:ri+bi—127i-1,
Multiplication by N in the domain of polynominals

is mapped by our correspondence into applying A
in the vector space according to (14:11). In fact,

—Pi(A)f'o, 7’i=Ri(A)7‘0

7'i+1:7’i'_a/»[[12)1. (161)

(¢2=0,1,. . .n—1).
The numbers a;, b; are computed by (15:7) and (15:8).
Using the isometric properties described in theorems
14:1 and 14:2, we find that

21K

(Apip))

The vectors 7; are orthogonal, and the p; are con-
jugate; the latter result follows from (15:6). Hence
the basic formulas and properties of the cg-method
listed in sections 3 and 5 are established. It remains
to prove that the method gives the exact solution
after n steps. If we set xz,,=x;+ap; the corre-
sponding residual is 7,.; as follows by induction:

_ril
bl l—_-|7az 112

A=+

k—Az‘H_lz(k—AIi)—a,iAp,-ITi—aiApi‘——riH.
For the last residual 7, we have (:=0,1,. . . .,n—1)
(P = (Tn-i?s) — Cn_y (APp_1,73)

:fRn_lRidm——an_lfP,,_lRi)\dm

:fRnRidm=0.
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Our basic method reestablishes also the methods
of C. Lanczos for computing the characteristic poly-
nomaal of a given matrix A. Indeed the polynomials
R;, computed by the recurrence relation (15:5), lead
finally to the polynomial 2,(\), which, by the basic
definition of the correspondence in section 14, is the
characteristic pclynomial of A, provided that r, satis-
fies the conditions given in theorem 14:3. 1t may
be remembered that orthogonal polynomials build a
Sturmian sequence. Therefore, the polynomials
Ry, Ry, . . ., R, bulld a Sturmaian sequence for the
eigenvalues of the given matria A.

Our correspondence allows us to translate every
method or result in the vector-space into an anal-
ogous method or result for polynomials and vice
versa. Let us take as an example the smoothing
process in section 7. It is easy to show that the
vector 7, introduced in that section corresponds to a
polynomial £R;(\) characterized by the following
property: I2;(\) is the polynomial of degree 7 with
R;(0)=1 having the least-square integral on (0,/)-
In other words, if 7, is given by (14:5), then

aGR;(\)*FadR,(\)*+ . . .+ 2 Ri;(\,)*=minimum.
This result may be used to estimate a single eigen-
value of A. In order to compute, for instance, the
lowest eigenvalue \;, we select 7, near to the corres-
ponding eigenvector. The first term in the expan-
sion being dominant, the smallest root of /2;(\) will
be a good approximation of X\, provided that 7 is not
too small. Hence the last residual vanishes, being
orthogonal to 7, 7, . . ., 7,—:. Jt follows that =, is
the desired solution.

17. Example, Legendre Polynomials

Any known set of orthogonal polynomials yields
an example of a cg-algorithm. Take, for instance,
the Legendre polynomials.  Adapted to the interval
(0,1), they satisfy the recurrence relation

This gives the following result, let A be a symmetric
matrix having the roots of the Legendre polynomial
R,(\) as eigenvalues, and let

Ty=aie;+ st . . .+ ey,

where ¢, ) € are the normalized oiwonvoctms of
A, and 7n1—a1, Mme=oa3, ... Mmy=c are the
WCIWhL coefficients for the Gauss’ mechanical quad-
rature with respect to R,. The cg-algorithm applied
to Ay yields the numbers @i, b; given by (17:1).
Moreover,

1 .
(rors)="b,_1b;—s . bo(ro;ro):é}*ﬁ(ro,ro) (@<n).

Hence the residuals decrease during the alogrithm.
It may be worth noting that the Rayleigh quotient
of r; is

(r 1{17‘1) 1

)1 by 1

P a T an, 2

All residual vectors have the same Rayleigh quotient.
This shows that, unlike many other relaxation
methods, the cg-process does not necessarily have
the tendency of smoothing residuals.

The Chebyshev polynomials yield an example
where a.. b; are constant for 7 >0.

