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Abstract 
NIST has developed a user-friendly spreadsheet-based software package for the Master 
Curve analysis of fracture toughness tests performed in the ductile-to-brittle transition region 
and the determination of the reference temperature To, in accordance with ASTM E1921-21. 
The software consists of multiple spreadsheets, which feature several macros that automate 
most calculations. The software package applies to the analysis of both macroscopically 
homogeneous and inhomogeneous materials. Complete user’s instructions are provided in 
this report. 
The software has been successfully validated using several example problems provided in 
ASTM E1921-21. 
As in the case of previous software packages developed by the Fatigue and Fracture Group of 
NIST in Boulder, the spreadsheet will be made freely available to the public by contacting 
the author of this report (enrico.lucon@nist.gov). 
 

Key words 
ASTM E1921-21; ductile-to-brittle transition region; fracture toughness; macroscopically 
inhomogeneous materials; Master Curve; spreadsheet-based software; reference temperature. 
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 Introduction 
ASTM Standard E1921, Standard Test Method for Determination of Reference Temperature, 
To, for Ferritic Steels in the Transition Range [1], covers the determination of a reference 
temperature, To, which characterizes the fracture toughness of ferritic steels that experience 
the onset of cleavage cracking corresponding to elastic, or elastic-plastic, instabilities. To 
corresponds to the temperature at which the median toughness of 1 in. (25.4 mm) thick 
Compact Tension, C(T), specimens is exactly 100 MPa√m. 
 E1921 applies to ferritic steels with yield strengths from 275 MPa to 825 MPa and 
weld metals that have ±10 % or less strength mismatch with respect to the base metal. 
 The statistical effects of specimen size on the elastic-plastic stress-intensity factor at 
cleavage, KJc, (derived from the J-integral at fracture, Jc) are assessed using the weakest-link 
theory [2] applied to a three-parameter Weibull distribution of fracture toughness values. A 
limit on KJc, KJclimit, is set based on specimen size and yield strength, in order to ensure high 
constraint conditions along the crack front at fracture. 
 Statistical methods are employed to establish the toughness transition curve as a 
function of temperature and its specified tolerance bounds for a specific specimen type and 
thickness of the material tested. The standard deviation of the data distribution is a function 
of the Weibull slope and the median KJc. The toughness transition curve is commonly known 
as the Master Curve [3], and its placement along the temperature axis is established by means 
of the reference temperature To. 
 The statistical methods used in the main body of ASTM E1921-21 assume that the 
material is macroscopically homogeneous, so that its tensile and toughness properties can be 
considered relatively uniform. A screening criterion is provided for assessing whether the 
data set is not representative of a macroscopically homogenous material, and therefore 
should not be analyzed using the reference (homogeneous) statistical procedures. 
 In case the material does not fulfil the homogeneity screening criterion, its fracture 
toughness can be assessed using alternative analysis methods for macroscopically 
inhomogeneous materials, detailed in Appendix X5 of the standard. 
 This report describes the use of three macro-enabled MS Excel1 spreadsheets, 
developed at NIST, that can be used to establish the Master Curve and reference temperature 
of a generic steel, be it macroscopically homogeneous or inhomogeneous. Validation of the 
spreadsheet-based software is accomplished by comparison with several example problems 
provided in ASTM E1921-21. 
 The software package consists of the following MS Excel files: 
• ASTM E1921 - Homogeneous analysis + screening + simplified method.xlsm: to be used 

for the analysis of a homogeneous data set, as well as for determining whether the data 
set can be considered macroscopically inhomogeneous; in such case, a revised Master 
Curve and reference temperature can be established by means of a simplified method, 
which can only be used for small data sets. 

• ASTM E1921 - Bimodal analysis.xlsm: to be used for the analysis of a macroscopically 
inhomogeneous large data set that contains two distinct toughness populations. 

 
1 Trade names and manufacturers are mentioned in this report only to accurately describe NIST activities. Such inclusion 
neither constitutes not implies endorsement by NIST or by the U.S. government. 
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• ASTM E1921 - Multimodal analysis.xlsm: to be used for the analysis of a macroscopically 
inhomogeneous large data set that contains multiple randomly distributed toughness 
populations. 

This software package is the latest in a series of programs [4-7] for the analysis of 
various mechanical test data that has been developed at NIST, and can be requested free of 
charge by contacting the author of this report (enrico.lucon@nist.gov).  

 

 Spreadsheet “ASTM E1921 - Homogeneous 
analysis + screening + simplified method.xlsm” 

2.1. Sheet “Homogeneous Analysis”  
This sheet performs a complete Master Curve analysis for a macroscopically homogeneous 
data set in accordance with Section 10 (Data Analysis and Evaluation of the Reference 
Temperature, To) of ASTM E1921-21. 
2.1.1. Data input and preliminary calculations 
The top portion of the sheet (Figure 1), starting with row {15}, is used to input basic 
information about the data set to be analyzed2: 

• Cell {C9}: name/basic info on the data set analyzed. 
• Column {A}: codes/ID for the specimen tested. 
• Column {B}: test temperatures (°C). 
• Column {C}: initial crack sizes, ao (mm). 
• Column {D}: specimen widths, W (mm). 
• Column {E}: specimen thicknesses, B (mm). 
• Column {G}: ductile crack extensions preceding cleavage, ∆a (mm). 
• Column {H}: values of stress intensity factor at the onset of cleavage, KJc (MPa√m). 
• Column {N}: notes/comments on individual tests/specimens. 

The remaining columns in the table contain data that are automatically calculated for 
each test, and should not be changed by the user: 

• Column {F}: specimen ligament sizes, bo = W – ao (mm). 
• Column {I}: yield strength at test temperature, σys (MPa). 
• Column {J}: elastic/Young’s modulus at test temperature, E (GPa). 

• Column {K}: maximum specimen KJc capacity, given by 𝐾𝐾𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽𝐽 = � 𝐸𝐸𝑏𝑏𝑜𝑜𝜎𝜎𝑌𝑌𝑌𝑌
30(1−𝜈𝜈2) , where ν 

is Poisson’s ratio. 
• Column {L}: whether the data point is censored (YES/NO), due to either KJc > KJclimit or 

excessive crack growth, or both.3 Censored values are highlighted in dark red over pink 
background. 

 
2 Here, and in all other spreadsheets, cells that require direct input from the user are identified by a yellow background. 
3 If the test exhibited excessive crack growth or if KJc > KJclimit, the respective ∆a or KJc values in columns {G} or {H} are highlighted in 
bold red. 
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• Column {M}: KJc values to be used in subsequent analyses, i.e., KJc from column {H} for 
an uncensored data point, KJclimit if KJc > KJclimit, or KJc∆a4 in case of excessive crack 
growth. 

