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Abstract
This Handbook is a three-volume compilation of approximately
150 selected papers previously published by the staff of the National
Bureau of Standards on precision measurement, calibration, and
related subjects. It was prepared to meet the urgent need of newly
established standards laboratories for a “textbook” and reference
source in these fields. Volume I contains papers in electricity and
electronics; Volume II, heat and mechanics; and Volume III, optics,
metrology, and radiation. Each volume contains a complete index
of the entire Handbook by author, subject, and title.
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Foreword
The National Bureau of Standards is charged with the responsibility of
establishing and maintaining the national standards of physical measurement,
and of providing means for their effective utilization. This responsibility
carries with it the mission of providing the central basis for a complete, con¬
sistent system of physical measurement, adequate for national growth in
research and technology.
The recent tremendous increase in industrial activity, particularly in the
missile and satellite fields, has led to an unprecedented demand for precision
measurement, which, in turn, is bringing about the establishment of hundreds
of new standards laboratories. Many of these new laboratories must cover
the entire field of measurement, and must do so with a staff not previously
trained in work on standards of precision measurement.
To aid these laboratories in transmitting the accuracies of the national
standards to the shops of industry, the Bureau has prepared this three-volume
Handbook. It is a compilation of publications by the Bureau staff that have
been found of value to those who are establishing and operating new standards
laboratories. Omitted are some extended works, as well as a few shorter
papers that are otherwise readily available.
It is hoped that this compilation will serve both as a “textbook” and
a reference source for the many scientists and engineers who must be trained
in the shortest possible time to fill responsible positions in this critical area.
A. V. Astin, Director.
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Preface
Because of the urgent need for this Handbook, it has been reproduced by
a photoduplication process.

As a result, the individual publications that make

up the compilation will be found to vary in such details as style, size of type,
and method of pagination.
Each paper reproduced for the compilation is essentially complete as
originally published and retains its original page numbering. All pages have
also been numbered in regular sequence throughout the three volumes. Thus,
the volume page number and the original page number are combined, for
example 100/10.
Because of the short time available, a complete review of each paper
included was not possible. However, some efforts were made to bring the
older papers up to date, and only those papers have been included that are of
current value. Nevertheless, users should be cautioned that the state of the
art may have advanced beyond that represented in some of the older papers.
These three volumes, extensive as they are, include only a fraction of the
published work of the National Bureau of Standards relating to standards.
However, many of the reprinted papers contain extensive bibliographies that
will enable the user who is confronted with a special problem to locate additional
information.
The papers that appear or are cited in this three-volume Handbook were
originally published over a period of several years as circulars, research papers,
chapters of books, and as articles in scientific and technical periodicals. Thus
individual copies of many papers are no longer readily available. More recent
Bureau publications, and in some cases the older papers for which prices are
given, may still be obtainable by purchase from the Superintendent of Docu¬
ments, U.S. Government Printing Office, Washington 25, D.C. Other papers
may often be obtained directly from the authors or from the publishers of the
Journals in which the papers appeared. The papers referred to in the various
lists, if not generally available as stated above, are usually available for reference
in technical, university, Government depository, and public libraries.
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Preface
Since World War II there has been a very marked increase in the number
and scope of private standardizing laboratories throughout the United States.
The function of each such laboratory is to maintain the accuracy and uniformity
of the measuring instruments and apparatus used by the organization or
organizations that the laboratory serves. A basic phase in this process is
necessarily to correlate the reference standards of the laboratory with those of
the National Bureau of Standards. This Circular has been prepared to sug¬
gest techniques and principles that experience has shown to be useful in such
operations. Although this Circular covers explicitly only the field of electrical
measurements, many of the principles involved are equally applicable in other
kinds of measurement.
A. V. Astin, Director.
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Suggested Practices for Electrical Standardizing Laboratories
Francis B. Silsbee

A number of basic principles are given that experience has shown to be important in
the operation of private standardizing laboratories.
Types of standard apparatus are
classified and schedules appropriate for their intercomparison and for their checking at the
National Bureau of Standards are suggested.

1. Introduction
The purpose of this Circular is to indicate
recommended procedures and schedules for the
calibration testing of electrical instruments and
measuring apparatus used in tire range of fre¬
quency from 0 to 30 kilocycles per second.
For many years the electric-power companies
have maintained large and efficient laboratories
[1, 2] 1 suit ed to their particular needs, and certain
universities have similarly supplied services [3]
to their teaching and research staffs.
More
recently, laboratories are being established in
many newly founded manufacturing plants, in
firms concerned with research and development,
and in Government agencies (particularly in the
military services). Although the particular prob¬
lems that confront the various agencies may differ
greatly, their standardizing laboratories have a
great many common functions in their work of
maintaining and disseminating the units of
measurement.
The process of measurement always involves a
succession of steps in which the units in terms of
which the measurement of any quantity is ex¬
pressed are transmitted by using measuring ap¬
paratus that has been standardized, by compari¬
son with standards of a higher level, to calibrate
other measuring apparatus which is to serve as a
standard at a lower level. At the source is the
National Bureau of Standards, authorized by Con¬
gress to establish and maintain the basic standards
of the nation [4, 5]. Next, in any organization,
may come a primary group of laboratory workers,
which maintains its basic reference standards and
in turn calibrates the working standard apparatus
used by the next lower, or secondary, group, which
in turn calibrates the instruments used in making
measurements in the plant or shop. In some cases
these latter two operations are merged in a single

1

Figures in brackets indicate the literature references at the end of this
Circular.

group, while, at the other extreme, a single pri¬
mary group may serve many secondary groups
located in different cities.
It is the rest of the organization that uses the
shop instruments standardized by the workingstandards group, and carries on the day-to-day
work in the power systems, manufacturing opera¬
tions, research studies, or acceptance tests. This
use insures proper billing, adequate quality, and
valid criteria for the acceptance of manufactured
articles. In this Circular the terms “laboratory”
or “standardizing laboratory” will be used to indi¬
cate the segregated part of the complete organiza¬
tion that is charged with the duty of supplying
calibration services, at either the reference or the
working-standard level, to the measuring appara¬
tus used by the rest of the organization, which
will here be designated as “plant” or “shop,”
even though it may actually be more correctly
described as a research or testing laboratory.
For clarity in the rest of this Circular, the meas¬
uring instruments and apparatus used in an indus¬
trial organization will be referred to under the
following categories:
(a) Reference standards, which embody fixed
electrical quantities and serve to maintain their
respective units during the intervals between
checks with a laboratory at a higher echelon.
(b) Working standards, calibrated in terms of
the reference standards and reserved for use in
the calibration of shop instruments and apparatus.
Working standards should never be used directly
for measurements in the plant or shop.
(c) Comparison equipment such as bridges,
potentiometers, etc., and consoles used in com¬
paring shop instruments with working standards.
(d) Interlaboratory standards, often similar in
construction to reference standards, used for trans¬
port to NBS and return in the periodic checking
of the local reference standards.
(e) Shop instruments and measuring apparatus
calibrated in the standardizing laboratory and
used in the day-to-day operation of the plant.
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is not done, it becomes difficult to fix responsibility
for errors that may be discovered subsequent!}7,
and the laboratory workers lose the basis for
much of their pride in workmanship.

2. General Principles
The following general principles have been
found by experience to be applicable to many
of the problems involved in the maintenance of
accuracy in laboratory work and any program
of calibration service testing should conform to
them so far as possible.

2.3. Appropriate Scope and Accuracy

2.1. Competence of Personnel

The person in direct charge of any standardiz¬
ing laboratory must be thoroughly familiar with
the fundamentals of electricity and magnetism
and with the principles of operation of all types
of electrical measuring apparatus [8, 9]. To be
competent to carry on within the laboratory the
various sequences of calibration testing outlined
below, he must have taken a college-level course
in electrical measurements or have had laboratory
experience equivalent thereto. It is very desir¬
able that he be a graduate in physics or electrical
engineering from an accredited college. He must
lie mentally alert to detect discrepancies and
inconsistencies in internal check tests and to rec¬
ognize abnormal behavior of any part of the
apparatus or circuits. Unless persons of this
type are available in a standardizing laboratory,
both its calibration service and the measurement
work that depends upon it throughout the plant
is certain to become unsatisfactory, regardless of
how often particular pieces of apparatus may be
tested by other persons in some higher echelon
or at NBS.
2.2. Position in Organization

Experience through the years has shown that
the most satisfactory results are obtained by
maintaining a definite separation of the standard¬
izing laboratory from the rest of the organization.
Responsibilities for accuracy are thereby made
definite, and team spirit can be developed in the
staff of the standardizing laboratory that keeps
them interested in then- work, which might other¬
wise seem routine and unimportant. This sepa¬
ration protects them from pressures that demand
improper haste and sloppy workmanship, and
gives them authority directly delegated from a
high level in management.
Closely related to the foregoing is the valuable
principle that team spirit can be developed and
maintained by recognizing that the quality of
the reference standards of a laboratory are to a
considerable extent a measure of the competence
of its staff (“a worker is known by the sharpness
of his tools”). Hence, in cases where a given
large organization maintains a plurality of stand¬
ardizing laboratories in its plants in different
cities, it is very desirable that each reference and
interlaboratory standard should be assigned per¬
manently to an individual standardizing labora¬
tory, and returned to it following periodic checks
at any laboratory of a higher echelon. If this
4/2

The nature and accuracy of the work done in a
standardizing laboratory may vary considerably
with the size of the plant it serves and the nature
of the output of the plant. However, there are
very few modern activities in which some phases
do not require measurements of rather high
accuracy. A standardizing laboratory must, of
course, be equipped for calibration measurements
of a higher accuracy than any used elsewhere in
the plant, because the accuracy of measurement
can never rise above that of its source.
Many such local standardizing laboratories
provide service in many scientific fields, e. g.,
mechanics, heat, optics, and chemistry, in addi¬
tion to their standardizing work in electricity
and magnetism, which alone is the subject of
this Circular. The direction and extent of such
activities, as well as the degree of specialization
in particular branches of electrical science, may
greatly affect the types and ranges of the electrical
standards required.
2.4. Laboratory Atmosphere

Atmospheric conditions are of considerable
importance in an electrical standardizing labora¬
tory. If the relative humidity exceeds 65 per¬
cent, a conducting film of moisture is adsorbed
on the surface of many types of insulating mate¬
rial. Leakage over such surfaces, particularly to
the circuit of a sensitive galvanometer, may intro¬
duce serious errors.
Certain types of apparatus, for example some
wire-wound resistors of high value, show changes
of several parts per Iff1 with prolonged changes in
humidity. Such variations can be detected by
comparing calibrations made near the middle of
the winter heating season, during which indoor
humidities are normally very low, with those made
near the middle of the summer when the ambient
humidity is high.
Most electrical apparatus is compensated for
temperature to some extent. However, if the
ambient temperature is subject to changes, the
response of the various components may not be
equally prompt. In such circumstances the com¬
pensation may be temporarily ineffective. It is
therefore important that the laboratory tempera¬
ture be held fairly constant (±2 deg F) at all
times. Such room control also makes easier the
task of the thermostats that control the baths in
which more temperature-sensitive apparatus, such
as standard cells or standard conductivity samples,
are kept. The particular temperature chosen is
of less importance. The conditions specified by
the American Society for Testing Materials for its

“Standard Laboratory Atmosphere” are a relative
humidity of 50 ±2 percent and a temperature of
23° ±1.1 deg C (73.4° ±2 deg F). This combi¬
nation is widely used in tests of dielectrics and
other materials, and, in addition, is very close to
the maximum of comfort for the workers. Hence
it is a good target to aim at in designing a new
laboratory.
Freedom from vibration and dust are also im¬
portant. A shop in which electrical instruments
may be opened for repair should be scrupulously
clean and dust free. Magnetic particles are
attracted to the air gaps of permanent magnet
instruments and must be constantly guarded
against. Effective air filtering or electrostatic
precipitation are very desirable.
2.5. Care of Standards

In many categories, a good standard piece of
apparatus improves with age but deteriorates
with handling and shipping. The shipping of
primary and working standards and of comparison
equipment can be minimized and the transfer of
the units be achieved best by the use of interlabo¬
ratory standards of particular types that are as
rugged as practicable.
The adjustment of a piece of measuring equip¬
ment to be close to its nominal value is very often
desirable in the shop instruments used in the
plant, because of the great saving in time and re¬
duction in possible erroneous applications of cor¬
rections that result. On the other hand, the exact
opposite is usually true of working and reference
standards. In general, such standards should not
be readjusted, even if their values have gradually
drifted materially away from their nominal values.
Any standardizing laboratory naturally maintains
records of the values of its reference standards [10].
These are preferably kept on an individual card
or record sheet for each standard, so that its his¬
tory is apparent at a glance. Each such record
provides a valuable indication of the quality of the
standard, and gives warning of deterioration and
the need for replacement toward the end of its
useful life. Frequent adjustments tend to inter¬
fere with such records and increase the proba¬
bility of improper corrections, as the proper cor¬
rections before and after a slight readjustment
may not be conspicuously different. Even more
important is the risk that the adjustment may
initiate a progressive drift in value of the standard
as a result of introducing mechanical strain, or
local heating.
2.6. Timing of Calibrations

The most desirable sequence of steps and the
frequency with which comparisons of measuring
apparatus should be made depend, of course, upon
a great number of circumstances, such as the volume

of equipment to be tested, the delicacy of the ap¬
paratus, and particularly the type of personnel
by which it is to be handled.
(For measurements
made by inexperienced students or by military
recruits, the likelihood of damage is much greater
than when a laboratory is staffed by experts.)
In every laboratory a real possibility is always
present that an abrupt change may occur in some
standard as a result of an unrecognized accident
or abuse. Fairly frequent checks made locally
are therefore an indispensable supplement to any
program of calibrations to a higher echelon.
Cooperative arrangements with a similar laboratoiy in the same city may allow frequent checks
to be made against an independently maintained
group of standards. This may permit a much less
frequent checking schedule between either labora¬
tory and one of higher echelon.
In any laboratory, the accuracy needed in meas¬
urement may differ widely on different projects.
Hence the frequency with which the working in¬
struments should be checked may vary consider¬
ably from project to project, even though instru¬
ments of the same accuracy class are used [2, 6, 7],
The time intervals suggested elsewhere in this
Circular for check tests represent in most cases
the considered opinion of persons who have had
long experience with standard apparatus of the
types now commonly used. Similar test intervals
are listed in the American Standards Association
Code for Electricity Meters [2], When a new
type comes into use, it must be appraised by beingchecked at frequent intervals during its first few
years of service. After its good stability has thus
been demonstrated, the interval between tests
may safely be made longer. Several types of
standard capacitors and inductors are currently
in this probational stage.
A procedure that is often of value, particularly
for the checking of consoles and complex equip¬
ment such as a-c bridges, is to use an interlabora¬
tory standard that is measured in one laboratory
and shipped to a laboratory of lower echelon for a
repeat measurement, the lower laboratory not
initially being aware of the value obtained at the
higher. This procedure can detect significant de¬
fects in the wiring or insulation of the test console,
improper procedure and careless operations at the
lower-level laboratory, as well as changes or de¬
terioration in the reference or working standards
of the lower laboratory.
When systematic local intercomparisons indicate
changes or abnormal performance in primary or
working standards, checks with a higher echelon
are in order regardless of whether any formal
scheduled time for such a check has been reached.
If the local periodic checks uncover unsteadiness
of operation, large sudden changes in value, or
other indication of a constructional defect in the
reference or working standard, this standard
should be sent to its manufacturer for repair
before it is submitted to NBS for calibration.
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3. Reference Standards
The function of the reference standards of a
laboratory is to maintain locally a continuity of
value in the units of measurement that they
embody. Successive comparisons with the higherechelon standards of NBS by means of interlabora¬
tory standards shipped back and forth will give
an indication of any slow drift of the reference
standard. When this cumulative drift exceeds
the confidence interval of the values derived by
the comparisons with the interlaboratory stand¬
ards, the value assigned to the reference standard
is corrected accordingly. The reference standards
are used primarily to calibrate periodically the
working standards of a lower echelon, such as
indicating instruments. Also, on occasion they
may be used as working standards themselves.
It is evident that both reference standards and
working standards should be as permanent and
reliable in construction as possible. Definiteness
and repeatability are of major importance, whereas
sensitivity, low losses, and freedom from extrane¬
ous influences are relatively much less important.
Closeness of adjustment to nominal value is of
decidedly minor importance. An undetected
change in a reference standard may easily initiate
a chain of error that will propagate throughout
the plant and cause losses in time and material
exceeding manyfold the original cost of the stand¬
ard. Hence, these reference standards should be
purchased only on very strict specifications, and
from manufacturers of high reputation and of long
experience in producing shop instruments and
apparatus of demonstrated permanence.
3.1. Standard Cells

A large and important laboratory, which is
expected to need a standard of voltage with an
accuracy of 0.002 percent and to certify the emf of
unsaturated standard cells used in its plant or by
its subcontractors, normally maintains as a refer¬
ence standard a group of 5 or 6 cadmium standard
cells of the saturated type. These cells are rela¬
tively permanent but have a temperature coeffi¬
cient of about 0.005 percent per degree Celsius
(centigrade) at room temperature. They must
therefore be kept in a bath thermostatted to
±0.01 deg C [11, 12], A highly refined, waterwhite, acid-free mineral oil, having a viscosity of
about 0.25 poise at 25° C and a flash point of i70°
C, has been found suitable for baths for standard
cells and for resistors. Such a group of saturated
cells should preferably be checked initially at NBS
and its value reassigned annually for the first 3
years and biennially thereafter, by using a second
group of 2 or 3 saturated cells as an interlaboratory
standard. The individual cells of the reference
group can be intercompared monthly. The refer¬
ence group is used to check the laboratory’s work¬
ing-standard cells of the unsaturated type and,
on occasion, shop-standard cells also.
6/4

For laboratories requiring an accuracy of not
over 0.01 percent in their standard of voltage, the
reference standard often consists of a group of
three cadmium standard cells of the unsaturated
type. The individual cells are intercompared
weekly by connecting them bv pairs in series oppo¬
sition and measuring the differential emf. These
cells have a very small temperature coefficient and
can be shipped safely by parcel post (if carefully
packed). However, they are less constant than
saturated cells and their emf usually decreases at a
rate ranging from 40 to 120 microvolts per year.
Therefore, their values should be reappraised at
least annually on the basis of a periodic check from
a higher echelon. A second group of 2 or 3
unsaturated cells can be used as an interlaboratory
standard for such checks. When the emf of an
unsaturated standard cell has fallen below 1.0183
volts, it is approaching the end of its useful life
and can no longer be used as a reference or an
interlaboratory standard. Following a moderate
change in temperature, many cells tend to show a
very considerable change in emf, which may per¬
sist for several days. This thermal “hysteresis”
must be guarded against by allowing cells to stand
for some time after shipment before taking read¬
ings. Temperature troubles with unsaturated
standard cells can be minimized by keeping them in
a thermally lagged copper-lined box. This re¬
duces temperature fluctuations and differences in
temperature between the two electrodes. It is
important that the leads be brought out through
very high grade insulation to an external terminal
board. [13,14],
3.2. Resistors

If the laboratory possesses at le&»c two standard
resistors of each decimal value covering the range
over which it expects to make accurate measure¬
ments, one of these can be submitted to NBS
every 2 years as an interlaboratory standard, while
the other resistor of each pair remains undisturbed
as a reference standard in its laboratory.
3.3. Inductors

Many laboratories find it useful to possess two
fixed standard inductors of each decimal value
over the range it expects to cover with accurate
measurements. In recent years the quality of
standard inductors has been greatly improved,
and this Bureau does not yet have sufficient data
on the stability of the newer types to make a
definite estimate of their expected stability. It
is suggested therefore that one inductance standard
of each denomination be submitted annually to
the NBS, until a sufficient history is obtained to
predict its performance.
3.4. Capacitors

Reference standards of capacitance include small
fixed air-dielectric units, precision-variable air
capacitors, and solid-dielectric capacitors using
mica or an equivalent dielectric. Fixed standards
1,000 picofarads (micromicrofarads) or less in

value must be of three-terminal construction in
order to avoid uncertainties due to stray capaci¬
tances. Precision-variable air capacitors are pre¬
ferably hand carried, although shipment of the
capacitor in its wooden container within a padded
carton is usually satisfactory. Variable capacitors
with noticeable backlash must be adjusted or
repaired before submission to NBS for calibration.
Capacitors with worm reduction gear are cali¬
brated at the cardinal points corresponding to each
whole revolution of the worm wheel. If the worm
is eccentric, capacitance increments between
cardinal points will depart from linearity, but it is
usually not necessary to calibrate the vernier dial
for every turn.
Each laboratory should possess two capacitance
standards of each decimal value and type needed
to cover the range of concern. After its initial
check at NBS, one standard of each value can be
kept as a reference standard while the other is
submitted to NBS at regular intervals as an
interlaboratory standard. This interval should
initially be 1 year for any one pair of standards.
After the first 3 or 4 calibrations, an examination
of th.e record will indicate the appropriate future
frequency of calibration, taking into account the
actual accuracy demands made on particular
standards. On .variable air capacitors the eccen¬
tricity correction ordinarily will be determined
only during the initial calibration; thereafter,
calibration at a few cardinal points is usually
sufficient.
3.5. Volt Boxes

Each laboratory should have one volt box with a
plurality of ratios, which can serve as a reference
standard. This can be checked initially at NBS.
Unless the laboratory is rather large, this same volt
box may be rechecked at NBS at intervals of 2
years, and thus serve as an interlaboratory
standard also.
3.6. Time Standards

Although time is not an electrical quantity,
many electrical laboratories require reference
standards of time or of frequency. A high-grade
seconds pendulum clock with photoelectric pickup
or a standard crystal-controlled oscillator may
form the reference standard. "Either can be
calibrated by reference to the standard-frequency
radio signals emitted by NBS stations WWV or
WWVH.2 * By the use of a multivibrator in com¬
bination with the reference-standard oscillator, the
frequency of working-standard oscillators can be
calibrated over a wide range. Such an oscillator
can be used to control a standard frequency
circuit to which, in turn, synchronous timers can
be connected to serve as working standards for
measuring time intervals. The use of the fre¬
quency of local electric-power circuits as a time
standard, while very convenient, may be subject

2

For information on this service, consult Radio Standards Division,
National Bureau of Standards, Boulder Laboratories, Boulder, Colo.

to errors approaching 1 percent for short periods
of time, even though the average frequency over
a longer time as shown by a clock is very high.
These short-time fluctuations in frequency are
materially less if the supply is tied in synchronism
with a large power system.

4. Working Standards
The working standards constitute the principal
tools of the standardizing laboratory. They are
calibrated at intervals by comparison with the
reference standards, and used in the daily work of
checking shop instruments. The number needed
of any one kind and range will depend upon the
volume of testing service demanded in that range.
If the volume is very small, and also in special
cases where extreme accuracy is needed, a refer¬
ence standard can be used as a working standard
also.
4.1. Standard Cells

Most laboratories will need a number of unsaturated cadmium standard cells to serve as
working standards and relieve their reference cells
of excessive use and of the hazard of accidental
abuse. Such working-standard cells should be
checked against a reference standard at intervals
of 1 or 2 weeks.
4.2. Resistors

Depending upon the nature of the work in the
laboratory, there will probably be required, in
addition to sets of fixed standard resistors, a num¬
ber of dial-type resistance boxes, perhaps including
resistors in the megohm and multimegohm ranges,
and also resistors or shunts capable of carrying
larger currents than are appropriate to the refer¬
ence standards. These working standards may
initially be tested at NBS to determine the effects,
if significant, of current and temperature on their
resistance. Thereafter these working standards
need to be checked, using a moderate current, at
intervals of about 6 months by comparison with
the reference standards of resistance, using a
direct reading ratio set, Wheatstone bridge, or
double ratio set [15], or the potentiometer method.
If it is believed that a resistor has been overloaded,
it should be checked against the appropriate refer¬
ence standard without delay, and if a significant
change in value has occurred since the last regular
check, the overloaded resistor should be checked
at frequent intervals until its resistance again
becomes steady.
Most standard resistors are made of manganin.
This alloy has the valuable property of showing
low thermal electromotive force to copper and of
changing relatively little in resistance with change
in temperature. The resistance, Rt, at a tempera¬
ture t° C is related to that, i?25, at 25° C by the
formula
Rt=Bu{l + a(jt-25)+p(t-25)*}.
Here the coefficient a is usually less than 10X10-6
and /3 usually lies between — 3 X10-7 and — 6 X 10~7.
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4.3. Capacitors and Inductors

4.6. Watthour Meters

Each laboratory should compare all of its work¬
ing standards with its reference standards once a
year, and also immediately after an interlaboratory
group has been calibrated at NBS. Working
standards that are used frequently, or upon
which great dependence is placed, may be com¬
pared with the laboratory reference standards
whenever an important series of plant calibrations
is undertaken.

Laboratories that have occasion to test large
numbers of watthour meters, as do those of power
companies, are best guided by the Electrical
Metermen’s Handbook [1]. This book was pre¬
pared by a committee of experienced meter
engineers for the instruction of meter-laboratory
personnel.
If the laboratory has occasion to test watthour
meters only rarely, it is sufficient to have available
an electrodynamic wattmeter of suitable range
and a standard of time accurate to the degree
needed in the energy measurement. The watt¬
meter can be calibrated by using direct current
and a potentiometer, and then used to hold a
known constant power while the revolutions of
the watthour meter are timed.
In intermediate cases it may be desirable to
install a group of three working-standard watthour
meters. These can be calibrated as indicated in
the preceding paragraph, and each can be used to
check a number of other meters. To minimize
friction they should be used without register
mechanisms but with photoelectric pickups. The
complete but time-consuming calibration against
the wattmeter need be made only at intervals of a
month or so, provided quick intercomparisons
among the three working-standard meters shows
no relative change in their rates. Provision can
be made by means of suitable precision current
transformers so that the standard meter can be
operated always at about its full-load speed, even
when the meter under test is at light load.

4.4. Volt Boxes

A small laboratory may find it sufficient to use
its reference volt box as a working standard also.
This can be checked initially and at intervals of
2 years at NBS. It is well to measure and record
the resistance of each section of each volt box
initially, and monthly thereafter, as a means for
detecting possible changes such as might be caused
by inadvertently overloading one of the lowervoltage ranges. More often other working-stand¬
ard volt boxes will be used as auxiliaries to poten¬
tiometers for the calibration of both workingstandard indicating instruments and shop instru¬
ments. These can be compared monthly with the
reference-standard volt box by a null method [16].
4.5. Indicating Instruments

Direct-current and alternating-current amme¬
ters, voltmeters, and wattmeters of either the
0.1-percent or the 0.25-percent class [17] will be
needed for the range of current, voltage, and
power over which the shop instruments used in
the plant are to be checked. The a-c instruments
must be of the electrodynamic, electrostatic, or
electrothermal (thermocouple) types, which can
be used on direct as well as on alternating current
[6, 8, 18],
The usual a-c instrument of the
moving-iron type is not suitable as a transfer
standard.
The working-standard indicating in¬
struments can be submitted to NBS for an initial
test, and the a-c instruments for the additional
determination, on appropriate ranges, of the
ac-dc difference by comparison with a transfer
instrument. This ac-dc difference test should
cover the full range of frequency over which the
instrument is likely to be used. After this
initial test, they can be retained in the laboratory
and checked in terms of a standard cell and
standard resistor, using a potentiomenter. Pref¬
erably, the frequency of these checks ranges from
2 weeks to 2 months, depending upon the fre¬
quency of use of the working standards and their
reliability as indicated by earlier check tests.
Direct-current working-standard indicating in¬
struments, when built into a console, usually have
terminals so arranged that the instrument and its
range-extending resistors can be checked by using
a potentiometer and a bridge. Alternatingcurrent instruments may have to be checked by
comparison with interlaboratory standard instru¬
ments of a multirange type.

4.7. Instrument Transformers

Many laboratories will need a set of multirange
current and voltage transformers covering the
range of current and voltage over which other
shop transformers are to be calibrated. An initial
calibration at NBS, using the burden of the stand¬
ard circuit of the transformer testing set (plus
ammeter or voltmeter), can be made at 60 cycles
per second. The errors of current transformers in
general are smaller at higher frequencies, but the
initial tests should include tests at. 400 or 800
cycles per second if the transformer is to be used
at such frequencies. Subsequent tests at NBS
need be made only at intervals of 5, or even 10,
years.

5. Comparison Apparatus
The term “comparison apparatus” includes
equipment by means of which the calibration of a
shop instrument or standard is checked by com¬
paring it with an appropriate working standard
of the laboratory. In many cases the working
standard is substituted for the device under test
in the same circuit of the comparison equipment,
and the change in its indication is taken as the
measure of their difference. Such substitution
methods are in general capable of very high ac¬
curacy, and should be used wherever practicable.

In other cases a working standard is in effect built
in as part of the comparison equipment. Ex¬
amples of the latter are (1) the working standard
indicating instrument built into an instrument
testing console and (2) the rheostat arm of a
Wheatstone bridge when used directly (as con¬
trasted with its use by substitution).
5.1. Consoles

These devices, containing appropriate sources,
adjusting transformers and rheostats, and panel
instruments for approximate adjustment, will pro¬
vide the circuits for the comparison of shop indi¬
cating and recording instruments with workingstandard instruments [19, 20], In some types of
console the working-standard instruments and
tlieir auxiliary range-extending apparatus also are
permanently built into the equipment [20]. If
suitable special terminals are available, these
working standards can be calibrated like portable
standards. If not, some secondary procedure must
be set up by which the console in effect tests other
working standards that have previously been
checked over the full range. The console can be
shipped direct from the manufacturer to the lab¬
oratory. The person in charge of calibration
work at the laboratory can then satisfy himself,
by appropriate measurements of insulation re¬
sistance and of circuit resistance, that the connec¬
tions are correct and that the leakage and lead re¬
sistance are not such as to introduce errors. In
general, these particular hazards are less if the
leads can be run directly in the open between the
working standard and the instrument under test.
The working-standard indicating instruments
are sometimes mounted at an angle of 45° for
greater convenience in reading. This arrange¬
ment, however, tends to introduce additional
pivot friction. 1 Care must also be taken to insure
that no ferromagnetic material is located near
enough to either the instrument under test or
the standard instrument to affect its calibration.
Even nonmagnetic metal supports can cause
trouble by providing eddy-current circuits which
can affect unshielded a-c instruments. Stray
magnetic fields from supply transformers and
rheostats (particularly those wound on enameled
steel tubes) must be eliminated. The familiarity
that the supervisor will obtain by carrying on
this acceptance test forms an essential part of his
training for the job. His success in it can be
verified adequately by the use of a group of indi¬
cating instruments as interlaboratory standards
in annual tests. The local checks of insulation
and of lead resistance should be repeated every
6 months.
5.2. Direct-Current Bridges, Direct-Reading Ratio Sets,
Universal Ratio Sets, Direct-Current Potentiometers

These can be
most cases need
vals of 3 years.
can be made at
572772 0-61-2

tested initially at NBS and in
only to be resubmitted at inter¬
During the interim, local checks
intervals of 6 months by using

the bridge or ratio set to measure or compare
interlaboratory-standard resistors. A potentiom¬
eter can be given a rough check at least annually
at one point by using it to measure a standard
Tell of known emf or, alternatively, by using a
single cell first as the standard by which to adjust
the potentiometer current and then as the
unknown to be measured.
5.3. Lindeck Potentiometer

Any laboratory will find very useful a combi¬
nation of a standard resistor and milliammeter
(of the 0.25% class) to use as a low-range Lindeck
potentiometer for the purpose of intercomparing
the various standard cells in the laboratory by
measuring the differences between them in pairs.
The resistor and milliammeter can then be
checked on the.same schedule as the workingstandard resistors and the working-standard in¬
struments, respectively [12, 21, 22]. Care must
be taken to minimize thermal emf in such a circuit.
5.4. Voltage-Calibrating Transformers

The ratios of the voltages of the various tapped
sections of the secondary winding to the voltage
of the tertiary winding to which the standard
voltmeter is connected can be determined initially
at each operating frequency. This should be
done with no load and with rated load on the
secondary while the standard voltmeter, or an
impedance duplicating it, is connected to the ter¬
tiary. Subsequent tests need be made only at
intervals of 5 or even 10 years.
5.5. Instrument-Transformer Test Sets

The instrument-transformer test sets can easily
be checked annually at the 100-percent point and
also at one other point.3 These checks can be
supplemented by using the test set and workingstandard instrument transformer to measure once
a year the ratio and phase angle of an inter¬
laboratory-standard instrument transformer of
the same range, which is checked at NBS every
5 years. These test sets are currently available
for use at 60 and 25 cycles per second, only.
Radical modifications in procedure or in compo¬
nent values are required if they are to be used
at other frequencies.

6. Interlaboratory Standards
Interlaboratory standards in general are similar
in nature and inherent accuracy to reference stand¬
ards and working standards. The smaller labor¬
atories may well use some of their reference stand¬
ards to serve as interlaboratory standards also.
These should, so far as possible, be of rugged
construction to minimize damage and change of
value in shipment. On this account they usually
are standards of fixed value rather than contin¬
uously adjustable devices.

3

Simple methods for such one-point checks on instrument-transformer
test sets are now being developed at the National Bureau of Standards.
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The function of an interlaboratory standard is
to transmit some one of the electrical units of
measurement from a laboratory of higher echelon,
such as the NBS, to the local laboratory. It is
sent systematically to NBS for a calibration and
is compared before and after this operation with
the appropriate reference standard of the local
laboratory. In those cases in which a large organ¬
ization maintains a plurality of separate stand¬
ardizing laboratories under its authority, a single
set of interlaboratory standards may profitably
be circulated to give a “round-robin test” by
being sent to 3 or 4 of the company’s laboratories
in succession between trips to NBS. Such a pro¬
gram provides a check both on the comparison
apparatus and on the operating competence of
the personnel at the various laboratories. It also
performs the function of maintaining the assigned
values of the reference standards of each laboratory
in concordance with NBS standards.
6.1. Shipment

Electrical measuring instruments such as am¬
meters, voltmeters, wattmeters, and watthonr
meters contain extremely delicate jewels and
pivots, upon which the operation of each instru¬
ment depends. These delicate parts must be
carefully protected from mechanical shocks and
jars during shipment. Sensitive instruments will
not arrive in satisfactory operating condition un¬
less great care is taken in packing. Every effort
is made to handle and to repack these instruments
carefully at the Bureau, and whenever possible the
return shipment is made in the original container.
Before each instrument is packed, all binding
posts should be tightened, and any externally
operated clamping device for the moving system
should be switched to the “clamp” or “transit”
position. Plugs and other small accessories should
be enclosed in a small separate container tied to
the instrument. Glass windows of instruments
lacking protective cases should be protected by
pieces of thin wood or heavy cardboard before
wrapping. Each instrument should then be
wrapped in heavy manila paper or similar cover¬
ing and sealed with gummed tape to exclude dust
and excelsior.
Boxes in which instruments are packed should be
strong, preferably of wood, with screwed-on tops
to avoid damage to pivots or jewels, which may
be caused by a hammer or nail puller.
Clean, fresh excelsior or its equivalent in special
packaging material should be used as the shockabsorbing material. A layer of excelsior at least 3
to 4 inches deep, pressed down firmly, should
surround each wrapped instrument. Instruments
having pivoted components should be packed
upside down.
High-grade pivoted instruments of the laboratory-standard type, which have comparatively
heavy moving systems without clamping devices,
should be packed with special care and should
always be individually shipped in wooden boxes
with 4 to 6 inches of excelsior around the wrapped
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instrument. Portable standard watthour meters
(rotating standards) should also be individually
packed.
Certain heavy accessories used with instru¬
ments, such as ammeter shunts, current trans¬
formers, and voltage (potential) transformers,
should be packed in separate boxes to avoid
possible damage to the instruments. Heavy
pieces should always be shipped in wooden boxes
and held in place, if necessary, by checks or cleats.
Large transformers, especially those having oilfilled iron cases, should be crated singly, and
arranged whenever possible so that the terminals
can be made accessible for tests without removing
the entire crate.
The tops of boxes and crates must be marked
“This Side Up.” Boxes containing delicate instru¬
ments should be marked “Fragile, Handle With
Care.” Those containing any glass parts should
be marked “Glass.” Failure to use such markings
precludes recourse in the event of loss or damage
in shipping.
6.2. Standard Cells

A laboratory having lelerence-standard cells of
the saturated type would logically provide itself
with a group of about three saturated standard
cells- which can be sent to the NBS annually,
while the reference cells are new, but biennially
thereafter. Cells of this type must be kept
upright at all times and protected as far as possible
from shock and temperature changes. This
necessitates hand carrying and arrangements at
each end for installing them in a thermostatted
hath [11, 12]. Smaller laboratories having un¬
saturated reference standards may use 2 or 3
unsaturated cadmium standard cells as inter¬
laboratory standards. These can be shipped by
parcel post. Shipments in extremely cold or hot
weather should be avoided. If each interlabora¬
tory cell is compared with the cells of the labora¬
tory reference group before and after their trans¬
port to NBS, a very desirable check is obtained
on any changes that may have occurred during
transport. If any one cell shows the same value
relative to the local group, before and giter its
travels, it is highly probable that its emf did not
change and recover by an equal amount. If all
cells are unchanged, the probability of the com¬
parison being valid is greatly increased.
6.3. Resistors, Capacitors, and Inductors

Fixed standard resistors, capacitors, and in¬
ductors, whether of the fixed-unit type or groups
of these combined in dial-type boxes, are satis¬
factory as interlaboratory standards and can be
used at intervals of 1 to 2 years for comparison
with NBS, depending on the stability of the
reference standards that they serve. Intercom¬
parison between the laboratories of a singleorganization at intervals of 1 year may prove
useful in cases where the volume of testing at the
individual laboratories is large and the working
standards at these laboratories are therefore uu-

usually liable to deterioration or accidental
damage. The values of the interlaboratory stand¬
ards of this group should be such as to cover the
range of measurements with which the laboratory
is concerned.
6.4. Instrument Transformers

Standard multirange current and voltage trans¬
formers can be obtained which are of quite rugged
construction and give reliable performance for
long periods of time. For a small laboratory, a
single set of such transformers covering the com¬
plete range may be tested initially at NBS and
resubmitted at intervals of 5 or even 10 years for
verification. A larger laboratory in which the
program of transformer testing cannot be inter¬
rupted will need a duplicate set of standardinstrument transformers, one set being used as
interlaboratory standards at intervals of 5 years,
while it and the other set both serve as workingstandards the rest of the time.
6.5. Indicating Instruments

The use of indicating instruments as interlaboratory standards is often of great value as an
over-all check on the comparison equipment and
on personnel and procedures. On the other hand,
in general, the actual transport of the units of
measurement from a higher to a lower echelon is
done more accurately by standard cells and re¬
sistors. The transfer of the electrical units from
d-c to a-c standards is based on the initial tests
at NBS [23] of suitable 0.1-percent or 0.25-percent
wattmeters, ammeters, and voltmeters. It may
be found desirable, as a guard against accidental
changes, to verify the performance of the transfer
standards by comparing them with similar interlaboratory standards at 5-year intervals. A group
of multirange a-c instruments may be used as
interlaboratory standards to check the over-all
accuracy of the a-c working standards built per¬
manently into some types of consoles.

7. Summary
In the foregoing sections, some of the basic
principles on which the operations of an electrical
standardizing laboratory should be based have
been listed; the types of standard equipment
needed have been classified; and the intervals at
which these pieces of equipment should be intercompared locally and checked by comparison with
a laboratory of higher echelon have been suggested.
The most important considerations in such an
enterprise are:
(1) The leader must have a high degree of
technical knowledge and competence in the spe¬
cialized field of electrical measurements;
(2) The measuring apparatus must be adequate
and chosen specifically to fit the kinds of measure¬
ment and level of accuracy demanded;
(3) The checking procedures must be definite
and followed carefully, but should be flexible
enough to meet emergencies;

(4) The laboratory must accept responsibility
for the internal consistency of its measurements,
and should look to a higher echelon (such as
NBS) only for its initial calibration and for
periodic checks to detect drifts in the values of its
reference standards.
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Preface
January 1, 1948, marked the end of an era in the evolution of the science of
electrical measurements. On that date the system of so-called “international”
electrical units was abandoned, and a new system of measurement, using what
are commonly called “absolute” units, was officially instituted. It is the
purpose of this Circular to put on record an account of the working of the
international system of electrical units, with particular reference to the main¬
tenance of the international units in the 37 years (January 1, 1911, to January 1,
1948) during which the system was in its final form, to point out the trends of
development that made them obsolete, to record the official steps by which
they were superseded, and to describe briefly the methods used in the measure¬
ments that now form the basis for the new absolute units.
In this record many of the illustrative data will be quoted from the records
of the National Bureau of Standards, merely because such data were the most
readily accessible to the author. It is to be presumed that a similar examina¬
tion of the records in any of the other national laboratories would show a
similar picture.
E. U. Condon, Director.
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Establishment and Maintenance of the Electrical
Units
By F. B. Silsbee
Abstract
A history is given of the establishment of the “international” system of electrical units,
its operation during the interval 1911 to 1947, inclusive, and of the developments that
caused it to be superseded. It includes a record of the international comparisons, which
indicated that the units of some countries have at times drifted nearly 0.01 percent from the
mean, an account of the maintenance procedures used at the National Bureau of Standards,
and brief descriptions of the methods currently available for the absolute measurement of
resistance and of current, which will be used in the future as a check on the maintenance
of the units.