18. Continued Fractions

Suppose that we have given a mass distribution of
type (b) as described in section 14. The function
m(N) is a step function with jumps at 0< A< N<. . .
<M, <l, the values of the jumps being m;, ms, . . .,
My, respectively. It is well known * that the orthog-
onal polynominals Ry(\), R;(N), . . ., R,(\), corre-
sponding to this mass <l1str1but;10n can be constructed
by expanding the rational function

29+1 . v - _omy ) My .
R (N= it (I—2MR(N) i RN, Ri(0)=1. F()\)—)\_)\l-i— +)\_>\n (18:1)
From (15:1) and (15:4) in a continued fraction. The polynominal R;(\) is
) . . the denominator of the ith convergent. For our
P e . —2v—1 (17:1) | Purposes it is convenient to write the continued
R | HL Y : fraction in the form
F)= -
do_aox“‘ L
dy—a\— =
! ! dz——az)\—
(18:2)
o Cp—1
dn—l—a/n—l)\

14 H., S. Wall, Analytic Theory of Continued fractions, Van Norstrand (1948).
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The denominators of the convergents are given by
the recursion formulas

Ri-H: (dz

This coincides with (15:1). However, in order to
satisfy (14:3), the expansion must be carried out
so that d;=¢;+1, by virtue of (15:2). The numbers
b; are then given by (15:4). It is clear that

Een —1()\)
R,(N)

—(11)\)11)1‘*01‘}1)1;1, ]1)0:]y (’rU:O. (183)

FO)=

where

Qn_m:g m L),

Let us translate these results into the n-dimensional
space given by our correspondence. As before, we
construct a positive definite symmetric matrix A
with eigenvalues A, . N Let ey, ., €, be
corresponding eigenvectors of unit length and choose,
as before,

To= 16,1 “IF Xy =M.
The eigenvalues are the reciprocals of the squares of
the semiaxis of the (n—1)-dimensional ellipsoid
(x, Ar)=1. The hyperplane, (ro,2z)=0, cuts this
ellipsoid in an (n—2)-dimensional eliipsoid, £, _,, the
squares of whose semiaxis are given by the reciprocals
of the zeros of the numerator ’),,,1( ) of F(N).

This follows from the fact that if A\, is a number
such that there is a vector z,%0 orthogonal to 7,
having the property that (Awxg,z)=N\(r,, r) whenever
(ro,2)=0, then X\, is the square of the reciprocal of
the semiaxis of £, , whose direction is given by .
If the coordinate system is chosen so that the axes

are given by ¢, ., €y, respectively, then A=),
satisfies the equation
AN—N\ 0 () R 0 a

0 A—N 0 ... 0 ay

0 0
Qn-1(N)= =0

0 0 A—X

o a an 0

as was to be proved.

Let us call the zeros of @, ;(\) the eigenvalues of A
with respect to 7, and the polynomial @, ;(\) the
characteristic polynomial of A with respect to r,. The
rational function F'(N) is accordingly the quotient of
this polynomial and the characteristic polynomial of
A. Hence we have,

Theorem 18:1. The numbers a;, b; connected with
the cg-process of a matrix A and a vector xy can be com-

puted by expanding into a continued fraction the quo-
tient built by the characteristic polynomial of A with
respect to ry and the ordinary characteristic polynomial
of A

This is the simplest form of the relation between a
matrix A, a vector 7, and the numbers a;, b; of the
corr ospondlng cg-process. The theorem may be used
to investigate the behavior of the a,, b, if the eigen-
values of A and those with respect to r, are given.
The following special case is worth recording. If
=T — =m,=1, the rational function is the
logarithmic derivative of the characteristic poly-
nomial. From theorem (18:1) follows

Theorem 18:2. If the vector rq of a cg-process is the
sum of the normalized eigenvectors of A, the numbers
a;, b; may be computed by expanding the logarithmic
derivative of the characteristic polynomial of A into a
continued fraction.

