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Image Shifts Caused by Rotating a Constant-
Deviation Prism in Divergent Light

By James B. Saunders

The uee of the vorstant-deviation prizn for produciog moncchromatic Hght ntmduces
the problem of image shifts that result from rotating {he prism when changing from ooe

spaciral line to another.

The magnitudes of bath the laternl and the axial compabenta of

thia shift, for & given rotation of the prism, depend upon the pesftion of the axis sbout which
the prism rotates, A pogition for the axia 38 koown thet yields gero laters] shift. The
axial shift, however, depwnds alae opon the convergence of ihe beam and the shape and

optical propertiez of the prism.

In this paper s method i= presented for locating the posi-

tiona of the axis of rotation for minimym axlal and for minlmdm total chifta of the focl for

both the saglttal and meridian fsna of reya,

I. Intreduction

The constant-deviation Pprism, azs uzed in e
parallel beam of lizht emerging from the collimator
ol & gpectroscope or monochromator, has heco
discussed by TUhler [1, 2], Forsythe [3), and
Block [4]. These authors were interested only
in the lateral movement of the beam that ocours
when the prism is rotated, as in changing from one
spectral line to another. They gave no considera-
tion to the case of convergent or divergent light
and, therefore, ignored the posaibility of axial or
lateral changes in the position of the image.
Such displacements did not ender their problem,
beeguse thers is no change in the position of the
image if the raya of hght withip the pnsma remain
parallel.  As a result of their studies for the case
of collimated light, a uvnique position of the sxis
of rotation for which no lateral shift of the beam
occurs is known, In this paper it is shown that
the same axia serves for moncollimated light as
well. .

The mepnituda of the lateral ahifs of 4 converg-
ing or diverging beam of light is & measure of the
latera] shift of the image. Consequantly, the
lnteral position of the heam and the axial positions
of the primary and secondary images, as functions

1 Plgures in brotkets [ndlose e liberntars raferances st the end of this pa-
per.

Constant-Deviation Prism

of the angular position of the prism, determine the
movements of the image point when the prism is
rotated. A simultanecus treatment of these
thres functions shows that any two of the shifts
may be practically eliminated by a proper selection
of the axis of rotation.

In most applications of the constant daviation
prism & slit-like source {or its equivalent) is used,
and one of the astigmatic images either becomes of
secondary importance, or ifa axial movaments may
be ignored. In this paper a particular application
of ihe constant deviation prism is considered in
which one or the other of these images may be
ignaored. The treatment applies to the recently
designed interferopraph [5], an instrument for
photographing the movements of interference
fringes, A constant deviation prism and e single
achromatic lens are used to form a monochromatic
image of the interference pattern on a photo-
graphic film at a fized distance. The derived
equations apply to any teiangular constant devia-
tion prism, and particular properties are assigned
for an illustration of reaults.

II. Statement of the Problem

An investigation of the axial image shifta caused
by rotating the prism iz facilitated by treating the
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meridian  {(Southall’s termtinology * used) and
sagittal rays separately. The primary and sec-
ondary images of & plane that are produced by
these two beams usually do net coinecide, nor is
the shift of the two images equal for a given rota-
tion of the prism about a specified axis. The
shape and orientation of the source that illurmi-
natez the object plane mey, and usually do, con-
tribute differently to the astigmatic effect. Ar-
suming the object to he & point on an intetfero-
meter plate that is illuminated by collimated light
from & elit-like source in the focal plene of the
collimator, & cross section of the beam reflected
from this peint will approximate a line. When-
ever such a beam passes through & prism and &
single lens to produce a real image of the point,
the astipmatic effest caused by the prism depends
upon ita orientation with respect to the shi-like
source, If the slitlike source is parallel to the
refracting edge of the prism, the sapittal rays are
more divergent than the meridisn rays. The
difference in divergence is reversed if the refracting
edge is perpendicular to the source. In either
case, the less divergent beam produces an image
with & comparatively larpe depth of focus, whereas
the depth of focus for the more divergent beam is
relatively smsll. Congequently, the beam that
has the greater divergence requires more con-
pideration, -

