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Thermal Converters as AC-DC Transfer Standards for
Current and Voltage Measurements at Audio Frequencies

Francig L. Hermach

Thermal ¢onverters aod aasgciated equipment that are uged as ac-do iransfer standards

at the Nationsl Buresu of Standarda for the
power and sudio frequencies are desceribad.

cion messuretnent of current and voltage af
e gtandarda and the equipment, are primarily

usad t0 standardize a-¢ ammeters and voltmeters submitied to the Bureau for certification.
Tha ac-do transfer may be made with thasa tharmal convertars at currents from 1 millintmpers
to 50 amperes, voltages of 0.2 (o 750 velts, with an accuraey of 0.01 parcent at fragoencles

from 25 to 20,000 oycles per second,

Tha apeclal tasts 1o inzure tha required asevuracy of the tranafer atandards era deseribed,

and the reqults are presented

A number of factors that Iimit 1he tranefer aseuracy of 1her-
mal cemverters heve been disctvered, and the results of special tests and theareti

work to

avaluata theae factorz are diacusead. The aolutiong, by ab approximstion method, of cerfain
pertinent nonlinesr differential equations gaveroing the hsating of & conduetor by an electrle

prrent are gven.
1. Introduction

The increasing use of electric energy for sircralt,
induction furhaces, and induction heating, and the
greater aceuracy reqiviced in measurernents in
electronics, have led to increasing demands for the
accurate standardization of smmeters and volt-
meters at frequencies exterding upward from power
frequencies through the entire awdio-frequency
range, To meet these demendes, special ingtrumenta
have been developed at the National Bureau of
Standsrds for the measurement of current and
voltage over rather wide r . They make use
of thermal converters ! {often enlled thermoelcmenta)
lika those incorperated in ordinary thermocouple
mstroments, but differ in the manner of reading
and use. 'i‘he;;r mey be used either direcily to
measure the ac-de differences of ammaters and
voltmeters, or with a =oiteble potentiometer and
mCCPESOTIOS toO measure alternati currents and
voltages. They were designed and are used pri-
marily for testing electric mmstroments, alb eorrents
from 1 ma to 50 amp and voltages from 0.2 to 750 v,
with an accuracy of 0.01 percent at frequencies
from 25 o 20,000 cfa.

2, Transter Principle

The basic electrien]l vnite are defined in terme of
s concordant system of mechanical units and are
realized b¥ absolute electrical measurements carried
out at national stendardizing laboratoriez to fix
the value of groups of standerd cells and resietors.
These standards are used in conjunciion with a
potentiometer to make mepsoremnents of dirvect
voltage, current, and power. It has been known
for a long time, but not sufficiently realized, that
the messurement, of the correspon lterna ting-

current quantities depends fundarnentally on certain
standard typea of electric transier instruments that
ideally hava the same response on direct and alter-
nating current. If the instruments are calibrated
on direet current at the time of sach usa and if the
precieion of reading iz suitably increased, long-tima
stability, freedom from drift, small tempersture
influence, low losges, and other normally desirable
characteristics become of secondary importance
and the instruments may be primarily designed aad
constructed to have the best pumibla%%aquen
characteristic. For difference measurements su
mstromenta need not have long scales in the ordinary
sense, but rather may be designed for incroased
precision of reading by methods that would not be
opplicable to nstruments intended for general
service.

Sperial electrodynamic transfer instruments have
leng been uscd ot the Bureau for accuraic a-¢
meagurements, These transier standards are used
lergely to stenderdize (test} other instruments
submitted to the Buresu for certification. There
are two distinet types of such testa. For the
“straight a-c test™, the instrument wnder test and
8 transfer =tandard are conmected to mcasure the
same alternating eloctrieal Bguanl;ity (current, volt-
age, or power), which is adjusted te produce the
desired deflachion of the test instrument, The
regponge of the standard insirument is observed,
than the standard is transferred to direct eurrent.
The direct guantity s adjusted o give tho same
responee of the stendard end is then measuered with
& auitable potentiometer and accessories. For the
so-colled “ac-de difference test”, heth insirpments
are connected 1o measure the same quantity first
on_alternating and then on direet corrent, which
is in each case adjusted to give the sama deflection
of the test ingtrument. From the averaged difference
in_the-response of the transfer standard, the ac-de
difference of the test instrument s computed.
The second type of test can he made with somewhat
higher securacy than the first, and in conjunction
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with & test on direct turrent gives more information
about the ormanes of the teat insirument.
Because the ac-dc difference of an instrument de-
pends upon geomsetricel factors that are relatively
permencnt, subsequant tests for checking the con-
staney of calibration need generally be made only
on direct current. Oecasionslly transfer tests aro
made by using & selected low frequency (such sa
B0 cfs) ae the reference in place of direct current.

An example of the accurncy with which such
te3ts mre mads, lshoratory standard instruments,
with acales 12 in. long, are repularly standardized
and certified at the Bureau to 0,05 of & sealc division,
For & 150-division instrument thiz reguirea an
aceurscy of messnrement of 0.03 percent or hetter.

3. Development and Dascription of Elactro-
thermic Transfer Standarde

3. Choice of Standards

Several types of instroments were considered in
choosing transfer standards to cover the full andio-
[mquanci]m(fe Electrodynamic inetruments have
been highly developed [1, 2, 3)? at the Burean for
measurements st the commercially impoertant power
frequencies and ean be used with proper correciions,
up to about 2,000 cfs. However, unavpideble in-
ductance snd siray rcapacitance errors limit their
ueeful feequeney and present little hope for the
desived e;x:tanm:m%lcctmstntic instruments bhave
been carelully studied [4, 5] at the National Physical
Laboratory. They are useful over wide frequency
rangas, but because of their low-torque-weight ratio
at low wvoltage are not readily adaptable for either
the low voltege or the current ranges desired in this
application. ectrothermie instruments, which use
an effect produced by the heating of o conductor
carrying & current to be measured, seemed more
promizing, Of the zeveral kinds, thermoconple in-
struments, in which the temperature rise of the con-
duetor (heater) i@ measured by a thermocouple,
seemed moat feasible. Straight-wire heaters allow
a wide frequency ranga, and the thermocouple
‘messurements permit high precision of reading.  The

uzaal disadvantages of poor stability and large tem-

'perature influence are not important in their uze as

tranefer Ingtrumenta, and their low overlosd cg
ity 1= not a eeriovs limitation in carefv] laboratory
work., Fortupately, lgood thermal converters are
eommercially available. They have been used for
messurements at frequencies up to ghout 65 Mc, with
8 d-c millivglimeter a= the indicator, and are gener-
ally comsidered in the M- fto 2-percent accuracy
clasges. 5o far as is known, they have not been
previously studied for use s transfer instrumenita at
the frequenciez and the accurecies needed in this
application.

or these reasons, eommerciel thermal converters
were gelected for study to determine their valua as
acde standards In a widerange audic-frequency

1 Flgures in brackets indinate the literature refetemoms ot Lhe end of (i pagwer,

transfer voltmeter. A careful experimental and
theoretical study of their performance led to the
purchase of additional commercial thermal converters
of suitable ranges and the design and construction of
equipment for using them as transfer atandards for
voltage and corrent.

3.2. Description of Transfer Standards

Each thermal converter purchased in the milli-
ampers ranges i3 of the vacuum type, mounted in an
evacunted glaza bulb with supports of copper wire
embadded In the glass. The conductor, heated by
the current to be messured, i & short straight wire -
generally less than 4 cm long and often less then
0.001 in. in diameter. The heater alloy and dimen-
aions are chosen to give a temperature rise of about
" ! at the conter where the hot junction of the
thermocouple is fastened hy a ceramic bead. This
bead provides electrical but not thermal insulation
between the heater and the-rmumuple cireuits, with &
coupling capacitance less than 1 upf and an insulation
resiztance greater thao 50 mepobhms at 25% O,

Becanse high current sensitivity 1s not required,
the thermal eonverters in the I- to Eﬂ-am];lmn g are
not evarcuated, The hot juoction of the thermo-
couple is welded directly to the midpoint of a thin-
walled tubuolay heater. These thermal converters
ar: tnmperature compenzated [6). .

For current measurements, thermal converters in
the zeries 1, 2, 5, 10, ete., with reted cutput gectro-
motive forces of 10 mv were purchazed, with ranges
from I ma to 30 amp. Thermsl converters of 7.5
and Z0-ma ratings, with appropriate series resiators,
orc used for voltnge messurements, Figures 1 and 2
show some of the thermaal convarters and the modal
A and model B voltmeter elements, It should ha
emphasized that the caption NBS on the hereplate
sbown in fi%ura 2 signifies only that the equipment
was assembled for use at the National Burean of
Siandards. Al the thormal converters were pur-
chased eommercially, 85 were the components of the
voltmeters. It should aleo be emphasized that the
thermsl converters shown in these figeres are the
transfor elements only., An indicator {to be dis-
cusead in the next seclion) ie necessary for all meas.
urements, and a potentiometer and accessories are
also necessery, except for transfer tests of other
ingtruntents.