Finally, we are able to prove

Theorem 18:3.  There is no restriction whatever on
the positive constants a;, b, in the cg-process, that is,
given two sequences of positive numbers a,, a,, "
yy and by, by, . . ., b,_y, there is @ symmetric positive
definite matriz A and a wvector ry such that the cg-
algorithm applied to A, rq yield the given numbers.

The demonstration goes along the following lines:
From (15:2) and (15:4), we compute the numbers ¢;,
d;, the ¢; being again positive. Then we use the con-
tlnuo(l fm( stion (18:2) to compute F(N) which we
decompose into partial fractions to obtain (18:1).
We show next that the numbers \;, m; appearing in
(18:1) are positive. After this has been established,
our correspondence finishes the proof.

In order to prove that X\, >0, m,; >0 we observe that
the ratio R, /R, is a decreasing function of A, as can
be seen from (18:3) by induction. Using this result,
it is not too difficult to show that the polynomials
Ro(N), Ry(N), , B,(\) build a Sturmian sequence
in the following sense. The number of zeros of £, (\)
in any interval ¢« <X<bis equal to the increase of the
number of variations in sign in going from a to b.
At the point \, there are no variations in sign since
R.(0)=1 for every i. At A=+ =, there are exactly »
variations because the coefficient of the highest power
of Xxin RB;(\) 1s (—1)%aga, . . . a;, ;. Therefore, the
roots A\, N, . . ., A\, of B,(\) are real and positive.

That the function F'(N) 1s itself a decreasing func-
tion of X\ follows directly from (18:2). Therefore, its
residues my, my, . . ., m, are positive.

In view of theorem 18:3 the numbers @, in a cg-
process can increase as fast as desired. This result
was used in section 8.2. Furthermore, the formula

|12
bi—-‘)'*l‘-

4|2

shows that there is no restriction at all on the be-
havior of the length of the residual vector during the
cg-process. Hence, there are certainly examples
where the residual vectors increase in length during
the computation, as was stated earlier. This holds
in spite of the fact that the error vector h—x decreases
in length at each step.
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19. Numerical Illustrations

A number of numerical experiments have been
made with the processes described in the preceding
sections. A preliminary report on these experiments
will be given in this section. In carrying out these
experiments, no attempt was made to select those
which favored the method. Normally, we selected
those which might lead to difficulties.

In carrying out these experiments three sets of
formulas for a;, b; were used in the symmetric case,
namely,

(pi,72) (riy1,Apy)
= U = =t 19:1
(pi,Aps) (P, Ap) ! :
‘r’ilg |1“i+112
= - i Ly 19:2
¢ (pi, Ap2) |74 ( )

Py, Apo),
1 (p,Apy)
- (19:3)

[2
12 (11', (ZL:].—b

a; |ri|? :”L+
1

=———— b,
(pi, Api)d, |74]

In the nonsymmetric case, we have used only the
formulas

|2
b= T (19:4)

Our experience thus far indicates that the best
results are obtained by the use of (19:1). Formulas
(19:2) were about as good as (19:1) except for very
ill conditioned matrices. Most of our experiments
were carried out with the use of (19:2) because they
are somewhat simpler than (19:1). Formulas (19:3)
were designed to improve the relations

(ryyrip1) =0, @i Apir1) =0, (19:5)
which they did. Unfortunately, they disturbed the
first of the relations

(Pirir1) =0, (P, Apit1)=0. (19:6)
A reflection of the geometrical interpretation of the
method will convince one that one should strive to
satisfy the relations (19:6) rather than (19:5). It is
for this reason that (19:1) appears to be considerably
superior to (19:3). In place of (19:2), one can use
the formulas

[71‘2 b _]'"i+112:("i+1,7"1‘)
= i+ 174

a;=— -
(Pi;APi)’ |74]?

(19:2)

to correct rounding off errors. A preliminary
experiment indicates that this choice is better than
(19:2) and is perhaps as good as (19:1).
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A sufficient number of experiments have not been
carried out as yet so as to determine the ‘“best”
formulas to be used. Our experiments do indicate
that floating operations should be used whenever
possible.  We have also observed that the results
i the (n+1)st and (n+2)nd iterations are normally
far superior to those obtained in the nth iteration.

