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Abstract 

In this report, we provide derivations for two equations that serve as the basis for the direct-
comparison system, a transfer apparatus for comparing microwave power sensors. The system 
consists of a synthesizer that provides a signal to the input of a power divider. A monitor power 
sensor is connected to one of the divider’s output ports. During the first portion of the 
measurement, a transfer standard is connected to the other output port of the divider, and the 
indicated powers of the transfer standard and monitor are measured. Next, the transfer standard 
is replaced with an unknown power sensor to be calibrated, and the indicated powers of the 
unknown device and monitor are measured. Utilizing rules governing flow-diagrams for 
scattering-parameters and definitions of delivered power, we derive the effective efficiency of 
an unknown power sensor as a function of the transfer standard’s effective efficiency in 
conjunction with power readings of both sensors and a monitor sensor, as well as reflection 
coefficients of the sensors and the equivalent source reflection coefficient of the power divider. 
Our derivation provides the definition of the equivalent source reflection coefficient. We also 
derive a correction term for the case when an adapter is connected to the transfer standard. 
Finally, we review the most widely-accepted approach for determining the equivalent source 
reflection coefficient of a three-port device, such as a power divider, and provide simplistic 
and comprehensive derivations that demonstrate its independence of the external impedances 
at two of its ports. 
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List of Variables 

 
Variable Definition 

ai, bi Complex, frequency-domain waves at port i 
aS Complex, frequency domain wave emanating from the source 
e00 Directivity error term of one-port VNA 
e11 Port match error term of one-port VNA 

e10e01 Tracking error term of one-port VNA 
PD Delivered power 
PI Incident power 

PMS Measured dc-substituted power of monitor sensor with the 
transfer standard connected 

PMU Measured dc-substituted power of monitor sensor with the 
unknown sensor connected 

Sij Scattering-parameter from port j to port i 
ΓG Equivalent source mismatch of a three-port device 
ΓM Reflection coefficient of the monitor sensor 
ΓS Reflection coefficient of the transfer standard 
ΓU Reflection coefficient of the unknown sensor 
Γ' Measured reflection coefficient 
ηM Effective efficiency of the monitor sensor 
ηS Effective efficiency of the transfer standard 
η'S Effective efficiency of the transfer standard with an adapter 

connected 
ηU Effective efficiency of the unknown sensor 
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 Introduction 

The National Institute of Standards and Technology (NIST) offers calibration services for 
microwave power sensors and provides measurements of effective efficiency and calibration 
factor for thermistor, thermoelectric, and thin-film sensors. In the coaxial environment, 
measurements are implemented for GPC-7, Type-N, 3.5 mm, 2.92 mm, and 2.4 mm connectors 
for frequencies between 100 kHz and 50 GHz. 
 
Although bolometric power sensors characterized by use of calorimeters serve as primary, 
traceable power standards [1], it is impractical to measure most sensors this way due to high 
costs, time constraints, and incompatible sensor designs. Most sensors are either not bolometric 
or do not have thermal properties required for measurements in a calorimeter. Thus, most 
coaxial power calibrations are performed using a direct-comparison approach, in which a test 
sensor is compared with a bolometric transfer standard that has previously been characterized 
by use of a calorimeter [2]. The advantage of this method is that it is based upon commercially-
available, wide-band resistive power dividers, or alternatively directional couplers in 
waveguide environments. The disadvantage is that mismatch corrections must be accounted 
for, so reflection coefficients of every device must be measured by use of a calibrated vector 
network analyzer (VNA). 
 
A simplified schematic of a direct-comparison system is shown in Fig. 1. A synthesizer 
provides a continuous wave (CW) signal to the input port (port 1) of a power divider. A monitor 
power sensor is connected to one of the divider’s output ports (port 3 in this example). During 
the first portion of the measurement, a transfer standard is connected to the other output port 
of the divider (port 2 in this example), and the indicated powers of the transfer standard PS and 
monitor PM are measured as functions of frequency. Next, the transfer standard is replaced with 
an unknown power sensor to be calibrated, and the indicated powers of the unknown device 
PU and monitor PM are measured. 
 
 
 

 
 
Fig. 1. Simplified schematic diagram of a direct-comparison system for power calibration: (a) 
with transfer standard connected to port 2, and (b) with unknown sensor connected to port 2. 
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The effective efficiency of the unknown power sensor ηU can be determined by use of the 
following equation [3]: 
 

𝜂௎ = 𝜂ௌ
𝑃ெௌ

𝑃ெ௎

𝑃௎
𝑃ௌ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤௎|
ଶ)

|1 − 𝛤 𝛤௎|
ଶ

|1 − 𝛤 𝛤ௌ|
ଶ
, (1.1) 

 
where the effective efficiency of the transfer standard ηS is determined by use of a calorimeter. 
The reflection coefficients of the transfer standard ΓS, unknown device ΓU, and monitor sensor 
ΓM are determined by use of a one-port measurement with a calibrated vector network analyzer 
(VNA) [4], and PMS and PMU are the measured dc substituted powers of the monitor sensor 
with the transfer standard and unknown sensor connected, respectively. The equivalent source 
mismatch ΓG is defined in terms of the following calibrated S-parameters of the divider: 
 

𝛤 ≝ 𝑆ଶଶ −
𝑆ଶଵ𝑆ଷଶ
𝑆ଷଵ

, (1.2) 

 
and is measured using the technique presented in [5]. It turns out this term is a byproduct of 
the derivation of Eq. (1.1), as will be shown in the following section. 
 
In this document, we provide derivations for Eq. (1.1) and Eq. (1.2), which serve as the basis 
for the direct-comparison system. In Sec. 2, we derive these two equations, as well as a 
correction term for the case when an adapter is connected to the transfer standard. In Sec. 3, 
we review the most widely-accepted approach for determining the equivalent source reflection 
coefficient of a three-port device, such as a power divider, and provide simplistic and 
comprehensive derivations that demonstrate its independence of the external impedances at 
two of its ports. 
 