I. Historical
The early workers in electrical measurements
set up arbitrary standards of resistance by speci¬
fying the use of pieces of wire of a definite material,
length, and cross section (or weight), and used the
Daniell (zinc-copper) cell as a standard of electro¬
motive force. The work of Gauss (1833) and
Weber (1851) showed, however, the possibility
of measuring electric and magnetic quantities in
terms of mechanical units. In 1861 the British
Association for the Advancement of Science
established a committee on electrical units and
standards [1] 1 * with Maxwell as chairman, which
for over 50 years played a leading part in the
development and coordination of electrical stand¬
ards. This committee recognized the fundamen¬
tal value of correlating the electrical and mechani¬
cal units and, in 1863, recommended the particular
set of decimal multiples of the centimeter-gramsecond electromagnetic units that form the “ab¬
solute practical” units. In this designation the
word “absolute” signifies that the unit is defined
directly in terms of the mechanical units by a
numerically simple relation. The work“practical’
signifies that the unit is (except for the unit of
capacitance) of a size that is convenient in prac¬
tical engineering work. The particular factors
chosen are given in the following tabulation.
1 absolute coulomb = 0.1 cgs electromagnetic unit
of charge.
1 absolute ampere =0.1 cgs electromagnetic unit
of current.

1

Figures in brackets indicate the literature references at the end of this
paper.

1 absolute volt
1 absolute ohm
1 absolute joule
1 absolute watt

= 108 cgs electromagnetic units
of electromotive force.
= 109 cgs electromagnetic units
of resistance.
= 107 ergs.
= 107 ergs per second.

These factors were given international status
by the Paris Electrical Congress of 1881.
Experiments made under the auspices of the
British Association Committee, and by others,
led to the assigning of numerical values to the
resistance of wire standards and to the electro¬
motive force of certain types of standard cells,
which at the time were adequately close approxi¬
mations to the absolute values. Numerous copies
of this “B. A. Ohm” were distributed to labora¬
tories in several countries by the committee as a
means of securing international consistency.
In the early use of electricity for communica¬
tion, the principal need for quantitative results
was in the field of resistance measurements, but
in the 1880’s, with the beginning of the applica¬
tion of electric energy to light and power, the need
for measurements of other electrical quantities
became acute. Numerous power stations, fac¬
tories for building electric machinery, and elec¬
trical laboratories were rapidly being established
in many countries. At that time there were no
national standardizing laboratories, and the pro¬
cedures for making accurate absolute measure¬
ments were (as now) both difficult and timeconsuming. There was, therefore, a very definite
need for more convenient and universally accepted
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procedures by which the electrical units could be
reproduced in an isolated laboratory. To satisfy
these needs, much experimental work was carried
on to develop appropriate reproducible standards,
and a number of international electrical congresses
were held to promote their acceptance.
As a reproducible standard of resistance, the
most promising seemed to be the resistance of a
column of pure mercury of specified dimensions at
a specified temperature. A pair of such “mercury

Figure 1.

cell has electrodes of zinc amalgam and of mercury
with an electrolyte of mercurous and zinc sulfates.
Its emf is 1.434 volts at 15° C. Somewhat later
Weston (1893) [42] introduced the use of cadmium
in place of zinc. This change eliminated a num¬
ber of the difficulties experienced with the Clark
cell, and the Weston cell lias come into universal
use. The positive electrode is mercury and the
negative an amalgam containing about 10 percent
of cadmium. A paste of mixed mercurous-

Mercury ohm tubes.

Two are shown, each provided with a large spherical bulb at either end. The potential leads are sealed through the bulb walls at the top, and the current
leads connect through the filling tubes along the axis. The ends of the main tube are cut to be flush with the inner surfaces of the bulbs, and a small correction
is applied to allow for the effective resistances in the bulbs.

ohms” is shown in figure 1. Mercury is easily
purified and, at room temperature, has a much
higher resistivity and lower temperature coeffi¬
cient than any other pure metal.
One such
standard—the old Siemens Einheit—had been the
resistance at 0° C of a column of mercury 1 m
long and 1 sq mm in cross section. An interna¬
tional commission, appointed in accordance with
a resolution of the International Congress of
Electricians, Paris, 1881, adopted as the “legal
ohm” a mercury column having a length of 106
cm and a cross section of 1 sq mm. This unit was
never officially “legalized” by any government
action, and by the time of the Chicago Congress
of 1893 a length of 106.3 cm was recognized as
much closer to the correct value.
Asa reproducible standard of current, the work
of Lord Rayleigh, Kohlrausch, and others gave
promise that high accuracy might be obtained
with the silver voltameter, in which the current
is measured by the rate at which silver is deposited
electrolytically from a silver-nitrate solution on
the interior surface of a platinum cup.
At a
meeting of the British Association in Edinburgh
in 1892, a rate of deposition of 0.001118 g per
second under specified conditions was adopted as
that corresponding to 1 ampere.
A reproducible standard of voltage had been
developed by Latimer Clark (1873) [41] in the
type of standard cell that bears his name. This

sulfate and cadmium sulfate crystals is placed over
the mercury electrode, and the electrolyte is a
solution of cadmium sulfate. Cadmium standard
cells are made in two types. In one of these,

----

-SATURATED
SOLUTION

AMALGAM

Figure 2.

Cross section of a saturated cadmium standard
cell.

The primary reaction in such a cell is
o/Q

jn

Cd(2-phase amalgam)+Hg2S0j(s)+^^gCdS04 mH.20(l) = ^^j^CdSOi
8/3H20(s)+2Hg«).

X at ion at Bureau of Standards Circular If!75
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shown in figure 2, the Cd S04 solution is saturated,
and surplus crystals of CdS04.8/3H20 are present
at any ordinary temperature. Such cells show a
very remarkable constancy of emf with time but
have a temperature coefficient of about —0.004
percent per degree C. It is this type that is used
for all work of high accuracy, such as maintaining
nr comparing the national units of emf. Often
cells of the saturated type are made using 0.05normal or 0.1-normal sulfuric acid. Such cells
are also very permanent but have an emf that is
lower by 30 nv and 60 /av, respectively. The
second, or unsaturated type, has such a concen¬
tration of CdS04 as to make the temperature
coefficient of emf so small as to be negligible for
all engineering purposes. This particular con¬
centration corresponds to saturation at 4° C.
This unsaturated cell is the type generally pre¬
ferred in ordinary laboratory work in the United
States because of its independence of temperature.
It is, however, less constant in emf.
The term “Weston normal cell” is often used
to designate any individual cadmium standard
cell of the saturated t}^pe described above. Such
cells may differ from one another in emf by 10 or
20 mv. When written “Weston Normal Cell,’’
the term takes on a slightly different and almost
mystical significance as a cell that embodies the
essential features, namely, emf and temperature
coefficient, shown by the average of an infinite
population of Weston normal cells. In the light
of measurements reported below, an alternative
definition for “The Weston Normal Cell” would
be a standard cell the emf E, of which at a tem¬
perature of f°C is given in international volts by
the equation
U=l.018300-0.0000406(t-20)
— 0.00000095(4 —20)2+ 0.00000001 (f — 20)3.
In the literature many instances will be found in
which the author has chosen to express the emf
of a particular cell or group of cells as differing
by a specified amount from the Weston Normal
Cell as defined in this way.
The International Electrical Congress held in
Chicago in 1893 recognized the fundamental value
of the absolute units based on the cgs system of
mechanical units and confirmed the decisions of
earlier congresses as to the particular integral
powers of 10 by which the “practical” units
should be related to the cgs units. However, the
Chicago congress also recognized the utility of the
three reproducible standards and formally recom¬
mended the legal adoption of units of both systems
as being mutually equivalent.
In accordance with these recommendations the
United States Congress passed, on July 12, 1894,
Public Bill No. 105, making the practical units,
based upon the cgs system and embodied in the
reproducible standards, the “legal units of elec¬

trical measure
Appendix 1.

in

the

United

States.”

See

In the years that followed, national standardiz¬
ing laboratories (Physikalisch-Technische Reichsanstalt 1887, National Physical Laboratory 1899,
National Bureau of Standards 1901), were created
in the more highly industrialized nations. The
results of work at these laboratories made it clear
that, to the higher accuracy then desired, the
units of -the two sets recommended at Chicago
were not equal in magnitude but differed by
amounts that were large enough to be measured
definitely, and which would, if ignored, cause
confusion in future measurements.
Another unfortunate feature of the Chicago
recommendations was the specification on inde¬
pendent bases of all three units (the ohm, the
ampere, and the volt). In the case of the absolute
practical units this is permissible, because an
inherent feature of the cgs electromagnetic system
of units leads as a theoretical consequence to the
relation that an absolute volt is the difference of
potential produced between the terminals of an
absolute ohm by the presence of an absolute
ampere. However, with independent definitions
for all three units, Ohm’s Law becomes a relation
to be experimentally determined, and its expres¬
sion requires a numerical coefficient, which, in
general, will not turn out to be exactly unity.
The obvious procedure to avoid such an awkward
coefficient is to define only two units independ¬
ently in terms of separate standards. There was
general agreement that one of the two primary
units should be the ohm, but opinion was divided
as to whether the other should be the ampere or
the volt. The discussion [3] waxed violent, one
group emphasizing the (apparent) simplicity of
the voltameter, while their opponents, pointing
out that the unit had to be ultimately maintained
by a standard cell, urged the simple process of
specifying the construction of a cell and thus
saving one experimental step.
After preliminary discussions at international
gatherings in St. Louis, 1904, and Berlin, 1905,
an Internationa] Conference on Electrical Units
and Standards was held in London in October
1908. The resolutions drawn up at this con¬
ference were in such form (appendix 2) as to dis¬
tinguish clearly between (a) the “fundamental
units,” ohm, ampere, etc., which are exact decimal
multiples of the cgs electromagnetic units, and
(b) a “system of units representing the above and
sufficiently near to them to be adopted for the
purpose of electrical measurements and as a
basis for legislation . . . the International
Ohm, the International Ampere, and the Inter¬
national Volt . . . .”
The “international”
ohm was defined in terms of a mercury column,
which was specified in full detail, and the “inter¬
national” ampere was defined in terms of the silver
voltameter, the specifications for which, however,
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were incomplete. The “international” volt was
then defined as “the electrical pressure which,
when steadily applied to a conductor whose
resistance is one International Ohm, will produce a
current of one International Ampere.” The
volt thus became a derived unit and the standard
cell became a secondary standard, the emf of
which was to be determined in terms of the two
primary international units.
The previous practice of setting up cells as
standards was still strong in the minds of the
committee so that as a sort of byproduct it stated
in its Schedule C, “The Weston Normal Cell may
be conveniently employed as a standard of electric
pressure . . .
and gave fairly definite
specifications for its construction. A provisional
value of 1.0184 volts was assigned, but it was
expected that this value would be revised from
time to time as a result of future experiments.

Figure 3.

differed by only 10 ppm (parts per million), the
German unit being the larger. Preliminary re¬
sults of work then in progress at the National
Bureau of Standards [13] were also in agreement,
and the committee therefore “recommended to
all countries for general use [5] as the inter¬
national ohm the mean of the values of the units
realized at the PTR (Phvsikalisch-Technische
Reichsanstalt) and the NPL (National Physical
Laboratory).”
The basis for the ampere was found to be much
less satisfactory. In the operation of the silver
voltameter one complication arises from the forma¬
tion at the silver anode of “anode slime” that
must be prevented from getting to the cathode
where it might cause an error in the weight of the
deposit. To avoid such an error a number of
arrangements have been used, two of which are
shown in figure 3. In the Rayleigh form of

Two forms of voltameter.

The nonseptum voltameter is of the Smith form and the porous-cup voltameter is the Richards form.
assembled at the right.

As a sequel to the London Conference, a special
International Technical Committee met in Wash¬
ington at the Bureau of Standards in April and
May 191 (Mo carry out work that the Conference
had recommended. The three foreign members 2
of the Committee brought from their respective
British, French, and German national laboratories
standard resistors and cells that had been eval¬
uated in terms of their national units.- They made
careful intercomparisons of these coils and cells
and those in use at the National Bureau of
Standards and also carried out an elaborate series
of experiments with silver voltameters of various
types. As a basis for the value of the ohm, it
happened that both the Reichsanstalt and the
National Physical Laboratory had each recently
completed an elaborate program of comparisons of
the resistance of mercury columns with wire
standard resistors [11, 12]. The comparisons of
their standards at Washington showed that they
2 The International Technical Committee consisted of Dr. E. B Rosa
(NBS), chairman: Dr. W. Jaeger (PTR); Prof. F. Laporte (LCE); Mr.
F. E. Smith (NPL); and Dr. F. A. Wolff (NBS).

Each form is shown assembled at the left and dis¬

voltameter the anode is wrapped in filter paper.
In the Richards (or porous pot) form a porous,
unglazed porcelain pot surrounds the anode and
catches the slime while permitting the current to
flow in the electrolyte in the pores. In the early
Kohlrausch form, a shallow glass cup is placed
below the anode to catch the slime, and in the
later Smith form, a glass cylinder can be lowered
at the completion of the run so as to fit tightly
on the upper edge of the cup and prevent any spill¬
ing of material when the voltameter is dis¬
assembled. A siphon form, in which the two
electrodes are in separate vessels, has also been
used.
The work of the committee showed clearly
that voltameters of various types might give
consistently different results. For instance, the
deposits from solutions in which filter paper
was used were heavier by about 150 ppm. The
committee was therefore “of the opinion that
the specifications for the silver voltameter should
not be completed until further experiments shall
be made .
.
. ”. A great deal of work was
National Bureau of Standards Circular Jf.75
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done later, particularly at the National Bureau
of Standards, [21] in response to this recommend¬
ation. A number of sources of error were tracked
down and definite operating procedures for the
silver voltameter were formulated, but the speci¬
fications were never officially adopted.
In spite of the incompleteness of the specifica¬
tions for the voltameter, however, the committee
used the results of the voltameter experiments,
together with the values in international ohms
assigned to various coils, to derive a value for
the international volt and to assign values in
terms of this for the emf of the various standard
cells used in the work.
A further result of the work of the International
Technical Committee was a revision of the value
tentatively assigned in 1908 for the emf of the
Weston Normal Cell in terms of the International
Volt. The committee took as a value represent¬
ing the Weston Normal Cell the mean of the
separate group means of the four groups of cells

that had originated in the four different countries,
and which had had time to settle down to constant
values. A total of 104 cells were included, the
number in a group ranging from 15 to 40 cells.
The average deviations for the emf of an individual
cell from the mean of its group was ±12 /xv, while
the groups deviated by ±5 nv from the mean of
the four. The voltameter experiments, excluding
the most doubtful results such as those with
filter paper present, gave for the final mean the
value of 1.0183 international volts.
On the completion of the work of the Inter¬
national Technical Committee [5], each delegate
carried back to his respective laboratory its
standard coils and standard cells each with its
newly assigned value in terms of a common
system of units. The system of “international”
electrical units was thus successfully launched
with universal agreement on the magnitude of
the units as of January 1, 1911.

II. Maintenance of Units
1. General
The general procedure followed at the National
Bureau of Standards to preserve through the
years the value of a primary electrical unit of
measurement is to keep under observation a large
group, N, of standards of the highest grade. A
selected group, n, of these standards is regarded
as the primary reference group, and the assump¬
tion is made that in the interval between inter¬
comparisons the mean value of all the standards
in the primary group, n, has remained unchanged.
The intercomparisons are made at intervals,
usually once a month for standard cells and seldom
exceeding a year for standard resistors.
Such
comparisons are often preliminary to important
checks on the standards of other laboratories.
Following each set of measurements, the value
of each of the standards of group n relative to the
new mean is compared with its previous value
relative to the old mean, and its apparent change
is compared with those of the other standards of
group n. If these changes are reasonably small
and well distributed statistically it is assumed that
all is in order. If however one standard shows a
change markedly out of line with the others, it
is assumed that some unsuspected accident has
occurred and the value of this standard is omitted
from the mean. In its place is inserted the value
of one of the other standards, from the larger
group, AT, which has shown a reasonable per¬
formance during the preceding periods. Thus the
final decision as to which standards carry the unit
for a given period is made after the data observed
at the end of the period have been scrutinized.
After this process has been in operation for a

number of periods a new criterion for the rejec¬
tion from group n of a questionable standard
becomes available. A standard that shows only
a moderate change during any one interval may,
when earlier data are examined, be found to show
a progressive drift in one direction and may be
rejected for that reason. In such a case two pro¬
cedures are possible: (1) The value assigned to the
mean of the new group may be taken as that
which it had at the beginning of the last interval
between comparisons; or (2) A new value of the
unit can be derived on the basis that the sus¬
pected standard had been rejected at the time it
first began its drift and that thereafter the unit
had been carried by the remainder of the group.
The latter process is called “recapturing the unit.”
Procedure (2) results in a formal admission of an
abrupt change in the value of the unit at the time
it is “recaptured,” because measurements of the
same quantity made just before and just after
the readjustment will differ by the amount of the
adjustment. With procedure (1) the change in
the unit is distributed over the period of drift
and is not recognizable though still present.
Procedure (2), of course, is the more successful
in the long run in eliminating the cumulative
effects of drifts in one direction. At the National
Bureau of Standards, procedure (2) is regularly
used in the maintenance of the volt because the
tendency of defective standard cells is always
toward a drop in emf. In the maintenance of
the ohm, procedure (1) has been followed. With
either procedure, the intervals are so short and
the accuracy of the measurement is so high that
any defective standard can be detected and
weeded out before its effect is large enough to be
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significant.
The use of a fairly large number
(n= 10 or 25) of standards in the primary group
contributes very materially to reducing the effect
of a drift in any one of them.

2. Maintenance of the Ohm at the National
Bureau of Standards
Following the legalization of the electrical units
by Act of Congress in 1894, the Office of Stand¬
ards, Weights and Measures, then part of the
Treasury Department, was authorized in 1897 to
appoint a verifier. As fast as the very limited
appropriations permitted, standard resistors of
various denominations were purchased in Ger¬
many and standardized at the PliysikalischTeclmische Reichsanstalt. When the National
Bureau of Standards was set up, following the
passage of its organic act in 1901, it took over
this equipment and the personnel that bad been
operating it. The unit of resistance during this
period was therefore that of the German institu¬
tion. At that time resistance apparatus made in
Berlin by the firm of Otto Wolff was recognized
as being of the highest quality available, and the
Reichsanstalt, the oldest of the national labora¬
tories, was currently active in setting up mercury
columns. Resistance standards and other resist¬
ance apparatus of Wolff’s manufacture were pur¬
chased by the Bureau in considerable quantity,
submitted to the PTR for standardization in
terms of the unit of that institution, and then
shipped to Washington to equip the new lab¬
oratory.
In 1907 a group of four recently certified 1-ohm
resistors of the Reichsanstalt type were received
from Berlin. The values of these resistances
formed the basis for assigning values to a larger
group consisting of ten 1-olim and seven 0.1-ohm
standard resistors. The mean of this group was
assumed to remain constant from that time until
May 1909, and thus carried the unit forward.
In the meantime, experimental work at Wash¬
ington had shown that open standards, such as
those of the Reichsanstalt type [31], underwent
a marked seasonal fluctuation in resistance, which,
in the case of some 1,000-ohm resistors, amounted
to as much as 200 parts per million in 3 months.
This effect, reported by Rosa and Babcock [32],
was traced to seasonal variations in atmospheric
humidity. The effect is much less with 1-olim
resistors but, to avoid these fluctuations, Rosa
[33] designed a new type of standard resistor. In
this the insulated manganin coil is enclosed in a
hermetically sealed metal container. The con¬
tainer is nearly filled with refined mineral oil, and
the terminals are brought out through a hard
rubber top. A considerable number of standards
of this construction were manufactured both in
the instrument shop at the NBS and also by
Otto Wolff.

In May 1909, values of resistance were assigned
to a group of 1-ohm standards of this new con¬
struction, on the basis of the unit that had been
carried until then by the seventeen open-type
coils. From May 1909 until October 1932 the
ohm was maintained at the NBS by a "primary”
group of 10 resistors selected from these 1-ohm
standard resistors of the Rosa sealed type. The
unit thus maintained is that which later came to
be designated as the "Ohm—certified NBS”.
Comparisons made in 1910, in connection with
the work of the International Technical Com¬
mittee on electrical units, showed that at that
time this unit was larger by 2 ppm than the unit
then used by the PTR, and larger by 7 ppm than
the mean value of the British and the German
units. This mean value was adopted by the
Committee for purposes of international uniformity
and is commonly designated as the "Washington
unit”. (It is this Washington unit that is repre¬
sented in figure 8.) The slight difference of 7
ppm was entirely negligible in the practical con¬
duct of ordinary electrical measurements at that
time, and therefore the "book values” assigned to
the several resistance standards on the earlier
basis were not changed.
Between 1909 and 1932, careful comparisons of
the relative resistances of the entire group of
1-ohm coils were made at somewhat irregular
intervals, averaging G months. In computing the
results of each intercomparison, it was assumed
that the average resistance of 10 selected coils of
the highest grade had remained unchanged since
the prior intercomparison. On this basis a new
value was assigned to each of the coils of the entire
group. An examination of the data shows that
the average difference (without regard to sign)
between the two values thus successively assigned
to a resistor was only ± 1.3 microhms, and that in
95 percent of the cases the difference in the suc¬
cessive values was less than ±3 microhms.
In general, the same resistors were kept in the
standard group from year to year unless there was
some reason for a change. Also, five of the stand¬
ards that at one time had been removed from the
primary group were later used in it again, so that
during the whole period of 23 years twenty stand¬
ards were involved. During the period, standards
were removed from the primary group on 1 5 occa¬
sions. On six of these occasions there was no
suspicion of a change or defect in the standard, but
the removal was occasioned by the use of the
standard for some other purpose, frequently for
shipment abroad for use in an international intercomparison. Of the remaining nine removals, one
was occasioned by the development of a loose ter¬
minal, which obviously caused the hermetic seal
to be broken; five were occasioned by an abnor¬
mally large increase in the resistance of the coil
over its value at the preceding intercomparison.
These increases ranged from a minimum of 5 to a
National Bureau of Standards Circular J^7o
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maximum of 12 microhms. Three were occa¬
sioned by decreases in resistance, the maximum of
which was less than nine microhms. Two of the
standard resistors remained in the primary group
for the entire period, and six resistors were in the
group for more than 15 years.
Examination of the data shows that the resist¬
ances of five of the resistors drifted at a slow and
fairly steady rate over the period while they were
in the primary group. The rates of drift of their
resistances ranged from a decrease of 1 ppm per
year to an increase of 4 ppm per year. One
standard that was used for a short period showed a
decrease at a rate of 6 ppm per year. The coil
that approximated most closely to the mean
showed a decrease of 0.3 ppm per year. Several
coils showed a drift that changed from an increase
of 0.6 ppm per year when first included to a de¬
crease of 2 ppm per year after several years had
elapsed.
A comparison of the individual readings made
on one of the standards, which showed a nearly
linear decrease of 1 ppm per year, with a
least square straight line adjusted through these
points shows a standard (root mean square) devia¬
tion of ±2.8 ppm. It is probable that the lack
of precision in the electrical measurements in¬
volved in each intercomparison could have con¬
tributed only a very small part of this variation.
Most of it probably results from minor secular
variations, and perhaps some from uncertainties
in the temperature of the standard itself.
Beginning in 1928, Thomas [34] had constructed
a number of standard resistors of a new type
sometimes referred to as “double-walled.” One

Figure 4.

out through a shellac seal. A group of such
resistors showed such excellent behavior that two
of them were used in the primary grdup in Oc¬
tober 1930 and a third in April 1932. Beginning
in October 1932, the use of the Rosa sealed stand¬
ards in the primary group was discontinued, and
10 resistors of the Thomas type made with a coil
diameter of 6 cm formed the primary group until
March 1939.
During this period the average difference ob¬
served between successive measurements made at
intervals- averaging 6 months was only 0.3
microhm, and 80 percent of these differences
were less than 0.8 microhm. A least square line
adjusted to fit the data over this period of 6
years, for the worst of these resistors, showed an
average slope of less than 0.5 microhm per year
and a standard deviation from a straight line of
only ±0.4 microhm. It is thus evident that this
type of construction produces a standard resistor
the relative stability of which is better by an
order of magnitude than that of the Rosa type.
In 1933, work was completed on the construc¬
tion of an additional group of Thomas-type
standards of somewhat larger dimensions in which
the coil had a diameter of 8 cm, with a correspond¬
ingly greater cooling surface. These standards
were compared with the smaller double-walled
standards between 1932 and 1939, and from March
1939 to the present time a group of 10 of the large
Thomas-type standards has been used to carry
the unit forward. The average difference ob¬
served between successive measurements in in¬
dividual coils is ±0.2 microhm, and 95 percent of
the differences do not exceed ±0.5 microhm.

Double-walled (Thomas type) standard resistor.

The manganin wire shown at the extreme right is annealed in vacuum.
inner and outer brass cylinders.

It is tied down on the inner form shown next to it and then sealed between the

of them is shown in figure 4. In these the bare
manganin wire is annealed in a vacuum at a tem¬
perature of 500° C. or above, while wound on a
mandrel. It is then slipped on an insulated brass
form, spaced with linen thread, tied down, and
fastened with shellac, and then baked for about
an hour at 80° C. The form is tubular and con¬
stitutes the inner wall of a container that is sealed
by soldering its end flanges to an outer, slightly
larger, tube. Dry air at about atmospheric pres¬
sure fills the container, and the leads are brought

The slope of a least-square line passed through
the points observed, in the case of the worst of
these standards, is 0.1 microhm per year, and the
standard deviation of an individual point is 0.1
microhm.
One method attempted at the NBS as a means
for independently corroborating the maintenance
of the ohm was the use of standards formed by
wires of pure metals. It would not be expected
that such standards would drift at the same rate
and in the same direction as those of the metallur-
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gically more complex manganin alloy. In 1933, a
platinum and a gold standard were made by
winding wires of these metals on insulated brass
tubes and enclosing each in a sealed metal con¬
tainer. When in use the container was immersed
in an ice bath. Because of the high temperature
coefficient of resistance of pure metals, a change of
0.00025 deg C will change the resistance by 1 ppm.
This accuracy in temperature seems to be about
at the limit to which the ice-point can be re¬
produced. Measurements at intervals of about a
year, between 1933 and 1939, in which these pure
metal standards were compared with the small
Thomas-type primary group, showed for the gold
coil an apparent decrease in its resistance of only
0.13 ppm per year, but the platinum coil showed
an apparent increase of nearly 0.7 ppm per year.
The standard deviation of either of these rates of
drift is ±0.2 ppm per year. When used in 1947
it was found that the insulation on both of these
standards had deteriorated to such an extent that
precise measurements could not be made. It is
doubtful, therefore, whether much weight should
be assigned to the results from the coils of pure
metals.
Perhaps the best indication of the constancy of
the ohm as maintained in Washington is found in
the results of comparisons with the standards of
other national laboratories and with the mercury
columns set up occasionally by these other insti¬
tutions. The situation is discussed in section III
and summarized by figure 8.
It seems evident from the foregoing data that
the apparent constancy of the unit of resistance
as maintained between 1909 and 1932, while Rosatype standards were used, was in considerable
measure the result of good luck in the use of stand¬
ards, some of which increased while others de¬

Figure 5.

creased in resistance. The tendency to increase
was presumably the result of oxidation or corro¬
sion of the resistance alloy, while the tendency to
decrease was perhaps the result of a slow release
of strains, or of more obscure metallurgical pro¬
cesses. Of course, the use of a considerable num¬
ber of standards in the primary group decidedly
increased the probability that the group should
contain standards drifting in both directions, but
even with as many as ten standards in the group
the drift in the mean value might well have been
much greater than it apparently was. The basis
for these self-congratulatory remarks is found, of
course, not in the data resulting from intercompar¬
isons within the group but from the international
intercomparisons shown in section III, 1, figure 8.
Both the German and the British laboratories
used a smaller number (four) of standard resistors
and apparently were unfortunate in choosing coils
that tended to increase in resistance, but their
painstaking work with mercury columns enabled
them to detect these drifts before they became
significant in the industrial field and to make cor¬
responding adjustments in their units. The vari¬
ous determinations of the ohm in absolute units
made prior to 1925 are probably not accurate
enough to be of much significance in insuring its
maintenance but give no indication of any con¬
tinuous drift. As indicated below, it is probable
that from 1939 onward absolute measurements of
higher precision may prove to be very valuable
for this purpose as well as for the primary estab¬
lishment of the unit.
The comparisons of the 1-ohm standard resistors
have been made since 1918 b}^ use of the highprecision bridge shown in figure 5 [36]. It is
used as a Kelvin double bridge and the main ratio
arms are of the Waidner-Wolff type [37]. The

High-precision bridge.

In use, the whole structure is immersed in a temperature-controlled oil bath to a level above that of the intermediate insulating slab. All resistors and
contacts are therefore at a uniform constant temperature. It may be connected as a Wheatstone or as a Kelvin bridge. The nominal ratio may be 1:1 or 10:1.
The standards under test are connected through amalgamated contacts.

National Bureau of Standards Circular Jf75
22/8

contacts are only in adjustable shunt circuits of
relatively high resistance in parallel with the main
resistors, which are connected permanently. The
lowest dial corresponds to 1 ppm per step and the
galvanometer is sufficiently sensitive to permit of
extrapolation to the next significant figure.

3. Maintenance of the Volt at the National
Bureau of Standards
The Chicago Electrical Congress of 1893 and
the resulting law passed in 1894 had specified
1.434 volts at 15° C as the emf of the Clark cell.
A number of Clark cells were made up prior to 1906
at this Bureau using specially purified materials.
After correcting for temperature and subtracting
0.0003 volt to allow for the higher purity of the
mercurous sulfate used, a value of 1.42110 volts
was decided upon as the mean value at 25° C to
be assigned to the new Clark cells. Some satu¬
rated Weston cadmium cells, made in May 1906,
were then compared with the Clark cells, and as a
result of the measurements, a mean value of
1.01890 volts at 25° C was derived as the mean of
a group of 12 of the Weston cells. This group,
with certain losses and replacements, served to
carry the unit until the close of the meeting of the
International Technical Committee in May 1910.
The experimental work of this committee with
silver voltameters of various types fixed the Inter¬
national Ampere. Earlier measurements in Eng¬
land and Germany on mercury columns had
served to fix the values of wire standard resistors
in terms of the International Ohm. The com¬
bination of these units by the committee in its
voltameter experiments, which involved the NBS
reference cells, led to the conclusion that the volt,
as then maintained at the NBS, was smaller by
852 microvolts than the “International Volt” as
derived from the International Ohm and the
International Ampere. Accordingly,
effective
January 1, 1911, new values, smaller by this
amount, were assigned to all the cells, and the
volt and the other electrical units derived from it
were changed abruptly on that date by corres¬
ponding amounts. This change was announced
in Bureau of Standards Circular C29 [4], which
contained a brief history of the subject and a
summary of the reasons for making the change.
As a byproduct of the work of the International
Technical Committee, the Bureau came into
possession of a group of 36 cells, which had been
included in the large group used to assign a value
to the Weston Normal Cell, and which included
cells of British and German as well as American
origin. Until January 1912, this group was used
to maintain the unit of emf, and the mean of these
36 cells was assumed to remain at 1.018300 volts
at 20° C. By that time it became evident that
some of the cells had drifted rather badly. A
smaller group of 19 cells, which had shown steady

and nearly equal increases on the new basis, and
four of which had been in the reference group in
1908, was therefore used instead to carry the unit
forward from 1910 and continued to serve (with
two eliminations) as the primary group until 1914.
Several changes were then made, and a group of
eighteen cells carried on until July .1919 when
three were dropped and five added. These
20 cells carried on, with the loss of four, until
April 1937 when nine cells of the 0.05-normal acid
type, which had been made in December 1932,
were added. These 25 cells were in use through
1947.
As an indication of the mutual consistency of
the neutral, saturated cadmium cells, data taken
between 1919 and 1933 on the primary reference
group showed that 18 of these cells had changed
relative to their mean by less than 15 mv (micro¬
volts). Nine cells showed a net increase, while
the other nine had decreased, the average net
change during the 14 years, taken without regard
to sign, being ±5.0 nv. This corresponds to an
average drift rate of ±0.25 /xv per year, the
greatest mean drift'rate being 1 nv per year.
Superposed on these net drifts the cells showed
slight fluctuations in emf. Successive values for
the same cell measured after the lapse of about a
year differed on the average by ±2 mv. The
precision of each comparison as indicated by
repeat measurements made a few hours or a few
days apart was about ±0.1 nv, so that these
secular fluctuations must be attributed to random
changes in the cells. None of the differences
between the annual values exceeded 10 iuv, and
83 percent of them were less than 4 nv.
In contrast to this behavior of “good” cells, cer¬
tain cells after showing similar good behavior for
many years suddenly begin to drop in emf at a rate
of from 3 to IQ mv per year. Since 1919 four such
cases have developed and after the “delinquency”
of each cell was definitely established by the con¬
tinuance of its drift, the cell was removed from
the primary group. The unit was then “recap¬
tured” by going back to a time before the abnormal
drift began and computing forward again on the
basis of the remaining cells only.- This process
resulted in introducing three abrupt increases of
4.6, 0.8, and 1.1, mv, respectively, in the volt on
September 19, 1933, April 10, 1937, and Septem¬
ber 7, 1944. The changes in the group between
January 1912 and July 1919 resulted from shorterperiod troubles, which involved three broken cells.
These did not involve a shift in the unit.
Of the 16 neutral cells in the group in 1947,
13 had been in the primary group since 1914 and
five since 1908. The nine acid cells had been in
the group since 1937.
Theoretically, the procedure of maintaining a
unit of measurement solely by the use of a large
group of standards is subject to the fundamental
limitation that a simultaneous progressive drift
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of all the standards cannot be detected by the
intercomparisons and will result, in an equally
rapid drift of the unit. It is therefore important
to seek external corroborative evidence of the
constancy of the unit.
One such line of evidence derives from the con¬
struction of new groups of cells from freshly pre¬
pared batches of pure materials. One example of
this is a batch of six cells constructed in 1925 the
mean value of which was found to be greater in
terms of the 1925 unit by only 12 mv than the
mean of the large number of cells set up 15 years
earlier by the International Technical Committee.
Very similar evidence results from the comparisons
shown below (see figure 9 section III, 2) between
the British and American volts over a long time.
At the British National Physical Laboratory fresh
groups of cells are made up every few years and
the older groups are discarded at intervals so that
their unit lias been carried forward by cells that
range in age from 1 to 20 years averaging about 6
years. Since 1912 most of the American neutral
cells ranged in age from 6 to 41 years, averaging
over 20 years. Another difference arises because
the British laboratory uses 0.1-normal acid cells,
while until 1937 the American cells were all
neutral. Yet since 1925 the difference between
the two volts has oscillated only over a range of

Figure 6.

±7 /jv from a mean difference of 24 p.v, the British
volt being the larger. The reason for the earlier
drift of 18 mv between 1911 and 1925 (that is 1.3
MV/year) is not known.
Another line of evidence lies in the comparison
of acid and neutral cells. The emf of a 0.05normal acid cell is about 30 mv lower than that of
a neutral cell, but the tendency for the mercurous
sulfate to hydrolyze and for constituents of the
glass container to be dissolved by the electrolyte
are definitely less. On the other hand, acid cells
sometimes develop objectionable gaseous films on
the amalgam electrode. Because of these chem¬
ical differences, it seems reasonable to expect that
if either type of cell showed a characteristic con¬
sistent drift in emf its rate would be somewhat
different than that for cells of the other type.
Over the 7 years from 1937 to 1944, the average of
the nine acid cells (0.05 N), which had been made
in 1932, increased relative to the 16 old neutral
cells, which were at least 24 years old, at a rate of
only 0.9 mv per year.
A better check on drift can be obtained by the
use of the silver voltameter. Even yet there are
no authoritative specifications that enable the
voltameter to be used unambiguously as a means
for reproducing the international ampere. How-

Primary group of standard cells in oil bath.

The stirred bath is thermostatically controlled at 28±0.01° C.
through the glass H-tubes.

Connections are made through mercury cups under the oil to the platinum leads sealed
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ever, experiments repeated with a given type
under given conditions after the lapse of a number
of years are adequate to reproduce the same value
of current to a high accuracy. In 1931 a series of
measurements using the Smith form of voltam¬
eter were carried out at the Reichsanstalt by
Vinal [52], Vigoureux [53], and Von Steinwehr
[54]. These indicated that the volt as maintained
at the National Bureau of Standards was the
same in 1931 within 10 ppm as it had been when
similar experiments with the Smith form of
voltameter were made in 1912 at Washington.
Hence the average drift could not have exceeded
0.6 ppm per year.
Figure 6 shows the oil bath that contains the
primary group of cells. Its temperature is con¬
trolled automatically to 0.01° C.
As a precaution
against loss of the unit by fire or other catastrophe,
two supplementary reference groups of 10 cells
each are housed in other buildings. Although
these groups are not held at a constant tempera¬
ture, they have shown little tendency to drift as
compared with the primary group.
The intercomparisons of the cells in the primary
group are made by opposing the emf of the cell
being measured to that of a selected reference
cell and measuring the small difference in emf.
Because the difference in emf is small, only a.
moderate percentage accuracy in its determination
is required to give very high accuracy in the final
result. Since 1933 the instrument used in this
work at the NBS has been the Brooks Standard
Cell Comparator [43] shown in figure 7. It com-

Figure 7.

tional emf developed at its terminals. By an
arrangement of slots in the covers of the dials, the
instrument serves also as a computing device, one
part of which is set to read the known emf of the
chosen reference cell, while the other part, when
a balance is obtained, indicates directly the emf
of the unknown.
The greatest source of error in such measure¬
ments is the presence in the circuit of spurious
emfs, such as those from thermoelectric action.
The principal features in the design and operation
of the comparator are devoted to minimizing such
emfs. Each division on the milliammeter corre¬
sponds to 1 mv, and the galvanometer is suffi¬
ciently sensitive to make readings to 0.1 division
significant.

4. Maintenance of Units at the International
Bureau of Weights and Measures
Additional information on the accuracy with
which electrical units can be maintained at a
properly equipped laboratory is afforded by the
performance of the reference groups of resistors
and standard cells kept at the International
Bureau. The report by M. Romanowski [58]
lists the results of intercomparisons between 1939
and 1946.
Data are given on the four resistors that form
the primary group, G03, and on five other stand¬
ard resistors. Romanowski in his report has
made an extrapolation on the assumption that the
the resistances of these standards were increasing
o

Brooks standard-cell comparator.

The cover and the left-hand milliammeter are adjusted to read the known emf of the reference cell. The main galvanometer (not shown) is balanced by
turning the central handle and adjusting the current in the right-hand milliammeter. When a balance is reached, the emf of the unknown cell is read from the
digits in the right-hand slot and the right-hand milliammeter.

prises a specialized form of potentiometer in which
the bulk of the emf to be measured is balanced
against the IR drop in an adjustable precision
resistor but the last two digits of the result are
obtained by reading a milliammeter, which meas¬
ures the current in a small additional resistor in
series in the circuit and thus indicates the addi-

in ^alue by 0.95 ppm per year. As will be shown
below, such a drift was probably not real but was
a result of the assumption that the mean of the
ohms of the six national laboratories had not
drifted between 1936 and 1939. If his data are
reduced on the alternative assumption that the
mean value of G03 remained constant over the
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7-year period, all the standards except the one
open-type coil (designated R 2836) show a very
excellent
performance. The mean difference
taken without regard to sign between successive
annual values of a given standard relative to
G03 is only ±0.4 ppm. For the one open coil it
is ±5.1 ppm, and the net drift of this one coil in
the 7 years is ±35.6 ppm. None of the other
coils drifted relative to the mean more than 1.3
ppm in the 7 years. Of the eight good coils three
had been made at Teddington, one at Tokyo, one
at Philadelphia, and three at Washington. The
British coils were sealed in oil, and the others
were sealed in gas.
The International Bureau is custodian of a
primary group of 47 standard cells made up at
various times in six different laboratories. Of
this group eight are neutral cells, six are 0.05normal acid cells, and 33 are 0.1-N acid cells.
They are divided into nine subgroups according
to their origin and time of manufacture.
The available data on these cells are less uni¬
formly distributed in time than those on the
resistors, the five sets of observations being spaced
at intervals of 3, 2, 1, and 1 years. If this fact is
disregarded, a fair index of the constancy of the
cells can still be obtained by averaging, without
regard to sign, the differences between successive
readings on the same cell. Another measure of
quality is the net drift of a cell in 7 years relative
to the mean of the whole group. The following
table 1 contains the average value of these two
indices for the cells of each subgroup.
It will be seen that the constancy of these coils
and cells is about the same as that of the primary

.

Table 1

Sub¬
group

Performance of standard cells at International
Bureau 1989 to 1946

Origin

Average
difference
of succes¬
sive val¬
ues (aver¬
age inter¬
val 1.8
years)

txv

fXV

RxE_
Mi_

C2-

s_
Ib_
I 4_

7,_
s2-

PTR (Germany) _ _
ETL (Japan)._
IMS (USSR)_
LCE (France)_
NBS (USA) neu¬
tral.
BIPM (Sevres)....
_do
_
do_
NBS (USA) acid* -

Average
net drift of
individual
cells (in
7 years)

±15.
±6.
±5.
±2.
±2.

2
5
1
7
1

±9.
a±0.
-8.
±5.
-3.

0
1
1
4
3

±1.
±1.
±1.
±0.

7
4
2
8

-0.
±0.
-0.
±0.

6
2
2
8

» The small net drift listed for subgroup E is the difference between an in¬
crease of 36.6 til’ for one cell and a nearly equal combined decrease in the other
four cells of the subgroup.

groups of the NBS, on which more detailed data
are given in the two preceding sections. In the
case of most of the standards, the performance is
amply adequate to meet the current needs in the
field of precise measurements and to serve as a
reference basis for international comparisons.
However, it must be expected that even the small
residual drift of such groups will ultimately, over
a period of years, accumulate to an excessive error
unless some check such as the absolute measure¬
ments discussed later is available.