Example 1. This example was selected to illus-
trate the method of conjugate gradients in case
there are no rounding off errors. The matrix A
was chosen to be the matrix

1 2 —1 1|
2 5 o 2
A=|| '
—1 0 6 o\
12 0 3f‘

If we select £ to be the vector (0,2, —1,1), the
computation is simple. The results at each step
are given in table 1.

Normally, the computation is not as simple as in-
dicated i the preceding case. For example, if one
selects the solution 4 to be the vector (1,1,1,1), then
k is the vector (3,9,5,6). The results with (0,0,0,0)
as the initial estimate is given by table 2.

TaBLE 1.

| |
! | Components of the vector
| Slew | Veior [y ————— 7| @ bia
| 1 2 | 3 | 4
\ [ @ ‘ 1 0 ‘ 0 0
‘ ro -1 0| 0 0
0 [
Do -1 0 0 0
Apoy —1 -2 ‘ 1 -1 1
‘ T | 0 0o | 0 0
T1 0 2 =1 1 6
1
D —6 2 —1 1
Apy 0 0 0 1 6
2 —36 +12 —6 6
T2 0 2 -1 =0 5
2
D2 —30 12 —6 0
Aps 0 0 —6 —6 5/6
T3 =il 22 =kl 6
r3 0 2 4 0 2/3
3
Ps —20 10 0 0
Aps 0 10 20 0 1/5
| 4 74 —65 24 ‘ —11 | 6
I




TABLE 2.

Y1=B1/151, v2=[2/8149, ~3=B3/899615

w=1/v1, a=n/vy, @=vy3, GB=73
Do=8149/8}, b1=8996158171/63, b2=38068982v2/83-

TaBLE 3.
|
k T T
12—-11| 1 0 00| 3 3 [0
25 02 0 1 00| 9 0 3
-10 60| 0 0 10| 5 0 | 8
12 03 0 0 01 6 0 3
12-11 1 0 00| 3 -3 0
01 20[—-2 1 00| 3 3|0
02 51| 1 0 10/ 8 0| 2
00 12|—-1 0 01 3 0 3
12-11 10 00/ 3 700
01 20[—-2 1 00| 3 | —1 | 0
00 11 5—-2 10| 2 2 0
00 12|—-1 0 01| 3 0| 1
12-11 1 0 00| 3 il 0
01 20|—-2 1 00| 3 1 0
00 11 5—2 10 2 1 0
00 01|—6 2-11|1 1]0

« times components of vector
Step | Vector 23
{ 1 2 3 4
o 0 0 0 0 1
) 3 9 5 6 1
0
Do 3 9 5 6 1
Apo 22 63 27 39 1
x1 453 1359 755 906 b1
0 T1 —316 —495 933 123 B
D1 —1935 —2799 6461 1140 Biv
Ap: —12854 —15585 40701 —4113 Bivt
72 131702 419553 298277 304149 B2
5 Ty 1689 —34360 —27345 73483 B2
D2 —116022 —1684085 —381080 306€641 Bav2
Apy | —66471 | —2579187 | —2140458 5685731 Bove
23 27589274 84526651 62344884 73103513 Bs
9 T3 542343 —188185 92550 —66019 Bs
D3 41725242 —15212135 6969632 —3788997 B3vs
Ap3 542343 —188185 92550 —66019 Bsys
T4 1 1 1 1 1
4
T4 0 0 0 0 1
B1=1002, B2=326123, B3=69314516,

The system just described is particularly well
suited for elimination. In case k£ is the vector
(3, 9,5, 6) the procedure described in section 12 yields |
the results given in table 3. In this table, we start
with the matrices A and I. These matrices are
transformed into the matrices P*A and P* given at
the bottom of the table.