The model A voltmeter was de?elﬂged a3 a profo-
type instrument fo mept an immediate need for
voltage measurementzs. It consists of a 30-ma
thermal converter connected with ita heatar in
scriez with & commerciel decade resiztance box,
rodified to have two 1,000-ohm-perstep decades,
and a 1=, a 10~ and a 1-ochm-per-atep decade, all
im zeries. A= shown in figure 3, ooc ond of the heater
of the thermal converier 18 conneeted to the low-=side
terminal of the box, with the shield of the box con-
nected to the other end of the heater sand to the
ahield of tha coaxial enble connecting the instrument
to the cirenit. The center lead of this cable is con-
nected directly to the high-side terminal of the box,
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Frounge 1. T'.’fl e T T T T T TR

Fidivimn 2 Miswidvad thie el pmmienerlors dad e moadél A ane
mpandit | IF irltmieder dlemonle
Like the electrodynomic tranafe standards: vsed atb

lower frequencies, the series resistor 1= adjusted in
use to Eive Che swoie norminsl corrent level Tor eaeli
menstred voltage., This was chosen at 200 ma, Te-
sulting in o voltmetér hivving o constant 50 ohms/v
and an uppoer mingee of 400 v, The model A volt-
meter, deseribed an-some detail in oo earlier paper
[71 12 now no longer used fof routine messurvments,

For the model B voltmeter, n built-in 7.5-ma
thermal converter was used, with a fixed resistor
having tups Lo rive voltngee fanees of 1.5, 3, 8, 7.5
15, 80, 60, 75, 150, 400, 900, and 750w,  The resisd-
ance eards [t-r this instrument were porchased coms
metrcially, and the cards and thormal converter wers

it led oo satabile ahielded bos with (he shield
conmeeticd to the low-side termingl of the instroment,
as shown m fieure % For both metmoments  thie
effecta of vapoacitines  currents and of the sell-
incduetanee of the resistors worp edarelully considerved ;
the limiting factors are disenssed in nnother section
of this paper
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3.3. Indicator

Bedanse of its bonvenioned and [Hll'!ullilil_‘f. nomilli-
voltmeter s gonerally gsed for mensuring the emi m
thee usunl thermoosouple instroment,  The precision
ol repding of thi asanl millivaltmeter is ol colrss
far too low for this applicition.  For inerensed me-
ciesey o potentivmeter can be used to megsaee the
|.|H'H'IIIILUH|J|.I‘ el Hewever, if the thermal ogn-
vierter 15 psed only as o lmu'-fvr -tu.udurr| ihie omf
tend net b mensured o “stenight n-e' test; and in
ge=dle T erene Lestsal E-tlrlti_'. Ll -.;lurlill'hullgn' 1 [

hotween the g=c aml d-¢ seltings thol s significant.
The change wod the fall emf with which it s com-
prared need be megsired with relatively low necursey,
wovidid e ohange s roferred to p highly atable
L;m- value,  This ligh sensitivity and high stability
ot pecirany i the measurement of
iref wee required of the indientor. For these reguire-
ments, o Limiur-li potentiomoter for providing the
banze wulue, vaed in L*:uljlllu'tilltl. with u smtable gal-
vanomeber, the deflection of which mdieates the
chomee, fortns the ides] iodicaror, In o Landeck
I“It{1‘11|1!t11| Il"l Il""‘ﬂ'il CRlA] Pll'-ri_l'tull.lfr- S I.FI|I|_ !.”.'l".'
viple [8], the cmf to be mensured is badaneed by nn
mhu-ﬂluwm ol the cortent through o fxed resistor,
Al balanee the '-.'ullu;__:t_' drop nevoss e resistor,

bul inly

which is the product of the potentiomoter current
| andd the resistance, & ogqual to the measured emf.
| The vurrent 2 ovdinerily measared with o milliam-
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meter, which generally sets the limit on the accuracy
obtainahle with this form of potentiometer.

Such a potentiometer has been incorporated in a
panel constructed for the andio-frequency teating. It
was designed to have adequatestability, freedom from
changing extraneous electromotive force and the re-
quirad mnﬁfs, with sufficient precision of reading. Its
eireuit iz shown in the central portion of figure 4.
The resistor, K, is made of mangamn, snd a special
thermofres key [8] and copper binding posts are used
in the eclectrothermsally sensilive emf eircuit. The
components are mounted in the central part of tha

3.4. Use of Luslkrurnents

These tranzfer standards are used almoat aclely for
standardizing other g-c instruments, The necessary
switching control circuits for such tests have been
incorporated in tho panel shown in figure 5. In
nddition to these circuits and the Lindock potenti-
ometer, the pane]l contains the impedance-matehing
transformers for the high-voltage circuits used in
testing voltmeters and the high-eurrent circuits used
in teating ammeters. The present tranaformers pro-
vide ran%-ee vp to 50 amp and §00 v, with & nomined

panel, #x shown in figure 5§, and are enclosed by a | input voltage of 150 ¥ and a power level up to 100 w.
From AY From A
| [ Supgly Supply - ] I
A L1n
Translarmers
& Switch . TrerniForman
1] e 5566
AY (mpoi o¥  Inpad
AL Inpul O Mt

Lindech
Podeniamatar

Tt

AC AC-DC oG

FlanpRE 4. Schomalic didgrem af corcurtr vsed Jor lestong frsfruments.
C signlfiet cosxial ked with shisld grourded; = aipifes shickded Jad with abkedd grounded,

grounded metal shield. No other thermal pre-
cautions wera found necessary. A reflecting wall-
moeunted gelvanometer i used, with a voltage sensi-
tivity (in the circuit} of 1 mm/uv., A No. 6 dry cell
supplies the potentiometer current, which is adjust-
able from 0.2 to 1.2 ma. At these current levels,
repeated teste have shown that the ateady drift in the
voltage across the four terminal resistor is less than
0.02 percent per hour, and that superposed fluctua-
tions are much less than 00! percent. Tle four-
termingl manganin resistor has taps at 0.1, 0.5, 2.5,
&, 10, and 25 ohms, givinpg milivolt ranges, at a
current of 1 ma, of these seme numerical valucs.
The lowest range is used in transfer teste as a quick
¢hock of the potentiometer.  With the thermocouple
of the thermal converter connected to the “TC”
posts of the potentiometer, but with no current
through its heater, a palvanometer deflection of 10.0
cm to the left on the scale with the Lindeck set for 0.1
mv zerves 89 & valuable partial cheek of the required
aceuracy and correctness of the Lindeck ¢iveuert.

Motor erafor seis and voltage etabilizors wro
avellahle for teats at 60 ¢/= and eudio-frequency
oaciflators and power amplifiers for tests at other
frequencies. Batteries, controlled by euitable ad-
justable resistance voltage dividers and series resis-
tors, ave tused for the necessary direct-vurrent sources.
The potantipmeter, st.andm::ly cells, volt boxes, nnd
registors are those nortally uscd for instrument
testing #nd are periodically atandardized to insure s
continued accuracy of considerably better than 0.01
percent.

A schematic diagram of the major cirenils and
equipment on this panel is shown in fiptire d.  For an
a¢ test of an ammeter, the transfor thermoelement
i connected to the AC-DC bj.lldil’li poats and its
thermocouple to the TC posts on the panel, The
teat inatrument i3 connected to the AT posts, and &
suitable four-terminal standard registor is connected
to the DC posts for vee in mes=uring the d-¢ current
by means of a potentiometer. For low eurrents at
the higher audio frequencies, shielded lerds with the
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shields grounded wre used (o minimize wreors due to
Bteay capacitance currents,  The alternnling current
15 i pgted for the desired deflection of the test mstri-
ment, and the Lindeck potentiometer is sdjusted for
i “on-=scnlp" L!-'«"H'!iult uf tlu' '_EJ.Lr‘r'uruln:u-fl'r. Th:-
glandard instrument 15 then switehed to divect o
rent, which 12 adyustad to give the sams galvanometar
deflection amd s then mensured with the extornal
wiontiometer: The dieol corment’ throueh  the
s ber of the thermoslement 2 then reversed and the
d =& mersuremeil |'|-|||.~|1I.|'|l A

snefeiteng Litnderk

Insdrivment de BEAR] THET i
eloment.

Finuies 5.

For it e bt of 8 voltmeter, o sifalare PO eed e
s uspd,  The transfer standard = eonneatod to the
AN-DV peeepticle on the panel with o coaxial lead
with dlug viire to eonneet its thermal converter to the
grounded shield of this lead, and the thermoeouple
14 eonnectod to the T posts on the [r::luli Tl
st inElmument 3= contected (o0 the et with s
spocinl twin lead consisting of two eonxinl Tines poe-
mtien Ly paralleled a1 the imstrmment st connecting
Wy bl bwo AV I-I'l'!'pllll'!l.‘*— an the puln'|
lemels of the same leneth are nsed to0 denoect the il
sicde of o volt box for use with the external poten-
Liesbinesder to meisure the diree \'Hltrll,fd' ted thi twa
DV receptiwclos.  The wse of these legds oliminatos
this e floet of ALY STRRY It o field or lead resistance
off Lhe meastireinent s,

Thus simple procedure s eelimble only of e def
of the Fresfairise of the standand strument 1s r|-|-;_r||~
gibly smull in the time tikon for n sevies of such

ferverar] =2 relmgs e conacenaen e tlen Tar luighent nsnirs 2w i

Lypw naim fetrcmants

=imilarp

Fendings, Thiz & fortunately true Tor esch of the
thermal convertors uasd,  Aftor an initisl WH T
peviod of & minute or &0, the meximum obsorved
drift goder those leboratory conditions of any of the
thermnl converters Lestod was less than 0.5 poeeenl
e hour, and the average less than 0.05 percent per
wur, I it were necessary, the offoct of signifivant
dralt eonlid b llt"ur[.-ln'ull'l.' climipatoed |J_'|.' tsinge i dodlees-
tion method as outlined for transfor tosts, ealibruting
the standared instrument on disect corrent ab the
!Idllll]lndl"{ ool current or vl Lo bafore ard altop
oiech #-e sedting
For av-de ddference or transfer tests, which are
moret (edquenl snid usually more important tian
atraight g-c tests, the test aod stamdard instrnents
are connecbed i geries by the AC-1XC promala = i the
case of ammeters, or i pardllel with suitable conxinl
lends to the AY-DY receptacles i the ense of voli-
mlaps= ""tIJI1I1||r]:- shord 1L'1|l|‘~i]|'|" |rm-1| (ER LR AT AT the
twior AV receptacles togother and (o sonneet the two
DY ppeeptacles together,  The gorrent or voltagee 18
||1|]|IL-H'|| |'|u' ||'Ir' :|+~.-'||'1‘n| l]l'lll'i'ﬁllll of the test ilL;-lr'IJ—
ment, wid te Lindeck potontiomneter i3 adjosted [og
a diftection pear the null pesition at the center of
the _ml.[l.':|r|n1|h~ll'r 5—'!':|.I|' The two instrumentis. are
thin in fuick suedrsion sonnected o slternating,
direet, reversed direct; and then alternating current.
'|\||l' eutrrenl s Jllljl-l"v1l"l| L :_fl'ur' e e dellection
af the test instrument n oneh ease.  The resilting
delleetions of the galvanometer of the Lindeck poten-
Fometer pre observed with the Flllll'!i!ilrlill'1l'|' (0=
trols undisturbed.  This: provedure practionlly ¢lim-
mtes anv edlect of doft o either instooment, and
errors in repedling the settings of the instrument
[ woder test onn be made very small by vsing o low-
power microscope and setting the mage of the
nstriment ponter i coineidence with o cross-hair

in by eyvepicer.  The dontrol owenits hwve  beon
arrangerd  to facilitate switching, and with two