 Direct Comparison System 

In this section, we derive the two main equations governing the direct-comparison system for 
power calibration (Eq. (1.1) and Eq. (1.2)). We begin with the scattering-matrix representation 
of a three-port device [6], which represents the divider: 
 

൥

𝑏ଵ
𝑏ଶ
𝑏ଷ

൩ = ൥

𝑆ଵଵ 𝑆ଵଶ 𝑆ଵଷ
𝑆ଶଵ 𝑆ଶଶ 𝑆ଶଷ
𝑆ଷଵ 𝑆ଷଶ 𝑆ଷଷ

൩ ൥

𝑎ଵ
𝑎ଶ
𝑎ଷ
൩ . (2.1) 

 
Here, ai and bi refer to complex, frequency-domain forward and backward waves normalized 
to a 50 Ω reference impedance, and Sij represent the scattering-parameters (S-parameters) 
relating the input at port j to the output at port i. From Eq. (2.1), we can extract the equations 
for waves b2 and b3: 
 

𝑏ଶ = 𝑆ଶଵ𝑎ଵ + 𝑆ଶଶ𝑎ଶ + 𝑆ଶଷ𝑎ଷ (2.2) 
 
and 
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𝑏ଷ = 𝑆ଷଵ𝑎ଵ + 𝑆ଷଶ𝑎ଶ + 𝑆ଷଷ𝑎ଷ. (2.3) 
 
When the transfer standard is connected to port 2 of the divider, as shown in Fig. 1, the waves 
at port 2 are related by  
 

𝑎ଶ = 𝛤ௌ𝑏ଶ, (2.4) 
 
where ΓS is the reflection coefficient of the transfer standard. Likewise, the waves at port 3 are 
related by 
 

𝑎ଷ = 𝛤ெ𝑏ଷ, (2.5) 
 
where ΓM is the reflection coefficient of the monitor sensor. Substituting Eq. (2.4) and Eq. (2.5) 
into Eq. (2.2) and Eq. (2.3) gives 
 

𝑏ଶ = 𝑆ଶଵ𝑎ଵ + 𝑆ଶଶ𝛤ௌ𝑏ଶ + 𝑆ଶଷ𝛤ெ𝑏ଷ (2.6) 
 
and 
 

𝑏ଷ = 𝑆ଷଵ𝑎ଵ + 𝑆ଷଶ𝛤ௌ𝑏ଶ + 𝑆ଷଷ𝛤ெ𝑏ଷ. (2.7) 
 
Solving Eq. (2.6) and Eq. (2.7) in terms of a1 results in 
 

𝑎ଵ =
1

𝑆ଶଵ
(𝑏ଶ − 𝑆ଶଶ𝛤ௌ𝑏ଶ − 𝑆ଶଷ𝛤ெ𝑏ଷ) (2.8) 

 
and 
 

𝑎ଵ =
1

𝑆ଷଵ
(𝑏ଷ − 𝑆ଷଶ𝛤ௌ𝑏ଶ − 𝑆ଷଷ𝛤ெ𝑏ଷ). (2.9) 

 
Equating Eq. (2.8) and Eq. (2.9) gives 
 

𝑆ଷଵ(𝑏ଶ − 𝑆ଶଶ𝛤ௌ𝑏ଶ − 𝑆ଶଷ𝛤ெ𝑏ଷ) = 𝑆ଶଵ(𝑏ଷ − 𝑆ଷଶ𝛤ௌ𝑏ଶ − 𝑆ଷଷ𝛤ெ𝑏ଷ) (2.10) 
 
or alternatively in terms of b2 and b3 
 

𝑏ଶ(𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤ௌ + 𝑆ଶଵ𝑆ଷଶ𝛤ௌ) = 𝑏ଷ(𝑆ଶଵ − 𝑆ଶଵ𝑆ଷଷ𝛤ெ + 𝑆ଷଵ𝑆ଶଷ𝛤ெ). (2.11) 
 
Solving for the ratio of b2 over b3 gives 
 

𝑏ଶ
𝑏ଷ

=
𝑆ଶଵ − 𝑆ଶଵ𝑆ଷଷ𝛤ெ + 𝑆ଷଵ𝑆ଶଷ𝛤ெ
𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤ௌ + 𝑆ଶଵ𝑆ଷଶ𝛤ௌ

. (2.12) 

 
The power delivered to the transfer standard at port 2, PD2, is given by [7] 
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𝑃஽ଶ = |𝑏ଶ|
ଶ − |𝑎ଶ|

ଶ = |𝑏ଶ|
ଶ(1 − |𝛤ௌ|

ଶ), (2.13) 
 
and the power delivered to the monitor sensor at port 3, PD3, is given by 
 

𝑃஽ଷ = |𝑏ଷ|
ଶ − |𝑎ଷ|

ଶ = |𝑏ଷ|
ଶ(1 − |𝛤ெ|

ଶ). (2.14) 
 
Thus, the ratio of Eq. (2.13) and Eq. (2.14) is 
 

𝑃஽ଶ
𝑃஽ଷ

=
|𝑏ଶ|

ଶ

|𝑏ଷ|
ଶ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤ெ|
ଶ)
. (2.15) 

 
Substituting Eq. (2.12) into Eq. (2.15) gives 
 

𝑃஽ଶ
𝑃஽ଷ

=
|𝑆ଶଵ − 𝑆ଶଵ𝑆ଷଷ𝛤ெ + 𝑆ଷଵ𝑆ଶଷ𝛤ெ|

ଶ

|𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤ௌ + 𝑆ଶଵ𝑆ଷଶ𝛤ௌ|
ଶ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤ெ|
ଶ)
. (2.16) 

