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Abstract

For the 2D incompressible Navier-Stokes equations, with given hypothetical non smooth 

data at time 𝑇 > 0 that may not correspond to an actual solution at time 𝑇, a previously 

developed stabilized backward marching explicit leapfrog finite difference scheme is applied 

to these data, to find initial values at time 𝑡 = 0 that can evolve into useful approximations 

to the given data at time 𝑇. That may not always be possible. Similar data assimilation 

problems, involving other dissipative systems, are of considerable interest in the geophysical 

sciences, and are commonly solved using computationally intensive methods based on 

neural networks informed by machine learning. Successful solution of ill-posed time-

reversed Navier-Stokes equations is limited by uncertainty estimates, based on logarithmic 

convexity, that place limits on the value of 𝑇 > 0. In computational experiments involving 

satellite images of hurricanes and other meteorological phenomena, the present method 

is shown to produce successful solutions at values of 𝑇 > 0, that are several orders of 

magnitude larger than would be expected, based on the best-known uncertainty estimates. 

However, unsuccessful examples are also given.

The present self-contained paper outlines the stabilizing technique, based on applying a 

compensating smoothing operator at each time step, and stresses the important differences 

between data assimilation, and backward recovery, in ill-posed time reversed problems for 

dissipative equations. While theorems are stated without proof, the reader is referred to a 

previous paper, on Navier-Stokes backward recovery, where these proofs can be found.
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1. Introduction

This paper discusses the possible use of direct, non iterative, explicit, backward marching 

finite difference schemes, in data assimilation problems for the 2D incompressible Navier-

Stokes equations, at high Reynolds numbers. The actual problem considered here is the 

ill-posed time-reversed problem of locating appropriate initial values, given hypothetical 

data at some later time. That problem is emblematic of much current geophysical research 

activity, using computationally intensive iterative methods based on neural networks cou-

pled with machine learning, [1–18]. Previous work on backward marching stabilized explicit 

schemes, in data assimilation problems for other 2D nonlinear dissipative equations, is 

discussed in [19–21]. There, it is emphasized that the given hypothetical data at time 𝑇 > 0
may not be smooth, may not correspond to an actual solution at time 𝑇, and may differ 

from such a solution by an unknown large 𝛿 > 0 in an apropriate 𝐿𝑝 norm. Moreover, it 

may not be possible to locate initial values that can evolve into a useful approximation to 

the desired data at time 𝑇.

As is well-known, [22, p.59], for ill-posed initial value problems, all consistent stepwise 

marching schemes, whether explicit or implicit, are necessarily unconditionally unstable 

and lead to explosive error growth. Nevertheless, it is possible to stabilize such schemes by 

applying an appropriate compensating smoothing operator at each time step to quench the 

instability. These schemes then become unconditionally stable, but slightly inconsistent, 

and lead to distortions away from the true solution. This is the stabilization penalty. In 

many cases, that penalty is sufficiently small to allow for useful results. Indeed, in [23–30], 

backward marching stabilized explicit schemes have been successfully applied to several 

challenging ill-posed backward recovery problems.

However, such backward recovery problems differ fundamentally from the data assimilation 

problem considered here. In [23–30], the given data at time 𝑇 > 0 are noisy but relatively 

smooth, and are known to approximate an actual solution at time 𝑇, to within a known small 

𝛿 > 0 in an apropriate 𝐿𝑝 norm. While that is not the case in the present data assimilation 

problem, several computational examples in Section 7 below, will show that success can 

still be achieved, and on time intervals [0,𝑇 ] that are several orders of magnitude larger 

than might be expected, based on the best-known uncertainty estimates for time-reversed 

Navier-Stokes equations.

As was the case in [23–30], the computational examples in Section 7 will be based on 

256×256 pixels gray-scale images, with intensity values that are integers ranging from 0 to 

255. These images represent easily recognizable objects, are defined by highly non-smooth 

intensity data that would be quite difficult to synthesize mathematically, and they present 

significant challenges to any ill-posed reconstruction procedure. In addition, images allow 

for easy visual recognition of possible success or failure in data assimilation.
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2. 2D Navier-Stokes equations in the unit square

Let Ω be the unit square in 𝑅2 with boundary 𝜕Ω. Let < , > and ∥ ∥2, respectively denote 

the scalar product and norm on 𝐿2(Ω). We study the 2D problem in stream function-

vorticity formulation [31, 32]. Here, the flow is governed by a stream function 𝜓(𝑥,𝑦, 𝑡)
which defines the velocity components 𝑢(𝑥,𝑦, 𝑡) ≡ 𝜓𝑦(𝑥,𝑦, 𝑡), 𝑣(𝑥,𝑦, 𝑡) ≡ −𝜓𝑥(𝑥,𝑦, 𝑡),
together with the vorticity 𝜔(𝑥,𝑦, 𝑡) ≡ (𝑣𝑥 − 𝑢𝑦)(𝑥,𝑦, 𝑡) = −(Δ𝜓)(𝑥,𝑦, 𝑡). The present 

limited data assimilation study will focus on dissipative properties of Navier-Stokes systems 

in the absence of active boundary conditions or forcing terms. We restrict attention to 

stream functions 𝜓(𝑥,𝑦, 𝑡) defined on the unit square Ω, which, for the short duration 

0 ≤ 𝑡 ≤ 𝑇 , of the flow, vanish together with all their derivatives on and near the boundary 

𝜕Ω. However, 𝜓(𝑥,𝑦, 𝑡) will generally have large spatial derivatives away from the boundary. 

Given such an initial 𝜓(𝑥,𝑦,0), and a kinematic viscosity 𝜈 > 0, the forward Navier-Stokes 

initial value problem takes the form

𝜔𝑡 +𝑢𝜔𝑥 +𝑣𝜔𝑦 −𝜈Δ𝜔 = 0, Δ𝜓 = −𝜔, (𝑥,𝑦, 𝑡) ∈ Ω×(0,𝑇 ],

𝑢(𝑥,𝑦,0) = 𝜓𝑦(𝑥,𝑦,0), 𝑣(𝑥,𝑦,0) = −𝜓𝑥(𝑥,𝑦,0),

𝜔(𝑥,𝑦,0) = −(Δ𝜓)(𝑥,𝑦,0),

𝜓(𝑥,𝑦, 𝑡) = 𝑢(𝑥,𝑦, 𝑡) = 𝑣(𝑥,𝑦, 𝑡) = 𝜔(𝑥,𝑦, 𝑡) = 0, (𝑥,𝑦, 𝑡) ∈ 𝜕Ω×[0,𝑇 ].

(1)

For each 𝑡 > 0, consider the Poisson problem on Ω ∶ Δ𝜓 = −𝜔, 𝜓 = 0 ∈ 𝜕Ω. Let 𝐻 be the 

solution operator for that problem, so that for (𝑥,𝑦, 𝑡) ∈ Ω×(0,𝑇 ], we have 𝜓(𝑥,𝑦, 𝑡) =
−(𝐻𝜔)(𝑥,𝑦, 𝑡).  We may then rewrite the evolution equation in Eq. (1) in the following 

equivalent form

𝜔𝑡 −(𝐻𝜔)𝑦𝜔𝑥 +(𝐻𝜔)𝑥𝜔𝑦 −𝜈Δ𝜔 = 0, (𝑥,𝑦, 𝑡) ∈ Ω×(0,𝑇 ]. (2)

Solving the system in Eq. (1) may be visualized as a marching computation as follows. Given 

the initial values, the evolution equation for 𝜔 allows advancing 𝜔 forward one time step 

Δ𝑡 > 0. The Poisson equation Δ𝜓 = −𝜔 is then solved to obtain −(𝐻𝜔)(𝑥,𝑦,Δ𝑡), which 

now allows advancing 𝜔 to the next time step through the evolution equation Eq. (2), and 

so on.