{I{I-I"'I"'r'l'l'-i |||l' ||I'H1'1'1|||r1' ih 1'}l|?i'| Ve '“”'l‘l ||.]|||.[1'!'-

wtely Huctunting voltages as ooly ooe of the two
instruments is set tooa given defloction

Frain the B of the deflietions on |||1|~I'Il.||li|1_t_f

ard o direct eurrent, the ae-de differsnce of the Lest

[ imstrumoent s readily computed by o stmple formula®

4. Evaluation of Transter Performance

The ae=de ditference of each transfer standard
must by known (o the full B ilsgive] i the
| miewsurements o e muade.  As; inon sense, thee nre
o absolute transfer standirds, such un evaluntion
[EET] ||I|:|.“I'.' consats of ot Hlepa
L. Chotee of -a type of instrumoent thed, theory -
dicates 15 st bahile over the desited raogres
2. Study of all known offsets thntl chn canse sueh
an instrument o depart from this idesd
4, Clonstruction aod wse of an mstrament o sueh
0wy thit these ¢fects h.'l.' -'uluilljluliuh afr
dhireet tists of the separnls compomsis, i
neglinble or known

i imn berininnl of the Temter 8 soriioeiog
lferrinting oyrmnt

Tl formlus g o poderpotiog
afirewloapud] i mprpenadio |

i [he podl Lhot b8 germomdde] oon

hie ks ol W e anid imdshr =
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4, Compnrigon of actual transfer performance of
tha standard with that of some other instru-
ment, preferably of a gquite different type,
whoge performence hae aleo been evaluated.

The evaluation of these electrothermic transfer
standards waa considered of primary importance
beesuee of the high order of aecuracy demanded in
thia application. The unique farcilities of the Bureau
made this quite feasible, iculerly for step 4,
which is neceessry to guard apainet errors from un-
suspected causes. Prototype imstruments such as
thess, in which previously available ranges are
greatly extended, cannot be directly compared with
other types of standards over their full range.. The
evaluation therefors consisted of tha study, compu-
tations, and special teats of stepa 2 and 3 during the
design and construction of these instruments apd
thelr pand, the intercomparizons of thormal con-
varters of adjacent cmrent ranges in the series, the
comparison at low frequencies of selected thermal
converters with the electrodynamic transfor stand-
ards &t the Buroau, and the comparison of these
thermal converters with certain portable hot-wire
and electrostatic instruments also aveilable.

A thermal converter can be used as a transfer
atandard for alternsting-curcent measurements over
the range of fmn}uencies for which the reaponse char-
actaristie, E=f(1}, 15 the spme a5 with direct cuorrent,
where E'is the output emf, and f the current throu
the heater of the thermal eonverter. For a wvolt-
meter element consisting of & resistor in serics with a
thermal converter, the magniiude of the affectiva im-
pedanes £=V |7 must also be equal to the offective
resistance on direct current, where ¥ 1z the applied
voltage. Lo pddition to these twe requirements ot
instrument festing, the fundamental prineiple that the
standard and the istrument under test “ses’ exactly
the same quantity must be carefully chserved.

The reaponse cteristie of the types of thermel
converters used were believed to be suitabie at fre-
gquencies far higher than those wsed in this applice-

eation, and their directcurrent and low-frequency
tespohses were verified léy special tests descrived in
other soctions. The effective impedance of each
voltmeter element was approximately computed
from induetance and capacitanee data aupplied by
the maoufacturet of the resistance cards, and was
verified by zpecial teats to ba deseribed later. The
capacitance and resistance of the Lindeck patenti-
ometer to pround were measured. and found to be
1,600 apf and 10,000 megohma at an smbient relative
humidity of 40 percent. Thus the computed stra
enrrents are sufliciently emall 2o that ne appreciable
fraction of the currentz measurad will he diverted
through the thermocouple st audio frequencies when
ons end of the heater is prounded. The use of
shielded leads whers nocessary, the nvoidance of &
ground between the test instrument and the standard
i the cutrent civevits, and the use of the special ¢o-
axial lines in the voltage circuits npssure that the
fundamental principle 12 observed even at the
smallest surrent and vnltafge in the present ranges.
The comparison tests of step 4 worn planmed to
give maximum possible assurancs against errora dus
to unsuspected eavses. Each comparisen consisted
of repeated careful transfar (ac-de differcoce) tests,
ag described in section 3.4. The 1-, 2- and 5amp
thetmal converters were compared with the NBS
electrodynamic transier ammeter at sclected fre-
quencies from 24 to 200 c/s.  The model A voltmeter
was compared with the NBS suppreased-zere electro-
dynamic roltmeter at frequencies of 30 and 60 ¢/s and
voltages from 20 to 240 v. Both of thesa elactro-
dynamic instruments have besn carefully studied
(1, Z]. They can be read with a precision of better
than 0.005 percent. The resulis of these compari-
gons, cortected for the small known tranefer errors of
the electrod ynamic instruments, are shown in table 1.
They are estimated to be accurate to 0.005 percent or
better. The resulta of these testa disclosed that the
model & veltmeter and the electrodynamic voltmeter
were in excellent agrecment at ti"lﬂ-‘EB froguoncies,
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They disalosad significant disagreements betweon the
ampere-range thermal converters and the slectro-
dynamic ammeter, which were considered to be due
to & low-frequeney errer in the 1- and 2-pmp thermal
econvarters and a small arror independent of frequency
in the 5-amp thermal converter,

The model A voitmeter was also compared with
two new high-grade portable pivoted electrostatic
voltmeters, ha seales over & in, lulig, at selected
frequencies from 30 to 20,000 cfs. For incrensed
precision & Jow-power microscope was focused on
the pointer of the electrostatic instriiment under
test. This instrument waa always set to the same
defioction and was ta,ptped ightly before each read-
ing. Repeatod sats o ul readings were taken
at aach frequeney, and all teats were ab the full-scale
deflection of the electrostatic instrument. Because
of thess repeated readings and tha favorsble condi-
tions,.the averaged resulta are estimatod to bo accy-
rate to 0.01 percent. The resalts, as shown in tabla
1, verify the_shsence of capecitance ervors in the
th wvoltmeter. Idireet comperisons at the
hj;ﬁher frequencies could not be made at lower
¥ , but ealculations indicate that skin effect
and the efeet of inductance should be considerably
lees than 0.01 percent at 20,000 cfa,

Similarly, the 5-amp thermal converter was com-
pared with a high-quality poriable S-amp hot-wire
ammeter at frequencies from 25 to 20,000 ¢fs. The
resnlta, as shown in table 1, indicata excellent agree-
ment ot frequencies of 1,000 cfs and ahove. Tests
gt lower frequencies showed very puzzling discrep-
ancies, which, In & esparate Investigation, were
traced to vibration errors ® in the hot-wire instru-
rent. For that resson the results at leECHES
leas than 1,000 ofs ara not shown in thie tabls.

A plus sign in table 1 indicates that with equal
response of the thermal coaverter on direct and
alternating currents the response of the other instru-
ment waa preater on alterneting than on direct

current.

Each thermal converter was compared with the
next higher- and lower-range thermal converter in
the series at two currents and at selected frequencies
from 25 to 20,000 ¢fs. The results of each of thess
compareons st the higher of the two currents at
which tests wera made are shown in table 2. They
ara egtimpted to be accurate to somewhat better
than 0.01 percent, with very little possibility- of
systematic error. A plus sign in the table indicates

t with squal respohse of the lower-range thermal
converter on alternating and on direct currents, the
response of the higher-range thermsl converter was
greater on alternating than on direet currents. This
series of tests was made to extend atepwise the
results of low-frequency comparisons with the elec-
trodynamic ammeter, and to indicnte any high-
frequency effects that might well be expected to

differ in different thermal converters.” 8 group
1 Blaot forosx between the hot wire aod its clzely sdjacent fom
wgiin bing iyt [ vIretion of The wirs beranse the plata was o g
by the dam magast of the instroment, This vibmton eosed additoosl
mlolhwm:d. mwﬂ;uuﬂg&immtatwhﬂ&qmn:ﬁd
Tha ] -trequency effects = expeta
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of teste disclosed small discrepancies independent
of fraquency in & few thermal cooverters, and ver-
ified the absence of any high-frequency errors in
the thormal converters tested. However, they could
oot be used to assign numerical values to the errors
of individual thermsl converters in the millismpers
range a3 the differences were found to depend upon
the current. The concluding series of tests to eval-
uete theaa errors were comparieons of a shunted
thermal converter with each of those pairs of thermal
convertara that showed discrepancies in the pravious
intercomparisons. The model A voltmeter was
shunted with g bifilar resistor of computed =kin effect
snd time constant for teats at currents from 1 to 40
pnps, and with & suitable high-quality audip-fre-
quency decnde resistance box for tests at lower
currents. The results are shown in tabla 3 snd sre
estimated to be accurste to better than 0.01 percent,
A positive sign in this table indicates that with equal

Tasre 3.  Resulls of comparizony of selecled (Rermal converlers
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response of the thermal converter on slternating and
on direet current the response of the shunted mode!
A voltmeter was greater on alternating than on
direct current. The results of tests of tha 1-, 2- and
S-amp thermal converters, duplicating those with
the electrodynamic ammeter, are not shown in the
table. The average difference between eight such
duplicate reenlts obimined with this ammeter and
with the shunted model A voltmeter was 0.004 per-
cent, and the largest difference was 0.013 percent.
A few additional check tests of these thermsl con-
verters with the shunted voltmeter were made ai
other frequencies but are not tebulated.

