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Abstract 

Many older certified reference materials have Certificates of Analysis that do not fully comply 
with ISO Guide 31, Reference Materials – Contents of Certificates, Labels, and Accompanying 
Documentation.  This applies to many NIST Standard Reference Materials (SRM) that have 
published uncertainty estimates not compliant with the Guide to the Expression of Uncertainty 
in Measurement (GUM) or have no uncertainty estimates at all.  When older certification 
records are sparse and insufficient data are available for a full, modern, statistical analysis, it 
can be useful to apply the concept of the Horwitz formula relating measurement uncertainty to 
constituent mass fraction across a population of results from a variety of test methods.  Because 
the quality inherent in results obtained during SRM development projects is likely better than 
the quality of at least some data used by Horwitz to derive the published relationship, it is 
sensible to retune the concept, using a large set of results from NIST SRM projects.  This 
approach is described with examples provided, and its utility is discussed in comparison to and 
in combination with alternative approaches such as Type A evaluation using Student’s t 
coverage intervals and a Bayesian procedure.  A six-step process is defined to tackle a variety 
of situations encountered with older SRMs.  NIST is applying this approach to upgrade 
numerous certificates for metals, ores and related materials. 
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 Introduction 

From about 1955 to 1975, some Standard Reference Materials (SRM) were issued with 
Certificates of Analysis that published all measured results for the constituents of interest.  
Most of these certificates are for alloys, and most show a summary value for each constituent 
in the form of an Average (or Grand Average) of the measured results or a Recommended 
Value like the average, but of unknown derivation.  Rarely do these certificates include 
estimates of uncertainty accompanying the average or recommended value.  When there are 
estimates of uncertainty, they are the standard deviation of the laboratory means, or they are 
of unknown derivation and often described as based on judgement.  In this paper, the subject 
SRMs include alloys of steel, aluminum, tin, lead, copper, zinc, cast iron, iron ores, ferroalloys, 
and silica brick.  In the SRM catalog, there were 48 SRMs with this type of certificate as of 
January 2015.  Since that time, eight SRMs have been discontinued for lack of demand or 
because the supply has been depleted.  However, the remaining such SRMs include a few that 
sell 10 units to 60 units per year, showing that some older SRMs remain relevant to modern 
chemical metrology.  It may be that upgrading more certificates will improve the utility of 
other SRMs in this population, if defensible uncertainty estimates can be obtained. 

For six such SRMs, the values have been revised, uncertainty estimates have been calculated, 
and new Certificates of Analysis have been prepared that comply with ISO Guide 31, 
Reference Materials – Contents of Certificates, Labels, and Accompanying Documentation 
requirements [1].  We believe the new estimates of uncertainty conform to the ISO Guide to 
the Expression of Uncertainty in Measurement (GUM) [2], and this paper presents the case 
that the Horwitz Retuned approach is both appropriate in the face of these requirements and 
reasonable in view of the applications to which SRM users apply these materials.  By 
essentially giving these older SRMs new life, this approach preserves hundreds of thousands 
of dollars-worth of certified reference materials for the metals, mining, glass, and ceramics 
industries. 

 Archived Records 

NIST collects and preserves records of SRM development projects in “R-folders,” which is a 
name of unknown origin.  Originally, the actual, paper folders were called Master Folders, but 
somewhere along the line that was changed.  The records stored in R-folders include 
correspondence about the need for the project and the planning of material creation, analytes 
required to be measured, test methods, and expert laboratories that volunteered to perform 
analyses.  Also included are records of processing performed at NIST or a collaborator for 
creation of the final SRM units, packaging for sale, label design, safety documents, storage of 
reserve quantities, funding, and pricing.  Last, and perhaps most important, the R-folder 
contains test results and a record of the assignments of values.  Many folders include draft(s) 
of the Certificates of Analysis. 