With 𝐴 the area of the flow domain, define 𝑈𝑚𝑎𝑥 and the Reynolds number 𝑅𝐸 as follows

𝑈𝑚𝑎𝑥 = supΩ×[0,𝑇 ]{𝑢2(𝑥,𝑦, 𝑡)+𝑣2(𝑥,𝑦, 𝑡)}1/2,

𝑅𝐸 = (
√

𝐴/𝜈)𝑈𝑚𝑎𝑥.
(3)

Gray-scale image intensity data have integer values ranging between 0 and 255. When such 

images are used to simulate examples of non-smooth stream functions 𝜓(𝑥,𝑦), the primary 

2
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variables 𝑢,𝑣,𝜔, in Eq. (1) are derived by taking first and second derivatives of 𝜓. To prevent 

very large derivatives and extremely large Reynolds numbers, such intensity values must be 

rescaled. Premultiplying by 0.0025, creates an array 𝜓(𝑥,𝑦,0) of non negative numbers 

ranging from 0 to 0.6375. This leads to values for 𝑈𝑚𝑎𝑥 and 𝑅𝐸 in Eq. (3), that are 400
times smaller than they would otherwise be.

The following example is typical.

2.1. An example: the 2004 Hurricane Ivan stream function

The 256 × 256 pixel gray-scale Hurricane Ivan image, and associated intensity data, are 

shown in Figure 1. The original intensity values were multiplied by 0.0025, to create an 

array 𝜓(𝑥,𝑦) of non negative numbers ranging from 0 to 0.6375. We now view 𝜓(𝑥,𝑦) as a 

candidate stream function, defined on the unit square Ω. Contour plots of 𝜓(𝑥,𝑦) and of 

the associated vorticity 𝜔(𝑥,𝑦) = −Δ𝜓, are also shown in Figure 1. However, even after 

reduction by a factor of 400, one must still expect significant values for the derivatives of 

𝜓(𝑥,𝑦). Indeed, with 𝑈𝑚𝑎𝑥 as in Eq. (3), we find

𝑈𝑚𝑎𝑥 ≈ 111, sup
Ω

{|𝜔(𝑥,𝑦)|)} ≈ 1.5×105. (4)

Together with 𝜈 = 0.01, and 𝐴 = 1 in Eq. (3), this leads to a Reynolds number 𝑅𝐸 ≈ 11,100. 

In the next section, we imagine the data in Figure 1 to be desired or hypothetical data at 

some suitable time 𝑇 > 0, and explore the feasibility of reconstructing 𝜓, 𝑢, 𝑣, 𝜔, at 𝑡 = 0,
from these hypothetical values at time 𝑇.

3. Uncertainty in backward in time Navier-Stokes reconstruc-

tion

In dissipative evolution equations, reconstruction backward in time from imprecise data at 

some positive time 𝑇, is an ill-posed continuation problem. With appropriate stabilizing 

constraints, the uncertainty in such backward continuations is a function of how quickly 

the given evolution equation forgets the past as time advances. This is explored in such 

publications as [33–40], and the references therein. For the Navier-Stokes system in Eq. (1), 

the best-known results are due to Knops and Payne [36, 37], and are based on logarithmic 

convexity arguments.

In Eq. (1), let {𝑢̃(𝑥,𝑦, 𝑡), ̃𝑣(𝑥,𝑦, 𝑡), 𝜔̃(𝑥,𝑦, 𝑡)} , be the solution on Ω × [0,𝑇 ) correspond-

ing to approximate data {𝑢̃(⋅,𝑇 ), ̃𝑣(⋅,𝑇 ), 𝜔̃(⋅,𝑇 )} , at a given positive time 𝑇, and let 

{𝑢(𝑥,𝑦, 𝑡), 𝑣(𝑥,𝑦, 𝑡), 𝜔(𝑥,𝑦, 𝑡)} be the unique solution associated with the true data

{𝑢(⋅,𝑇 ), 𝑣(⋅,𝑇 ), 𝜔(⋅,𝑇 )} at time 𝑇. Define 𝑤(𝑥,𝑦, 𝑡) on Ω×[0,𝑇 ], and 𝐹(𝑡) on [0,𝑇 ], as 

3



 NIST TN 2299

 August 2024

 DATA ASSIMILATION IN 2D NAVIER-STOKES EQUATIONS

IMAGES ARE OFTEN DEFINED BY NON SMOOTH INTENSITY
DATA THAT CHALLENGE ILL-POSED RECOVERY METHODS.

2004 Hurricane Ivan Image intensity data

Stream Function contours Absolute vorticity contours

Figure 1. Non-smooth Hurricane Ivan data leads to challenging Navier-Stokes data 

assimilation problem. Here, with 𝜈 = 0.01, 𝑈𝑚𝑎𝑥 = 111, 𝑅𝐸 = 11,100, and 

supΩ{|𝜔(𝑥,𝑦)| ≈ 1.5×105, theoretical uncertainty estimates in Eq. (11) indicate that 

useful identification of initial values, given the above hypothetical data at some 𝑇 > 0, 

might not be feasible for 𝑇 > 1.0×10−9. Above data obtained from September 2004 

NASA Aqua Satellite image of Hurricane Ivan off Florida coast.
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follows

(𝑤(𝑥,𝑦, 𝑡))2 = {𝑢(𝑥,𝑦, 𝑡)− 𝑢̃(𝑥,𝑦, 𝑡)}2 +{𝑣(𝑥,𝑦, 𝑡)− ̃𝑣(𝑥,𝑦, 𝑡)}2,

𝐹 (𝑡) =∥ 𝑤(⋅, 𝑡) ∥2
2= ∫

Ω
(𝑤(𝑥,𝑦, 𝑡))2𝑑𝑥𝑑𝑦. (5)

For a given small 𝛿 > 0, assume that |𝑤(𝑥,𝑦,𝑇 )| is small enough that 𝐹(𝑇 ) ≤ 𝛿 . What 

constraints must be placed on the solutions of Eq. (1) to ensure that 𝐹(𝑡) will remain small 

for 0 ≤ 𝑡 < 𝑇 ? This is the backward stability problem for the Navier-Stokes equations in 

the 𝐿2(Ω) norm.

Let 𝐸, 𝑄, be prescribed positive constants. A velocity field {𝑢(𝑥,𝑦, 𝑡), 𝑣(𝑥,𝑦, 𝑡)} is said to 

belong to the class 𝐸 if

sup
(𝑥,𝑡)∈Ω×[0,𝑇 ]

{(𝑢2 +𝑣2)} ≤ 𝐸2, (6)

while it belongs to the class 𝑄 if

sup
(𝑥,𝑡)∈Ω×[0,𝑇 ]

{(𝑢2 +𝑣2)+𝜔2 +(𝑢2
𝑡 +𝑣2

𝑡 )} ≤ 𝑄2. (7)

Define 𝑎, 𝑏, 𝑐, 𝜇(𝑡), Γ(𝑡), as follows,

𝑎 = 2(𝐸2 +1)/𝜈, 𝑏 = 𝑄2(1+𝑎/𝜈),

𝑐 = 𝑏/𝑎, 𝜇(𝑡) = (𝑒𝑎𝑡 −1)/(𝑒𝑎𝑇 −1), 0 ≤ 𝑡 ≤ 𝑇 ,

Γ(𝑡) ≡ Γ(𝐸,𝑄,𝜈, 𝑡,𝑇 ) = exp{𝑐(𝑡−𝜇(𝑡)𝑇 )}, 0 ≤ 𝑡 ≤ 𝑇 .