The results of nll thess teats were combined to
assign reliabla values of acdc differencae, 4, to each
thermal converter in the saties from 1 ma to 50 smp
and to the modal A volimeter. These values were
less than 0.01 percent for the model A voltmeter and
for &ll the thermal ¢converter= of ranges less than 100
ms. The values for the other converters (rounded
off tor the nearest 0.006%) are ahown in table 4.
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& Laan than 101 percant throughoak,

The model B voltmater, which was developed to
give & wider voltage range and greater convenience
of nea than the mode! A, was compared with the
model A voltmeter at rated voltage on each range
up through the 300-v range and at 400 v on the higher
ranges, &t selected frequencies from 30 to 20,000 ¢/s.
Tha results are shown in table 5 and represent
directly the ac-de difference, &, of the model B volt-
meter. They disclozed =ignificant but net unex-

ected errors for the higher voltege ranges at the

igher fraquencies,

TaeLE 5. Resulls of compariaont of model A and modsl B
thermal volimealers
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A= a result of these extensive series of tests, the
transfer performance of aach of this firat set of ther-
mel converters and of each of the two voltmeters
was uniquely determined. Small but significant ae-
dc differences of both known and unsuspected causes
were found. Cotreciions for these differences can
readily ke applied when these thermal converters are
used as (ranefer standards. Howaver, an investign-
tion of such differences js an especislly important
cbjective of a development such a8 this. As & result
of such an investigetion, a number of factore that
limit the transfer accuracy of an electrothermic in-
strument were discovered and evaluated, with the
resulta given in the following sections.

5. D-C Reaponse

In all measurements with 2 transfer standard the
average of the d-c response of the =standard for the
twodiractions of eurrent is taken as thereferenceupon
which the a-¢ measurements are based. For all
throe types of such standards, the reversed d-c aver-
age givas & better hasis than does the response for ons
direction alone as effecta that lead to small differ-
ences in responge for the two directionz of direct cur-
rent are reduced to the second order of smallnese
when the average is taken. -

Reversal differences may be expected in a contact
thermal converter because of the flow of heatar cur-
rent through the het junction of the thermocouple,
Thiz can cause & vol drop in the thermocouple
cirewit, which may | to gecond-order errors be-
cause of the nonlinearities of the thermal and electric
circirits. This camrse of reverssl difference is mini-
mized by the special cenatructions uzed in maost
hizh-range thermal converters, and is eliminated by
the uze of the small insulating bead between the
heater and the thermocouple in the low-range ther-
mal converters. Surprisingly, however, early tests of
the first thermal converters purchased for the model
A voltmater showed approciable reversal differences
{up to 0.29%) even in these insulated-hester thermal
converters. It was soon realized that this was prob-
ably due to thermoelectric effects in the heater cir-
cuit. Pelier and Thomson heating of the heater can
cause dies atry in the temperaturs rise of the
heater, and thus cause differences in tha emf of the
thermocouple unless the hot junction is exactly at the




midpoint of the heater.? This supposition was veri-
fied by an analysis of the data, which showed that
the digarencea were larger in thosa CONVeriters

with heaters having larger thermoclectrie effecta.«

Further verification was escured by tests of special
therma} convertera, conatructed by one of the manu-
{acturers * st the Buresu's request, with the hat
junction of each deliberntely and considerably off-
center, The reversal differencea were much larger,
and the signa and magnitudes wers found to he
roughly in sgreement with calealations based on
thermoelectric data for the alloys vsed.

Early intercomparisons of these few thermal

converters indiceted that no significant sc~dc dif-
ferences should be expected, even with rather large
reversal differences from this cause, provided that
the mverage for the two directions of current is
taken ms the d-c response, However, intercom-
parisons and tests of the much la number of
thermal converters later purchased for current
measurementa showed that a ﬁﬂd proportien had
megaurable nc-de differences, of the same sign
and independent of frequency. This suggested
Ja d-¢ error, for which these thermoelectric efforts
geemed the most Likely cause. This was inves-
igated theoretically {eee appendix 2} by consid-
ering the temperaturs rise ol a homogenecuz con-
ductor heated by an elecfric current and cooled
solely by conduction te two relatively massive
terminele; i. e hy neglecting, for simplification,
radiation and copvection losses and the heat ab-
atracted by the attached thermocouple, ]

With the normal joule, or resistanca, heating
gnd with &a terminalz of the conduetor at equaj
and fixed temperature, the temperature distri-
bution along the conductor is parabolic, snd the
temperature rise st the midpoint is, as Goodwin
ahowed, ' equal to

Vi
ﬂi_sp&’ (l}
where TV, is the voltage drop acroes the conductor,
and p and & are the electrical resistivity and ther-
mal ﬂonductivité{, respectively. In addition, how-
ever, thare ia Peltier heating or cooling at the junc-
tiona of dissimilar metals (the two junctions between
the heater and ifs two supports) and Thomson
heating along each half of the wire. Unlike jouls
heating, these are dependent upon the direction
of the current flow and can thus cause a dissym-
metry of the temperature distribution along the
conductor, which reverses when the direct current
through the conductor is reversed, On alternating
current, even at the low frequencies in which we
are intereszted, the reversal of current occurs so
rapidly that the thermal inertis of the »ire prevenis
any such diesymmetry, and the temperature dis-

¥ Phk Aleymmatry has acbaally been otitized to mesnis te Thomson affect,

L] E Fosanfld, of the Fileld Blecérica! Ingtrutgnt Co,, wbn et showad that
tha nvemal diflsrenosa wars dapandent Upo the trpe of heatar teatarial.

10 Baa (6] Inad.diﬁnnwthhela.m.cpgw Apndwin hes writian an excellont
aewim of artivder oo "Thermonl probdaits abin by Hlpmturing aod controd merv-
ovw"". which eopearsd in Weston Eng. Mobet, IEG-S-B'J {Wesbon Electrioal Instru-
me.n'ﬁ Gorp, Mewark, N. .},

tribution is wnchanged by theee thermoelectrie
effects. Calculations show {see appendix 2) that
with direet current the temperature rise at the
midpoint of the conductor, where the hot junction
of the thermocouple is attached, is unaffected by
the Peltier heating, for completeiy & trical
construction of a  thermoelement. ey show,
howaver, that it is c!mnbgled by Thomson heating,
and becomes, approzimately,”

4]

where #; is the midpoint temperstare rise in the
presence of Thomson heating, in * C; &, the rise
without Thomson heating; o, the Thomson woltage
coefficient in volts-degree —', 1, the voltage across
the econductor in volts.

Thia wes derived by considering ¢ a copstant,
whereas both experimental resulis wnd the electron
theory of metallic conduetion indicate that ¢=ET,
where B is a constant and 7 is the absolute tempera-
ture. However, s eolution by a periurbation
method, of the nonlinear equation that results when
e=H8T, chows that the above reeults give a suib-
ciently close approxdmation for the temperature rise
of about 200 deg ' encounterad in typica]l thermal
converters. Thus sq 2 showa that an ac-de difference
or tranafer error, should be expected in a thermal
eonvarter, and enablee the approximate ealeulation
of this error. Such calculations have been made for
some common metals and some of the alloys used as
heaters in thermal converters, on tha assurmption of
& 200 deg C rise at the midpaint, snd s voltage drop
of 0.2 v at rated currents.”* The resnlts, converted to
ae-de diference for the eame temparatura rise, rather
thon temperaturs difference for the same current, are
shown in teble 6. For the compufation of Ehese
recults, the Thomeon coefficient « was considered to
ba equal to Bl#,12/36,4-273}, where B is the second
derivative of the charactenistic curre of emf versus
temperature for & thermocoupla composed of the
indicated metal and lead.’* & is the ambiant temper-
ature in deg C. The resulta show approximately the
errors £o he expecied for these matenzls.

(2}
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The resulta may be com d with the observed
ac-de diferences shown in table4,  From information
supplied by tha menuiasturers, the 1-, 2-, 5-, 10-, 20-
50-, and 200-ma thermal convertars have hauters of
cither carbon, nickelchromium, or platioum-
rhodivm-ruthenium alloys. The observed ae-de dif-
ferences of these converters were lees than 0,01 per-
cent. ‘The 100-, 500- and 1,000-ms, thermal convert-
ers had heaters of constanten {(Advence). The
observed differences for these convertors (st rated
cwrrent} were close to the calenlated value of —0,08

nt. The 1-and 2-amp eonverters, of platioum-
iridium, had observed differences (from tabla 4,b)
less than 0.005 percent, exeapt at low frequencies,
aleo close to the calculated values. The 5-, 10-, 20-
snd G0-amp convertars, of & special platinum-3-
percent-copper a]lan had differences of —0.010 to
={1,015 percent. hus the agreement between the
compuited and obeerved values serves as excellent
ification of thie sovree of error in transfer thermal
converters. V. fortunstely, the error is signifi-
cantly larpe only for materisls having unususlly
large thermoelectric effects, such as eonstantan.
Howaver, this does lead to the interesting conclusion
that for operation at & low temperature s thermal
converter should have large thermoslectric sifects
in the thnrmmc-u]ile, but that for the highest transfer
accuracy it should bave very emall thermoelectric
effects in the heater.

