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Generalization of S. Bernstein’'s Polynomials to the
Infinite Interval

By Otto Szasz

Let P(u, ) =e-s>

r=l

The paper studies the convergence of F(u,z} to f{z) as 4 -,

(uz)*

j(%),u>0.

vl

The results obtained

are generalized analogs, for the interval 0<x < =, of known properties of 8§ Bernstein’s
approximation polynomials in a finite interval.

1. With a function f®) in the closed interval

[0,1], S. Bernstein in 1912 associated the poly-

nomtals

_ (R o] A RP — e
B, =325 () ra—omfom, n=1,23,
4y
He proved that if f{f) is continuous in the closed
interval [0,1], then B, ({#)—f() uniformly, asn— .

This yields a simple constructive proof of Weier-
strass’s approximation theorem.

More generally the following theorems hold:
Theorem A. If f@&) is bounded in [0,1] and

continuous at every point of [a,8], where 0= a<
b=1, then B,{#)—f({) uniformly in [g,8]. (See
[6], p. 66)". ol

Theorem B. Tf f() is bounded in [0,1] and
continuous at & point 7, then B,(r)—=F(s}. (See

[3], p. 112).
Theorem C. 1f f(t) satisfies a Lipschitz-Holder

condition
|f@) —Ff @) | <lelt—t'|»0< A1,

then [f(t) —B, () | <cmn ™2, ¢,,¢; constants (see [7],
p- 53;4). B,(t) is a linear transform of the func-
tion f(¢); for the infimite interval (0,=) we define
an analogous transform:

P(u;ﬁ=e‘“’pi‘.; 9—1, (ue)f(ojw), w05  (2)

1 Pigures in brackets indleate the Mterature references at the and of thiz

Paper.
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We shall prove corresponding theorems of approx-
imation for this transform; #—»« corresponds to
n—e in eq 1. We also sharpen theorem B to
uniform convergence al the point r.

Diefinition: A set of continuous functions P {u,x)
is =aid to converge uniformly to the value 8§ at a
point z=¢{, as #— = if P(u,,x,)—S, whenever
z,—¢ and w,—c, 85 n—>o. An equivalent for-
mulation is: to any >0 there exists a §(¢) and an
7{8, ¢) so that |[P(u,z)—S|<e for |a—¢[<é and
W,

2. In this section we introduce some lemmas
for later application,

Lemma 1. For x>0, v >0,
~Zuet,

Is—%I:zh ;i;<)\ @

The following identity is eagily verified:

us
ol

> (r—u)?

p=0)

.
UE™;

(4)

it follows that

u’
—~=ye¥,
v}

¥ i"—;@)\ %‘>§ (?J——u)z

This proves lemma 1.

Lemma 2. For uz0

$ Jo—u %: = yue®. {8)

t M, Eac also idered the t

point of view.

dently, from a simlliar

torm 2} indep



By Schwarz’s inequality and by eq 4

(3 = 1) = {3 o0 5 (54 —ues

this proves lemma 2,
Observe that
] uu
> (0—0) =0, ®)

thus, if % is a positive integer

3 -l J=33 w—0) i+ T - =
‘)E (u—1u) -—~-—2u Z} -—dum?l 5_; =
9 u" 2+/u e,

1/21!'

by Stirling’s formula. Thus the estimate (5} is
the sharpest possible, except for a constant factor.

3. Theorem 1. Suppose that f(r) 15 bounded in
every finite interval; if f{z) =0(*) for some k>0
as z— « and if f(z) is continuous at a point {, then
P{u:f) converges uniformly to f{z) at r=¢.
Consider

e P w3 ) —F @) =23 (o) —10) ) 3=

Infua §a+]m,_x >6=SI+Sz, say

and assume that [x—{|<73.

Let
max |f($) _.f(E)| = m(B;E)Zm(ﬁ);
for
|x_- El < 8;
' then m(8)—0 as §—>0. Now

Sflofw) —f @) =f(w/w) ~f(O+(O)—F®),
and

. %—;zﬁﬂﬂ—;, (7)

In 8, ]%-—x

=9,

hence, from eq 7

[ofu—¢l =28
and

o) —1@) | S m(20) +m(@) < 2m(2).
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Hence

1SiI<2m(2s) 33 02 om(28)e.

Next write
Sp= 2o =8+8, say.

Tnr—8 v u(z+4a)

Then ’
50<, 2 Y 1for—s@.

Let

sup |f(x)|=U(3), for z<5.
Then :

S<2UG+s > e

ur—s>us Y.

Applying lemma 1 with A=u8, we get

IS <2UG+8) Lt =20+ o) 2o
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Finally, assuming u (x4 8) >k,

—0 (n>u(r+5)—k e (iﬂ_"p)

We apply again lemma 1, with A=us—£>0,

then

820 (2 i)~ (e

Summarizing, we find

e *

a—k)*

) U—> oo,

P; /@) ~f@) =0 {m(@)+ 2t s
Letting u~> = for a fixed 3,
limsup |P(%;f())—f(2)| £ 0(m(28),u—> o, [z —{| £ 3,

from which our theorem follows.
It can be shown easily that uniform convergence

at each point of a closed set I} impliss uniform
convergence over the set I). A similar argument
applies to the transform (1), thus sharpening the
theorems A and B. .