 
The effective efficiency η of a power sensor is defined as the ratio of the substituted power, 
determined by the electronics of the power meter, over the delivered power. Thus, the effective 
efficiency of the transfer standard ηS is 
 

𝜂ௌ = 𝑃ௌ/𝑃஽ଶ, (2.17) 
 
where PS is the dc substituted power of the transfer standard [8]. Solving for the delivered 
power gives 
 

𝑃஽ଶ = 𝑃ௌ/𝜂ௌ. (2.18) 
 
Likewise, the effective efficiency of the monitor sensor ηM is 
 

𝜂ெ = 𝑃ெௌ/𝑃஽ଷ, (2.19) 
 
where PMS is the dc substituted power of the monitor sensor when the transfer standard is 
connected to port 2. Solving for the delivered power gives 
 

𝑃஽ଷ = 𝑃ெௌ/𝜂ெ . (2.20) 
 
Substituting Eq. (2.18) and Eq. (2.20) into Eq. (2.16) gives 
 

𝑃ௌ/𝜂ௌ
𝑃ெௌ/𝜂ெ

=
|𝑆ଶଵ − 𝑆ଶଵ𝑆ଷଷ𝛤ெ + 𝑆ଷଵ𝑆ଶଷ𝛤ெ|

ଶ

|𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤ௌ + 𝑆ଶଵ𝑆ଷଶ𝛤ௌ|
ଶ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤ெ|
ଶ)
. (2.21) 

 
A similar equation may be obtained when the unknown device is connected to port 2: 
 

𝑃௎/𝜂௎
𝑃ெ௎/𝜂ெ

=
|𝑆ଶଵ − 𝑆ଶଵ𝑆ଷଷ𝛤ெ + 𝑆ଷଵ𝑆ଶଷ𝛤ெ|

ଶ

|𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤௎ + 𝑆ଶଵ𝑆ଷଶ𝛤௎|
ଶ

(1 − |𝛤௎|
ଶ)

(1 − |𝛤ெ|
ଶ)
, (2.22) 
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where PU is the dc substituted power of the unknown device, PMU is the dc substituted power 
of the monitor sensor when the unknown device is connected to port 2, ηU is the effective 
efficiency of the unknown device, and ΓU is the reflection coefficient of the unknown device.  
 
The ratio of Eq. (2.21) to Eq. (2.22) is 
 

(𝑃ௌ/𝜂ௌ)(𝑃ெ௎/𝜂ெ)

(𝑃ெௌ/𝜂ெ)(𝑃௎/𝜂௎)
=
|𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤௎ + 𝑆ଶଵ𝑆ଷଶ𝛤௎|

ଶ

|𝑆ଷଵ − 𝑆ଶଶ𝑆ଷଵ𝛤ௌ + 𝑆ଶଵ𝑆ଷଶ𝛤ௌ|
ଶ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤௎|
ଶ)
. (2.23) 

 
Solving for the effective efficiency of the unknown device gives 
 

𝜂௎ = 𝜂ௌ
𝑃ெௌ

𝑃ெ௎

𝑃௎
𝑃ௌ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤௎|
ଶ)

|1 − (𝑆ଶଶ − 𝑆ଶଵ𝑆ଷଶ/𝑆ଷଵ)𝛤௎|
ଶ

|1 − (𝑆ଶଶ − 𝑆ଶଵ𝑆ଷଶ/𝑆ଷଵ)𝛤ௌ|
ଶ
, (2.24) 

 
where ΓG may be defined as [9] 
 

𝛤 ≝ 𝑆ଶଶ −
𝑆ଶଵ𝑆ଷଶ
𝑆ଷଵ

. (2.25) 

 
This term is commonly referred to as the equivalent source mismatch [10]. Equation Eq. (2.24) 
can then be rewritten as  
 

𝜂௎ = 𝜂ௌ
𝑃ெௌ

𝑃ெ௎

𝑃௎
𝑃ௌ

(1 − |𝛤ௌ|
ଶ)

(1 − |𝛤௎|
ଶ)

|1 − 𝛤 𝛤௎|
ଶ

|1 − 𝛤 𝛤ௌ|
ଶ
. (2.26) 

 
Equations Eq. (2.25) and Eq. (2.26) provide the basis of the direct-comparison system for 
power calibration. 
 
2.1. Adapter Correction 
 
Oftentimes, during the calibration of a power sensor, an adapter is required to make a 
connection between the transfer standard and the divider [11, 12], as illustrated in Fig. 2. This 
requires corrections be made to the reflection coefficient ΓS and effective efficiency ηS to 
account for the S-parameters of the adapter. In this subsection, we derive equations for the 
corrected values, Γ'S and η'S. The waves at port 1 of the adapter are related by 
 

𝑏ଵ = 𝛤ௌ
ᇱ𝑎ଵ. (2.27) 

 
Next, solving for b1 and b2, illustrated in the flow diagram of Fig. 2, gives  
 

𝑏ଵ = 𝑆ଵଵ
஺ 𝑎ଵ + 𝑆ଵଶ

஺ 𝑎ଶ (2.28) 
 
and 
 

𝑏ଶ = 𝑆ଶଵ
஺ 𝑎ଵ + 𝑆ଶଶ

஺ 𝑎ଶ. (2.29) 
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The waves at port 2 of the adapter are related by 
 

𝑎ଶ = 𝛤ௌ𝑏ଶ. (2.30) 
 