Additional experimental verification of this cause
of transfer error wes secured by constructing!® at the
Bureau twa 5-amp thermal converters differtng only
in that one had & heater of manganin nnd the other of
constantan, These were 5-amp thermal converiers
with & amall Borax bead hetwean the hot junetion of
a copper-conetantan thermocouple and the center of
the I]:aa,t.er wire, to sliminate contact effects. Careful
ac-de difference tests with the standand electro-
dynemic ammeter a5 the reference established agree-
ment within 0.005 percent for the manganin element
and indicated an ac-de difference of —0.06 percent
for the constantan element st an emf of about 5 mv,

As g result of this work, a second set of thermal
converters in tha 1- to 1,000-ms ranpe was purchased
under specifications ﬁmﬁihiting heaters of constantan
or gimilar alloya, of these converters were found
to have as-de differences less than 0.01 percent at
audio fraquenciss,

6. Low-fregquency Response

It hae long [10) been known that thers iz s low-
frequency hmit Lo the correct rma responsae of a ther-
maﬂ converter, for reasons analogous to those causin.%
a gimiler lIow-frequency limit in all other types o
transfer instruments. low this limit the response
characteristic E~=7(I) is not independent of frequency
{except for symmetrical square waves), and may be
expected to be in arror by an amount that is inversely
proportional to the square of fhe frequency. As
table 4, b, shows, such an error was observed for the
1- and 2-amap thermal converters.

H Thps thevmal oenverters wers scosbrosted by B, 8. Willlame,

¥When a constant direet current is applied, the
heater of a thermnal converier reaches s copstant
tempernture. When an alternating current is ap-
plied (after the transient state is over) the tempera-
ture of the heater varies eyclicaily about a mean
valuse, w;t.h an a,mlfljtuda ; t}E dirxreu.saﬁs with in-
creasing frequency because of tha thermal capacity of
the element, At frequencies high enough so that the
cyclic vorigtions are negligible, the tamperaturs risa
of the heater is inﬂefpandant of frequency (providad
that at wvery high frequencies the skin affect and
electromagnetic radiation are neglipible and thot
standing wares do not alter the temperstura distribu-
tion). owever, at lower frequencies the mean
vilue, to which the d-¢ instrument or potentiomater
ronnected to the thermocouple responds, may not he
the same hecause of nonlingaritiss in the thermal and
olectrie cirenite, These nonlinearities are caused
principally by radiation losses, the dependence upon
tenperature of the electricsl resistivity and the ther-
mal condoctivity of the heater, and the curvatuera of
the emf vorsua tempersiure characteristic of the
thermocouple. A theorotical evalation of thesa af-
fecls for the conditiors in s thermsl eonverter, in
which most of the cooling ia by conduetion to the
heater, is difficult, but does serva as a guide in deter-
mining the approximate limiting frequencies for an
arbitrerily chosen ertor snd for determining which
factors mfluence that error. Such an approximste
analysin has been earriad out by & perturbation
method (see appandix 3). The resulta show that the
average (time average) temperature rise st the mid-
point of a conductor heated by a sinusoidal electric
current and cooled mlel{ by conduction to massive
terminsalz is approximately

‘ Boe =0y, [ 1 +£;3m q*] {3)

and that the percentage ge-de diference of u thermal
converter havihg the hot junction of & thermocouple
izatened to the midpoint of such a heater ia approxi-
mately

)

f,—the midpoint temperature risa in de-
grees centigrade on alternating cur-
rent of rms value 7 amperes
fz—the midpoint temperature rise in de-
grees centigrade for the same value
of direct current.
h=a—pg—2NT, where « i3 tempersture
eoethicient of electrical resistivity.
f=the temperature coefficient of thermal
conductivity of the conduoetor,
N=ptK/ak. '

p and a=the porimeter and srea of the crose
section of the conductor, respec-
trvely. :

é=tha amissivity,
=tha Stafan-Boltzmann constant in
watts-cin=3-(dey K-t )
k=tha thermsl conductivity in watts-
cem'-deg™?

3= —25H8, 45
whara
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"‘\..,“H“H'
Ty=the ambient tempersture In degrees
Kelvin
g=dfui® and is (approximately) the ratio
of the crest value of the cyelic
fluctuation of temperature at the
midpoint to the averape tempernturs
risa at the midpoint
w=2gf, where # is the {requency of the
aptl.ll:]niEd current in eyeles per gecond,
d=the thermal diﬁua-iﬁt.;; of the heater
material in cm?-gec™,
{=omne-half the length of the condoetor in
centimetera,

H=k+B2A, where 4 and B are the con-
atanty in the emfi-temperature char-
seteriatic for the thermocouple it-
self, that is, in the expresaicn,
E= A0-L(B/2)#"

These equations indicate the factors upon which
the low-frequency error depends. They show that
the temperature tite can correctly be veed 23 o
messure of the rmas alternating ciwmrent, at fre-

ufmeies high enough =0 that second term in

the bracket of eg 3 is neplipible for the accuracy.

desired; in other words, at ircquencies for whic

the heater integrates reasonably well. This is true
aven if the thermal and electrical condnctivities
of the ,hester are dependent upon tempersture.
Ag a corollary, these aquations show that & thermal
converter correctly indicates rme response, except
gt low frequencies, even though ite response char-
acteristic X=f{f) is not quadratic.

The above equations are valid only at frequen-
rie= for which second term in the brackets of
eq 3 is small compared to 1. : ‘

Equation 4 may be used to calculaie approsi-
(i1 the frequencies for which ac-de differences
may be expected to cauvse an ervor of an arcbitrarily
chosen value. This has been dooe for seme typical
maferiale for an error of 0.1 parcent, & temperaiura
rize of 200° C, and a typical heater length of 0.4 em.
The resulta are shown in table 7,2
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It is evident that the most significant factor in
the error term of oq 4 i the length of the heater
as the error iz dependent upon the {ourth power
of this quantity.”™ It is of interest to note that
the len . 2f, of the heater of the 1- and 2-amp
thermal converters are only 0.28 and 0.19 cm,
rn;siective]y, and that the length of erch of tha
higher-range thermal converters is ahout 0.5 em.
Tha value of H can be determined from the depar-

ture from “square law” of tho characteristic equa-~
tion E=FJ) of a tharmel converter. For these
thermpl converters it was considerably less than

the factor given for platinum in table 7. The
estimated frequencies for a 0.l-porcent error, on
the mssumption that the diffusivity of the plat-
inum-iridium alloy used in these thermal converters
is tha same as that of plativum, were ahant one-half
the ohservad values.

7. High-Frequency Rasponse

As these thermal eonverters are inherently euit-
able at fret:tluﬁuciea up to 100 Me or more, the upper-
fmquenﬁy imit is set by the cirguits in which thay
are uzed. The precautions indicated in section 4
wre sufficient to conirol capacitance and lesksge
cirrents in tests of ammeters at frequencies con-
siderably higher than the 20,000 c¢ra established
a3 the present upper limit by the demand for this
teating service. ‘The setual upper-frequency limit
has not been established.

The magnitude of the affective impedance sets the
upper frequency limit for the model A and the madel
B volimeters. For an accuracy of 0.0t percent at
20,000 ¢fs, s timme constant of less than 13107 and a
skin effect less than (.01 percent are necessary for
the impedance of each step of tha model A and sach
range of the model B instruments. The time con-
stant of each derade of the model A voltmeter was
computed from tha inductance and direct-cnpaci-
tanee valuss furnished by the manufacturer of the
registence box vsed. This waalesa than 5107 for
sach decada, The skin effect was also negligible for
ench decads. The resistancs box i= ¢onnected as &
three-terminal resjstor, with the shield eonnected to
the grounded side of the line. For this connection
the errors caused by the capacitancse currents to the
shield are much less than those that would occur if
tha shield were connected to a resistor terminal,
They are significant only for the two 1,000-chms-
per-etep decades.  The cifecta of the capacitance of
the resiztance cardz and switch studa of thess decades
to tha shield were computed from the matufac-
turer’s cupacitanes figures of about 10 puf per decade
by considering the capncitance as distributed along a
vniform transmission line, composed of resistance
elerrents and short-cirenited at the end. From the
usual tranzmission line formulas, the magnitude of

1t Far » given hattar allny, the lnwdreps oty range oo be exieoded by s
lnoper b wlih propitivontaly prester aac-soctivml nres 1o FITE Ega nﬁ
fam 1 rho e the saome cugmenk, I solbd hester am o, e
o yerly Parformants W be pecmpaoiad by Ineeased ammor due to skin
atfect st high frequanociga,




the current at the shori-circuited end was computed
na approximately

|I!=L};[1—ﬂ.l]l]5ﬁlfm£'1i!}’], (5)

wheto

V=the applied voltage

£ =the current at the short-circuited end

R—=the resistance in the circuit

O=the total capacitance to shield

windingz in yse

w="2f
At 20,000 cfa for = capacitance of 30 guf this is
changed by than 0.005 percent at 20,000 ochms,
the maximum setting, ‘The effact of tha eapacitance
(zbuut. 10 ppf) of each rather e ewitch blade to
the shisld was separately computed, snd found to be
less then 0.005 percent at 20,000 ¢fs. Thus it was
concluded that the errors of this voltmeter should
be & maximum of 0.01 percent at the highest sattinps
and frequencies used, and less at lower settings and
frequencies. The performance at the top settings
wue verified by the tests outlined in section 4.
" The impedance of the model B voltmetsr was eimi-
larly compuied, and only the capacitance to the shield
was fotnd to be significent. As & rough but ade-
quats spproximation this mﬂﬂ‘i{ be eonsidered the
same for each step, which leads to the approxims-
tipn of considering the capacitance se distributed
- slong & nonuniform transmission line composed of
resistance elements and short-cirenited ot the end.
The effective impedance wae computed by a pertur-
hation method, on the rough sssumption that the
resistence per unit length was proportional io the
gquare of the electricsl distance from the cutput end.
'ﬂ:ua magnitude of the current at the short-cirenited
end was found to be epproximetely

of the

|I|=%[1—n.ua22 WOEY. @

From the measured capacitance of 50 ppf and the
total resistance of 100,000 ohms for the 750-v range,
the in current was computed az —0.0¢ per-
cent at 20,000 ¢fs, which is in very good agreement
with the observed resnlta of table 5. Moderately
good ement for the other ranges was al=o ob-
teined, but the change in current was not chsarved
to increage in proportion to the square of the fre-
quency as indicated by eq 6. However, the agree-
ment 15 good enough to show that the ac-de difference
of this mnstrument ie due to capecitanes currents to
thashield. These curTents cannot easily be reduced in
& shieldad multirange instrument of resscnebla size.
{A shield is desirable to control the currents.) They
could be compensated by conmecting approprinte
capacitors acrosa sectiona of the resistors, but this
seems lese deeirable than the procedure of applyi

amall corrections sud has not been done in the mod

B voltmeter. Much of the capacitance is that
between the binding posta of cach range (see fig. 2)

H Hee appondly s,

and between the high-side bindi t ond the to
ghield. This shie]l]:lgis hmughtdlaggcm aaHZ.E ce;:m tﬂ
the row of hiph-=zida posta.