A detailed treatment of this problem of the
lateral and axizl shifts is too extensive to be given
hare. However, s presentation of the fundamental
equations and their application to a typical, but
particular, case furnished the necessaty basiz for
their application to other particuiar cages. The
equations of condition form & system of simulta-
negus equations, the solution of which gives all
the information necesssry for a solution in any
special application. Either of two slightly differ-
ent methods of attacking the problem may be
followed. Ome is to require the differantial of the
shiftz with respect to the angle of rotation of the
prism to ha zero at some specified wavelenpth of
_ light. Ususlly this wavelength should be chosen
nesr the middle of the wizible spectrum. The
geconid method reguires the equality of the image
distances for two wavelengths, one near each end
aof the visible espectrum. The second of these

FT'hw *'mverbdian rays'' are those refractsd raya of an infinltaly narrow homes
tmmtric bundle of Incident reye that e in & princlps piawe of the priomn. Tos
“maglttal raye' are those that lle- in & plane nfaining e chisf refrasted oy
aod perpendbmlar to the prineipal plane,
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proeadures was chosen because it seemed somewhat
girepler for this partieular presentation.

The following ia a eufficient statement of the
general problem for its analytical treatment. A
aoriiree * of light is loeated on the axis and in the
left focal plane of the achromatic lens shown in
figure 1. The point at which the axial ray emergea
from the lens is chosch as the origin of & plane
oblique eoordinate syatem with the z-axis coincid-
ing with the axis of the lens. A constant devistion
priam is placed with the center of its entrance face
initially at the point (#,0} and with its refracting
edge normal t¢ the plane of the courdinate axes
Collimated light, from the lens, falls on the first or
entrance face of the prism, is internally reflected
ot the 2econd face, and emerges from the third or
exit face at various angles, depending upon the
angle of incidence and the geometrical and optical
proporties of the prism.  This discussion is limited
to those rays whose angle of emergence, #, equals .
the angla of incidence, a condition corresponding
to minimum deviation. The totsl deviation of
the rays that emerge under this condition is con-
stent regardless of their wavelengths, and is equal
to the angle of the prism as shown in figore 1.

For tha initial! conditions of the analytical treat-
ment, it iz assumed that the angular position, &,
of the prism corresponds to the known refractive
index for wavelength, %;, near the middle of the
visible specitamm. The indices for two other wave-
lenpths, Xy and ks, one near ach end of the visible
gpectrum, must also be known. After the prism
has been placed in the above mitinl position, 8,
all further movements are limited to rotation
ahout some specified axis that is normal to the
plane of coordinates. The position of the prizm
shown in fizure 1 is the result of an arbitrary rota-
ticn from the initial position. The angle hetween
the positive z- and y-axes js chosen equal to the
internal anple, w, of the prism that lies opposite
the reflecting face so that the emergent ray will he
parallel to the 4-axis.

The principal emergent roy is intercepted ner-
mally by a stationary interferometer plate, This
point of interception and reflection (X, ¥j) is
coneidered the object point. The principal ray
retwrns from the interferometer along ite previous
path and continues aleng the axis of the lens to
the conjugate plane of the interferometer. The

¥ Boch A eaores aan b virpal and trmad By & plene, halt-ailvered mimror
that 13 ge arlabated that ik refsces the b fro w esl soures o the lena.
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image point, therefore, remaing on the axis of the
lens regardless of changes caused in the position
of the object point by retating the prism. Any
lateral change in the position of the abject point
ie relative to the fixed interferometer and there-
fore corresponds to o lataral change in the position
of the image of the interferometer.  Also, a change
in the effective object distance causad by rotating
the prism produces a corresponding change i the
axial or longitudinal position of the image distance.
Consequently, the lateral shifta and effective ob-
ject distances of the object point are 4 messure of
the lateral and longitudinel shifts, respectively,
of the image of the interferometer. The corre-
spondence between image snd object movements
are 50 well known that this discussion will be
limited to movements of the object point alone.
The problem then is to locate the position, (X, ¥,
of the axis of rotation that will result in & mini-
mum shift of the object point as the wavelength
of the light, falling nortnally on the interferometer,
changes from Xy to Ay

X—AXIE

~ )

Diggram showing the relolive position of optical
parts.