It is of interest to compare the error vectors
yi=h—ux; obtained by the two methods just described
with k= (3, 9, 5, 6). The error |y;| is given in the
following table.

lyil cg-method | Elimination method

[0l 2.0 2. 00 |
il 0.7 2. 65 9
A .67 4. 69

[ysl . 65 6. 48

[y .0 0. 00

In the cg-method |y;| decreases monotonically, while
in the elimination method [y;] increases except for
the last step.

Example 2. 1In this case the matrix 4 was chosen
to be the matrix

. 263879 T 014799  .016836  .079773 —.020052  .011463 |
—. 014799 .249379  .028764  .057757 —.056648 —.134493

.016836  .02876%4  .263734 —.033628 —.012128  .084932

.079773 057757 —.033628  .215331 090696 —. 037489
—.020052 —. 056648 —.012128  .090696  .324486 —.022484

.011463 —.134493  .084932 —.037489 —.022484 . 339271

This matrix is a well-conditioned matrix, its eigen-
values lying on the range N\;=.6035 =\ =N\;=4.7357.
The computations were carried out on an IBM
card programmed calculator with about seven sig-
nificant figures. The results for the case in which
xo 1s the origin and A the vector (1,1,1,1,1,1) are
given in table 4.

Example 3. A good illustration of the effects of
rounding can be obtained by study of an ill-con-
ditioned system of three equations with three un-
knowns, namely, the system

ShARils=ilgz=ll
132129y —382=2
—172—38y+502=—3, \

whose solution is x=1, y=—3, z=—2. The system
was constructed by K. Stiefel. The eigenvalues of
A are given by the set