(8)

If {𝑢(𝑥,𝑦, 𝑡), 𝑣(𝑥,𝑦, 𝑡)} ∈ 𝐸 and {𝑢̃(𝑥,𝑦, 𝑡), ̃𝑣(𝑥,𝑦, 𝑡)} ∈ 𝑄, it is shown in [36, 37] that then

𝐹(𝑡)𝐹 ′′(𝑡)−(𝐹 ′(𝑡))2 ≥ 𝑎𝐹(𝑡)𝐹 ′(𝑡)−𝑏𝐹 2(𝑡), (9)

from which it follows that with Γ(𝑡) ≡ exp{𝑐(𝑡−𝜇(𝑡)𝑇 )},

𝐹(𝑡) ≤ Γ(𝑡){𝐹(0)}1−𝜇(𝑡) {𝐹(𝑇 )}𝜇(𝑡) , 0 ≤ 𝑡 ≤ 𝑇 . (10)

A complete derivation for the result in Eq. (10) may be found in [29, Eqs. 9–12].

Let 𝑀 be an a-priori bound for 𝐹(0) =∥ 𝑤(⋅,0) ∥2
2. With 𝐹(𝑇 ) ≤ 𝛿, we then obtain

∥ 𝑤(⋅, 𝑡) ∥2
2= 𝐹(𝑡) ≤ Γ(𝑡)𝑀1−𝜇(𝑡)𝛿𝜇(𝑡), 0 ≤ 𝑡 ≤ 𝑇 . (11)

However, as the Hurricane Ivan image in Figure 1 will show, even with very small 𝛿 > 0, 

∥ 𝑤(⋅, 𝑡) ∥2 need not be small for 𝑡 < 𝑇, because the factor Γ(𝑡) ≡ exp{𝑐(𝑡 − 𝜇(𝑡)𝑇 )} in 

Eq. (11) may be extremely large, unless 𝑇 is extremely small.
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Indeed, with 𝜈 = 0.01, and the values for 𝑈𝑚𝑎𝑥, |𝜔(𝑥,𝑦,0)|, given in Eq. (4), we find from 

Eqs. (6, 7, 8),

𝐸2 > 𝑈2
𝑚𝑎𝑥 > 12,400, 𝑄2 > 2.19×1010,

𝑎 ≈ 2.48×106, 𝑏 ≈ 5.43×1018, 𝑐 ≈ 2.19×1012,

𝜇(𝑡) = (𝑒𝑎𝑡 −1)/(𝑒𝑎𝑇 −1), Γ(𝑡) = 𝑒{𝑐(𝑡−𝜇(𝑡)𝑇 )}.

(12)

With 𝑇 = 1.0×10−9, and 𝑡 = 𝑇 /2, we find 𝜇(𝑇 /2) = 0.4996899859, and Γ(𝑇 /2) ≈ 1.97. 

However, with 𝑇 = 1.0 × 10−8, and 𝑡 = 𝑇 /2, we now find 𝜇(𝑇 /2) = 0.4969000367, and 

Γ(𝑇 /2) ≈ 3.05×1029. Thus, in the Hurricane Ivan example in Section 2.1, if 𝑇 ≥ 1.0×10−8, 

the reconstruction uncertainty at 𝑡 = 𝑇 /2 given in Eq. (11), would appear to be too large 

for any realistic value of the data error 𝛿  at time 𝑇. We shall revisit that example in the 

instructive computational experiments described in Section 7 below.

4. Stabilized leapfrog scheme for the 2D Navier-Stokes Equa-

tions

Let Ω be the unit square in 𝑅2, and consider the following 2D Navier-Stokes system for 

(𝑥,𝑦) ∈ Ω,

𝜔𝑡 = 𝐿†𝜔 ≡ 𝜈Δ𝜔 −𝑢𝜔𝑥 −𝑣𝜔𝑦, Δ𝜓 = −𝜔, 0 < 𝑡 ≤ 𝑇 , (13)

together with the homogeneous boundary conditions

𝜓(𝑥,𝑦, 𝑡) = 𝑢(𝑥,𝑦, 𝑡) = 𝑣(𝑥,𝑦, 𝑡) = 𝜔(𝑥,𝑦, 𝑡) = 0, (𝑥,𝑦, 𝑡) ∈ 𝜕Ω×[0,𝑇 ], (14)

and the initial values

𝑢(𝑥,𝑦,0) = 𝑢0(𝑥,𝑦), 𝑣(𝑥,𝑦,0) = 𝑣0(𝑥,𝑦), 𝜔(𝑥,𝑦,0) = 𝜔0(𝑥,𝑦). (15)

The well-posed forward initial value problem in Eq. (13) becomes ill-posed if the time direc-

tion is reversed, and one wishes to recover 𝑢(𝑥,𝑦,0)), 𝑣(𝑥,𝑦,0), and 𝜔(𝑥,𝑦,0), from given 

approximate values for 𝑢(𝑥,𝑦,𝑇 ), 𝑣(𝑥,𝑦,𝑇 ), 𝜔(𝑥,𝑦,𝑇 ). We contemplate both forward and 

time-reversed computations by allowing for possible negative time steps Δ𝑡 in the leapfrog 

time-marching finite difference scheme described below. With a given positive integer 𝑁, 

let |Δ𝑡| = 𝑇 /(𝑁 + 1) be the time step magnitude, and let 𝑢̃𝑛(𝑥,𝑦) ≡ 𝑢̃(𝑥,𝑦,𝑛Δ𝑡), 𝑛 =
1,⋯,𝑁 +1, denote the intended approximation to 𝑢(𝑥,𝑦,𝑛Δ𝑡), and likewise for ̃𝑣𝑛(𝑥,𝑦), 

and 𝜔̃𝑛(𝑥,𝑦). It is helpful to consider Fourier series expansions for 𝜔̃𝑛(𝑥,𝑦), on the unit 

square Ω,

𝜔̃𝑛(𝑥,𝑦) =
∞

∑
𝑗,𝑘=−∞

𝜔̃𝑛
𝑗,𝑘 exp{2𝜋𝑖(𝑗𝑥+𝑘𝑦)}, (16)
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with Fourier coefficients {𝜔̃𝑛
𝑗,𝑘} given by

𝜔̃𝑛
𝑗,𝑘 = ∫

Ω
𝜔̃𝑛(𝑥,𝑦)exp{−2𝜋𝑖(𝑗𝑥+𝑘𝑦)}𝑑𝑥𝑑𝑦, (17)

With given fixed 𝛾 > 0 and 𝑝 > 1, define 𝜆𝑗,𝑘, 𝜎𝑗,𝑘, as follows

𝜆𝑗,𝑘 = 4𝜋2𝜈(𝑗2 +𝑘2), 𝜎𝑗,𝑘 = exp{−𝛾|Δ𝑡|𝜆𝑝
𝑗,𝑘}. (18)

For any 𝑓(𝑥,𝑦) ∈ 𝐿2(Ω), let {𝑓𝑗,𝑘} be its Fourier coefficients as in Eq (17). Using Eq. (18), 

define the linear operators 𝑃 and 𝑆 as follows

𝑃𝑓 = ∑∞
𝑗,𝑘=−∞ 𝜆𝑝

𝑗,𝑘𝑓𝑗,𝑘 exp{2𝜋𝑖(𝑗𝑥+𝑘𝑦)}, ∀𝑓 ∈ 𝐿2(Ω),

𝑆𝑓 = ∑∞
𝑗,𝑘=−∞ 𝜎𝑗,𝑘𝑓𝑗,𝑘 exp{2𝜋𝑖(𝑗𝑥+𝑘𝑦)}, ∀𝑓 ∈ 𝐿2(Ω).

(19)

As in [23–30], the operator 𝑆 is used as a stabilizing smoothing operator at each time step. 