The maximum number of data points (tests) that can be analyzed is 340. 
Empty/unused row in the table can be hidden by clicking [HIDE UNUSED ROWS]. Rows 
can be unhidden by clicking the button [UNHIDE ROWS]. All existing data in the table can 
be erased by clicking the button [CLEAR DATA]. 

 
Figure 1 - Upper portion of sheet "Homogeneous Analysis" (sections 1 and 2). 

Information about the material’s tensile properties can be input in cell block 
{L8-N12}. For both the material’s yield strength, σYS, and Young’s modulus, E, the user can 
input fitting coefficients assuming polynomial regressions of the form 𝑌𝑌 = 𝐴𝐴𝑇𝑇2 + 𝐵𝐵𝑇𝑇 + 𝐶𝐶, 
where T is test temperature. Note that ASTM E1921-21 provides the following equation for 
estimating E as a function of test temperature T: 

𝐸𝐸 = 204 − 𝑇𝑇
16

 ,     (1) 

with E in GPa and T in °C. 
 If only the yield strength at room temperature, σYS,RT, is known, E1921-21 
recommends the use of the following equation [8]: 

𝜎𝜎𝑌𝑌𝑌𝑌 = 𝜎𝜎𝑌𝑌𝑌𝑌,𝑅𝑅𝑇𝑇 + 105

491+1.8𝑇𝑇
− 189 ,    (2) 

with σYS in MPa and T in °C. 

 
4 According to Section 10.2.1 of E1921-21, KJc∆a corresponds to the highest uncensored KJc value in the data set. 
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 If a value for σYS,RT is entered in cell {N8}, it is used to calculate yield strength values 
in column {I} according to eq. (2)5. If cell {N8} is left blank, a polynomial fit based on the 
fitting coefficients in cells {L8-L10} is used.  
 The value of Poisson’s ratio, ν, is entered in cell {M12}. 
 Two navigation buttons are available in the upper part of the sheet, column {O}: 
• [CALCULATIONS]: selects cell {A356}, at the beginning of the Calculation section. 
• [MC PLOT]: selects cell {A1066}, corresponding to the top of the Master Curve plot. 

2.1.2. Calculation of the Reference Temperature, To 
The reference temperature, To, is calculated by means of the multi-temperature approach. 
This is the reference method in ASTM E1921-21, and consists of iteratively solving the 
following equation: 

, (3) 

where Ti and KJc(i) are the test temperature and the result (uncensored or censored) of the ith 
test in the data set, respectively, and ToQ is a provisional value of the reference temperature. 
δi is 1 for an uncensored datum and 0 if the datum is censored.  
 Although E1921 provides a direct evaluation method for calculating ToQ in case all 
tests are conducted at the same temperature (single temperature analysis), the spreadsheet 
handles single-temperature data sets in the same way as multi-temperature data sets, i.e., 
iteratively solving eq. (3) above. 
 The middle portion of the sheet (Figure 2) is used for the calculation of ToQ and its 
validation as To.  

 
Figure 2 - Middle portion of sheet "Homogeneous Analysis" (section 3): example of an 
invalid reference temperature. 

 
5 In this case, cells {L8-L10} are grayed out. 
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 Only data points corresponding to temperatures in the range ToQ ± 50 °C should be 
used for the calculation of the reference temperature. These limits are shown in cells 
{N357,N358}. However, in some cases when the iterative solution of eq. (3) does not 
converge, it may be advantageous to perform a preliminary ToQ calculation using all tests in 
the data set, regardless of their temperature. A drop-down menu is available to the user in cell 
{M357} for applying or ignoring temperature limits. After calculating ToQ without using the 
limits, these should be reinstated before performing the final evaluation. 
 The results of the iterative calculations are displayed in cells {M360} (first member 
of eq. (3)), {M362} (second member), and {M364} (difference between the two members). 
Calculations are launched by clicking [SOLVE]6. Cell {M364} turns green if the two 
members are equal or red if the difference is ≠ 0. 
 The validity of ToQ depends on whether 

∑ 𝑟𝑟𝐽𝐽𝑛𝑛𝐽𝐽3
𝐽𝐽=1 ≥ 1 ,     (4) 

where: ri is the number of uncensored data within the ith temperature range (50 °C ≤ Ti ≤ -14 
°C, -15 °C ≤ Ti ≤ -35 °C, or -36 °C ≤ Ti ≤ -50 °C), and ni is the corresponding weighting 
factor (1/6, 1/7, or 1/8, respectively). If the requirement above, eq. (4), is fulfilled, then  
ToQ = To. Information on the validity/invalidity of ToQ is displayed in cells {K368-M368}. 
 Additional parameters calculated and displayed in this section are: 
- Number of tests performed, cell {L372} 
- Number of data points within the ToQ ± 50 °C limits (if used), N, cell {L373} 
- Number of uncensored data, r, cell {L374} 
- Lower bound of toughness used in the Weibull analysis (Kmin = 20 MPa√m), cell {L376} 
- Crack extension censoring limit, KJc∆a, corresponding to the highest uncensored KJc value 

in the data set, cell {L377} 
- Scale parameter of the Weibull model for a multi-temperature data set, Ko,eq, cell {L379} 
- Median toughness of a multi-temperature data set, Kmed,eq, cell {L381}. 
 
2.1.3. Plot of Master Curve and tolerance bounds 
In the lower part of the sheet, the obtained Master Curve is plotted, along with experimental 
data points and tolerance bounds. The user sets up the plot by entering the initial temperature 
and the temperature interval (step) for plotting the Master Curve and its tolerance bounds 
(Figure 3) in cells {A1048} and {A1050}, both highlighted in yellow.  

Values of Ti, KJc(i), and KJc,1T (toughness values converted to 1T equivalence) are 
listed starting in cells {B707}, {C707}, and {D707}, respectively. Data points for the 
1T-equivalent Master Curve, its 5 % and 95 % confidence bounds, and the 5 % 
margin-adjusted lower bound7, are displayed starting in cells {E1047-H1047}. 

This section of the sheet (Figure 3) also displays the margin adjustment 
corresponding to an 85 % confidence level, cell {C703}, and the estimated standard 
deviation of To, cell {G703}, which for both sample size and experimental uncertainties. 