Substituting Eq. (2.30) into Eq. (2.29) gives 
 

𝑎ଶ/𝛤ௌ = 𝑆ଶଵ
஺ 𝑎ଵ + 𝑆ଶଶ

஺ 𝑎ଶ (2.31) 
 
or 
 

𝑎ଶ =
𝑆ଶଵ
஺ 𝛤ௌ𝑎ଵ

1 − 𝑆ଶଶ
஺ 𝛤ௌ

(2.32) 

 
Substituting Eq. (2.32) into Eq. (2.28) gives 
 

𝑏ଵ = 𝑆ଵଵ
஺ 𝑎ଵ +

𝑆ଵଶ
஺ 𝑆ଶଵ

஺ 𝛤ௌ𝑎ଵ

1 − 𝑆ଶଶ
஺ 𝛤ௌ

. (2.33) 

 
Dividing both sides of Eq. (2.33) by a1 and substituting the result into Eq. (2.27) gives the 
corrected value of Γ'S, the reflection coefficient of the adapter terminated with the transfer 
standard: 
 
 
 

 
 
 
Fig. 2. The upper portion depicts an adapter connected to the transfer standard, and the lower 
portion depicts the flow diagram including reflection coefficients and S-parameters of the 
adapter. 
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ᇱ
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ᇱ
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𝛤ௌ
ᇱ = 𝑆ଵଵ

஺ +
𝑆ଵଶ
஺ 𝑆ଶଵ

஺ 𝛤ௌ

1 − 𝑆ଶଶ
஺ 𝛤ௌ

. (2.34) 

 
Next, we solve for the corrected value of η'S, the effective efficiency of the adapter terminated 
with the transfer standard. We begin by substituting Eq. (2.30) into Eq. (2.29) and solving for 
b2, which gives 
 

𝑏ଶ =
𝑆ଶଵ
஺

1 − 𝑆ଶଶ
஺ 𝛤ௌ

𝑎ଵ (2.35) 

 
The power incident on the adapter at port 1, P'I, is given by [7] 
 

𝑃ூ
ᇱ = |𝑎ଵ|

ଶ. (2.36) 
 
The power delivered to the adapter at port 1, P'D, is given by 
 

𝑃஽
ᇱ = 𝑃ூ

ᇱ(1 − |𝛤ௌ
ᇱ|ଶ) = |𝑎ଵ|

ଶ(1 − |𝛤ௌ
ᇱ|ଶ). (2.37) 

 
The power incident on the transfer standard at port 2, PI, is given by 
 

𝑃ூ = |𝑏ଶ|
ଶ. (2.38) 

 
Substituting Eq. (2.35) into Eq. (2.38) gives 
 

𝑃ூ =
|𝑆ଶଵ

஺ |ଶ|𝑎ଵ|
ଶ

|1 − 𝑆ଶଶ
஺ 𝛤ௌ|

ଶ
. (2.39) 

 
The power delivered to the transfer standard at port 2, PD, is given by 
 

𝑃஽ = 𝑃ூ(1 − |𝛤ௌ|
ଶ) =

|𝑆ଶଵ
஺ |ଶ|𝑎ଵ|

ଶ

|1 − 𝑆ଶଶ
஺ 𝛤ௌ|

ଶ
(1 − |𝛤ௌ|

ଶ). (2.40) 

 
As mentioned in Sec. 2, the effective efficiency of a power sensor is defined as the ratio of the 
substituted power over the delivered power. Thus, the effective efficiency of the transfer 
standard at port 2, denoted as ηS, is given by 
 

𝜂ௌ =
𝑃஽஼
𝑃஽

, (2.41) 

 
and the effective efficiency at port 1, denoted as η'S, is given by 
 

𝜂ௌ
ᇱ =

𝑃஽஼
𝑃஽
ᇱ . (2.42) 

 
Solving Eq. (2.41) and Eq. (2.42) for PDC and equating them gives 
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𝜂ௌ
ᇱ𝑃஽

ᇱ = 𝜂ௌ𝑃஽ . (2.43) 
 
Solving Eq. (2.43) for η'S gives 
 

𝜂ௌ
ᇱ = 𝜂ௌ

𝑃஽
𝑃஽
ᇱ . (2.44) 

 
Substituting Eq. (2.37) and Eq. (2.40) into Eq. (2.44) allows us to solve for the corrected value 
of η'S, the effective efficiency of the adapter terminated with the transfer standard as a function 
of ηS, ΓS, Γ'S, and the S-parameters of the adapter: 
 

𝜂ௌ
ᇱ = 𝜂ௌ

1 − |𝛤ௌ|
ଶ

1 − |𝛤ௌ
ᇱ|ଶ

|𝑆ଶଵ
஺ |ଶ

|1 − 𝑆ଶଶ
஺ 𝛤ௌ|

ଶ
. (2.45) 

 
Equation (2.45) is identical to that presented in [12]. 
 
An alternative formulation, which has been historically used internally at NIST, can be written 
as the effective efficiency of the transfer standard ηS as a function of η'S, ΓS, and the S-
parameters of the adapter. This may be accomplished by substituting Eq. (2.34) into Eq. (2.45) 
and solving for ηS, which gives 
 

𝜂ௌ = 𝜂ௌ
ᇱ
[|1 − 𝑆ଶଶ

஺ 𝛤ௌ|
ଶ − |(𝑆ଵଶ

஺ 𝑆ଶଵ
஺ − 𝑆ଵଵ

஺ 𝑆ଶଶ
஺ )𝛤ௌ + 𝑆ଵଵ

஺ |ଶ]

|𝑆ଶଵ
஺ |ଶ(1 − |𝛤ௌ|

ଶ)
. (2.46) 

 
In this section, we have derived the two equations, Eq. (2.25) and Eq. (2.26), that serve as the 
basis for the direct-comparison system, as well as a correction term, alternatively Eq. (2.45) or 
Eq. (2.46), for the case when an adapter is connected to the transfer standard. 
 