4. Theorem 2. If f(xr) satisfies the Lipschitz-~
type condition



_ |2a—a e g (WD) (ofu—z| e & (uz)* v—uz}
|/ (@) —F (22) [ <v (@t z2) 0<t1<{ @<l ™, (8) ; ! otz IS 1/1—‘ "
v, p constants, 0<(p=1, ye T 2, (uz)t 2
then <“\/5 ? ol lr—ua) < V'
| P(u; f@)) —f () | S yuh, by lemma 2. This proves theorem 2 for p=1.

Now from Holder's inequality, for 0< p<1
uniformly for 0<{z<{», as u—> .

We have, for p—1 - 1P N~ @ =3B B oy )
Paip—g@ise S @rhvom—@l (Y)Y S o~ 10}

Assume that
|a—21]*

)y —f () | <y @tz

then
| v/u—z|

e | Plu; f)—f@)|<exp ((1— P)W)’Y(E(M) (v/,u_l_x);‘i' "’

— I
<y exp ((—pue) (75 Vo | e
This completes the proof of theorem 2.

Let p=1, and f{x)=¢c—=z, for 0=2=¢, ¢ a positive constant; f(z) =0 for z=¢. Now the condition (8)
is satisfied. Furthermore

Pa; )~ @ =Pu; fl=e 3 80 c—opy = e 3 (uo—o) %
Let [ue]=Fk, then
w P, e) >u et ‘Z(k—v) v?’

k ke R+ b
S0y =g ~(5) ¢
Thus Now
lim inf «¥ P(u,e)>0, : P(u,f)—e*"‘%}( )f(v/v—),

U—r

and, from section 2

This proves that for p=1 the order of the estimate
in theorem 2 is the sharpest possible. We do
not know of a similar example for p<{l. For
Bernstein’s polynomials an exact result has been
given by M. Kac [4].

and for p.(e®)

Pu;pa) =e~ 2“3 (ﬂ,)s i) aze*lv

l -z k *
5. Suppose that f(z) is continuous in the infinite =e "% ? ax 2 (ucc =P ( )
interval (0, ),
Let =g ; a; exp (ux exp (—kju))
x=log%,0§t§1, " '
, 22 ake-—u: (l—exp—&fu),
fey=flog 1/f)=e(t) iz continuous in 0=t=1. o

Given >0, we can find a polynomial z:} at*=p,@) Clearly for u—w,P@;p,)—p,(e) uniformly in
so that |o(t) —p,(®) | <e. It follows that (0, «); furthermore
7@ —pa(e7) | <e, 0z F@) =046 Feala), @) <
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and
Pu; f)=Pu,f—pa) + P, pa).
Here
[P (u; f—pa) | <e,
hence

|P(u; ) —f @) |[<e+|P(u; pa) —f@)| St
|P(; D) —Da(e™") [+ [P (€™ —f @)
Thus, the theorem:
Theorem 8. If f(x) is continuous in (0, «} then
P{u; f)—f(@) uniformly in (0, =).
6. Theorem 4. If f(z) is r-times differentiable,
FOx)=0(z") a8 x>, for some K >0, and if

fO(z) is continuous at a point {, then P {(u;f)
converges uniformly to f7 () at 2=¢.

We write 1/u=h, and introduce the notation
A (oh) =f G 1h)—f (oh).
A%f (vh) =AAf(oh) =f(oF2h) —2f (v 1h)4-F(oh).
A"F (vh) =AA™f(oh)
=§ (—1)* (,’;) FoTkh), 72 0.

PO/ ) =Qbify=e= 35 101 () o).
Lemma 8. We have
P 3 QU ) =33 Ak 101 (3) 1
Differentiation gives
et p=cn 3 Lo () psen—
per () ren
==-,1; ¢t $ 51! (?E) AF (o).

The lemma now follows by induction.
It is known that

A'J;ff}h) =f(r) (ﬂ) ]

where

vh<{q<{v4nh.

Now
DG —f " @)

—e 30 { 'ﬁtf(”h) —f@ }(h)

[2

— p—Zih ’
,, {Z+E}

where we assume that [¢—{|<(6. Using the same
device as in the proof of theorem 1, we get theorem
4. For Bernstein’s polynomials see G. Lorentz
[5], and his reference to Wigert’s work.