 
6 The reference temperature is obtained through the use of the SOLVER tool of MS Excel. The solving method used is GRG Nonlinear, 
with the following options: constraint precision = 0.000001, integer optimality = 5 %, max time = 100 s, iteration limit = 100, convergence 
= 0.001. 
7 The margin adjustment, described in Section 10.9 of ASTM E1921-21, is an upward temperature shift of the 5 % tolerance bound, which 
covers the uncertainty in To caused by the use of a limited number of test specimens. 
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Figure 3 - Lower portion of sheet "Homogeneous Analysis" (section 4): experimental data 
points and Master Curve with associated tolerance bounds. 

 The chart at the very bottom of the sheet (Figure 4) displays the following: 

• valid (uncensored) data; 
• invalid (censored) data; 
• replacement data for invalid data; 
• data falling outside the temperature limits; 
• Master Curve for 1T specimens; 
• 5 % and 95 % tolerance bounds; 
• margin-adjusted 5 % lower bound; 
• temperature limits (if included in the scale of the X-axis); 
• maximum KJc capacity, KJclimit, as a function of temperature (only if selected from the 

drop-down menu in cell {N1068})8. 
The user must select the scale of the X (abscissa) and Y (ordinate) axis (using the 

information on minimum and maximum test temperature, and maximum value of KJc,1T 
provided in cells {A1052}, {A1054}, and {A1056}, respectively), as well as manually 
position the label corresponding to To. 

The second line of the chart title corresponds to the “Material specifications” info that 
the user has input in cell {C9}. 

 
8 The KJclimit curve is calculated using the average value of ligament size, W-ao, for the specimens tested. If specimens of different size have 
been tested, the KJclimit curve does not make sense, and should not be plotted. 
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Figure 4 – Master Curve chart (section 4). 

2.2. Sheet “Homogeneity Screening Procedure”  
The homogeneity screening procedure described in section 10.6 of ASTM E1921-21, based 
on the SINTAP9 method [9], is implemented in this sheet. 

2.2.1. Data censoring 
Section 1 of the sheet (Figure 5) performs censoring of the data set. Every 1T-equivalent 
censored datum (δi = 0 in column {F}) is replaced in the analysis by KCENS, which 
corresponds to the median (Master Curve) toughness value at the same test temperature, 
calculated for the benchmark To value displayed in cell {K11}. At the beginning of the 
analysis, the benchmark value corresponds to the reference temperature from the 
homogeneous analysis, and is copied from the sheet “E1921-21 Multi-T” by clicking [COPY 
FROM HOMOGENEOUS ANALYSIS]. For uncensored data, Kanalysis = KJc,1T. 

 
9 SINTAP (Structural Integrity Assessment Procedures for European Industry) was a European Union Brite-Euram Program that was 
conducted in the second half of the 1990s. 
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Figure 5 – Data censoring in the Homogeneity Screening Procedure (section 1). 

 In this part of the sheet, buttons for hiding/unhiding rows and jumping to the 
CALCULATIONS section are provided (Figure 5). 

2.2.2. New estimate of To 
The second part of the sheet (Figure 6) recalculates To based on the censored data set 
obtained in the first part. Once again, temperature limits (± 50 °C) can be used or ignored10, 
and To is calculated by clicking [Find T0]. 
 The value of To in cell {I363} is compared with the value calculated in the previous 
step (To from the homogeneous analysis for the first iteration). If the difference To(step n) – 
To(step n-1) does not exceed 0.5 °C, the analysis must continue, and the user must click [Copy 
value as benchmark To] to determine a new censored data set in section 1. If the difference 
is less than 0.5 °C, the analysis is completed, and the corresponding message is displayed in 
cells {H365-J365}. 
 The following 2-step cycle must be repeated until the “NO – Analysis Completed” 
message appears: 

• Click [Find T0]. 
• Click [Copy value as benchmark To]. 

 
10 Once again, if convergence is not achieved (difference value in cell {J360} ≠ 0), the following procedure is recommended: (a) exclude 
temperature limits by selecting “NO” in the drop-down menu in cell {L353}; (b) calculate To; (c) enable temperature limits by selecting 
“YES” in the drop-down menu; (d) recalculate To. 

https://doi.org/10.6028/NIST.IR.8426


 
 

 

This publication is available free of charge from: https://doi.org/10.6028/NIST.IR.8426           13      

 
Figure 6 – Analysis section of the Homogeneity Screening Procedure (section 2). 

Once the analyses are completed, the maximum value of the individual To(step i), which 
is defined as Toscrn, is shown in cell {I379}. If: 

𝑇𝑇𝑜𝑜𝑜𝑜𝐽𝐽𝑜𝑜𝑜𝑜 − 𝑇𝑇𝑜𝑜(𝑜𝑜𝐽𝐽𝑠𝑠𝑠𝑠1) ≤ 1.44�𝛽𝛽2

𝑜𝑜
  ,   (5) 

with β = sample size uncertainty factor corresponding to To(step1) (determined in accordance 
with Section 10.9.1 of E1921-21), the data set is considered to be representative of a material 
that is macroscopically homogeneous. If the inequality in eq. (5) is not satisfied, the data set 
can be considered representative of a macroscopically inhomogeneous material. 
 Cells {H383-J383} display the color-coded outcome of the screening procedure: 
HOMOGENEOUS or INHOMOGENEOUS. 

2.3. Sheet “Simplified Method”  
A simplified method [10] for treating macroscopically inhomogeneous data sets is 
implemented in this sheet. This method must be used for small data sets (N < 20). 

If N ≤ 9, every uncensored data point is associated to a single-data estimate given by: 

𝑇𝑇𝑜𝑜𝐽𝐽 = 𝑇𝑇𝐽𝐽 −
𝐽𝐽𝑜𝑜�

�𝐾𝐾𝐽𝐽𝐽𝐽(𝑖𝑖)−20�𝑁𝑁
0.25−10

70 �

0.019
 .   (6) 

The highest value of Toi is defined as Tomax. If this latter value is higher than Toscrn (as 
previously determined) by more than 8 °C, then ToIN = Tomax. Otherwise, ToIN = Toscrn. If  
10 ≤ N < 20, ToIN = Toscrn always. 
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 ToIN is a generally conservative estimate of the material’s reference temperature, and 
should be used in place of To. This sheet is structurally similar to the sheet “E1921-21 
Multi-T”, see Figure 7 (section 1), Figure 8 (section 2), and Figure 9 (Master Curve plot). 
The value calculated for ToIN is shown in cell {J17}. 

 
Figure 7 – Sheet “Simplified Method”: section 1. 