 Equivalent Source Mismatch 

From Eq. (2.25), we can see that the equivalent source mismatch is exclusively a function of 
the S-parameters of the power divider and invariant of the signal generator and power sensors 
connected to it. Although various techniques have been developed to determine this quantity, 
the most widely-accepted approach is the method developed by Juroshek [5], which makes use 
of a one-port VNA calibration. 
 
In Sec. 3.1, we review this method. Then, in the following sections, we provide simplistic and 
comprehensive derivations.  
 
3.1. One-Port Error Model 
 
The upper portion of Fig. 3 illustrates a simplified diagram of a one-port VNA, which consists 
of a signal generator, two directional couplers connected back-to-back, and an unknown one-
port device. Since the measurement system is not perfect, the reflection coefficient measured 
by the VNA must be corrected with a calibration. Imperfections in the VNA are modeled by 
taking the linear errors and combining them into a two-port error box between the couplers and 
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the unknown one-port device. Since ratio measurements are taken, only three terms are 
required. The lower portion of Fig. 3 shows the flow graph of the two-port error box connected 
to the unknown reflection coefficient. The measured reflection coefficient, Γ', is 
mathematically related to the actual reflection coefficient, Γ, by three error terms: directivity 
e00, port match e11, and tracking e10e01. These three terms can be determined with 
measurements of three known calibrations artifacts such as an open, short, and load.  
 
Solving the one-port flow graph in Fig. 3 results in a bilinear relationship between the measured 
reflection coefficient 
 

𝛤ᇱ = 𝑏଴/𝑎଴ (3.1) 
 
and the actual reflection coefficient  
 

𝛤 =
𝑎ଵ
𝑏ଵ

=
(𝑏଴/𝑎଴) − 𝑒଴଴
(𝑏଴/𝑎଴)𝑒ଵଵ − 𝛥௘

=
𝛤ᇱ − 𝑒଴଴
𝛤ᇱ𝑒ଵଵ − 𝛥௘

, (3.2) 

 
where 
 

𝛥௘ = 𝑒଴଴𝑒ଵଵ − 𝑒ଵ଴𝑒଴ଵ. (3.3) 
 
For the one-port VNA, e11 is analogous to ΓG of the incident coupler (measuring a0). 
 
 
 

 
 
Fig. 3. The upper portion depicts a simplified diagram of a port VNA, and the lower portion 
depicts the flow diagram including the two-port error box that relates the measured reflection 
coefficient, Γ', to the actual reflection coefficient, Γ. 
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𝛤ᇱ

Error
Box
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𝑏଴

DUT
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𝑏଴ 𝑎଴



 
 

10 

T
his p

u
blica

tion
 is ava

ila
b

le
 free

 o
f ch

arg
e

 from
: h

ttps://d
oi.o

rg
/1

0
.6

0
28

/N
IS

T
.T

N
.2

07
9

 
 

Similarly, the scattering-parameters of a three-port device may be measured using a two-port 
VNA with the same technique [5]. Figure 4 illustrates such a setup, where the two-port VNA 
is connected to ports 1 and 3 of the divider, respectively. 
 
In this configuration, b'1 is a linear function of the signal reflected from port 1 of the divider 
and b'3 is a linear function of the signal reflected from port 3. Thus, as in Eq. (3.2), the actual 
reflection coefficient is 
 

𝛤 =
𝑏ଶ
𝑎ଶ

=
(𝑏ଵ

ᇱ/𝑏ଷ
ᇱ ) − 𝑒଴଴

(𝑏ଵ
ᇱ/𝑏ଷ

ᇱ )𝑒ଵଵ − 𝛥௘
(3.4) 

 
or 
 

𝛤 =
𝑏ଶ
𝑎ଶ

=
𝛤ᇱ − 𝑒଴଴
𝛤ᇱ𝛤 − 𝛥௘

, (3.5) 

 
where 
 

𝛤ᇱ = 𝑏ଵ
ᇱ/𝑏ଷ

ᇱ . (3.6) 
 
Equation (3.5) can be solved by connecting three devices with known values of reflection 
coefficients to port 2 of the divider, where ΓG is the only term of interest, although e00 and Δe 
are also unknowns that can be determined. 
 
 
 

 
 
Fig. 4. Simplified diagram for measuring the equivalent source mismatch of a three-port 
device, such as a power divider, with a two-port VNA. 

𝑏ଵ
ᇱ 𝑎ଵ

ᇱ 𝑎ଷ
ᇱ 𝑏ଷ

ᇱ

Divider

𝑎ଷ

𝑏ଷ

𝑎ଶ

𝑏ଶ

𝛤

𝑎ଵ𝑏ଵ

VNA
Port 2Port 1
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Juroshek [5] summarizes the take-away from this method as: 
 

“It is important to realize that devices with loss and/or reflection can be 
connected to either port 1 or port 3 of the coupler [in our case, divider] without 
changing ΓG assuming that the noise does not increase significantly due to the 
finite dynamic range of the VNA that measures b'1 and b'3. For example, an 
adapter with reasonable losses and reflections can be connected to port 1 
without changing ΓG because the same change occurs in both S13 and S12 and, 
therefore, cancels out when the ratio is taken in Equation 3 [in our case (2.25)]. 
The same outcome is true for port 3. However, the outcome will be different for 
port 2 and any such connection will affect ΓG directly. Thus, it is not important 
where b'1 and b'3 are measured as long as the dynamic range of the VNA is 
sufficient to measure them with the accuracy desired.” 

 
3.2. Simplistic Derivation 
 
In this section, we derive Eq. (3.5) and Eq. (2.25) using a simplistic model consisting of a 
three-port device, where ports 1 and 3 are well-matched such that Γ1 and Γ3 are zero, as shown 
in Fig. 5. 
 
