Jourmal of Eesacarch of the Hotlonal Bureau of Standards

¥ol. 48, Mo, 5, May 1952 Besearch Paper 2328

On Cauchy-Riemann Equations in Higher Dimensions’
E. Stiefel*

The n linear partial differential equations with ¢onstant cemplat coeffigiants
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. . m) are said to fomm & aystem of generalised Cavchy-Rlemann cquations, if thara
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Tt in praved that such syatems exist for £ =1,2,4,2 only.

In the pages re=2,4 there are threa

epsentially inequivalent ayvstems; s S only two.  IE the soefielente are required eo be rasl,
there exiet only the clagsio avstem of twa equations, the two eyatems of Dirac-Foeter equa-

fiens, and two gystems of sight squations.
If two real funetions wy, 4% of the real variables
x,, %2 satisfy the Cauchy-Riemann equations
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they are harmonic, that is, from (1) follows Laplace’s
equation by differentiation:
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Introducing tha left sides of the Cauchy-Riemann
eqUALIONS

o _ou,
' ax, o

2y
Az,

z LN

ax, 3
we obmexrve that this stotement Is an immediete con-
sequence of the relations
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Atty= afi af;
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that is to say, that the Laplaciana of w,, 1 are linesr
combinations of the derivatives of the loft sides of
the Cauchy-Rismann equations.

Tn 1939 Olga Tausscy-Tadd ? studied the follow-
ing general problem. Let 2, %5, . - . , % be func-
tions of the independent variables =), 7, . . . , 2.
Is it poesible to find a system of n linear partial

differential equations with constant coefficients
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the B, agnin being constant coefficients? If & set
of functions w, %=, . . . ; % satisies (5] it follows
then from (6 that they are harmonic, S0 wa may
say that (5) are Couchy-Riemann equations in
n-dimengional space and generate u theory of funclions
in this spnce reasonsbly related fo potential theory.
0. Teuelky proved that this problem csn only be
solved in spaces of dimengion #=2", In this paper
the better resulé is eatablished that « muast be I, 8,
4, or & and moreover all Cauchy-Riemann systoms
5) will b classified. In owr discussion we admit
that the z,, % and the cocfficlents in (5), (8} are
complex, We will use methods of representation
theory introduced by Wi%ll&l‘ and Eckmann' for
the solution of tproh]ems. ol an analogous type, but
we shall simplify matters 8 little by dealing with
algebras inatead of groups. )
1. Introducing the n-row maftrices

(6)

Ai=(aly), By=(0}}, i,h=12,...7, (7)
and the vectors
'E={E!:I!: e 'le}! “={H'l:ﬂ'h [ .,ﬂ.}, {'E‘]
relations (53, (67 can be written
!=gfh§:ﬁ’ m=éﬂ.§: @)

Insarting the second equation into the first we get
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Thia identity holds for every vector w. Comparing
coefficients it turns ot that

B.Ai=I, BdyrBiAy=0, (11)

I being the #-row unit matrix. Thus the matrix &,
ia the invorse of 4, and our question iz reduced to
the problem of constructing » matrices A, of n Tows
eatisfying the relation

AitdcHArtde=0,

2. In ordor to eolve this problem we observe that
f12) is invarient under & general equivalence trans-
formation

Tk,

irh, (12)

A—84.T, (13)

where 8, T are two matrices with nonvanishing de-
terminanta. We do not distinguish between two
Cauchy-Riemann systems (5) related to each other
by such a transformation but eall them essentially
equal. Using thi= equivalsnce, we may transform
by (13) onas of our matrices—eay A,—into the unit
matrix, For A=n we have then

A4 A7'=0 or A7'=—4, or
and for b=1,2, ..., n—1 this gives
Apdet Ay Aa=0,

Thus we may resitict ourselves to the problem of

£=1,2, L

1=—T

constructing (n—1) matrices A4y, . . ., .4, baving
the property
t=J, ApdetAd=0, ixh. (14}

If we have only these special systems under con-
sideration the generasl equivalence transformation
{13) will be restricted to & ainnlatity transformation
A;—"‘S.A;S_ 1, {15}
Lecause the unit mateix must be laft invariant,
Matrices of the type (14} have been studisd at first
by Hurwitz® in the gpecisl case where tha A, are
real and orthogonal.
%. From the basic relations (14} it follows that the
2"~} matrices