Over the nearly 12 decades of SRM development, the concept of value assignment changed as 
metrologists expanded the amount of information believed necessary to communicate the 
identity of each measurand, the assigned value, its uncertainty, and the level of confidence with 
which NIST believes the value is known.  Since the beginning, some materials included 
estimates of uncertainty.  However, uncertainties were not provided in most of the certificates 
until 1975.  As the use of uncertainty increased, its understanding became more sophisticated.  
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Frequently, a certificate would include an uncertainty that was based on judgement after review 
of the agreement among laboratory mean results.  The uncertainty provided is what is now 
called a standard uncertainty.  Rarely did the standard uncertainty include a component based 
on the repeatability of results within individual labs, because the labs most often reported just 
their overall mean result per test method, without the individual, replicate results.  That was 
not a rule, because one can find lists of individual results in some R-folders. 

In the worst of cases, there is no extant R-folder.  The only documentation is the Certificate of 
Analysis (COA) and any previous certificates that were superseded.  For the 46 SRMs that are 
the subject of this paper, the COAs contain a table of results from the collaborating 
laboratories.  Typically, the table contains the laboratory’s mean value for each analyte and 
each test method.  In a few cases when there is a small number of analytes, the individual 
measurement results are listed, which enables calculation of a repeatability standard deviation.  
The same situation exists with records in the R-folders, i.e., papers contain laboratory mean 
values, and rarely, some papers contain replicate results.  The authors prepared a grand 
tabulation of all available values collected in a single spreadsheet. 

 Statistical Treatment 

Replicated measured values for the mass fraction w of each of 447 measurands in 46 SRMs 
were examined with a view toward producing credible uncertainty evaluations to qualify the 
values assigned to the SRMs.  For 443 of these measurands it was possible to perform a Type 
A evaluation of measurement uncertainty as described in the GUM, and to calculate an 
expanded uncertainty US(w) (corresponding to 95% coverage) using a percentile of a suitable 
Student’s t probability distribution. 

The corresponding 443 pairs (w,US(w)) were used to retune the empirical relationship, between 
w and the associated uncertainty, that was originally determined by Horwitz [3], to improve 
its accuracy when it is applied to these SRMs.  Given a value w of the mass fraction, the retuned 
Horwitz’s formula produces an estimate UHR(w) of the corresponding expanded uncertainty.  
For the remaining four measurands (Table 3), US(w) could not be computed, either because a 
single measured value was obtained, or because the replicated measured values were identical.  
For these, only UHR(w) is available.  For 30 measurands, the difference between US(w) and 
UHR(w) is appreciable, which casts doubt on the adequacy of both.  And for some of the other 
447 – 30 = 417 measurands, it may well be that neither US(w) nor UHR(w) will be credible, 
even when these two evaluations are in approximate agreement.  For example, both may appear 
to be too high or too low, based on what is reasonable to expect given the analyte and the 
analytical methods.  In all such cases, additional information will be required to arrive at a 
credible uncertainty evaluation. 

When US(w) is much too small, and substantially smaller than UHR(w), it is possible to employ 
a Bayesian procedure to pull the former up toward the latter.  This procedure is illustrated for 
the mass fraction of copper in SRM 158a.  However, only an expert can judge whether the 
result is fit for purpose, based on knowledge of the capabilities of the applied test methods. 

 Predicting Expanded Uncertainty 

Suppose that n replicated determinations were made of the mass fraction (expressed as a 
percentage) of a measurand, and that these determinations have average w and standard 
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deviation s.  Horwitz’s formula (whose graph is called the Horwitz curve) [3] provides a 
prediction for the corresponding standard uncertainty as uH(w) = 2(w/√𝑛𝑛)(w/100)-0.15/100, and 
UH(w) = 2uH(w) is taken as the corresponding predicted expanded uncertainty (for 
approximately 95 % coverage).  If there are at least two replicates, and all replicates are not 
identical, then a Type A evaluation performed according to the GUM produces 
US(w) = t(n-1),0.975s/√𝑛𝑛 as the expanded uncertainty (for approximately 95 % coverage), where 
t(n-1),0.975 denotes the 97.5th percentile of Student’s t distribution with (n ˗ 1) degrees of freedom. 