We begin with the scattering-matrix representation of a three-port device, which represents the 
divider: 
 

൥

𝑏ଵ
𝑏ଶ
𝑏ଷ

൩ = ൥

𝑆ଵଵ 𝑆ଵଶ 𝑆ଵଷ
𝑆ଶଵ 𝑆ଶଶ 𝑆ଶଷ
𝑆ଷଵ 𝑆ଷଶ 𝑆ଷଷ

൩ ൥

𝑎ଵ
𝑎ଶ
𝑎ଷ
൩ . (3.7) 

 
 
 
 

 
Fig. 5. Diagram a three-port device used in the simplistic derivation. 

Divider

𝑎ଵ

𝑏ଵ

𝑎ଷ
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𝛤ଷ= 0

𝑎ௌ
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As in the previous section, our measured reflection coefficient is 
 

𝛤ᇱ = 𝑏ଵ/𝑏ଷ. (3.8) 
 
Next, we assume the termination on port 3 is well-matched such that a3 is equal to zero. From 
(3.7), we can extract the equations for the b waves: 
  

𝑏ଵ = 𝑆ଵଵ𝑎ଵ + 𝑆ଵଶ𝑎ଶ, (3.9) 
 

𝑏ଶ = 𝑆ଶଵ𝑎ଵ + 𝑆ଶଶ𝑎ଶ, (3.10) 
 
and 
 

𝑏ଷ = 𝑆ଷଵ𝑎ଵ + 𝑆ଷଶ𝑎ଶ. (3.11) 
 
Solving Eq. (3.10) for Γ2 gives 
 

𝛤ଶ =
𝑎ଶ
𝑏ଶ

=
𝑎ଶ

𝑆ଶଵ𝑎ଵ + 𝑆ଶଶ𝑎ଶ
=

1

𝑆ଶଵ(𝑎ଵ/𝑎ଶ) + 𝑆ଶଶ
. (3.12) 

 
Taking the ratios of Eq. (3.9) and Eq. (3.11) gives Γ' : 
 

𝛤ᇱ =
𝑏ଵ
𝑏ଷ

=
𝑆ଵଵ𝑎ଵ + 𝑆ଵଶ𝑎ଶ
𝑆ଷଵ𝑎ଵ + 𝑆ଷଶ𝑎ଶ

(3.13) 

 
or 
 

𝛤ᇱ =
𝑆ଵଵ(𝑎ଵ/𝑎ଶ) + 𝑆ଵଶ
𝑆ଷଵ(𝑎ଵ/𝑎ଶ) + 𝑆ଷଶ

. (3.14) 

 
Multiplying both sides of Eq. (3.14) by the denominator of the right-hand side of the equation 
gives 
 

𝑆ଵଵ(𝑎ଵ/𝑎ଶ) + 𝑆ଵଶ = 𝛤ᇱ𝑆ଷଵ(𝑎ଵ/𝑎ଶ) + 𝛤ᇱ𝑆ଷଶ, (3.15) 
 
and solving for a1/a2 gives  
 

𝑎ଵ
𝑎ଶ

=
𝛤ᇱ𝑆ଷଶ − 𝑆ଵଶ
𝑆ଵଵ − 𝛤ᇱ𝑆ଷଵ

. (3.16) 

 
Substituting Eq. (3.16) into Eq. (3.12) gives 
 

𝛤ଶ =
1

𝑆ଶଵ ቀ
𝛤ᇱ𝑆ଷଶ − 𝑆ଵଶ
𝑆ଵଵ − 𝛤ᇱ𝑆ଷଵ

ቁ + 𝑆ଶଶ

(3.17) 
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or 
 

𝛤ଶ =
𝛤ᇱ − 𝑆ଵଵ/𝑆ଷଵ

𝛤ᇱ ቀ𝑆ଶଶ −
𝑆ଶଵ𝑆ଷଶ
𝑆ଷଵ

ቁ −
1
𝑆ଷଵ

(𝑆ଵଵ𝑆ଶଶ − 𝑆ଵଶ𝑆ଶଵ)
. (3.18) 

 
Equation (3.18) can be written as 
 

𝛤ଶ =
𝛤ᇱ − 𝑒଴଴
𝛤ᇱ𝛤 − 𝛥௘

, (3.19) 

 
where, 
 

𝑒଴଴ =
𝑆ଵଵ
𝑆ଷଵ

, (3.20) 

 

𝛥௘ =
1

𝑆ଷଵ
(𝑆ଵଵ𝑆ଶଶ − 𝑆ଵଶ𝑆ଶଵ), (3.21) 

 
and 
 

𝛤 = 𝑆ଶଶ −
𝑆ଶଵ𝑆ଷଶ
𝑆ଷଵ

. (3.22) 

 
Equation (3.19) is identical to Eq. (3.5), and Eq. (3.22) is the same as Eq. (2.25). 
 
3.3. Comprehensive Derivation 
 
In this section, we derive Eq. (3.5) and Eq. (2.25) using a comprehensive model consisting of 
a three-port device, as shown in Fig. 6, where we explicitly include the reflection coefficients 
at ports 1 and 3. 
 