The collimating lanx, conatsnt dévietbmn prmm, and the interferomater
pate mre schernatizally represented.  The coordingds of the points that ara
Ind [catest by dots wra represanted by tha sytibok [o the wijscent paranthenls.
The 2o of the gegmenits ¥ and (A-V) 18 A, the length of tha votekhes feoe
of tha prism, wnd I8 the usit of langth vn which all the compotations arg hesed.

Fiauas 1.

Constant-Daviction Prism

III. Symbols and Abbreviations

The sclution of this problem requires a consid-
erable number of symbols. 'The definition of those
that have not already been given or that are not
obvions from the figures ara listed below.

A1, Ag, and hy are wavelengths of light correspond-
ing to koown indices of refraction of, the priem,
Usually thesa correspond to the ' %), and F
Fraunhofer lines. &, &, and # are angles of inci-
dence {or angles of emergence) corresponding to
wavelengths X, %;, and My, respectively.. 85 i the
volue of ¢ when 5X/56=0. A is the length of
entrance face of prism. L is the path fength of
principal ray in prism,

Lo=value of L for A=
P=cileciive object distance for the sa-
gittal rays
Pr=vzlue of P for A=%(x=1, 2, or 3}
AP=absolute magnitude of difference
hetween  largest and smallest
valueg of P in the range from
thtod
(}=cffective object distance for tha
meridian rays
B=distance from vertex of angle o to
tha axie of rotation
V=distance from {X,, ¥ to entrance
point of axial or prineipsl ray
Vi=1/2A and is the value of ¥V for A=M,
W=distance from (X,, ¥;) to exit point
of principsal ray
Wo=value of W for A=M, defined in
eq 147
{X,, Y.)=coordinates of the “critical point,"”
defined in the text
(X, Y)=coordinatea of tha “intersaction
point,’” defined in the text
X.=value of X; for A=x(r=1, 2, or 3}
AX;=absolute magnitude of difference
betwesn largest and amallest
valves of X; in the range from
i to &,

IV. Derivations

The following relationships are obtained from
figure 1:

Xi—Xy=V coal{#—u) cocw, (1}
. ¥y—¥,=V cosf csca, (@}
Xa— Xy=W cosf cecw (3)
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Yi— =W coai{d+wicacw, (4)
X X,=R sin{u—dlesca, {5
Y Yy=R sing esce, {6)
X=X, (7
Yy=H-X, cosw, . (8)

The principal ray coincides with the »-axis,
therefora,
¥,=0, . (0)

and sinee the priem must rotate as a rigid body,
about the axis of rotation,

d—=d—dy, {10

{f; and ¢, being the wvalues for # and ¢ for the
mitial conditions mentioned above).

Tha object distance for the sagittal rays is the
eum of the equivalent wir path of the principal
ray (6] in glass, and the path in air, or

P=X,+¥;—¥,—L conla+ %) cscf  {11)

The sorresponding distance for the meridian rays
is [6]
Q=X+ ¥;—Y:—L cos*¥ cscd

cos(e+ Huw) cac’{o+ Ka) (12)

The vaiues for L and (V' + W), both of which are
derived from figure 2 by applying the law of sines
to the several triangles formed in the figure, are
found to be

L=2Vco a+%w)—

24 sin(o)oosio-tlosel 30 ) (13)
end '
V-4 W24 sino cossw Lesc(a#m) (14)
— . 2| . 2 e n - - -
- The application of Sheil’s law to thiz particuler
problem gived the equation

sind=—n coﬂ(d-i-%.u). . a

from which the values of &, &, and 4, correspond-
ing to A, A;, and A;, tespectively, are obtained,
The abova equations, 1 to 15, are sufficient to
derive the abscisan, X;, of the object point; the
object distance, P, for the sagittal rays; and the
object distance, @, for the meridian rays, in terms
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of knowti constants and the parameters 6, X, and
Y.