III. International Comparisons 1911 to 1948
1. Comparisons of the Ohm
Following the meeting in Washington, April 4
to May 25, 1910, of the Internationa] Technical
Committee, the members of that committee car¬
ried back to their respective national laboratories
standard resistors to which values had been as¬
signed on the basis of the mean between the British
and the German units. This mean value was
smaller by 7 ppm than the unit that had been
used previously in the United States. This dif¬
ference was so small that it was felt sufficient to
continue the use of the older unit in certifying the
values of standard resistors in the United States.
This older unit is referred to as the “international
ohm (certified NBS).” On the other hand, for
purposes of international comparison, the value
7 ppm smaller than the older unit has been used
consistently and is commonly referred to as the
“Washington unit.”
The term “Washington unit” has been used by
various foreign laboratories to designate the ohm
as maintained in their respective laboratories on
the basis of manganin wire coils, the values of

which were initially assigned in 1910 following
the conclusion of the work of the International
Technical Committee. To distinguish between
this unit and the units that in later years were
determined in certain other national laboratories
as a result of later experimental realizations of
the mercury ohm, these latter units have been
commonly designated as “international ohms” of
the respective countries.
In the years immediately following 1910, com¬
parisons of the units used in different countries
were made only sporadically. When an American
scientist crossed the Atlantic for some other pur¬
pose, he was frequently persuaded to carry stand¬
ard resistors and standard cells from one national
laboratory to another, but it was not until the
International Bureau of Weights and Measures
was authorized to enter the field of electrical
measurements that systematic international com¬
parisons were begun. In a comparison between
two laboratories, coils are first carefully measured
in terms .of the unit of their country of origin.
They are then taken to the second laboratory
where they are measured in terms of the unit of
National Bureau of Standards Circular Jf75
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that laboratory and are watched (preferably for
some months) to be sure that no changes have
been stimulated by the transportation. They are
then carried back to the first laboratory and again
measured. If any differences are obtained be¬
tween the first and last measurements it is assumed
that the change is a result of a gradual drift, and
an intermediate value is assigned by linear interpo¬
lation to represent the value in terms of the units
of the first laboratory at the time when the meas¬
urements in the second laboratory were made.
The difference between this value and the value
measured in the second laboratory then consti¬
tutes a measure of the difference in the units of
the two countries involved. The amount of the
drift is, of course, an indication of the reliability
of the intercomparison and has ranged from
changes of less than 1 ppm, in some instances,
to values as high as 80 ppm in cases where the
coils have been carried to many intermediate
laboratories and ultimately half around the world.
Although, according to the decision of the
London Conference in 1908, the mercury column
was by definition the ultimate standard of resist¬
ance, in actual practice relatively little use has
been made of it. At the National Bureau of
Standards mercury ohm tubes were set up and
careful measurements made in 1911 and 1912

Figure 8.

[13]. The results were found to agree with the
Washington unit within the experimental error
estimated for the work with the mercury columns,
and therefore no adjustment was made in the
American unit.
At the National Physical Laboratory, Smith in
1912 [14] and Hartshorn [15] in 1924 made care¬
ful determinations with mercury columns and
found their Washington unit to be greater than
that derived from the mercury column by 16 ppm
and by 41 ppm, respectively, on the two occasions.
In view of this, in the international comparisons
of 1931, the National Physical Laboratory de¬
cided to abandon the Washington unit which it had
used until then and to use a unit smaller by 30
ppm.
Between 1923 and 1925 Von Steinwehr and
Scliultze [16] at the Reichanstalt carried out ex¬
tensive determinations with mercury columns.
As a result, in the comparisons with the Japanese
standards brought to them in 1927 by Professor
Jimbo, and in the comparisons with British and
American standards in 1931 and thereafter, they
used a new unit smaller by 33 ppm than the
Washington unit that they had used previously.
The results of the work with mercury columns in
the three laboratories are indicated by the isolated
points marked “Hg” in figure 8.

Differences from the adjusted mean of the values of the International Ohm, as maintained by various national
laboratories, 1911 to 19j8.

Points marked “Hg” indicate the results of measurements on mercury columns.
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Between 1932 and 1939 frequent and syste¬
matic intercomparisons were made by the staff
of the International Bureau of Weights and
Measures to determine the relative values of the
units maintained in a number of countries.
Standards from France, Germany, Great Britain,
Japan, Russia, and the United States of America
were used in almost all of these intercomparisons.
Following World War II comparisons at the
International Bureau were resumed. Although
the standards from the various countries could not
be assembled in Paris simultaneously, by the
middle of 1948 data had been 'obtained on the
units of all six countries.
The results of these intercomparisons are shown
in figure 8. These data are, for the most part,
taken from the proceedings of the International
Committee on Weights and Measures [51]. In
this figure, for various epochs, the relative values
of the ohm as recognized by the various countries
have been plotted to a very open scale. Many of
the apparent small changes in value of the national
units may well be the result of errors introduced
by the hazards of transportation. It is probable
that the actual uncertainty of the electrical
measurements by which any two standard re¬
sistors are intercompared is usually less than 1
ppm, and therefore not appreciable in the figure.
It should be kept in mind that, in the very
nature of the case, the location of the point indi¬
cating the value of the unit of a given country at
a later time can be related to the position of the
corresponding point at an earlier date only by
making some arbitrary assumption as to the con¬
stancy of some unit between the two dates.
Therefore, too much significance should not be
given to the slope of the lines, which, in the dia¬
gram, have been arbitrarily drawn to connect
successive points. In the plotting of figure 8,
for convenience, three different conventional pro¬
cedures have been used to relate the data at suc¬
cessive epochs, as follows.
From 1910 to 1932 only data derived from meas¬
urements at the NPL, PTR, and NBS were used
to carry forward a common base from epoch to
epoch. This convention was chosen because data
from other laboratories were very fragmentary.
The mean of the three values of the Washington
unit as maintained during this period at the three
laboratories has been assumed to have drifted
upwards at the rate of 1.1 X10-6 per year. The
justification for this somewhat arbitrary assump¬
tion is as follows. In 1931 the NPL, as a result
of earlier measurements on mercury columns,
decided that its Washington unit had increased
by 30 ppm in the course of the 21 years since the
unit was established at Washington. This cor¬
responds to a drift of 1.4X10-6 per year. Simi¬
larly, the PTR, in 1927, decided that its Wash¬
ington unit had drifted upwards by 33 ppm in
the preceding 17 years, or at a rate of 1.9 X10-6

per year. The NBS has seen no reason to change
its unit, and it is assumed that its rate of drift
was 0. The mean of these three drift rates is the
1.1 X10~6 assumed above.
Between 1932 and 1939 the work of MM.
Perard and Romanowski at the International
Bureau provides a much better basis to give
continuity between successive intercomparisons.
In 1935 the Advisory Committee on Electricity
recommended that there be taken as the mean
international ohm the mean obtained that year
of the units of Germany, Great Britain, Japan,
Russia, and the United States of America. The
French unit, which had been used in this and in
some earlier intercomparisons, was recognized as
being out of line with the others. Therefore it
was not included, and the Laboratoire Central
d’Electricite (LCE) decided to adjust its unit by
decreasing it by 69.5 ppm to coincide with the
new mean. The Russian laboratory also read¬
justed its unit by reducing it by 10.6 ppm. This
latter readjustment, however, was made after the
international mean value for 1935 had been fixed.
In plotting figure 8, this 1935 mean value has been
used as a reference corresponding to 0 on the scale
of ordinates. In other words, it has been assumed
to be the same as the mean value chosen in 1910
as a result of the intercomparisons at Washing¬
ton. In projecting the 1935 mean value forward
or backward in time it has been assumed that the
mean of the units of all six countries remained
unchanged. In plotting the points for December
1932 and July 1933, when data on the Russian
unit were not available, it was assumed that the
ratio of the Russian unit to the mean of the other
five nations was the same as in November 1933.
It will be noted that this procedure of equating
the mean international ohm of 1935 with the mean
Washington unit of 1910, when combined with the
rate of drift postulated during the earlier years,
gives a very satisfactory correlation between the
1931 data on the older basis and the 1932 data on
the newer basis. This correlation would seem to
justify the apparently arbitrary assumption of
drift used in plotting the earlier data.
When the international comparisons of the ohm
were resumed, following World War II, a question
arose as to the proper basis for carrying forward
the mean international ohm from 1933 to 1947.
The problem was unfortunately complicated by a
strange coincidence that illustrates the importance
of having some absolute standard as a fundamental
basis for preserving units of measurement. The
staff of the International Bureau had originally
assumed that the Mean International Ohm was
the same in 1939 as it had been in 1936. On this
assumption it appeared that the resistances of the
coils in their reference group G03 were increasing
at the rate of 0.95 ppm per year. An extrapolation
of this rate over the war period would predict an
accumulated increase of 6.6 ppm by 1946. The
National Bureau of Standards Circular IfiS
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comparisons in 1946 between G03 and some
American standards showed only a very slight
increase (0.9 ppm) in the American unit relative
to G03. If this were combined with the predicted
drift in G03 it would imply an increase of
6.6+0.9 = 7.5 ppm in the American unit. Strangely
enough, comparisons in 1946 between British and
American standards indicated that the provisional
value of the British ohm was then 19.3 ppm smaller
than the American ohm, although in 1939 it had
been only 3.3 ppm smaller. A splitting of the
difference in this shift would imply an increase of
8 ppm in the American unit and an equal decrease
in the British. In spite of the apparent agreement
between these two figures 7.5 and 8 ppm, such an
increase in the American ohm seemed improbable
in view of the high quality of the standards in the
American group. The National Physical Labora¬
tory therefore made further comparisons of its
reference group with other British standards of
high quality and found a number of divergencies
which led them to “recapture” their unit by using
as a basis for its maintenance other coils of prob¬
ably better stability.
On this final basis the
British ohm in 1946 was larger than the provisional
value by 18.2 ppm. If as an alternative basis the
international reference group G03 is assumed to
have remained constant from 1939 to 1946, it
follows that the British and the American ohm
have increased by only 4.8 and 0.9 ppm, respec¬
tively [57]. This latter basis has therefore been
accepted by all concerned and was used in plotting
the 1947 value in figure 8.

2. Comparisons of the Volt
In general the procedures used in the mainte¬
nance and in the intercomparisons of the volt at
the various national laboratories have been similar
to those used for the ohm. For many years the
comparisons were rather sporadic, and they have
been interrupted by the two World Wars. With
the entry of the International Bureau of Weights
and Measures into the field of electrical measure¬
ments, the intercomparisons became much more
frequent and systematic. The records of many of
the earlier intercomparisons, as well as of the
later ones, will be found in the Proces Verbaux of
the International Committee for Weights &
Measures and in their various Annexes.
The standard cell is a much more delicate device
than a standard resistor, and therefore more sus¬
ceptible to changes during shipment. Conse¬
quently, in general, groups of from 4 to 10 such
cells have been used for important intercompar¬
isons. For these precise comparisons, as well as
for maintaining the value of the unit in the national
laboratories, cells of the “saturated” type are used.
This practice introduces some difficult problems
of temperature control. The temperature coeffi¬
cient of such cells is about 40 ppm per deg C,

which is several times as large as that of a manganin resistor. Also, it is the net difference of the
separate temperature coefficients of the potentials
developed at each of the electrodes. Each of these
half-cells has a temperature coefficient of over 300
ppm per deg C but the two are of opposite sign.
Consequently, temperature gradients in the en¬
closing oil bath may introduce serious error. Most
national laboratories maintain their standard cells
at about 20° C, while some foreign laboratories
make measurements at temperatures as low as
16° C, but the climate at Washington requires
that the bath be held at 28° C if condensation of
moisture is to be avoided. The situation is fur¬
ther complicated because the temperature coeffi¬
cient of a standard cell varies somewhat with its
age and perhaps with its acidity.
As one indication of the probable precision of
such international comparisons, it may be noted
that in 1929 six comparisons were reported, each
based on a different group of cells. The standard
deviation from the mean value of the six observed
differences between the units at the NPL and the
NBS was 4 ppm. Among these comparisons were
those involving Russian and Japanese cells, which
had been transported long distances, and which
had been handled many times in different labora¬
tories. In seven different years, comparisons
between the same two laboratories were made by
using more than one group of cells. A second
measure of the accuracy of these comparisons is
obtained by noting for each of these seven years
the highest and the lowest value of the observed
ratio of the units of the two countries. The differ¬
ence between each pair of extreme values indicates
the uncertainty for that year. The average differ¬
ence for the seven years was 9 ppm. In contrast
with such differences that appear when transporta¬
tion of cells is involved are the results of work done
in 1931 [53] at the Reichsanstalt, when a group of
eight British cells was compared with a group of
10 American cells on eight different days. The
observations were scattered over an interval of 5
weeks, but the cells were not moved between
measurements. On only two of the eight days
did the difference in the units reported by the two
groups differ by 1 ppm from the mean value of
30 ppm; on one day the difference was 29, and on
another, it was 32.
The results of the various comparisons of the
volt through the period from 1911 to 1948 are
shown in figure 9. In this figure, the plotted
points show at a given epoch the relative values
of the volt as maintained by the various national
laboratories. The correlations between the values
at one epoch, and those at another, have been
made on the basis of the following somewhat
arbitrary assumptions. From 1911 to 1932,
inclusive, it has been assumed that the mean value
of the units at the NPL and NBS was constant,
and this mean is made the axis of abscissas. The
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INTERNATIONAL
Figtjke 9.

VOLT

Differences from the mean of the values of the International Volt, as maintained by various national laboratories,
1911 to 1948.

reason that data from the PTR were not included
is, first, that during the early years relatively few
comparisons were made with the German labo¬
ratory, and, second, that hi 1931, the PTR recog¬
nized that its standard had drifted by 82 ppm. It
would be difficult to decide when the major part
of this drift occurred and to make a reasonable
correction for it in the graph. After 1934, the
data in figure 9 have been plotted on the assump¬
tion that the “Mean International Volt”, Vm, as
defined in 1935, by the Consultative Committee
on Electricity [56], has remained constant. Dur¬
ing World War II, this is equivalent to assuming
that the large group of standard cells maintained
at the International Bureau and originating in
various laboratories has also remained constant
in emf.
In 1931 it became evident tnat there was an
increasing discrepancy between the unit as main¬
tained at the PTR, and that at the British and
American laboratories. Consequently, at the
invitation of the Reichsanstalt, arrangements were
made to have* an international committee carry
out experiments with the silver voltameter, and,
thus, to reestablish the international volt. P.
Vigoureux of the NPL and G. W. Vinal of the
NBS took to Berlin standard cells and standard

resistors, the values of which had been carefully
determined at their respective laboratories. In
Berlin, these standards were compared with those
of the PTR and an extensive series of silver de¬
posits were made using several types of vol¬
tameters. The results have been reported by all
three laboratories [52, 53, 54.] Following this
work the PTR increased its unit by 82 ppm.
The large change in the Russian unit between
1929 and 1934 was presumably the result of ex¬
tensive work with the silver voltameter reported
by Kolossov [22],
Comparisons at the International Bureau began
in 1932 [55] with measurements on standard cells
from four countries, and in December 1934 data
were obtained for cells from all six national labor¬
atories. The LCE, finding its unit to be out of
line with the others, increased its volt by 76 ppm
in 1935. The Consultative Committee on Elec¬
tricity suggested [56], in view of the very small
differences between the units of the other five
laboratories and the mean of the units, that each
should, if possible, adopt this mean value as its
unit and thus obtain an immediate international
unification. However, only the Russian labora¬
tory followed this suggestion and reduced its volt
by 13 ppm. In the intercomparisons of 1937 and
National Bureau of Standards Circular lfl5
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1939, the International Bureau has carried for¬
ward the mean value of VOT as defined prior to the
change in the Russian unit by assuming the mean
of the six national units to be the same (that is,
1— 2.1X1CT6) as it was in 1935, after the Russian
adjustment.

Between July 1945 and May 1948, standard
cells were received at the International Bureau
from five of the six national laboratories (The
Reichsanstalt did not submit any). The results
are plotted in figure 9 on the basis that the mean
emf of the reference .group GV2 of 47 cells at the
International Bureau has remained constant.

IV. Developments 1911 to 1948
1. Enlargement of Scope of International
Committee on Weights and Measures
The London Conference of 1908 envisaged, as
shown by its schedule D (appendix 2), the ulti¬
mate establishment, by the governments inter¬
ested, of a permanent International Commission
for Electrical Standards. Pending such action,
its president, Lord Rayleigh, appointed an interim
scientific committee of 15 members. The only
action of this committee seems to have been to
select the delegates who constituted the special
International Technical Committee, which carried
on the experimental work in Washington in 1910,
and to officially promulgate its results. The
work of the technical committee was so satisfac¬
tory tha,t during the next few years little need was
felt for further improvement in the situation.
In 1914 World War I started and rendered inter¬
national cooperative action, in other than military
matters, quite impractical.
Following the war, there was a wave of interest
in new international cooperative organizations,
and older organizations began to renew their
activities. One of the oldest international scien¬
tific organizations is that set up in 1875 by the
treaty commonly designated The Convention of
the Meter. This provided for the establishment
of a permanent International Bureau nf Weights
and Measures, which is located on a plot of ground
set aside as international territory in the Parc de
St. Cloud at Sevres, near Paris. The functions
of that Bureau included the custody and preser¬
vation of the metric standards of length and mass
and comparison of the several national standards
with the international prototypes. The work of
the Bureau is supervised by an International
Committee of 18 scientists, appointed by reason
of their individual competence in the field of
measurements, but with the proviso that only one
member shall be appointed from any one nation.
This Committee normally meets at the Bureau
every 2 years to review the work of the Bureau
and lay out its future program. At intervals,
normally of 6 years, a General Conference on
Weights and Measures, to which all nations
signatory to the Convention of the Meter may
send delegates, meets to review the work of the
Committee and of the Bureau and to give official
authority to their actions. The Conference is a
diplomatic rather than a scientific body, and many

of the delegates come from the embassies of the
various countries.
At the 1920 meeting of the International Com¬
mittee for Weights and Measures, after the close
of the war, the American and Belgian members
suggested that the scope of the International
Bureau of Weights and Measures might well be
enlarged to include the electrical units and the
determination of important physical constants.
The proposition was formally presented at the
Sixth General Conference on Weights and Meas¬
ures (1921) [6]. There was evidently a very real
advantage to be gained in keeping under the con¬
trol of a single international body as many fields
of exact measurement as possible, because, there¬
by, duplications of effort and conflicts of authority
would be minimized. On the other hand, the
large amounts of expensive equipment and spe¬
cially trained personnel required to make real
advances in the science of precise electrical meas¬
urement seemed to be beyond the very meager
financial resources that the various signatory
nations had hitherto been willing to contribute
to the International Bureau. The British dele¬
gates in particular opposed any major enlarge¬
ment of the laboratory facilities of the Bureau
such as would be needed for an independent
primary establishment of the units and pointed
out that such a procedure would duplicate serv¬
ices already available in the national laboratories.
However, all felt that the International Com¬
mittee could perform a very valuable function by.
coordinating the work of the national labora¬
tories, comparing the units established by them,
and giving official status to properly weighted
mean values.
The Sixth Conference finally voted unanimously
to amend the Convention of the Meter (Appendix
3) so as to give to the International Committee
and Bureau authority for the “establishment and
conservation of the standards for the electrical
units . . .”. This action of the General Con¬
ference was duly ratified by the United States
Senate in 1923.
With the assumption of its new duties it seemed
to the International Committee that it should
secure (1) the cooperation of experts in the field of
electrical measurements and (2) a closer and more
official connection with the national standardiz¬
ing laboratories where the primary electrical
measurements were being developed. To achieve
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these objects it recommended the formation of
an Advisory Committee on Electricity that
should advise the International Committee on
questions relating to electrical standards and
systems of measurement. This recommendation
was approved by the Seventh General Confer¬
ence held in 1927. The Advisory Committee on
Electricity is limited to 10 members, including a
representative appointed by each of the national
laboratories designated by the International
Committee, and also specialists named by the
Committee. The chairman of the Advisory
Committee is elected by the International Com¬
mittee from among the membership of the latter.
The national laboratories designated were the
National Physical Laboratory of Great Britain,
the Laboratoire Central d’electricite at Paris, the
Physikalisch-Technische Reichsanstalt of Ger¬
many, the Central Chamber of Weights and
Measures of the USSR, the Electrotechnical
Laboratory of the Department of Communica¬
tions of Japan, and the National Bureau of
Standards of the United States. Two individual
specialists, Prof. L. Lombardi, Director of the
Electrotechnical Laboratory of the Royal School
for Engineers, Rome, and M. Ch.-Ed. Guillaume,
Director of the International Bureau, were ap¬
pointed in 1928.
At its meeting in 1929, the International Com¬
mittee asked the Advisory Committee to consider
also problems related to photometric measure¬
ments and standards, and specialists in pho¬
tometry were invited to attend the meetings. At
this time the committee was often referred to as
the -“Advisory Committee on Electricity and
Photometry.” However, in view of the differ¬
ences between the two fields of work, a separate
Advisory Committee on Photometry organized
along parallel lines was authorized by the Inter¬
national Committee at its 1935 meeting.
The increase in the scope of work of the Inter¬
national Bureau required increased laboratory
space, and in November 1928 the International
Education Board contributed 900,000 francs and
the French government released an additional
small strip of land that made it possible to add
sufficient laboratory space to house the electrical
apparatus. Another assistant was added to the
staff in 1929 to carry the additional work.

2. Trend Toward Absolute Units
In the decades following the London Conference
of 1908, the developments of science and of the
electrical art materially changed the situation that
had led to the establishment of the system of inter¬
national units. The genius of Lord Rayleigh,
who served as President of the Conference, may
have enabled him to foresee these trends, for even
when he was in the act of establishing the inter¬
national system by formally putting to a vote the

resolution on the mercury ohm, he could not
refrain from saying, “Before putting the resolu¬
tion, I should like to say a word or two. I have
no doubt this proposition will commend itself to
a large majority of the Conference, but in my own
mind I feel some doubt as to whether the intro¬
duction of the mercury column is not what we
call a fifth wheel to the coach ... to define it
(the ohm) as the resistance of a column of mercury
seems to me—I will not say illogical, but hardly
in accord with the precision that absolute measure¬
ments made now obtain ..." I only wish to
liberate my conscience by these few remarks . . .
I will put the resolution to the Conference, that
The International Ohm shall be defined as the
resistance of a specified column of mercury. . . .”
A number of factors cooperated in the ensuing
years to demonstrate the wisdom of Lord Ray¬
leigh. One of these was the fact that the need
for standards that were conveniently reproducible
vanished with the growth of testing service by
the national laboratories. A standard cell or
resistor could be shipped from San Francisco to
Washington, tested, and returned with a tiny
fraction of the time and expense involved in
setting up a voltameter or mercury column ex¬
periment. Laboratories in the smaller countries
could obtain similar service from the large na¬
tional laboratories or, more recently, from the
International Bureau.
A second factor in the diminishing utility of the
international units was the discovery of isotopes.
Mercury has seven isotopes, of which five occur
in considerable amounts, and which have masses
covering a range of 2 percent. Silver has two
isotopes of almost equal abundance, which differ
in mass by about 2 percent. The volume re¬
sistivity of mercury is presumably nearly the
same for all isotopes, but the Chicago Congress,
in an endeavor to make the definition more pre¬
cise, changed the earlier specification for a column
1 sq mm in cross section by specifying a column
having a mass of 14.4521 g. With this definition
a change in isotopic composition would be expected
to make a change in the resistance of the column
proportional to the change in density. This
difficulty is probably more academic than real
because specimens of mercury from widely dif¬
ferent sources have been found to have very closely
the same density.
The difficulty from the silver isotopes is less
academic, because the process of electrolysis
may well introduce an appreciable change in
isotopic composition.
In fact, electrolysis is
the most common process for concentrating the
heavy isotope of hydrogen. If, in the deposit, the
ratio of the light to the heavy isotope content is
greater by 1 percent than it is in the solution, the
deposit will be 100 ppm lighter than if no separa¬
tion had occurred. Moreover the extensive work
from 1911 to 1914 with the silver voltameter
National Bureau of Standards Circular Jfld
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revealed still other complications such as effects
from colloidal silver, spurious inclusions in the
deposit, etc., which could cause appreciable
errors in work of the highest accuracy.
At first sight it might appear that the con¬
ventional choice of a fixed number, namely
0.00111800 grams of deposit per international
coulomb, to define the unit of electric charge
would have a theoretical advantage by eliminating
one experimental step hi the determination of the
Faraday. This physical constant would then be
given by F=Al/0.o6l 11800, where A is the atomic
weight of the silver deposited. For the standard
atomic weight 107.880, F is 96,494 international
coulombs per gram equivalent, and the only
experimental determination involved is that of the
atomic weight. However, in the numerous theo¬
retical uses of the Faraday, as in the determination
of Avogadro’s number, it is combined with other
physical constants at least some of which involve
the electromagnetic forces on elementary charges,
which in turn are expressible primarily in absolute
units. The “international Faraday” is therefore
useful only when the ratio of the international
to the absolute coulomb is also known. More¬
over, the complications from inclusions, colloidal
silver and possible isotopic separation constitute
serious sources of error when the silver voltameter
is used to determine the Faraday. On the other
hand, they drop out when a single particular type
of voltameter operating under closely controlled
conditions, is used to reproduce the same average
current in a repeat experiment even after the
lapse of many years.
The third and perhaps most important factor
was the tremendous increase in the scope of appli¬
cation of electrical methods of measurement in
many fields of science and engineering and the
simultaneous increase in the accuracy required.
Electrical methods are used to measure tempera¬
tures, pressures, strains, acidity, concentrations,
and a myriad of other physical and chemical
quantities. In some of these, particularly in the
measurement of energy and in the calibration of
calorimeters, the desired precision has long been
so high that corrections had to be be applied for
the difference between the international and the
absolute units. Electrical effects are fundamental
in the experiments by which a large number of
basic physical constants such as the Faraday,
electronic charge, mechanical equivalent of heat,
Bohr magneton, and Zeeman displacement con¬
stant are measured. It soon became evident that
the bother and confusion already experienced in
the field of thermochemistry would soon become
serious in many other fields if the independently
fined international units continued in use.

3. Official Actions Leading to the Adoption
of the Absolute Units
The possibility of shifting back to the absolute
system of units had doubless been in the minds of
many scientists for a long time, and indications of
it are evident in some of the discussions in 1921
regarding the extension of the authority of the
International Committee. Perhaps the first offi¬
cial action in this direction was a set of resolutions
formulated by the Committee on Instruments and
Measurements of the American Institute of Elec¬
trical Engineers and formally adopted June 27,
1928, by its Board of Directors. This (see ap¬
pendix 4) pointed out the unsatisfactory aspects
of the situation then existing and urged the na¬
tional laboratories to undertake the additional re¬
searches necessary to make it feasible to legalize
the absolute units.
At the same time Dr. G. K. Burgess, then
Director of the National Bureau of Standards and
its representative on the international Advisory
Committee, called together an American Advisory
Committee on Electrical Units and Standards.
The membership included representatives of the
National Academy of Sciences, American Institute
of Electrical -Engineers, the American Physical
Society, the National Electric Light Association,
the Association of Edison Illuminating Companies,
the National Electrical Manufacturers Associa¬
tion, and the American Telephone and Telegraph
Company. In 1930, two members, representing
the Illuminating Engineers Society and the Optical
Society of America, were added when photometric
questions were under consideration. This ad¬
visory committee met first in Washington on June
16, 1928, and discussed the functions that it was
desirable to have the International Bureau under¬
take in connection with the electrical units, and
the consensus was as follows:
(1) A central secretariat to arrange for systematic
exchange of standards and compilation of results of
intercomparisons thus made among the national labor¬
atories.
(2) A laboratory to which concrete standards repre¬
senting the results obtained in the different countries
may be brought for precise comparisons.
(3) A repository for international reference and
working standards with the necessary equipment so
that other standards may be compared with these
standards on request.

The committee then voted the following reso¬
lution:
That in the opinion of this Committee, in view of
improvements which are being made in absolute meas¬
urements, electrical standards should in future be
based upon the absolute system of units.

At almost the same time Dr. D. W. Dye, who
represented the National Physical Laboratory on
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the international Advisory Committee, laid the
same questions before the Electrical Units and
Standards Committee of the NPL.3 * The opinions
of this committee as to the desirable functions of
the International Bureau were very closely con¬
cordant with those of the American Advisory Com¬
mittee. They also regarded it “as of the utmost
importance that the use of the absolute units
should be introduced at the earliest possible mo¬
ment. * * * It is felt that this change can
be made now (1928), but that, the difficulties in¬
volved will increase with each year of delay.”
The German position at this time, as set forth
in a memorandum by Dr. von Steinwehr, was
much less favdrable to the proposed change.
While admitting the theoretical advantages of the
absolute system, they emphasized the inconven¬
iences that they feared would develop in practice
during the transition. They proposed that much
additional work should be carried out first, to de¬
termine the ratios of the international to the
absolute units. After these ratios were definitely
established, they would then urge that the defi¬
nitions in absolute terms be used as the basis for
defining the units, but that the established ratios
should then be applied so as to keep the magni¬
tudes of the units actually used at the same values
as the current international ones.
On the other hand, a similar committee of
Italian scientists under the chairmanship of Prof.
L. Lombardi favored the ultimate transition to
absolute units, although they felt that considera¬
ble further experimental work in absolute measure¬
ments should be done first,. Professor D. Konova¬
lov of the Central Chamber of Weights and Meas¬
ures, USSR, sent in proposals that had been ap¬
proved by a group representing several central
scientific and technical institutions in Russia.
These proposals were closely parallel to those of
the American and British members. Similar re¬
sponses came from analogous committees of the
Societe Fran^aise des Electriciens and from the
Japanese Electrotechnical Laboratory.
In view of this preponderance of opinion, the
Advisory Committee, on June 8, 1929, adopted a
resolution translated as follows:
In view of the great importance of unifying the
systems of electrical measurement upon a basis free
from arbitrary characteristics, the absolute system,
derived from the centimeter-gram-second system,
should replace the international system of units for
all measurements in science and industry.

This was officially approved by the International
Committee at its 1929 meeting and widely
publicized.
As might have been expected, a few individuals
disagreed with the proposed change in units, and
felt that the change in the ohm would involve
excessive inconveniences in laboratory work.
3 The members of this Committee were Sir Richard Glazebrook, Chairman,
Sir William Bragg, Dr. D. W. Dye, Dr. Alexander Russell, Sir Arthur
Schuster, Dr. F. E. Smith, and Sir Joseph Petavel.

G. A. Campbell, in a paper entitled, “A definitive
system of units,” which he presented at a meeting
in Chicago on June 24, 1933, of the Committee for
Symbols, Units, and Nomenclature (SUN Com¬
mittee) of the International Union of Pure and
Applied Physics, suggested that the ohm be fixed
by a material standard resistor and that all other
electrical units be derived from this and from the
meter, the kilogram, and the second. On this
basis, the “permeability of space,” /jl„, would be¬
come a derived quantity to be determined by
experiment and would have a-value of about
0.9995X10-7 henry per meter. According to this
plan the prototype ohm was to be preserved at the
International Bureau in the same manner as the
meter and the kilogram. It would follow that if
this standard resistor should drift in time as did
those whose values are shown in figure 8, the ex¬
perimentally determined value of p,, would also
be found experimentally to drift and to have dif¬
ferent values at different epochs. This proposal
was formally rejected by .the SUN Committee.
A similar suggestion was proposed by. Prof.-Ing
G. Giorgi and endorsed by F. Emde and by A.
Sommerfeld. A great deal of confusion has arisen
because the name Giorgi thus became attached to
a second system of units, which was, in effect,
almost a special case of an earlier system of units
that he had proposed. As early as 1901 Giorgi [2]
had made the constructive suggestion that the
incomplete “practical absolute” system of eight
electrical units (coulomb, ampere, volt, ohm,
henry, farad, joule, watt) could be extended into a
complete system that would include mechanical
and magnetic units as well. By the artifice of
assigning to n;, the value 10-7 in place of the value 1,
which is chosen in the centimeter-gram-second
electromagnetic system, Giorgi found that the
meter, the kilogram, and the second became auto¬
matically the mechanical units in his new com¬
plete system, and it is therefore usually called the
“MKS System”. The unit of force in this system
has a magnitude of 105 dynes and the name
“newton” lias been proposed for it. This valuable
suggestion has met with growing but rather belated
approval.
In 1935 the International Electrotechnical Com¬
mission meeting at Scheveningen gave its formal
approval to this MKS system, recommended its
general use for engineering purposes, and sug¬
gested that it be called the “MKS-Giorgi” system.
In engineering uses, the distinction between the
international units and the absolute units is neg¬
ligible and was probably not given any consider¬
ation by the IEC. Theoretically, if the absolute
units are used everything will be inherently
consistent . On the other hand, with the suggestion
of Campbell or the later suggestion of Giorgi,
which was not approved by the IEC, the joule and
watt would have retained their absolute values,
the ohm would by definition have kept its interNational Bureau of Standards Circular Jf75
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national value, and the ampere and the volt would
have had neither their absolute nor their interna¬
tional values, but would have been respectively
less and greater than their absolute values by the
square root of the factor by which the international
ohm is greater than the absolute ohm. Later, at
its meeting in Torquay in 1938, the IEC explicitly
showed its preference for the absolute system by
recommending “. . . as the connecting link be¬
tween the electrical and mechanical units the
permeability of free space with the value At„=10-7
in the unrationalized system or hv=4tt.10~7 in the
rationalized system.”
The alternative suggestions of Campbell and of
Giorgi were duly considered by the International
Committee, but at its meeting in 1935 the decision
to shift to the absolute units was reaffirmed.
It should be emphasized that the action of the
International Committee for Weights and Meas¬
ures in authorizing the change from the interna¬
tional to the absolute electrical units has no bearing
whatever on the question also now under discus¬
sion as to the relative merits of the MKS and cgs
systems. The absolute ohm, ampere, and volt
may be regarded equally well either (1) as units of
the absolute AIKS system (either rationalized or
unrationalized), or (2) as convenient decimal
multiples of the corresponding units of the cgs
system.
Moreover, the action of the IEC in
specifically assigning a value to nT as the link
between electrical and mechanical units should not
be interpreted as giving any particular funda¬
mental significance to permeability.
The IEC
Committee on Electric and Magnetic Magnitudes
and Unit's (EMMU) explicitly stated “The
Committee recognizes that any one of the following
practical units, ohm, ampere, volt, henry, farad,
coulomb, weber already in use may equally serve
as the fourth fundamental unit, because it is
possible to derive each unit and its dimensions
from any four others mutually independent.”
At the Eighth General Conference on Weights
and Measures, meeting in 1933, the change to the
absolute units was definitely confirmed (see ap¬
pendix 5).
The Conference delegated to the
International Committee full authority to fix the
ratios of the new to the old units and to set the
date for their adoption. It was hoped that the
change might be made in 1935.
However, absolute measurements of high ac¬
curacy are very time-consuming, and although
work was pushed vigorously at several national
laboratories, it became evident that reliable values
of adequate accuracy for the ratios of the absolute
to the international units could not be obtained
so quickly. At the 1935 meeting, the International
Committee [8] postponed the date of adoption to
January 1, 1940, asked the Advisory Committee
to meet early in 1939 to fix the ratios, and an¬
nounced that only experimental work reported
before the end of 1938 would be considered in

fixing the values. It published provisional values
for the ratios expressed to parts in 10,000 based on
1 international ohm= 1.0005 absolute ohms.
1 international volt= 1.0004 absolute volts.
The Advisory Committee met in June 1939, and
the several members reported the status of the
work in their respective laboratories on determin¬
ing the ratios of the international to the absolute
units. The German, Japanese, and Russian labora¬
tories had not yet completed their programs.
However, the Committee felt that the good
agreement between the British and American
data, and the increasing inconvenience that the
transition would entail if too long postponed
justified adhering to the proposed date of January
1, 1940. Resolutions were drawn up transmitting
this opinion to the International Committee,
fixing provisionally the ratios to be announced,
and offering suggested wordings for exact theo¬
retical definitions of the new absolute units, which
could if desired be incorporated in the legislation
that might be enacted by the several adherent
nations to put the new units into full effect.
The meeting of the International Committee
has been scheduled for September 1939, but the
outbreak of World War II brought all activity in
this field to a standstill.
Following a brief preliminary session in Novem¬
ber 1945, the International Committee met in
plenary session in October 1946.4 A poll of the
laboratories represented on the Advisory Com¬
mittee on Electricity showed that, with the
exception of the Reichsanstalt, all still concurred
in the opinion expressed by the Committee in 1939
that the transition to the new units should be
made promptly. The Germans still would have
jmeferred to postpone the change until they could
verify by their own experiments the correctness
of the new units. It was evident however that
their flight from Berlin to Weida to escape the
bombings must have deranged the laboratory to
such an extent that they would not be in position
to make an.effective contribution for a very long
time. Accordingly the International Committee
formally voted resolutions (see appendix 6) based
on the recommendations made in 1939 by the
Advisory Committee.
These (1) set the date
January 1, 1948, for the change; (2) fixed the
ratios
1 mean international olim= 1.00049 absolute ohms.
1 mean international volt= 1.00034 absolute volts.
as those governing the change on that date; and
(3) gave official formulations of definitions for the
new units.
* The membership of the International Committee at this time was: L. de
Broglie (France); G. Cassinis (Italy); M. Chatelain (USSR); E. C. Crittenden
(USA); M. Dehalu (Belgium); W. J. de Haas (Holland); E. S. Johansen
(Denmark); C. Kargatchin (Yugoslavia); W. Kosters (Germany); H. Nagaoka (Japan); Z. Rauszer (Poland); M. Ros (Switzerland); J. E. Sears
(Great Britain); M. Siegbahn (Sweden); C. Statescu (Rumania); A. Perard.
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This action was given ex post facto approval by
the Ninth General Conference when it met in
October 1948.
Conformance with this formal action of the
International Committee was of course desirable
on the part of the United States as a signatory
nation. Accordingly the National Bureau of
Standards proceeded to prepare for the impending
change. Bureau Circular C459, “Announcement
of change in electrical and photometric units”,
was published in May 1947 and given wide
circulation. Excerpts appeared in most of the
technical magazines concerned, and oral announce¬
ments were made at various scientific meetings.
During 1947 all certificates issued by the Bureau
giving precise electrical values contained a supple¬
mentary statement of what the values were going
to be in the new units. Similarly, during 1948
such certificates contained not only the values in
the new units but also a supplementary statement
of what the values would have been in terms of the
old units.
Because of the differences, shown in figures 8
and 9, between the mean international units as
defined by the intercomparisons at the Inter¬
national Bureau and the Washington units as
maintained at the National Bureau of Standards,
the ratios of the units as certified by the NBS

prior to January 1,1948 to the absolute units used
after that date are as given in the tabulation
below. (It should be noted that the U. S.
“Washington ohm” was 7 ppm smaller than the
ohm as certified for use in the USA).
1
1
1
1
1
1
1
1

international
international
international
international
international
international
international
international

ohm
=1.000495
volt
=1.000330
ampere =0.999835
coulomb = 0.999835
henry
= 1.000495
farad
=0.999505
watt
=1.000165
joule
=1.000165

absolute
absolute
absolute
absolute
absolute
absolute
absolute
absolute

ohms.
volts.
ampere.
coulomb.
henries.
farad.
watts.
joules.

The legal status of the new units in the United
States is, of course, exactly the same as that of the
older ones because the law of 1894 (appendix 1)
mentions both sets of units on an equivalent basis.
However, in order to remove the ambiguities of
the old act, and also to provide a statutory basis
for photometric units that have hitherto been
based merely on the common consent of those
interested, new legislation has been proposed.
Substantially identical bills, HR4113 and S1850
were introduced in the United States Congress in
July 1947 and December 1947, respectively, but
died with the expiration of the 80th Congress in
December 1948. Bill S441 (see appendix 7) was
introduced in the 81st Congress in January 1949.

V. Absolute Measurements
1. General
The many interactions between electrical and
mechanical phenomena have offered a considerable
variety of possible methods for deriving electrical
quantities from mechanical measurements [61, 62,
63]. However, experience has shown that rela¬
tively few of these give prospects of yielding an
accuracy as high as a few parts in 100,000.
One such relation is that between the induct¬
ance of a circuit and its geometrical size and shape.
Many formulas [69] have been worked out for
such relations. By constructing an inductor of
simple shape in such a way that all its significant
dimensions can be measured with sufficient
accuracy, and by ensuring that all materials used
in its construction or located in its neighborhood
are nonmagnetic, a standard is obtained, the
inductance of which can be computed in absolute
henries. For results of high accuracy, extreme
care and attention to detail are required in the
construction of the inductor. The mechanical
measurements involve a tedious multiplicity of
measurements of diameter and length of various
parts of the structure, all of which must be of the
highest accuracy. An example of the effort to
avoid systematic errors is the use by one group at
the NBS of end-length standards only, while the
workers using another method used line standards
only.

As a second step, the inductance can be used in
one of several forms of measuring circuit at a
known frequency to determine the value in ab¬
solute ohms of the resistance of a resistor. Be¬
cause of the fact that resistors rather than induc¬
tors are commonly used for the maintenance of the
unit, most experimenters have combined the two
steps so that the final result of their experiment
is the determination of the value of a resistance in
absolute units. Hence such experiments are
referred to as absolute-ohm determinations, al¬
though the absolute henry is really the first
product.
It might appear that this single electrical
determination of the ohm should suffice because
the ampere can theoretically be defined as the
current that dissipates energy at the rate of 1
watt when flowing in a resistance of 1 ohm, and
the watt is purely a mechanical unit. In practice,
however, the mechanical measurement of energy
or power with high accuracy is difficult. It has
been found preferable to make use of a second
typo of absolute measurement in which the current
in a pair of coils develops a mechanical force of
attraction or repulsion between them. The force,
Fx, in the x direction developed in such a circuit
by a current, /, is given by
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where dM/dX[ is the rate of increase of the mutual
inductance between the fixed and the moving coils
as the dimension is increased. By arranging the
coils so that Fx is vertical, it may be measured by
balancing it against the gravitational force, Mg,
on a mass, M. The force is then readily obtained
and the major problem is the computation of
dM/dX from the known proportions of the circuit.
Such an apparatus is commonly called a “current
balance.”
Because of the transitory nature of an electric
current, the customary procedure is to connect in
series with the coils of the balance a resistor o-f
resistance, B. The voltage drop, IB, in this
resistor is opposed to the emf, E, of a standard
cell. When the current, /, is held at such a value
that IB balances E and at the same time the
mass, M, of the weight has been adjusted to
balance the electrodynamic force, the relation

apparatus. D and D' are disks mounted on the
rotating shaft, S'. Brushes b and b' make contact
with the periphery of the disks. Each pair of fixed
coils, for example, C\ and C2, or C3 and C4 may be
considered the primary windings of a mutual in¬
ductor, M, of the Campbell type, the secondary
of which is formed by the periphery of a slip-ring
carried on a disk. When there is a current I in
the coils, the magnetic flux linking the periphery
of one ring is <f>=MI. When the shaft, S, is ro¬
tated, each conducting path (b d d' b') from a
point on the periphery of one ring through the
disk and shaft to a corresponding point on the
periphery of the other ring will cut the total flux
embraced by the peripheries of the two rings, and
this flux is given by
(Mf-M') I. The emf
generated between the brushes is therefore propor¬
tional to the current and to the spexl of rotation.

holds. If B is known in absolute ohms, E can be
computed in absolute volts.- An experiment of
this type is usually called a determination of the
ampere in absolute measure, although the final
result is the determination of the emf of a standard
cell.