With the operator 𝐿† as in Eq (13), let 𝐿†𝜔̃𝑛 ≡ 𝜈Δ𝜔̃𝑛 −𝑢̃𝑛𝜔̃𝑛
𝑥 − ̃𝑣𝑛𝜔̃𝑛

𝑦 , and let

̃𝜃1 = 𝜔0(𝑥,𝑦), 𝜔̃1 = 𝜔0(𝑥,𝑦)+Δ𝑡𝐿†𝜔0. (20)

Consider the following stabilized leapfrog time-marching difference scheme for the system 

in Eq (13), in which only the time variable is discretized, while the space variables remain 

continuous,

Δ ̃𝜓𝑛 = −𝜔̃𝑛,

̃𝜃𝑛+1 = 𝑆𝜔̃𝑛,

𝜔̃𝑛+1 = 𝑆 ̃𝜃𝑛 +2Δ𝑡𝑆𝐿†𝜔̃𝑛, 𝑛 = 1,2,⋯,𝑁.

(21)

The above semi-discrete problem is highly nonlinear. In the operator 𝐿†, the coefficients 

𝑢̃𝑛 = ̃𝜓𝑛
𝑦 , ̃𝑣𝑛 = − ̃𝜓𝑛

𝑥 , are ultimately defined in terms of 𝜔̃𝑛, which is needed to obtain ̃𝜓𝑛

by solving the Poisson problem Δ ̃𝜓𝑛 = −𝜔̃𝑛. The analysis presented in Sections 5 and 

6 below, although limited to a related simplified linear problem, is relevant to the above 

semi-discrete problem. In Section 7, where actual numerical computations are discussed, a 

uniform grid is imposed on Ω, the space variables are discretized using centered differencing, 

and FFT algorithms are used to synthesize the smoothing operator 𝑆. A multigrid algorithm 

is used to solve the Poisson problem in Eq. (21).

5. Fourier stability analysis in linearized problem

Useful insight into the behavior of the nonlinear scheme in Eq. (21), can be gained by 

analyzing a related linear problem with constant coefficients. We may naively view 𝐿† in 
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Eq. (15), as a linear operator with time dependent coefficients 𝑢(𝑥,𝑦, 𝑡), 𝑣(𝑥,𝑦, 𝑡), which 

need to be evaluated at every time step 𝑡𝑛 = 𝑛Δ𝑡, through an independent subsidiary 

calculation. If |𝑢(𝑥,𝑦, 𝑡)| ≤ 𝑎, |𝑣((𝑥,𝑦, 𝑡)| ≤ 𝑏, with positive constants 𝑎, 𝑏, we may study 

the numerical stability of the system ̃𝜃𝑛+1 = 𝑆𝜔̃𝑛, 𝜔̃𝑛+1 = 𝑆 ̃𝜃𝑛 +2Δ𝑡𝑆(𝐿†𝜔̃𝑛) , in Eq. (21), 

by considering the constant coefficient linear operator 𝐿𝜔̃𝑛 ≡ 𝜈Δ𝜔̃𝑛 −𝑎𝜔̃𝑛
𝑥 −𝑏𝜔̃𝑛

𝑦 , in lieu 

of 𝐿†𝜔̃𝑛. Accordingly, we examine the following evolution equation

𝜔𝑡 = 𝐿𝜔 ≡ 𝜈Δ𝜔 −𝑎𝜔𝑥 −𝑏𝜔𝑦, 0 < 𝑡 ≤ 𝑇 ,

𝜔(𝑥,𝑦,0) = 𝜔0(𝑥,𝑦),
(22)

together with homogeneous boundary conditions on 𝜕Ω. With 𝜔(𝑥,𝑦, 𝑡) the unique solu-

tion in Eq. (22), let

𝜃1 = 𝜔(𝑥,𝑦,0), 𝜔𝑛(𝑥,𝑦) = 𝜔(𝑥,𝑦,𝑛Δ𝑡), 𝑛 ≥ 1. (23)

Then, the exact solution 𝜔𝑛 satisfies the following leapfrog system

𝜃𝑛+1 = 𝜔𝑛, 𝜔𝑛+1 = 𝜃𝑛 +2Δ𝑡𝐿𝜔𝑛 +𝜏𝑛, 𝑛 = 1,2,⋯,𝑁, (24)

where the truncation error term 𝜏𝑛, is given by

𝜏𝑛 = {(Δ𝑡)3/6}{𝜔𝑡𝑡𝑡(𝑥,𝑦,𝑠)}, 𝑛|Δ𝑡| < |𝑠| < (𝑛+1)|Δ𝑡|, 𝑛 = 1,2,⋯,𝑁. (25)

Define the following two component vectors and matrix 𝐺

𝑉 𝑛 = [𝜃𝑛, 𝜔𝑛]𝑇, Φ𝑛
𝜏 = [0, 𝜏𝑛]𝑇, (26)

𝐺 = [0 𝐼
𝐼 2Δ𝑡𝐿]. (27)

One may then rewrite Eq. (24) as

𝑉 𝑛+1 = 𝐺𝑉 𝑛 +Φ𝑛
𝜏 , 𝑛 = 1,2,⋯,𝑁. (28)

Define 𝐿2(Ω) norms for two component vectors 𝑊 = [𝑤1 𝑤2]𝑇, and 2×2 matrices 𝐻, as 

follows

∥ 𝑊 ∥2
2= (∥ 𝑤1 ∥2

2 + ∥ 𝑤2 ∥2
2), ∥ 𝐻 ∥2= sup

∥𝑊∥2≠0
{∥ 𝐻𝑊 ∥2 / ∥ 𝑊 ∥2}. (29)

Also, for functions ℎ(𝑥,𝑦, 𝑡) on Ω×[0,𝑇 ], define the norm |||ℎ|||2,∞ as follows

|||ℎ|||2,∞ ≡ sup
0≤𝑡≤𝑇

{∥ ℎ(⋅, 𝑡) ∥2}. (30)
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One may also write the stabilized leapfrog scheme for computing Eq. (22) in matrix-vector 

notation. Let
̃𝜃1(𝑥,𝑦) = 𝜔0(𝑥,𝑦), 𝜔̃1(𝑥,𝑦) = 𝜔0(𝑥,𝑦)+Δ𝑡𝐿𝜔0. (31)

Then,
𝜔(𝑥,𝑦,Δ𝑡) = 𝜔̃1(𝑥,𝑦)+𝜏0,

𝜏0 = {(Δ𝑡)2/2}{𝜔𝑡𝑡(𝑥,𝑦,𝑟)}, 0 < |𝑟| < |Δ𝑡|.
(32)

With ̃𝑉 𝑛 = [ ̃𝜃𝑛, 𝜔̃𝑛]𝑇, and matrix Λ defined as

Λ = [𝑆 0
0 𝑆], (33)

the stabilized marching leapfrog scheme for Eq. (22),

̃𝜃𝑛+1 = 𝑆𝜔̃𝑛, 𝜔̃𝑛+1 = 𝑆 ̃𝜃𝑛 +2Δ𝑡𝑆𝐿𝜔̃𝑛, 𝑛 = 1,2,⋯,𝑁, (34)

may be written as
̃𝑉 𝑛+1 = Λ𝐺 ̃𝑉 𝑛, 𝑛 = 1,2,⋯,𝑁. (35)

Note that with 𝜏0 as in Eq. (32),

∥ 𝑉 1 − ̃𝑉 1 ∥2=∥ 𝜏0 ∥2 . (36)

Unlike the case in Eq. (21), the linear difference scheme in Eq. (35) is susceptible to Fourier 

analysis. If 𝐿𝜔̃𝑛 ≡ ℎ(𝑥,𝑦), then its Fourier coefficients {ℎ𝑗,𝑘} are given by ℎ𝑗,𝑘 = 𝑔𝑗,𝑘𝜔̃𝑛
𝑗,𝑘, 

where

𝑔𝑗,𝑘 = −{4𝜋2𝜈(𝑗2 +𝑘2)+2𝜋𝑖(𝑎𝑗 +𝑏𝑘)}. (37)

Hence, from Eqs. (18), (19) and (34),

̃𝜃𝑛+1 = ∑∞
𝑗,𝑘=−∞ 𝜎𝑗,𝑘𝜔̃𝑛

𝑗,𝑘 exp{2𝜋𝑖(𝑗𝑥+𝑘𝑦)},

𝜔̃𝑛+1 = ∑∞
𝑗,𝑘=−∞ 𝜎𝑗,𝑘{ ̃𝜃𝑛

𝑗,𝑘 +2Δ𝑡𝑔𝑗,𝑘𝜔̃𝑛
𝑗,𝑘}exp{2𝜋𝑖(𝑗𝑥+𝑘𝑦)}.