N =.0588, A=.2007, A;=84.7405.
The ratio of the largest to the smallest eigenvalue
is very large: N\/\;=1441. The formulas (19:1),
(19:2), and (19:3) were used to compute the solution,
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TaBLE 4. TABLE 5
Starting vector k= (3.371, 1.2996, 3.4851, 3.7244, 3.0387, 2.412) 2=(1,0,0)
; 3 . T 1 2 3 X o
Step & s pi @i, b Case-| pormula (19:2) | Formula (19:3) | Formula (19:1) | 1 with 10 digits
0 3.37100 3.37100 i . . .
0 1.29960 1. 29960 10=3. 092387 o 1 1 1 11
. 0 3.48510 3.48510 & =k =l =i =i
0 A D Bo=0. 02360156 co 011804 011804 011804 01180409347
0 3.03870 3. 03870 04098 94098 04008 9409795326
; 0 AT T o —. 12984 —. 12984 —. 12084 —. 1208450282
[ 16526 16526 16626 . 1652573086
|
; 1. 042444 —0.3176047 | —0.02380454 14856 . 14856 14856 1485175838
1
1018866 1.011922 1042504 a1=3. 487517 I 218764 - 18754 -18754 - 1874503815
20021 20021 20021 . 2003244444
1.077728 2194351 03016873
1 - P N —. e 097325 097325 097325 09732500125
| . 9396836 — 3199108 . 02481941 bo . 00028458 . 00028458 . 00027639 . 0002845760270
. 7458837 05016107 008708692 14998 14998 14994 1499404639
T ey e e n 19067 19067 19058 1905807178
- 7654931 004267497 1898594 a2=5. 448597 19623 19623 19634 1963403800
2 11820418 | —. 01781102 — 1355206
1. é gg%gg - g(l)gizggs - (1)?236;(1)38 b2=0. 3997728 a 7.0058 7.0393 7.0059 7.006740263
ST ALRIEIIRE edUCLY B —. 10975 11477 —. 10048 — 1096143529
- 8868053 - 1476360 - 009443067 e 72 | —1.46564 —1.47202 —1.46502 —1. 4651946170
7 TR || _oneree ] =k —1.209049 —1.21606 —1.21028 —1.2104487372
11265069 | —. 0091902 — 004262730 | by=0. 3760145
- 9165367 0633472 L01098733 —. 15045 —. 15188 —. 12747 —. 1275876043
RLTER || et MRS 7 r 030400 020648 081611 0814215368
{ 930153 08593514 1215308 085455 084906 018197 0184025802
i {95447 100050406 06839666 3=5. 464933
| . :i-‘l)ggggg _(113%8%21 = ‘1‘3;122327 ra? . 030682 . 031156 . 023240 . 02324671838
i ) s | et by 31710 . 31860 23870 . 2388565047
, 996569 —. 002365634 007231114 —.10289 —. 10387 —. 091679 —. 0017733357
‘ it G s Ty AT P2 . 090861 090685 .12710 1269420981
5 1.032032 [003267702 | —. 06753326 14768 14772 065039 0652007748
970666 -006006834 L 06183634 bs=0
| 1.008614 - 003155791 —. 01818237 a2 . 047688 . 047713 12.039 12. 09069098
! e O B —. 10484 —. 05079 99124 . 9099886503
L6 1.000013 —.00002271 7y | —1.46997 —1.34651 —2.99518 —3.000023179
Ll e —1.21653 —1.38827 —1.99328 | —1.999968135
- 999991 -00000825
—. 057616 —. 058572 —. 086002 —. 0009108898
s . 23615 . 23643 —. 19036 —. 0020300857
—. 18543 —.18733 . 25063 . 0026663150
y 81O res .
keeping five significant figures at all times. For - oot o . T
comparison, the computation was carried out also
with 10 digits, using (19:2). The results are given b 3.0287 3.0306 4. 5804 - 000518791676
in table 5. In the third iteration, formula (19:1) = oo Sarane . 50602 — . 0008585010
gave the better result. In the fourth iteration, . 51134 51126 30181 — . 0019642287
formulas (19:1) and (19:2) were equally good, and 26185 26035 . 54853 0027001920
superior to (19:3). The solution was also carried out . yee R - FTT—
by the elimination method using only five significant : : : :
ﬁgures. The results are 1. 00004 1. 06040 1. 00024 1. 0000000003
2 | —3.00005 —2.86812 —2. 99982 —2.0999999997
—2.00006 —2.16322 —1.99978 —1.9999999993
og-method (19:1) | Elintination 00064408 00014843 . 00005181 0
s 0014340 —. 00035647 . 0000152 00000000008
—. 0018823 00094441 . 0000364 00000000002
. 99424 1. 06603
—2. 99518 —3. 00506
z —1. 99328 —2.00180
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In this case the results by the ecg-method and elimin-
ation method appear to be equally effective. The
cg-method has the advantage that an improvement
can be made by taking one additional step.

This example is also a good illustration for the
fact that the size of the residuals is not a reliable
criterion for how close one is to the solution. Ir
step 3 the residuals in case 1 are smaller than those
of case 3, although the estimate in case 1 is very far
from the right solution, whereas in case 3 we are
close to it.

Further examples. The largest system that has
been solved by the cg-method is a linear, symmetric
system of 106 difference equations. The computa-
tion was done on the Zuse relay-computer at the
Institute for Applied Mathematics in Zurich. The
estimate obtained in the 90th step was of sufficient
accuracy to be acceptable. 1

15 See U. Hochstrasser, “ Die Anwendung der Methode der konjugierten Gradi-

enten und ihrer Modifikationen auf die LoOsung linearer Randwertprobleme,”
Thesis E. T. H., Zurich, Switzerland, in manuscript.

Several symietric systems, some involving as
many as twelve unknowns, have been solved on the
1BM card programed calculator. In omne case,
where the ratio of the largest to the smallest eigen-
value was 4.9, a satisfactory solution has been
obtained already in the third step; in another case,
where this ratio was 100, one had to carry out fifteen
steps in order to get an estimate with six correct
digits. In these computations floating operations
were not used. At all times an attempt was made
to keep six or seven significant figures.

The cg-method has also been applied to the
solution of small nonsymmetric systems on the
swac. The results indicate that the method is
very suitable for high speed machines.

A report on these experiments 1s being prepared
at the National Bureau of Standards, Los Angeles.

Los AncrLEs, May 8, 1952.
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