2. Absolute Measurement of Resistance
In recent years, four distinct methods of com¬
parable and very high accuracy for the absolute
measurement of resistance have been used in the
national standardizing laboratories of Great Brit¬
ain and of the United States. The followingparagraphs give a brief description of each.
An early method employs the “Lorenz appara¬
tus,” [64], which has been used successfully sev¬
eral times at the National Physical Laboratory.
Figure 10 shows a schematic cross section of the

This schematic cross section shows how the JR drop in the resistor,R, which
is being measured, is balanced against the emf, induced between the brushes
b ft' of the homopolar generator.
The generator field is formed by the coils
C1C2C3C1, coaxial with the shaft and connected in series with R, while its
armature winding is a conductor such as bdd'b' connecting the two slip rings
carried by disks D and DK

Figure

11.

Self-inductor wound in lapped helical groove
in pyrex glass form.

The coil has 1,000 turns, is about 35 cm in diameter and 100 cm long. Its
inductance is 103 mh. The enclosing cabinet for temperature control is made
of wood and glass with no metal fastenings.
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This.emf is balanced against the IR drop of the
same current through the resistor, B, which is
being measured. When a balance is obtained,
R—n
Here B is in ohms if n is the
speed in revolutions per second and M and M' are
in henries.
One method used at the NBS by Curtis, Moon,
and Sparks [65] was to construct a large self in¬
ductor of copper wire wound in a carefully lapped
groove on the outer cylindrical surface of a form
of pyrex glass or of fused quartz. The inductor
on the pyrex form is shown in figure 11. The
computation of the inductance of such a coil is
made by the formulas developed by Snow.
Figure 12 shows the circuits used in the electrical

Figure 13.

Schematic cross section of Campbell mutual
inductor.

For a primary winding in two sections of the proportions shown, the mag¬
netic field is almost zero in the annular space occupied by the secondary coil.
Hence an error in the measured dimensions or location of the secondary coil
will have little effect on the calculated mutual inductance.
Figure 12.

Moon, and
resistance.

Schematic diagram of circuits used by Curtis,
Sparks for the absolute measurement of

experiment by which, in two stages, the measure¬
ment is made in terms of inductance and time.
The first stage consists in an experiment at a fre¬
quency of 24 c/s using* a Maxwell-Wien bridge to
establish with high precision the relation between
the values of the inductor, L, a large air capacitor,
C, and two resistance arms, Bx and i?4. The
switch, D, serves to give, a base reading in which
a link of small and computable inductance, Ls, is
substituted for the large inductor. The capacitor,
C, is then connected into a Maxwell absolute
capacitance bridge circuit in which its value is
determined in terms of the resistances i?5, i?6, and
B7 and the number (100) of charges and discharges
per second produced by the contactor, K. Addi¬
tional comparisons among the resistors serve to
express the final results in terms of the resistance
of any one of them. In all, four different induc¬
tors wound on forms of different materials and
dimensions have been used in this work.
The Campbell method used by Hartshorn and
Astbury [66] at the British National Physical
Laboratory involves the construction of a mutual
inductor of the Campbell type [67]. A schematic
cross section of such an inductor is shown in
figure 13. This type of mutual inductor has the

advantage that the secondary circuit is located
in an annular space in which the magnetic field is
very weak. Hence the location of the secondary
turns need be known with an accuracy less by
about three orders of magnitude than the accuracy
that is required in the location of the primary
turns. This annular region of weak magnetic
field results from the presence of the gap between
the upper and lower halves of the primary wind¬
ing as indicated. The mutual inductance is
calculated from the dimensions of the coils.
The inductances of two working mutual in¬
ductors, Mi and M2, are then compared succes¬
sively with that of the single computable inductor
of the Campbell type, of the same nominal value,
by directly opposing the secondary emf’s to that
of the standard when the primary coils are carry¬
ing a suitable current at a frequency of about 10
c/s. The circuit shown in figure 14 is then used
with a frequency of about 100 c/s to compare the
inductances with the resistances r and B. Here
B indicates the resistance of the entire circuit
formed by the secondary coil of Mx and the
primary coil of M2, together with the auxiliary
resistor, S.
When a balance exists the constants
of the circuit satisfy the relations:
orMxM2=Br
MiS= (Li T L2)r
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M,

Figure 14.

Mz

Campbell method for the absolute measurement
of resistance.

The values of the two mutual inductors are derived by comparison with a
computable standard inductor. The secondary emf of Mi is nearly equal
in magnitude and opposite in phase to the drop of the primary current in r.

The first of these equations, together with the
measured ratio of R to r, gives a value for R (or r)
in terms of M and co.

A second method used at the NBS is the Wenner
method [68], which combines certain desirable
features of several of the preceding methods. The
mutual inductor, the primary of which is shown
in figure 15, is a modification of the Campbell type
with two gaps in the primary winding so placed as
to produce two annuli of zero field. By proper
design, the resulting annular space within which
the field is very small and in which the secondary
winding is to be located can be made relatively
large. The circuit used is shown in figure 16.
A direct current flowing through the four-terminal
resistance, R, which is being measured (here
shown with an adjustable shunt, Sn, across its
potential terminals) also flows in the primary
winding, P, of the mutual inductor M, but is
reversed in direction cyclically by the commutator,
Cp. The emf induced in the secondary of the
mutual inductor is rectified by the commutator,
Cs, and opposed through the galvanometer, G, to
the IR drop in the resistor, R. The two commu¬
tators are mechanically alined with such relative
phases that the secondary connections are re¬
versed after the primary current has had time to
settle to a steady value. The current flowing in
the secondary at the time of secondary commuta¬
tion is negligibly small. When a balance is
obtained the resistance is given by the equation
R—ft nM U/Ia,

Figure 15.

Modified Campbell inductor used in Wenner
method.

Here Dr. F. Wenner is shown measuring the average pitch of a section of
the primary winding. For the electrical measurements the coil is removed
from this steel comparator frame and mounted with its secondary in a nonmetallic housing.

where n is the frequency of commutation in cycles
per second, Ia is the average current through the
resistor, R, and IT is the current flowing in the
primary of the inductor at the moment the second¬
ary connections are reversed. The primary cur¬
rent is supplied from two storage batteries and the
circuit is so adjusted that battery, Bu supplies
energy as far as the commutator, CP, while battery,
Z?2, supplies the energy needed for the rest of the
circuit. With this adjustment the voltage be¬
tween points a and c is always zero, and no change
in the current occurs when commutator CP makes
its connection between a and c at the beginning of
the process of commutation. The resistance net¬
work, Rg,- associated with battery, B2, is connected
to a series of contact segments similar to the com¬
mutator of a d-c motor, and these contacts are
mechanically driven by the same shaft as that
which drives the primary and secondary commu¬
tators. The resistances in the network are so
chosen that the wave form of the primary current
approximates a trapezoid, whereas the wave form
of the secondary voltage consists of a sequence of
approximately square-topped pulses. The magneto
generator, J, inserts into the galvanometer circuit
an alternating emf, the average value of which is
strictly zero, which serves to maintain an approxi¬
mate balance of the emf’s throughout the cycle.
The inductors, K$ and Kp, serve to greatly reduce
the fluctuations in current in the two circuits.
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Figure

16.

Schematic circuit diagram for the Wenner method.

Resistor R is measured in terms of mutual inductor M, and frequency of reversal of primary and secondary commutators Cp and Cs.
-T'i and lr2 hold the current in R constant, while that in P reverses cyclically.

Two electronic amplifiers, Vx and V2, of the phaseinverter type that have a “gain” of 1:1, give
further regulation and reduce any cyclic and
irregular fluctuations in the potential across a and
c by a factor of 400. The current in the resistor,
B, is thus kept constant to better than 1 ppm
throughout the cycle. At the time of each
secondary commutation, the resistor is directly in
series with the primary winding of the mutual
inductor.
Therefore Ir equals Ia to a high
accuracy, and
R = 4 nM.

Table 2.

Date

1937
1937
1936-38
1948

Absolute measurements of resistance

Authors

Method

Vigoureux
Hartshorn and
Astbury.
Curtis, Moon,
and Sparks.
Thomas, Peter¬
son, Coo ter,
and Kotter.

Lorenz
Campbell_

1. 000 499
1. 000 505

Self-induc¬
tor.
Wenner_

1. 000 472

Mean

This method has been found so convenient to
operate that it is planned to keep the apparatus
in commission continuously and to measure the
resistance of the 1-ohm standards in the primary
group at intervals of not longer than 1 year. A
continued agreement with earlier values will be a
very strong indication that neither the resistance
standards nor the mutual inductor has drifted in
value. The chance that two such different struc¬
tures should show simultaneous and equal drift in
the same direction is very small. If discrepancies
develop, the laborious process of measuring the me¬
chanical dimensions of the inductor will have to be
repeated. It is hoped that this will not be neces¬
sary more often than once every 10 or 20 years.
Table 2 summarizes results obtained by these
four methods for the absolute measurement of re¬
sistance and shows that the agreement is highly
satisfactory in spite of the very considerable dif¬
ferences between the methods. It therefore seems
probable that the systematic errors have been
largely eliminated from all of them.

Electronic amplifier

Value 1

1. 000 484

1. 000 490

1 Number of absolute ohms in 1 mean international ohm.

Many sources of error are common to all of the
methods, although they would be expected to ap¬
pear to a very different extent in different methods.
One of these is the uncertainty in the dimensions
and the uniformity of the windings. Perhaps the
best inductors are those of Curtis, Moon, and
Sparks, but even in these the outside diameter of
the helix has a maximum variation of 4 microns,
although the variations in pitch correspond to axial
irregularities certainly less than a few tenths of a
micron. Errors may arise from the change in
dimensions resulting from the temperature rise
caused by the heating effect of the current if the
current used in the measurement is increased to
obtain higher sensitivity. Still another source of
error is the uncertainty in the permeability of the
form on which the inductor is wound and the ef¬
fects from magnetic ma terial in the neighborhood.
For instance, to avoid such effects at the NBS, the
National Bureau of Standards Circular If/5
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end of the building assigned for absolute measure¬
ments was constructed with bronze plumbing, re¬
inforcing rods of special nonmagnetic steel, lead
window weights, etc.
The frequency used in the main balance in the
second method, or in the Maxwell bridge in the
third method, and the speed of rotation of the
generator or commutator shafts in the other two
methods must be measured to the full accuracy
desired in the final result. This, however, has not
constituted a serious limitation because the aver¬
age speed over a considerable time can readily
be determined to high accuracy by comparison
with circuits timed by crystal oscillators. A more
subtle source of error may be the uncertainty in
the location of the current within the cross section
of the primary winding. If the material were
homogeneous one would expect the center of
gravity of the current distribution to lie somewhat
inside the center of the wire because of the shorter
circumference of the inner edge of each turn. The
problem is complicated, however, because in the
process of winding, parts of the material are
strained even beyond their elastic limits, and these
strains may cause small changes in the resistivity,
which in turn will affect the distribution of cur¬
rent. Such errors, are, of course, greater when

the cross section of wire is made large to permit
the use of large currents.
Other sources of error applicable to particular
methods that may be mentioned are: Imperfect
integration of the current by the galvanometer
used in the Maxwell bridge; changes in the resist¬
ance of the intermediate circuit of the Campbell
method as a result of heating of the copper coils
that form part of this circuit; the low voltage de¬
veloped in the Lorenz apparatus, which makes
thermoelectric and contact trouble at the brushes
rather significant, and the possibility of residual
emf'in the secondary of the inductor at the time
of commutation of the secondary circuit in the
Wenner method.
In spite of all these possible errors, the great
effort expended on these methods lias led to results
which, as shown in table 2, differ by only a very
few parts in 100,000.

3. Absolute Measurement of Current
The only methods [70, 71, 72] used in recent
times for the absolute measurement of current
with high precision involve a current balance
somewhat like that shown schematically in figure
17. The current to be measured is passed in series

With the weight, lifted, the direction of currents is such that the moving coil is attracted by the lower and repelled by the upper fixed coil.
is reversed, the weight is lowered on to the balance pan and the electrodynamic forces are in the opposite direction.
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When the switch

through the two fixed cods and the moving coil.
The direction of the windings is such that the
magnetomotive forces of the two fixed coils are in
opposition so that they conspire to force the mov¬
ing coil in the same direction. The current bal¬
ance at the NBS uses coils the cross section of
which is small relative to their radius and is com¬
monly designated as of the Rayleigh type. At
the NPL all three coils are wound with single-layer
windings that have considerable axial length, and
the balance is designated as the Ayrton-Jones
type. The NPL balance has two sets of coils, one
moving coil being supported from either end of
the balance. This has the advantage of doubling
the force and of giving some compensation between
the disturbing forces due to convection currents
arising from the heating developed by the current
in the moving coils. In operation, the rest point
of the balance is observed before and after re¬
versal of current in the fixed coils. A compensat¬
ing mass of known weight, nearly equal to the
change in electromagnetic force, is also added
during one observation and removed during the
other.
The formulas for computing the force in terms
of current are complicated, but in the Rayleigh
form involve principally the ratio of the effective
radii of the fixed and moving coils. It has been
found possible to measure this ratio of the effec¬
tive radii by an electrical method with a higher

precision than can be obtained by purely mechani¬
cal measurements. This is done with the circuit
shown in figure 18. The two coils concerned are
mounted concentrically with their planes in the
magnetic meridian and are energized with cur¬
rents of such magnitude that the net magnetic
field at the common center of the coils is zero.
This condition is indicated by a sensitive magne¬
tometer at the center. When the magnetometer
shows no deflection as a result of a reversal of
both currents, the ratio of the radii is equal to
the ratio of the currents. The ratio of the cur¬
rents is then equal to the ratio of the resistances,
Rx and R2, when the galvanometer, G, also shows
a balance.
The principal limitation in the absolute measure¬
ment of current seems to be in the uncertainty
in the location of the coils, and it lias seemed
better to sacrifice the greater mechanical forces
that can be obtained by using multilayer coils of
round insulated wire and to use instead single
layer solenoids of bare wire or coils wound of
metallic ribbon to form a coil of many layers but
of one turn per layer. Aluminum ribbon insu¬
lated. by an anodizing process has been found
convenient for such coils.
Figure 19 shows the combination of a helical
moving coil with a pair of spiral fixed coils as
mounted at the NBS. A comparison of the re¬
sults obtained when different coil combinations are
in use is shown in table 3. The values listed in
this table are the amounts' in ppm by which the
absolute ampere, as derived by the use of various
combinations of fixed and moving coils in the
current balance at the NBS, exceeds the NBS
international ampere as certified in the United
States. It will be seen that when the larger
(25-cm diam) moving coil was used with the
smaller (40-em diam) of the fixed coils, the differ¬
ence, 26 ppm, was 145 ppm smaller than the
value, 171 ppm, observed when the ribbon-wound
(25-cm diam) moving coil was used with the
fixed single-layer solenoids (46-cm diam). These
systematic difference are definitely larger than the
random errors of observation and are still unex¬
plained.
Table 3.

Results with different coils in current balance
Fixed coils
Moving coil

Wire, large_ _
W ire, small _ ..
Spiral..- . __ Helical..
_
Figure

18.

Wire,
small

Wire,
large

ppm
26
69
96
118

ppm
no
97
129
136

Spiral

Helical

ppm

ppm

163
165

171
165

Circuit for measuring ratio of effective radii
of current-balance coils.

If the currents are adjusted to have equal and opposite effects on the small
magnet, their ratio is equal to that of the effective radii of the coils. If the
galvanometer is also balanced, this ratio is equal to that of the resistance
R1 to /?2.

A further uncertainty arises from possible errors
in the value, g, used for the acceleration of gravity
in computing the gravitational force on a known
National Bureau of Standards Circular Jffto
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Figure

19.

Coils of current balance.

Here the two spiral fixed coils are wound of anodized aluminum strip on the outside of the water jacket and enclosed in a protective case. The moving coil
is a single-layer helix wound in a lapped groove in the glass form, and suspended by three rods from the perforated spider, which in turn hangs from one end of
the balance.

mass. The values reported from earlier work and
given in table 4 are based on the 1906 Potsdam
determination. In the light of more recent
measurements [751, it appears that the best value
of g is probably less by 15 ppm than that derived
from Potsdam.
The results of the best recent absolute measure¬
ments of current are summarized in table 4.
162].
Table 4.

Date

Absolute measurement of current

Authors

1936

Vigoureux

1939

Curtis,
Curtis,
and Critchfield.
Curtis, Driscoll,
and Critchfield.

1942

Mean

Method

Value a

AyrtonJones.
Rayleigh_

0. 999 863

Combination

0. 999 856

0. 999. 860

0. 999 860

» Number of absolute amperes in 1 mean international ampere, using
values of gravity derived from the Potsdam determination.

On the basis of these results, the International
Committee chose the reduced value 0.99985 for
the value of the mean international ampere in
absolute amperes. Hence the international am¬
pere as certified by the National Bureau of Stand¬
ards is 0.999835 absolute ampere.
It is evident from table 3, however, that the
certainty of the final result is not as high as might
be concluded from the (perhaps fortuitous) agree¬
ment of the independent values listed in table 4.
There is an evident need for the development of
some radically different method for measuring cur¬
rent in absolute amperes that will not be subject
to the same types of systematic error.
The
Pellat balance [73] in which the current in two
coils placed with their axes at right angles produces
a mechanical torque, seems to offer such a possibili¬
ty. The construction of such a balance was
begun at the NBS some time ago, and the mathe¬
matical formulas needed in its use have been
worked out by Snow [74]. It is hoped that this
project can be resumed in the near future.
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VI. Summary
The preceding record has shown that for the
37 years from 1911 to 1947, inclusive, the national
standardizing laboratories, with valuable coor¬
dinating service from the International Bureau
of Weights and Measures; succeeded in main¬
taining throughout the civilized world a system of
electrical units that did not vary in time among
any of the six participating nations by more than
0.01 of 1 percent. The units in the United States
apparently never departed from the desired ideal
by more than 20 ppm.
The ideal pursued during these years was the
system of international electrical units, formu¬
lated by the London Conference of 1908, and
experimentally realized by the Technical Com¬
mittee in Washington in 1910. The basic defini¬
tions in terms of mercury columns and silver
deposits were brought into play apparently on
only four occasions: To readjust the British ohm
in 1927, the German ohm and the volt in 1932,
and the Russian volt in 1930, when each of these
nations changed its unit to offset the effect of
cumulative drift in the standards it had been
using to maintain the unit. The fact that such
drifts did accumulate makes it clear that in the
future as in the past some fixed definitions must
be set up by which the standards can be checked
periodically. The results of absolute measure¬
ments by a variety of methods have shown that
such absolute measurements can be used to serve
as a check against cumulative drift with an accura¬
cy at least as great as that attainable in the dis¬
carded international standards.
The change of January 1, 1948, involved both a
change in the size of each unit by the factor shown
on page 22 and a change in the type of experi¬

ment by which, at fairly long intervals, checks will
be made by one or another of the national labora¬
tories to detect any incipient progressive drifts in
its standards. The older procedures for main¬
taining the ohm and the volt by groups of standard
resistors and cells of the highest quality will con¬
tinue unchanged. The biennial intercomparisons
at the International Bureau are being resumed and
will serve both to detect relative drifts between
the standards of different countries and to main¬
tain accurate values for the standards deposited at
Sevres, which in turn serve as primary standards
for the laboratories of countries that do not have
national laboratories of their own.
It is to be expected that the International
Advisory Committee on Electricity will meet only
at fairly long intervals as additional experimental
realizations of the absolute units become available,
or if an undue drift in the value of one or more
nation’s unit relative to the mean indicates a need
for consideration by the International Committee
on Weights and Measures. Any readjustment of
values resulting from such situations will presum¬
ably be very small.
However, the adoption of the new ideal, which
is inherently consistent with the mechanical units,
lias automatically eliminated all future need of
correcting precise scientific data to allow for the
artificial distinction between the international
and the absolute units.' Future absolute measure¬
ments can be depended upon to keep the units
as maintained amply close to the ideal, because
with adequate attention they may be expected to
increase in accuracy in parallel with any possible
future increases in the accuracy of the scientific
measurements that they are to correlate.
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VIII. Appendix 1
U. S. Law of 1894, 53d Congress, 28 Stat., Ch. 131,
p. 102
(Public—No. 105)
An Act To define and establish the units of
electrical measure
Be it enacted by the Senate and House of Representatives
of the United States of American in Congress assembled,
That from and after the passage of this Act the legal units

of electrical measure in the United States shall be as follows:
First.
The unit of resistance shall be what is known as
the international ohm, which is substantially equal to one
thousand million units of resistance of the centimetergram-second system of electro-magnetic units, and is
represented by the resistance offered to an unvarying
electric current by a column of mercury at the temperature
of melting ice fourteen and four thousand five hundred
and twenty-one ten-thousandths grams in mass, of a con¬
stant cross-sectional area, and of the length of one hundred
and six and three tenths centimeters.
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Second.
The unit of current shall be what is known as
the international ampere, which is one-tenth of the unit
of current of the centimeter-gram-second system of electro¬
magnetic units, and is the practical equivalent of the
unvarying current, which, when passed through a solution
of nitrate of silver in water in accordance with standard
specifications, deposits silver at the rate of one thousand
one hundred and eighteen millionths of a gram per second.
Third.
The unit of electro-motive force shall be what
is known as the international volt, which is the electro¬
motive force, that steadily applied to a conductor whose
resistance is one international ohm, will produce a current
of an international ampere, and is practically equivalent
to one thousand fourteen hundred and thirty-fourths of
the electro-motive force between the poles or electrodes
of the voltaic cell known as Clark’s cell, at a temperature
of fifteen degrees centigrade, and prepared in the manner,
described in the standard specifications.
Fourth.
The unit of quantity shall be what is known as
the international coulomb, which is the quantity of elec¬
tricity transferred by a current of one international ampere
in one second.
Fifth.
The unit of capacity shall be what is known as
the international farad, which is the capacity of a condenser

charged to a potential of one international volt by one
international coulomb of electricity.
Sixth.
The unit of work shall be the Joule, which is
equal to ten million units of work in the centimeter-gramsecond system, and which is practically equivalent to the
energy expended in one second by an international ampere
in an international ohm.
Seventh.
The unit of power shall be the Watt, which
is equal to ten million units of power in the centimetergram-second system, and which is practically equivalent
to the work done at the rate of one Joule per second.
Eighth.
The unit of induction shall be the Flenry,
which is the induction in a circuit when the electro-motive
force induced in this circuit is one international volt while
the inducing current varies at the rate of one Ampere per
second.
Sec. 2.
That it shall be the duty of the National
Academy of Sciences to prescribe and publish, as soon as
possible after the passage of this Act, such specifications
of details as shall be necessary for the practical application
of the definitions of the ampere and volt hereinbefore given,
and such specifications shall be the standard specifications
herein mentioned.

IX. Appendix 2
International Conference on Electrical
Units and Standards, 1908
REPORT
The Conference on Electrical Units and Standards for
which invitations were issued by the British Government,
was opened by President of the Board of Trade, the Right
Hon. Winston S. Churchill, M. P., on Monday, 12th
October 1908, at Burlington House, London, S. W.
Delegates were present from twenty-two countries, and
also from the following British Dependencies, namely,
Australia, Canada, India and the Crown Colonies.
It was decided by the Conference that a vote each should
be allowed to Australia, Canada and India, but a vote was
not claimed or allowed for the Crown Colonies.
The total number of delegates to the Conference was
forty-six, and their names are set out in Schedule A to
this Report.
The officers of the Conference were;

electromotive force and current when set up under the
conditions specified in Schedule C.
In cases in which it is not desired to set up the Standards
provided in the resolutions Schedule B, the Conference
recommends the following as working methods for the
realisation of the International Ohm, the Ampere, and the
Volt.
1. For the International Ohm.
The use of copies, constructed of suitable material
and of suitable form and verified from time to time,
of the International Ohm, its multiples and sub¬
multiples.
2. For the International Ampere.
(a)

or (b) The use of a Weston Normal Cell whose electro¬
motive force has been determined in terms of
the International Ohm and International Ampere,
and of a resistance of known value in Interna¬
tional Ohms.

President

3. For the International Volt.

The Right Hon. Lord Rayleigh, O. M., President of the
Royal Society.
Vice-Presidents
Professor S. A. Arrhenius.
Dr. N. Egoroff.
Dr. Viktor Edler von Lang.
Secretaries
Mr. M. J. Collins.
Mr. W. Duddell, F. R. S.

(a)

M. Lippmann
Dr. S. W. Stratton.
Dr. E. Warburg.

Mr.
C.
W.
Crawley.
Mr. F. E. Smith.

A comparison with the difference of electric
potential between the ends of a coil of resistance
of known value in International Ohms, when
carrying a current of known value in Interna¬
tional Amperes;

or (b) The use of a Weston Normal Cell whose electro¬
motive force has been determined in terms of the
International Ohm and the International Am¬
pere.

S.

The Conference elected a Technical Committee to draft
specifications and to consider any matter which might be
referred to the Committee and to report to the Conference.
The Conference and its Technical Committee each held
five sittings.
As a result of its deliberation the Conference adopted
the resolutions and specifications attached to this report
and set out in Schedule B, and requested the Delegates to
lay them before their respective Governments with a view
to obtaining uniformity in the legislation with regard to
Electrical Units and Standards.
The Conference recommend the use of the Weston
Normal Cell as a convenient means of measuring both

The measurement of current by the aid of a cur¬
rent balance standardized by comparison with a
silver voltameter;

The duties of specifying more particularly the condi¬
tions under which these methods are to be applied has
been assigned to the Permanent Commission, and pend¬
ing its appointment to the Scientific Committee to be
nominated by the President (see Schedule D), who will
issue a series of Notes as Appendix to this Report.
The Conference has considered the methods that
should be recommended to the Governments for securing
uniform administration in relation to Electrical Units and
Standards, and expresses the opinion that the best method
of securing uniformity for the future would be by the
establishment of an international Electrical Laboratory
with the duties of keeping and maintaining International
Electrical Standards.
This Laboratory to be equipped
entirely independently of any National Laboratory.
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The Conference further recommends that action be taken
in accordance with the scheme set out in Schedule D.
Signed at London on 21st October, 1908.
By the Delegates of the Countries above written.
For the United States of
S. W. Stratton.v
America:
Henry S. Carhart.
Edward B. Rosa.
Victor Von Lang.
For Austria:
Ludwig Kusminsky.
For Belgium:
P. Clement.
For Brazil:
Leopold J. Weiss.
Victor Eastman.
For Chile:
Jorge Roa.
For Colombia:
For Denmark and Sweden: Svante Arrhenius.
For Ecuador:
C. Nevares.
G. Lippmann.
For France:
J. Rene Benoit.
T. De Nerville.
E. Warburg.
For Germany:
W. Jaeger.
St. Lindeck.
Rayleigh.
For Great Britain:
J. Gavey.
R. T. Glazebrook.
W. A. J. O’Meara.
A. P. Trotter.
J. J. Thomson.
Francisco de Arce.
For Guatemala:
For Hungary:
Harsdnyi Desire.
Vater Joisef
Antonio Roiti.
For Italy:
For Japan:
Osuke Asano.
Shigeru Kondo.
Alfonso Castello.
For Mexico:
Dr. H. Haga.
For Netherlands:
For Paraguay:
Max. F. Croskev.
For Russia:
N. Egorolf.
L. Swentorzetzky.
For Spain:
Jose Ma. de Madariaga.
A. Montenegro.
For Switzerland:
Dr. H. F. Weber.
P. Chappuis.
Jean Landry.
For Australia:
C. W. Darley.
Threlfall.
For Canada:
Ormond Higman.
For Crown Colonies:
P. Cardew.
For India:
M. G. Simpson.
M. J. Collins.
In the presence of:
W. Duddell.
C. W. S. Crawley.
F. E. Smith.
Secretaries.
Schedule B

RESOLUTIONS
1. The Conference agrees that as heretofore the magni¬
tudes of the fundamental electric units shall be deter¬
mined on the electro-magnetic system of measurement with
reference to the centimetre as the unit of length, the
gramme as the unit of mass and the second as the unit of
time.
These fundamental units are (1) the Ohm, the unit of
electric resistance which has the value of 1,000,000,000 in
terms of the centimetre and second; (2) the Ampere, the
unit of electric current which has the value of one-tenth
(0.1) in terms of the centimetre, gramme, and second; (3)
the Volt, the unit of electromotive force which has the value
100,000,000 in terms of the centimetre, the gramme, and
the second; (4) the Watt, the Unit of Power which has the
value 10,000,000 in terms of the centimetre, the gramme,
and the second.

II. As a system of units representing the above and
sufficiently near to them to be adopted for the purpose of
electrical measurements and as a basis for legislation, the
Conference recommends the adoption of the International
Ohm, the International Ampere, and the International
Volt defined according to the following definitions:
III. The Ohm is the first Prinary Unit.
IV. The International Ohm is defined as the resistance
of a specified column of mercury.
V. The International Ohm is the resistance offered to
an unvarying electric current by a column of mercury at
the temperature of melting ice, 14.4521 grammes in mass,
of a constant cross sectional area and of a length of 106.300
centimetres.
To determine the resistance of a column of mercury in
terms of the International Ohm, the procedure to be
followed shall be that set out in Specification I attached
to these Resolutions.
VI. The Ampere is the second Primary Unit.
VII. The International Ampere is the unvarying
electric current which, when passed through a solution of
nitrate of silver in water, in accordance with Specification
II attached to these Resolutions, deposits silver at the rate
of 0.00111800 of a gramme per second.
VIII. The International Volt is the electrical pressure
which, when steadily applied to a conductor whose resist¬
ance is one International Ohm, will produce a current of
one International Ampere.
IX. The International Watt is the energy expended per
second by an unvarying electric current of one Interna¬
tional Ampere under an electric pressure of one Inter¬
national Volt.
Specification I.
Specification Relating to Mercury Standards of Resistance
The glass tubes used for mercury standards of resistance
must be made of a glass such that the dimensions may
remain as constant as possible.
The tubes must be well
annealed and straight.
The bore must be as nearly as
possible uniform and circular, and the area of cross-section
of the bore must be approximately one square millimetre.
The mercury must have a resistance of approximately
one ohm.
Each of the tubes must be accurately calibrated.
The
correction to be applied to allow for the area of the crosssection of the bore not being exactly the same at all parts
of the tube must not exceed 5 parts in 10,000.
The mercury filling the tube must be considered as
bounded by plane surfaces placed in contact with the
ends of the tulae.
The length of the axis of the tube, the mass of mercury
the tube contains, and the electrical resistance of the mer¬
cury are to be determined at a temperature as near to 0° C,
as possible.
The measurements are to be corrected to 0° C.
For the purpose of the electrical measurements, end
vessels carrying connections for the current and potential
terminals are to be fitted to the tube.
These end vessels
are to be spherical in shape (of a diameter of approxi¬
mately four centimetres) and should have cylindrical
pieces attached to make connections with the tubes.
The
outside edge of each end of the tube is to be coincident
with the inner surface of the corresponding spherical end
vessel.
The leads which make contact with the mercury
are to be of thin platinum wire fused into glass.
The point
of entry of the current lead and the end of the tube are to
be at opposite ends of a diameter of the bulb; the potential
lead is to be midway between these two points.
All the
leads must be so thin that no error in the resistance is intro¬
duced through conduction of heat to the mercury. The
filling of the tube with mercury for the purpose of the
resistance measurements must be carried out under the
same conditions as the filling for the determination of the
mass.
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The resistance which has to be added to the resistance
of the tube to allow for the effect of the end vessels is to
be calculated by the formula,
0.80
10637T

ohm,

where rx and r2 are the radii in millimetres of the end sec¬
tions of the bore of the tube.
The mean of the calculated resistances of at least five
tubes shall be taken to determine the value of Ahe unit
of resistance.
For the purpose of the comparison of resistances with
a mercury tube the measurements shall be made with at
least three separate fillings of the tube.

For setting up the cell, the H form is the most suitable.
The leads passing through the glass to the electrodes must
be of platinum wire, which must not be allowed to come
into contact with the electrolyte.
The amalgam is placed
in one limb, the mercury in the other.
The depolariser is place'd above the mercury and a
layer of cadmium sulphate crystals is introduced into each
limb.
The entire cell is filled with a saturated solution
of cadmium sulphate and then hermetically sealed.
The following formula is recommended for the E. M. F.
of the cell in terms of the temperature between the limits
0° C. & 40° C.

E<=E20—0.0000406(f—20°)
- 0.00000095 (t- 20°)2 + 0.00000001« - 20°)3

Specification II
Specification

Relating to the

Deposition of Silver

Schedule D

The electrolyte shall consist of a solution of from 15
to 20 parts by weight of silver nitrate in 100 parts of dis¬
tilled water.
The solution must only be used once, and
only for so long that not more than 30 percent of the silver
in the solution is deposited.
The anode shall be of silver, and the kathode of plati¬
num.
The current density at the anode shall not exceed
1/5 ampere per square centimetre and at the kathode
1/15 ampere per square centimetre.
Not less than 100 cubic centimetres of electrolyte shall
be used in k voltameter.
Care must be taken that no particles which may become
mechanically detached from the anode shall reach the
kathode.
Before weighing, any traces of solution adhering to the
kathode must be removed, and the kathode dried.
Schedule C

Weston Normal Cell
The Weston Normal Cell may be conveniently em¬
ployed as a standard of electric pressure for the measure¬
ment both of E. M. F. and of current, and when set up in
accordance with the following Specification, may be
taken, provisionally,* as having, at a temperature of
20° C., an E. M. F. of 1.0184 volts.
Specification Relating to the Weston Normal Cell
The Weston Normal Cell is a voltaic cell which has a
saturated
aqueous
solution
of
cadmium
sulphate
(C’dS04 8/3 LLO) as its electrolyte.
The electrolyte must be neutral to Congo Red.
The positive electrode of the cell is mercury.
The negative electrode of the cell is cadmium amalgam
consisting of 12.5 parts by weight of cadmium in 100 parts
of amalgam.
The depolariser, which is placed in contact with the
positive electrode, is a paste made by mixing mercurous
sulphate with powdered crystals of cadmium sulphate and
a saturated aqueous solution of cadmium sulphate.
The different methods of preparing the mercurous sul¬
phate paste are described in the notes.f
One of the
methods there specified must be carried out.
* See duties of the Scientific Committee, Schedule D.
fNotes on methods pursued at various standardising laboratories will be
issued by the Scientific Committee or the Permanent Commission, as an
Appendix to this Report.

1. The
Conference recommends that the various
Governments interested establish a permanent Inter¬
national Commission for Electrical Standards.
2. Pending the appointment of the Permanent Inter¬
national Commission the Conference recommends0) that
the President, Lord Rayleigh, nominate for appointment
by the Conference a scientific Committee of fifteen to
advise as to the organisation of the Permanent Com¬
mission, to formulate a plan for and to direct such work
as may be necesary in connection with the maintenance
of standards, fixing of values (2), intercomparison of
Standards and to complete the work of the Conference C).
Vacancies on the Committee to be filled by co-optation.
3. That Laboratories equipped with facilities for precise
electrical measurements and investigations should be
asked to cooperate with this Committee and to carry out,
if possible, such work as it may desire.
4. The Committee should take the proper steps forth¬
with for establishing the Permanent Commission, and
are empowered to arrange for the meeting of the next
Conference on Electrical Units and Standards, and the
time and place of such meeting should this action appear
to them to be desirable.
5. The Committee or the Permanent International
Commission shall consider the question of enlarging the
functions of the International Commission on Weights
and Measures, with a view to determining if it is possible
or desirable to combine future Conferences on Electrical
Units and Standards with the International Commission
on Weights and Measures, in place of holding in the
future Conferences on Electrical Units and Standards.
At the same time it is the opinion of the Conference that
the Permanent Commission should be retained as a distinct
body, which should meet at different places in succession.
(>) In accordance with the above, Lord Rayleigh has nominated the follow¬
ing Committee, which has been approved by the Conference, viz.:
Dr. Osuke Asano.
Prof. G. Lippmann.
M. R. Benoit.
Prof. A. Roiti.
Dr. N. Egoroff.
Prof. E. B. Rosa.
Prof. Eric Gerard.
Prof. S. W. Stratton.
Dr. R. T. Glazebrook.
Mr. A. P. Trotter.
Dr. H. Haga.
Prof. E. Warburg.
D. L. Kusminsky.
Prof. Fr. Weber.
Prof. St. Lindeck.
(2) This will include the reconsideration from time to time of the E. M. F.
of the Weston Normal Cell.
(3) With this object the Committee are authorised to issue as an Appendix
to the Report of the Conference Notes detailing the methods which have
been adopted in the Standardising Laboratories of the various countries
to realise the International Ohm and the International Ampere, and to set
up the Weston Normal Cell.
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X. Appendix 3.
Metric Convention.

Article 7, as amended 1921

Art. 7.
After the committee shall have proceeded with
the work of coordinating the measures relative to electric
units and when the general conference shall have so decided
by a unanimous, vote, the bureau will have charge of the
establishment and keeping of the standards of the electric
units and their test copies and also of comparing with
those standards,the national or other standards of precision.

The bureau is also charged with the duty of making the
determinations relative to physical constants, a more ac¬
curate knowledge of which may be useful in increasing
precision and further insuring uniformity in the provinces
to which the above-mentioned units belong (article 6 and
first paragraph of article 7).
It is finally charged with the duty of coordinating similar
determinations effected in other institutions.

XI. Appendix 4.
Resolutions Adopted by the Board of Directors,
American Institute of Electrical Engineers, at
its Meeting in Denver, Colorado, June 27, 1928

space permeability that, the accuracy and reproducibility
of a system of electrical, units realized by such absolute
measurements would seem to be adequate for commercial,
industrial and scientific purposes; and

Whereas, there is conclusive evidence that there are
discrepancies between the statutorily established inter¬
national electrical units (ohm, ampere, and volt) and the
fundamental ohm, ampere and volt which the international
units were intended to represent, these discrepancies in the
case of the ohm and the volt amounting to approximately
one-twentieth of one per cent; and

Whereas, the legalization of the absolute ohm and ampere
and the units derived from them (these units to be realized
by the national standardizing laboratories) would avert the
recurring proposals for revision of the values of the legalized
units, and would establish the electrical units on a per¬
manent legal basis; therefor be it
Resolved, that the American Institute of Electrical
Engineers hereby urges the Bureau of Standards and
foreign national standardizing laboratories to under¬
take as soon as possible, the additional researches nec¬
essary in order that the absolute ohm and absolute
ampere based on the centimeter-gram-second electro¬
magnetic system, with the absolute volt, watt and
other units derived from them, may be legalized in
place of the international ohm and ampere and their
derived units.

Whereas, differences of this magnitude are objectionably
large in comparison with the precision required and now
being attained in the construction and use of standards
fundamental to all electrical measurements: therefore be it
Resolved, that the American Institute of Electrical
Engineers hereby urges the Bureau of Standards and
foreign national standardizing laboratories to under¬
take, as soon as possible, the additional researches
necessary in order that legislation to reduce these dis¬
crepancies to within acceptable limits may be enacted
in the near future.

Resolved, further, that in order to avoid the confu¬
sion which would result from an interim use of new
empirical units based on corrected values of the inter¬
national units, the international electrical units should
be continued in effect without any readjustment of
values until such time as the practicability of legalizing
the above-mentioned absolute units shall have been
determined.

And whereas, the present electrical units are defined by
statute in terms of material standards, namely, the mercury
ohm and the silver voltameter, which it is now known only
approximately represent the absolute ohm and ampere
and which experience has shown to have serious limitations,
and

Resolved, further, that copies of these resolutions be
communicated to the various national standardizing
laboratories and other interested bodies, by the
Standards Committee.

Whereas, such progress has been made in recent years in
the art of making absolute electrical measurements in
terms of the fundamental units of length, mass, time and

XII. Appendix 5.
Translation of Resolution No. 10 adopted October
6, 1933, by the 8th General Conference on
Weights and Measures
Resolution No. 10, Substitution of the absolute electrical
units for the units called “international”.
In accord with the first resolution relative to the elec¬
trical units proposed by the Advisory Committee and
approved by the International Committee on Weights
and Measures;
The Conference approves the principle of the substitu¬
tion of the absolute system of electrical units for the inter¬

national system;
Considering, however, that a number of national
laboratories have not yet completed the measurements
necessary to relate the international units to the absolute
units;
It decides to postpone to the year 1935 the provisional
fixing of the ratio between each international unit and the
corresponding absolute unit;
For this purpose it gives to the International Committee
the necessary authority to fix at that time and without
waiting for another Conference, these ratios as well as
the date of adoption of the new units.
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XIII. Appendix 6.
Translation of Resolutions adopted October 29,1946
by the International Committee on Weights
and Measures
RESOLUTIONS
Concerning the Change in Electrical Units
Resolution 1

ampere, volt and watt, thus defined, are identical with
those which were adopted at the London Conference of
1908.
The procedure to be followed for the establishment and
the conservation of the standards of reference required
for certain chosen units is indicated in paragraphs 6 and
8, which are likewise equally intended to serve as a
guide for legislation.
4) Theoretical Magnitudes of the Units.—A. Definition
of Mechanical Units Used in the Following Text:

The International Committee on Weights and Measures
meeting officially for the first time since 1937, adopts in
principle the resolutions which were submitted to it by
the Advisory Committee on Electricity in June, 1939.
To adapt these resolutions to the current situation, which
has resulted from the developments and scientific progress
accomplished since 1939, it decides that:
1) The date for putting in effect the absolute units
shall be January 1, 1948.
2) The • relations for passing between the mean inter¬
national units and the absolute units are:

I. Unit of Force—The unit of force (in the system M. K.
S. (meter, kilogram, second)) is the force which gives to ?
mass of 1 kilogram an acceleration of 1 meter per second
per second.0)
II. The Joule (unit of energy or work).—The joule is the
work done when the point of application of the M. K. S.
unit of force is displaced a distance of 1 meter in the
direction of the force.
III. The Watt (unit of power).—The watt is the power
which gives rise to the production of energy at the rate of
1 joule per second.