8. Other Effects

The intercomparisons of insulated-heater tharmal
converters discloaed an unsuspected ac-do difference
that was dependent u the voltage between the
heater and ground and upon the heater current of
each of these elements. This was traced to a very
amall leakape cortent flowing through the ceramic
bead between the heater and thermoeouple and then
through the stray capacitance of the Lindeck poten
tigreter to . This cirrent caused additional
heating of the bead and thus an errar ae on direct
current, the insulation resistance of the Lindeck was
much higher than tha eapacitive reactance, even at
20 ofs. addition, the ceramic bead of each of
these thermal converters exhibited marked dielecs
tric absorption, so that its e resiztance was much
less than ita d-c resistance. For a typical thermal
eonverter at rated current & current of 0.7za
resulted from a difference of 50 v betwoen the heater
and ground, resulting in & power dissipation of 35 pw
in the bead. This was sufficient to cause s 0.2-per-
cent error, which was pr;sﬂrtiunnl to tho square of
the woltage difference nnd was very markedly da-
pendent upon the heater current.”  The reactance
of a capacitence a3 small az 100 gaf iz less than the
computad bead resistance, even at & froquency as
low & 50 ofs, so that in almost any application this
sourca of error makes it necessayy to maintsin the
heater near ground potential.

9. Other Applications

This equipment was designed for the testing of
other instraments. Portabibty and the ease of mak-
ing other a-c measurements were not considered to
ba importgnt. However, the thermal converters and
voltimeter elements are readily portable and have
boen used, with s emall portable millivalt potenti-
omater as the indieator, for maensurements at other
locatigns.  For messorements of current or vol
to .01 percent, it iz necess to use a er
method, calibrating the thermal converter or volt-
meter on direct eurrent at the time of uee. For &
more moderate gecuracy of about .1 percent, it -
ghould be fessible to use & low-range thermal eon-
varter, shunting it for current measurements and
adding & series resistor for volthge messurements.
Onl e thermal converter itself need bo transferred
to (fl:I'El}t curtent if the resistancea of the shunts snd
the series resistor are properly adjueted. Thus d-¢
sonrces of extended T , volt boxes, ete., should be
uanecessary. The whole apparatus could he buil
in & convenient rase, contpining a small potenti-
ometer for the measuraments of the current ugrh.
or the voltage acroes the thermal converter heoter.

decyeans In the rrmistones of tho ¢dmmls bepd
mirom the head, Fhe s .
the heiler coareph.

1T s woas e t0 tive merked
with a0 infves i tempaators With a fised ol
waa o spme cpses properntlenal do e beoth povor
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A suitable low-range thermal converter should also
make fensible an a-c potentiometer with an inherent
accuracy of 0.01 percent. The basic circuit for a
polar form of such & potentiometer {to messure the
maguitude but not the components or phass an%l"!a of
an alternating voltage) is shown in fgure 8. ith
the switch wn to direct-eurrent the potenti-
omater is standardized in the usual manner, and the
deflaction of the indicator of the thermal converter is
obaserved. The switch is then thrown to alternating
current, which is adjusted for the same deflection
of this ndicetor. Tha circuit i8 surely noi new, but
w proved thermal eonverter makes possible a con-
venient transfer with aecuracies compnrable to thoes
of a d-¢ potentiometer. The other basic limitation
remaing that any a-¢ potentiometer measures only
the fundemental component of the unknown voltage.
However for an alternating quantity having a har-
monie ¢ontent as lagge ag 2 percent, the rms valua
differz from the fundameantel by n:m]}y (.02 percent,
Audio-frequency oscillators and amplifiers with am-
plitude distertion much lese than thie are now avail-
able. Such an ozcillator could be used to supply the
potentiometer directly and to supply the test cireuit
through an smplifier preceded by a suitable phase-
shift network.

10. _ Summary

The clectrothermic transier standards used st {he
Burear for tha precise measurement of voltage and
eurrent at audio frequencies, and desipned primarily
for the standardization of electric instryments, have
been deseribed. The exiensive tests to establish the
transfer performance of the standards have been cut-
tined, and the results have been given. The causes
of tha obaerved ac-de differences have hean cutlined
and the errors evaluated. The equations poverning
the temperature rise of s conducior heated hy an
elactric current and cooled by eonduction to relatively
masaive terminals have been solved io establish tha
steady-state midpoint iemperaturc tise on dirset
cwrrent with Peltisr and Thomson heating, as well as
the ordinary resistance heating, in order to obiain
the d-« error of B thermal converter. Tho equations
hava been solved to establish the average midpoint
temperature rize on alternatine current, in order to
obtain the low=ireqguency error of 8 thermal converter
in which the electrical and thermal conductivities of
the heater are tampergture dependent, in which some
loas of heat oceurs by radiation, and in which the
characteristic of the thermaeouple i nonlinear,
Poasible applications und modifications of the equip-
mené for mensurements under less stringent con-
ditions have heen sugpested, and the application to
an a-¢ potentiometer of excellent inherent aceurncy
has been diagrammed.

The results of this work establish the sxcellence of
thermal converters ga bransfer standerds of highest
Mnumcg COT0 ble over wide renges with that
obtaingble with other typee of standards at much
NATTOWET Tal The requirements for such stand-
ards are feasible and the manner af uge to insure such

accuracy hot unreasonable. Tha cost of the required
number of standards and the equipment is not pro-
hibitive, Thue electrothermic mstruments may ba
ranked on 4 par with electrodynaric and electro-
static instruments for a-¢ measurements of the high-
est aceuracy.

As a Tesult of this work, thermal converters of
negligibla or small known transfer error ara now
available as transfer standards with which the trans-
fer orimance of other thermal cobvetiers mey Lo
evalnated at the NBS to (.01 percent at audio
frequencies.

The author ecknowledges tha help of Murray Blitz,
wha made most of the intercomparizons deseribed in
section 4 of thia report and checized al! the tables and
equations, and of 1 Williams, who constripeéed all
the squipment and assisfed with the measurements.
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Appendix 1, Development of Working
' Equations

Ey definition, the poresntage ac-do diference of an instrie
ment & the percentage diference in the guantity required
;nﬁive the game rezponse on alternating and direct current.

h 4
Gas— e
Fee1Q) =12
= G ! (7

where € is the quantity (surrent, voltage, or power} that
the insfroment meagures.

In 6 "straipght as fest™ the direot gurrent or voltage in
Bdfusted to give the same reaponse of the trensfer standard
obacrved om altemating currenk. The direst current or
voltage 18 measitrad with the potentiometer and 1ta accamarjes,
Therefars, {rom the above definition,

Durm e (1 + %}) (8)
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whera 4 i the quantity measrred with the potentiometer,
¥, iz the an-do difference of the tranafer standard, and Q..
s the a-¢ value reguired for the obeerved defleotion of the
Leat instrament.

AC

AC Dalgctor

Thenmal
Convariar

FiooReE 8, Elemenlary form of Polar a-& polenifommaier.

When & thermal oonverter in used for transfer teatz the
smuall percentage differenze, §,, betweoen the values required
for the sama indleation of the teat ingtrurment on altaroaling
and direct current is determined from the resulting deflection
of the Lindeck galvantometer. Therators, for each transier
thertnal eohverter, the amell percentage difference In output
emf resulting from g small percentage diference in heater

curreot  must evaluated. This relatlonehip may be
axprodacd as

alE af

T T (%

where F in the cufput valtage, I the hoster current, and n
s number that isfhenemlly clope (0 2, hut may renge from
from 1.5 to 2.2, g characteriatic, n, may be evaluated on
direct marrent by m-ea.auﬂ? with a potentiometer tho small
pereantage diferences in E resulting from small percentage
differences In beater current succesaively set with a po-
tentiometer al mclacted current levels, then mmputinhn
by the sbove expresgion and plotiing # versus K. e
characteriatic need pot be deterinined with An accuracy
better than 1 percant and ia relatively pernianent.

If the Lindeck poteptiometer shown in Sgure 3 is used to
meaaure B pod AE in millivolts b & teanafer test, then at
balance E=¥,* the voltege drop acroes the four-terminal
resiater.  If the grlvenpmeter deflestin D, js directly pro-
porticmial to the current through the vanoraater ® and if
the potantiometer voltags is wn during a determina-

tion,
ADE,

.ﬁ.E-lﬂl

b

where AD ia the diferenos in gelvenomseter deflection corre-
sponding 1o a difference AE in the applied emf, R, js the
reeletenee of the galvanometer cirenit, and 3 §s the curreut
sensitivity of the galvanometer in centimeters per milli-
ampere on the ggale. In the Lindeck potantiomstar uesd in
thiz petup, the galvancmeter sensitivity ie edjusted so that
numerically
1R

-1

Thesa reistionsbipa may be combioed with eq 9 1o glve
Al aD

HH ==

I H-Vp
: An sceonpsy of | perceat. bs saficlent for this measorement,

(1

The uss of & al.u‘h.t {nrtead of cylmadrical acale intooduces am arror thal cam
ke shown b be Jets then 1 percent [ the gubvancmeter-to-arale diskanes 18 sk
Lot Fhires LRt Hhwe acale Jength

Theretore, for & {ransfer test of Bn ammeter with & thermal
converter thet hes oo iransfer error, the vired ac-de
difarense of the tegt metrument &2 by eq T and 1

L Dpe—Da
. )

Lo
sf=1m( 3 (113}

whate the altarnnt.in&:nd direet currents are adjuated for the
ARMEe reaponse of tast ingtrument, and the resulting
galvangmeter deflections are ., and Dy, raspectivaty.