 
Figure 8 – Sheet “Simplified Method”: section 2 (upper portion). 
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Figure 9 – Sheet “Simplified Method”: Master Curve plot. 

 This sheet should not be used if: 
- the data set is screened to be macroscopically homogeneous in the sheet “Homogeneity 

Screening Procedure”, or 
- N ≥ 20 (in this case, the spreadsheets “ASTM E1921 - Bimodal analysis.xlsm” or “ASTM 

E1921 - Multimodal analysis.xlsm” should be used). 

2.4. Sheet “Result Summary”  
The results of the analyses performed are summarized in this sheet (Figure 10), and can be 
printed on the default system printer by clicking [PRINT RESULTS]. The cells highlighted 
in yellow must be filled in by the user, who must also select the specimen type from the 
drop-down menu in cells {C6-E6} and the location of displacement measurement from the 
drop-down menu in cell {F13}. The validity of To shall be indicated in cell {H20}, along 
with the reason(s) for invalidity, if applicable, in cells {D21-H21}. 

 The specific results reported are: r, N, KJc∆a, Ko, KJc(med), ToQ or To, Toscrn, and whether 
the material is classified as homogeneous or inhomogeneous. 
NOTES:  

(a) if “Other” has been selected for either the specimen type or the location of 
displacement measurement, comments/clarifications must be entered in cells {B29-
G32}. 

(b) If the material is classified as inhomogeneous, the values of Tomax and ToIN are 
displayed in cells {H25} and {H26}, respectively. 
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Figure 10 – Sheet “Result Summary” 

 Analysis of potentially inhomogeneous large (N ≥ 
20) data sets 

If the data set under investigation has been screened as macroscopically inhomogeneous 
using the homogeneous analysis (Section 2) and includes at least 20 tests (N ≥ 20), two 
additional methods to assess material inhomogeneity are provided in Annex X5 of ASTM 
E1921-21 (Treatment of Potentially Inhomogeneous Data Sets). These methods [11] allow a 
more accurate determination of the likelihood that the material is inhomogeneous with 
respect to the screening criterion described in Section 2.2, and a more reliable 
characterization of material performance within the ductile-to-brittle transition regime than 
the simplified method of Section 2.3. 

One of these methods (Section 3.1) applies to data sets that exhibit a bimodal 
toughness distribution, while the other method (Section 3.2) can be used for a data set that is 
characterized by a multimodal distribution. It’s important to note that, when a data set is 
found to be potentially inhomogeneous, it is not possible to analytically determine the nature 
of the inhomogeneity (that is, if the data set corresponds to a bimodal or multimodal 
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material). Information on the origin of the specimen data set, fabrication and location of the 
test specimens, and processing of the material may suggest which inhomogeneity model is 
most likely to apply. If a physical basis to determine the nature of the inhomogeneity is 
unavailable, both the bimodal and the multimodal analyses should be performed, and the 
result that leads to the most conservative assessment should be selected. 
 

3.1. Worksheet “Bimodal analysis.xlsm”  
The bimodal toughness distribution applies to data sets that contain two toughness 
populations, one more brittle than the other. Examples of such materials are heat-affected 
zone (HAZ) materials, where the crack tip can sample either the base or the weld material. 

3.1.1. Sheet “Bimodal Analysis” 
Input data must be entered by the user in cell {C1} (information on the data set/material 
analyzed) and columns {A-E}, starting in row {11} (specimen/test id, test temperature, KJc, 
KJc1T, and δi, respectively). Data in columns {A-D} should be just copied from the 
homogeneous analysis, while δi values should be carefully checked by the user in every step 
of the analysis: δi = 0 if KJc > KJclimit or if T lies outside (TB – 50 °C) or (TA + 50 °C), where 
TA and TB are the reference temperatures of the two toughness populations.11 
 Previous data can be erased by clicking [CLEAR DATA]. A maximum of 1000 data 
points can be analyzed in this spreadsheet. 
 Other data that must be entered by the user before performing the analysis are: 
- Cell {B3}: initial value of the probability of sampling a specimen from population A12, 

pA; should be set to 0.5. 
- Cell {B4}: initial value of TA; should be set 20 °C above the reference temperature from 

the homogeneous analysis, TA = To + 20 °C. 
- Cell {B5}: initial value of TB; should be set 20 °C below the reference temperature from 

the homogeneous analysis, TB = To – 20 °C. 
The analysis is launched by clicking [SOLVE], which maximizes the logarithm of 

the likelihood in cell {F7} through the use of the SOLVER algorithm of MS Excel. The 
results are displayed in cells {B3-B5} (pA, TA, TB), as well as cell {D3} (pB = 1 – pA). 

The upper left portion of this sheet is shown in Figure 11. 

 
11 δi values are highlighted in dark red on pink background if the test temperature falls outside the valid T range. 
12 By convention, A is the population with the lower toughness (more brittle component). 
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Figure 11 – Upper left portion of the sheet “Bimodal Analysis”. 

 The likelihood that the data set is inhomogeneous is assessed by calculating the 
parameter MLNH13, which is shown in cell {L3}, while cell {L4} displays the exceedance 
criterion MLNHec, which is established by linear interpolation of the values provided in Table 
X5.1 of ASTM E1921-21 as a function of N14. If MNLH > MLNHec, the data set is defined as 
“likely not homogeneous”; if MNLH ≤ MLNHec, the analysis is “unable to guarantee material 
inhomogeneity”. The outcome of the inhomogeneity check is displayed in cells {L5-O5}. If 
N < 20, the message becomes “Data set cannot be analyzed (N < 20)”. Finally, if MNLH 
cannot be calculated and is therefore labeled as “UNDEFINED”, the message displayed is 
“The data set cannot be analyzed using this method”. 
 The percent confidence, MNLHconf, in the MLNH evaluation for correctly identifying 
a material as inhomogeneous is a function or N, TA – TB, and pA, as shown by Monte Carlo 
analyses in [12], and is evaluated in the separate sheet “Confidence MLNH (multimodal)”. 
Specifically, if TA – TB ≤ 30 °C, pA ≥ 0.8, or pA ≤ 0.2, the confidence in the MNLH evaluation 
is poor. MNLHconf can be calculated by linearly interpolating the values reported in Table 
X5.2 of ASTM E1921-21.  
 The bimodal Master Curve and corresponding tolerance bounds cannot be calculated 
analytically, but are obtained by satisfying the following relationship: 