The interierograph usea a slit-like source of
light that is parzllel to the refracting edge of the
prism; consequently, the affect of the meridisn
rays is negligible in comparison te that of the
sagittal rays. The equation for evaluating @ is
therefore dropped from further consideration in
this diecussion. Bhould it be desivable to atudy

@, its treatment would be guite similar to that
which will be followed here for P.-

Fiaore I,  Geometrical correapondence beltoeen squitelent
feorcelos ond consland deviotion privms,

The constant devlatlon priem is represented by the vy Hae enassues,
with iz refiectlng face oppoalte the inbernal angle w.  The e imegs of this
prism, an reflectsd in 1te refleoting face, B cpapbetad with L hidvy Brofen
lines, ‘The lmage of the exlt taos codnokdes Wbk Ehu et Faon of Ue Goretpotid -
1oy isoacelee priam, which 1s complatad wikh lght Uoes, Coosaquently, P
path in ghass for any givan ray of gkt i the ssme for alther oriam snd depends.
upn the Almengions am] ahaps of the prlm, the position of the enteanca
Dofk, wad (e sophke of ddencn,

V. Iustrative Application

To illustrate the solution of this problem for an
important particular case, & constant deviation
prism of the Pellin and Broca [7] type is selected
that has refractive indices such that &, 6., and &
are §4°, 55° and 56° respectively. The values
of w and « are 907 and 75°, respectively. By sub-
stituting the angles of this prism into the general
equations and eliminating ¥, and X; by means of
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eq 7 and 0, they reduce to the corresponding prime
numbered equations given below.

X=X,V sind, an
¥i=V cosd, {2')

Xo= Xy= Xy W cost, %)

¥Y,= Y3+ W sind, @)

B coag=X—X,, G
Rsing=Y— Y, (6"

Y,=H, (8"
p=0+g—t, (107
P=X+¥,—Yi+5 L osch, (1)
.L+V=A(1+%)=L+% A4, (139

Wt V=A(l +T1§)= Witsd, (49
n—2 sind. (157

On eliminating X;, ¥;, snd W by substituticn
from eq 17, 2/, 8%, 4/, and 14’, the following equa-
tions were obtained:

X,,=X,—Vsinﬂ+(“{,—|—% A—V)maﬂ, (16)

Y3=V{cmﬁ‘—sinﬂ}+(W,+% A)sinﬁ, (1)
Similarly, by cluninating X, ¥;, and ¢ from eq 17,
2‘, 5, 6’, and 107, it follows that

X,=V sinb+X— R co{f+ ¢s—bg),
V coaf=Y— R sin(f+¢.—8;).

On aubstituting the valve of V from eq 19 into
aq 13° and 18, they becomes

L=L;+% A+[R sin{f+gp— 8} — F] secs, (20)
X,=X+7¥ tanf—R cos{dy—&) secd  (21)

The value of Vin eq 19 and X, in eq 21 are
subatituted inte 16 and 17 to give the following:

Xy=X—Y{ R [sin (84 ¢—8)—
cos (8+da—0)+ (Wit A) 005 6,

(18}
{19)

(22)

Constant-Daviation Prism

¥Ye={(1—tan H[Y—R sin (#-+¢:— )]+

(Wit 4) sin o, (@3)
By replacing ¥, L, X;, and ¥, in eq 117 by their
equivalents in eq 8’, 20, 21, and 23, respectively,
the equation Tor P hecomes

P=X+T(2tan 6—1—csec 26) +H+
(Wak-g 4) sin 045 (a5 A) esc 04
R[(1—2 tan §-+csc 26} sin (04+-¢,—8)—
cos (84 dg—&)]. (24)
According to the above-deseribed initial posi-
tion of the prism for wavelangth 3, it follows
that for this position #=6, X,=@, and V=3 4.

By applying these initial conditions to eq 17, 27,
5, and &', and by eliminating X, and Y3, solu-
tions are obiained for the initial values of B and
¢ (1. c., Ky and ¢:) in terms of known constants
and the coordinates, (X, ¥, of the axie of rota-

tion, They are
2¥—Acos s

OX 27+ A rin 8,
B—(X— G434 in 0+ (T —5 A cos b (26)

By substituting these values of B and ¢y into eq
22 and 24, and after choosing values for X and
¥, the changes in X; and P, for any rotstion of
the prism, are obtained.

