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Two Applications of Group Characters to the Solution
of Boundary-Value Problems’

E. Stieiel *

It iz shown thet the numericsl work invelyed in solving 4 boundary-value or e.gon-
value problern by finite difference methods in a derain with many syminetries ean often
be rednced by applying the theory of group characters to the group of symmetries of the

duvinain.
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In the second part the sothar conziders tha problem of snlving Au=0in a oube when
rescribed boundary valuea ave [nvariant under the group o
pories reprosentation of the solution in terma of harmonfc polynomisls only a aubeet

rotationa of the eubwe.

af these polv¥nomials aotually occurs, and the theory of group charscters facilitates con-

ajderaht¥ the determinationh of thia subect.

It is very well known that representation of groups
ma}I; be a uzefnl tool in dieusamg varivus cigenvalue
roblems in quantum mechanics. ‘This is duc ke the
act that boundary-value problems of Schroedinger’s
equation are to be solved mostly in the whole space
or inside a sphere as fumlﬂ,menl;ni region and therefore
the high symmetry of those domains can be nacd.
It iz the purpose of this paper to show that group
characters sometimes are appropriste mlso to sim-
plfy the numerical eomputation of boundary-value
or sigenvelue problems in more general-shaped do-
mains, in particelar if the problem heas been trans-
lated into the language of difference caleulus. It
will be sufficient to explain thie discussing simple
examples.

Let, for instance, A be any plane region and 1) a
differential operator invariant under Eguc-lidea,n ma-
ticns or reflections of the plane. More exaetly, if
Flz) 15 a funetion in aur plane and Af a Euclidean
rotation, transiation, or reflection, then

DM =MD, (1)

which is to say that I} must commute with any
motion M. The Laplnce operator A and the operator
AA of elasticity problema have this property.

In order to solve any given boundacy-value prob-
lem with respect to the region A and the operstor
I, we may uze the difference technique, introducing
a sgquare lattice L in A and re]pl,&ciugj hy & lattice
function (defined only in the Jattice poiots) and D
by a differcnee operator, which spproximates the
f,lven differential operater.  In the case of & A-prob-
em, the corresponding difference operator may ha

iven by figure 1. Rjul;inn {1} will be true apain in
%he difference caze, provided that by M is understood
any motion or reflection transforomng the lattice
into itself.

Buppose now that the given region A i3 invariant
under a group & of transformations of this type. If
A has no symmetey at all, we may use Schwarz's
alternating Egm.:eas dividing A into overlapping anh-
TOgLo of them having symmetry proportics.
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It is our gowl to ahow how the gronp & can be used in
order to simphify the solution of the given boundery-
value problem in the region A,

Take, for inslance, the aguare region A of figure 2.
The proup 7 is in this case the symmetry group of
the squara of arder 8 having the following similarity

|
| Numher
Clasg Elements of :
| elements
) I Tdewtity .. 1
] IR Rotations =90°. ______ . 2 &
[ — ¢ Botation 1BO® __ __________ 1
| € ) —— Refestion by horizantal or
vertical linee - __ __ . ____ b3
1) R Hefections o diagponal o 2
Tulal .. | g

The givens boundary-value problem s equivalont fo
& gystem of nina linear equations for the values of the
wanted function n the nine interior laitice points.
Any lattice funciion ¥ may be visualized as a vector
in a nine-dimensional vector space 5. Therefore,
applying the operntions of the table to the lattice
functions, we et B linear raprezentation K of the
bagie proup Fin 8.
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It 15 not too hard 1o show that its character x is
iven by the following rele: The value x (M) of x for
an element A of & i3 equal to the number of lattice
points fixed under the operation A7, (Use az coordi-
nete system in & the lattice functions not equal to 0
only in one single lattice point; they are permuted by
M) We want to decompose the representation &
into irreducible components:

Ii..=C|R|,+('a]Hg+ - +C5H&,
Where R|, R:. I

{3

.. B, are ihe irreducible repre-
sentations of 7. (There are exactly five because @
has five mmilority cinsses). According to the ortho-
ponality theorems of representation theory thia Las
to be done working on the table of characters of
as follows:

Clasa_.. . ___[([1] [2) 131 [H] [5]
Wo.ofelkements_| | 2 1 2 2

Ly

|
|
‘ i
|

i | 1 1 1 1 3
Ky 1 1 I —1 -1 L]
X T | | 1 =1 1
X T -1 1 -1 1 1
Xs 32 0 —2 i 1] F
¥ 1] 1 1 3 3

In the first iine we have listed the similarity classes
with their numbers of elements and in the following
line= the values of the churacters of the irreducible
representations in those clazses. They are recorded
in many texthooks of represantation theory.® The
last line 15 the character x of our representation I,
computed according to the rule previously mentioned,
The first number m each line is the degras of the
representation (dimension of the vector space trans-
formed Ty the vepresentalion) According to a
zeneral formuls of character theory the coefficient.
D () is