1 mean international ohm = 1.00049 absolute ohm.
1 mean international volt =1.00034 absolute volt.

B. Definition of the Electrical Units.
The
Committee offers the following proposals defining the
theoretical magnitudes of the electrical units.

The precision of the two relations given above will permit
laboratories and industries to express all electrical quanti¬
ties in terms of the new units, without introducing in this
conversion an error exceeding two units in the last place.
This error is hardly larger than that estimated as being
the accuracy obtained in the national laboratories for
their absolute measurements.
Resolution 2

1) Definitive Substitution of Absolute Electrical Units
for the International System.—In virtue of authority which
was conferred on it by the General Conference on Weights
and Measures in 1933, the International Committee on
Weights and Measures announces at this time its decision
that the substitution of the system of practical absolute
electrical units for the international system shall be put
into effect beginning January 1, 1948.
The present resolutions constitute the “new announce¬
ment’’ which the Circular Letter of January 1, 1940,
signed by the President and Secretary of the International
Committee on Weights and Measures, requested the
various countries to await, before proceeding with any
change in units.
2) Historic Continuity of the System.—The first definition
of the practical absolute system of electrical units
adopted by the Committee was enunciated by the London
Conference of 1908 in the following manner:
(Here follows Schedule B of the London Conference, see Appendix 2.)

31 General Considerations.—The definitions of the abso¬
lute electrical and magnetic units rest on the generally
recognized electromagnetic laws, which lead to a system
of inter-dependent relations among the various quantities
which are to be measured.
Consequently the units can
be defined in various ways, according to the starting
point chosen.
In order to formulate legal decisions which are concerned
solely with the size of the units and not with the processes
experimentally employed for their realization in accord¬
ance with the theory on which they are based, it is con¬
venient to have a set of definitions, adequate for this pur¬
pose, expressed in as simple and easily understood language
as is possible.
In response to questions which have been addressed to
it concerning a text, intended to serve as a guide for the
wording of legislation, the Committee recommends con¬
sequently the adoption of the sequence of definitions given
in paragraph 4.
The Magnitudes of the units: ohm,

IV. The Ampere (unit of electric; current).—The
ampere is the constant current which, if maintained in two
straight parallel conductors of infinite length, of negligible
circular sections, and placed 1 meter apart in a vacuum,
will produce between these conductors a force equal to
2X 10-7 M. K. S. unit of force per meter of length.
V. The Volt (unit of difference of potential and of
electromotive force).—The volt is the difference of electric
potential between two points of a conducting wire carrying
a constant current of 1 ampere, when the power dissipated
between these points is equal to 1 watt.
VI. The Ohm (unit of electric resistance).—The ohm is
the electric resistance between two points of a conductor
when a constant difference of potential of 1 volt, applied
between these two points, produces in this conductor a
current of 1 ampere, this conductor not being the seat of
any electromotive force.
VII. The Coulomb (unit of quantity of electricity).—
The coulomb is the quantity of electricity transported
in 1 second by a current of 1 ampere.
VIII. The Farad (unit of electric capacitance).—The
farad is the capacitance of a capacitor between the plates
of which there appears a difference of potential of 1 volt
when it is charged by a quantity of electricity equal to 1
coulomb.
IX. The Henry (unit of electric inductance).-—The
henry is the inductance of a closed circuit in which an
electromotive force of 1 volt is produced when the electric
current in the circuit varies uniformly at a rate of 1 ampere
per second.
X. The Weber (unit of magnetic flux).—The weber is
the magnetic flux which, linking a circuit of 1 turn, pro¬
duces in it an electromotive force of 1 volt as it is reduced
to zero at a uniform rate in one second.
5) Object of These Definitions.—The definitions given in
paragraph 4) are intended solely to fix the magnitude of
the units and not the methods to be followed for their
practical realization.
This realization is effected in accord
with the well-known laws of electro-magnetism.
For
example, the definition of the ampere represents only a
particular case of the general formula expressing the forces
which are developed between conductors carrying electric
currents, chosen for the simplicity of its verbal expression.
It serves to fix the constants in the general formula which
has to be used for the realization of the unit.
(i) It has been proposed to give the name “newton” to the M. K. S. unit of
force.
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The foregoing text refers to the M. K. S. system.
It is
naturally possible to translate it into another system
(C. G. S., M. T. S., etc.) by appropriate modification by
powers of ten.
6) Material Standards.—For practical comparisons the
electrical units are represented by material standards for
the. ohm and the volt to which are assigned appropriate
values expressed in absolute units.
The standards for the
ohm at the present time take the form of resistance coils
and those for the volt of voltaic cells (Weston cells for
example.)
7) International Standards of Reference.—The values
which are to be assigned to the standards of reference
maintained at the International Bureau of Weights and
Measures will be fixed from time to time by the Interna¬
tional Committee, on the recommendation of the Advisory
Committee on Electricity, in accord with the results of
comparisons made between these standards and the na¬
tional standards the values of which will have been deter¬
mined directly by absolute measurements.
8) National Standards of Reference.—The values to be
assigned to the national standards of reference will be deter¬
mined in accordance with the results of comparisons made
with the standards of reference of the International Bureau.
9) Ratio Between the Absolute Units and the Units of the
International Systems.—These ratios are indicated in Reso¬
lution 1 above.
For the standards of each nation, or of particular labora¬
tories, it will be necessary to take account, not only of the
values indicated above for the ratios between the “mean
international units” £Lm,Am, and VM (which have been
accepted by the International Committee) and the abso¬
lute units, but also of the difference between the units
of the international system maintained by each laboratory
and the corresponding “mean international units.”
RECOMMENDATION
For the purpose of avoiding confusion as far as possible
the Committee advises that, during the period of transi¬
tion, the adjective “international” (abbreviation: “int.”)
be applied to the names of the electrical units for the units
formerly in use and the adjective “absolute” (abbreviation:
“abs.”) for the units which the Committee has decided
to adopt.
Annex to Resolution 1

In anticipation of the meeting of the International Com¬
mittee in October, 1946, the International Bureau of
Weights and Measures sent a circular letter to a number
of national laboratories requesting their opinion on the
question of the absolute electrical units.
The replies re¬
ceived showed that on the whole the opinion was clearly
favorable to the immediate adoption of these units.

The National Bureau of Standards transmitted to the
International Committee a formal recommendation re¬
questing that the date of introduction of the absolute units
in practical use should be fixed as January 1, 1948.
Moreover, this laboratory has made a very exhaustive
study including an objective and impartial discussion of
all the experimental work carried out in the majority of
the large scientific institutions of the world.
The result
of this study together with the results of later work done
at the National Bureau of Standards is such that it seems
proper to consider that the 5th decimal place has been
obtained in the measurement of the ratios between the
international and the absolute units.
The ratios proposed
by the National Bureau of Standards are therefore:
1 mean international ohm= 1.00049 absolute ohms.
1 mean international ampere = 0.99985 absolute ampere.
1 mean international volt = 1.00034 absolute volts.
the 6th decimal being zero.
The National Physical Laboratory declared itself in
accord with the proposals of the National Bureau of
Standards and merely remarked that it would be preferable
not to give the results of the standardization to more than
five decimal places and to reserve strictly the use of the
6th decimal to the work of coordination between the
national laboratories and their relations with the Inter¬
national Bureau of Weights and Measures.
It is on the basis of'the above documents and on the
consensus of the replies received from members of the
Advisory Committee on electricity, that the International
Committee has adopted Resolution 1.
The difference in opinion shown by the PhysikalischTechnische Reichsanstalt has not appeared such as to
justify a further delay in the introduction of the absolute
units which are so much desired by the electrical workers
in the majority of the nations.
By force of circumstances,
the Physikalisch-Technische Reichsanstalt has not been
able to participate in the recent discussions and its objec¬
tion appears to be the result of a certain doubt on the part
of its physicists as to the accuracy which one should
attribute to the ratios that appear in Resolution 1.
The
reply of the Physikalisch-Technische Reichsanstalt ex¬
presses the fear that the results stated by the Committee
may have too provisional a character and may have to be
corrected in the future.
The International Committee points out that in any
event the values for the ratios appearing in its Resolution 1
will be applied only on the present occasion.
Any work
on the absolute units will lead to slight future adjustment
of the values assigned to the national standards and to
those of the International Bureau.
The concept of a
ratio between the absolute units and the international
units will itself lose all interest in the future with the
disappearance of the latter.

XIV. Appendix 7
81st Congress, 1st Session.

of the United States of America in Congress assembled, That
from and after the date this Act is approved, the legal
units of electrical and photometric measurement in the
United States of America shall be those defined and estab¬
lished as provided in the following sections.

S. 441
In the Senate of the United States January 13,
1949
Johnson of Colorado (by request) introduced the
following bill; which wras read twice and referred to the
Committee on Interstate and Foreign Commerce.

Mr.

A BILL
To redefine the units and establish the standards of
electrical and photometric measurements.
Be it enacted by the Senate and House of Representatives

Sec. 2.
The unit of electrical resistance shall be the
ohm, which is equal to one thousand million units of
resistance of the centimeter-gram-second system of electro¬
magnetic units.
Sec. 3. The unit of electric current shall be the am¬
pere, which is one-tenth of the unit of current of the cen¬
timeter-gram-second system of electromagnetic units.
Sec. 4.
The unit of electromotive force and of electric
potential shall be the volt, which is the electromotive force
that, steadily applied to a conductor whose resistance is
one ohm, will produce a current of one ampere.
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is equivalent to the energy supplied by a power of one
thousand watts operating for one hour.
Sec. 10.
The unit of intensity of light shall be the
candle, which is one-sixtieth of the intensity of one square
centimeter of a perfect radiator, known as a “black body”,
when operated at the temperature of freezing platinum.
Sec. 11.
The unit of flux of light shall be the lumen,
which is the flux in a unit of solid angle from a source of
which the intensity is one candle.
Sec. 12.
It shall be the duty of the National Bureau
of Standards to establish the values of the primary electric
and photometric units in absolute measure, and the legal
values for these units shall be those represented by, or
derived from, national reference standards maintained by
the National Bureau of Standards.
Sec. 13.
The Act of July 12, 1894 (Public Law Num¬
bered 105, Fifty-third Congress), entitled “An Act to
define and establish the units of electrical measure”, is
hereby repealed.

Sec. 5.
The unit of electric quantity shall be the
coulomb, which is the quantity of electricity transferred
by a current of one ampere in one second.
Sec. 6.
The unit of electrical capacitance shall be the
farad, which is the capacitance of a capacitor that is
charged to a potential of one volt by one coulomb of
electricity.
Sec. 7.
The unit of electrical inductance shall be the
henry, which is the inductance in a circuit such that an
electromotive force of one volt is induced in the circuit by
variation of an inducing current at the rate of one ampere
per second.
Sec. 8.
The unit of power shall be the watt, which is
equal to ten million units of power in the centimetergram-second system, and which is the power required to
cause an unvarying current of one ampere to flow between
points differing in potential by one volt.
Sec. 9.
The units of energy shall be (a) the joule, which
is equivalent to the energy supplied by a power of one watt
operating for one second, and (b) the kilowatt-hour, which

Washington,

March 1, 1949

o
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Preface
One of the primary functions of the National Bureau of Standards is the
establishment, maintenance, and dissemination of units of measurement that
shall be uniform throughout the Nation and constant through the years. To
meet the needs of industry in the electrical field, which is developing so rapidly
in extent and in complexity, this duty has involved a continuous growth of
staff and equipment and the improving of old methods of measurement and
the inventing of new ones.
A report of the stewardship of the National Bureau of Standards with
respect to the establishment and maintenance of the fundamental electrical
units of electromotive force and resistance is given in the Bureau’s Circular
475, which describes both the older international system of electrical units
and the present absolute system, which was put into effect to replace the older
system on January 1, 1948. The present Circular carries the report further
by showing how the other electrical and magnetic units are derived from these
two, how the range of measurement is extended, and how the Bureau serves
the electrical industry by determining the corrections for apparatus submitted
for test. It is hoped that these brief descriptions of the methods that have
been found effective in the laboratories of the Bureau will be a useful guide
in the development of other laboratories that may have the duty of extending
the measurement process. This general picture of the procedures by which
accurate measurements are actually carried out should be helpful also to
educators who wish to give their students a definite and correct understanding
of the practical application of their teachings in the theory of electrical
measurements.

A. V.
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Astin,

Director.
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Extension and Dissemination of the Electrical and
Magnetic Units by the National Bureau of Standards
By Francis B. Silsbee
Starting with the ohm and the volt as maintained by groups of standard resistors and
cells, this paper describes the experimental processes by which the other electric and magnetic
units, e. g., farad, henry, ampere, watt, joule, gauss, and oersted are derived.
It also de¬
scribes the series of steps by which the scales of measurement of resistance, direct and alter¬
nating current, and voltage are derived experimentally.
Brief mention is made of the pro¬
cedures for the dissemination of these standards of measurement throughout the world by
the calibration of standard electrical measuring apparatus.
An extensive bibliography lists
papers describing the measurement procedures in greater detail and serves as a historical
report of the work of the National Bureau of Standards in the field of electrical measurements
during its first 50 years.

1. Introduction
It is the purpose of this Circular to give an over¬
all picture of the sequence of measuring processes
by which a self-consistent system of electrical
units is built up in the laboratories of the National
Bureau of Standards and thence disseminated
throughout the Nation. The branching chains
of measurement thus initiated may be considered
as extending outward without a break from the
groups of primary standard cells and standard
resistors by which the units of voltage and of
resistance are maintained from year to year, and
as ending finally in the myriad measuring opera¬
tions throughout the Nation, on the basis of which
scientific research is conducted, manufactured
articles are adjusted and inspected, electric energy
is bought and sold, and industrial processes are
precisely controlled. It is only as a result of this
self-consistency that scientists in different labora¬
tories can talk in the same terms, that apparatus
formed by components manufactured in different
places at different times can be expected to func¬
tion properly, that competing sources of energy
can be fairly compared, and that complex indus¬

trial operations will consistently yield a product
of constant quality.
Although many links in this network of measure¬
ment are welded in remote laboratories, the Na¬
tional Bureau of Standards has exerted for the
past 50 years a very significant influence on the
development of the system, both directly by its
testing service and by the invention of new meth¬
ods of measurement, and indirectly by example
and precept. The particular experimental meth¬
ods described herein are primarily those used in
the Bureau laboratories, but to a large extent the
same or closely similar methods are used elsewhere.
The following paragraphs show the points of con¬
tact of the Bureau with the industrial world in
more detail. The extensive bibliography gives
references in the field of electrical measurements,
not only to technical papers originating with the
Bureau staff, but also, on occasion, to other note¬
worthy publications in this field.
The extension of measurements into the radio
field has not been included in this Circular because
the methods used at these higher frequencies con¬
stitute a quite distinct discipline.

2. Fundamentals
By international agreement [4, 6]1 the official
basis for electrical measurements throughout the
world is the system of practical absolute electrical
units. These units developed historically as con¬
venient decimal multiples of the units of thecentimeter-gram-second electromagnetic system,
but they also form the electrical part of the self1 Figures in brackets indicate the literature references at the end of this
paper.
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consistent meter-kilogram-second-ampere, or Giorgi, system of units.
The experimental processes by which these units
are established in terms of length, mass, time, and
the conventionally assumed constant n„, usually
designated “permeability of space” are called
“absolute measurements.”
Because of the importance in such measure¬
ments of ready access to highly accurate stand¬
ards of length, mass, and time, and because of the

long, tedious, and therefore expensive, observa¬
tional programs required if significant accuracy
is to be attained, the burden of periodic determi¬
nations of this nature rests almost entirely on the
few larger national standardizing laboratories of
the world. Of the many 'theoretically possible
forms of absolute electrical measurement, two
types of experiment have so far shown the great¬
est possibilities for high accuracy and, except in
certain very special circumstances that will be
noted later, are universally used [17, 36].
The first of these experiments involves the con¬
struction of a standard of self- or of mutual in¬
ductance, the geometrical configuration of which
is such that (1) its significant dimensions can be
directly and accurately measured [45, 46, 47] and
(2) its inductance can be calculated precisely
from these measured values [142, 148, 149, 47].
As a preliminary for such procedures, Dr. E. B.
Rosa and his colleagues, in the early years of the
Bureau, carried on an extensive theoretical exam¬
ination of the various available formulas for in¬
ductance and published a number of papers [132
to 141] in this field, the major results of which
are summarized in [135]. A large volume of
later work was done by Dr. Chester Snow and
others [142 to 159], the results of which are, of
course, applicable to the computation of the in¬
ductances of various circuit configurations for
many other purposes, as well as for absolute
measurements. After the value of the inductance
of a standard inductor in absolute henries lias
been computed, an experiment is performed by
which the value in absolute ohms of the resistance
of a standard resistor is obtained in terms of the
reactance of the standard inductor at the known
frequency used in the experiment. The net
result of the whole process is usually called an
“absolute measurement of resistance.” At the
National Bureau of Standards two completely
independent procedures have been used for this
purpose, one [38,39] starting with a self inductor
and the other [47] with a mutual inductor. The
two final results differed by only 12 ppm (parts
per million). The second of these procedures has
proved so convenient that it is planned to make
fairly frequent (perhaps annual) electrical com¬
parisons between the standard resistors and the
standard mutual inductor. It is hoped that
any secular changes in the dimensions of the in¬
ductor will be so slow that the tedious mechanical
measurements of its dimensions need be repeated
only at intervals of ten years or more.
The second type of experiment is the absolute
measurement of current by the use of a current
balance [40, 41, 42], This is an instrument bv
which it is possible to weigh accurately the me¬
chanical force that is exerted between two coils
as a result of the electric currents in them. The
relation between the force and the current can
be calculated by fundamental electromagnetic
theory and is expressible by formulas that involve
only the geometrical shape, but not the absolute
572772 0-61-5
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size, of the coil system. After such a current
balance has been constructed and its shape deter¬
mined by suitable measurements, it is connected
in series with a resistor, the resistance of which
is known in absolute units by reference to the
former type of experiment.
The current is adjusted until the change in force
that results when the current in one coil is reversed
is balanced by the change in loading when a known
weight is added to one pan of the balance. At
the same time the potential drop produced by the
current in the known resistor is compared with the
electromotive force of a standard cell. By this
process, a value in absolute volts is obtained for
the electromotive force of the cell. The cell then
serves to preserve the result of the experiment for
future use. Such an experiment is usually called
an “absolute measurement of current,” although
the final result is the assignment of a value in
absolute volts to a standard cell. Coils of a con¬
siderable variety of shapes and construction have
been used in the current balance at the National
Bureau of Standards, and, as a further check
against systematic errors, it is planned to use a
radically different form, the Pellat [44, 145]
balance, in the near future.

1.
Experimental establishment at the National
Bureau of Standards of (he primary electrical units by
absolvie measurements.

Figure

The rectangles represent physical standards embodying the corresponding
units, the circles represent experimental procedures with their associated
apparatus used in the measurements. The lines indicate the passage of
units and numerical values. The transfers to Washington of the foreign
values for it were made by the U. S. Coast and Geodetic Survey, using
‘•invariable pendulums."

The relations of these absolute measurements
to the basic mechanical standards are indicated
by the block diagram of figure 1. It will be noted
that the local value of the acceleration of gravity,
g, enters into .the computation of force from mass,
and that the value used is based upon three
independent determinations [31, 32] made at
Potsdam, Washington, and Teddington.
These absolute measurements give results in
electromagnetic units. An early research was
devoted to a precise determination of the ratio of
the units of this system to those of the electro¬
static system. For this purpose Rosa and Dorsey
[28, 29, 30] used a group of capacitors of such shapes
that their capacitances could be computed in
electrostatic units from th6ir mechanical dimen¬
sions. They then measured their capacitances by
electromagnetic methods at frequencies of a few
hundred cycles per second. The ratio was found
to be in very satisfactory agreement (at least to 1

in 104) with the velocity of light measured at
optical frequencies.
The units realized by these absolute measure¬
ments are preserved by a group of 10 manganin
standard resistors of the Thomas double-walled
type [66, 67] and a group of 25 saturated cadmium
standard cells (16 neutral and 9 of the 0.05-normal
acid type). The standards of either group are
intercompared at intervals, and following each
intercomparison slightly revised values are as¬
signed to the individual standards, on the assump¬
tion that the mean value of the group has not
changed during the interval [6]. Certain of the
standards are used during the intervals as the
reference standards for the calibration of other
resistors and cells that constitute the Bureau’s
working standards. As shown in the following
sections, the values of the other electrical units are
derived from the ohm and the volt as thus main¬
tained.

3. Derivation of Other Units
The many electric and magnetic quantities used
in science and engineering, such as current, inductaiiCe, capacitance, and magnetic flux, are all
connected with each other and with mechanical
quantities by the science of electromagnetism to
form a closely linked structure of exact mathe¬
matical relations
Similarly,. the various units,
such as the ampere, henry, farad and weber, in
terms of which these quantities are measured, are
also linked by a parallel structure of exact defi¬
nitions. Starting with any group of independent
units, chosen as fundamental, it is possible to
derive definitions for all the other units by suc¬
cessively applying the appropriate mathematical
relations. Both the selection of the fundamental
units and of the particular order in which the
various derived units are successively defined can
be made arbitrarily. The choice is determined by
taste or convenience and may well differ according
to the purpose for which the definitions are to be
used. Thus the sequence chosen by a college
professor for teaching a course in electrical meas¬
urements may well differ from the sequence offered
by the International Committee on Weights and
Measures “as a guide for the wording of legislation”
[6, p 36],
The limitations and exigencies of practical ex¬
perience have led to the use of still other sequences
in the laboratory. In nearly all electrical meas¬
urements, resistance and voltage are among the
fundamental quantities chosen, because their units
can be readily embodied and preserved in standard
resistors and standard cells. In this section of the
Circular, the particular, and sometimes rather
devious, sequences normally used in the electrical
testing work at the Bureau are described in some
detail. For some quantities, different parts of the
full range of measurement are derived independ-
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ently by different sequences from the fundamental
units.

Figure 2.

Establishment and extension
measurements.

of

capacitance

The dotted lines indicate the approximate limits of the range over which
the severel types of standards and methods of measurement are useful.
The total range from 0.0001 imt to 190fit involves a factor of 1,000,000,000,000.

3.1 Capacitance
The unit of capacitance is derived from the
olim and the second as indicated by the block
diagram in figure 2. Standards of capacitance are
measured by a Maxwell commutator bridge [108].
Its circuit is shown schematically in figure 3.

Figure 4.

Standard air capacitors.

Unit at left has a continuously adjustable section. Cover of spare unit is
removed to show interleaved square plates and supporting rods. Only a few
of the 21 fixed units are shown.

Figure 3.

Maxwell commutator bridge.

The capacitance, C, is measured in terms of the resistances of the bridge
arms and the known frequency of the vibrating contactor, which alternately
charges C by way cf the resistance, Ft, and discharges it through r.

The contactor, which alternately charges and dis¬
charges the capacitor, is operated by a tuning fork
driven at frequencies of 100 or 1,000 c/s by a
multivibrator. This multivibrator is coupled to
the 100 kc/s quartz oscillators which constitute
the NBS standard of frequency [25], The three
resistance arms of the bridge may range in value
from 10 to 105 ohms, depending on the value of
the air capacitor to be measured. This process is
used to assign values of capacitance to a group of
fixed air capacitors shown in figure 4, which can be
connected in parallel with each other and with an
adjustable capacitor which has a range from 50 to
1,500 /i/if. This combination of air capacitors can
be used as a standard for any value of capacitance
from 50 pp{ to 0.26 /if. They are useful over a
wide range of frequency, provided certain correc¬
tions for the self-inductance of the capacitors and
their leads are made at the higher frequencies.
Occasionally an independent check of the unit
of capacitance is obtained by using a MaxwellWien a-c bridge to determine capacitance in terms
of resistance and the primary computable stand¬
ards of self- or of mutual inductance. The values
derived by the two methods agree within 0.002

percent. This operation is the inverse of the use
shown for the Maxwell-Wien bridge at the left in
figure 1.
A commercial highly precise capacitance-con¬
ductance bridge [116] used in connection with
these standard air capacitors serves to measure
other capacitors having either ah or solid dielec¬
tric in the range 10 /i/if to 1.11 /if. This com¬
pletely shielded bridge has two equal fixed resist¬
ance arms and an adjustable admittance arm
reading directly in capacitance up to 1.11 /if and
in conductance up to 1,111 micro mhos. This
bridge may be used either as a comparison bridge,
in which case its calibration is checked against
the standard air capacitors, or it may be used in
a substitution method using the air capacitors as
standards. Normally frequencies from 200 c/s to
150 kc/s are used, but with special external detec¬
tors, measurements are possible down to 30 c/s.
A number of fixed and decade groups of mica
capacitors with a total capacitance of 10 /if [106,
109] are calibrated from time to time at a par¬
ticular frequency by the type 12 bridge, and are
occasionally used at the same frequency in an
improvised Schering bridge for measurements of
other solid-dielectric capacitors up to 100 /if.
To cover the range of extremely low capaci¬
tances, such as the interelectrode capacitance of
electron tubes, an independent procedure has been
developed [112, 115], based on the construction
of capacitors of such shape and size that their
capacitance can be computed accurately from their
measured dimensions. These capacitors are either
parallel-plate units of the conventional Kelvin
guard-ring type or of a form referred to as the
“guard-well” type, in which the guarded “island”
electrode lies at the bottom of a cylindrical opening,
or “well”, in the guard ring (see fig. 5). They
range in value from 0.001 to 5 ppf.
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Figure 5.

Cross section of standard capacitor of the guardwell type.

F. Guarded electrode, supported by an insulator of low expansion glass,
J; E, high-voltage electrode; O, II, parts of guard ring. If the depth, d, of
the well is greater than its radius, a, the direct capacitance between E and F
is very much smaller than if F is flush with the lower surface of H.

Auxiliary standards used in this range include
(1) an adjustable capacitor of the guard-well type,
in which the island electrode can be adjusted by
a micrometer screw to any desired depth in the
well, thus securing a working range 0.1 ppi down
to 0.001 ppi. (2) an adjustable capacitor of a
modified Zichner type with a movable septum
between the electrodes by which the direct capaci¬
tance can be varied from 0.3 ppi down to zero
when the aperture in the septum is closed; (3)
a decade group of 0.1 ppi units, the direct capaci¬
tance of any unit of which can be reduced to
zero by inserting a grounded septum between its
electrodes; and (4) a similar group of 0.01 ppf units.
By the substitution of these standards in the
TY-arm of a commercial direct-capacitance test set
having inductive ratio arms with a fixed 1:1 ratio,
and a fixed fourth arm, they may be intercompared
at 465 kc/s, and other standards of direct capaci¬
tance up to 5 ppi can be measured. It is also
possible to step down from standards of higher
value with a shielded Schcring bridge to 5 ppi,
and at this level the two procedures have been
found to agree within 0.05 percent. The value
derived by extending this step-down process to a
0.1 -ppf capacitor was found to differ from the
value derived independently from the computable
standards by less than 0.1 percent. Because of
these close agreements, in the range of overlap,
no significant inconsistencies can arise anywhere

in the range of capacitance, in spite of the inde¬
pendent bases on which the two ends rest.
The unit of dielectric constant for solid dielec¬
trics is derived from the standards of capacitance
by combining the electrically measured capacitance
of a specimen with its mechanical dimensions.
The capacitance is measured at frequencies from
60 c/s to 200 kc/s in a shielded Sobering bridge
(see fig. 6) that has been calibrated in terms of
the standard air capacitors. A major complica¬
tion arises from the fringing of the electric field
at the edges of the specimen, and a number of
approximate working formulas have been devel¬
oped for correcting for such effects [114], With
these edge-correction formulas, the accuracy is
about 1 percent. For higher accuracy, the guard¬
ring technique is used. The area of the specimen
is readily computed from its scaled dimensions,
and the accuracy is usually limited by the measure¬
ment of thickness. When feasible, this is deduced
from measurements of the mass, density, and area
of the samples. Under the best conditions,
results are repeatable to 0.1 percent.
Another method for minimizing edge effects
[117] is that of placing a 2-inch-diameter disk of
the dielectric in a micrometer electrode holder.
A capacitance measurement is made with the
specimen in place and another with it removed.
Either the electrodes may be moved closer together
by a measured amount to give the same value
of capacitance for the second measurement, or
they may be left at the same spacing and the new
value of the capacitance measured.
Standards for the measurement of loss factor
in capacitors and dielectrics are usually air
capacitors. Studies have shown that such appa¬
ratus may have a loss factor as large as 1 X10_\
and that if accuracies of 1X10-6 are needed, a
more precise standard is required. By combining

Modified Sobering bridge and accessories for
measuring dielectric constant and loss factor tip to 200 kc/s.

Figure 6.
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Oscillators arc below, detectors above, micrometer electrode holder at left.

(lata obtained with (a) a capacitor of constant
spacing and adjustable area and (b) a capacitor
of constant area and adjustable spacing, a valid
determination of the true zero of power factor can
be obtained [110, lit].
Capacitors have recently come into use for
measuring the very small direct currents encoun¬
tered in ionization measurements. Here very low
absorption and leakage are essential qualities.
The usual calibration procedure is to allow a
known current to charge the capacitor for a
measured time and to note the resulting voltage
with an electrometer. The current is chosen so
as to make the total charging time and the final
voltage approximately the same as they will be in
the future use of the capacitor.

3.2 Inductance
In the practical work of inductance measure¬
ment at the National Bureau of Standards it
usually has been found more expedient to derive
the henry from the ohm and the farad than to
use directly the values computed from the dimen¬
sions of the large computable inductors constructed
for absolute measurements. These inductors are
very bulky and hence have relatively large
capacitance to ground and considerable electro¬
magnetic coupling to other circuits. They are
wound with thick wire (0.7 mm) and would show
appreciable skin effect if used at high frequencies.
However, they are very valuable for use occasion¬
ally to give an independent check on the accuracy

c

of measurement of inductances in the MaxwellWien bridge.
The circuit regularly used to measure induct¬
ance is that of the Maxwell-Wien bridge [17, p. 113]
shown in figure 7. The a-c source is connected
across bd and the detector (a vibration galvanom¬
eter for 60 c/s, a telephone receiver with suitable
amplifier for 1,000 c/s, or an electronic null
detector) is connected across ca. The adjustable
capacitor, f\ may be either the group of air
capacitors shown in figure 4, which has been
calibrated directly by the Maxwell commutator
bridge (H, figure 2) or a mica capacitor (B, figure
2) calibrated by the type-12 bridge at the particular
frequency at which the inductor is to be tested,
usually 60 c/s or 1,000 c/s. This procedure is
convenient for inductors from 1 /zh to 10 h, and
gives results good to 0.01 percent over the middle
of this range.
Mutual inductances for use with alternating
current and of ranges up to about 50 mb are
regularly measured by the Curtis method [17,
p. 117] with the circuit as shown, including the
dotted lines in figure 7. With switch S closed to
the right, capacitor C is adjusted to a value CL,
which is a measure of Lx. Switch S is then thrown
to the left and C readjusted to a new balance at
CM- The mutual inductance is then computed
from the relation
M=(Cl-Cm)
with further correction terms involving the
residual inductances of the resistance arms.
For inductors of larger value, or at higher
frequencies where the effects of distributed capac¬
itance are larger, this method becomes impracti¬
cal. In such cases, the primary and secondary
windings are connected in series, first aiding and
then opposing, and the self-inductance of each
combination is measured with a Maxwell-W ien
bridge. If the observed values are LA and L0l
respectively, and if LP and^Lg are the inductances
of the primary and secondary windings measured
separately,

4

2

2

Any inconsistencies among these equations give a
valuable indication of the order of magnitude of
the effects of stray capacitance between the coils.
It has been found that the values by the Curtis
method agree most closely with those computed
as (La — Lq)I4.
An independent basis for the measurement of
mutual inductance is the use of a computable
standard (i\/=6.6 mb) mutual inductor formed
by two interwound single-layer helices wound in
a double thread on the surface of a porcelain form.
With the two windings connected in series,
“opposing” measurements may be made with
good accuracy (0.01%) up to 1 kc/s.
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Mutual inductors of the types used to calibrate
the ballistic galvanometers employed in measuring
the d-c properties of ferromagnetic materials (see
sect. 3.4) are tested ballistically. For this pur¬
pose such inductors are compared with the large
computable mutual inductor that was constructed
primarily for the absolute measurement of resist¬
ance by the Wenner method [47], To do this,
the primary windings of the standard and test
inductor are connected in series. Their secondary
windings are connected in opposition and with two
resistance boxes also in the series circuit. A
galvanometer is bridged across between the
junction of the resistance boxes and the junction
of the two secondary windings. The resistances
are then adjusted until the galvanometer remains
balanced as the primary current is reversed.
For this condition, the mutual inductances are
proportional to the total resistance of the two
parts of the secondary circuit. This method
avoids any complications that might enter an
a-c measurement because of capacitance in the
windings.
At low values of inductance, errors from the
residual phase defects of the bridge arms may
become appreciable. Hence, for the measurement
of the residual inductances of nominally "noninductive” two-terminal resistors [125, 126] it
becomes essential to use a substitution method.
In this a standard, the inductance of which can

be computed and the resistance of which is nomi¬
nally equal to that of the impedance under test,
is substituted for the unknown in the A-arm of
the bridge. Each of the computable standards
for 10,000 and 1,000 ohms consists o'f a fine wire
stretched down the axis of a brass tube about 5
cm in diameter. For 100- and 10-ohm standards,
parallel wires are used. The time constants
(L/R) of these standards can be computed to
1 x 10-8 sec. For still lower resistances fourterminal standards are used, either of the parallelwire, reflexed-strip, or coaxial-tube type [128, 129].
Some of the coaxial tube type have their potential
leads inside the inner tube, whereas, others have
them outside the outer tube. These four-terminal
standards of inductance range in resistance from
0.1 to 0.0002 ohm and in current rating from 10
to 2,500 amp.

Figure 8.
Development of units and standards for current,
power, ami energy on direct and on alternating current.
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3.3 Current, Power, and Energy
The block diagram of figure 8 shows the deriva¬
tion of the units of current, power, and energy
from those of resistance, voltage, and time. An
electric current (if one excepts the persistent cur¬
rent in a superconducting circuit) is in the nature
of things, a transitory affair, and a "standard
ampere” cannot be preserved on a laboratory
shelf as can a standard ohm. For the precise
measurement of direct current the normal pro¬
cedure is to insert a known resistance, R, in the
circuit and to compare the potential drop pro¬
duced in this resistance by the unknown current
with the emf of a standard cell. This comparison
is usually made with a potentiometer, but in rare
cases, where extreme accuracy is needed, special
resistors are used of such value that the IR drop
at the desired current is very closely equal to the
emf of the standard cell. Thus the circuit be¬
comes very simple, and errors from contacts,
thermal electromotive forces, and drift in an
auxiliary potentiometer current are minimized or
eliminated. With a potentiometer and suitable
standard resistor, it is easily possible to measure
a direct current much more accurately than with
an ammeter. Thus indicating ammeters of the
/jo-, }{-, and b-ppreent-accuracy classes are readily
tested, and the true values of current correspond¬
ing to a number of scale points are determined.
Such ammeters can in turn be used to check amme¬
ters of lower accuracy and also to check recording
instruments.
The measurement of power in a d-c circuit, as
for instance, in calibrating a calorimeter, can lx*
made most accurately by using a potentiometer
with an accessory shunt and volt box to measure
the current and the voltage of the circuit sep¬
arately and by then taking their product. The
checking of a wattmeter is done in the same way,
except that in this case separate storage batteries
are used to supply the. current and the voltage
circuits, as shown in figure 9. With switch Sre„
closed in either direction and with switch SAD

Figure 9.

Circuits for transfer testing a wattmeter.

With switch Sad closed to the left, both the test wattmeter and the stand¬
ard transfer wattmeter are energized with direct currents from batteriesB\ and B2. With switch Sad closed to the right, both wattmeters are ener¬
gized with alternating currents from the two coupled generators, G1 and G2.
Ammeters and voltmeters Aa, An, Va, Vd indicate approximate values of
current and voltage for control and for setting power factor. Potentiometer
gives more exact measures of d-c voltage and current for d-c calibrations.
Switch Sre, by reversing direction of currents in wattmeter circuits permits
elimination of errors from the earth’s magnetic field. Voltmeter Vserves as
electrostatic tie and as indicator of stray leakage between batteries and
ground.

closed to the left, the voltage circuits of both the
test wattmeter and the standard transfer watt¬
meter are energized by battery Bx, and the voltage
is measured both by voltmeter VD and more
accurately by the combination of the volt box,
VB, and potentiometer (with switch Sp closed up¬
ward). The current circuit of the test watt¬
meter and of the standard transfer wattmeter are
energized by battery B2, and the current is meas¬
ured by ammeter AD and more accurately by the
combination of the standard resistor, Bs. and the
potentiometer. By this use of separate sources,
it becomes possible to test a wattmeter of high
range (many kilowatts) under its normal condi¬
tions of use, while consuming only a few watts in
each of the two measuring circuits. A worth¬
while precaution is to connect the two (otherwise
insulated) circuits at one point, near the lowvoltage end of the voltage circuit, to eliminate
any possibility of electrostatic forces affecting the
position of the movable system. The use of a
voltmeter (V, fig. 9) as such an “electrostatic
tie” gives warning of any serious leakage from one
battery to the other via the ground.
Electric energy is, of course, the integral of
power with respect to time, and the normal way
to test a d-c watthour meter is to maintain, by
using a potentiometer, a known and constant cur¬
rent and voltage at its terminals for a measured
time. In the testing of portable watthour meters
(“rotating standards”) the voltage and current
are held constant, and the voltage circuit is closed
by a relay and opened automatically by a stepping
relay after the lapse of a predetermined number of
seconds (usually 100). For a “house-type” meter
a photocell pickup counts the passages of the

black spot on the meter disk and opens the circuit
of a synchronous timer after a predetermined
integral number of revolutions. The timer, or in
the case of the portable meter, the stepping relay,
derives its time signals from a multivibrator
operating in synchronism with the 100-kc standard
cpiartz oscillators.
The test of an a-c watthour meter is similar
except that not only the magnitudes of the cur¬
rent and the voltage, but also the phase angle
between them must be held constant. This is
accomplished by using the special astatic electrodynamic transfer wattmeter described in section
4. This wattmeter is first standardized for a
particular value of power using direct current
and voltage, which are measured with a poten¬
tiometer. It is then connected with its current
coil in series with the current circuit of the a-c
watthour meter under test and with its voltage
circuit in parallel with that of the watthour meter.
The two circuits are then energized from separate
transformers that are supplied from two coupled
generators driven by a common motor. The cur¬
rent and voltage measured by an auxiliary am¬
meter and voltmeter are adjusted separately to
the desired values by control of the generator
fields, and the stator of one generator is then
shifted in angular position until the desired rela¬
tive phase of current and voltage is secured. This
condition is indicated by the reading of the trans¬
fer wattmeter, which then gives the same reading
as on the earlier d-c calibration. One observer
then holds the transfer wattmeter at this constant
reading by occasional slight readjustments of the
field rheostats while a second observer counts and
times the revolutions of the watthour meter as
described above for d-c watthour meters. At the
end of each “run” the d-c standardization of the
wattmeter is repeated, and a small correction is
applied if any drift in its calibration has occurred.
This procedure is much more elaborate and timeconsuming than those used by power companies
in their routine testing of large numbers of meters.
Its use is justified (a) because the NBS normally
receives for test only master standards of high
quality, by means of which many other meters
are standardized, and (b) because the relatively
small number but considerable variety of meters
submitted would not justify a large investment
in special automatic test equipment.
In a project, currently active, it is planned to set
up a group of standard a-c watthour meters that
are to be standardized at long intervals by the
method just described and used as working stand¬
ards for the more convenient testing of other
meters. No definite data are yet available on the
practicability of this procedure.