Horwitz’s formula is based on a review of over 10 000 interlaboratory results, published 
primarily in the Journal of AOAC International.  It is remarkable that results of collaborative 
trials fit the curve regardless of the nature of the analyte and the test material, or the physical 
principle underlying the measurement process [4].  Even though the formula must not be used 
blindly [4,5], it may give useful estimates of uncertainty.  The accuracy of estimates is 
expected to improve if Horwitz’s formula is retuned using the data in hand for 443 of the 447 
measurands in the collection under examination.  Figure 1 shows a straight line fitted to pairs 
of corresponding values of US(w) and UH(w) using a Deming regression errors-in-variables 
procedure [6,7].  The thick (blue) line has equation log10US(w) = 0.5625log10UH(w) ˗ 1.052, 
with slope and intercept estimated by Deming regression as implemented in function mcreg of 
R package mcr [8,9].  The thin (magenta) line has slope = 1 and intercept = 0.   

According to the retuned relationship, the expanded uncertainty grows less rapidly with the 
value of the measurand than Horwitz’s original formula predicts.  Let UHR(w) denote the value 
for the expanded uncertainty corresponding to the mass fraction w of the measurand that is 
produced by the retuned Horwitz’s formula. 

 
 

Figure 1.  Expanded uncertainty US(w) derived from a Student’s t coverage interval plotted 
against the corresponding estimate UH(w) derived from Horwitz’s original formula. 
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4.1. Extreme Expanded Uncertainties 
The retuned Horwitz’s formula occasionally produces predictions, UHR(w), of expanded 
uncertainty that may be judged much too high or much too low when compared to US(w), both 
relative to the value of the measurand.  Figure 2 highlights both, and Tables 1 and 2 list the 
corresponding measurands.  The magenta line has slope = 1 and intercept = 0.  Note the 
logarithmic scales on both axes.  In Figure 2, red dots correspond to cases listed in Table 1, 
where predicted relative expanded uncertainty is considerably greater than what the data 
suggest.  Blue dots correspond to cases in Table 2, where the relative expanded uncertainty 
predicted by the retuned Horwitz’s formula is noticeably smaller than what a conventional 
Type A evaluation produces. 

 

 
 

Figure 2.  Relative expanded uncertainty predicted by retuned Horwitz’s formula, UHR(w)/w 
versus relative expanded uncertainty US(w)/w from a Student’s t coverage interval. 
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Table 1.  Details for measurands corresponding to red dots in Figure 2. 

SRM Measurand n w US(w) UHR(w) 
    54d Sn 8 88.57 0.035 0.10 
    59a Fe 5 50.05 0.054 0.09 
    59a Si 5 48.10 0.034 0.09 
    64c Cr 5 68.00 0.029 0.10 
    68c Mn 6 80.04 0.028 0.11 
    89 SiO2 7 65.33 0.055 0.09 
  158a Cu 5 90.93 0.042 0.12 
  196 Cr 7 70.81 0.070 0.09 
  690 Fe 5 66.86 0.046 0.10 
  692 Fe 7 59.58 0.042 0.09 
  693 Fe 6 65.11 0.020 0.10 
  871 Cu 5 91.70 0.059 0.12 
  872 Cu 5 87.35 0.040 0.12 
  874 Cu 5 88.49 0.037 0.12 
  875 Cu 5 87.85 0.043 0.12 
  879 Cu 5 57.75 0.064 0.09 
  880 Cu 5 54.52 0.031 0.09 
  882 Ni 4 65.25 0.051 0.11 

 

The certificates of SRMs 64c, 68c, 690, and higher numbers, include uncertainty evaluations 
for the measurands that appear in them and that are listed in this table. 

 

 

Table 2.  Details for measurands corresponding to blue dots in Figure 2. 

SRM Measurand n w US(w) UHR(w) 
    89 As2O3 3 0.0440 0.0560 0.0035 
    89 ZrO2 2 0.0045 0.0191 0.0013 
  342a Mo 3 0.0057 0.0057 0.0013 
  690 S 3 0.0037 0.0052 0.0011 
  882 C 2 0.0065 0.0064 0.0016 
  882 Si 2 0.0060 0.0127 0.0015 

 

  



 
 

6 

This publication is available free of charge from
: https://doi.org/10.6028/N

IST.S
P.260-198 

 

4.2. Exceptions 
Figure 3 shows the 34 cases that require a customized uncertainty evaluation.  For four of these, 
a conventional Type A evaluation cannot be performed either because there is only one 
determination of the value of the measurand, or because the standard deviation of the replicated 
determinations is 0.  For these four, only the values predicted by the retuned Horwitz’s formula 
are available (marked by red dots in the figure and listed in Table 3).  For the other 30 (marked 
by green dots and listed in Table 4), the predicted relative expanded uncertainty US(w)/w 
corresponding to a Student’s t coverage interval is less than 0.3 %, which may be too low to 
be credible.  The (blue) line with slope = 0.5625 and intercept = ˗ 1.052 corresponds to the 
retuned Horwitz’s formula.   

