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19. Numerical Illustrations 

A number of numC'rical experiments have been 
made with the processes described in the preceding 
sections. A preliminary report on t hese experiments 
will be given in tilis section. In carrying out these 
experiments, no attempt was made to select those 
which favored the method . Normally, we selected 
those which might lead to difficulties. 

In carrying out these experiments tIll'ee sets of 
formulas for at, bj were used in the symmetric case, 
namely, 

(19: 2) 

(19: 3) 

In the nonsymmetric case, we have used only the 
formulas 

(19 :4) 

Our experience thu s far indicates that t he best 
results are obtained by the use of (19:1 ) . Formulas 
(19 :2) were about as good as (19:1) except for very 
ill conditioned matrices. Most of our experiments 
were carried out with the u se of (19 :2) because they 
are somewhat simpler t han (19:1). Formulas (19 :3) 
were designed to improve the relations 

(19 :5) 

which they did. Unfortun ately , they disturbed t he 
first of the relations 

(19 :6) 

A reflection of the geometrical interpretation of the 
method will convince one t ha t one should strive to 
satisfy the relations (19 :6) rather t han (19 :5) . It is 
for this reason that (19 :1 ) appears to be considerably 
superior to (19:3) . In place of (19:2), one can use 
the formulas 

at 
h [2 

(Pi,ApJ 

to correct rounding off errors. A preliminary 
experiment indicates that this choice is bett,er than 
(19 :2) and is perhaps as good as (19 :1 ) . 
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A sufficient number of experiments have not been 
carried out as yet so as to determine the " best" 
formulas to b e used. Our experiments do indi cate 
that . floating operations should be used whenever 
possible. vVe have also observed that the results 
in the (n + l )st and (n + 2)nd iterations are norm ally 
far superior to those obtained in the nth iteration. 

Example 1. This example was selected to illus­
trate the method of conjugate gradients in case 
there are no rounding off errors. The matrix A 
was chosen to be the matrix 

1 2 - 1 1 

2 5 ° 2 

- 1 ° 6 ° 
1 2 ° 3 

If we select k to be the vec tor (0,2, - 1,1), the 
comp utation is simple. The results at each step 
are given in Lable 1. 

Normally , the compu tation is not as simple as in­
clicated in the preceding ease. For example, if one 
selects the solution h to be the vector (1,1,1,1), then 
lc is the vector (3,9 ,5, 6). The results with (0,0,0,0) 
as the initial c timate is given by table 2. 
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TABLE 2. 

a times components of vector 

1 I 2 3 4 
----

0 0 0 0 

3 9 5 6 

3 9 5 6 

22 63 27 39 

453 1359 755 906 

-316 - 495 933 123 

- 1935 -2799 6461 1140 

-12854 -15585 40701 -4113 

13li02 419553 298277 304149 

1689 -34360 -27345 73483 

-116022 - 1684085 -381080 306C641 

-66471 -2579187 -2140458 5685731 

27589274 84526651 62344884 73103513 

542343 -188185 92550 -66019 

41725242 -15212135 6969632 -3788997 

542343 -188185 92550 

1 1 1 

0 0 0 

{J1=1002, {J2=326123, lla = 693 14516, 

'(1={J1/151, ,(,=80/8149, '(a={J3/899615 

aO=l/'YI, al=Yl!YZ, aZ=YZ/ Y3, a3='Y3 

-66019 

1 

0 

bo=8149/fl;, b,=89961 5{Jt1'1/Il~, b,=380689{Jm/{J;· 

TABLE 3. 

I 

" x, T, 
---------- - ---

1 2 -1 1 1 0 00 3 3 0 

25 o 2 0 1 00 9 0 3 

- 10 60 0 0 10 5 0 8 

1 2 o 3 0 0 o 1 6 0 3 
-- -

12 - 1 1 1 0 00 3 -3 0 

o 1 20 -2 1 00 3 3 0 

02 5 I 1 0 1 0 8 0 2 

00 1 2 -1 0 o 1 3 0 3 

- -- -
12 - 1 1 1 0 o 0 3 7 0 

o 1 20 -2 1 00 3 -1 0 

00 1 I 5 -2 1 0 2 2 0 

00 1 2 -1 0 o 1 3 0 1 

---
12 -1 1 1 0 00 3 1 0 

o 1 20 -2 1 00 3 1 0 

00 11 5 -2 1 0 2 1 0 

00 o I -6 2 - 1 1 1 1 0 

- _. -- ---- ----- - ------ --------~,,-----
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The system just described is particularly well 
suited for elimination. In case k is the vector 
(3, 9,5, 6) the procedure described in section 12 yields 
the r esults given in table 3. In this table, we start 
with the matrices A and I. These matrices are 
transformed into the matrices P* A and p * given at 
the bottom of the table. 

It is of interest to compare the error vectors 
Yi=h-Xi obtained by the two methods just described 
with k= (3, 9, 5, 6). The error !Yi! is given in the 
following table. 