3.4 Magnetic Units
The unit of magnetic flux, the weber, is derived
from the henry and the ampere, the latter in turn
being derived from the volt and the ohm. The
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procedure is to change, by a known amount, the
current in the primary winding of a mutual in¬
ductor and to note the resulting deflection of a
ballistic galvanometer, which, together with the
test coil that is to be used in later measurements,
is connected to the secondary winding of the
mutual inductor. The value of the mutual in¬
ductance in henries is obtained by comparing the
working inductor with a large standard computable
mutual inductor. This computable standard has
an inductance of about 11 mb, and the working
standard inductors range from about ^ to 50 mil.
The value in amperes of the change in current is
determined by a potentiometer, which compares
the emf of a standard cell with the change in IR
drop in a known resistor. The change, ArA4>, in
flux linkages with the N turns of the secondary
winding of the working standard inductor, which
results from the change, A/, in the primary current
is given simply by

NA<t>=MM.
For convenience, the primary current is merely
reversed so that Al=2l. If / is in amperes and
M is in henries, ATA</> is in webers. Normally
the resistance of the complete secondary circuit
(including all test coils) is adjusted so as to make
the galvanometer scale direct reading [244],
The weber as thus established is used to measure
the flux in test specimens in various types of permeameter. The test specimen in a permeameter
is surrounded by a “B-coil,” of a known number
of turns, which is connected in series with the
secondary winding of the calibrating mutual in¬
ductor in the galvanometer circuit. A measured
change in the magnetizing current in the perme¬
ameter produces a change in the flux linking the
galvanometer circuit, and the resulting deflection
measures the flux change.
A measurement of the cross-sectional dimen¬
sions of the test specimen then permits the com¬
putation of the change in magnetic induction,
AB=A(f)/A.
If A is in square meters, AB is in
webers/meter2 (myriagausses). This result multi¬
plied by 104 gives the induction in gausses.
Normally the area of the specimen and number of
turns in the A-coil are lumped with the other
factors in the calibration of the galvanometer, so
that the induction is read directly.
Two distinct methods are used for establishing
the unit of magnetizing force. In the older
method, exemplified by the Burrows Permeameter
[236, 249], the magnetomotive f rce is distributed
around the magnetic circuit in proportion to the
reluctance of the various portions so that all
portions carry the same flux and are at substan¬
tially the same magnetic potential. If this condi¬
tion is attained, the magnetizing force, //, at any
section, such as the central portion of the test
specimen, is directly computable from the currentturns per unit length at that section. At the
surface of the specimen the tangential component
of H is, of course, the same inside the metal as
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outside. Hence, the value thus computed applies
to the interior of the specimen also. To approxi¬
mate the desired distribution of magnetizing
forces, the currents in auxiliary coils near the
joints and yokes as well as the current in the main
magnetizing coils are adjusted until the flux in the
central part of the specimen is equal to the
average of the fluxes at two sections at the
quarter points of its length. For high accuracy it
is essential that, the test specimen be very uniform
throughout its length [237].
The second method for realizing the unit of
magnetizing force, H, is to measure the tangential
component of magnetic induction, B, in the air
closely adjacent to a test specimen. This is
numerically equal, in the centimeter-gram-seeondelectromagnetic system, to H in the air, and by a
fundamental theorem the tangential component
of II is continuous across the boundary and into
the specimen. The measurement of B in the air
is preferably made by quickly rotating a pair of
“flip coils” of known area and number of turns
through 180°. The axes of these coils are parallel
to the axis of the specimen at the beginning and
end of the rotation. This method is used in the
High-// [241, 242] and the MH permeameters
[243], The latter is shown in figure 10.
Because the value of II may vary with distance
out from the surface of the specimen, by reason of
leakage flux from other parts of the circuit, it is
necessary to apply a suitable correction to the
value observed by the “flip coil” nearest the
surface. The difference between the flux linked
by this flip coil and the second located at a known
greater distance from the surface of the specimen
gives a basis for extrapolating to the value at the
surface. Such multiple coils are provided in the
High-// and MH permeameters. By applying
such corrections and by careful calibration of the
galvanometer, accuracies of 0.5 percent in B or II
can be obtained. In ordinary testing practice, the
accuracy is about 1 percent for either B or II.
Alternatively a fixed H-coil, adjacent to the
specimen may be used and the magnetizing force

Figure 10.

The MH permeameter.

The bar specimen lies along the axis of the central coil. The four auxiliary
coils supply magnetomotive force for the joints and yokes. The plunger of
the iron-clad solenoid at the left “flips” the H-coils, which are located just
below the specimen near its center.

deduced from the change in flux linkage in this
coil when the magnetizing current of the permeameter is reversed. This is the normal procedure
with the widely used Faliv Simplex Permeameter
[248, 250, 252].'
Here the H-coil extends between two blocks of
soft iron clamped to the ends of the specimen and
responds to the average value of the magnetic
potential gradient between the blocks. For
accurate work a correction factor must be applied
to relate this to the true magnetizing force acting
on the specimen. This factor is determined by
the use of standard test bars that have been first
calibrated in an absolute permeameter.
With permeameters of these types, measure¬
ments of the normal induction curve, hysteresis
loops, and of residual induction and coercive force
[244] are regularly made on sample bars sub¬
mitted for test by the laboratories of steel com¬
panies and other organizations. The circulation
of such bars insures uniformity and accuracy in
this branch of industry. Also by such comparisons
the performances of permeameters of other types
have been studied in detail [246 to 252], A
closely related service is the calibration of search
coils to determine magnetically their effective areaturns. This is done by placing the coil near the
center of a long, uniformly wound, single-layer
solenoid with the axis of the search coil parallel
to that of the solenoid. The mutual inductance,
M, between the coil and the solenoid winding is
measured ballistic-ally. The area-turns, AN, of
the coil are then computed by the equation

AN=MI/B.
The ratio of the central flux density, B, td the
current, I, is a constant that is computed from
the measured dimensions and pitch of the solenoid
winding.
Measurements of magnetic properties with
alternating currents involve either power measure¬
ments with wattmeters or the use of a-c bridges
or potentiometers. The maximum cyclic change
in flux is measured by using a voltmeter of high
resistance (400 olnns/v) or more with a copperoxide rectifier to indicate the average value of

the induced voltage. The derivation of the
corresponding units is given elsewhere.
Recent work at the National Bureau of Stand¬
ards has made possible an alternative method for
measuring with extremely high accuracy the mag¬
netic induction in fields above 1,000 gausses.
The studies of Bloch [253] and of Purcell and
his colleagues [254] have shown that if a substance
is placed in a strong fixed magnetic field of intensity
B0, on which is superposed a weak radio-frequency
field, the material will show a resonance absorption
at a particular frequency, /0. This resonant fre¬
quency is given by /0=yP0/27r, where y is the
gyromagnetic ratio of the atomic nuclei of the
substance used. At the Bureau, Thomas, Dris¬
coll, and Hippie [255] have performed this experi¬
ment with great care, using a material (water)
rich in protons and have determined the gyromagnetic ratio of the proton to be

y= (2.67528 ± 0.00006) X 104 sec-1 gauss-1.
In this work the gauss was established by
observing the mechanical force exerted by the
field on the conductors that formed one side of a
rectangular “force coil’’ hanging in the field and
carrying a measured current. The current was
measured in terms of a standard cell and standard
resistor. The force was measured by balancing
it against the weight of a known mass that could
be added to or removed from the pan of the preci¬
sion balance from which the force coil was sus¬
pended. The effective length of the conductors
in the bottom side of the coil was measured by
a special micrometer in comparison with a known
end standard.
By using this value of y and a resonance probe
similar to the one developed for this work, other
experimenters can measure the induction in an
unknown magnetic field by a simple determination
of the resonant frequency in terms of the standard
radio-frequency emissions from NBS radio station
WWV [25]. Such a resonance detector can also
be used (1) to study the distribution of flux
density in a magnetic field and (2) with suitable
additional circuits as a monitor to hold constant
the induction at a given place in the field.

4. Transfer from D-C to A-C Measurements
A standard cell and the units of voltage and of
current realized from it directly or in conjunction
with a standard resistor are applicable to the meas¬
urement of d-c quantities only. On the other hand,
by far the more frequent and important measure¬
ments in the power and communication fields in¬
volve alternating currents. The procedure used to
transfer from the fundamental d-c standards to
a-c measuring apparatus, as indicated in the middle
of figure 8, therefore constitutes an essential link
in the chain of electrical measurement.
Of the three fundamental methods for relating
the root-mean-square value of the alternating cur¬
rent to an equivalent direct current, viz: electrodynamic, electrostatic, or thermal, the NBS

normally uses an electrodynamic method for watt¬
meters for frequencies up to about 1,000 c/s. The
same instrument can be used with a shunt as an
ammeter up to 10 amp. Methods using thermal
converters, which have been confirmed by com¬
parisons with this instrument, are normally used
in testing ammeters and voltmeters at frequencies
up to 20 kc/s.2
2 It may be noted that at the British National Physical Laboratory [!78]
an electrostatic method is used as fundamental. A very carefully constructed
quadrant electrometer itself calibrated on direct current serves to calibrate in
turn other voltmeters directly on alternating current. It is also used to hold
a known alternating voltage at the terminals of a noninduct i ve resistor, and a
second highly precise quadrant electrometer connected so as to function as a
wattmeter measures the power dissipation in the resistor. With the electro¬
static wattmeter thus calibrated at unity power factor, it can be used to
calibrate ordinary wattmeters at any desired power factor and frequency.
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Figure 11.

Electrodynamic ac-dc transfer instrument.

The links beside tlio instrument proper permit connecting the fixed coils
in parallel or series. The dials below the scale adjust the resistance is series
with the moving coil.

The basic electrodynamic transfer instrument
for current, and power at power frequencies [177] is
shown in figure 11. It is an astatic electrodynamic
wattmeter, the moving coils of which are carried
by a taut suspension of phosphor-bronze strip.
Tbe fixed coils are rated at 2.5, 5, or 10 amp,
according as they are connected in series, seriesparallel, or parallel. They are supported in slabs
of plate glass to which adjustable supports and a
torsion head for the suspension are firmly attached.
The angular position of the pair of movable coils
is read by a mirror and scale at a radius of 2 m.
The movable coils are used in the position where
the mutual inductance between them and the
fixed coils is substantially zero. The deflection is
usually about 60°. A capacitor shunts part of the
series resistor and thus compensates for the self¬
inductance of the movable coils. A change in de¬
flection of 1 mm corresponds to 0.025 percent in
power and (with the fixed coils in series) to a
change of 2X10-6 (amp)2 in the product of the
currents in the fixed and moving coils.
Even though the electrodynamic transfer instru¬
ment was carefully designed to be as free as practi¬
cable from such sources of a-c error as eddy cur¬
rents, capacitance, and inductance, a great, many
checks were made on its performance before it was
put into commission as a transfer instrument.
These included (1) a comparison up to 3,000 c/s
when connected as an ammeter, with a Hartman
and Braun expansion-type hot-wire ammeter, (2)
a comparison at 60 c/s and full volt-amperes but
zero power factor with a sensitive quadrant elec¬
trometer, and (3) the measurement at 500, 1,000,
and 2,000 c/s of the loss in a 10-^if mica capacitor,
the phase defect of which had been previously
measured in an a-c bridge.
These check tests
showed the existence of two small departures

from an ideal electro dynamic instrument.
The
first was a spurious torque due to eddy currents in
the aluminum damping vane. This effect is less
than 2 ppm at 60 c/s but increases as the square of
the frequency and has to be corrected for at
frequencies above 1,000 c/s.
The second is an
effective phase defect that increases as the first
power of the frequency and at 60 c/s amounts to
only 0.38 minute, i. e., to an error of 0.011 percent
of the volt-amperes, even at zero power factor.
This transfer instrument is used principally in
checking the accuracy of electrodynamic watt¬
meters of the /10-percent or the h-percent class,
which in turn are used as standard transfer in¬
struments in other laboratories for the checking
of other wattmeters or watthour meters using
alternating current. In the usual test, the un¬
known and the standard transfer wattmeter are
connected with their current circuits in series and
their voltage circuits in parallel, as shown in
figure 9. With switch SAD closed to the right,
alternating current and voltage are applied from
separate transformers, T2 and 7j. and their rel¬
ative phase is adjusted by shifting the stator of
G to give the desired power factor (usually 0.5).
This can be calculated accurately enough from
the readings of the wattmeter under test and of
the auxiliary ammeter, Aa, and voltmeter, VA.
The series resistor of the standard instrument is
reduced until the spot of light comes to a con¬
venient position near the center of the scale, where
the axes of the moving coils are at right angles to
those of the fixed coils and the mutual inductance
between the two circuits is zero. One observer
then adjusts the current to bring the pointer of
the instrument under test as exactly as possible
on some scale mark, usually using either a pro¬
jection equipment or a magnifying glass.
The
other observer reads as Hi the position of the spot
of light on the instrument scale. The four-pole
double-throw switch, SAD, is then closed to the
left to substitute previously adjusted direct cur¬
rent and voltage in place of the a-c quantities.
Current is again adjusted until the instrument
under test reads the same, and the standard in¬
strument reading, Dx, is recorded for this setting.
Both current and voltage are then quickly re¬
versed by switch Sree and a second d-c reading,
D2, is obtained. The original connections are
then restored and a check a-c reading, A>, is re¬
corded. The average of D[ and D2 is free from
any effect of the earth’s magnetic field.
The
average of A\ and A2 corresponds to substantially
the same time of observation as does the mean of
Dx and D2. Hence any linear drifts like t he effects
of spring fatigue or of heating in either instrument
cancel out, and their difference, when divided by
the mean equivalent deflection (3), B,
s The standard transfer instrument is used with a uniform millimeter scale,
the divisions of which do not exactly correspond with equal increments in
the measured power over the whole range. Hence to obtain relative changes
in power from the observed changes in deflection, it is convenient to divide
the latter by an “effective deflection.” P, defined as P= P(dDtdP), where
dDldP is the slope of the graph of deflection, O, versus power, P, at the part
of the scale used.
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Aj -\-Ai—D\ —D2

w

is a measure of the real difference in the perform¬
ance of the instrument under test on alternating
current as compared with direct current.
In
practice three such sets of four readings each are
taken in rapid succession, and with a wattmeter
of good quality the mean difference thus obtained
and divided by the effective deflection correspond¬
ing to the d-c reading will be found repeatable to
±0.02 percent.
The performance of many wattmeters on alter¬
nating-current can often be represented approxi¬
mately by an equation of the form

Pa=Pd{\ +a) -\-bEI sin 0,

(1)

where Pa is the reading on alternating current,
and Pa is the reading on direct current for the
same true power, E and / are voltage and current,
and cos 0 is the power factor. A transfer test first
made at unity power factor (sin 0 = 0) gives a
measure of a, which is usually very small. This
combined with a second test at cos 0=0.5 (sin
0=0.866) gives a measure of b.
If eq (1) represented completely the performance
of a wattmeter, it would be more convenient to
make the second test on alternating current at
zero power factor only. This can be done by ad¬
justing the phase difference until the wattmeter
under test indicates zero with rated current and
voltage and then noting the reading, Pa', of the
standard instrument, after which the latter is
calibrated using direct current. This procedure
gives

For such a test at zero power factor the torsion
head of the transfer instrument is shifted so as to
bring the zero of the instrument near the center
of the scale.
However, wattmeters are frequently found not
to obey eq (1). This condition is best revealed
by a pair of tests at low power factor with the
current first leading and then lagging by the same
angle. If the formula applies, the changes in error
when going from unity power factor to the other
two conditions should be equal in amount and
opposite in sign. Half of the algebraic difference
in such a pair of relative ae-dc differences, when
divided by tan 0, is a good measure of the effective
phase defect coefficient, b, but half their alge¬
braic sum is often quite different from the value
of a derived from the test at unity power factor.
The reasons for such departures of performance
from eq (1) are obscure, but in part may be asso¬
ciated with small vibrations in the moving system.
The same standard electrodynamic instrument
serves also as the basis for the transfer testing
of ammeters at power frequencies. For this pur¬
pose it is used as a wattmeter to measure the rate

of energy dissipation in a noninductive standard
resistor that is in series with the ammeter under
test. Readings are made with alternating and
direct current alternately, as described above.
It lias been found more convenient, however, in
the normal testing of a-c ammeters to use, as an
intermediate standard, an ammeter of the com¬
posite-coil type [180], The a-c performance of
this instrument has been carefully compared with
that of the fundamentally simpler astatic watt¬
meter, and it is regularly used on alternating
current, often with a standardized current trans¬
former, to check ammeters on alternating current.
The basic instrument for the transfer of voltage
from direct current to alternating current at
power frequencies is a suppressed-zero electrodynamic voltmeter [179] in which the movable
system is carried by a taut suspension and its
position is read with a telescope and scale at a
scale distance, as now installed, of 3 m. A short
boom attached to the moving system is free to
play between two stops, only a few degrees apart
and insures that the suspension is held at all times
with substantially the same twist as that present
when readings are made. As normally used in the
transfer testing of voltmeters, the double optical
lever and temperature compensating coils de¬
scribed in [179] have been found unnecessary. An
adjustable noninductive resistance in series with
the instrument is set at such a value as to bring
the cross hair somewhere near the center of the
scale when the operating voltage is applied. Sets
of alternately d-c and a-c readings are then ob¬
tained as described above for wattmeter testing.
A measurement of the instrument sensitivity is
also made by applying two successive values of
direct voltage and noting the change in deflection
which results.

Figure 12.
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Group of thermal ac-dc transfer instruments.

An alternative procedure for transferring from
d-c to a-c standards is the use of electro thermic
instruments. Such apparatus of high precision
has recently been installed [182, 207] and is regu¬
larly used for testing voltmeters from 0.2 to 750
v and ammeters from 1 ma to 50 amp at frequen¬
cies up to 20,000 c/s. Figure 12 shows some of
these instruments. In spite of the fundamental
simplicity of this method, a number of possible
sources of error exist such as Peltier temperature
shifts in the thermal converter, losses in the insu¬
lating bead and resistance in common between
heater and couple circuits. With some individual
thermal converters, these effects may not be neg¬
ligible when an accuracy of 0.01 percent is sought.
As finally worked out, however, the electrothermic
transfer for current and for voltage has been
found to agree with the electrodynamic transfer
to an accuracy of 0.01 percent at frequencies up to
500 c/s, and it is believed to be superior to the
latter and to be accurate to 0.02 percent for
higher frequencies up to 20 kc/s.
Still another unit, definable only in a-c circuits,
is the var, the unit of reactive power. It is the

reactive power corresponding to the maintenance
of 1 amp in quadrature with a potential difference
of 1 v. The test of a single-phase varmeter is
normally made by supplying the instrument with
sinusoidal current and voltage from two gener¬
ators coupled to a common driving motor. The
power factor is adjusted to zero by mechanically
shifting the stator of one generator relative to the
other until a wattmeter indicates zero
The reac¬
tive power in vars is then equal to the product of
the voltage and current, as measured by a volt¬
meter and ammeter. A further check at unity
power factor by connecting the varmeter at the
terminals of a load of substantially nonreactive
resistors, gives an indication of any phase defect
in the varmeter circuit.
The calibration of polyphase varmeters and the
use of varmeters with nonsinusoidal currents intro¬
duces theoretical complications that are, in general,
more serious than the purely instrumental errors.
The Bureau has endeavored to bring some order
out of the earlier confused practices by cooperating
in tbe formulation of standard definitions for the
numerous concepts involved [205].

5. Extension of Measurement Ranges
The procedures and apparatus described in the
foregoing sections have indicated how the various
electric and magnetic units are derived from the
primary volt and ohm. It is not enough, however,
to be able to measure one ampere or one watt.
Methods must be developed for extending the
range of all electrical quantities to cover the mag¬
nitudes encountered in science and industry.
Such methods commonly involve the use of bridge
circuits having unequal ratio arms, multirange
instruments having different values of series, or
parallel, resistances, or other procedures that uti¬
lize resistances of widely different values. The
establishment of the scale of resistance values is
therefore of fundamental importance.

5.1 The Resistance Scale
The primary tool used at the National Bureau
of Standards for the measurement of resistance is
a precision bridge built in the Bureau shops in
1918, which incorporates many features developed
as a result of the Bureau’s first 15 years of experi¬
ence in the field of precise measurements [79].
The more important resistance sections consist of
hermetically sealed coils; the dial adjustments are
of the Waidner-Wolff type, [75] made by changing
the shunting around fixed resistors so that the
effects of contact resistance and emf are greatly
reduced; all resistors and contacts operate under
the oil of a thermostatically controlled bath; and
the circuit is shielded from stray currents. The
bridge may be used either as a Wheatstone or as
a Kelvin bridge, and is commonly used with a ratio
that is nominally either 1:1 or 10:1. This ratio
can be adjusted over a limited range (±0.5 percent)
in the vicinity of the nominal value emploved.

The adjustment is made by means of four decade
dials, one step on the lowest dial corresponding to
a shift of 1 ppm in ratio.
The step that is fundamental to extending the
resistance scale is the establishment of an accurate
10:1 ratio between ratio arms of this bridge.
This is done by using a special assemblage of
resistors [79] (figure 13). Six of these resistors
are nominally of 150 ohms each, and the seventh
is of 50 ohms. By successive substitution in the
precision bridge, the relative values of the six re¬
sistors can be measured. Also by substitution the
values of the resistances of nominally 50 ohms
each, formed by connecting in parallel each of
the two sets of three 150-ohm units, is determined
relative to the 50-ohm resistor with high accuracy.
The three 150-ohm units of one set are then con¬
nected in series with each other and with the 50olim unit to form a 500-ohm group. The three
150-ohm units of the other set are connected in
parallel to form a 50-ohm group.

Figure

13.

Circuit for establishing 10:1 ratio.

With links joining A to C and B to D, the tap at./, ratio is 1:10.
links joining KtoM and L to N, and tap at g, ratio is 10:1.
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These two groups, having a ratio close to 10:1
are connected to form two arms of the highprecision bridge, the remaining two arms being the
adjustable ratios referred to above. The bridge
is then balanced by manipulating the four dials
and their setting, iV,, is noted. The paralleling
links are then shifted so that the 150-ohm coils of
the first set are put in parallel and form a 50-olnn
group, and those of the second set. are in series,
and, with the central 50-ohm coil, form a 500-ohm
group. These groups are turned end for end and
again connected in the bridge, and a second dial
setting, AT2, at balance is noted. The mean of
the two observed ratio settings, A\ and Ah, is then
adjusted by applying a small correction derived
from the observed differences between the 50ohm coil and the means of the groups of three in
parallel. A further correction for the resistance
of the paralleling links is applied, and after these
several corrections are taken into account, the
setting of the bridge dials for which the ratio is
exactly 10:1 is known within about 1' part in 3
million.
An alternative, but more laborious, procedure
sometimes used for obtaining an accurate 10:1
ratio, is to use a group of six 100-ohm standard
resistors. Each in turn is used as one arm of a
bridge; the other five in series constitute an
adjacent arm. The other two arms are the ad¬
justable 100-ohm arm of the precision bridge
and a fixed 20-olim arm. The average of the six
successive settings on the adjustable arm then
corresponds to an exact 100: 20 ratio to an order
of accuracy given by the sum of the squares of
the departures of the individual 100-olim stand¬
ards from their mean, provided proper corrections
are applied for the resistances of the contacts and
connectors. This ratio is then used to compare
each of the two 50-ohm sections of a divided 100ohm standard resistor with a 10-ohm standard, and
from these two results the ratio of the divided
100-ohm to the 10-ohm is computed. The results
obtained by this procedure are usually found to
agree with those by the first-mentioned procedure
to a few parts in 101.
By using the bridge, thus calibrated, it is easy
by successive steps to measure the values of wirewound standard resistors of 10, 100, 1,000, or
10,000 ohms, and similarly to step down to 0.1-,
0.01-, 0.001-, and 0.0001-ohm standards. Re¬
sistances of intermediate value are occasionally
measured by using analogous series or parallel
combinations of nominally equal resistors to
evaluate other bridge ratios that involve small
integers.
In contrast to the foregoing methods for testing
individual standard resistors while immersed in a
thermostated oil bath, the procedure normally
used for calibrating a decade dial of a bridge arm
or resistance box is to substitute a known standard
resistor successively for each of the steps of the
dial [80]. This is done, as shown in figure 14, by
connecting in series (1) a resistance box that has

the dial A' to be tested, (2) an auxiliary box that
has a dial A of the same nominal value as A", and
(3) a pair of mercury cups, C, into which may be
placed either (a) a short-circuiting link, L, or (b)
a known standard resistor, S, of the same nominal
value as one step of dial A' or A. The series
combination is connected to form one arm of a
Wheatstone bridge, the other arms of which are
formed by a direct-reading ratio set A-B and a
fixed resistor, It. The dials are so set at each
stage in the process that the total resistance of the
arm is nominally 10 times the resistance of one
dial step. Successive pairs of bridge balances are
then made. In the first balance of each pair tin*
standard resistor is in the circuit. In the second
balance it is replaced by the link, and the A’ dial
is at a setting one step higher than during the
first balance. This constitutes in effect a sub¬
stitution of the dial step for the standard resistor,
and their difference is read from the small change
required in the balancing arm of the bridge. The
auxiliary dial is then shifted one step, and a
second pair of similar balances gives a calibration
for the next step of A’. Incidentally, the data
thus obtained suffice for the calibration of the aux¬
iliary dial also.
When making precise measurements with re¬
sistors of 1 ohm or less, it is essential to use re¬
sistors of the four-terminal type to eliminate the
effects of contact resistance. The Kelvin bridge
or some equivalent circuit lias proved to be in
general the most suitable for the comparison of
such resistors [7b]. Of the various procedures
[77] that can be used to balance out the effects of
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the resistance in the potential leads, that which
involves 'applying a short-circuit across the ends
of the main ratio arms is commonly used.
The Kelvin double bridge is usually employed
at the NBS in all measurements of low resistance,
but remarkably good results can often be obtained
with simpler apparatus, provided appropriate
methods and precautions are used [78].
At the other extreme the measurement of high
resistance merges into the measurement of the
resistivity of insulating materials [81]. Highgrade wire-wound resistance elements are available
up to 1,000,000 ohms. Groups of such 1-megohm
resistors may be measured in a high-grade Wheat¬
stone bridge while connected in parallel and can be
used singly or in series to form a 10-megohm
standard. Units of higher individual value con¬
sisting of heterogenous compositions or of very
thin film are likely to show changes in resistance
with changes in temperature, voltage, and, unless
very carefully protected, in ambient humidity.
Great precision in their measurement is therefore
not required, and a simple direct deflection
method using a shunted galvanometer of high
current sensitivity (105 mm//za) is often satis¬
factory.
If the voltage is limited to a few volts, this pro¬
cedure fails at resistances exceeding 109 ohms.
For higher resistances the charge carried by the
test resistor is accumulated on one electrode of an
adjustable air capacitor. The rate of ac¬
cumulation is measured by either changing the
capacitance or the potential applied to the other
electrode while using an electrometer as a null
indicator. When higher voltages can be used,
correspondingly higher resistances can be measured
[82, 86]. An accuracy of 0.2 percent can be ob¬
tained up to 1013 ohms at 1.5 v.

5.2 The Scale of Direct Voltage
The starting point of the voltage scale is of
course the primary group of saturated cadmium
standard cells [61], which maintain the volt
during the long intervals between absolute measure¬
ments of current. This primary group [6] is
picked from a much larger stock of saturated
cadmium cells, batches of which are made up at
the Bureau from time to time, using very care¬
fully purified materials [48 to 58].
The- members of the group are intercompared
every few months by means of the standard cell
comparator [91]. This is a highly specialized
form of potentiometer that measures the difference
in electromotive force between the cell under test
and a standard reference cell. A simple auto¬
matic computing device incorporated in the
apparatus enables the observer to read the electro¬
motive force of the unknown cell directly. One
division on the instrument corresponds to 1 yuv.
Great pains were taken in the design of this com¬
parator to minimize spurious thermoelectric
effects, which usually constitute the most serious

source of error in this type of measurement. It is
used regularly in testing the unsaturated standard
cells that are sent to the Bureau periodically for
check from a large number of scientific and indus¬
trial laboratories, as well as for the comparison
of saturated cells.
When an unsaturated standard cell is received
at the Bureau for test it is placed with others
in a large box that is thermally insulated, but not
thermostatically controlled, and its electromotive
force is measured daily for at least 10 days. If,
as is the usual case, the emf soon settles down
and remains within ±50 /zv of a steady value, a
certificate is issued giving this mean value to the
nearest 10 yuv.
However, if the fluctuations
continue to exceed 0.01 percent or if the cell has
an abnormally low value, below 1.0183 v, or if it
shows an abnormally high internal resistance, no
formal “certificate” is issued, but instead the
data observed are sent to the customer in the
form of a “report.” If properly used, unsaturated
cadmium standard cells can constitute very accu¬
rate and reliable standards of voltage. They are,
however, easily damaged by excessive current
drain, and their electromotive force may be
temporarily affected by sudden changes in tem¬
perature and also by any temperature difference
that may exist between the two electrodes [52].
Modern- cell containers are made with copper
liners to minimize this latter effect.
The extension of the d-c voltage scale.to lower
values is usually made by the use of a potentiom¬
eter. For the normal precision testing of lowrange voltmeters and millivoltmeters at the Bureau
a well-seasoned null potentiometer of the Feussner
type is used. The lowest dial has steps of 10 yuv.
For moie rapid and less exacting calibrations a
Brooks deflection potentiometer [96 to 99],
developed at the Bureau primarily for the rapid
calibration testing of electric indicating instru¬
ments, and for incandescent lamp testing, is used.
It is, however, not suited for measurement of emf
in circuits of high internal resistance. In this
apparatus the bulk of the. voltage to be Pleasured
is balanced by the IR drop in the resistance of the
main dial. Any unbalanced residue causes cur¬
rent to flow in the calibrated galvanometer and
produce a corresponding deflection. The value of
the total voltage is then indicated directly by the
one (or two) digits on the dial followed by three
digits read from the galvanometer scale, the last
digit corresponding to 0.1 scale division.
A number of other types of potentiometer have
been developed at the Bureau for special purposes.
The Wenner type [94, 95] is quite generally used
for precise temperature measurement with thermo¬
couples. On its lower range, one step on the
lowest dial corresponds to 0.1 yuv. A special
multirange potentiometer [90] has proved con¬
venient for measuring small temperature differ¬
ences. For the measurement of very small inten¬
sities of radiation by a physical photometer,
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another special potentiometer [93] reading to 0.001
fxv is used.
Potentiometers, in effect, measure merely the
ratio of the unknown electromotive force to that
of the standard cell. Their calibration therefore
needs involve no direct measurement of resistance,
but merely the determination of ratios of resist¬
ances. Hence, for the testing of potentiometers
[87] and also for other applications, it has been
found convenient to use a universal ratio set,
which is equivalent to a slide wire having a total
resistance of 2111.1 ohms, with a tap adjustable in
steps of 0.01 ohm.
In the measurements of voltages of extremely
low values, as well as in the highly precise measure¬
ment of resistance, one limiting factor may be the
sensitivity of the galvanometer. This was rec¬
ognized early, and considerable effort has been
devoted to theoretical studies and practical de¬
signs of galvanometers for both direct [168, 169,
92] and alternating [163, 164, 165, 166] current.
The galvanometers used at the Bureau for preci¬
sion resistance measurements are of a special
Bureau design, with taut suspensions and with
the center of gravity slightly out of line with
the suspensions.
With this construction, it is
possible to adjust the effective restoring torque by
properly tilting the instrument. With a 10-second
period, these have a sensitivity of 40 mm/fiv.
In most of the other electrical measurements,
commercial galvanometers of appropriate design
are used. The more complex amplifying combina¬
tions, which can push the sensitivity to the limit
set by Brownian motion (0.001 juv for a 10-ohm
circuit and 2-second period), are seldom peeded.
The Coblentz [167] moving-magnet galvanometer
lias been superseded by moving-coil galvanometers,
ns they are not similarly affected by external
magnetic fields.
The extension of the scale of direct voltage to
higher values while still using the potentiometer is
made by using instrument voltage dividers (more
commonly called “volt boxes”) [100].
Such a
divider consists of two resistors, Ra and Rbl
which are connected in series, across the voltage
to be measured. A potentiometer is connected to
measure the voltage, Eb, at the terminals of Rb,
and the total voltage, Ea+b, is then calculated by
the relation
rp
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In principle the ratio of resistances might be com¬
puted from measurements of Ra and of Rb sep¬
arately, such measurements being based on the
10:1 resistance ratio described in section 5.1. This
method is not desirable, however, because of the
two principal sources of error that arise in the use
of volt boxes: (1) the possibility that at the high
values of voltage applied and hence larger values
of current in Ra, it may be so heated that its value
becomes significantly different from that observed
in a resistance-bridge measurement at smaller

current, and (2) the possibility that leakage cur¬
rents in the insulating supports may bypass part
or all of Ra but flow through Rb, thus invalidating
the assumption implicit in eq (3) that the same
current exists throughout the entire series circuit.
To minimize such errors, the extension of the
voltage scale at the Bureau is made by using an
especially constructed standard volt box rated for
750 v, but satisfactory for use as high as 1,500 v
[100], In the design of this apparatus (1) the
resistance has been chosen so high (333/3 olims/v)
that heating effects are negligible, and (2) guard
plates have been provided to intercept any leak¬
age paths over the insulating supports and bush¬
ings. The guard plates are connected to taps on
an auxiliary guard circuit so that the potential dif¬
ference across any insulator is never more than
75 v. and at most bushings is nominally zero.
The measuring circuit is composed of groups of
five coils of nominally equal resistances alternating
with single coils, each having a resistance nomi¬
nally equal to the total resistance between it and
the grounded end of the circuit. To determine
the ratio of the divider with high accuracy, it is
necessary merely to substitute its successive equal
coils or groups of coils in one arm of a sensitive
and stable, but uncalibrated, Wheatstone bridge.
The relative values of the coils are noted, and the
value of the total resistance to any tap point is
computed from these relative values, and an as¬
sumed nominal value for the lowest step, on the
assumption that the resistances are truly additive.
In taking the ratio of any total resistance to the
resistance up to a tap point, the assumed nominal
value cancels out leaving only the ratio. With
reasonable care, an accuracy of 0.005 percent can
be obtained.
In use the volt box under test is connected in
parallel with the standard volt box, using on I lie
latter a tap giving the same nominal ratio. The
difference in voltage, if any (exists, between the tap
points of the two dividers is measured with a small
potentiometer of the Lindeck type. The ratio of
this difference to the total applied voltage, meas¬
ured with a voltmeter, gives the ratio error of the
volt box under test relative to the standard volt,
box. Corrections for lead resistance, etc., are de¬
rived by auxiliary measurements with the. poten¬
tiometer. 'The equipment used for such tests is
shown in figure 15.
In the measurement of the higher direct voltages
used in X-ray generators a new source of error
enters the picture. 'Phis is (lie corona discharge
from points and edges that are at a considerable
potential above their surroundings. This can
result in a significant current leakage to ground
directly through the air and can also cause trouble
from the chemical action of the ozone and oxides
of nitrogen formed and from the electrostatic pre¬
cipitation of dust. To obviate these troubles, a
construction has been developed at the Bureau
[102] in which the resistance, Rn, is subdivided into
units of 5X10® ohms. Each is surrounded with a
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Figure

15.

Equipment for testing volt boxes.

The standard volt box is under the galvanometer at the back. The Lindeek
potentiometer with sloping panel is in the foreground, and above it is the
selector panel, which connects the potentiometer and its guard circuits at
any desired voltage level.

metal shield formed with surfaces of such large
radius of curvature that no external corona de¬
velops. Each shield is connected to one end of
the group of five 1-megohm resistors that it sur¬
rounds, and the voltage of 7,500 between resistor
and case is so low that no corona occurs inside the
shield. A divider of this construction, having 20
units of 5 megohms each, serves to measure direct
voltages up to 150 kv with an accuracy of 0.01
percent.
For measurements in connection with X-rays of
still higher voltage, a voltage divider has been con¬
structed for 1,400 kilovolts. It is contained in the
left-hand column shown in figure 10. It consists
of 10 sections, each enclosed in an outer shield
which is connected to an appropriate tap on the
cascade transformer-rectifier set of 10 units, which
produces the high direct voltage. Within each of
these 10 sections the divider consists of 14 sub¬
sections, each of 10 megohms. Each subsection is
enclosed by an inner corona shield, which is con¬
nected to one end of the subsection, but insulated
from the outer shield. The normal current is 1
ma. If this current is measured by a potentiom¬
eter, and if corrections for self-heating are applied,
the total voltage can be determined with an accu¬
racy of about ho percent.

5.3 The Scale of Direct Current
The measurement of a current by measuring
with a potentiometer, the voltage drop in a resistor
in which the current is flowing suffices to cover a
very wide range of direct currents. At the low
current end of the scale the accuracy begins to
be limited by the current sensitivity of the galva¬
nometer when the resistance of the resistor ma¬
terially exceeds that of the potentiometer and
galvanometer.
For a galvanometer sensitivity

Figure

16.

Equipment for the generation and measurement
of 1,400 kv direct voltage.

Large central column contains cascade of transformers, rectifiers, and
capacitors; left column contains sectionalized shielded resistor; distant
column at right encloses X-ray tube.

of 1 mm for 10-8 amp lju could be measured in
this way to 1 percent. To calibrate instruments
at lower currents it is necessary only to connect a
large resistance, Bi} in series with the instrument
and to shunt the combination with a smaller
resistance, B2.
The total current can then be
measured as before, and the range of possible
calibration is thus extended by the ratio of Bx
to B2. This procedure, however, is not applicable
to the measurement of an unknown small current,
and this latter problem is identical with that of
measuring very high resistances, already discussed.
The techniques used for this are equivalent to
the measurement of currents down to 10-15 amp.
At the high-current end of the scale the limiting
factors are the heating and thermoelectric effects
in the series resistor. At the National Bureau of
Standards a Wolff precision resistor of 0.0001 ohm
is available for measurements at high currents.
This is immersed in stirred oil. which in turn is
cooled by a coil of tubing through which water is
circulated.
At currents up to 1,000 amp the
resistance of this resistor is a definite and repeatable function of the cooling-oil temperature.
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The, function has the usual parabolic form char¬
acteristic of manganin, with a maximum resistance
at 32° C. At higher currents, even though the
temperature is held at the same value by vigorous
cooling, the resistor shows an increase in resistance.
This effect amounts to 100 ppm at 3,000 amp, and
if proportional to the square of the current, would
be 0.1 percent at 10,000 amp. It seems probable
that the effect is the result of mechanical strain
set up in the resistance alloy sheets by their
differential expansion relative to the cooler rigid
copper terminal blocks. Pending the construction
of an improved high-current resistor free from
such effects, the upper end of the precise scale of
direct currents must be considered as tapering
off from an accuracy of 0.01 percent at 3,000 amp
to 0.1 percent at 10,000 amp. It appears that
there would be no serious difficulty in constructing
a high-current resistor that could extend the highaccuracy limit well above 10,000 amp, if a need
for such measurements should arise. The capacity
of the storage batteries presently available at the
National Bureau of Standards permits a current
to be held at this latter value for about % hour.
Figure 17 shows this high-current circuit.

5.4 The Scale of Alternating Current
The electro thermic transfer ammeters offer a
convenient means for measuring with high accu¬
racy alternating currents down to 1 ma at fre¬
quencies up to 20 kc/s. Lower values are read¬
ily derived by using a resistive shunting network,

Ficure

17.

the ratio of which is deduced from the resistance
of its parts. With such networks very low cur¬
rents can be produced and used to calibrate a-c
amplifiers. The amplifiers in turn can be used to
measure unknown currents of low value.
The
principal limitations in such work arise from
superposed noise and instability in amplifier gain
rather than from any difficulty in correlating the
results with the ampere.
In the early years of the Bureau the scale of
alternating current was extended upward by us¬
ing a group of astatic electrodynamic instruments
[175] having suspended moving coils and fixed
coils of cable formed of insulated strands of fine
wire (litzendraht). The highest rated (5,000 amp)
instrument was a “tubular” electrodynamometer
[176] in which the fixed “coil” consisted of two
coaxial copper t ubes. With the coming into general
use of current transformers [227], the number of highrange, self-contained ammeters, wattmeters, and
watthour-meters submitted for test has fallen to
almost zero. The old high-range standard instru¬
ments have been discarded, and when occasion¬
ally a high-range instrument is tested, the meas¬
urements are made with the 5-amp standard trans¬
fer instrument and a carefully calibrated current
transformer.
The ratio and phase angle of a current trans¬
former depend to a very appreciable extent on the
conditions of burden and frequency at which it is
operated and, to a much less extent, on the ar¬
rangement of the primary leads. The extension
of accurate measurements to large alternating cur-

Equipment for large direct currents.

Large switches connect cell groups in series or parallel. The water-cooled rheostat in background and fine rheostat in front adjust
current. Standard resistors arc in cylindrical oil tanks. Black transite box at left is used for tests at elevated temperatures.
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rents has therefore required the careful study of
the performance of current transformers [211,
225, 226] and the development of methods for
determining their ratio and phase angle with high
accuracy [210, 213, 217]. It happens that it is
much easier to compare the relative performances
of two transformers of the same nominal ratio
than it is to determine the ratio and phase angle
of a single transformer [215, 216]. Hence many
public utility companies and manufacturers of
electric machinery submit to the National Bureau
of Standards for test groups of transformers of
assorted current ratings which they expect to use
as standards for the testing of other transformers
of the corresponding ratings which they regularly
use for measurement purposes.
The circuit used in testing current transformers
[224] up to primary ratings of 2,500 amp is shown

Figure

18.

Circuit for testing a current transformer by the
resistance method.

in figure 18. Here Rr is a resistor of high currentcarrying capacity and of low and known induc¬
tance; R2 is a four-terminal resistor adjustable,
from 0.01 to 0.1 ohm of 5-amp rating and known
low inductance; M is an adjustable mutual induc¬
tor continuously adjustable to 50 yh. that serves
to measure the phase-angle between the primary
and secondary currents. When the detector, D,
shows a balance the ratio of the transformer is
equal to R2/Ri, and its phase angle can be com¬
puted from the setting of M. A limiting factor in
this method has been the determination of the
effective four-terminal self-inductances of the re¬
sistors used as Rx [128, 129]. The oil-cooled resis¬
tors rated at 2,500 amp and at 1,000 amp are of
tubular construction, and their inductance can be
computed from their dimensions. The air-cooled
resistors for currents of 500 amp and less are
formed of flat strips and have their potential
leads so placed that their mutual coupling to the.
strip largely compensates for the self-inductance
of the latter. The small residual inductances are
measured by a substitution process that compares
them with those of a group of special resistors
constructed so as to attain accurately computable
inductances, although at the sacrifice of current
capacity and stability of resistance.