For p—1 theorem 2 and formula (6} suggest the
following proposition:

Theorem 5. If f(x) is bounded in every finite inter-
val, if it, is differentiable at & point {0, and if
fl&)=0(z*) for some >0, z— =, then

wH{P(u; f()—f(£)} 0, u> .
Let ’

max

LEAR IO _p16) | =us, 1) =),

then u(8)—0 as 3—0. We may write

JEHR —fO) =k @) +he(s, b),
le(¢, b) | £ u(@) for (k| 8.

where
Now
Pa;fe)—fm=es 3 ) o)+

(1) o}

v
a—*ﬂéﬁ.

where

lt.(‘l&) | = u1(3) for

Utilizing formula (6) we get

P f) 1) =1 33 B o—upyew)

1 _, { }
= g—n .
u® §NIISW+E¢[>W

Using the same device as in the proof of theorsm
1, and employing lemma 2, we can complete the
proof of theorem 3,

The result can be generalized to higher deriva-
tives. Wae restrict ourselves here to the case that
F () exists. Thus,

FEAR —FO =€) +5 B () Fe(t, ),
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where
le(t, h)| = 9(8) for |h| =4, and 9(8)—>0, §—0.
Now
. —s (ug.) E_ !
Plus )} —f @)= 32 M2+
(ug)® 1

(o) te ML u—pat),

where

)| S8 for | 2] <s. ©)

1t follows from formulas 4 and 6 that

P ) —f O =5 1"+

_ur
1.&2

>4 W (o) e w),

or

w{P;f)—f O} =g tf ")+

e ¥ ? (‘?.Lg:)!‘ (‘n uf)sﬁs(u)

We write
(u{) ? e
; (’U uf) €y (u) Jn—ﬂrlé“‘ ]U—H}‘P'”‘

= T1+ Tz’ Sa'y.

From (9) and (4),
| T3] <n(B)uges. Ho
Hence,
—-up 1
?'2? | T1]<C 5”(6)r'
Next write
T 3=

= 218+ TG! say,

2 22
plu(f—8)  e>u{itE)

and note that

$(2—1) s =1 (%)~ 0~ 0070 -
3Gy ©.

sup [f@)[=M(),z=5¢

Let

~ Theorem 6.
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then

TI<{2M@ +117 O+ 2l Ol
3w

Wea now employ the formula (see e. g.[2], p. 200)

e ii;=0 (exp (—é 6“1&)); %—>
It follows that
2
=0(ew (=37 u))
62

{“XP 3 ¥ }

Finally, in view of f(z) =0(z*), we have for v>>uf
and k>2

|e—ui>8u

(ug)®

ur——a')-us !

[t

so that

(r—u) e (w)=0{ u® 5);

hence
(u‘-)u i)k _ . (,ug-)v—vl:
T‘=0 (n—uzg'}ui T EE .—0 (U—HE;')uiu (’i)—k) ')
_ 2 (u5)° _@
_O(v—ugaa— ol =0 {u exp ¥l 3£_1&)}
Thus,
e T4— {'u, exp (——- & )} (1)
Summarizing, from (10) and (11),
lim sup [u{Pu;f@) ~/(D}—5 &7 @) S8,

But § is arbitrarily small, hence the theorem:

If f(z) is bounded in every finite
interval, if it is twice differentiable at a point
>0, and if for some k>0 f (2) =0(z¥), 2— =, then

WP () —F O} >5 ), u .

Analogous theorems for Bernstein's polynomi-
als were given in [1] and [8].

8. In the terminology of probability distri-
bution the Bernstein pelynormial corresponds to
the binomial distribution. The distribution func-
tion is

m( )t'(l = Foa(r);



the linear functional B,(f;f) is

|, semar.m=r0m (3)e .

Similarly, P(u;f) corresponds to the Poisson
distribution; the distribution function is

Z et "'G(?" ),

vSri_.’
and

R s = __,.w -—asM .
Paif)= [ fondee,u =33 L0 fo/w);

here the term with the largest weight has the
index y~uz. 1In the Bernoulli polynomial the
term with the largest weight has the index v~in.

If instead of a function f we consider & sequence
So, 81, 8, . . ., then to the transform (1} eor-
responds

g (:’) #(1—8)"8, n—> o, ©)

which defines the generalized Euler summability,
and to the transform (2) corresponds

et 2 S by E—>
v=0 ¥
which gives Borel's summability method.
9. To approximate & function f(x) over the
whole real axis, we write

@y ="OHCED JOTED s 6y 140, say;

obviously
Si(=2)=f1@), fi(—2)=—fl2).
Now
Plu; fi=Pu;fo+P;f);

here
Plu; f)=e ; -(-1%)— Filvfu),
and if we change z into—z, « into—u, we get

P(—u;fi(—2)) =P @u;/i(2)),

so that our previous results are directly applicable.
Similarly,

P(—u:fai(—2)) =—Pu; fo(2));

thus for negative values of * we need only change
# into —u, and revert to our previous results.

10. It follows from a well-known property of
the Beta function that

() frra-sragh

hence

’v 0!1!"': L

[} Bawdt= 3 35 foim),

so that for any Riemann integrable function

ﬁ ' B, 0)dt— ﬁ fwdt.

Similarly, at ﬁrst formally
f Pluif)de=33" fo/u) f ¢ty =

> v

S

»

the interchange of integration and summation is
legitimate if the series > f{s/u) is convergent,
Thus, the formula

Jy P nde=1 221 op)

iz valid if both sides exist. However, it is a deli-
cate question under what conditions

. 1 o« o
Im £ 337 6/ "7 @
An extensive literature deals with this question.
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