(38)

Below, Lemmas 1 and 2, along with Theorems 1 and 2, are stated without proof. Using 

identical notation, proofs of these results may be found in [30].

 Lemma 1 Let 𝜆𝑗,𝑘, 𝜎𝑗,𝑘, be as in Eq. (18), and let 𝑔𝑗,𝑘 be as in Eq. (37). Choose a positive 

integer 𝐽 such that if 𝜆𝐽 = 4𝜋2𝜈𝐽, we have

𝑚𝑎𝑥(𝑗2+𝑘2)≤𝐽 {|𝑔𝑗,𝑘|} ≤ 2𝜆𝐽, |𝑔𝑗,𝑘| ≤ 2𝜆𝑗,𝑘, ∀ (𝑗2 +𝑘2) > 𝐽. (39)

With 𝑝 > 1, choose 𝛾 ≥ 4(𝜆𝐽)1−𝑝 in Eq. (18). Then,

𝜎𝑗,𝑘 (1+2|Δ𝑡||𝑔𝑗,𝑘|) ≤ 1+4|Δ𝑡|𝜆𝐽. (40)
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Hence,

∥ Λ𝐺 ∥2< 1+4|Δ𝑡|𝜆𝐽 < exp{4|Δ𝑡|𝜆𝐽}, (41)

and, for 𝑛 = 1,2,⋯,𝑁,

∥ ̃𝑉 𝑛+1 ∥2=∥ (Λ𝐺)𝑛 ̃𝑉 1 ∥2< exp{4𝑛|Δ𝑡|𝜆𝐽} ∥ ̃𝑉 1 ∥2 . (42)

Therefore, with this choice of (𝛾,𝑝), the linear leapfrog scheme in Eq. (35), is unconditionally 

stable, marching forward or backward in time.

Proof : See [30, Lemma 5.1] 

 Lemma 2 Let 𝜔𝑛(𝑥,𝑦) ≡ 𝜔(𝑥,𝑦,𝑛Δ𝑡) be the exact solution in Eq. (22). Let 𝛾, 𝑝, 𝜆𝑗,𝑘, 𝜎𝑗,𝑘,
be as in Eq. (18). Let 𝑃 and 𝑆 be as in Eq. (19), let 𝐿 be the linear operator in Eq. (22), and 

let 𝜏𝑛 be as in Eq. (25). With the norm definition in Eq (30), and 1 ≤ 𝑛 ≤ 𝑁,

∥ 𝜏𝑛 ∥2 ≤ (1/6) |Δ𝑡|3 |||𝜔𝑡𝑡𝑡|||2,∞,
∥ 𝜔𝑛 −𝑆𝜔𝑛 ∥2 ≤ 𝛾|Δ𝑡| |||𝑃𝜔|||2,∞,

|Δ𝑡| ∥ 𝐿𝜔𝑛 −𝑆𝐿𝜔𝑛 ∥2 ≤ 𝛾(Δ𝑡)2 |||𝑃𝐿𝜔|||2,∞. (43)

Moreover, with 𝑉 𝑛 as in Eq. (26),

∥ 𝐺𝑉 𝑛 −Λ𝐺𝑉 𝑛 ∥2≤ 𝛾𝐵
√

3 |Δ𝑡| |||𝑃𝜔|||2,∞, (44)

where the constant 𝐵 is given by

𝐵 = {1+(8/3)(Δ𝑡)2|||𝑃𝐿𝜔|||2,∞/|||𝑃𝜔|||2,∞}1/2. (45)

Proof : See [30, Lemma 5.2] 

With the choice of (𝛾,𝑝) in Lemma 1, the stabilized leapfrog scheme in Eq. (35) is uncon-

ditionally stable, but at the cost of introducing a small error at each time step, whose 

cumulative effect will not vanish as |Δ𝑡| ↓ 0. We now proceed to estimate the error 

𝐸𝑛 = 𝑉 𝑛 − ̃𝑉 𝑛, 𝑛 = 1,2,⋯,𝑁 + 1. Note that Theorems 1 and 2 below refer to the 

exact solution in Eq. (22), which is a linear diffusion equation with constant coefficients. 

Hence, 𝜔(𝑥,𝑦, 𝑡) is necessarily a very smooth function for 𝑡 > 0, in each of these Theorems. 

The same may not be true for the solution of the nonlinear problem in Eq. (13). However, in 

[31, 32], highly accurate numerical schemes are advocated for the 2D Navier-Stokes equa-

tions. Such schemes, which presume the existence of high order derivatives, are in common 

use. Returning to Eq. (22), the well-posed forward problem, with Δ𝑡 > 0, is considered first. 
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 Theorem 1 With Δ𝑡 > 0, let 𝜔𝑛(𝑥,𝑦) be the unique exact solution of Eq. (22) at 𝑡 = 𝑛Δ𝑡. 

With 𝜆𝐽 be as in Lemma 1, let 𝑝 > 1 and let 𝛾 = 4𝜆1−𝑝
𝐽 . Let 𝑉 𝑛 be as in Eq. (28), let ̃𝑉 𝑛 be 

the solution of the forward leapfrog scheme in Eq. (35), and let 𝐵 be the constant defined 

in Eq. (45). If 𝐸𝑛 = 𝑉 𝑛 − ̃𝑉 𝑛 denotes the error at 𝑡𝑛 = 𝑛Δ𝑡, 𝑛 = 1,2,⋯,𝑁 +1, we have, 

with the norm definitions in Eq. (30)

∥ 𝐸𝑛 ∥2 ≤ exp(4𝜆𝐽𝑡𝑛) ∥ 𝐸1 ∥2 +
√

3 𝐵 (𝜆𝐽)−𝑝{exp(4𝜆𝐽𝑡𝑛)−1} |||𝑃𝜔‖||2,∞

+ (24𝜆𝐽)−1(Δ𝑡)2 {exp(4𝜆𝐽𝑡𝑛)−1} |||𝜔𝑡𝑡𝑡|||2,∞. (46)

Hence, as Δ𝑡 ↓ 0,

∥ 𝐸𝑛 ∥2≤ exp(4𝜆𝐽𝑡𝑛) ∥ 𝐸1 ∥2 +
√

3 (𝜆𝐽)−𝑝 {exp(4𝜆𝐽𝑡𝑛)−1} |||𝑃𝜔‖||2,∞ +𝑂(Δ𝑡)2.
(47)

Proof : See [30, Theorem 5.1] 

Remark 1. The first term on the right hand side in Eq. (47) allows for the possibility of 

erroneous initial data, leading to a positive value for ∥ 𝐸1 ∥2. The second term is the 

stabilization penalty, which is the price that must be paid for using the leapfrog scheme in 

the computation of the well-posed forward linear problem in Eq. (22). Without stabilization, 

the leapfrog scheme is unconditionally unstable for that forward problem, and no error 

bound would be possible. As is evident from the discussion in Section 3, small values of 𝑇
must necessarily be contemplated in Navier-Stokes problems. For an important class of such 

problems with small 𝑇 > 0, and large 𝜆𝐽, the value of (𝜆𝐽)−𝑝 exp{4𝜆𝐽𝑇 }, for some 𝑝 with 

2.5 < 𝑝 < 3.5, may be sufficiently small to allow for useful computations. As an example, 

with 𝑇 = 1.0×10−3, 𝜆𝐽 = 2.0×103, 𝑝 = 3.25, we find (𝜆𝐽)−𝑝 exp{4𝜆𝐽𝑇 } < 5.572×10−8. 