 

 
 

Figure 3.  Expanded uncertainty US(w) from Type A evaluation, where it is practicable, 
plotted against expanded uncertainty UH(w) produced by Horwitz’s original formula. 

 

 

Table 3.  Details for measurands corresponding to red dots in Figure 3. 

 SRM Measurand n w UHR(w) 
   33e P 2 0.0050 0.0014 
   82b Ni 4 1.220 0.016 
 196 S 2 0.0030 0.0011 
 342a Ti 2 0.0200 0.0027 
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Table 4.  Details for measurands corresponding to green dots in Figure 3. 

SRM Measurand n w US(w) % US(w)/w UHR(w) % UHR(w)/w US(w) 
UHR(w) 

     30f Cr 5 0.94 0.0022 0.23 0.013 1.4 0.17 
     54d Sn 8 88.57 0.035 0.040 0.10 0.11 0.34 
     59a Fe 5 50.05 0.054 0.11 0.088 0.18 0.61 
     59a Si 5 48.10 0.034 0.070 0.087 0.18 0.39 
     64c C 7 4.68 0.014 0.29 0.026 0.55 0.54 
     64c Cr 5 68.00 0.029 0.042 0.10 0.15 0.28 
     68c Mn 6 80.04 0.029 0.036 0.11 0.13 0.28 
     73c Cr 4 12.82 0.034 0.27 0.049 0.38 0.69 
     89 SiO2 7 65.33 0.055 0.084 0.091 0.14 0.60 
   115a Ni 7 14.49 0.024 0.17 0.045 0.31 0.54 
   134a Mo 12 8.35 0.023 0.27 0.029 0.35 0.78 
   155 C 9 0.91 0.0022 0.24 0.011 1.2 0.20 
   158a Cu 5 90.93 0.042 0.046 0.186 0.13 0.36 
   163 C 13 0.93 0.0025 0.27 0.010 1.1 0.25 
   163 Cr 12 0.98 0.0028 0.29 0.011 1.1 0.26 
   196 Cr 7 70.83 0.070 0.098 0.095 0.13 0.74 
   341 Ni 6 20.32 0.032 0.16 0.055 0.27 0.59 
   690 Fe 5 66.86 0.046 0.069 0.102 0.15 0.45 
   692 Fe 7 59.58 0.042 0.070 0.087 0.15 0.48 
   693 Fe 6 65.11 0.020 0.030 0.095 0.15 0.21 
   871 Cu 5 91.70 0.059 0.064 0.12 0.13 0.50 
   872 Cu 5 87.35 0.040 0.046 0.12 0.13 0.35 
   874 Cu 5 88.49 0.037 0.041 0.12 0.13 0.32 
   875 Cu 5 87.85 0.043 0.049 0.12 0.13 0.37 
   879 Cu 5 57.75 0.064 0.11 0.095 0.16 0.68 
   880 Cu 5 54.52 0.031 0.057 0.092 0.17 0.34 
   880 Ni 4 18.14 0.047 0.26 0.058 0.32 0.86 
   882 Cu 4 31.04 0.059 0.19 0.075 0.24 0.79 
   882 Ni 4 65.25 0.051 0.078 0.11 0.16 0.48 
 1157 C 4 0.84 0.0020 0.24 0.013 1.6 0.15 
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 Examples 

5.1. Copper in SRM 158a 
This example serves to illustrate how a Type A uncertainty evaluation that may appear 
unrealistically low may be “pulled up” with the help of the retuned Horwitz’s formula, in those 
cases where this formula predicts a value for the uncertainty that is greater than that produced 
by evaluation based on the data alone.  However, two caveats should be noted.  First, in general 
and in this example, the increase in the value of the expanded uncertainty is modest and may 
still be insufficient to make it credible.  Second, this may not be, and likely will not be, the best 
way to produce credible uncertainty evaluations in general. 

