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I A= (.} ks an 6% 5 nmatriy, and if ©; are the cireles, center ay sod radii 23 |6/, aod I
iwl]

¥l

» in a characteristfe root with s independent charecteristic vectors, Olga Tauwsky proved

the following twao results:

(1) If & Lies puteide all hut one circle (), then m cannot e greater than 1.
() If mmnr=1, then X i3 an inner or houndasrcy poiot of 2t lesst m cicelea O

In this note the gap between these {wo results iy closed, and jb B shown that » Ueg in 6t
leaet # sireles 7, Tor all Bnite values of # and 5, S8,

If A={ay) is an 2% matrix and if ¢ are the

i |
zircles with contres g,, and radii 2 ltee|, Olga Tavssky?
L]
o
proves these two theorema.
. Theorem A. A characteristic root k, which is an
inner or boundary point of only one €, cannot have
two independent characteristic vectors eorvespond-
ng Lo 1.
heorem B. If A hes a characteristie root A of
muitiplicity a—1, with #—1 indapendent character-
istic vectors, the klieg in at least n—1 cireles £,
In this note it iz proved that
Theoresn ©C. T i3 b characteristic root of 4 with
man 1;1de.Eendent characteristic vectors carrespond -
ing to it, then A Jies in at least m circles .
eorem C is s generalization of both Theorems
A and B and closes the gap between them.
Theorem C containa the following generalization
of & well-known theprem about determinants (for
definitions and references, see, 0. Taussky, A recur-
ring theorem on deterunants, Am, Math, Monthly

BB, 672 (10407},
Theorem D14 Lot A be a matrix that cannoi be
tranaformed to the form (1{; ‘g) by the same per-

mutetion of the rows and ecolumns, where £ consists
of zeros, and F and @ are square matrices. Let

further |a,,l #i} |@uf for at least one value of . If
T

[E]
the rank of the matrix A is n—m, where <m<n
then there muet be at least m values of  for which
the inoqualitios '

B
a2 < 2l
=

hold.
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We require this lemma:
Lemmae., If X, i=1,2,. . ., m, are m indcpendent
vectors with components zp,, #=1, 2, . . ., 8 BFm,
we may construct s set of m independent vectora
¥,, with components g,,, which are [insar combine-
tions of the vectore X; and which have the property
that we may select components of maxi.mn'mﬂdu.g
correaponding Lo each ¥,, so that no two such
selectod components have the same gubacripis.

We may suppose m >3,

Wo choose ¥1=24,. Lat m, =z, be a component
Elt:a. maximum modolus of Y, Choose o and as 30

I

{1
(2

Since y,, #0, m=0, and 80 since X, and X; are
linearly independent, Y.=0. Let m, be 2 com-
ponent of maximum modufus of ¥y, By (1) and {2}
#:, =0, hence g5, Further, ¥;and ¥, are linear
combinations of the vectors X, and X; nnd are
independent. The conatruetion is thus complete
for two independent wectors Y, If mZ=3, we
chooge three numbers &, f; & 20 thet

ﬁl'yl " + ﬂ!yhl + ﬁlzlr-l = ﬂ
ﬁ:yu,-#ﬂsys& + Iﬁﬂngz 0

£I11|’1.1 + D'-BISII =0

nnd
Yg=ﬂ:] Y| + ﬁ;.x;g1

and _
=g +6Y+aX.
Since
Yie, Yo
=yi-1ﬂﬂ-,#ﬂ';
Viag ¥y
B 70, nod ¥3#0. The arpument used shove may

now be repeated to show that if vz, is & component
of maximum modulus of ¥y, then smia, s;ps.
Further, ¥y haa the other properties required of ¥,.




Thie . would complets the construction for three
vertors X

If m >4, the other properties may be continued
step by step till all the inde]:l;ende-nt, vectors ¥, are
exhaueted. This completes the proof of the Lemma.
To complete the proof of Theorem C, piven the set of
m independent cheracteristic vectors X, correspond-
ing to the characteristic root A, wa construet the set

; of the Lemme. Smce ¥, wre linear comhinations
ol X4, they are alse characteristic vectors correspond-
g to the characteristic root h. Henee we have the
syetem of equations

Elﬂuyn=}i'!||':;.'£=1,2, Ve m:t=1,2, ey T
Fm

In particular we have

. -
§ W= ?"ﬂ r,
and =0

b3
{)" - E’Irl',:} ¥ t|=§ @y o Haa-

walis

Dividing through by ., sod taking the modnli of
the two sides, since |y, | 2 |yal, s=1,2,. . ., A wegst
that X lies in the cirele €7,

Since #.748,, 1747, we conclude that : lies in m
different cireles ¢, This concludes the proof of the

theorem,
Los AwngrLes, Octoher 15, 1951,