=% ‘?ﬂ_; x M )x (M), {5}

ia, ier, THa Theatle der Gruppen voo andlicher Ordnong, 34 ed., D, 179
180 {3qwlnger. Berlin; anwd Iver Frubl,

with the group rlement M running through the whole
group 7. By thiz we have for instance from our talle

o= 331 —21 41123 +2-3)=1,

The multiplieities ¢; are listed in the rolwnn to the
right of the table. Finally, we find

F=8R4+ R+ P42k, L]

Therefore, the vector space 8 splits into saubspaces
&, &, &5 S 8o &, S (7)

cach of themn Dbeing invariant under B and being
transformed by the irreducible representation given
by ita subseript.

Take now o set of subapaces having ihe sammne sub-
script (L e., being transformed by the same repre-
sentation) and introduce base vactors in each space
of the set. For metance, S; and &, being both
two-dimenzional, inay be apanned by the base vectors

o T
r Fl fg}
L E S

Cenerully speaking, each zet of equally transformed
subspaces yields & rectanpular arren cnt of hasc
vectors by listing the base vectors of each suhspace
m e line. The length of the rectanple is Lhe degree
of the irccducible representation under considergtion
and its height the multiplicity of thiz representaticn
as a component of K. It is, of eourse, possible to
rloose the buse vectors in such g way that each line
of the rectangle i= transformod exactly in the saine
way.

It follows then from & well-known generalization *
of Bchur's lemma that each linear operator in & com-
mutable mith the transformations of B trensforms
the vectors of each column in aur rectangle among
themselves and in each column in the same way.
Taking into account the relation (1), we see thet the
difference operator of the given bhoundary-value

roblem has this property. From this follows imme-
giutely that the orviginal avstem of nine linear equa-
tionz with nine unknowns aplits into partial eystems.
The rectangle (8], for instance, yiclds two =ystems of
two equations each, heving the same eoefficient
matrices. From the firat and the ¢ columm of the
table {4} wo got therefore the following bnal result,
The aystem otgﬁina equations splits into one system of
three simultaneous equations, ons single aguation,
one single equation, and two syalems of two gimul-
Laneos aguations.

If we have to deal with an eigenvalue problem in-
stead of a boundary-value problem, the enalogons
statement is, that the wanted characteristic poly-
nomial is the product of & facter of third degree, iwo
linear factors and the square of a quadratic factor.
In order bo carry out the decomposition of the system
of ninc equations explicilly, it is, of course, necessary

{H. Lo van dar Wasrden, Ine mup?nthmmumh Meibode in der Qumilens
mechanik, seol, 13, p. 47-30 (Bpringer, Perlin, 155




to esteblish the lattice funetions, whieh build the
hase vectors of the differeni rectangles (8}, The

three basiec lattice functions corresponding (o Lhe

firat. irredueible represcniation K. are simply threc
linear independent functions invariant under all
motions of the square. As another example we give
the vehics of the lakizee onchionzs (8) m the nine
lattice pointa.

nnn 0 | 0
= —1 a1 i fon—= 0 ] 0 B
o 0o 0 a —1 0
{8)
-1 0 1 1 0 1
ew= 0 0 0, = 0 ] a.
-1 00 1 —1 0 —1
Taking as I the operator of figure 1, we get
Degy=-=4e5 + o5
{10)
Dey= Qe —dea.

The functions ey, ey are transformed in the same way,
The eigenvalue problem of the operator I with
vanizhing boundnry velues gives the equation

Df 42 f=0. {11)

Let us put f=ae5 +bey.  Then {14; vields the eigen-
value probiem

(A —4)a+26=0

{12}
@4 {h=415=1,
And from this followr the eigenvalues
A=44 1,-"5 (13

of the operetor I?, each of them having at least the
rmultiplteity 2.

It 12 not too hard to cstablish for & lattice in a
given region A the rectangles of base vectors when
we know the characters and the irreducihle repre-
sentations of the symmetry group of 4. It is con-
venient bo choose all those vectors {their total number
is equal to the number of Inttice points) orthogonal
to each ather. This is possible because the re-
presentation R is orthogonal, and therefore the -
redueible subspaces of & are orthoponal.

At the Instituta of Apphed Mathematics in Zunich
(Switzerland} we nsed the methads of Lhis Eaper in
order to solve the boundery-velue problem of
Airy's clasticity function inside s dam. As subre-
gions mm Schwarz's slternating process, we chose
squares of 16 lattice points,

In his book about eigenvalue protlems, L. Collatz *
imtroduces the notion of “aigenvalues of a graph”
and discuzees an example, where the graph 1s built

by the sepments _jn:-in.in% lwo midpeints  of
edges of & ¢ube. This problom mey plso be treated
{LLIEI:;;&'B?' Higenwertonlgabon mit  tectinlachen AnweTwiunges, . 2

by characters, using the group of all rotations of
the cube.