 
13 MLNH is an acronym for Maximum Likelihood of Non-Homogeneity. 
14 In Table X5.1 of ASTM E1921-21, values of MNLHec are provided for N = 20, 32, and 64. If N > 64, MLNHec is estimated using N = 64, 
as the results will be conservative. 
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𝑆𝑆 = 1 − 0. 𝑥𝑥𝑥𝑥 ,     (7) 

where the selective cumulative failure probability, S, is given by: 

𝑆𝑆 = 𝑝𝑝𝐴𝐴𝑒𝑒𝑥𝑥𝑝𝑝 �− �
𝐾𝐾𝐽𝐽𝐽𝐽(0.𝑥𝑥𝑥𝑥)−20
𝐾𝐾𝐴𝐴(𝑇𝑇𝑖𝑖)−20

�
4
� + (1 − 𝑝𝑝𝐴𝐴)𝑒𝑒𝑥𝑥𝑝𝑝 �− �𝐾𝐾𝐽𝐽𝐽𝐽(0.𝑥𝑥𝑥𝑥)−20

𝐾𝐾𝐵𝐵(𝑇𝑇𝑖𝑖)−20
�
4
� , (8) 

and xx is the selected cumulative failure probability. 
 The establishment of the 98 % and 2 % tolerance bounds15 is performed in the right 
side of the “Bimodal Analysis” sheet (Figure 12). The user must input the initial temperature 
value in cell {S5} and the temperature step in cell {V5}, then click [FIT MC 98 %] for the 
first tolerance bound and [FIT MC 2 %] for the second tolerance bound. If convergence is 
not achieved by clicking these buttons (for example, because the values displayed in column 
{R} are too different than the actual target values), then the user must click the individual 
[FIT] buttons in column {Y}. Acceptable convergence is achieved when the sums of 
residuals in cells {X33,X48} is of the order of 10-6. 

 
Figure 12 – Upper right portion of the sheet “Bimodal Analysis”. 

3.1.2. Sheet “Confidence MLNH (bimodal)” 
As indicated above, the confidence associated with the accuracy of MNLH to correctly 
identify a material as inhomogeneous is evaluated in this sheet, through the calculation of the 
MNLHconf parameter. Note that if N > 64 or TA – TB > 50 °C (maximum values in Table X5.2 
of E1921-21), calculations assume N = 64 and TA – TB = 50 °C, as the results will be 
conservative. 

 
15 If other levels of failure probability are desired for the tolerance bounds (for example, 95 % and 5 %), it will be sufficient to replace “0.02” 
and “0.98” with “0.05” and “0.95” in cells {X9-X18} and {X23-X32}, respectively. 
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The user should not modify this sheet, which doesn’t require any external input. 

3.1.3. Sheet “Master Curve chart” 
The bimodal Master Curves for population A and population B, and the associated 98 % and 
2 % tolerance bounds are plotted in this sheet, along with the experimental data points 
(Figure 13). The scales of the X and Y axis are automatically determined, but can be 
modified by the user. 

 
Figure 13 – Bimodal Master Curve chart. 

3.1.4. Sheet “Result Summary” 
The results of the bimodal analyses performed are summarized in this sheet (Figure 14), and 
can be printed on the default system printer by clicking [PRINT RESULTS]. The cells 
highlighted in yellow must be filled in by the user, who must also select the specimen type 
from the drop-down menu in cells {C6-E6} and the location of displacement measurement 
from the drop-down menu in cell {F13}.  
 The specific results reported are: MLNH, MNLHec, MLNHconf, pA, pB, TA, TB, and 
whether the material is classified as homogeneous or inhomogeneous. 
NOTE: if “Other (see Comments)” has been selected for either the specimen type or the 
location of displacement measurement, comments/clarifications must be entered in cells 
{B21-G25}. 
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Figure 14 – Sheet “Result Summary”. 

 

3.2. Worksheet “Multimodal analysis.xlsm”  
The multimodal toughness distribution applies to data sets that contain randomly distributed 
toughness populations. Examples of such materials are heterogeneous ferritic steels, for 
which macroscopic heterogeneities are randomly distributed, or data sets of similar materials 
that have been combined together. Individually, each separate population follows the Master 
Curve distribution. Two parameters fully define the combined (multimodal) distribution: the 
mean reference temperature of all populations, Tm, and its standard deviation around the 
mean, σTm. 

3.2.1. Sheet “Multimodal Analysis” 
Input data is be entered by the user in cell {C1} (information on the data set/material 
analyzed) and columns {I-M}, starting in row {3} (specimen/test id, test temperature, KJc, 
KJc1T, and δi, respectively). Data in columns {I-M} should be just copied from the 
homogeneous analysis, while δi values should be carefully checked by the user in every step 
of the analysis: δi = 0 if KJc > KJclimit or if T lies outside (Tm – 50 °C) or (Tm + 50 °C), where 
Tm is the multimodal reference temperature.16 
 Previous data can be erased by clicking [CLEAR DATA]. A maximum of 120 data 
points can be analyzed in this spreadsheet. 
 Additional data that must be entered by the user before performing the analysis are: 
- Cell {B3}: initial value of Tm; should be set to the reference temperature from the 

homogeneous analysis (To or ToQ). 

- Cell {B4}: initial value of σTm; should be set to the value of σTo (standard deviation of the 
reference temperature in the homogeneous analysis). 

 
16 δi values are highlighted in dark red on pink background if the test temperature falls outside the valid T range. 
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- Cell {B13}: value of KJc(med) from the homogeneous analysis. 
The analysis is launched by clicking [SOLVE], which maximizes the logarithm of 

the likelihood in cell {B9} by the use of the SOLVER algorithm of MS Excel. The results are 
displayed in cells {B3-B4} (Tm and σTm). 

The upper left portion of this sheet is shown in Figure 15. 

 
Figure 15 – Upper left portion of the sheet “Multimodal Analysis”. 