In the ill-posed backward problem, we contemplate marching backward in time from 

𝑡 = 𝑇 = (𝑁 +1)|Δ𝑡|, using negative time time steps Δ𝑡. However, the needed initial data 

𝜔0(𝑥,𝑦) ≡ 𝜔(𝑥,𝑦,𝑇 ), where 𝜔(𝑥,𝑦, 𝑡) is the unique exact solution in Eq. (22), may not be 

known exactly. For this reason, the ill-posed backward problem is formulated as follows:

With Δ𝑡 < 0, hypothetical data 𝑔(𝑥,𝑦) are given which are assumed to approximate the 

true data 𝜔(𝑥,𝑦,𝑇 ) , while 𝑔 +Δ𝑡𝐿𝑔  approximates true data 𝜔(𝑥,𝑦,𝑇 − |Δ𝑡|) , both in 

the 𝐿2(Ω) norm. Moreover, the unique true backward solution 𝜔(𝑥,𝑦, 𝑡) corresponding 

to the unknown exact data 𝜔(𝑥,𝑦,𝑇 ), is such that both 𝜔(𝑥,𝑦,0) and 𝜔(𝑥,𝑦, |Δ𝑡|) satisfy 

𝐿2(Ω) bounds. Specifically, for some unknown 𝛿 > 0, and some 𝑀 ≫ 𝛿,

∥ 𝑔 −𝜔(⋅,𝑇 ) ∥2
2 + ∥ (𝑔 +Δ𝑡𝐿𝑔)−𝜔(⋅,𝑇 − |Δ𝑡|) ∥2

2≤ 𝛿2,

∥ 𝜔(⋅,0) ∥2
2 + ∥ 𝜔(⋅, |Δ𝑡|) ∥2

2≤ 𝑀2.
(48)
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Analogously to the well-posed forward problem in Eq. (35), we now choose Δ𝑡 < 0 and 

consider the stabilized leapfrog scheme marching backward from 𝑡 = 𝑇 with the given 

hypothetical data 𝑔(𝑥,𝑦) in Eq. (48)

̃𝑉 𝑛+1 = Λ𝐺 ̃𝑉 𝑛, 𝑛 = 1,2,⋯,𝑁, ̃𝑉 1 = [𝑔, (𝑔 +Δ𝑡𝐿𝑔)]𝑇, (49)

where, with 𝛿, 𝑀 as in Eq. (48), and Φ𝑛
𝜏  as in Eq. (28), the true solution satisfies

𝑉 𝑛+1 = 𝐺𝑉 𝑛 +Φ𝑛
𝜏 , 𝑛 = 1,2,⋯𝑁, ∥ 𝑉 1 − ̃𝑉 1 ∥2≤ 𝛿, ∥ 𝑉 𝑁+1 ∥2≤ 𝑀. (50)

 Theorem 2 With 𝑔(𝑥,𝑦), 𝑀, 𝛿, as in Eq. (48), and Δ𝑡 < 0, let 𝑉 𝑛 be the exact solution 

of the backward problem in Eq. (50) at time 𝑇 − 𝑛|Δ𝑡|, 𝑛 = 1,2,⋯,𝑁 + 1. With 𝑝, 𝜆𝐽,
as in Lemma 1, let 𝛾 = 4(𝜆𝐽)1−𝑝 in the smoothing operator 𝑆 in Eq. (18). Let ̃𝑉 𝑛 be the 

corresponding solution of the stabilized backward leapfrog scheme in Eq. (49), let 𝐵 be the 

constant in Eq. (45), and let 𝐸𝑛 ≡ 𝑉 𝑛 − ̃𝑉 𝑛 denote the error at time 𝑇 −𝑛|Δ𝑡|. Then, for 

𝑛 = 1,2,⋯,𝑁, with the norm definitions in Eq. (30)

∥ 𝐸𝑛+1 ∥2 ≤
√

3 𝐵 (𝜆𝐽)−𝑝 {exp(4𝑛|Δ𝑡|𝜆𝐽)−1}|||𝑃𝜔|||2,∞

+ (24𝜆𝐽)−1 (Δ𝑡)2 {exp(4𝑛|Δ𝑡|𝜆𝐽)−1}|||𝜔𝑡𝑡𝑡|||2,∞

+ 𝛿exp{4𝑛|Δ𝑡|𝜆𝐽}. (51)

Hence, as |Δ𝑡| ↓ 0,

∥ 𝐸𝑛+1 ∥2 ≤
√

3(𝜆𝐽)−𝑝 {exp(4𝑛|Δ𝑡|𝜆𝐽)−1}|||𝑃𝜔|||2,∞

+ 𝛿exp{4𝑛|Δ𝑡|𝜆𝐽} + 𝑂(Δ𝑡2), 𝑛 = 1,2,⋯,𝑁. (52)

Proof : See [30, Theorem 5.2] 

Remark 2. As was the case in Eq. (47), there is an additional error term, 𝛿exp{4𝑛|Δ𝑡|𝜆𝐽}, 

in Eq. (52). That term represents the necessary uncertainty in backward reconstruction 

from possibly erroneous data 𝑔(𝑥,𝑦) at time 𝑇 in Eq. (22). 

5.1. Application to data assimilation

In Theorems 1 and 2 above, define the constants 𝐾1 through 𝐾4 as follows, and consider 

the values shown in Table 1 below.

𝐾1 = 𝑒4𝜆𝐽𝑇, 𝐾2 =
√

3 𝐵(𝜆𝐽)−𝑝(𝐾1 −1), 𝐾3 = (24𝜆𝐽)−1(Δ𝑡)2(𝐾1 −1),
𝐾4 = 𝐾2|||𝑃𝜔|||2,∞ +𝐾3|||𝜔𝑡𝑡𝑡|||2,∞. (53)
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Table 1. Values of 𝐾1 through 𝐾3 in Eq. (53), with following parameter values: 

𝑇 = 1×10−5, |Δ𝑡| = 5×10−8, 𝑝 = 3.25, 𝜆𝐽 = 3.8×104, (𝜆𝐽)−𝑝 = 1.3×10−15.

𝐾1 = 𝑒4𝜆𝐽𝑇 𝐾2 =
√

3 𝐵(𝜆𝐽)−𝑝(𝐾1 −1) 𝐾3 = (24𝜆𝐽)−1(Δ𝑡)2(𝐾1 −1)
𝐾1 < 4.6 𝐾2 < 8.2×10−15 𝐾3 < 1.1×10−20

As outlined in the Introduction, data assimilation applied to the system in Eq. (13), is the 

problem of finding initial values [𝑢(.,0),𝑣(.,0),𝜔(.,0)], at 𝑡 = 0, that can evolve into useful 

approximations to the given hypothetical data at time 𝑇, as defined by ̃𝑉 1 in Eq. (49) in the 

present linearized problem. If the true solution in Eq. (22) does not have exceedingly large 

values for |||𝑃𝜔|||2,∞ and |||𝜔𝑡𝑡𝑡|||2,∞, the parameter values chosen in Table 1, together 

with Theorem 2, indicate that marching backward to time 𝑡 = 0 from the hypothetical data 
̃𝑉 1 at time 𝑇, leads to an error 𝐸(0) at 𝑡 = 0, satisfying