For primary currents exceeding 2,500 amp use
is made of a general principle in instrument trans¬
former design, namely, if the primary winding of
an instrument transformer consists of two or
more sections, all having the same number of
turns, then at the same frequency, secondary
burden, and secondary current (or voltage) the
ratio correction factor (i. e., the quotient of true
ratio divided by nominal ratio) and the phase
angle will be the same, to a high degree of pre¬
cision, whether the primary sections are con¬
nected in series or in parallel. In other words,
the core and secondary winding cannot distin¬
guish between the additional magnetomotive
force caused by the same current linking the core
in an additional series turn and that caused by
additional current linking the core in a parallel
turn. Deviations from this principle will arise,
for a current transformer, only in proportion to
the product of two factors each of which is
unlikely to be large: (a) the relative difference in
the distribution of current among the several
primary sections when they are in parallel, and
(b) the relative difference in the coupling (mutual
inductance) between each of the several primary
sections and the secondary winding. If their
relative differences do not exceed 1 percent each,
the principle will be valid to 0.01 percent.
To apply this principle, a special high-range
standard current transformer having eight pri¬
mary ranges has been constructed. This has 24
sections of primary winding, and with these in
series, can be calibrated by the usual resistance
method at ratings from 500 to 2,500 amp. It is
then used with its primary sections in parallel
as a standard up to 12,000 amp. A careful
study [224] of its performance has shown that
the equality of the coupling of the various sec¬
tions of the secondary and the equality of the
division of current among the primary sections
are both satisfactorily close. When the trans¬
former is measured with only 500 secondary turns
(i. e., 2,500 amp turns at full current) and with
each of the eight possible connections of its
primary turns, its ratio correction factor at any
secondary current was constant to 0.02 percent
and its phase angle to 1 minute, and when operat¬
ing at its normal 12,000 amp turns, the perform¬
ance of the transformer is presumably even better.
Even if the flux distribution is greatly distorted
by omitting one of the primary turns, the ratio
correction factor is affected by less than 0.01
percent.
It seems probable that serious difficulty will be
encountered in an attempt to construct noninductive primary resistors for sustained currents
exceeding 2,500 amp because the lack of chemical
uniformity in the resistance alloy will affect the
distribution of current and thus the inductance.
However, there is every indication that the
measurement range at power frequencies can be
extended well above 12,000 amp by the use of
multirange standard transformers.
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Figure 19.

Equipment for testing high-range current transformers.

Current is supplied by the step-down transformer, K, and measured either by the standard multirange transformer S or by using tubular standard
resistors in the oil tank M. The transformer under test is at 0 in the center of the “cage” at the right. The heavy copper tubes comprise the outer
conductors of the coaxial secondary leads.

Figure 19 shows the circuit used in measure¬
ments from 500 to 12,000 amp. The transformer
under test is placed at the right in the “cage”
formed by the four 10- by %-inch copper bars,
which, in parallel, constitute the “return” lead
of the circuit. The central “outgoing” lead either
passes through the window of the transformer or
is bolted to the transformer primary terminals if
it is of the bar type. This circuit geometry [187]
offers two advantages. The first is that the
components of magnetic field at the transformer
in the center, produced by the action of the four
return bars cancel one another so that the result¬
ant effect is closely the same as if the return
circuit were at infinity. This situation constitutes
a logical basis with which the effects of other
configurations can be compared [225, 226]. The
second advantage is that the resultant magnetic
field of the entire circuit drops off very rapidly
with distance from the axis (roughly as r‘5) and
is negligible in those parts of the laboratory
where the measuring circuits are located.
Most of the transformers submitted for test are
intended to be used as standards with which to
compare the performance of other current' trans¬
formers. Such comparisons are usually made by
means of the Silsbee current transformer testing
set, the circuit of which was developed at the
Bureau in 1918 [216], In the use of this set the
measuring elements are required to measure
merely the difference in magnitude and phase of

the secondary currents of the two transformers
being compared. Therefore, a high accuracy can
be obtained in their relative ratios, although only
moderate accuracy is required in the adjustment
of the circuit constants. Nevertheless, as a
check on possible incorrect adjustment at the
factory or on major drifts in calibration, such
transformer test sets are frequently submitted to
the National Bureau of Standards for test. The
test consists in the measurement of the resistance
of the slide wire at 13 points on the ratio scale
and of the mutual inductance of the inductor at
15 points on the phase-angle scale. The test set
is also experimentally checked in actual operation
at midscale and one other point. The true values
of transformer ratio and phase angle are then
computed and tabulated against the correspond¬
ing settings used in the test.

5.5. The Scale of Alternating Voltage
Between 1 v and 300 v, two alternative bases
are available for the measurement of alternating
voltages. The first, applicable at power fre¬
quencies, is to use the electrodynamic transfer
voltmeter, described in section 4, to transfer from
direct to alternating voltage at the 100- or 200-v
level, and then to use a three-winding step-down
transformer. The ratios of the voltages of the
various sections of the two secondary windings to
each other are checked by comparison with a
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special resistive voltage divider. Normally, one
winding supplies the standard transfer voltmeter,
already calibrated with direct voltage, and the
other tapped secondary supplies the a-c voltmeter
under test. Such a transformer has a very con¬
stant ratio over a wide range of primary voltages.
The second procedure, applicable also at audio
as well as at power frequencies, is to use the
electrothermic transfer voltmeters directly to fill
in the scale from 1 to 750 v.
Below 1 v, known voltages can be obtained by
using resistive voltage dividers or attenuators
that have been checked at somewhat higher
voltages against the standard volt box or by
measuring the resistances of their component
parts. "The low voltages thus derived, down to
about 20 (j.v, can be used to check low-range
electronic voltmeters and as standard signals for
testing amplifier gain. To measure an unknown
voltage in this low range, the known low voltage
with properly adjusted phase, can be bucked
against the unknown. The difference, after
amplification, is applied to a detector, and the
known low voltage is adjusted to balance the
unknown.
From about 300 up to 250,000 v almost all
precise a-c voltage measurements make use of
step-down voltage (potential) transformers [227].
The Bureau has contributed to the establishment
of this alternating-voltage scale by developing
methods and equipment for measuring the ratio
and phase angle of voltage transformers, by
suggesting methods for the comparison of the
performance of a voltage transformer with a
standard transformer of the same nominal rating
[214, 215], and by its testing service for calibrat¬
ing such standard transformers and comparison
test sets [229].
The use of standard voltage transformers as a
basis for the checking of others of the same
nominal ratio is even more desirable than the
analogous use of standard current transformers
both (1) because very simple apparatus suffices
for the comparison [214,228] and (2) Because of
the greater safety when the operator is isolated
from the high-voltage circuit by the transformer
insulation and need handle only circuits con¬
nected to the low-voltage secondary windings.
It is almost universal practice to use voltage
transformers with one end of the primary winding
at ground potential. However, some unpublished
experimental studies at the Bureau have indicated
that, with transformers of normal construction,
the ratio and phase angle are affected very little,
even if the transformer is used with its primary
across the lines of a three-phase, grounded neutral
system while its secondary is kept grounded.
It is common practice in the electric-power
industry to use portable commercial voltagetransformer test sets [228] to compare the second¬
ary voltages of the standard and test transformers.
These sets in turn are often submitted to the
National Bureau of Standards for test to verify

Phase Shifting Trf.

Figure 20.

Circuit for testing voltage-transformer test sets.

Voltage AC is supplied to both the comparator and the “Standard” cir¬
cuit of the test set. Voltage BC is applied to the “X” circuit of the test .set.
By adjustment of the magnitude and phase of the auxiliary supply, voltage
.-ICmay be set with any desired phase and magnitude relative to voltage PC.

the accuracy of their adjustment. This is done
by supplying both the set under test and a special
voltage transformer comparator from a pair of
60-cycle voltages (a-c and d-c) which differ in
magnitude and phase by adjustable amounts
(see fig. 20). The set under test is set on a
succession of 11 points on its ratio scale and 13
points on its phase-angle scale, and also as a
check at the four “corner” points corresponding to
combinations of the extreme settings of the two
scales. The true voltage relations are read on
the comparator for each point, and the resulting
corrections are reported in tabular form.
The comparator is also used to compare trans¬
formers submitted for test with one of the standard
transformers owned by the Bureau. These seven
standard transformers have the ratings shown in
table 1. Their ratios and phase angles are deter¬
mined with great care at intervals of about a year
by the methods outlined in the following para¬
graphs, and have been found to be very stable.
By using them as intermediate working standards,
the need for operations involving direct metallic
connections between the observer and the highvoltage circuit is limited to the annual performance
checks.
Table 1. Ratings of standard voltage transformers
.
Designation

2A, 2B
3A.3B
..
10A, 10B...
100.

Primary volts

5000/2500/1250
25,000/12,500/0.250
100,000/50,000/25,000
250,000/125,000

Secondary
volts

255/127.
255/127.
255/127.
255/127.

5
5
5
5

Kilovolt¬
ampere
rating
2
3
10
100

Up to 30 kv the standard transformers are
measured by the use of a shielded resistor [220] that
has a total resistance in its working circuit of
512,000 ohms. All, or part, of this may be con¬
nected in parallel with the primary of the trans¬
former under test, as shown in figure 21. The
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Figure 21.

Circuit for testing a voltage transformer by the
use of a shielded resistor.

secondary voltage of the transformer is then bal¬
anced by the potential drop in an adjustable por¬
tion, Re, of the resistor circuit at its grounded end.
A mutual inductor, M, which has its primary in
series with the resistor and its secondary in series
with the detector, serves to balance out any phase
displacement between primary and secondary
voltages. The principal source of error in such a
method is the capacitance to ground of the various
sections of the resistor. To minimize this error,
the working circuit is divided into sections of
20,000 ohms each, and each section is enclosed in
a metal shield. Each shield is connected to an
appropriate tap point on an auxiliary high-resist¬
ance guard circuit, Rs. This guard circuit, also
of about 500,000 ohms, is in parallel with the
working circuit, and its taps are adjusted to be
at the same potentials as the midpoints of the
sections of the working circuit they shield. The
capacitance currents from the shields to ground
therefore flow in the guard circuit only and pro¬
duce only a second-order error in the working
circuit. With such an arrangement the secondorder error increases roughly as the fourth power
of the primary voltage, with the result that the
method becomes rather impractical above 30 kv.4
Above 30 kv several procedures are possible.
One is the use of a capacitance voltage divider as
used by Sharp and Crawford [222] and in more
convenient form, by Bousman and Ten Broeck
[223]. Such a circuit is now under development
at the National Bureau of Standards as a further
check on the performance of the standard multirange voltage transformers that are currently in
use to carry the testing service to 250 kv.
These multirange voltage transformers consti¬
tute another application of the general principle
enunciated earlier, which forms the basis for ex¬
tending the range of alternating current. Each
is made with its high-voltage winding in several
sections that can be connected in parallel for cali¬
bration and in series for use as a high-voltage
standard transformer. Ideally, such a transformer
4 By using an autotransformer of high rating (75 kva) to supply the shields
Weller [2211 found it possible to push this method to 132 kv.

would have the same phase angle on all ranges,
and its ratio would be strictly proportional to the
number of turns in series on each range. Depar¬
tures from this ideal might result either: (1) from
inequalities in the magnetic coupling from the
several primary sections to the secondary or (2)
from the presence of capacitance currents flowing
between portions of the primary circuit in a dif¬
ferent manner when different connections are used.
The applicability of this principle has been demon¬
strated in a large number of multirange transform¬
ers in which both the higher and the lower ranges
could be tested by the use of the 30-kv shielded
resistor [193, p. 327]. Auxiliary measurements of
equality of sections and of capacitance between
sections indicate that the departures from the
ideal are negligible in the two higher-range trans¬
formers used in the extension of the Bureau’s scale
of alternating voltage. The first of these trans¬
formers is calibrated with its four sections in par¬
allel up to 30 kv and list'd with them in series up
to 120 kv. The second is compared with the first
up to 120 kv and used with its two sections in
series up to 240 kv. Figure 22 shows some of the
standard transformers and tin1 shielded resistor.
The chain of measurement of voltage from the
electromotive force of a standard cell to an alter¬
nating voltage of 240,000 is a long one of many
links, and it was felt desirable to check the result
by some independent method. For ibis purpose

Voltage-transformer testing bay in National
Bureau of Standards High-Voltage Laboratory.

Figure 22.

The 30-kv shielded resistor is in the center at the back; standard trans¬
formers for 25 kv are at the left and for 100 kv at the right (on insulating sup¬
ports). The observers on the mezzanine are setting the burden and bal¬
ancing the secondary voltage against the IR drop in the grounded section of
the resistor. The large 350-kv transformer in the pit in the left foreground
can be used as a supply. One bushing of the 125/250-k v standard transformer
shows at the right edge.
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an absolute electrometer of the attracted-clisk type
suitable for voltages up to 275 kv was designed
and constructed [192], In this instrument a light
Duralumin disk (16 cm in diameter) hangs from
one arm of a sensitive balance and is centered with
small clearance in an opening in the center of a
large guard ring. A flat circular plate is supported
below the disk and guard ring, parallel to them
and at a distance that can be adjusted over a range
from 2 cm for low voltages (10 kv) to a maximum
of 110 cm for 275 kv. The rms value of the voltage
applied between the disk and the lower plate can
be computed in electrostatic units from the meas¬
ured diameter of the disk, the spacing between it
and the plate, and the force of attraction, which
is weighed by the balance. Figure 23 shows the
general arrangement of the electrometer, and figure
24 shows some details at the balance.
A long series of experiments [193] was performed
in 1936 in which an alternating voltage (usually of
60 c/s) was measured simultaneously with the
electrometer and with a sensitive electrodynamic
voltmeter fed by one of the calibrated standard
voltage transformers. The conditions were varied
from one experiment to another by changes that

involved different transformer connections, elec¬
trometer spacings and disk diameters, frequencies
(60 c/s and 25 c/s), wave forms and magnitudes
(10,000 to 100,000 v) of the voltage measured, and
changes in the potentiometer circuit used to
calibrate the voltmeter. The two methods were
found to agree with an average discrepancy with¬
out regard to sign of only 0.01 percent. The
correctness of the extension of the a-c voltage
scale by the use of voltage transformers is thus
confirmed by an entirely independent method.
Because of the much greater convenience of the
transformer method, it will be used almost ex¬
clusively in the future. It is planned, however, to
reassemble the absolute electrometer again and to
make a similar cross check between the two
methods at the 275-kv level.
The interrelations of the two methods in terms
of the present absolute systems of units is shown
in figure 25. It will be seen that bbtli methods
use a mass subject to local gravity as the measure
of force (at F) and that the electrometer and the
current balance occupy corresponding positions,
each involving only the ratios of its significant
dimensions.
In the electrostatic method, the conventional
constant, e„, usually designated as “the permit¬
tivity of space,” is arbitrarily chosen as 1 (in the
centimeter-gram-second-electrostatic system). On
the other hand, in the electromagnetic method, it
is the conventional constant,
usually designated
as “the permeability of space,” that is chosen
arbitrarily either as 1 (in the cgs-emu system) or as
47T-10-7 (in the rationalized mksa system).
The absolute ohm is evaluated by a separate
process, from the units of length and time and the
chosen value of fj.„. Combining the absolute ohm
with the absolute ampere, evaluated by the current
balance, fixes the absolute volt, in terms of which
values are assigned to NBS standard cells. The
long chain of step-up and d-c to a-c transfer
procedures then yields the electromagnetic value
for a high alternating voltage shown at A. The
electrometer yields directly at B the value of the
same voltage in statvolts. According to electro¬
magnetic theory ev and
are not independent, but
are connected (as indicated by the dot-dasli lines
in figure 25) by the relation
Me6*'=

Figure 23.

The Brooks absolute electrometer.

The attracted disk hangs flush with the lower surface of the upper plate.
It and the balance are shielded from extraneous forces by the dome. The
lower plate is carried by three rods from the intermediate ring and can be
adjusted for any desired vertical spacing. The hoops are supported by pegs
inserted into the fused silica pillars and are energized by taps from the stack
of micanite capacitors at the left. As shown, only one-third of the normal
complement of hoops are in place.

1 A'

>

where c is the velocity of light. This velocity has
been measured by optical experiments at very high
frequencies and at the NBS by Rosa and Dorsey
[28, 29, 30] at low frequency. The two very
different types of experiment gave results in
satisfactory agreement and are indicated by the
vertical dashed line in figure 25. Accordingly, in
the verification of the liigh-voltage scale, the elec¬
trometer results (at B) were multiplied by this
factor (299.805 megameters/sec) and compared
with the transformer results (at A). The optical
experiments are presumably of materially higher
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Figure

24.

Balance and attracted disk of the Brooks absolute electrometer.

Disk is shown with draft cover removed; above it are the Poynting clamp and the stirrup for the measuring weights; the compensated
counterweight and the “chainomatic” chain hang from the other end of the beam; the optical path is enclosed in the black tubing and prism boxes.

accuracy, but the slight observed residual differ¬
ence in the voltage measurements might be re¬
garded as an independent determination of c as
being 299.783.

5.6 Measurement of Crest and Surge
Voltage
In the higher voltage range, engineers are usually
more concerned with crest values than with rms
values of alternating voltages. This is because
the breakdown of insulation is to a large extent
dependent upon the crest value of the voltage
applied to it, and the testing of insulation is the
principal application of voltages above the normal
operating levels. The commonly used measure¬
ment technique in this field is to note the sparkover voltage between metal spheres of known
diameter and spacing in air under standard test
conditions. The standard currently recognized in

the United States is that of the American Institute
of Electrical Engineers [202], which is based on the
pioneer work of the large electric manufacturing
companies. The values in it differ somewhat
from those in the corresponding standard of the
International Electrotechnical Commission, which
is generally used in Europe. One of the projects
still ahead of the National Bureau of Standards is
a study of the spark-over voltage of standard
sphere gaps with a view to reconciling the differ¬
ences and perhaps improving the accuracy of meas¬
urement. Preliminary experiments have indicated
the feasibility of determining the crest factor of an
alternating voltage by using a capacitance poten¬
tial divider and a point-by-point measurement of
wave form with a quadrant electrometer as a
detector. This method is slow but capable of an
accuracy better than 0.1 percent; it will form the
basis for calibrating other techniques.
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An alternative method for measuring cres't volt-

Figure 27.

Surge current generator.

This hank of 40 capacitor units mounted in five tiers (only two of which are
visible in the photograph) is shown delivering a surge having a crest value of
about 100.000 amp. The outer conductor of the tubular shunt used in meas¬
uring such currents is visible below the table. The 100-kv charging line and
the triggering circuit are visible at the top.

Figure 25.

The high-voltage scale and its confirmation by
the absolute electrometer.

Figure 26.

View in High-Voltage Laboratory at National Bureau of Standards.

The four columns of capacitors at the right constitute the 2,000,000-volt surge-voltage generator; the three 60-cycle 350,000-v transformers (one is in
pit with only its bushing visible) can be cascaded to give 1,000,000 v; the large transformer in the rear (with smooth tank) is the 125,000/250,000-v standard
voltage transformer.
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age is the corona voltmeter of Whitehead. This
was studied by the Bureau in 1928 and its possi¬
bilities and limitations examined [194],
A. closely related field is the measurement of
surge voltages and currents. In recent years there
has been a decided trend toward the use of tran¬
sient voltage surges ("artificial lightning”) for the
proof-testing of electric apparatus. The reasons
for this are twofold. First, the duration of such
a test and the distribution of electric stress within
the apparatus during the test can be made to
approximate the extreme conditions to which the
equipment will be exposed in actual service, and
the results are therefore more significant than
those of a test at an abnormally high value of sus¬
tained alternating voltage. Second, in spite of
its complicated construction, the cost of such test
equipment is usually less than that of an equiva¬
lent conventional transformer. Figure 26 shows
the 2,000,000-volt 33,000-joule surge-voltage gen¬

erator now in use at the National Bureau of Stand¬
ards for studying methods of surge-voltage
measurement, and figure 27 shows the 50,000-joule
surge-current generator. This has a rating of 10
nf at 100,000 v and has delivered currents c.f
200,000 amp.
The complications which arise from inductance
and skin effect in measuring transient currents are
closely related to those encountered on the precise
measurement of the phase angle of current trans¬
formers. By applying similar procedures, stand¬
ard forms of shunt and of inductor have been
developed [130] for measuring surge currents and
the rates of change of such currents, respectively.
The design of a voltage divider that will be accu¬
rate for rapidly changing voltage, especially within
the first microsecond of the surge, constitutes a
difficult problem, and the Bureau’s work on it has
just begun.

6. Dissemination of Units
The unit of time as represented by standard
radio carrier and modulation frequencies can be
disseminated conveniently and with extreme ac¬
curacy by broadcasting. National Bfireau of
Standards radio stations WWV and WWVH per¬
form this service [23 to 26], and anyone interested
can just tune in. The electrical units cannot be
transmitted so easily, and hence the values have
to be disseminated by the more laborious physical
transportation of electric instruments, meters, and
other .measuring apparatus. Electric measuring
apparatus to be standardized is sent to the Bureau
from manufacturers of electric instruments and
machinery, public utility companies, State public
utility commissions, university laboratories, in¬
dustrial research laboratories, as well as from
Federal agencies and private individuals.
Some organizations send in groups of saturated
standard cells and 1-ohm standard resistors and
carry on the rest of the measurement chain in
their own laboratories. A number of foreign
governments that are currently in the process of
founding or expanding their national standardizing
agencies come in this class. More often, un¬
saturated standard cells, sets of standard resistors,
capacitors, inductors, and instrument transformers
covering a considerable range of values are sub¬
mitted. Many power companies submit their
standard transfer wattmeters for comparison with
the NBS instrument to verify the relation of its
a-r performance to that on d-c, although they are
well equipped to calibrate it on direct current
themselves. Manufacturers of electric measuring
devices submit for test their own "laboratory
tools,” by the use of which they adjust their
product, and thus disseminate the units to their
ultimate customers, who therefore may not need
any direct contact with the Bureau. Indicating
instruments are submitted not only by small
laboratories that use them as primary standards,

but also by larger organizations as a check on the
steps in the measurement sequence as performed
in their own laboratories. As a result a stream of
about 2,000 high-grade electric instruments and
pieces of related apparatus flows through the
electrical laboratories of the Bureau annually.
The Bureau is required by law [1, 2] to charge
appropriate fees for such testing service unless it
is for a branch ol the Federal or State Government.
Regular fee schedules [5] list these charges for the
more usual types of test, and arrangements can
often be made by correspondence for special
unlisted tests at appropriate fees.
A considerable fraction of the apparatus sub¬
mitted to the Bureau for test is newly manufac¬
tured, and in some cases (e. g., standard resistors)
it is desirable to have it held in the laboratory for
several months to enable successive measurements
to insure that secular drifts in value, originating
in the process of manufacture, have steadied down
to a negligible rate. Other standard apparatus,
however, is usually submitted at regularly sched¬
uled intervals to insure the sustained accuracy of
measurements based on it. The desirable fre¬
quency of sffeh periodic checks depends on a
great number of factors, including (1) the accuracy
required, (2) the extent to which intercomparisons
are made among the standards in the local labora¬
tory, (3) the ruggedness and stability of the
particular type of apparatus, and (4) the care¬
fulness and skill of those handling: the apparatus.
A standard cell is relatively delicate ami can be
ruined in a few seconds by an excessive drain of
current, yet if a group of at least three cells is
available and if its members are intercompared
frequently, a change of any one relative to the
rest is quickly evident, and the volt as fixed by the
mutually consistent remaining cells may be trusted
to an accuracy of 0.01 percent for 6 months or a
year.
Most standard cells of the unsaturated
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type show a gradual decrease in emf, which on the
average is about 80 nv/yenr.
By contrast, a standard resistor, intended for
the measurement of currents of several thousand
amperes, is a very rugged structure.and is not at
all likely to be damaged by carelessness in the
laboratory. Barring corrosion from acids in its
cooling oil, if this is allowed to become rancid, or
very slow metallurgical changes, such a resistor
may be trusted to an accuracy of 0.01 percent for
5 or even 10 years. Resistors made with fine wires
are decidedly more prone to change as a result of
corrosion and mechanical strains, and should be
rechecked every 2 or 3 years. This periodicity
also applies to resistance boxes, measurement
voltage dividers, bridges, and potentiometers.
In many cases an initial test at the Bureau
may be very desirable, and further periodic checks
may be unnecessary. An example is the transfer
test of a high-grade wattmeter, which determines
the difference, if any, between its a-c and its d-c
performance. This difference depends upon such
factors as eddy currents, inductance, and capac¬
itance in its windings and is very unlikely to
change appreciably with time or use. The d-c
calibration as a wattmeter, which depends also
on its springs and the dimensions and relative
positions of its coils, may show secular changes.

This d-c performance, however, can be ade¬
quately checked by measurements made at the
local laboratory with a potentiometer and standard
cell.
Recognizing the desirability of having precise
apparatus checked initially at the Bureau, several
manufacturers of electric measuring apparatus
make it a practice to submit for test groups of
usually 10 or 20 similar standards. After the test
these are returned to the maker’s stock and later
sold “with a National Bureau of Standards Certif¬
icate” at an increase in price to cover the Bureau’s
fees and the handling costs. By this process, the
necessary seasoning time does not introduce a
delay between the sale of the standard and its
ultimate use.
The results of calibration tests of measuring in¬
struments and apparatus are issued in one of two
forms: “Certificates” and “Reports.” A Certif¬
icate is usually issued if the results have rela¬
tively permanent validity, and if the apparatus
tested meets certain standards of precision and
tolerance.
Reports are issued when unusually long and
complex measurement programs are involved,
when the apparatus is such that it can be too
readily thrown out of adjustment, or when it
shows symptoms of instability.

7. International Relations
By the Convention of the Meter, as amended in
1921 [6], the International Bureau of Weights and
Measures at Sevres, France, is authorized to
coordinate the work of the various national stand¬
ardizing laboratories in the electrical field. The
National Bureau of Standards cooperates ac¬
tively with the International Bureau and sends
groups of standard cells and of standard resistors
to Sevres every 2 years for comparison with the
groups of standards kept at the International
Bureau. Other nations do the same, and in this
way the relative values of the units as maintained
in the different countries are derived. Graphs of
these values are given in [6, p. 13, 16]. In ab¬
stract theory, all electrical units are supposed to
be derived by an unbroken chain from those main¬
tained at the International Bureau. In the final
analysis, however, because of errors in comparison,
changes during transportation, and drifts with
time, the unit actually used in practice in any in¬
dividual laboratory is bound to differ somewhat
from the ideal. The relative differences between
countries seldom exceed ±20 parts per million.
The international comparisons of high precision
serve to give early warning to any laboratory in
case its units should show a drift relative to those
of the other laboratories. The appearance of
such relative drifts in the German standards led
in 1931 to cooperative experiments in Berlin in
which representatives of the British National
Physical Laboratory and the National Bureau of
Standards took part [12], As a result of these
experiments the German laboratory changed the

values of its electrical units [6]. Also, the results
of any new and improved absolute measurements
can be disseminated with high precision to the
rest of the world by these biennial intercomparisons.
Most countries derive their electrical units by
sending standards to the International Bureau for
certification. As a matter of practical convenience,
however, a number of national laboratories have
preferred to have their standards tested at the
National Bureau of Standards. This is particu¬
larly expedient when the standard in question is
manufactured in the United States and can readily
be standardized in Washington before shipment
abroad.
Occasionally, when a standard capacitor or in¬
dicating instrument of extreme accuracy happens
to be shipped, say, from England to the United
States, it is found feasible to arrange to have it
tested at the National Physical Laboratory before
shipment and again at the National Bureau of
Standards on its arrival in this country [109].
The agreements found in such comparisons are
usualty not as precise as those based on the ship¬
ment of standard resistors and cells, but give a
very valuable assurance that the methods used in
the two laboratories for deriving other units from
the more fundamental ones lead to results that
are consistent to an accuracy well within the needs
of commercial operations.
The dissemination of scientific units of measure¬
ment throughout the world offers an almost unique
example of harmonious international relations
which have persisted for many years. The gain
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to society from world-wide uniformity in the field
of measurement is very great, and the sacrifices
required to maintain uniformity, at least in the
electrical fields, are small. The workers in the
national standardizing laboratories, confronted
as they are with similar problems, have learned a
mutual respect for their confreres. The inter¬

national organization which deals with weights and
measures, established in 1875, has filled such a
definite need and was devised with such farsighted
wisdom that it has survived two world wars and
has grown in prestige, scope, and influence. The
precise unification of electrical measurements is
one of its outstanding accomplishments.
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Measurement of Current with a Pellat-Type Electrodynamometer
R. L. Driscoll
The value of an electric current has been determined in absolute measure by means of
an electrodynamometer, and simultaneously by standard cells and standard resistors as
currently maintained.
The electrodynamometer used was of the Pellat type, and featured
a fused silica balance beam and single layer helical coils.
The relation of the NBS ampere to the absolute ampere, from this determination, may
be expressed as

1 NBS ampere= 1.000013 absolute amperes.
The uncertainty in this result from all known sources is estimated to be eight parts per
million.

1. Introduction

2. Value of a Current in Terms of

The important units in electrical measurements
are the ampere, the ohm, and the volt. Since these
units are connected by Ohm’s law, any one of the
three is fixed when the values of the other two are
settled upon. These units are all defined in terms of
the mechanical units, but the accuracy of their
physical realization depends upon experimental
approximations to unattainable ideal conditions.
In the electromagnetic system, the ampere is defined
as 10~* cgs units, the ohm 109 cgs units and the volt
108 cgs units. The two units so far found susceptible
of accurate independent evaluation in terms of the
mechanical units are the ohm and ampere. On
account of the transitory nature of electric current
the ohm and the volt are the two units maintained
in the form of concrete standards. It is necessary
therefore to assign a value to the standard of elec¬
tromotive force obtained from a combination of the
results of primary standardization of the ohm and
ampere. On account of the implicit relation of the
electrical units to other physical constants, it is
desirable that these units be close to their defined
values. In order to detect drifts in the standards,
repetition of absolute measurements from time to
time has been the accepted practice. Experiments
now being conducted at this Bureau on the precession
frequency of protons in the magnetic field of a coil
carrying a current, show promise of providing a
precise method for determining the constancy of
the current over long periods of time. An account
of the last work on the ampere at this Bureau was
published in 1942 [l].1 In that investigation a
current balance 2 was employed; in an effort to avoid
possible systematic errors in the current balance, a
Pellat-type electrodynamometer [4]
(sometimes
referred to as a Pellat balance) has been used in
this work. In the current balance the force measured
is one of translation and in the electrodynamometer
it is one of rotation. This paper describes the
important physical measurements that were made
and assesses the accuracy of the determination of a
current by the latter absolute method.
1 Figures in brackets indicate the literature references at the end of this paper.
2 A companion paper to follow in tit is Journal will present values from receDt
measurements.
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Mechanical Effects
The torque between two coils in which the currents
and i2 are held constant has been worked out in a
general way by Maxwell [2], In the particular case
of the Pellat electrodynamometer, the two coils are
adjusted to be concentric and to have an angle, 6,
of 90° between their axes.
With this adjustment
the torque,
is a maximum and is given by

where M is the mutual inductance of the coils. In
absolute measurements the geometrical factor,
dM/d9, is computed from measured values of the
linear dimension of the coils. The mathematical
contributions of Snow [3] make possible a second
order calculation of this factor for the electrody¬
namometer that includes several small corrections
made necessary by the fact that the coils are helical
wires having small measurable irregularities and are
not uniform current sheets.
Another factor affecting the absolute measurement
of current is the accuracy realized in the evaluation
of the torque produced. When single layer helical
windings are employed, the torque produced is rela¬
tively small and more effort is required for its
accurate evaluation than that demanded in the case
where multilayer windings are used. The advantage
gained in the accuracy of the geometrical factor,
dM/dd when single layer helical windings are em¬
ployed more than offsets the disadvantage of the
smaller torque.

3. Electrodynamometer
This instrument has a long stationary solenoid
(fig. 1) with its axis horizontal; the centered inner
coil, mounted on the beam of a balance (fig. 2), is a
short solenoid with its axis vertical. The balance
beam. (fig. 7) is equipped with conventional knife
edges and supports the inner coil which thus becomes
rotatable about the central knife edge.
With a steady current in both coils in series, the
balance is put into equilibrium by means of a suitable
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Figure

1.

Figure 2.

Side view of the clectrodijnamometer.

counterweight; on reversing the current in the sta¬
tionary coil, the equilibrium of the balance is restored
by placing a weight on the arm of the balance.
From the known value of the balancing weight, the
length of the balance arm, and the geometry of the
windings, the value of the current can be calculated
by eq 1.
The version of the Pellat electrodynamometer
used in this work employs single-layer helical
windings of bare wire the dimensions of which can
be checked at any time. In his instrument Pellat
employed multilayer windings. These windings
produced a large torque with permissible currents
but the large uncertainty in their linear dimensions
would be intolerable according to present require¬
ments. The other important modification in the
present instrument is the use of a fused silica balance
beam instead of the brass beam of Pellat. The con¬
struction of this type of current measuring device
was proposed by Harvey L. Curtis as long ago as
1927. Materials for the beam and stationary coil
were purchased around 1930. Through the efforts
of Roger W. Curtis much of the support for this
balance was completed by 1940. At the end of
World War 11 a project was set up for the continu¬
ation of the primary standardization of current and
it has been pursued without much interruption since
1950. Much encouragement and help on the
finishing of the balance beam, and the coils was
obtained from Charles Moon before his death in 1953.
An over-all view of the electrodynamometer with
the stationary coil in place is shown in figure 1; in
figure 2 the stationary coil has been moved to the
side to expose the interior of the instrument. The
supports of the balance are mostly of aluminum
alloy. A small amount of brass and phosphor
bronze was used in the arrestment mechanism.
Each piece was tested before finishing to assure that
it had low magnetic susceptibility. The agate
planes and knife edges of the balance were finished
by the Optical Shop of this Bureau, the material for
these being donated from the collection of Earl F.
Webb. Electrical connections to the rotatable coil
are effected by means of two sets of flexible wires.
Each set consists of ten 1 mil bare copper wires, in
parallel, having a length of about 3 inches. Slack
in the wires was adjusted to make their restraint on
the balance tolerable.

Rotatable coil and balance mechanism.

4. Construction of the Coils
Both the stationary and rotatable coils were con¬
structed by the method of Moon that has been
described in some detail by Curtis, Moon, and
Sparks [5]. Following Moon’s method the wire was
wound in a helical groove that was produced in the
coil form by the process of lapping. The stationary
coil form is of fused silica and the rotatable coil form
is of Pyrex glass. Oxygen-free copper wire is used
in the windings of both coils. Sapphire dies were
used to reduce the wire to the desired diameter.
After each of the preliminary drawing operations,
the wire was spooled on smooth drums in a single
layer to avoid kinking. After final drawing, the
wire on leaving the die was wound directly in the
groove on the coil form.

5. Measurement of the Dimensions of the
Coils
As far as the stationary coil is concerned, the pitch
is the parameter of primary importance, the diameter
is of less importance as it appears only in a correction
term to take account of the finite length of this coil.
On the other hand, the diameter of the rotatable coil
is extremely important but the value of its pitch is
needed with relatively little accuracy.
5.1. Pitch Measurement
The pitch of the rotatable coil was taken as the
nominal value of the pitch of the lapped groove which
was 2/3 mm.
The pitch of the stationary coil was measured by
the micrometer method described by Curtis, Moon,
and Sparks [5]. Longitudinal readings for the
measurement of pitch were taken at several places
along the coil in each of six angular positions around
the winding. Measurements were made with the coil
supported at its ends. It was demonstrated that
the bending of the tube when supported in the
manner did not affect the measured pitch by as much
as 1 ppm. The results are summarized in table 1.
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5.2. Diameter of Coils
The importance of the diameter of the rotatable

coil has already been mentioned. Although the
diameter of the stationary coil was not needed with
the highest accuracy, considerable pains were taken
on accoimt of its potential use as a standard of self
inductance, and the values obtained will be recorded
here. The m.ethod used in measuring both coils was
similar to that described by Curtis, Moon, and
Sparks [6]. The experimental arrangement of appa¬
ratus used in the measurement of the rotatable coil
is shown in figure 3 and that used in the case of the
stationary coil is given in figure 4. The results are
given in tables 2 and 3 and in figures 5 and 6. The
correction given in table 2 to the diameter of the
Table

1.

Date, 1952

21
24
25
25
26

Mar___ _ __
Mar.__
Mar_
Mar
. . .
Mar_

27
4
4
9
9

Mar.. . . ...
Apr__ ..
Apr_ . .
Apr
... .
Apr. . ... .

10 Apr
10 Apr.

....
__

Axial length and pitch of stationary coil

Azimuth
position

End std.

Decrees
0
90
180
270
300

NBS No.
6, 827
6, 827
6, 827
6, 827
6, 827

Interval Intervals
measured examined
Turns
454
454
454
454
454

Pitch at
25° C

Number
8
8
8
8
8

mm/lurn
1.000087
1.000086
1. 000085
1. 000088
1.000088

8

120
300
300
300
120

6, 827
1,993
1,992
6, 827
6, 827

454
281
274
454
454

6
8
8

1.000084
1.000093
1.000090
1.000087
1. 000085

30
210

6, 827
6,827

454
454

8
8

1.000086
1.000087

7

Figure 3.

Equipment used in measuring the diameter of the
rotatable coil.

Figure 4.

Stationary coil as mounted for the measurement of
d ia meter.

Average - ..1.000087
Axial length of coil (1,000 turns) at 25° C_ 100.0087 cm.
Axial temperature coefficient of expansion__
0.2 ppm/° C.

Table 2.

Diameter and temperature coefficient of rotatable coil

—Position

Degrees
0
45
90
135
Average

Diameter, over-all

mm al 35.0° C
116.4014
116.4009
116.4011
116.4012
116. 4011

Temperature
coefficient

mm at 35.7° C

ppm/° C

116.4068

4.7
4. 7

Diameter of wire

Origin of sample
Sample
No.

1
2
3
Average

Beginning
of winding

End of
winding

vim
0. 5613
.5619
. 5617

mm
0. 5620
. 5619
. 5620
0.5618

Average over-all diameter at 25.0° C_ _.
Wire diameter___
Mean diameter of winding, 2a2, at 25.0° C_
Force on wire during winding_
Initial strain in wire, K?___

110.4011 mm
0.5618 mm
115.8393 mm
12 lb
21.4X10"1

Correction for current distribution, C—, (see section 7)_
_
at
Effective radius,02 =a-i+Aa2___
Resistance of winding at 25° C_
Change of resistance with temperature_
Thickness of Pyrex glass form___
Magnetic susceptibility of form_

57.9192 mm
3.6570 ohm
0.01358 ohm/° C
0.8 cm
— 1X10~6

—7.6 ppm
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rotatable coil to take account of the current distri¬
bution is based upon the theory of Chester Snow
and the experiments of Thomas Wells [7] on the
resistivity-strain coefficient of the wire used in this
coil as discussed in section 7.
Diameter and temperature coefficient of stationary coil

Table 3.

—

Diameter, over-all
Position
Top half

Bottom
half

Bottom
half

Bottom
half

Tempera¬
ture coeffi¬
cient

ppm/° C

mm at 25° C mm at 25° C mmat28.9uC mmal344° C
280.3236
280. 3235
280. 3243
280.3231
280.3242
280. 3246
280. 3266
280.3235
280. 3253
280. 3241
280. 3239
280. 3238

Degrees
0
45
90
135
Average

+ 1.0

Diameter of wire
AXIAL POSITION ALONG COIL,Cm

Origin of sample

j

Sample
No.

Figure 6.
Beginning
of winding

6. Length of the Balance Arm

i
1
2
3
Average

mm
0. 6995
.6992
.6992
. 6993

0.
.
.
.

mm
6990
6989
6990
6990

|

Average over-all diameter at 25.0° C__
Wire diameter_ _
Mean diameter of winding, 2d\. at 25° C_
Force on wire during winding_
Initial strain in wire, Ki__

280.3239 mm
0.0991 mm
279.6248 mm
15 1b
16.8X10-4

Correction lor current distribution,—V (see section 7)_ —2.1 ppm
Effective radius, ai = ai+A«i_
Thickness of fused silica form_
Magnetic susceptibility of form_
Resistance of winding at 25° C_
Change in winding resistance with temperature_

o

POS

o
u <i

Figure 5.

o

)

o (

°

1

Variation in the diameter of the stationary coil.

End of
winding

139.8121 mm
2.5 cm
—0.8X10-6
40.40 ohms
0.15 ohm/° C

45°

h□

O
’

o <

o

Q

1 an a lion in the diameter of tin rotatable coil.

The distance between the outer knife edges of the
beam, figure 7, was evaluated by comparison with a
calibrated interval on a line standard. The balance
beam was mounted on a comparator intended origi¬
nally for the purpose of comparing line standards.
In this instrument the unknown and standard are
placed side by side on separately adjustable mount¬
ings. These mountings were attached to a carriage
that could be moved to bring either the standard or
unknown into the field of two rigidly supported
microscopes. It was found possible to set the cross
hairs of the microscopes over the apexes of the knife
edges on the beam in the same manner as on a gradu¬
ation of a line standard. The difference between the
spacing of the outer knife edges and a known interval
on the line standard was obtained from the readings
of the filar micrometer eyepieces of the microscopes.
Through the cooperation of L. V. Judson and
B. L. Page of the Metrology Section, facilities w-ere
provided for making this measurement.
The ratio of the arm lengths was determined by
weighing known masses. As indicated in table 4 no
significant difference was found in this ratio over a
period of 3 years whether 20-gram or 3-gram masses
were used. The masses were transposed as far as
possible but since the arm lengths differed by 1.5
percent a number of small masses had to be left on
one pan. Dividing the unloaded length (fi + /2) by
(1 -\-l2/li), where U/U is the ratio of the arms when
symmetrically loaded, gives a first approximation
to the length, fi, of the arm chosen to receive the
balancing mass. As pointed out by R. D. Outkosky
a further correction must lie applied to allow for the
increase in the length of the arm wdien the pan and
balancing mass are applied. To measure this dis¬
tortion, the beam was mounted on a surface plate,
the four bosses under the central part of the beam
I (fig. 7) being secured to the plate with beeswax.
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Table 4.