Two alternatives that may be much better involve:  (i) relying on expert opinion about the 
performance of the analytical methods at the time when the material was measured; 
(ii) incorporating information from uncertainty evaluations for similar reference materials  that 
were produced at about the same time as the material under review using comparable analytical 
methods.  The same (Bayesian) procedure illustrated below would continue to offer a suitable 
mechanism to bring to bear the relevant information derived from (i) or from (ii), just the same 
as it brings to bear the prediction made using the retuned Horwitz’s formula.  This example 
demonstrates how this procedure works. 

The 1961 certificate for SRM 158a Silicon Bronze, reproduced in part as Fig. 4, lists results 
for five determinations of the mass fraction of copper, determined using electrolysis methods 
with different digestion acids:  90.94 %, 90.87 %, 90.95 %, 90.93 %, and 90.95 %.  In Figure 
4, superscript letters indicate test methods listed in the certificate.  The certificate gives the 
average of these determinations, 90.93 %, but does not qualify it with a statement of 
uncertainty.  Since US(wCu) = 0.04 %, with corresponding relative uncertainty 0.046 %, may 
be deemed to be too optimistic, the goal of this section is to illustrate how the prediction for 
the expanded uncertainty derived from the retuned Horwitz’s formula may be blended with 
those five determinations to produce an evaluation for the expanded uncertainty that may be 
more credible than the value derived from the experimental data alone. 

The procedure that will accomplish this is a Bayesian procedure, where the expanded 
uncertainty predicted by the retuned Horwitz’s formula is used as prior information.  This 
information is called “prior” because it is assumed to be in hand before the five determinations 
above are used.  This prior information includes an estimate of the expanded uncertainty; plus, 
it includes recognition of the considerable scatter of the points around the thick, blue line in 
Fig. 1.  Both these facts may be encapsulated in a log-normal distribution for U(wCu), such that 
the expected value of log10U(wCu) is 0.5625log10UH(wCu) ˗ 1.052, and the standard deviation 
is set equal to the standard deviation of the residuals from the Deming regression.  The 
corresponding probability density is depicted as a (fairly) flat, blue curve in Figure 5.  Also in 
Figure 5, the green dot marks the Type A evaluation of expanded uncertainty done according 
to the GUM with US(wCu) = 0.042%.  The taller, red curve is the probability density of the 
posterior distribution of expanded uncertainty with mean = 0.054 % (open (red) circle).  The 
red diamond is the expanded uncertainty derived from the posterior distribution of wCu with 
UB(wCu) = 0.061 %, as explained for Figure 6. 
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Figure 4.  Excerpt from original 1961 certificate of analysis for SRM 158a Silicon 
Bronze showing the table of values.  Superscript letters indicate test methods. 

 

 

 

Figure 5.  For copper in SRM 158a, the lower, blue probability density corresponds to the 
lognormal prior distribution for expanded uncertainty with mean = 0.145 % (blue dot). 

 

The other unknown is the mass fraction of copper in the material, wCu.  For the Bayesian 
machinery to operate, this mass fraction also must be assigned a prior distribution.  A uniform 
distribution concentrated on the mass fraction interval (0.5,1) captures the fact that the mass 
fraction of copper in common varieties of bronze is > 50 %.  However, a uniform prior 
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distribution on (0,1) leads essentially to the same results.  A sample was drawn from the joint 
posterior distribution of wCu and of U(wCu), and the corresponding (marginal) probability 
densities are depicted, one in Fig. 5, the other in Fig. 6.  In Figure 6, the shaded, pink area 
amounts to 95 % of the area under the curve.  Its footprint on the horizontal axis, indicated by 
a thick, red line segment, is a 95 % coverage interval for the true value of the mass fraction of 
Cu in the material.  One half the length of the line segment is UB(wCu) = 0.061 %, shown in 
the legend of Fig. 5.  The two estimates of uncertainty are in fair agreement, as should be 
expected:  the mean of the posterior distribution uncertainty in wCu is U(wCu) = 0.054 %, and 
the 95 % coverage interval for the true value of wCu, derived from the corresponding posterior 
distribution (Fig. 6), is UB(wCu) = 0.061 %.  In summary, application of a Bayesian updating 
procedure, implemented using facilities of R package mcmc [8,10], blends the information in 
the data with the prediction made by the retuned Horwitz’s formula.  In this case, it increases 
the relative expanded uncertainty only modestly and possibly insufficiently from 0.042 % to 
0.061 %. 