∥ 𝐸(0) ∥2≤ 𝛿𝐾1 +𝐾4, (54)

with the constant 𝐾4 defined in Eq. (53) presumed small. Next, from Theorem 1, marching 

forward to time 𝑇, using the inexact computed initial values, leads to an error 𝐸(𝑇 ) at time 

𝑇, satisfying

∥ 𝐸(𝑇 ) ∥2≤ 𝐾1(𝛿𝐾1 +𝐾4)+𝐾4. (55)

The error 𝐸(𝑇 ) in Theorem 1 is the difference at time 𝑇, between the unknown unique 

solution in Eq. (22), and the computed numerical approximation to it provided by the 

stabilized forward explicit scheme. However, that unknown solution at time 𝑇 differs from 

the given hypothetical data at time 𝑇, by an unknown amount 𝛿 in the 𝐿2 norm. Hence the 

total error is

∥ 𝐸(𝑇 ) ∥2 +𝛿 ≤ 𝛿(1+𝐾2
1 )+𝐾4(1+𝐾1). (56)

Therefore, data assimilation is successful only if the inexact computed initial values lead to 

a sufficiently small right hand side in Eq.(56). Clearly, the value of 𝜆𝐽𝑇, together with the 

unknown value of 𝛿, will play a vital role. As was the case in the nonlinear Knops-Payne 

uncertainty estimate following Eq. (12) in Section 3, increasing 𝑇 by a factor of ten may not 

be feasible, even in the simplified linearized problem considered in Table 1. The value of 

the term 𝛿(1+𝐾2
1 ) in Eq.(56), would increase from 22 𝛿 to about (1.6×1013) 𝛿.

6. Leapfrog nonlinear computational instability and the RAW 

filter

The results in Theorems 1 and 2 indicate that the stabilizing approach in Eqs. (35) and 

(49), is sound for the leapfrog scheme applied to the linearized problem. However, for 

the 𝑂(Δ𝑡)2 leapfrog scheme, linear stability is necessary but not always sufficient in the 
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presence of nonlinearities. Leapfrog centered time differencing has been a mainstay of 

geophysical fluid dynamics computations. In well-posed linear wave propagation problems, 

a Courant condition is required for leapfrog computational stability. However, even when 

that Courant condition is obeyed, serious instability can develop in nonlinear problems. This 

phenomenon, first reported in [41], was subsequently explored and analyzed in [42, 43], and 

the references therein. Following [41–43], effective post processing time domain filtering 

techniques, that can prevent nonlinear instability, were developed in [44–48]. Such filtering 

is applied at every time step, and consists of replacing the computed solution with a specific 

linear combination of computations at previous time steps. These filtering techniques can 

also be usefully applied in the present 2D Navier-Stokes leapfrog computational problem.

We first describe the Robert-Asselin-Williams filter (RAW), [45, 46], as it applies to the 

stabilized leapfrog scheme for the forward nonlinear problem with Δ𝑡 > 0, previously 

considered in Eq. (21). With 𝐿𝜔𝑛 ≡ 𝜈Δ𝜔𝑛 −𝑢𝑛𝜔𝑛
𝑥 −𝑣𝑛𝜔𝑛

𝑦 , and

𝜃1 = 𝜔0(𝑥,𝑦), 𝜔1 = 𝜔0(𝑥,𝑦)+Δ𝑡𝐿𝜔0, (57)

this forward problem is defined by

Δ𝜓𝑛 = −𝜔𝑛,

𝜃𝑛+1 = 𝑆𝜔𝑛,

𝜔𝑛+1 = 𝑆𝜃𝑛 +2Δ𝑡𝑆𝐿𝜔𝑛, 𝑛 = 1,2,⋯,𝑁.

(58)

For 𝑛 = 1,2,⋯,𝑁, the forward problem is now modified as follows. With positive constants 

𝜉, 𝜂, where 𝜉 = 0.53, and 0.01 ≤ 𝜂 ≤ 0.2, and with 𝜔1 = 𝜔1, 𝜃1 = 𝜃1,

Δ𝜓𝑛 = −𝜔𝑛,

𝜃𝑛+1 = 𝑆𝜔𝑛,

𝜔𝑛+1 = 𝑆𝜃𝑛 +2Δ𝑡𝑆𝐿𝜔𝑛,

𝜃𝑛+1 = 𝜃𝑛+1 +0.5𝜉𝜂(𝜔𝑛+1 −2𝜃𝑛+1 +𝜃𝑛) ,

𝜔𝑛+1 = 𝜔𝑛+1 −0.5𝜂(1−𝜉)(𝜔𝑛+1 −2𝜃𝑛+1 +𝜃𝑛),

(59)

with the filtered arrays 𝜃𝑛+1, 𝜔𝑛+1, overwriting the unfiltered arrays 𝜃𝑛+1, 𝜔𝑛+1, at each 

time step. With given data 𝑔(𝑥,𝑦) for 𝜔(𝑥,𝑦,𝑇 ) satisfying Eq. (48), and 𝜃1 = 𝑔(𝑥,𝑦), 𝜔1 =
𝑔 + Δ𝑡𝐿𝑔, with Δ𝑡 < 0, the backward problem is modified in exactly the same way. The 

recommended value 𝜉 = 0.53 in [45] is designed to maintain the 𝑂(Δ𝑡)2 accuracy in the 

leapfrog scheme.
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Remark 3. Prior information about the solution is essential in ill-posed inverse problems. 

While accurate values for 𝑀 and 𝛿 in Eq. (48) are seldom known, interactive adjustment 

of the parameter pair (𝛾,𝑝) in Eqs. (18, 19) in the smoothing operator 𝑆, often leads to 

useful reconstructions. This process is similar to the manual tuning of an FM station, or the 

manual focusing of binoculars, and likewise requires user recognition of a correct solution. 

Beginning with small values of 𝛾 and 𝑝, chosen so as not to oversmooth the solution, a 

small number of successive trial reconstructions are performed. Because of the underlying 

explicit marching difference scheme, this can be accomplished in a relatively short time. 

The values of (𝛾,𝑝) are increased slowly if instability is detected, and are likewise decreased 

slowly to increase sharpness, provided no instability results. As is the case with binoculars, 

useful results are generally obtained after relatively few trials. There may be several possible 

good solutions. Typical values of (𝛾,𝑝) lie in the ranges 10−14 ≤ 𝛾 ≤ 10−7, 2.5 ≤ 𝑝 ≤ 3.5. 

7. Nonlinear computational experiments

The stabilized leapfrog scheme, together with RAW filtering, can be successfully applied to 

the full 2D nonlinear Navier-Stokes equations. The computation proceeds along the lines 

outlined in Section 4. At each time step, a multigrid algorithm is applied to the Poisson 

problem Δ𝜓 = −𝜔, with 𝜔 computed at the previous time step. Centered space finite 

differencing is then applied to 𝜓(𝑥,𝑦) to obtain 𝑢(𝑥,𝑦),𝑣(𝑥,𝑦), and to obtain 𝜔 at the next 

time step by solving the diffusion equation.

In each of Figures 2 through 5 below, the leftmost column presents a single preselected 

stream function image, as the same hypothetical data at three distinct increasing values 

of 𝑇 > 0. The middle column presents the corresponding initial value image at 𝑡 = 0, 

computed by the backward marching stabilized leapfrog scheme. Finally, the rightmost 

column, presents the forward evolution to time 𝑇 > 0, of the previously computed initial 

value image immediately to the left.