 The likelihood that the data set is inhomogeneous is assessed by calculating the 
parameter MLNH, which is shown in cell {B17}. In accordance with section X5.3.3.4 of 
ASTM E1921-21, if MNLH > 2 the data set can be considered inhomogeneous. Conversely, 
if MNLH < 2 the analysis is unable to guarantee material inhomogeneity. The outcome of the 
inhomogeneity check is displayed in cells {A18-F18}. The confidence associated with the 
accuracy of MLNH to correctly identify a material as inhomogeneous, MNLHconf, is evaluated 
in the separate sheet “Confidence MLNH (multimodal)”, based on the calculated value of σTm 
and the number of tested specimens, N. This evaluation is based on the linear interpolation of 
values reported in Table X5.3 on E1921-21, for N values between 16 and 64. If N > 64, 
confidence is estimated using N = 64, as the results will be conservative. 
 As in the case of the bimodal analysis, there is no exact analytical expression for the 
multimodal Master Curve tolerance bounds. The corresponding fracture toughness values, 
KJc(0.xx),  are obtained by satisfying the following relationship: 

𝑆𝑆 = 1 − 0. 𝑥𝑥𝑥𝑥 ,     (7) 
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where xx is the selected cumulative failure probability, and the selective cumulative failure 
probability, S, is given by: 

𝑆𝑆 = ∫ 1
𝜎𝜎𝑇𝑇𝑚𝑚√2𝜋𝜋

∞
−∞  𝑒𝑒𝑥𝑥𝑝𝑝 �−(𝜏𝜏0−𝑇𝑇𝑚𝑚)2

2𝜎𝜎𝑇𝑇𝑚𝑚
2 � exp �− �𝐾𝐾𝐽𝐽𝐽𝐽(0.𝑥𝑥𝑥𝑥)−20

𝐾𝐾𝜏𝜏0(𝑇𝑇)−20
�
4
� 𝑑𝑑𝜏𝜏0   (8) 

with τ0 = temperature region for calculating the cumulative failure and survival densities, and 
Kτ0(T) = Weibull scale parameter for a population characterized by a reference temperature τ0 
at the test temperature T, given by: 

𝐾𝐾𝜏𝜏0(𝑇𝑇) = 31 + 77 𝑒𝑒𝑥𝑥𝑝𝑝[𝑇𝑇𝐽𝐽 − 𝜏𝜏0] .   (9) 

Practically, the infinite integral in eq. (9) can be solved with sufficient accuracy over the 
range -200 °C to 200 °C.  
 The determination of the 98 % and 2 % tolerance bounds17 is performed in the right 
side of the “Multimodal Analysis” sheet (Figure 16), by executing the following steps: 

(a) Input the initial temperature for the calculations in cell {T1}. To help with this 
selection and the next, minimum and maximum test temperature are shown in cells 
{T13} and {T14}, respectively. 

(b) Input the temperature step for the calculations in cell {W1}. 
(c) Input the initial T value in cell {W5}. The corresponding value in cell {R5} is 

highlighted in dark red with pink background. 
(d) Click [SOLVE] in cells {W13} (KJc,98%) and {W21} (KJc,2%). Convergence18 is 

achieved when the values in cells {W12} (S2%) and {W20} (S98%) become 0.02 and 
0.98, respectively – both in green with light green background. 

(e) Click [COPY] to paste the calculated KJc,xx% values in cells {T5} and {U5}. The next 
temperature value (cell {R6}) automatically becomes highlighted. 

(f) Repeat step (d) and click [COPY] in cell {W6}, and so on, until all temperatures are 
accounted for.   
The multimodal Master Curve values (KJc,50%) are calculated analytically, and are 

displayed in cell {S5-S11}. 

 
17 If other levels of failure probability are desired for the tolerance bounds (for example, 95 % and 5 %), the user must replace “0.02” with 
“0.05” in the macro “Solve_98”, and “0.98” with “0.95” in the macro “Solve_2”. 
18 If convergence is not achieved immediately, it is suggested to manually adjust the values in cell {W9} and/or {W20} on the basis of the 
expected numbers, and click [SOLVE] again until calculations converge. 
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Figure 16 – Upper right portion of the sheet “Multimodal Analysis”. 

3.2.2. Sheet “Confidence MLNH (multimodal)” 
As indicated above, the confidence associated with the accuracy of MNLH to correctly 
identify a material as inhomogeneous is evaluated in this sheet, through the calculation of the 
MNLHconf parameter. Note that if N > 64 (maximum value in Table X5.3 of E1921-21), 
calculations assume N = 64, as the results will be conservative. 

The user should not modify this sheet, which doesn’t require any external input. 

3.2.3. Sheet “Master Curve chart” 
The multimodal Master Curve and its associated 98 % and 2 % tolerance bounds are plotted 
in this sheet, along with the experimental data points (Figure 17). The scales of the X and Y 
axis are automatically determined, but can be modified by the user. 

 
Figure 17 – Multimodal Master Curve chart. 
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3.2.4. Sheet “Result Summary” 
The results of the multimodal analyses performed are summarized in this sheet (Figure 18), 
and can be printed on the default system printer by clicking [PRINT RESULTS]. The cells 
highlighted in yellow must be filled in by the user, who must also select the specimen type 
from the drop-down menu in cells {C6-E6} and the location of displacement measurement 
from the drop-down menu in cell {F11}.  

 The specific results reported are: MLNH, MNLHec, MLNHconf, Tm, σTm, and whether 
the material is classified as homogeneous or inhomogeneous. 
NOTE: if “Other (see Comments)” has been selected for either the specimen type or the 
location of displacement measurement, or both, comments/clarifications must be entered in 
cells {B20-G24}. 

 
Figure 18 – Sheet “Result Summary” 
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 Software Validation: ASTM E1921-21 Examples 
(Appendix X1, X2, X3, X5) 

4.1. Homogeneous Analyses  
4.1.1. Appendix X1, Section X1.2 
Section X1.2 of ASTM E1921-21 present the results of the Master Curve analysis of a data set 
consisting of six C(T) specimens with thickness B = 4 in. = 101.6 mm of A533B steel (nuclear 
reactor pressure vessel steel), all tested at -75 °C. None of the KJc data require censoring. 
 Table 1 compares the analysis results reported in Section X1.2 of E1921-21 and those 
obtained from the NIST spreadsheet “ASTM E1921 - Homogeneous analysis + screening + 
simplified method.xlsm”. 

Table 1 - Comparison between ASTM E1921-21 Section X1.2 and NIST software results. 
Parameter N r Ko 

(MPa√m) 
KJc(med) 

(MPa√m) 
To 

(°C) Analysis 
ASTM E1921-21 6 6 123.4 114.1 -84.7 
NIST software 6 6 123.0 114.0 -84.6 

Difference ASTM/NIST 0 0 0.4 0.1 -0.1 
 
4.1.2. Appendix X1, Sections X1.3.1-X1.3.5 
Sections X1.3.1 to X1.3.5 of ASTM E1921-21 describe an artificially generated data set 
consisting of six 1/2TC(T) and six 1TC(T) specimens, all tested at 38 °C. Three of the 
1/2TC(T) KJc data need censoring due to violation of KJclimit. 
 Table 2 compares the results of the analyses reported in E1921-21 and obtained from 
the NIST spreadsheet “ASTM E1921 - Homogeneous analysis + screening + simplified 
method.xlsm”. 
Table 2 - Comparison between ASTM E1921-21 Sections X1.3.1-X1.3.5 and NIST software 
results. 

