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Some General Theorems on Iterants'
P. Stein®

If B ig & squiere matrix, then it ia known thet & pecessary and sufficient eonditien that
]":" o Bn=0, Bthet the cherseteristie roots of Bare all of medulys lesathan unity. Analterna-

tiw mndltlnn i given In this paper, in terme of Hermitian matricos,

Further, & generaliza-

tion of the rasult 33 obtained that covers casen of matrices B whather S* does or does oot
canverge to [ axcapt far vary special matyices,

Introduction. If B is & square matrix with real
or complex elements, it is well Enown that s necessary
and sufficient condition that lim B*=0 is that the

q—m
characteristic roots of B are all of modulus less than 1.
In thie ps an alternative condition for the
COTYergance of E* to 0 will ke given in terms of
certain Hermitian and symmetne matrices. We
alao obtain a ralization of thiz result that
covers matrices B when B* does or does not converge
to 0, except {or a special class of such matrices
My thanke are duse to Olga Taussky Todd for the
help snd enmum ent I received from her in the
preﬁamtmn of t-hls er. My thanks are alsc due
Paige for uahla suggestions toward the
Lm% vement and simplification of the proofs.
a will eohsider square matrices B whose elements
aro either resl or complex. Tha conjugate transpose
of B will be dencted E

THOEQREM 1, A ﬂmmry and sufficient con-
dition Hhat h.m Br=0 13 that there exist & posidive

defintie Hsrm-muﬂ matriz H for which H—B*HE i
pozitize definite.

. Corollary 1. If B is real, H may be loken real and
Ejrnetric.

Proaf: Necessity: Let P be a nnnsmguIar matrix
such that

PEP'=K,+E+ ... +K,
where K, 12 the Jordan normal form; i, e,
K= h I T,
whers Z} fg=n, h,are the nof necessarily distinet

u]::nractenstm roots of B, and I7™ iz a matrix with
units in the superdi na] anid zero elegwhers.
Lot §,=4(e} bhe the diagonal matrix (e, &,
1y fori=1,2,...r

If ¢=58+8+ .. .44 , then
KE=0QPBP'{)'=N,+MN:+ ... +N,, where
N.;=15.;K;3,:_1= 1{!‘]‘5({;;

it baing undersiood that F and &7 ara of the correct
order.
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Note that
J—E"E=(I—N"N)+I—N*N)+ .
+{I—N,*N) 3]

is positive definite if and only if J—N/*N) is
poeitive definite for all ¢. Clearly

I"'N'I-Nf={1 —i: h:l I—H{LU-I— 'h;U*-i-i;U*m
(3)
will be positive definite if .
| ine [LEEL
£ m for y=0. {4)
¥y
If M=max |}|, we have

* )
r‘“y"'y“‘b Y o pf, also ¥ E VUMY 1 for all y =0,

henes

w E ) [ ] [ ]
[ﬂ F.U+1U}y+ gLy <
¥y
. o, +e? forall y=0. {5}
Sinee lim Br=0, |h|<C1: henee, from (3), (43, and
o
(5), I'—N,* N, is positive definite for sufficient]y small

values of «; and so from (2), J—H*K is positive
definite for auch valuez of ;. A change of variable
y=0Fz gives

— K*K)yy=1*(H— B*HB)z, where H=P*@Q*QP.

Since H is clearly positive definite, the proof for
the necessity part iz enmplete.

Sufficiency:® Let H be any positive definite Her-
mitian matrix for which H—F5*HE is itive defi-
nite. Sinee H iz positive definite, H=D*D, and by
making the change of variahles D=y,
F(H—B'HBz=y"(TI—E*Ky>0, (KE=DRD.
' (6)

1 This prool wea puggestad by L. ). Peige.




Now, if A iz any characteristie root of K (and
hence of B), 4. an associnted characteristic vector,
wa nea that

w (KR ye=w o va— Moty =0
Thui_:m || = 1 for all characteristic roots of B, and

1 converge to 0.
To prove the coro , We suppose the elements of
B . Let H be the matrix of the theerem, then

H=A-+t8, where 4 i3 a real symmetric matrix, and
& is a Teal skew etric matrix. I H is positive
definite, then it is known that 4 is poritive definite.
Aga-in :

H—RB*HR=H RHE=A—B'AB+{ {8—FB'5E).

A—F' AR is symmetric and §—B'SFH is skew-sym-
metric. If H—B'HB is positive definite, then
A—B' AR is positive defimite. Hence we may use 4
in place of H in the theorem.
e give u sufficiency test for the nonconvergence
of B* to 0.
Theorem 2. If there exisls o nenposilivedefinite
w H suek that H— B*HE is positive definite, then
im B0,

n—m

For proof, we observe that if X is not Fnait.ive
definite, a vector & may be found such that z*Hz 1),
Further, if H—R*HE i3 positive definite, the se-
quence z* B H %z ia decreasing. Hence lim 8% w0

and so lim B 0. e

ey
It may be observed that the condition that
H—E* should be itive definite may he
weskened to H—B*HI at least positive-zemi-
definite, provided H is not positive-semi-definite.
(ow we =hall prove & peheralization of the neces-
sity part of theorem 1.

8. Let K be a malrix whose characterishic
roots of odulue | have multiplicily no gresler than
Lo, en there existe ¢ nonzers Hermilion madriz Hy
such that H,— B*H . B>0.

Corollary . If B is real, H, may be taken real and
symmeirie. Proof. Using the expression (2) for
(=K *I), wa see that

T K KBS KR E=[I—N*N— N —
NPANIN]E. o =~ NN =N I=N*N)N

and again, this will be positiva semidefinite if

{(I—N*N)— N T -N*NIN=(1—"W)T—
2edl —KAJE+ S E+ T ET -+ UMED], (8)

{E={aL"+0U*+l/*L}}, ia positive semidefinite.

Obvivusly, by & proper choice of ¢, (8) can be
made pesitive dafinite if B has no choaracteristic roots
of modulos 1. _

If B hae & charactoristic root such that k=1, the
right sidc of (8) vanishes for roots of multiplicity 1.

For reots of multiplicity two, (5} becomes (g 0

2,7
and henee ean be made positive semidefinite. )
Now a simple change of wvariables, y={jPz, na in
Theorem 1, yields

y (- K*K)— K*I-K*K)K]y
=% *(H—B*HB)—B*(H—B*HB)B|2 20,

where H=F*Q*(JF, Thus the A\ of our theorem is
chosen as —B*HE.

If the multiplicity of a root of modulus 1 is three or
greater, the right side of (3) is not positive zami-
definite since it will always contain the prinecipal

subminor (D N = )
YA CHE -E P
Henee the method used in the proof of this theorem
daes not yiold an H, in these cases,
It may be ohserved that lim B*=0, if and only if
R )

I, is positive definite. For, if B has no roots of
modulue equal to 1, then from the proof of the
theorem it follows that H;—B*HB is itiva
definite, and the results follow from the sufficiency
part of Theotern 1 and from Thearem 2. I B hasa
root of modolus 1, then sinee Hy<=H— B*HE, wa
may ehow, a8 in the proof of the sufficiency part of
Theorem 1, that I, 13 at best positive semidefinite,
and hence nlso nob positive definite. In this easc
aleq limn B® 0,

=t
Corollary 2 may be proved in the same wuy ns
corollary 1 of theoram 1.
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