Equation 22 may be written in the form

Xs=a+8 sin (91-8), {227
whera a=X—F, and § and § are ralated by the
expressions i cosdm B [sin(dy-—6;) - cosd— )],
and sing R (G (9 —8) — cos{dr— )]+ Wat-5 4,

By eliminating § from these equations, an
axpression relating § and K is obteined. A
study of this relationship will show that when §=1,
the value of R in imaginary, except for the particu-

lar cage when %=B,—% #. Also, {or this partiou-
lar value of @, R=%{W,+% A). When these

values for ¢; and B{=HR;) are substituted into eq
24 and 26, the rosultant values for X and ¥ are
found to eoincide with the coordinates of the point
{X. ¥, found by Bloch [4] and Uhler [2], for

which thers i= no variation in X, as the priam is
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Y-DISTANGES

5
X-DISTANCES

1.5

rotated. This point, designated here as the
“critical point" (see fig, 3, B), is the intersection
of the reflacting face of the prism with the bisector
of the opposite angle, @, when the prism is in the
position of initial conditions. For values of g
other than zero, the conditions for smallest changa
in Xy require that & maximum or & minimom of

© X5 must fall at #=4¢;, which iz midway between

8, and 6. This condition is realized by equating
the value for Xy to that for X, which yields the
straight line, X4+ ¥=X,4+ ¥,, and which is repre-
gented by £—F in fgure 3, B. I the axis of
rotation & located at the eritical point, then
Xoy=Xp=Xp=constant for all values of 8. The
critical point, therefore, lies on line E-E,

While eq 24 does not exactly represent a simple
sihe curve, it does so to & close approximation
over the limited range of rotationa involved in
this problem. Consequently, the sbove diacus-
elon relating to the variation in Xy as shown by
eq 22, applies equally well to the variation of P
a3 shown by eq 24. The straight line D-I} in
figure 3 bears the same relation to P that line
E-E doea to X;. The point on I~} that corre-
aponds to the critical point iz indicated by the
dot above line E-E. The change in P over the
range &, 4o & and for this point ae axis of rotation
is not zero but amounte to ¢nly a few microns if
A ia lesa than 10 em. The intersection of E-E
and D-D (X, Y.} 15 designated as the “inter-
section point,”

VI. Results

The variation in X; with 4, in the ranga from
54° to G6°, is shown in figure 4, A, for several
points selected along the line E-¥ as positions for
the axis of rotation. Similarly, in figure 4, B,
the same wariation is shown for several points
selected along the line I*-I). The curves are
labelad with the abscissas of the corresponding
selected points. Tf the maxima and minima of a
curve fall cutside this range, as for curves labeled
X=0.525, 0.531, ond 0.560, the wvalue of X,

Fiiurg 3, Relalion of image shifls to posifion o ouda.

A, Varipthn of Imags ghifta, a5 the coordinates of tia axly of rotathon of the
prinm are cispged; B, initlal poaition of the prism and the ralative posltlon
of the axin of Todsthn for minlmom imags shifte.  Tha abssisop aeals in som.
e ta heath courts of ity Spupe. ALl ogle values are boedsd o thas keogih of
fha entrance fase wd Lha unkt,  The loo of bhe axit of rotakion iy miolmom
image ahifts with respeet to the anzh of rotaiion wee- for the leteral ahir,
F—E, Fr the axial ahift corresponding b bhe 2agittal reys, D—i3, sod Jor (he
pxlal ¥ilk correanonding o the merddiso rays, F—F.
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Along Thse D0 of Bgors &, B, i shown o Bgure 4, B.

increases or decreases throughout this range as
the prism iz rotated and the total abzolute shift,
aX;, eguals |X;—Xp|. If & maximum or a
minimum {indicated by circles on some of the
curves) falls within this range, say at §=é., the
variation in X, iz opposite for the two ranges,
& to 8, and 8, to 8. If é, differs from &, the
total abzolute shift is the greater of the two values,
IX;-,"—"Xul A |X5m—Xn|. If Bm=ﬂz {ﬂ.ﬂ for all
curves in fig. 4, A) the shift 18 AX,={X;n— X5|=

Constant-Doviation Pri=m

| Apm— Xg|, Bince, in this case, X=X, ne was
the requirement for the determingtion of line E-E.