Parameter N r Ko 
(MPa√m) 

KJc(med) 
(MPa√m) 

To 
(°C) Analysis 

ASTM E1921-21 12 9 190.0 174.7 -0.2 
NIST software 12 9 189.4 174.6 -0.2 

Difference ASTM/NIST 0 0 0.6 0.1 0.0 
 
4.1.3. Appendix X1, Sections X1.3.6-X1.3.7 
Sections X1.3.6 and X1.3.7 of ASTM E1921-21 describe a similar artificially generated data 
set consisting of six 1/2TC(T) and six 1TC(T) specimens, all tested at 38 °C, but this time it is 
assumed that the steel has a low upper shelf, so that 10 of the 12 specimens exhibited stable 
crack growth preceding cleavage. Censoring is therefore due to violation of either or both 
KJclimit and KJC∆a. 
 Table 3 compares the results of the analyses reported in E1921-21 and obtained from 
the NIST spreadsheet “ASTM E1921 - Homogeneous analysis + screening + simplified 
method.xlsm”. 
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Table 3 - Comparison between ASTM E1921-21 Sections X1.3.6-X1.3.7 and NIST software 
results. 

Parameter N r KJc∆a 
(MPa√m) 

Ko 
(MPa√m) 

KJc(med) 
(MPa√m) 

To 
(°C) Analysis 

ASTM E1921-21 12 7 195.2 189.0 173.8 0.1 
NIST software 12 7 195.2 188.4 173.6 0.2 

Difference ASTM/NIST 0 0 0 0.6 0.2 -0.1 
 
4.1.4. Appendix X2 
Appendix X2 of ASTM E1921-21 describes a data set consisting of six 1/2TC(T) specimens 
of A533B steel, all tested at -75 °C, which doesn’t contain any censored data. 
 Table 4 compares the results of the analyses reported in E1921-21 and obtained from 
the NIST spreadsheet “ASTM E1921 - Homogeneous analysis + screening + simplified 
method.xlsm”. 

Table 4 - Comparison between ASTM E1921-21 Appendix X2 and NIST software results. 

Parameter N r Ko 
(MPa√m) 

KJc(med) 
(MPa√m) 

To 
(°C) Analysis 

ASTM E1921-21 6 6 115.8 107.2 -80.1 
NIST software 6 6 115.4 107.1 -80.1 

Difference ASTM/NIST 0 0 0.4 0.1 0.0 
 
4.1.5. Appendix X3 
Appendix X3 of ASTM E1921-21 presents a combined data set consisting of 1/2TC(T) 
specimens and 1TSE(B) specimens (with W/B = 2) of A533B steel, tested at multiple 
temperatures between -130 °C and 23 °C, all with ao/W = 0.5. Yield strength and elastic 
modulus values are provided for some, but not all, temperatures in the test range.19 
 Table 5 compares the results of the analyses reported in E1921-21 and obtained from 
the NIST spreadsheet “ASTM E1921 - Homogeneous analysis + screening + simplified 
method.xlsm”. 

Table 5 - Comparison between ASTM E1921-21 Appendix X3 and NIST software results. 

Parameter N r �𝒓𝒓𝒊𝒊𝒏𝒏𝒊𝒊 
To 

(°C) Analysis 
ASTM E1921-21 53 49 8.1 -48.1 
NIST software 53 49 8.0 -48.1 

Difference ASTM/NIST 0 0 0.1 0.0 
 
4.1.6. Appendix X5, Section X5.5.1 
The example problem presented in Section X5.5.1 corresponds to the tests performed at -55 °C 
from the data set of Appendix X3 (see 4.1.5 above). This amounts to 16 tests on 1/TC(T) 
specimens, none of which require censoring. 

 
19 In other words, some fracture toughness tests were performed at temperatures for which tensile data are not directly available. At these 
temperatures, linear interpolation is required between the yield strength values provided, while elastic modulus values are obtained from eq. 
(1). 
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 The results of the homogeneous analysis are compared in Table 6 for E1921-21 and the 
NIST software. 

Table 6 - Comparison between ASTM E1921-21 Section X5.5.1 and NIST software results 
(homogeneous analysis). 

Parameter N r Ko 
(MPa√m) 

KJc(med) 
(MPa√m) 

To 
(°C) Analysis 

ASTM E1921-21 16 16 100.8 93.5 -49.8 
NIST software 16 16 100.5 93.4 -49.8 

Difference ASTM/NIST 0 0 0.3 0.1 0.0 
 
 Next, the data set is used for the material homogeneity screening evaluation described 
in section 10.6.3 of ASTM E1921-21. The comparison between ASTM and NIST for this step 
of the analysis is provided in Table 7. 

Table 7 - Comparison between ASTM E1921-21 Section X5.5.1 and NIST software results 
(homogeneity screening evaluation). 

Parameter Iteration 
steps 

Toscrn 
(°C) 

Toscrn – To(step1) 

(°C) 
Screening 

result Analysis 
ASTM E1921-21 6 -41.3 8.5 INHOMOGENEOUS 
NIST software 6 -41.1 8.7 INHOMOGENEOUS 

Difference ASTM/NIST 0 -0.2 -0.2  
 
 Finally, an alternative reference temperature, ToIN, which accounts for possible 
material inhomogeneity, is calculated using the simplified method (N < 20). The comparison 
between ASTM and NIST for this step of the analysis is shown in Table 8. 

Table 8 - Comparison between ASTM E1921-21 Section X5.5.1 and NIST software results 
(simplified method). 

Parameter Tomax 
(°C) 

Tomax – Toscrn 

(°C) 
ToIN 
(°C) Analysis 

ASTM E1921-21 -50.8 -9.5 -41.3 
NIST software -50.8 -9.7 -41.1 

Difference ASTM/NIST 0 -0.2 -0.2 

 

4.2. Inhomogeneity Evaluation for a Large Data Set (N ≥ 20) – 
Appendix X5, Section X5.5.2 

Another subset of the Appendix X3 data set, consisting of the 53 specimens tested 
between -80 °C and 0 °C, is used for the evaluation of material inhomogeneity for a large (N 
≥ 20) data set, using both the bimodal and multimodal evaluation methods. As shown in 
Appendix X3, N = 53, r = 49, and To = -48.1 °C. 