Here, we utilize matrix notation (shown in bold type) to help simplify the math. We begin by 
expressing the b-waves in terms of the scattering matrix of the divider multiplied by the a-
waves: 
 

𝒃 = 𝑺𝒂. (3.23) 
 
The a-waves can be expressed as functions of the reflection coefficients multiplied by the b-
waves plus the contribution of the source: 
 

𝒂 = 𝜞𝒃 + 𝒂𝑺. (3.24) 
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Substituting Eq. (3.24) into Eq. (3.23) gives 
 

𝒃 = 𝑺(𝜞𝒃 + 𝒂𝑺), (3.25) 
 
or 
 

𝒃 = 𝑺𝜞𝒃 + 𝑺𝒂𝑺. (3.26) 
 
Solving for b gives 
 

𝒃 = (𝑰 − 𝑺𝜞)ିଵ𝑺𝒂𝑺, (3.27) 
 
where 

𝒂𝑺 = ቈ
𝑎ௌଵ
0
0
቉ . (3.28) 

 
The product Sas is 
 

𝑺𝒂𝑺 = ൥

𝑆ଵଵ 𝑆ଵଶ 𝑆ଵଷ
𝑆ଶଵ 𝑆ଶଶ 𝑆ଶଷ
𝑆ଷଵ 𝑆ଷଶ 𝑆ଷଷ

൩ ቈ
𝑎ௌଵ
0
0
቉ = ൥

𝑆ଵଵ𝑎ௌଵ
𝑆ଶଵ𝑎ௌଵ
𝑆ଷଵ𝑎ௌଵ

൩ , (3.29) 

 
and the product SΓ is 
 

𝑺𝜞 = ൥

𝑆ଵଵ 𝑆ଵଶ 𝑆ଵଷ
𝑆ଶଵ 𝑆ଶଶ 𝑆ଶଷ
𝑆ଷଵ 𝑆ଷଶ 𝑆ଷଷ

൩ ൥

𝛤ଵ 0 0
0 𝛤ଶ 0
0 0 𝛤ଷ

൩ = ൥

𝛤ଵ𝑆ଵଵ 𝛤ଶ𝑆ଵଶ 𝛤ଷ𝑆ଵଷ
𝛤ଵ𝑆ଶଵ 𝛤ଶ𝑆ଶଶ 𝛤ଷ𝑆ଶଷ
𝛤ଵ𝑆ଷଵ 𝛤ଶ𝑆ଷଶ 𝛤ଷ𝑆ଷଷ

൩ , (3.30) 

 
where the off-diagonal elements of the Γ matrix are zero since there are no cross-port 
reflections. 
 

 
 

Fig. 6. Diagram a three-port device used in the comprehensive derivation. 
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The term I – SΓ is 
 

𝑰 − 𝑺𝜞 = ൥

1 − 𝛤ଵ𝑆ଵଵ −𝛤ଶ𝑆ଵଶ −𝛤ଷ𝑆ଵଷ
−𝛤ଵ𝑆ଶଵ 1 − 𝛤ଶ𝑆ଶଶ −𝛤ଷ𝑆ଶଷ
−𝛤ଵ𝑆ଷଵ −𝛤ଶ𝑆ଷଶ 1 − 𝛤ଷ𝑆ଷଷ

൩ . (3.31) 

 
Substituting Eq. (3.29) and Eq. (3.31) into Eq. (3.27) gives 
 

൥

𝑏ଵ
𝑏ଶ
𝑏ଷ

൩ = ൥

1 − 𝛤ଵ𝑆ଵଵ −𝛤ଶ𝑆ଵଶ −𝛤ଷ𝑆ଵଷ
−𝛤ଵ𝑆ଶଵ 1 − 𝛤ଶ𝑆ଶଶ −𝛤ଷ𝑆ଶଷ
−𝛤ଵ𝑆ଷଵ −𝛤ଶ𝑆ଷଶ 1 − 𝛤ଷ𝑆ଷଷ

൩

ିଵ

൥

𝑆ଵଵ𝑎ௌଵ
𝑆ଶଵ𝑎ௌଵ
𝑆ଷଵ𝑎ௌଵ

൩ , (3.32) 

 
where we define A as 
 

𝑨 = ൥

1 − 𝛤ଵ𝑆ଵଵ −𝛤ଶ𝑆ଵଶ −𝛤ଷ𝑆ଵଷ
−𝛤ଵ𝑆ଶଵ 1 − 𝛤ଶ𝑆ଶଶ −𝛤ଷ𝑆ଶଷ
−𝛤ଵ𝑆ଷଵ −𝛤ଶ𝑆ଷଶ 1 − 𝛤ଷ𝑆ଷଷ

൩ . (3.33) 

 
We can determine the following cofactors of A as 
 

cof(𝐴ଵଵ) = (1 − 𝛤ଶ𝑆ଶଶ)(1 − 𝛤ଷ𝑆ଷଷ) − 𝛤ଶ𝛤ଷ𝑆ଶଷ𝑆ଷଶ, (3.34) 
 

cof(𝐴ଶଵ) = 𝛤ଶ𝑆ଵଶ(1 − 𝛤ଷ𝑆ଷଷ) + 𝛤ଶ𝛤ଷ𝑆ଵଷ𝑆ଷଶ, (3.35) 
 

cof(𝐴ଷଵ) = 𝛤ଶ𝛤ଷ𝑆ଵଶ𝑆ଶଷ + 𝛤ଷ𝑆ଵଷ(1 − 𝛤ଶ𝑆ଶଶ), (3.36) 
 

cof(𝐴ଵଷ) = 𝛤ଵ𝛤ଶ𝑆ଶଵ𝑆ଷଶ + 𝛤ଵ𝑆ଷଵ(1 − 𝛤ଶ𝑆ଶଶ), (3.37) 
 

cof(𝐴ଶଷ) = 𝛤ଶ𝑆ଷଶ(1 − 𝛤ଵ𝑆ଵଵ) + 𝛤ଵ𝛤ଶ𝑆ଵଶ𝑆ଷଵ, (3.38) 
 
and 
 

cof(𝐴ଷଷ) = (1 − 𝛤ଵ𝑆ଵଵ)(1 − 𝛤ଶ𝑆ଶଶ) − 𝛤ଵ𝛤ଶ𝑆ଵଶ𝑆ଶଵ. (3.39) 
 