Evidently, given the same hypothetical stream function data, assimilation becomes less 

successful with increasing preselected 𝑇 > 0. The first row in each of Figures 2 through 5, 

is considered a successful example of 2D Navier-Stokes data assimilation. For each first row, 

the corresponding behavior of the 𝐿2 norms for each of 𝜓(𝑥,𝑦),𝑢(𝑥,𝑦),𝑣(𝑥,𝑦) and 𝜔(𝑥,𝑦), 

in the assimilation process, is described in Tables 2 through 5. An important phenomenon is 

immediately noticeable in each of these tables. The 𝐿2 norm of the evolved stream function 

𝜓(𝑥,𝑦) at time 𝑇, in the rightmost image in each first row, is a close approximation to that 

in the hypothetical stream function in the leftmost image in that same first row. However, 

the 𝐿2 norms of the derivatives of 𝜓(𝑥,𝑦) in the evolved image at time 𝑇 in each first row, 

are substantially smaller than the corresponding 𝐿2 norms in the leftmost hypothetical data 

image. This can be explained by the fact that the evolved image at time 𝑇 is a computed 
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solution to the 2D Navier-Stokes equations. Such a solution would necessarily be a smooth 

approximation to hypothetical data that might be far from an actual solution at the same 

time 𝑇 > 0. Indeed, Figure 6 shows how the stream function data 𝜓(𝑥,𝑦), in the first row 

hypothetical and evolved Hurricane Ivan images, actually compare. The approximating 

evolved data on the right, are noticeably smoother than the hypothetical data on the left.

Finally, it is noteworthy that successful assimilation from a 𝑇 value on the order of 10−4, 

was found possible in the Hurricane Ivan image, given the uncertainty estimates following 

Eq. (12) in Section 3. These estimates indicated a necessary value for 𝑇 on the order of 10−9. 

However, rigorous uncertainty estimates must necessarily contemplate worse case error 

accumulation scenarios, and may be too pessimistic in individual cases. The other examples 

in Tables 2, 3 and 5, also involve significantly larger 𝑇 values than might be anticipated.

8. Concluding Remarks

Along with [19–21], the results in the present paper invite useful scientific debate and 

comparisons, as to whether equally good or better results might be achieved using the 

computational methods described in [1–18]. As an alternative computational approach, 

backward marching stabilized explicit schemes may also be helpful in verifying the validity 

of suspected hallucinations in computations involving machine learning.
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Desired at T=7.5E-4 Computed at t=0 Evolved at t=T

Desired at T=1.25E-3 Computed at t=0 Evolved at t=T

Desired at T=1.75E-3 Computed at t=0 Evolved at t=T

DATA ASSIMILATION IN 2D NAVIER-STOKES EQUATIONS.

.
TWO HURRICANES AT REYNOLDS NUMBER RE=8500.

Figure 2. As hypothetical data at various times 𝑇 > 0, leftmost column features the August 

2016 NASA Suomi NPP Satellite image of hurricanes Madeline and Lester approaching 

Hawaii. Middle column presents the corresponding initial values, obtained by solving the 

2D Navier-Stokes equations backward in time. Rightmost column presents the forward 

evolution to time 𝑇 of these initial values, obtained by solving the same equations forward 

in time. Assimilation is successful if rightmost image is a useful approximation to leftmost 

image.
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Desired at T=6 E-4 Computed at t=0 Evolved at t=T

Desired at T=9 E-4 Computed at t=0 Evolved at t=T

Desired at T=1.2E-3 Computed at t=0 Evolved at t=T

DATA ASSIMILATION IN 2D NAVIER-STOKES EQUATIONS
 VORTEX STREET AT REYNOLDS NUMBER RE=10,500.

Figure 3. As hypothetical data at various times 𝑇 > 0, leftmost column features the 

September 1999 NASA Landsat 7 image of a von Karman vortex street in clouds off the 

Juan Fernandez islands. Middle column presents corresponding initial values, obtained by 

solving the 2D Navier-Stokes equations backward in time. Rightmost column presents the 

forward evolution to time 𝑇 of these initial values, obtained by solving the same equations 

forward in time. Assimilation is successful if rightmost image is a useful approximation to 

leftmost image.
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Desired at T=6E-4      Computed at t=0         Evolved at t=T 

Desired at T=3E-3      Computed at t=0        Evolved at t=T

Desired at T=6E-3      Computed at t=0       Evolved at t=T

DATA ASSIMILATION IN 2D NAVIER-STOKES EQUATIONS
HURRICANE IVAN AT REYNOLDS NUMBER RE=11,100.

Figure 4. As hypothetical data at various times 𝑇 > 0, leftmost column features the 

September 2004 NASA Aqua Satellite image of Hurricane Ivan off Florida coast. Middle 

column presents the corresponding initial values, obtained by solving the 2D Navier-Stokes 

equations backward in time. Rightmost column presents the forward evolution to time 𝑇
of these initial values, obtained by solving the same equations forward in time. 

Assimilation is successful if rightmost image is a useful approximation to leftmost image.
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Desired at T=3E-4

Desired at T=6E-4

Desired at T=9E-4

Computed at t=0

Computed at t=0

Computed at t=0

Evolved at t=T

Evolved at t=T

Evolved at t=T

DATA ASSIMILATION IN 2D NAVIER-STOKES EQUATIONS
     USAF CHART AT REYNOLDS NUMBER RE=11,500.

Figure 5. As hypothetical data at various times 𝑇 > 0, leftmost column features the 1951 

USAF Resolution Chart. Middle column presents the corresponding initial values, obtained 

by solving the 2D Navier-Stokes equations backward in time. Rightmost column presents 

the forward evolution to time 𝑇 of these initial values, obtained by solving the same 

equations forward in time. Assimilation is successful if rightmost image is a useful 

approximation to leftmost image.
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Desired at T=6E-4                       Evolved from t=0 to t= T

Desired at T=6E-4                     Evolved from t=0 to t=T 

 

DATA BEHAVIOR IN HURRICANE IVAN ASSIMILATION

Figure 6. The evolved Hurricane Ivan data and image in the right column, result from a 

computed solution of the Navier-Stokes equations forward in time, and are a smooth 

approximation to the given hypothetical data and image in the left column
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Table 2. Two Hurricanes image at 𝑅𝐸 = 8500 𝐿2-norm behavior in data assimilation from 

hypothetical data at 𝑇 = 7.5𝐸 −4

 Variable  Desired at 𝑇 norm  Computed at 0 norm  Evolved at 𝑇 norm

𝜓  0.294  0.308  0.288

𝑢 = 𝜓𝑦  12.3  20.6  8.5

𝑣 = −𝜓𝑥  12.7  20.4  8.8

𝜔 = −Δ𝜓  14301  13986  3951

Table 3. Vortex Street image at RE=10,500 𝐿2-norm behavior in data assimilation from 

hypothetical data at 𝑇 = 6𝐸 −4

 Variable  Desired at 𝑇 norm  Computed at 0 norm  Evolved at 𝑇 norm

𝜓  0.352  0.351  0.341

𝑢 = 𝜓𝑦  10.0  14.1  7.3

𝑣 = −𝜓𝑥  10.7  15.0  7.9

𝜔 = −Δ𝜓  10815  9579  3492

Table 4. Hurricane Ivan image at RE=11,100 𝐿2-norm behavior in data assimilation from 

hypothetical data at 𝑇 = 6𝐸 −4

 Variable  Desired at 𝑇 norm  Computed at 0 norm  Evolved at 𝑇 norm

𝜓  0.356  0.362  0.350

𝑢 = 𝜓𝑦  13.32  18.21  8.46

𝑣 = −𝜓𝑥  12.89  17.74  7.87

𝜔 = −Δ𝜓  18094  13207  4426

Table 5. USAF Chart image at RE=11,500 𝐿2-norm behavior in data assimilation from 

hypothetical data at 𝑇 = 3𝐸 −4

 Variable  Desired at 𝑇 norm  Computed at 0 norm  Evolved at 𝑇 norm

𝜓  0.263  0.300  0.245

𝑢 = 𝜓𝑦  23.62  27.75  16.93

𝑣 = −𝜓𝑥  21.17  25.25  15.19

𝜔 = −Δ𝜓  15916  15110  7695
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