In this scction gnother application of character
theory is diseussed, related to ihe methoda of 5.
Bergman and Al Picone for the soaluiion of
boundary-value problems. For our purposes Lhoze
methods may be characterized by the following
procedure. L first & complete set of particolar
solutionz of the given partinl differential equation
ia congtructed nnc:lgl hen the solution of the boundary-
walue problem is cxpandel inte & series heving as
terns those ticular integrals, Let us take, for
instanes, Laploee’s equation Az=0 in three-dimen-
sional space. The particnlar solutions may be in
this ease the harmonie polynoroials of degree »

Vilzp)=re™®-Pirli(ons 8), 2=0,12, ..,

{14}

fi runming from {—n) o (4a).  On the rght sde,
¢, B, ¢ are polar coordinates, P iz 5 generalized
Legendre polynomial. Suppose now that the fun-
damental region A of the boundary-value problem
iz 8 cubpe having its center at the origin and supposa
furthermore that the given boundary valees are
imvariant under the group & of Lthe 24 rotations of
the cube. Tt is obvipus thai under those clrcum-
stances only harmenic pelymomials appear in the
Bearpman-Picone expansion, which have the ssme
symmmetry propertica. In other words, we bave
the pmb{em to establish sll harmonic polypomials
invariant under the group 7 of rotations of the cube

The theory of charaeters gives peneral methods

in_order to solve problema of this type. 7 has the
tollowing similarity classes:
r_ - =
: | N umbear
Class Typical element " of ele-
| | menia
[ .| Tdentity_ . . .. _.______ | 1
[21-""| Rotation R B IR
2. .| BEotation 1807 (z-axia), .. . _ . .. E
[4]. ._| Tiotation 180° (axis: z=0 r=p)__' 6
[5]- .| Rotationt 1207 tnxiR=diagmml}_i g
Tﬂtal____.._..__..______| 24

By poy rotation of the enbe the (2r41) harroendc

lynomigls of a pgiven degree 5 are transtormed
inearly among themselves and vield therefore a
representation K, of degree (Zn+-1} of & Leu M
be any rotetion of & and x.(Af) the charaeter of B,
The nomber of linear indepondent harmonic paly-
noeandals of degree » invariant onder @ is equal to
the multiplicity ¢, of the unit representation in the
decomposition of £, into irreducible components.
{The unit representation of a group maps every

Tl gueilon hae been poaod snd anawered by 3, Polya end B Mever
Hur k2 avmfiries des bonetime sphbrigques de Laplace, Compe., remd, B,
{14505 Elac Tox falctioie spheclawes o8 LAT Lok de oymelele orbBtnllogrnr) fpoe
alonkEe, Compl. rend . 23, (LB4B.
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group clement into the ose-row rmatrix=13. This
multiplicity is given by the character formula
eomgg Toxe(M) (16)
=_24 ‘%x" L 1

M running through the f{mup. It remaing to com-
pute the character . (Af). In order to do this
we may restrict ourselves to cotations M pround
the z-axis. Let u be the rotation anple. Taking
into wecount {14), it follows that the {(Zn+1) har-
moni¢ polynomialz of degrec n are transformed by
M in ihe following wav:

T pmie T ol {17}
The matrix of ithe transformation is pure diagonal
with the wrace -

sin (2a £ 1) %

Xl M) = 35 emis— 2 am

m=—i P
=10 =
2

From (16} and the table (15} followa now the veault:

sin (2n41)445"
sin 457

1
c,=ﬁi(2n+ 11+-4

. sin (22413607
+9 sin (2n+1)90° 48 22 E_ﬂn—}

(19)

The final result may be expressed in the followin
terms.  Write & in the ferm of a multipie of 12 an
the correaponding remainder

a=12k+r, 0<r<12. (20)
Then
e=k4-1r], (21}_
where L{#) is given by the table
F012345157$nm11,
.2
ey | 1 000 0 1 0O F 9 11 L 0|

The polynomials themselver can be built by choosing
any harmonic polynomial of degree w, applying the
24 rotalions of the cube and adding up the 24 reanlt-
ing polynomials,

A mare generg] problem would be to establish the
harmonic polynomials being  transformed by 7
according to a given ireeducible rnl,\resent-u.t.iun of 7.
This can be uaed to simplify the zolotion of & bound-
ary-value proklem in which the given houndary-
values have not the symmetey of the cabe. The
haszic idea iz, of conrse, the samea az outlined previously
i thia paper.

Lioa ANGELEs, January 29, 1952,
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