(IF the transfer thermal oonverter haa & percentage ac-de
difference, 4., At the current and freguancy st which the test is

made, then the ae-de difference of the instrursent under teat
i3, to the desired order of approaimation,
Iﬂ{‘_Idﬂ _D‘E_Dﬂ:
Bre 100 (Rt p S gy, {12y
Elruilarly, lor & voltmeter test,
Vlu'- Vﬂl)_-ﬂne— D“
R R (i2)

In which &, is the perseniage ac-ds diference ofF the renge (or
setting) of the standard voltmoter used.

In this deflection method of using the Lindeck polentiom-
eter for repid traosfer tesis, the remistance of the circuit scen
by the geiveoometer must be conetant to better than I per-
tent. The resistance of the thermocouple of each thenmal
converter has beep adjusted to the same valye so that the
simplified formulas mey elways be used. The tamperature
Ho ient of the resiatance of the Lindeck cireuit hae been
computed ss less than 9.1 pereant par deg C, and computations
show that the resistance peen by the galvanometer js changed
by lean than 0.2 percent by the adjusteble battery cireuil, for
ell rangea of 1he polentiomoter axcept the topmost,

Appendix 2. Efect of Peltier and Thomson
Heating

The problem iz to find the steady-state temperature rize of &
unifoiin conductor of leagth 22 and uniform cross-sectional
Ares, 4, cArrFing & conetant current, 5, and coolad aolely by
conduction to its terminals, The joule henting of a len 51 o
obelta &t the time rale Mpdefs natts, whera a 12 the aelectric
resietlvity in obm-em.  The difference in the geﬂ conducted

r second acroas tha two aode of this differentinl element is
ak(d8/de? dn walts whersz £ fa the thermal conductivity in
walte-oro-t-degrees™:, snd @ j3 the tem ture of the
element, in der O, ﬁ‘.quat.mg theze apd dividing by dr gives
t.haddlﬂ'ere:m.inl equation governing the temperatira of the
couductor

e I
ok E*+T;£=“- {14}
which ig of the form
prr=—%, f14a}

where fi=Ip ik,

If the teeminale remain at equel temperatures &, and il tha
origin ig at the midpoint of tha senduetor, the bpundary eon-
ditiona ave #=# &t x= 2. The solzidon, by divest Integra-
tion and application of these ganditions, s

g tyme (2)
and at the midpoint

bum by by, (15)

If the 1erminals are of diferent metal than the conduetor,
FPeltier heating and cooling (proportionsl to the first power of
the ourrent) mey aceuy at the junctivoa of the sonductor with
tha terminsls. These will he equal and opposite in slgn at
the two terminals, and, if we can sssume complete thermal
symmetry, their afact will ba to mise tha tampartaore of
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one terminal by 8 small amount A¢ and to lower the other by
an wqual amotint,. The difarential equation then has an jts
boundary eonditione, #=f+ M a6t =1 and F=&— 4P at
rea =] The salution is

o—a=fin—m)+ 24 (18)

atl iz therafore unchanged at the midpoint® F course,
complete thermal symmetry {g never attained, = that Peltier
heats may ceuse a chenge in ihe midpoint temperature.
However, for massive terminals the temperature changes,
ad, are very smsll, 80 thet Peliler henting need not be con-
sidered mignificant,

Thomson heating aceurs in bomogeneous conductors having
B tempernture fent jo the direction of the current How,
Far the one-dimensicoal caca here coneidered, the Thomaon
heat in an element of length dr having & tempecaturs diffar-
ence dy ls # 7 df watta where « is the Thomson voltege coefficient.
Experiment and theory indicata that o is proportinnal to the
abeoiute temperature, but, 88 the Thomson timr i small
compared to the joule heating, we might, s B firat approxi-
maton, consider ¢ conotant. uation 14 then becomen

&% P '
abg + L8 or2t—p, (17)

which iy of the form
P+ h=0 {178}

with the boundary eonditiona =g at x= +1{, where e= offlak.
The steady-state solution of this eq is

P (_1 £ ) b

b=\ ianh ¢ @inh g !

£
where g=cf<C <71, At the midppiot, where z=10

b0 soogh g—1
B a,,-:q( ginh ¢

Expanding the hyperbelic funetfons gives, by neglecting
h!gﬂlern-ortfer LaTInA, '

a,—m=a.=¥(1—%)=a,(1—%)*

By sybstituting the wvalees for & apnd c aod noting that
2fplia=VF, the voitaga derﬁp anror the eondustay, ag 1 snd 2
of the text pan be obisdned. They show thet Thomson heat-
ing causes & small {(gecond ortder of amalness) deacrense in the
tamparatire rlse at the midpodot of the condustor, aod ean
thus lend to & transfer error in 5 thermal converter. i—lawever,
the spproximation of considaring « & constant i= a drastic one,
and & WoTE BRCUTALE aéppmnh will he to conslder =BT,
where B in & vonstant,® and T js (he abzohete tempernture.
Equation 17 then becormaa

(18]

BT P T
ok +F +BIT%—0,

which ia of the form
T w P o b=, (19}

=T at r=+{ whee
w=H]

Thia i & nonlinear eguation and wery difficolt to solva.
Chester Snow ghowed that it could be redused Lo & Rlontti and
then to a Heassl equation, but arggested an approximation or
pexturbation method to give the desired rapults more simply
and directly. The answer is not signifioantly different from

wilh ?;i boundary conditlons

t Einea Peltier bantlog depeods opon 6w Jooction tempersture, 4 second-
order change in midpot tampardure m&gcmr.

L B-#ﬁi‘i. where F 5 the ami of 4 thermwonuple comprsod of Lhe matal in
question &l 8 metal such B3 lend, which boea very small Thooeson heating,

that of ay 15. The method is powerful, however, and waa
uzed hater In evaluating other perturbing effacts =no that it
will be gutlined here. The Thomeon heating, whish is much
smualler than the Joule heating, can be congidersd as perturbing
the ternperature distrbution of the condustar.  Its affact wan
be approximated by sglving the differentinl equation withoat
the perturbing term, then substituting the result, and its
ferivatives Ba neeessary, in the perturbing termm only, and
solving the resulting squation,
Without the Thombsan beat term, ag 10 baeomas

T =nsb

with the boundayy condition given, tha sslution of which ia
4
Tr—Tomg (H—z'h

where the subseript 1 lndleates the Arst Epproximation.
Placing this value of Ty and 717 in the perturbing term of 19,
reduces this to & linear equatinn,

ibizt

T;=—h——2 "'I"!E\b.lf(Tg-]-Ta}l

where Ty=08/2, the malntion of which iz

Po—To=b (2—a) 2 B (7 P00

wl', (%Tﬁ%)z

At x=0 this reducea to Ti— Ty &% only Brat-grder terms are
glven, 50 that the process must be repeated to find the sacond-
ordar term indjisated by oq 15, The alpebra rapidly becomes
\rel;ly lengthy and tedlous, but the procedure 1s straightforward
and the resulting temperature rise at the midpoint {2 found
o ba approximately

Po— To= T4 {1 §.4 3 10225 — 10,53 T0-tzye, — B BX m_:’iléo}

where n=1wTH, and r4=wT

Appendiz 3. Low.Frequency Emor of a
Thermoelement

The problem is to find the stesdy-atate averags (ovar an
integral number of cyclea) tamperature rise at the center of &
upiform conduetor of lengih, 21, and croge-sectionsl ares, o,
carrylng & ainuaoidel current and cooled chiefly by eonductlon
t0 massive terminals that are st ixed and equal teraperatures,
Azaume thet the eurrent remaing zinuagidal and that only
Joule heating of the conductor ooeura,  IF all the eooling B3 by
conduction to the tarminals, the diffsrential equation govern-
Ing tha temperature of the conducter iz, under thesa agsump.
tions, '

QM e ag

ATy a5y 2n

ol

with 1k boundary condition 8{: Lt =0, where
f=temperature in deg C
1 em the square of the instentenesus valua sf the currant m,
B{1—cos Jud}
f=rms valus of the current
w=2¢f, and f 13 the frequener of the gurrant in oycles
per aegond
t=time in second
me=derslty of the conduetor in grams-om=7
s=thermal capanity of the conductor in joules-grams!
~deg C-1 :
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The provedurs will be to eonsidat p and & conetant and to
pulve for the peciodie steady-siate iempersture rise, then to
sapproximate o 6nd k 88 5= {1+ o) and iy (14 5, to In-
troduce radistion loes, eod to sclve the resulting equation by
the perturbstlon method just outlined, For the omsses con-
gidered of and 80 Bre congiderably lege than 1, and radiation
Ioes ie much leas than the Joule hoatiog of the conduetor.

With « and A=0, eq 21 iz the form
S
aw uT

where 9= ma/ks, and b= Fpalaikn.

Let #=uiz ) +¢(z). Then
o9 _ e O
ozt ouf | oad

Lt 2% fort=m — b Thon ¢ — {24248
Applying boundary conditions gives

#l+ L =ul+i F D=0
o —th=u(—Li) +y(—H=0

Wa may take =g — Dl
Then wLbjz{Fﬁ—{Ig:’} tlind I}e-q 22 beeomes

%—yg—?=ﬁ o0g Zud,

—bh{1—eos Zud)

with wf £ 40 =0,
Fram complex number theory if w iz harmonke n thime, it

cah b mepreanted by tha real part of [Te@=, where IF ja n
eamplex fungtion of the real variable x, apd j=+—1. Blini-

Iarly, B aoh 2wl eah bo copresented by the real part of hefie,
where b is & eal number.  Substituitng these quentities and
the lap ropriate derivatives in eq 23 and dividing by =
reaulta In

%—3MU=E (247
with U={) whop r= 4] Tha gahption of thiz =
U— k) l_cnshm& {25}

T toab ol |
where g=+52ug. At the midpoing
b 1 , b
nau.t.t.hnl‘re&ueneieawnmintcmamdinemhnl}}l. There-
of

fore, u=resl part of Tfefi=i= real part
b i _ .
Dok {eos Zwi+F Bin 2#]}# msin 2ead.