 

 
Figure 6.  Posterior probability density of wCu in SRM 158a. 

 

For the creation of a revised certificate of analysis for SRM 158a, the expanded uncertainty for 
the certified copper value was assigned as U(wCu) = 0.29 %.  This estimate is based on expert 
judgement that a relative uncertainty of 0.3 % is about the best that can be expected from a 
valid test method.  The classical test method used to determine copper is a good example of a 
proven method having relative uncertainty substantially < 1 %.  The authors have the benefit 
of records from an expert analyst, who performed numerous determinations of copper in brass 
and other copper alloys [11]. 

The revised values in Table 1 of the 2018 certificate for SRM 158a Silicon Bronze are 
displayed in Fig. 7.  Comparing to Figure 4, the element nickel is missing from the revised 
table.  In the revised Certificate of Analysis, nickel is given as an information value, because 
it was determined using just a single method with poor agreement among analysts. 



 
 

11 

This publication is available free of charge from
: https://doi.org/10.6028/N

IST.S
P.260-198 

 

 

Figure 7.  Table 1 reproduced from the 2018 version of the SRM 158a certificate of analysis. 

 

5.2. Application of Retuned Horwitz to Contemporary SRM 2161 
NIST SRM 2161 comprises chips of a low alloy steel.  It is intended primarily for evaluating 
methods of analysis for several elements in such steels and materials with a similar matrix, or 
to validate value assignment of in-house reference materials.  Published in March 2018, the 
certificate lists certified mass fraction values for 19 elements, and the associated expanded 
uncertainties for approximate coverage of the corresponding true values with 95 % probability.  
The certified values and associated uncertainties were derived from a large collection of 
replicated determinations made using six different methods of analysis at NIST and at two 
collaborating laboratories, amounting to 3112 determinations in all (for those 19 elements).  
This data provided three or more independent test methods for most elements. 

Consider cobalt, for example.  There were 144 determinations made at NIST using X-ray 
fluorescence (XRF), and three additional groups of 8 determinations each, made at other 
laboratories, using arc spark optical emission spectrometry (ASOES) and inductively coupled 
plasma optical emission spectrometry (ICPOES).  The certified value (0.0256 %) and the 
associated expanded uncertainty (0.0036 %) were determined by combining all individual 
determinations, considering their dispersion in each of the four groups, using an appropriate 
statistical model and method of data reduction. 

For this illustration, suppose that the only information available comprises the averages of the 
four groups of determinations:  0.02113 %, 0.02326 %, 0.02541 %, and 0.03240 %.  Many old 
certificates report results in this manner, and even the corresponding archives may contain no 
additional information.  It so happens the average of these four averages, 0.0256 %, equals the 
certified value; however, and in general, such felicitous coincidence may not occur. 

The procedure to impute uncertainty associated with such average uses just these averages and 
the retuned Horwitz relation, and involves these six steps: 
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1) Compute the average a = 0.0256 % of the n = 4 reported estimates of the measurand, 
and its associated standard uncertainty u(a) = 0.0025 %, via a Type A evaluation 
(sample standard deviation of those estimates divided by the square root of n); 

2) Compute the endpoints of a 95 % confidence interval for the true mean as (a ˗ ku(a), 
a + ku(a)) = (0.0178 %, 0.0333 %), where k = 3.182 is the 97.5th percentile of the 
Student’s t distribution with (n ˗ 1) = 3 degrees of freedom; 

3) Compute a provisional value for the expanded uncertainty as one half the length of the 
interval in (2):  U95P = (0.0333 % ˗ 0.0178 %)/2 = 0.0078 %; 

4) Compute σH = 2(a/100)-0.15/100 = 0.0692 % (noting that a must be expressed as a 
percentage, a number between 0 and 100, which in this case it already is because its 
units are %), and then obtain the Horwitz evaluation of the expanded uncertainty, 
U95H = 2(aσHn-0.5) = 0.00177 %; 

5) Produce the evaluation of the expanded uncertainty corresponding to the retuned 
Horwitz relation:  U95HR = 10exp{ID + SDlog10(U95H)} = 0.0025 %, where ID = ˗ 
1.0523 and SD = 0.5625 denote the intercept and slope of the blue line in Fig. 1 fit to 
the data used to retune the original Horwitz relationship via Deming regression. 