+

I, AI: A!r = Al-l: A

AI.A!: Ald-h L} A'I'I—EA#-I;

AIAGAQ: vy Au—I:Aﬂ—SA:-h b- {lﬁ}
AlAh EERE A--h o

+ A, Hurwiie, Uker de Ecmpoaidon dor qusdritiedien Foomen, oobesied
Tapera A, &4l {19 ).

this is to say, all products with increasing subscripis
of the factors, form & mairix algebra of order 2°-L
Indeed, the product of two matrices of the et {18}
i {fup to the sign) again a matrix of the set. Let us
now consider the sbsiract associstive algebra H of
order 257! over the complex field given by the basic
alamen ts

-

Y, 8, 80 .. o Bhely
E1€z, €188, - - - Em_gfa—1,
B1E4EY, + - .y Em_ybmatfaty [ {17)
€183, . - - Enely J
and the multiplication rules
gi=—1, ety teen=0, i#h. (18)

Thua cur proklem is finally to construct a representa-
tion of the algehra H bﬁ; n-row matricez, In order
to do this wa use the following well-known theorams
of representaiton theory:

Theorem 1. There is—up to similaridy transforma-
tinn {15—ondy o finite number m of irreducible re
seridations, where m 4¢ the order of the center of the guen
wlgehra B, Any representation iz the sum of irreduci-
be represenfations.

Theorers 11, Let f be the degree of a representation
{(number of rows of the representing matrices). Then
the degress ¥, K, . . . ., Je of the irveduciMe repre-
sendodions sofiafy the ]

A+A+ . Ffi=order of H=2""",

4. Let us discozs first the case vthat the numhber »
of Cauchy-Rismann eq (6) i3 even. Then the last
element (e . . . e,y Of the sequence (17} com-
mutes with gye;, . . .€.s 8nd is therefors a center
alament of tha algebra H. It is not difficult to show that
the elementa 1 and (&e¢; . . . &4.) span the center
of H, that is to szy that the general center element ia
of the form ad-B{ees . . . €4y}, wWhers «, g are
complex numbers. The r of this center bej
m=2, we learn from theorem I, that our algebrs
has eractly two irreductble representmtions, I
and P, Ther are related in the following way.
If I, ia given by

D 1-+I, e¢—E, (19
{E: being the represeating matrices) then I, is
given by

Dy {20
In order te prove this let us obgarve that if the E,
patisfy the basic relaticns (14)

Ei=-1, EEA+EE=0,

1], e—>—E,




the same 18 true for the matrices (—E,). Hence, if
{19} is & represeptatipn, then (20} is another.
Furthermore, if I} is irreducible, the same is true
for I, and, finally, I, I); are not similer. Indeed,
the center element (e . . . ¢,,) i3 represented in
Dy by the matrix Ef5 . . . Eao,, which must be a
multiple £f of the unit matrix, since it commutes
with the whole irreducible set of representing me-

trices: In I, the representing matrix is
—.Ej_.Eg P E“,_1=—'¢I.

But (ef) and {—«I) are not similar because, cer-
teinly, ¢s¢0. Thie finishes our proof.

This discuesion showe, in particular, that I nnd
I have the same degree /. From theorem TI we
have

ot ]
27=2""1 andep F=2'7,
As siated in gection 3, our basic problem is to find a
rapresentation 12 of the algebra H by n-row matricea.
From theorem I i$ follows that I must be the um
of the representations Iy, I, each of them perhaps
ropeated several times. So the degres n of D s
& multiple of f:

21)

n=0

n=i-27 (22)
But thia is only possible for n=2 4.8, and the multi-
plicities & are 2, 2, I, respectively. In the cnses
n=24 wa have for I} the thres inequivalent posai-
hilities

Dy+Dy, D, I+

and in the case n==5 the two possibilities Iy, Ds.

§. The case of odd » ie rather trivial becauss the
center of If in this case is formed unlﬁmbjr the multi-
plea of the unity element. 5o we have cnly one
irtedugible representation. Ite degree f i3 given by

1

(23)

fﬁ‘zgs—lj f= Tl
and the wanted represontation [ must he 8 multipls
of this unique irreducible representation:

m—1
ﬂr=j,"27»

This leads to n=1.