The walue of AX, eorresponding to all points
along E-E of figure 3, B, is represented hy the
broken curve E'-E’ of figure 3, A; the values for
peints along the perpendicular {not drawn) to
E-E at the intersection point are represented by
E7-E'"; and those for points along the perpen-
dicular to E-F at the eritical point are represented
h}‘. EFJ'!'_E?!F. )

The value of AP correzponding to all points
along D-I) of figure 3, B, is represented by the
golid line I'-I of figure 3, A; the values for points
wlong E-F nre repregented by D¥'-DF’; and those
for points aleng the perpendicular to E-E at the
critical point arc represented by D¥//-DF7,

All lines in figure 3,.4, are composed of one or
more straight sections except I¥'-I)V and E*'-E".
These have curvature only where their abscissas
are m the neichborhood of the abacissa of the
interssction point, (X, ¥, The nature of this
curviture is shown more ¢learly in figure 5 by a
sufficient enlargement of the acales. The cor-
responding curves are identified by their designa-
tions. The curvature i& caused by the change in

o0lg
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Q=35 33 55 38 57
~ %-DISTANCES

Frouke 5. Enlargement of o small parl of figure 3, A,
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the range covered by AX; 88 8, moves through the
range from &, 1o %.

Ag thers is usually soma error in placing the
prism relative o the chosen axis of rotation, a
study of figure 3, A, will chow that locating the
axis of rotation at any point slong line E-E of
figure 3, B, and over the range shown by this
fizure should be about equally good insofar sa
AX, is goncerned. If the eritical point should be
chosen for the axis and an error of only 0.01%.A
wara made in its placement, the resultsnt value
for AX; eould be three times as large as it could be
if the axis were accurately placed st the inter-
secting point, Also, an error in plecement at the
intersecting point that exceeds 0.02A cannct pro-
duce & AX, in excess of the largest 4X; that enn be
caused by an equal error of placement st the criti-
cal point. In the immediate neighborhood of the
intersecting point the values for both AP and
AX, are small; values for AP {curve D-I¥7) in-
creasing rapidly as the axis moves along E-F from
this point and remaining almoat constant (curve
I¥-I¥) as the axia moves along D-D); values for
AX; (eurve E7-E’'} increasing rapidly as the axis
moves from this point slong I3 and remaining
nlmost constant (curve E’-E’) as the axis moves
along E-E; and both increasing more or less
rapidly for intermediate directions. Consequently,
the point of intersection of D-D and E-X is
chogen for the axis of rotation.

In ¢ese the meridisn focus is dominant, the
recommended point for the axis of rotation of the
prism would be st the interssction of lines K
and F-F (fig. 3, B}, since F-F bears the zame rela-
tion to the meridian rays that - does to the
sagittal rays.

This anables a designer to produce a mono-
chromator consisting of a prism and a single
achromatic lens for which the image distence 19
equal for three selected wavelengths of light.
The treatment deseribed here was used in the
design of an instrument for the automatic record-
ing of changes in interference phenomena |5).

A single simple lens may be used with & con-
stant deviation prism t¢ obtain & monochromater
having & common focue for two selected wave-
lengths of light. By equating the right side of
aq 22, for Xy, to that for X and the right side of
eq 24, for Py, to that for P;, two linear equations
in X and Y are obtained. The simultaneous soln-
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tion of X and ¥ for thess eguations give the
position of the axis of rotation desired. If the
lateral shift is vnimportant, the focus may be
tiade common to light of three wavelengths.

VII. Conclusions

* The sbove treatment shows that when a con-
stant deviation prism is used with & single lens to
form an image of a fized source or object, the image
maves when the prism is rotated to change the
color of the light. The magnitude of this image
ghift is found to depend upon the position of the
axis about which the prism 16 rotated, the optical
and geometrical properties of the prism, and the
dimensions of the system. A survey of the litera-
ture shows that the lateral component of this imoge
shift may be completely eliminated by choosing
the axis at a certain point relative to the prism and
the optical axiz of the lens. In this paper it is
shown that the lateral component of the shift will
he negligible if the axis is chosen in the neighbor-
hood of the above-mentioned point and on a
cortain straight line that passes through it.  Simi-
larly, it is found that the longitudinal (or axial}
component, of the shift will alzo be negligible if
the axis is chosen in the neighborheod of another
point and on a straight line that passes through it.
These two etraight lines intersect at a point that is
conveniently Iocated for the axis of rotation of the
Prisim,

A fixed focus monochromator for ultraviolet
work may be made by using a suitableisotropic
crystal for the prism and collimator. This canbe
accomplished by placing the axis of rotation so
that the change in effective object {or imsge)
distanice, praduced by rotating the prism, is just
sufficient to cancel the chromatic aberration of the
lens. -
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