6) Define U95 as the maximum of U95P, U95HR and 0.003a.  If the maximum is the latter 
(0.3 % of the average a of the individual mean values), then the resulting U95 should 
be validated by a subject matter expert. 

Applying this procedure to the data for all elements having mass fractions listed in Table 1 of 
the certificate of SRM 2161 produces the results depicted in Fig. 8 (note the units % and cg/g 
are equivalent) and listed in Table 5 in comparison to the certificate values, evaluated using all 
underlying data.  In Figure 8, the red line indicates U95(wRev) = U95(wCert).  In this example, 
U95(wRev) = U95HR ≥ U95(wCert), suggesting the imputation procedure may be more 
conservative than the most accurate uncertainty evaluation.  For other SRMs, the values of n 
and k may be different. 
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Figure 8.  Relation between "revised" expanded uncertainty U95(wRev) from the six-step 
imputation procedure, and expanded uncertainty estimates U95(wCert) from SRM 2161. 
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Table 5.  Summary of certified values, wCert, and expanded uncertainties, U95Cert, for 
SRM 2161 compared to U95P from Type A evaluation 

 and U95HR from retuned Horwitz approach. 

Measurand wCert U95Cert U95P U95HR U95 N 
 Aluminum (Al) 0.0539 0.0028 0.0041 0.0034 0.0041 5 
 Antimony (Sb) 0.00548 0.00022 0.0014 0.0015 0.0015 2 
 Arsenic (As) 0.0131 0.0022 0.0047 0.0020 0.0047 3 
 Boron (B) 0.00215 0.00012 0.00031 0.00083 0.00083 3 
 Cobalt (Co) 0.0256 0.0036 0.0078 0.0025 0.0078 4 
 Chromium (Cr) 0.2195 0.0032 0.0035 0.0066 0.0066 5 
 Copper (Cu) 0.2973 0.0031 0.0074 0.0076 0.0076 5 
 Manganese (Mn) 0.680 0.014 0.028 0.012 0.028 4 
 Molybdenum (Mo) 0.1030 0.0031 0.0087 0.0053 0.0087 3 
 Niobium (Nb) 0.01978 0.00055 0.00061 0.0022 0.0022 4 
 Nickel (Ni) 1.999 0.053 0.084 0.022 0.084 3 
 Phosphorus (P) 0.0407 0.0014 0.0033 0.0029 0.0033 5 
 Silicon (Si) 0.1816 0.0088 0.013 0.0060 0.013 5 
 Sulfur (S) 0.0347 0.0030 0.0046 0.0027 0.0046 5 
 Tin (Sn) 0.0474 0.0027 0.0034 0.0032 0.0034 5 
 Tantalum (Ta) 0.0522 0.0012 0.0070 0.0043 0.0070 2 
 Titanium (Ti) 0.180 0.013 0.014 0.0064 0.014 4 
 Vanadium (V) 0.0540 0.0010 0.0012 0.0034 0.0034 5 
 Zirconium (Zr) 0.0132 0.0025 0.0028 0.0018 0.0028 4 

 

 Recapitulation 

A procedure has been developed for uncertainty evaluation that draws on one or more of the 
following: (i) information uncovered in historical documents dating to the time when these 
materials were first produced, possibly including measurement results that are only 
summarized in the corresponding certificates; (ii) expert knowledge about the expected 
performance of analytical methods that were in use at the time when these materials were 
produced; and (iii) the Horwitz formula.  The development was motivated by the need to update 
certificates of older NIST reference materials that are still available for sale, but were not 
originally qualified with uncertainty evaluations that conform to current requirements and state 
of the art. 