Iyd cg-method Elimination method 
-----

Iyol 2. 0 2. 00 

IYII O. 7 2. 65 

ly, l . 67 4. 69 

IY31 .65 6. 48 

ly,l . 0 o. 00 

In the cg-method !Yt/ decreases monotonically, while ~ 
in the elimination method !Yi! increases except for I 

the last step . 
Example 2. In this case the matrix A was chosen 

to be the matrix 
. 263879 \. 014799 .016836 .079773 -.020052 .011463 

-.014799 .249379 .028764 .057757 -.056648 -.134493 

.016836 .02876'1 .263734 -. 033628 -. 012128 . 084932 

.079773 . 057757 - . 033628 .215331 .090696 -.037489 

-.020052 -.056648 -.012128 . 090696 .324486 -.022484 

.011463 -.134493 .084932 -. 037489 -.022484 .339271 

TIllS matrix is a well-conditioned matrix, its eigen­
values lying on the range AI =.6035~A ~ A6= 4 .7357. 
The computations were carried out on an IBM 
card programmed calculator with about seven sig­
nificant figures. The results for the case in wlllch 
Xo is the origin and h the vector (1,1,1,1,1,1) are 
given in table 4. 

Example 3. A good illustration of the effects of 
rounding can be obtained by study of an ill-con­
ditioned system of three equations with three un­
knowns, namely, the system 

6x+ 13y- 17z= 1 

13x+ 29y- 38 z= 2 

- 17x-38y + 50 z= -3, 

whose solution is x= l, y=-3, z=- 2. Thesystem 
was constructed by E. Stiefel. The eigenvalues of 
A are given by the set 

Al = .0588 , A3= 84.7405. 

The ratio of the largest to the smallest eigenvalue 
is very large: A3/AJ = 1441. The formulas (19:1 ), 
(19: 2), and (19: 3) were used to compute the solution, 
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TABLE 4. 

Starting vector k= {3.371,1.2W6, 3.485J, 3.7244 , 3.0387, 2.412) 

Step X; T; p; ai, bi 

0 3.37100 3.37100 

0 1.2WOO 1.29900 (/0=3.092387 

0 3. 48510 3. 485JO 
0 

0 3.72</40 3.72440 ho= 0.02300156 

0 3.03870 3.03870 

0 2.41200 2.41200 

I. 042444 -0.3170047 -0. 02380454 

. 4018866 I. 0119n . 10,12594 (/ 1 =3.487517 

I. 077728 .2194351 .03016873 
1 

I. 151729 -.02954774 .005835219 b,=0. 1411714 

.9396836 -.3199108 - . 02481941 

. 7458837 . 0~0 16107 .008708692 

I 

- - - -----
.9594250 -0. 00W51160 -0. 133JJ68 
. 7654931 .004267497 . 1898594 a,= 5. 448597 

2 I. 1829418 -.01781102 - .1355206 
I. 17207W -. 009187803 - . 08364038 h, = 0.3997728 
. 853 1255 . 01514192 . 1163813 

I .7762554 .03244676 .3367617 

.8868953 .1476500 .009443967 r 

.8689395 . 1042268 . 0180 1273 (/3=4. 580482 
3 I. 1091023 -. 1643885 - . 02185659 

I. 1265069 -. 0091002 - . 004262730 b3= 0.3769145 
.9165367 .0633472 . 0109S733 
.9597427 -. 0007231 .004390484 r 

I ., 
.930153 . 08593514 .1215308 
.951447 . 00050406 .06839666 (/ , =5. 464933 

- I. 008989 .05108757 -.03129307 

" - I. 106982 -. 12107954 -. J37J4 64 
. 966864 -.0344564 0 . 006956427 h, =0.2541540 
. 979853 .03007941 .05262778 

. 996569 -.002365634 . 007231114 

.988825 .00061 6167 . 02354492 (/ , =4.742589 

.991887 .002508661 .01713337 
5 I. 032032 .003267702 -. 06753326 

.970666 .000005834 .06 183634 h,=O 
I. 008614 .003155791 -. 01 818237 

. 999998 - . 00000252 

.9W991 -.00000084 
6 I. 0000 13 -.00002271 

I. 000004 .00000645 
.999992 .0000J636 
.9W991 .00000825 

keeping five significant figures at all times. For 
comparison, the computation was carried out also 
with 10 digits, using (19 :2). The results are given 
in table 5. In the third iteration , formula (19 :1 ) 
gave the better result. In the fourth iteration, 
formulas (19:1) and (19 :2) were equally good, and 
superior to (19 :3). The solution was also carried out 
by the elimination method using only five significant 
figures. The results are 

cg-method (19 :1) Elimination 

x . 99424 1. 00603 

y - 2.99518 - 3.00506 

z - 1. 99328 - 2. 001 80 
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T ABLE 5 

xo={J, 0, 0) 