4.2.1. Material Homogeneity Screening Evaluation: Appendix X5, Section X5.5.2.2 
Using the homogeneity screening evaluation of ASTM E1921-21, the results shown and 
compared in Table 9 for ASTM and NIST were obtained. 
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Table 9 - Comparison between ASTM E1921-21 Section X5.5.2.2 and NIST software results 
(homogeneity screening evaluation). 

Parameter Iteration 
steps 

Toscrn 
(°C) 

Toscrn – To(step1) 

(°C) Screening result Analysis 
ASTM E1921-21 4 -40.6 7.5 INHOMOGENEOUS 
NIST software 4 -40.6 7.5 INHOMOGENEOUS 

Difference ASTM/NIST 0 0.0 0.0  
 
4.2.2. Bimodal Evaluation: Appendix X5, Section X5.5.2.3, Item (1) 
A full comparison between the outcome of the bimodal analyses reported in ASTM E1921-21 
and obtained from the NIST software is presented in Table 10 (step (a)), Table 11 (step (b)), 
and Table 12 (step (c)). 

Table 10 - Comparison between the results of the bimodal analyses on the data set of Section 
X5.5.2 from ASTM E1921-21 and NIST software (Section X5.5.2.3, Item (1), step (a)). 

Parameter pA TA 
(°C) 

TB 

(°C) Max[ln(L)] Analysis 
ASTM E1921-21 0.56 -33.5 -58.0 -243.5 
NIST software 0.56 -33.6 -58.1 -243.5 

Difference ASTM/NIST 0.00 0.1 0.1 0.0 

Table 11 - Comparison between the results of the bimodal analyses on the data set of Section 
X5.5.2 from ASTM E1921-21 and NIST software (Section X5.5.2.3, Item (1), step (b)). 

Parameter σpA σTA 
(°C) 

σTB 

(°C) Analysis 
ASTM E1921-21 0.066 4.18 3.84 
NIST software 0.066 4.18 3.85 

Difference ASTM/NIST 0.000 0.00 -0.01 

Table 12 - Comparison between the results of the bimodal analyses on the data set of Section 
X5.5.2 from ASTM E1921-21 and NIST software (Section X5.5.2.3, Item (1), step (c)). 

Parameter MLNH MLNHec MLNHconf Evaluation result Analysis 
ASTM E1921-21 3.53 3.46 85 % INHOMOGENOUS 
NIST software 3.52 3.44 85 % INHOMOGENEOUS 

Difference ASTM/NIST 0.01 0.02 0 %  

 The 5 % and 95 % bimodal tolerance bounds calculated in step (d) of the ASTM E1921-
21 analysis and those returned by the NIST software are compared in Figure 19. 
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Figure 19 - Comparison between ASTM and NIST bimodal tolerance bounds corresponding 
to 5 % and 95 % failure probability (data set from Section 5.5.2.2 of E1921-21). 
 
4.2.3. Multimodal Evaluation: Appendix X5, Section X5.5.2.3, Item (2) 
A full comparison between the outcome of the multimodal analyses reported in ASTM E1921-
21 and obtained from the NIST software is presented in Table 13 (step (a)) and Table 14 (step 
(b)). 

Table 13 - Comparison between the results of the multimodal analyses on the data set of 
Section X5.5.2 from ASTM E1921-21 and NIST software (Section X5.5.2.3, Item (2), step 
(a)). 

Parameter Tm 
(°C) 

σTm 

(°C) Max[ln(L)] Analysis 
ASTM E1921-21 -43.9 13.2 -243.5 
NIST software -43.8 13.2 -243.4 

Difference ASTM/NIST -0.1 0.0 -0.1 

Table 14 - Comparison between the results of the multimodal analyses on the data set of 
Section X5.5.2 from ASTM E1921-21 and NIST software (Section X5.5.2.3, Item (2), step 
(b)). 

Parameter MLNH MLNHconf Evaluation result Analysis 
ASTM E1921-21 2.77 75 % INHOMOGENEOUS 
NIST software 2.77 74 % INHOMOGENEOUS 

Difference ASTM/NIST 0.00 1 %  
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 The 5 % and 95 % bimodal tolerance bounds calculated in step (c) of the ASTM E1921-
21 analysis and those returned by the NIST software are compared in Figure 20. 

 
Figure 20 - Comparison between ASTM and NIST multimodal tolerance bounds 
corresponding to 5 % and 95 % failure probability (data set in Section 5.5.2.2 of E1921-21). 
 

 Conclusions 
NIST has developed a macro-enabled, spreadsheet-based software package for the 
determination of the reference temperature, To, by means of fracture toughness tests 
performed in the ductile-to-brittle transition region. The analyses to be performed lead to the 
establishment of the so-called Master Curve, which describes the median fracture toughness 
KJc as a function of test temperature, in accordance with ASTM E1921-21. The assessment of 
both macroscopically homogeneous and inhomogeneous materials is covered, for both small 
(N < 20) and large (N ≥ 20) data sets. Detailed instructions for the use of this software were 
provided in this report. 
 The NIST software was successfully validated by comparison with several example 
problems that are provided in appendixes of ASTM E1921-21. The agreement between the 
output values reported in the ASTM standard and the results obtained from NIST software 
was found to be excellent: 

• For macroscopically homogeneous data sets (seven example problems), the reference 
temperatures reported by ASTM and NIST coincide within ±0.1 °C. 

• For the same homogeneous data sets, the largest discrepancies observed were: 
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- less than 0.6 MPa√m for Ko (Weibull fitting parameter); 
- less than 0.2 MPa√m for KJc,med (median toughness of the data set). 

• For a macroscopically inhomogeneous small data set (N = 16): 
- Toscrn values (SINTAP approach) differ by 0.2 °C; 
- the alternative reference temperatures, ToIN, calculated via the simplified 

method, differ by 0.2 °C. 

• For a macroscopically inhomogeneous large data set (N = 53): 
- Toscrn from ASTM and NIST are identical; 
- Bimodal evaluation: 

 TA and TB differ by 0.1 °C; 
 pA is identical; 
 σpA and σTA are identical; 
 σTB values differ by 0.01 °C; 
 MLNH values differ by 0.01, MLNHec by 0.02, and MLNHconf is the 

same; 
 the 5 % and 95 % tolerance bounds are in extremely close agreement. 

- Multimodal evaluation: 
 values of Tm differ by 0.1 °C; 
 σTm values are identical; 
 MLNH values are the same, while MLNHconf differ by 1 %; 
 the 5 % and 95 % tolerance bounds are in extremely close agreement. 

In all cases, the responses about the possible homogeneity or inhomogeneity of the 
investigated materials were coincident. 
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