For all historical measurands for which a Type A evaluation was practicable based on (i), a 
corresponding evaluation was also obtained by application of the conventional Horwitz 
formula:  the results are depicted as open circles in Fig. 1.  The equation of the (blue) straight 
line, of slope < 1, fitted to them is what is dubbed the retuned Horwitz formula, because it is 
of the same functional form as Horwitz’s original formula, but best matches the uncertainties 
associated with certified values in the subject certified reference materials produced at NIST. 

The main purpose of this exercise was to apply the retuned Horwitz formula in cases where 
there is no information other than a mass fraction, for example those represented by red dots 
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in Fig. 3.  These cases obviously were not used for the tune-up.  However, the retuned formula 
was applied also to cases where a Type A evaluation was possible, e.g., to SRM 2161, so a 
considered choice could be made of what appears to be the more trustworthy, or possibly more 
conservative, uncertainty evaluation, based on knowledge of the analytical methods involved.  
In the case of SRM 2161, UHR turned out greater than US only for antimony, boron, niobium, 
and vanadium, among the 19 elements with certified mass fraction values. 

When pairs of corresponding values of US(w) and UH(w) are depicted in a scatterplot 
(Figure 1), the pattern that emerges indicates the logarithms of these quantities are 
approximately linearly related, but the slope of a best fitting line is appreciably < 1 (0.5625, in 
fact).  The linearity shows that the relationship between expanded uncertainty and mass 
fraction of the analyte summarized in Horwitz’s formula still prevails in a more restricted 
setting (selected NIST Standard Reference Materials), but U(w) grows with w at a lower rate 
than in the dataset Horwitz used originally to calibrate the relationship between U(w) and w.  
The fact that the retuned relationship has slope < 1 is not surprising considering the dataset 
Horwitz used comprised interlaboratory studies, while reference materials produced by NIST 
have relied on specially designed, interlaboratory, inter-method studies with carefully selected, 
expert participants and data subjected to thorough critical evaluation. 

 Conclusions 

For older certified reference materials with certificates that do not fully comply with 
ISO Guide 31 and the GUM by, for example, having no uncertainty estimates, this paper 
demonstrates options for upgrading the Certificates of Analysis with uncertainty estimates.  
The best case is one in which the project records contain replicate values from multiple test 
methods for each measurand.  In that case, one can apply a Bayesian approach to uncertainty 
estimation similar to the way modern consensus calculations are often performed.  When the 
records lack replicate results for the contributions by each collaborator, the task of uncertainty 
estimation can be addressed using the six-step approach and retuned Horwitz relation, provided 
the user has the benefit of expert guidance about the capabilities of the analytical methods used 
in the project.   

NIST analytical chemists and SRM project managers have long followed procedures that are 
believed to be in general compliance with current NIST practices for SRM certification and 
the NIST Quality System based on ISO 17025 [12] and ISO 17034 [13].  NIST has long used 
the approach of homogeneity testing of candidate materials and application of multiple 
quantitative test methods at NIST and at expert collaborating laboratories.  Arguably, practices 
for uncertainty estimation have seen considerable development in recent years.  However, 
some thought was given to uncertainty even in the early days.  Descriptions of uncertainty 
slowly became more sophisticated over the decades, until by the 1970s, Certificates of Analysis 
contained what amounts to estimates that can be defined as combined standard uncertainties, 
often based on lab-to-lab reproducibility and expert judgement as estimators of the major 
uncertainty components. 

Therefore, it is justified to reevaluate recorded data from older SRMs, even when the data are 
sparse.  The discussions in this paper show how it is being done for selected metals, alloys, 
and geological materials SRMs produced 40 years to 60 years ago.  Issuance of revised and 
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modernized certificates of analysis is expected to make these SRMs remain viable for decades 
to come. 
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Appendix 

Unofficial copies of SRM Certificates referenced in the document are reproduced here.  
Official copies of the current versions are available for free download from www.nist/gov/srm. 
 
1961 Certificate of Analysis for SRM 158a Silicon Bronze (chip form) 
 

file://elwood.nist.gov/646/users/jsieber/SRM%20Development/Certificate_Revisions/Table_SRMs/www.nist/gov/srm
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2018 Certificate of Analysis for SRM 158a Silicon Bronze (chip form) 
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2018 Certificate of Analysis for SRM 2161 Low Alloy Steel (chip form) 
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