Collecting the resulls we get the theorem:

A sysien of n Couwchy-Eremonn equations ihe
dype (5), (6) 12 only possible for n=1.2,4,8. In the
ciuges w=>2,4, there are three snequivalent systems, in
the caze n=2_., only fww.

6. In this section we establish the Cauchy-Rie-
mann systema explicitly and diecuss especially the
real ones.

fa} In the case n—2 the degree f of the irreducibla

represontation IY ia f=1 according to (1), So IV,
I?; may be given by
Dl: '51_3'1‘;-, Dg: ﬂ]—?-"'l.-, (24)

t being tho imaginary unit, Qur first possibility
(23} D=IN+1} is then
£0
e{g; )= A=l (25)
and vields the Cauchy-Riemann ayetem (57
.y D, . Ou, | Sty
T a'—z‘-l'a'—h—ﬂ, ) a—x-l E;ED {25}

eonsigting of two separate equaetiona for w, and .
Hence, wa may restrict ourselves to the single equ-
ation
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which expresses the fact (if 2, 7, are real variables)
that % is a complex aoalytic funetion of o —7vy.
By differentintion of (27} it follows of couree Au={),
The two cther possibilities (23) mey be ostablished
by changing {inte (—1}in one ot bm‘f:; equations (26),

In order to find the real Canchy-Riemann sys-
teme—that is to say real representations of H—we
must form the sum of one of our irreducibie represen-
tations and itz complex conjugate representation,
TFaking into account that I and D; are complex
conjugates, we have finally only the unique real rep-
regentation D=I!-}-I} and only one real Cauchy-
Riemann system, which is, of course, the systom {1).

{h} For n=4 the representation I, may be given
by the so-called Pauli-matrices

e aomm(2i) w0 )

wrn(l )

—1 0
ﬁ]ﬁgfgﬁ( 0 —1 -

[); is obtained by changing the gign of those matrices

(28)
with
2m

The Ceuchy-Riemsnn system corresponding to
D=0In+D, splits again into the sguations
p Oue Dty L ay  Ouy
Yoz, Gy Bk Tz, O
i) ] Oy | O 80
- uy . ']
oz, T Dz, ' 0wa 0w, "

for 4, w: slone snd the same equations for 4, w,.
In this ease, howaver, I} and I} are nal conjugste
complex, but D) is similar to its own mnfjl.}gjat-a 01
plex snd the same is true for I, This follows from
the fact that in 73, the center-element ¢ese, 13 rap-
resented by a real matrix according to {28). S0 we
have two nonequivelent resl Cauchy-Riemann sya-
toms corros ing to the representations By, 4+ I,
and B + Do ey are B. Fueter's equations for




right and left reguler functions of & quaternion van-
able, and they are closely ralated to Dirac’s equations
in quantum mechanice. The first system may be
derived from our equations (30) ip the following way.
Let >, %z, o4, 2 he variables and %,, %, complax
funetions:
W=y 3, U=ty 37
Splitting the eq (30) into their real and imaginary
artg we get the four equations wanted for &, 2., o, 2.
he sacond sysiem follows in the same way if wa re-
place (30) by the squations corresponding to I, 47,
{¢) The caze n==R8 i entirely different from the
previons cases, because we found in section 4 that the.
representation I solving our prehlem is either D, or

O

i snd hetice ivreducible. Thus the Cauchy-
Riemann syatems of this case will not split into ays-
tems of fawer equations. 'We omit the computation
of the matrices of I, which is closely related to the
aoealled Cayley mumbers building s nonessoriative
algebra and mention only the result that those mai-
rices may be constructed as real matrices. They
viold two Cauchy-Riamann systems.

As a final reanlt wa have tl!:: following stotement:
The Miﬁmﬁ‘ﬂ'ﬁﬂ&d reol Cruchy-Riemaenn systems are
1. the sic gystem of two equations; 2. the two sys-
tems of Dhrac-Fueter equations, sach system having four
equabions; and 3. fwo systems of eipht squations.

Los Anserres, December 4, 1051,
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