8o that, to thiz approximation, at the midpoint
bir 1 .
a.1=?(1 — g w)=¢,c1—q sin 2ut), (26}

whera 8,=582 and q=].n’agl‘. Note that g is the crest value
of the eyclic tsimpersture fyctuation d.‘i\':il;?ﬂd br the averaga
temperature rige at midpoint.

In general, UV/=11, %307y, where T/, aod I, are functione
nfﬁ, 50 that w= 7, con 2of— [f, sin Dt
L nt

ﬁ=%{ﬂ-—z’j+chﬂsM—Ul. sin 2ol (273

Thus the aAverago value over st Interral hiumber of cyclen of
the temperature rse ia the same as that found in a.ﬁnpendix 2
for the aeme numerical valne of direot eurrent, so that under
thesa condltlops the temperatvre risge of the conductor can
be uaed sg 8 measure of the current without se-de error.

We shall now congider that 5= p(I+ef) aod k=kn(14 36
and that eome small fraction of the totsl heat is lost by
radlation. IF p i3 the perimeter of the heater in centimeters,
then the heat radisted per pacond from the surfame of &
differential length, d,, of the heatar is

G =pr E(T9— Thdz,

where § ie the emissivity of the heater material, a nomerical
ronatant, and K is the Stefsp-Beltzmann constant in watts.

em~#{degr K}~ T i& the abeclute temperature of the ele-

ment; Ty ie the abeolute fempersture of the surrcundinge.

Introdiucing these torma in eq 22 gives, as SF<7 1, .

ek & K

O —ol1—ah) = —b{1—cos 200} 1+ 98) +EER (i)
(28)

whers n=wa—#. The perfurhing terms are

(1) + 8

(23 —b({1—reos Tud)pd

PEE g s
@) 2EE re—Ty).

An these perturbing terms are relatively small, the solution
will diffar by ondy 5 small smonnt from that given by eq 27,
Hense a suficlent expresston for these small terina will he
given by substituting the lmowo veluea of the dependent
variablea ¥ from eq 27, and itr derivatives ns necessary
in these perturbing tering, When thfs s done, it {s Toun
thet the first of these terme reduees to functions of z, each
multipliad by sin nwt or ¢08 mwl, where =22, 4, The sacond
redures b0 similar harmonic terns plut the termna —biyP—
(pll /2], where P={R—zbf2, e third term becomes
nnoecessarly complax, It can be simplified by making the
further approvimazion thet for this term

F=Ty=0, = F{l—-g nin 2w},
and

P Py =( Tyt-8,) == T8 1 88, TAHBETS, 8,< T

and alao that k=k. With these approximationa, this term
reduces to barmonio terms plus the termas

t
TP +eNTiF (145,

whers N=pt K faky,
Thusa aq 28 becomes
ﬁ— aa|= — —--ﬂf a 4 ]
o5 b(l—HP 2 )+2NT,,P[2T.;.+3P1+(;) +

Hmd

%EF. cob el -+ @y 3in fed ), (26
where F, and 7, are known functions of = alone, Weagalin det

elr, h=ulr, Hh+yix) and eet OfD2® equal to tha terma
independent of ¢ in 2q 29, 5¢ that

fiwmd
%—g%:r‘——-‘zzif. cod il + 7. 2ln nwl) {30)
=
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For each frequency of the harmopic driving terms in the
right-hand mde of aquation, the aolution of the squation
that vaniahea at tha endLPoiuta will be of the fcrm Lf, ooa
Rl — U5 ain nd, where LY, wod {7, are funciioms of . The
aver valus, ovar an hﬁ?ﬂ number of eyceles of the
lo frequetey, wil G are vanigh. Sioee thia i3 a
Hmear equation, the aclution is the sum of suoh solutions
and will therafors alse wanish, Thus the avarage valys
of # which we are intereated In, 13 equal o ¥ (2).

Erﬂluntiun--l,!— (=} in the same manper as befare gives {or
the walys of ¢ at the midpoeiot whare =),

w0y mouf 14300, 220 SnzpZnrp,r(148) |

(31}
whers

lzi= ﬁi‘n’aLan (2, 3dzy
and on the assnmptions that Dogl—0w= Ualll and U0 =0.

‘The required axpreseion for £F, can be evaloated from aq 25
and 27?} noting that 9

prwm 5%y 2@y A jyz and ple pl 4yl
whora ymey/ug, 8o that cosh po=cosh o coa qa-+F sinh yo ain

w2 and eodh pi=eoeh »f coayi{+5 2inh +i #in 4L, At the fre-
quencies we are interested in pf > 5, so that

cosh sl =5 (005 -+ sin D).

Hinve «=renl pert of
_ | [, cosh ux _ _rr
Utﬂ"—mlﬂw [1 m]aﬂ" ={fa ooF Buf—LTy Gin &,
it will be found that
U,=$ [pinh x pin v 08 yi=—cagh gz eos v sin A1,

FPerforming the desired integration reaulta in

U.:——zw;m;(ms vl conh 208 g Hain ol ainb e afn g2,
From which
U lf)m U ol —1) 2 =S abd U 0} < walE),

LA
Therefore, ag 31 becomes

MD}=E«=E¢[1 +M+(§—%NT3F)#,1;=]=

sd[1+M+’§‘m=]: (32)

;r;-elﬁapM is equal to tha remaining terms in eq 31 pod Amg—
By the BRme pracedure, eq 28 can be solved for the d-c case
by congidering D4f3f=0 pod =7, & coostent of the seme
nutretrical value as the ronm value of the alternating corrant,
The temperature rise At the midpeint will e found to be

.=l M] {33}

Thoa the temperature riss oo direst current {8 the aame s on
slternating surrent when the frequency ia high enough ec that
the third ferm jo the brackets of ag 3 iz sufficiently amall
compared to unity. Therefore the temperature riae at the
midpoint on Blterosting aurrent is

Fu"‘ﬁ'd.:[ 1 +2—{;%] r=ia, [1 +gﬂd=ﬂ"]

if M s pmell pompared to anity.

{34)

If the hof junetion of the thermoeruple in fastensd to the

midpoint. of hentar, the amf of the souple may ba apre
gented Ty
E=Ae, +§ &

where &, §a {he temperature of the hot junction in deg C, and
A and B are constanta (o be evaluated st the (empergture of
the cold juosgtion. Om direet current f, =@, and

Eendsy, [1+% a,,]-

On alterpating eurraot of the same rns valte, #, nay be
eonsldered to be clogely encugh for these purposes

=t [1+§ a.m] {1—q sin Zal).

The average value of emf over an integral number of oyeles of
alternating turrent is then {to the desired aceuracy, and if
{Bi14) g, 12 small compsared to unfty)-

pumto (155 0) 14 ) o)
From theae expresaions

E—Ea H
Fp =2 ﬂ#@"

where Hwh+ B2,

For table ¥, it 18 desired 10 sompute the frequency at which
the sc-de differemce of & thermal converter duwe to this efact
ja equal to 0.1 pervent. From eq 7 and ¥ snd for a=2 the
differemce in current for the same emf is one-half the differenos
in emf for the same carrent, and is opposite in sigo.
fora the percentage sc-do difergnce, ¥, I3 approximataly

i=—36H ;0= :__Z_ﬁ'ﬂ;_.d"

{2133

whepe in addition to the symbols already defined, d=1f7m
ky/me and I» the thernal difusivity (o appropriate noits.

Appendix 4. Elfect of Shield Capacitance
cn the Mcdel B Volimeter

Wa may approximete the effects” of onpecitance to the
shield of this voltmeter by tonsidering the woltmeter as
otnsisting of a transmibolen fos of rowre? ghms per unit
Jangth, ha & tonstant capacitence o farada per unit
length to the shield, witha sinuscidal vo of rme velme ¥
volte applied o the high-resixtages ond. Giker end may
be ponsddered sufted, sloee the thermsl sonverter,
which i3 conneoted between the low-registance end mod the
ground post, is of low resistanes,  The ghield is alst conndeted
to this groynd t. We wish to Ond the magnitude of
surrent, f., At ghort=eirenited end, For an element of
length dr af & distatce = from this end, we have

daF af .

d‘-fr. Frp@and dm"mv' (35}
whara 7 18 the rms wvol drop ecroas the elersent, and
df i3 the rms current from the element to the shield. Differ-

entiating the first of these and substituting the valwes of 1
atd 4F gz in the yesulting axpression givea

24V

4= & — i) ), (36)

aubject to the boundary eonditions V=10 st =0 and V=¥,
at g=} god whess p -
When h=0 this mm, with the eame boundary

aonditions,
: &V 3 dF

pr el el
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the solution of which ia
Yt

1L B

We now put this value of 1" in the perturbing term containing
M in aq 34, to gat

dV_3 Ve
Te & F
The sclutlon of this, with the 2ame bowyndary conditions, is
Vb 1!;1) MY 2
V"T(l_ﬁ T
A W= juryny, We will baed o repeat this procesa 10 soclba
tarme in A, Tor we are interested in the magnitudes of ¥ and [,

Putting the above valua of ¥y in the last term of eq 36 and
polvlng aa before glvas

Vs, i O L T R g
V;-T(l—ﬁ-FS.BXlﬂ_'htﬂ)-'“ﬁ' Ty T
(37

From eq 35

fo L av,
T rr? dr
Performing the indicated differentiation of eq 37 and sub-

{3§)

atituting m 38, apd poting that the total resstshes i
RB=rsA/5 leads 1o
L K2 At Al A
fnﬁ‘[l—ﬁ+3.ﬂ>{m—':ﬂﬁ+ﬁ(l—ﬁ)-{-ﬂ -

Aolving far [v at x=0, and natipg that the tatal cepacitanmse
is O'=gd gives

o= %[1 — 0. 107 R 7.0 10‘*(&.{?3}’]'
Hincé the tarms in the brasket are small compared with unit-yl

ri=% 1-0.0022¢ucR) ]

WAEhINGTﬂN, Auguoat 16, 1951.
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