Case_ 1 2 3 1 with 10 digits Formula (19:2) Formula (19:3) Formula (19: I) 

5 5 .) 5 

PO 11 11 11 11 

~o - J4 -14 -14 -14 
--

Go .011804 .0 11804 . Oll804 . 01l80409347 
--

.94098 .94098 .94098 · 9409795326 

XI - . 12984 - . 12984 - . 12984 -.1298450282 

.16526 .16526 . 16526 · 1652573086 
--

.14856 .14856 .14856 .148517.5838 

TI .18754 .18754 .18754 . 1874503815 

.20021 .20021 . 20021 ' . 2003244444 
--

n' .097325 .097325 .097325 .09732500125 
--

bo .00028458 .00028458 . 00027639 . 0002845760270 

.14998 .14998 .14994 · 1499404639 

P' .10067 .100('7 . 10058 . 1905807178 

.19623 . 19623 .19634 . 1963403800 
-- -----

a, 7.0058 7.0393 7.0059 7.006740263 

- . 10975 -.11477 -.10948 - . 1096143529 

X , -I. 46564 -1.47202 -1. 46502 -1.4651946170 

-1. 20949 -I. 21006 -1. 21028 -1. 2104487372 

-.15045 - . 15188 - . 12747 - . 1275876043 

T2 .030400 . 029648 .081611 · 0814215368 

.085455 .084006 .018197 .0184025802 

T2 2 . 030682 .031156 .023240 · 02324671838 
--

h, .31710 .31800 .23870 · 2388565947 

- . 10289 -.10387 - . 091679 - . 09J 7733357 

p , .000861 .000685 .12710 .1269429981 

.14768 .14772 .065039 · 0652997748 

a, .047688 .047713 12.039 12. 00069098 
-------

-.10484 -.05079 .99424 . 9999886 93 

X3 - 1. 46997 -I. 34651 I -2.99518 - 3. 000023179 

-I. 21653 -I. 38837 -1. 99328 -1. 99W68135 
--

-.057616 -.058572 -.086092 -.0009108898 

T, . 236J5 .23643 - . 19036 -.0020300857 

- . 18543 -.18733 .25063 · 00266631 50 
--

T3' . 093471 . 094422 .10646 . 000012000204 

b, 3. 0287 3. 0306 4.5804 .000518791676 
- - : 

-.36924 - . 37336 -.50002 -. 0009585010 

V3 .51134 .51126 .39181 -.0019642287 

.26185 .20035 .54853 • 0027001920 
--

a3 2.9923 2. 9762 .011854 . 0118007358 
- -

I. 00004 1. 00040 I. 00024 1. 0000000003 

Xl -3. 00005 - 2.86812 -2. 99982 - 2. 9999999997 

-2. 00006 -2. 16322 -1. 99978 -I. 9999999993 

.00064408 .00014843 .00005181 0 

Tl . 0014340 -.00035647 .0000152 · 00000000008 

-.0018823 .00094441 . 0000364 · 00000000002 



r 

I 

l 

In this case the results by the cg-method and elimin­
ation method appeal' to b e equally effective. The 
cg-method has the advantage that an improvement 
can be made by taking one additional s tep. 

This example is also a good illustration for the 
fac t that the size of the residuals is not a r eliable 
criterion for how close one is to th e solution. In 
step 3 the residuals in case 1 are smaller than those 
of case 3, although the es timate in case 1 is v ery far 
from th e right solution , whereas in case 3 we are 
close to it. 

Further examples. The largest system that h as 
b een solved by the cg-method is a linear, symmetric 
system of 106 difference equations. The computa­
tion was done on th e Zuse r elay-computer at the 
Institute for Applied Mathematics in Zurich . The 
estimate obtained in the 90th step was of sufficient 
accuracy to b e acceptable. 15 

15 Sec U. R ochstrasser, " Die Anwendung der Methode d er konjngiertcn Grad i· 
cnten und ihrer Modifikat ionen auf d ie Losun g Iinearer R andwcrtproblemc," 
fl'hesis E. rr . H ., Zurich, Swi tzerla nd , in ma nuscrip t. 

Several symmetric systems, some involving a.s 
many as twelve unknowns, have been solved on the 
IBM card programed calculator. In one case, 
where the ratio of the largest to the small est eigen­
valu e was 4.9 , a satisfactory solution has been 
obtained already in the third step; in another case, 
where this ratio was 100, one had to carry out fifteen 
steps in order to get an estimate with six correct 
digits. In these computations floating operations 
were not used. At all times an attempt was made 
to keep six or seven significant figures. 

The cg-method has also been applied to the 
solution of small nonsymmetric systems on the 
S WAC . The res ults indicate that the m ethod is 
very suitable for high speed machines . 

A report on these experiments is b eing prepared 
a t the National Bureau of Standards, Los Angeles. 

Los ANGELES, May 8, 1952. 
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