The terms b1 and b3 in Eq. (3.32) can then be extracted as  
 

𝑏ଵ =
1

det(𝐴)
[𝑆ଵଵcof(𝐴ଵଵ) + 𝑆ଶଵcof(𝐴ଶଵ)+𝑆ଷଵcof(𝐴ଷଵ)]𝑎ௌଵ (3.40) 

 
and 
 

𝑏ଷ =
1

det(𝐴)
[𝑆ଵଵcof(𝐴ଵଷ) + 𝑆ଶଵcof(𝐴ଶଷ)+𝑆ଷଵcof(𝐴ଷଷ)]𝑎ௌଵ. (3.41) 

 
The measured reflection coefficient Γ' is the ratio of b1 and b3: 
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𝛤ᇱ =
𝑏ଵ
𝑏ଷ

=
𝑆ଵଵcof(𝐴ଵଵ) + 𝑆ଶଵcof(𝐴ଶଵ)+𝑆ଷଵcof(𝐴ଷଵ)

𝑆ଵଵcof(𝐴ଵଷ) + 𝑆ଶଵcof(𝐴ଶଷ)+𝑆ଷଵcof(𝐴ଷଷ)
. (3.42) 

 
Substituting Eqs. (3.34-3.39) into Eq. (3.42) gives 
 

𝛤ᇱ =

ቐ

𝑆ଵଵ[(1 − 𝛤ଶ𝑆ଶଶ)(1 − 𝛤ଷ𝑆ଷଷ) − 𝛤ଶ𝛤ଷ𝑆ଶଷ𝑆ଷଶ]

+𝑆ଶଵ[𝛤ଶ𝑆ଵଶ(1 − 𝛤ଷ𝑆ଷଷ) + 𝛤ଶ𝛤ଷ𝑆ଵଷ𝑆ଷଶ]

+𝑆ଷଵ[𝛤ଶ𝛤ଷ𝑆ଵଶ𝑆ଶଷ + 𝛤ଷ𝑆ଵଷ(1 − 𝛤ଶ𝑆ଶଶ)]
ቑ

ቐ

𝑆ଵଵ[𝛤ଵ𝛤ଶ𝑆ଶଵ𝑆ଷଶ + 𝛤ଵ𝑆ଷଵ(1 − 𝛤ଶ𝑆ଶଶ)]

+𝑆ଶଵ[𝛤ଶ𝑆ଷଶ(1 − 𝛤ଵ𝑆ଵଵ) + 𝛤ଵ𝛤ଶ𝑆ଵଶ𝑆ଷଵ]

+𝑆ଷଵ[(1 − 𝛤ଵ𝑆ଵଵ)(1 − 𝛤ଶ𝑆ଶଶ) − 𝛤ଵ𝛤ଶ𝑆ଵଶ𝑆ଶଵ]
ቑ

. (3.43) 

 
Equation (3.43) can be expressed as 
 

𝛤ᇱ =
𝛼𝛤ଶ + 𝛽

𝛾𝛤ଶ + 𝜃
, (3.44) 

 
where 
 

𝛼 = (𝑆ଵଶ𝑆ଶଵ − 𝑆ଵଵ𝑆ଶଶ) + 𝛤ଷ ൬
𝑆ଵଵ𝑆ଶଶ𝑆ଷଷ − 𝑆ଵଵ𝑆ଶଷ𝑆ଷଶ − 𝑆ଵଶ𝑆ଶଵ𝑆ଷଷ
+𝑆ଵଶ𝑆ଶଷ𝑆ଷଵ + 𝑆ଵଷ𝑆ଶଵ𝑆ଷଶ − 𝑆ଵଷ𝑆ଶଶ𝑆ଷଵ

൰ , (3.45) 

 
𝛽 = 𝑆ଵଵ + 𝛤ଷ(𝑆ଵଷ𝑆ଷଵ − 𝑆ଵଵ𝑆ଷଷ), (3.46) 

 
𝛾 = 𝑆ଶଵ𝑆ଷଶ − 𝑆ଶଶ𝑆ଷଵ, (3.47) 

 
and 
 

𝜃 = 𝑆ଷଵ. (3.48) 
 
Equation (3.44) can be rearranged as 
 

𝛤ଶ =
𝛤ᇱ − ൬

𝛽
𝜃
൰

𝛤ᇱ ቀ−
𝛾
𝜃
ቁ − ቀ

𝛼
𝜃
ቁ
. (3.49) 

 
Comparing Eq. (3.49) with Eq. (3.19), we see that the equivalent source mismatch term ΓG is 
 

𝛤 = −
𝛾

𝜃
. (3.50) 

 
Substituting Eq. (3.47) and Eq. (3.48) into Eq. (3.50) gives 
 

𝛤 = −
𝑆ଶଵ𝑆ଷଶ − 𝑆ଶଶ𝑆ଷଵ

𝑆ଷଵ
, (3.51) 
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or 
 

𝛤 = 𝑆ଶଶ −
𝑆ଶଵ𝑆ଷଶ
𝑆ଷଵ

. (3.52) 

 
Equation (3.52) is identical to Eq. (3.22). From this comprehensive derivation, we can see that 
ΓG is independent of Γ1 and Γ3. This result is consistent with Juroshek’s conclusion [5]. 
 

 Conclusions 

 
We have provided derivations for the equations that govern the direct-comparison system 
utilizing scattering-parameter flow diagrams and power definitions. Additionally, we specified 
a correction term for the case when an adapter is connected to the known power sensor. Finally, 
we reviewed the most widely-accepted approach for determining the equivalent source 
reflection coefficient of a three-port device, such as a power divider, and provided derivations 
that demonstrate its independence of external impedance mismatches at two of its ports. 
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