Distance between end knife edges,

Temperature
Date, 1951
Beam

1

(/1

+ /2)

(/1+/2)
Corr. to
25° C

Standard

June
June
June
J une
July

°C
29. 0
27. 0
27.4
28.0
26. 2

°C
29.0
27. 1
27. 2
28. 1
26.2

(i July

26. 0

26.0

28
29
29
29
2

arises when the standard mass is added to the scale
pan and the current in the stationary coil is reversed,
that is, there is then an additional increase in the
length of the balance arm. Both distortions affect
the position of all the load on the end knife edge
including, though to a lesser extent, the distributed
mass of the balance arm.
In order to discuss these effects, let the following
notation be used:

Length of balance arm

50.
.
.
.
.

cm
59226
59238
59234
59236
59248

P=Mass of scale pan,
m = standard balancing mass,
g= acceleration of gravity,
lx — unloaded length of balance arm,
8lP = change in /1 on adding load P,
b.fPp=change in torque to allow for distortion of
the distributed mass of beam 011 adding
load P,
torque on rotatable coil with mass m re¬
moved and stationary coil current in
forward direction,
./T= torque on rotatable coil with mass m on
scale pan and stationary coil current
reversed.

. 59251
50. 59239

Average_

Above values based upon calibrated interval 390 to
896 mm on meter bar 153-R.
Ratio of balance arms, l2/Ii

Date
19-20
15
22
23

Aug. 1952
Dec. 1953
July 1955
July 1955

Mean

h/b
0.984546
. 984548
. 984550
. 984547
0. 984548

Condition of weighing
20-gram masses
3-gram masses transposed
3-g masses transposed
3-g masses transposed
_

If the standard mass m is adjusted so that the balance
is in equilibrium for both directions of the stationary
coil current, the change in torque on the rotatable
coil is given by . /T—
,

..

Unloaded length h of balance arm_ 25. 49316 cm
Correction (37.1 ppm) for distortion under load_ 0. 00095 cm
Effective length at 25° C_ 25. 49411 cm

(It was on these bosses that the beam rested during
the measurement of the distance between the end
knife edges.) By means of a microscope equipped
with a filar micrometer eyepiece the endwise move¬
ment of the knife edge at E figure 7 was measured
when a load equal to the scale pan was applied to
that end of the beam. A further complication

where
JT= P(j (11

blp) -j- 6 ?p

and
.^2—

(P~\~m)g(lx-\- dlp+ri) -i-&-Sr+m.

Subtracting the above expressions
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,%-^mgh [n+ jf-(2)
The quantity h^Tm is the change in torque resulting
from the additional distortion of the distributed
mass of the arm on adding the balancing mass m.
Its value was estimated from the observed distor¬
tion, blm, measured at the end knife edge, the
dimensions of the various parts, and the density
of the material (assumed to be 2.2 for fused silica).
Referring to figure 7 it is assumed that the portion
of the beam between C and B would contribute
nothing to b^~m on account of the relative stiffness
of that part. The part of the arm between B and
the cross rod at E is assumed to bend as a cantilever
beam fixed at B with concentrated load m at E.
The total mass Mr of the cross rod and knife edge
at E is considered to be concentrated at E. Under
these assumptions b.^~m is given by

The subscripts 1 and 2 refer to the stationary coil
and the rotatable coil respectively, and
a=radius of coil,
L=length of winding,
N=total number of turns in a winding,
x=axial distance from center of a
winding,
/x=cosine of the angle between the diag¬
onal of a coil and its axis,
Ux(x), Ua(x) = observed displacement of any part
of a winding in an axial or radial
sense respectively from the posi¬
tion it would have if the winding
were uniform.
The series S is given by:

5^m=[MT+3/8Mt\8lm,
where Mt is the mass of the arm between B and the
cross rod at E. With this value of b^~m eq. (2)
becomes

where

ri / \

(P-\~Mr-{-3/8Mt) blm . ^/p+m~l
m
lx
lx

(2')

r=^a2JrL2l^

Numerical values obtained for the quantities in
the brackets of eq (2') are as follows:

Pniv) is Legendre’s polynomial of degree n, and
P'M is (d/dn) P,(m).

Mt=31.5 g
5/w,//;= 1.0X 10-6
blP+Jlx = 13.8X10-6

Also

When these numerical values are applied in eq (2')
the corrected torque is

Sv

^-^=^[1+37.1 X10"6].

7. Geometrical Factor of the Electro¬
dynamometer
The maximum torque, T, produced by unit cur¬
rents in concentric helical wires is given by Snow [3]
as follows:
ran

La* J 9.

Mi) (1'

"M2

6 (P

Z) (-1)”+|

n= 1

{nP^A"\?§r(n+^)T$

The radius of the rotatable coil, a2, in eq (3) is the
effective radius rather than the mean radius, a2, of the
winding, determined by mechanical measurement.
The difference between the effective and mean radii
depends on the variation of current density over the
cross sect ion of the wire. The “natural” distribution
of current density (inversely proportional to distance
from the axis of the coil) would certainly apply if the
resistivity were constant everywhere in the wire.
Some measurements by Wells [7] indicate that for a
wire in simple tension, the resistivity-strain coeffi¬
cient can be represented empirically by

ir/2

—4v2 -j- azNiHi

Ay

L2t 2

X1 + S'+aS'i+

L,l 2

+Pl P/2

(1

Pl) P

In effect the unloaded length lx of the balance arm
is increased by 37.1 ppm as a result of the distortion
under load. The correction for this is applied in
table 4.

T

P 2?i(A

LnW~n(2n+l)^’

J'

ra=1.481 grams
P= 18.3 grams
Mr=4.4 grams

1- 3-5 • • • (2n—l)
2- 4-6 • • •
2n

A,

Ua(x2)dx2

v (x)_

2MiJ_£i/2L {x\+a\y'*LaW
3aiX!

2^ 5/2

(zi+a?)

Ux(x i)J

(3)

jAl

Vo I lo

=0+7

(4)

where, <r0, is the resistivity and l0 is the length of the
unstrained specimen. The constants 0 and 7 were
determined by Wells on oxygen-free copper wire to
have the values 0=1.13 and 7=—2.5X104. To the
extent that the strain at any point in the wire can be
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determined from the initial tension and bending, the
resistivity-strain relation can be incorporated in an
expression for the current density as a function of the
distance from the axis of the coil. A section in the
wire cut by a plane through the axis of the coil is
shown in figure 8. The coordinates of a point,
P(x, y'), are shown as functions of r and 0 in the wire.
The current density, i(y'), is assumed to be inversely
proportional to (a2 ++) and the resistivity, a(y'),
and is independent of x. The initial strain, K2, is
known from the winding tension and is taken to be
independent of x and y'. The strain due to bending
around the form is assumed to be equal to y'/a2 and
independent of x. On the basis of these assumptions,
the current in a filament of area r dd dr is given by
i(y')rdddr-

Crdddr
2ir(a2-\-y')a(y')

(5)

On setting the strain Al/l0=(^K2-{-^-^ in eq 4, the
resistivity at any y' can be written

a (y')= °o (1+0AT2+

7*-*>[i+B‘ £+B< +i<£>]
0

(6)
where
Figure 8.

3+37i+2

l+pK2+yK/
7>
2

37/iV
1+^+7K/

3

l+/3AT2+7if/

Section through one turn of rotatable coil cut by an
axial 'plane.

makes unit current in the wire is

If this value be placed in eq 7 one gets

)+

On combining eqs (5) and (6) and neglecting terms of
higher order than the third in (y')d2), the current
density is given by:

2t<i2(t0 (1 + /3K2+7 K2)

[1—G\y' ld2-\C2(y'/d2y-C3(y'/d2y\,

«{(0-KS)'}-«(OT

(8)

The current function, eq (8), is of the same form
as that considered by Snow [3] who found that in
effect this current distribution in the wire changes its
radius from a2 to (a2 + Aa2) whore Aa2=^ (p|/u2) (1 —
O

(7)

26Ti), terms in (p2/a2)4 and higher being neglected.
Accordingly one can write to a good approximation,
since the constants (3, y, and K2 are not known with
an accuracy better than a few percent.

where
Cx^+1,
C2= — (B2 — B1— Bd— 1), and

Ac2=-^
o a2

Cz— (Bz—B2-\rBi-\-Bi2-\-Bi—2BXB2 -fi 1).
The constant C/2-ira2a0(l + /3^2+7ix2) must be i(o)
and its value, by the integral I 2 j
Jo

(1 + 2^3+67^1)

Likewise it is found that

i(y') rdddr that

A«i=-^ I1 (1+2,8+67^?).
o CL\

jo
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Numerical values of Aa2 and &ax are given in tables
2 and 3.
A summary of the computations on the constant
T is given in table 5. The following expression,
obtained by differentiating the main term of eq (3),
was used to take account of small changes in the
linear dimensions of the coils:
<$T_0 da2
T

a2

4a\

bax_

(L?+4a?) ax

L\

bLx

(Z,?+4a?) Lx

The constant T can be set equal to Flx where F is
the force constant referring to the scale pan on bal¬
ance arm lx. From the results of tables 4 and 5 the
value of F is
F=T/lx = 70029.91 dynes/cgsu2.
The acceleration of gravity g at the scale pan, on the
basis of the Dryden reduction [8] and a gravity
survey made at this Bureau in 1948 by the Geological
Survey, is 980.081 cm/sec2. The required balancing
mass per unit current squared is
Flg=7l.45318 grams/cgsu2.
On reversing the current in the stationary coil the
change in torque on the rotatable coil is doubled.
After applying a correction to the torque of —3 ppm
on account of the magnetic susceptibility of the coil
forms and changing to the practical unit of current ,
the calculated balancing mass per ampere squared is
2F(1 —3.0X 10-6)/100<7= 1.429059 grams/amp2.
The correction applied above to the electrodyna¬
mometer constant on account of the magnetic sus¬
ceptibility of the coil forms was estimated in the
following manner. From the known susceptibility,
k, of each coil form, the area A of its cross section,
and the mean axial component of field h existing in
the form, the quantity, q, of free magnetism existing
on its ends was calculated by the expression q=kAH.
Table 5.

Computation of balance constant

[Value used for the Independent variables:
a, = 13.98121 cm.

Li = 100.0087 cm.

Wi = 1000.

02=

L2=

iV2= 140.]

5.79192 cm.

9.3333 cm.

Quantity

Numerical value
0.963064
.6274

Li 2
CiUi)_
C2<J12)_

s.'

.

_

Si__
<*i

(2i\—a\)
, „
/ UMOdx 1_
2m‘ J-Li/2 (*?-K)5/2
T=[dM/dS]e. x__

5-

1.785461X106
1.0

2

8. Measurement of the Torque
The electrical connections of the balance are shown
in figure 9. During the measurement of the torque,
the current was held constant at about 1.02 amp as
determined by the standard cell and standard re¬
sistor. These standards were maintained at a con¬
stant temperature and compared from time to time
with this Bureau’s primary standards. When the
current in the stationary coil was reversed, the
change in torque was compensated by placing a
mass on the balance arm. The mass (a platinumiridium rod) was adjusted by trial and later evaluated
by comparison with known standards. Small correc¬
tions to the balancing mass were made from readings
on the calibrated scale of the balance. The sensi¬
tivity of the balance was 1.8 cm/mg and the corre¬
sponding half period was about 10 sec. The contri¬
bution of the current in the leads to the torque was
determined separately and subtracted from the total
torque. A series of runs, table 6, shows the fluctua¬
tions in the experimental result after all known
corrections have been applied. The result of each
run is derived from ten resting points of the balance
each of which is calculated from nine observed
turning points. Resting points were obtained at
intervals of about 4 min with the current in the
stationary coil alternately in the forward and re¬
versed direction.

0.873111
-.0612
— .212
-63i0X10-6
1.0X10-8

9. Results

CL'^

1

The magnetic charge distributed over each end of
the stationary coil with one ampere flowing was thus
estimated to be 1.5X10-3 pole. The contribution
of the field of these charges to the field at the center
of the stationary coil is found to be positive and of
the order of one part in 107 even if the charges are
regarded as point charges on the axis of the coil.
The magnetic charges on the ends of the rotatable
coil induced by its own magnetic field are estimated
to be 0.56 pole when one ampere is flowing. These
charges contribute to the magnetic moment of the
coil in the amount of —5X10-3 dyne cm/gauss.
The magnetic moment of the rotatable coil in the
absence of the form is 1,400 dyne cm/gauss. The
correction to the torque on account of the rotatable
coil form is thus estimated to be —3.0 ppm. An
attempt was made to ascertain experimentally the
effect of the aluminum alloy used in the balance
support by placing more of this material in the
opposite end of the stationary coil. No significant
change in the measured torque was observed when
approximately twice the original amount of alumi¬
num alloy was added. It must be admitted that it
would be difficult by this kind of test to guarantee
that the effect was not as large as 1 ppm.

+1.0X10-6
1.785350X106
dyne-cm

On combining the results of the absolute current
measurement with the value of the same current as
derived from the NBS electrical standards, the final
result of table 7 is obtained.
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Figure 9.

Electrical connections of the electrodynamometer.

Determination of balancing mass

Table 6.
[Standard mass (Pt-Ir cylinder)—1481.146 mg.

Buoyancy correction (air density 0.001164 gram/cm3)—0.080 mg.

Standard mass corrected—1481.066 mg.

Corrections to individual trials for departures from 25° C
Date, 1954

Difference in rest
points of balance
Rot. coil
cm
0. 002
.012
.011
.016
.013

mq
0. 001
.005
.006
.009
.007

0 C
.36.9
36. 9
.36. 8
36.7
36. 9

28 Apr_
28 Apr_
29 Apr_
30 Apr.-...
1 May. .

.002
.002
.007
.010
.006

.001
.C01
.004
. 005
.003

37.0
37. 1
36.7
36.9
37.0

-.
-.
-.
-.
-.

2 May 10 May. .
26 May_..

.004
.002
.002

.002
.001
.001

37.3
36. 6
36.8

Averaee _
_
___
Rotatable coi! lead effectStationarv coil lead effect

° C
30.8
30.8
30.7
.30.6
30.7

mq
0. 002.002
.002
. 002
.002

° C
29. 0
29. 0
29.0
29.0
29.0

mq
0. 002
.002
.002
.002
.002

167
168
163
166
107

.30.9
31.0
30.6
30.8
30.9

.002
.002
. 002
.002
.002

29.0
29.0
29.0
29. 0
29.0

.002
.002
.002
.002
.002

-.
-.
-.
-.
-.

-. 171
-. 161
-. 164

31.1
30. 5
.30. 7

.002
.002
.002

29.0
29.0
29.0

.002
.002
.002

-. 165
-. 156
-. 159

mg
-0. 166
-.166
-. 164
-. 163
-. 166

_

_

162
16.3
155
157
160

_ -1.480797 grams

Summary of results

Calculated balance constant (section 7)_
Observed net balancing mass (table 6)_
Current in absolute measure_
Emf of standard cell NBS 739_
Resistance of standard resistor No. 66_
Current in NBS measure_

mq
-0.161
-. 156
-. 154
-. 150
-. 155

-0. 158
-. Ill
Negligible

Net balancing mass_ ._

Table 7.

Beam

Stat. eoil

Apr.
Apr_
Apr_
Apr_
Apr_

23
24
25
26
27

Add to
standard
mass

Table 8. Error in the final result

1.429059 grams/ampere 2
1.480797 grams
1.017940 amperes
1.017935 volts
1.000008 ohms
1.017927 amperes

Quantity

Diameter of rotatable coil....
Length of balance arm.-. _ Determination of balancing mass_ . .
Acceleration of gravity — _ . .
Pitch of stationary coil_ ..
.
Diameter of stationary coil... __...
Pitch of rotatable coil
.
Standard resistor No. 66_ .. .
Standard cell NBS 739 ...
. ... .
Adjustment of coils ..
_ _.....
Temperature of coils.. ...

1 NBS ampere=1.000013±0.000008 absolute amperes

Known sources of error affecting the final result
in table 7 are enumerated in table 8. The values
given are intended to represent a 50-percent con¬
fidence interval in the measured current caused by
the estimated uncertainty in the mean values of the
quantities listed. The limiting factor in the ac¬
curacy of this electrodynamometer at present is the
uncertainty in the radius of the rotatable coil.
After increasing the radius by a factor of 1.5 and
making use of a fused silica coil form it is estimated
that the uncertainty in the radius of the rotatable

Error
ppm
6
4
3
3
1
1
1
1
1
1
1
8

coil could ultimately be cut in half. The relatively
large uncertainty in the length of the balance arm
is not inherent in this method but reflects the need
of a more rigid balance beam.

97/295

This undertaking extending over a number of
years has accumulated the contributions of many
other staff members. In addition to those already
named, the author wishes to thank the following:
R. D. Cutkosky for valuable support in verifying
the results by careful experimental checks; L. P.
Slivka for assistance in the design and construction
of the balance arrestment mechanism; Catherine Law
for the calibration of the standard cell; W. H. Wood
for the calibration of the standard resistor; Eleanor
Clinton for the calibration of the standard mass;
and A. G. Strang for the calibration of the length
standards. Helpful suggestions were received from
J. L. Thomas and F. B. Silsbee.
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Measurement of Current with the National Bureau of
Standards Current Balance
R. L. Driscoll and R. D. Cutkosky
Prior to the adjustment of the electrical units in 1948, the value of a current had been
determined in absolute units by means of a current balance and simultaneously measured
in NBS amperes by comparison with standard resistors and standard cells.
This work
was reported in RP1449.
Similar measurements made recently with an electrodynamom¬
eter indicate a possible change in the values of the standards.
The present paper reports
a repetition of the work described in RP1449.
The purpose of this remeasurement was
to determine whether or not the standards had changed.
Only minor changes were made
in the equipment in order that factors which might have introduced small systematic errors
in the results would remain unchanged.
According to the work described in this paper, 1 NBS ampere = 1.000008 absolute
amperes.
Recent work with the Pellat electrodynamometer gave the result 1 NBS ampere
= 1.000013 absolute amperes.
The weighted mean of these two values is

1 NBS ampere-1.000010±0.000005 absolute amperes
The results given above for the current balance differ by 6 ppm from those obtained in
1942.
This indicates, in view of the uncertainties of measurement, that any change in
the ampere as maintained by standard resistors and standard cells does not exceed a few
parts in a million.

1. Introduction
The accuracy to which the electrical units as
maintained at the National Bureau of Standards
are known is under a continual process of improve¬
ment. A history of the development of the elec¬
trical units up to the adoption of the absolute units
in 1948 [1] 1 has been presented by Silsbee [2]. Since
the 1948 revision, two absolute determinations of
electric current have been made at the Bureau.
The recent determination of current with a
Pellat-type electrodynamometer [3] led to the result
that the NBS unit of current was larger than the
absolute ampere by 13 ppm (parts per million).
The difference was not much more than the esti¬
mated uncertainty of the absolute measurement;
but, since the values assigned to the NBS primary
standard cells depend largely upon an earlier de¬
termination of current with the NBS current bal¬
ance [4], it was thought necessary to repeat the
earlier work in order to determine whether an ap¬
preciable drift in the electrical standards had taken
place. This work was done as soon as possible after
the completion of the measurement using the electro¬
dynamometer, to assure as far as possible that both
sets of absolute measurements were referred to the
same electrical standards.
Photographs of the current balance used in 1942
and again in this determination appear in figures 1,2,
and 3. Briefly, the equipment consists of a helical
fixed coil designated Hx (fig. 6) in which current
flows into the coil through a lead in the center of the
helix, and out through leads on each end. A smaller
helical coil designated Px hangs from an arm of a

1. Rear view of current balance showing fixed coil in
operating position and operating room in background.

Figure

1 Figures in brackets indicate the literature references at the end of this paper.
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Figure

2.

Side view of current balance showing reversing
switches and operating rod.

sensitive balance so as to be concentric and coaxial
with the fixed coil. A current flowing in the movable
coil produces a force between the two coils, and tends
to deflect the beam.
In practice, the current is held constant and evalu¬
ated in NBS units by comparing the potential drop it
produces across a known resistance with the emf
of a standard cell which is known with reference to
the NBS primary standard cells. The balance is
adjusted to equilibrium with this current flowing in
both coils. Then, the current in the fixed coil only
is reversed, and simultaneously a weight is placed on
the balance pan. The weight is adjusted to equal as
closely as possible the change in force caused by
reversing the current. The small difference between
the forces is observed as a change in the rest point
of the balance. A switch for reversing the current is
mounted on the coil case. A rod extends from this
switch to the operating room; a cam and other con¬
necting linkages enable the observer by turning this
rod to raise and lower the weight on the balance pan
and reverse the current at the same time.
The change in force caused by reversing the cur¬
rent. is measured by comparison with the force exerted
by gravity on the mass placed on the balance pan.
This force is equal to the square of the current times
a calculable function of the physical dimensions of
the coils. From, these equivalent expressions for the
force, the current flowing can be determined in the
mechanical units of length, mass, and time.

2. Changes in Equipment
Inasmuch as the redetermination of the ampere
by means of the current balance was intended
primarily as a check on the stability of the NBS
standards, the principal features of the equipment
were kept intact. The only geometrical change in
the arrangement of the coils was a change in a, the
angle between the movable and fixed coil leads, which
has only a very small effect on the mutual force.
The standard cells were moved from the under¬
ground compartment to a “standard celler” [5] where

Figure 3.

Coil case with fixed coil lowered to show movable coil.

their temperatures were thermostatically controlled
near 34° C. This arrangement was used also for
the Pellat electrodynamometer, and made it possible
to regulate the cell temperatures and hence the cell
voltages more precisely than had been possible before.
Changing the temperatures of the cells also
changed their voltages, and made it necessary to
decrease the size of the platinum weight that had
been used with the balance in the earlier work.
The turning points of the balance are observed
on the scale in the operating room by a beam of light
reflected to the scale from a mirror mounted on the
balance beam. A scheme in which the beam of light
was reflected twice from a moving prism had been
used before, in order to increase the balance sensi¬
tivity. We preferred to use a singly reflecting mirror
instead of the doubly reflecting prism, because the
hair line at the light source could be focused more
sharply at the balance scale. The sensitivity of the
balance dropped from 1.21 mg/cm to 2.33 mg/cm,
but the reliability of the readings was improved.
During the preliminary measurements it was
noticed that throwing the reversing switch mounted
on the coil case gave the case a push that changed
the apparent rest point of the balance as observed
on the scale in the operating room. It wras decided
that the coil case was too shaky to be reliable, so
copper straps were bound around it to make it more
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3. Mechanical Dimensions
The mechanical dimensions of the coils were re¬
measured, using for the most part the methods that
had been used in 1942. The end standards used to
measure the diameters of the coils were re-evaluated
by the NBS Gage Section. Summaries of the coil
dimensions appear in table 1.
3.1. Diameter
Figures 4 and 5 illustrate the coherence between
the earlier and recent measurements of the diameters

.

Table 1

‘

m
>
z

o

’

o

o

_ CL

rigid. These can be seen in the photographs. Also,
a sliding joint was put into the switch rod. The
performance of the balance was then checked with
no current in the coils, and it was found that the
position of the reversing switch had no effect on the
rest point of the balance.
The turning points of the current balance have
always been subject to random fluctuations. These
are attributed to fluctuations in the air flow around
the movable coil. Much experimentation has been
done with ventilation of the coil case in an effort to
steady the swings of the balance. The most satis¬
factory arrangement found was used for the final
runs. ' This consisted of a honeycomb baffle under
the movable coil and a fan to draw air from the top
of the coil case. The fan was located about 20 feet
from the coils and was connected with the coil case
by means of a tube.
Reversing the current and changing the weight
sometimes gives the balance an impulse which, if un¬
checked, would make the balance amplitude un¬
satisfactory. Previously the balance had been
steadied after reversing the current by injecting
short blasts of air under the balance pans. It was
found that the turning points of the balance were
more regular if the adjustments in balance amplitude
were made by changing briefly the current through
the coils. Two switches were installed in the oper¬
ating room, one to increase, and one to decrease the
current. All of the runs reported in this paper were
obtained without the use of air jets.

iam 4 6.19115 cm
o

1

o

f
[
Resistance-temperature fUpperl
/
_ohms/°C .
relationship . _[Lower/ "
l
Temperature coefficient of expansion. _ .--Ppm/°C-_
Winding tension__ _. ...
ks?

<

WIRE NUMBER

Figure 4.

Coherence between 1.942 and 1956 measurements of
fixed coil wire diameters.

Figure 5.

Coherence between 1942 and 1956 measurements of
movable coil wire diameters.

WIRE NUMBER

of the two coils at 30° C. It can be seen that ap¬
parently the fixed coil became larger and the movable
coil smaller. Some changes in dimensions are to be
expected, and could be caused by a gradual relaxa¬
tion of the strains in the wires or forms.
The diameter and electrical resistance of each coil
were measured at three temperatures: near 25°,
30°, and 35° C. From these measurements it was
possible to estimate, from measurements of the re¬
sistances of the wires, the diameters of the coils when
they were in the balance case under different ambient
conditions.
The newly determined temperature coefficients of
expansion agree very well with the values found in

Hi

- _ohms..

O

1956

[All values reduced to 30° C]

Resistance of winding j[

.>

o
,

O

Constants of the fixed helix Hi and the movable helix Pi

Average outside diameter of coil . _ _cm..
Diameter of wire... .. - . _ _ .cm..
Mean diameter of coil_ _ . __ _cm..
_ern.
Current distribution correction..Weighting correction .
. _ _
_cm..
Effective mean diameter_...
_cm..
Axial length of coil_ __
. .. _cm..
Number of turns.
Mean pitch . _ _ _ ... __ .cm..

O

Pi

1042

1956

1942

1956

46.26090
0.06996
46. 19094
-0. 00003
+. 00002
46. J9093
27. 51654
344
0.0799899
11.8016
11.7974
0.0443
.0443
3.6
10

46.26111
0. 06996
46. 19115
-0. 00003
+. 00002
46.19114
27. 51642

24.51360
0.05123
24.46237
-0. 00003
.0
24 46234
2. 6050
41
0.065000

24. 51342
0. 05123
24. 40219
-0. 60003
.0
24. 46216
2. 6649

}

2.8220

2. 8169

|

0.01079

0. 01034

3.9
3

3. 7
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0.0799896
11.7806
11. 780S
0. 0436
.0442
3. 5

0.064998

the old measurements. The temperature coefficients
of resistance do not agree, but this is because they
were assumed, not measured, in the earlier work.
At that time the temperature coefficients were taken
from tables of copper-wire characteristics. Since the
wires are under considerable strain, it is not surpris¬
ing that the measured temperature coefficients differ
from the values assumed in RP1449.
A new measurement of the diameter of the wire
on the movable coil was made, and the result agreed
with the previous measurement. In view of the
excellent agreement it was felt unnecessary to re¬
measure the fixed coil wire diameter.
The current distribution corrections contained in
table 1 correct for the variation of current density
over the cross section of each wire; no corresponding
corrections were made in the work reported in
RP1449 because the net effect based on Snow’s
assumption of the “natural” distribution [6] was
small. Recently Wells [7] has measured the resist¬
ance-strain relation in copper wire, making it now
possible to give further expression to the variation
of current density over the cross section of the wires.
Using Snow’s formula for the helix equivalent to a
helical wire, we have

where (8=1.13 and

:<70

7=—2.5X104;

[

1+X-+7
l0
m

at a point in wire 1 is related to the initial strain
In
in the wire, Ku and the position of the point, 37, by
A//Z0= (3/187) +.K1, where K1=2.5X 10~3) (and K2=
1.4X.10-3). We then have to first order in 37/77
a = <r0(l+/9^1+7X?)^l+^

(8+37^)

“I

(l + 8#l+7#?)J,

and

I=_1_f1 , yi

a «To(l+8#i+7#?)L

(8+37K\)

~|

n (1+81£i+72£?)J

leading to the result
g

n

“,(ri',%,<r0(l+,3.K1+7i??)l.1~
2/i (l+8iU+7#?+8+37gQ
ri

(1+8/U+7#?)

-+2.4,
We then have
where r^the effective coil radius,
17=the
P! =

, _

l + 8#i+7PT?

mean coil radius,

the wire radius,

and 1/1(77) is the volume density of current in the
wire as a function of the distance 77 from the x axis.
A relationship similar to the above holds for the
movable coil, whose coefficients will be denoted in
what follows by the subscript “2.” Snow has shown
that the radius corrections do not depend upon the
second derivative of u{r). This means that a first
order expansion of u(r) will lead to a radius correc¬
tion which is correct to second order.
The current density at a given point in the fixed
coil is given by ul{r\) = Glar[={G/arl)[l — (7/1/77)] to
first order in 2/1/77, where a is the resistivity of the
copper, 37=77—77,. and G is a constant. The anal¬
ysis to follow is carried out for the fixed coil only,
wire 1, but it is to be understood that the equations
are valid for the movable coil, wire 2, also.
The resistivity of the copper has been measured
in terms of the strain by Wells [7b He finds that
Act

l + 8+37i^+8#i+7#?

and similarly for A2. For the fixed coil, we have
Ai = —0.07, At7 = — 1.7X 10-5 cm; and for the mova¬
ble coil, A2= —0.13, Ar2= —1.5X10-5 cm.
A/7
and A77 are doubled and applied in table 1 as diame¬
ter corrections.
An attempt has been made to determine higher
order corrections to the effective diameter based on
Wells’ resistivity determinations, but for the coils
used here such corrections are negligible.
3.2. Pitch

The pitch of IIx was measured as described in
RP1449, and found to be insignificantly different
from the earlier value. The pitch of P, was last
measured in 1934, and was not remeasured for the
1942 work. A new determination was felt to be in
order for the completeness of this determination,
even though the force constant is not strongly de¬
pendent, upon the pitch of the movable coil.
For the measurement of the movable-coil pitch
a meter bar was set up vertically, parallel to the coil
axis. A telescope was clamped to a vertical bar
which was free to pivot in such a way as to swing the
telescope from the meter bar to horizontal gradua¬
tions ruled on the wires of the coil. The telescope
was equipped with a filar micrometer eyepiece. A
reading was made of the distance between a gradua¬
tion ruled on a wire and a graduation on the meter
bar. Then, the telescope was raised to measure the
position of another wire. The distance between the

102/300

two wires is given by the distance between the two
meter bar graduations plus the difference between
the readings of the filar micrometer eyepiece.
The accuracy of the measurement depended upon
how well the coil and meter bar remained fixed with
respect to each other, and upon the repeatability of
the pivot of the vertical bar. The measurement is
not as good as that used to measure the fixed-coil
pitch, which used two telescopes, both of which were
mounted on the vertical bar. It is felt, though,
that the method is better than that used in 1934,
which used a single telescope mounted on a carriage
with a calibrated screw movement. The two-telescope method is better than either method used, but
the movable coil was too short to be viewed by both
telescopes at the same time. The result of the pitch
measurements is that the changes found were too
small to make any change in the balance constant
as large as 1 ppm.

4. Calculation of the Force Constant
The force between the two helices is computed
from the formula given by Snow [6].
With the
notation of RP1449,
ri=mean radius of fixed helix.
r2 = mean radius of movable helix.
lx = axial length of fixed helix (pitch X number of
turns).
h=axial length of movable helix (pitch X number
of turns).
X^number of turns on fixed coil.
AT2=number of turns on movable coil.
a = angle between movable coil and fixed coil
leads.

v _l\—h
2

)'a(X,a)

irX
4V^T2

tX

{i

*-2k]

4
<XW2+(ri+r2)2L1-p

/ a\ ._, /,
a\ fc(2 — k2)
(cos |)sin_1 (ioosi)-!(i=F|vi-*w!
k sin
in
+ (sin

Wx(X,a) ■

70

log,

X
VX2+(r1+r2)2

7.2—

1+^1- k2 COS2 ;

V2

Vl-k2
log,

n
4r\-\-r\—2rlr1 cos a

J 7.2-—

X2+(ri+r2)2’ and ko

^ 1,2 -■

(r1+r2)2

K, E, and II are the complete elliptic integrals of the
first, second, and third kind, respectively, to the
modulus k and parameter k0.
As in RP1449, the force in dynes between the
helices with one ampere in the wires, FHH, taking
account of both halves of the fixed helix and of re¬
versal of the current, is FHH=4:f/100.
The formula for the calculation of the force con¬
stant assumes that the diameter of each coil is uni¬
form throughout its length. Clearly some turns affect
the force constant more strongly than others. Use
of the mean diameter in the calculations attaches un¬
due importance to certain turns of wire, such as those
near the center of the fixed coil, which have little
effect upon the force constant. A plot was made of
the calculated force, /(h), between the movable coil
and a turn of the fixed coil, as a function of the dis¬
tance x between the center of the moving coil and
the turn. It was decided to weight the radius of
the turn at position x with the factor /Or).
Let r(a“) = the radius of a wire as a function of its
axial position, r = the average radius of the coil,
and reff=the weighted mean radius. Then, sum¬
ming over all the turns,
^Zj{x)r{x)

-v-_hFh
2~''

r,„= ”S/(x)

The force in dynes between the movable coil and
the upper half of the fixed coil with unit cgs current
flowing in each of them is given by

and,
^2f(x)r(x) — 22f(x)r

2/0*0 [r{F) — r]

X)/(z)

S/(*)

Ar = reff—r

/=2oj'(A i)/w'(.'\2) —o/(A3) ,
where

X(A ) —coe(A ) +o/a(A ‘a) +coX(A ,a).
Also.
MX]

2tN1N2 f
hl-2

A”VA2+ Ui+/’2)2 [K — E] -j-

\
X{r i

;*2)2
K-n

>X2+(r1 + r2)2 _

Y'>

jj

r(x) —7 for the fixed coil is plotted in figure 4. Ar is
found by simple summation to be +0.1 micron, and
the effect is entered in table 1 as a diameter correc¬
tion.
A similar correction for the movable coil
would be much smaller, and was not considered
worth calculating.
Table 2 summarizes the calculations of the force
constant FHH. Comparison with table 7 of RPi449
shows the difference in FHH to be close to that cal¬
culated with the variation coefficients dF/d>\, dF/dr2,
etc.
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Table 2.—Summary of computations on force due to unit currents
The following values of the independent variables were used in the computation:
r, = 23.09556.

7i = 27.51642.

iVi = 344.

r2= 12.23109.

h= 2.6619.

N2= 41

4

Values of terms for—
Quantities used in computing functions
ATi = 1.33245
X*_
A'2+(r,+r2)2_
O_
k___
1-0___
■V 1- k-_
A'V-VH-(r,+r2+_
K
_
K- K
A:(r,-r2)2/VA'2+(r,+r2)2K -11
A'VA'2+tr,+r;)i(K-II)....
..
A'(r, —r2)2

(K- II) .

...

_

1.775 423
1 249.747 623
0.904 130 939
.950 858 001
.095 869 061
.309 627 294
47.104 465 6
2.597 959 64
1.496 584 83
4.448 943 10
-8.986 743 63
70.495 828 7

154.399
1 402.371
0.805
.897
. 194
.440
465.323
2.270
1.095
39.165

512
71
731
625
268
758
014
429
820
933

X3=15.09066
227.782 019
1 475.700 22
0.765 694 406
.875 039 694
.234 305 534
,184 051 168
579.705 346
2.185 621 83
0.984 555 860
46.368 842 4
-6.469 109 60
570.752 295

806
649
194
658
96
99
3

-6.951 426 49
509.910 727

-39.981 511 1

-272.259 106

-299.965 123

30.514 317 6
36 876.779
0.069 6
.119 1

237.651 621
287 203.747
0.254 2
.104 8

270.787 172
327 248.307
0.233 5
.124 1

V A2+(n+r2)2
Sum of the two preceding terms_
0>'l(X)w' a(X, a)_
- - __ _
a>'x(X, a). ...
....
- -

Xi = 12.42576

&Fhh5r2

Xi) +<oe(Xt) — w«(X3)] = 33,708.998 dynes.

Fhh

Azimuthal correction term: [2<o„(.Xj, <*)+“ <,(X3, a)— Ua(X3, a)] = +0.1600.

r2

-2.81 — +0.091 7-O.O
n
h

6h
h'

The following adjustments wee made for differences between the values of
dimensions used in the above computation and the dimensions given in table 1:

Axial correction term: [2alr(.XiJot)+<3x(X2,a)— wI(A,3,a)] =+0.0045.

Fixed coil diameter An = +0.1 micron; AF= — 0.0016 dynes.

7=33,709.163 dynes.

Movable coil diameter Ar2= — 0.1 micron; AF= — 0.0030 dynes.

Fhh = 1348.3665 dynes.

Total force adjustment = —0.0046 dynes.

The computation of the coefficients in the variation formula for these two helices
gave the equation:

5. Experimental Determination of the Force
Between the Coils
The experimental determination of the force
between the coils was made as described in RPi449.
The wiring diagram is shown in figure 6 for more
convenient reference.

Hence for Hi and Pi at the dimensions of the coil corresponding to 30° C,
Fhh = 1348.3619 dynes.

Readings were made of nine turning points of the
balance with the current in one direction, then the
current in the fixed coil was reversed and the measure¬
ment of turning points repeated. A set of ten
measurements involving nine reversals of current
was averaged and entered in table 3 as one determi¬
nation.
The force between the fixed-coil leads and the
movable coil was measured by removing the fixed
coil from the circuit without changing the lead-wire
configuration. The movable-coil lead effect was
measured in a similar way. These forces must be
subtracted from the total force between the coils,
and appear in table 4.
It was found that the mechanical dimensions of
the coil supports were not as stable as had been
hoped. Even with the straps around the case as
described earlier, the vertical position of the movable
coil with respect to the fixed coil changed about 0.2
mm in one month. The change was ascribed to
dimensional changes in the wooden case due to a
change in humidity, and the observed balancing mass
was corrected for this change under the assumption
that the shift was proportional to time. The num¬
bers given in table 3 are corrected for the effect,
which was never more than 4 ppm in the current.
The temperatures listed in table 3 are the temper¬
atures of the wires, computed from their resistances
and measured temperature coefficients. Because of
temperature gradients in the coil forms, the mean
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Table 3.

Results of measuremenits of force

Observed difference in rest points equals average difference in scale reading of
rest points of the balance, S, corresponding to “on” and “off” positions of
weight, multiplied by the sensitivity of the balance (2.33 mg/cm). Mass
of weight (a platinum cylinder): 1.425 569 g.

Temperature ° C
Date (Mav
1956)

Observed
difference
in rest
points

n,
P,
Upper

Difference
in rest
points
corrected
to 30° C

Lower

18_
21_
21.
22_
22_

24.
29.
29.
29.
29.

79
45
55
54
59

29.
29.
29.
29.
29.

84
45
56
56
64

28. 60
28. 26
28. 37
28. 37
28.42

mg
-0.041
-.001
-.002
+.004
-.029

-0. 049
-.009
-.010
-.004
-.037

23_
23_
23_
23_
24_

29.
29.
29.
29.
29.

88
92
96
99
95

29. 93
29. 95
30. 00
30. 05
30.05

28.71
28. 73
28. 78
28. 80
28. 82

-.049
+.014
-.063
-.063
-.046

-.057
+. 006
-.071
-.071
-.053

24_
24_
24_

29. 95
29. 96
29. 97

30. 05
30. 06
30. 07

28. 82
28. 82
28. 82

-.019
-.002
-.007

-.026
-. 009
-. 014

771(1

Averaee 6 times sensitivity of the balance_

Table 4.

6. Permeability of the Forms

-0. 031

Calculation of final results

[Value of acceleration of gravity 980.081 cm/sec 2]

1942
Standard mass (a platinum cylinder)
grams.
Buovance correction_grams.
5 times sensivity of balance_grams.
Correction for temperature gradients
in coil forms_grams.
Net compensating mass=A/...grams.
Measured force (M times gravity) =
Fm_dynes..
Calculated force for unit current at 30°
C = Fc_ dynesEquivalentcurrent, /abs=-«/A5t
V Fc
absolute amperes.
Emf. of standard cell_volts.
Resistance of standard resistor, Ri
ohms.
Resistance of standard resistor, R?
ohms.
Equivalent current_XBS amperes
/ ab.

/nbs

1. 427
-0. 000
-.000
-.000
+. 000

1956

655
077
068
018
222

-.000 014
1.427 700

1. 425
-0. 000
-. 000
-.000
-.000

569
079
044
022
031

— .000 014
1. 425 379

1399.262

1396. 987

1348. 394

1348.361 9

have been referred to the same electrical standards
and to the same value of the acceleration of gravity.
This makes it possible to interpret the results directly
as an apparent change in the electrical standards.
The measured values of the currents are expressed in
“NBS amperes,” which is taken in this paper to
mean the current with reference to the present NBS
standards of resistance and electromotive force,
which went into effect in 1948 [1]. The value of the
acceleration of gravity is based on the Dryden reduc¬
tion [8] and a gravity survey made at the National
Bureau of Standards by the Geological Survey. To
make the comparison complete, the new diameter
weighting, current distributions, and temperature
gradient corrections are applied in this paper to
both the 1942 and 1956 work. It may be pointed
out here that these last three corrrections tend to
cancel, and do not change the 1942 result by more
than 1 ppm.

1. 018 688
1.018 702

1. 017 871 4
1. 017 870 3

1. 000 015

1. 000 007 6

1. Q00 019
1. 018 686

1. 000 005 6
1.017 863 0

1. 000 002

1. 000 008

temperatures of tlie coils are slightly different from
the wire temperatures. A measure of this effect
was made and applied to the work reported in
RP1449. The 1942 temperature gradient measure¬
ments were corrected by the better resistance measure¬
ments made recently; and it was found that under
equilibrium conditions with one ampere through the
coils, the mean fixed coil form temperature was 1.1°
C below the fixed coil wire temperature, and the mean
movable coil form temperature was 0.1° C below
the movable coil wire temperature. Application of
the computed force-diameter variation coefficient
from table 2 and the temperature coefficients of
expansion from table 1 leads to —0.014 mg as the
required correction. This will be found applied in
table 4.
For the comparison of the present work with the
work of 1942 in table 4, both of these determinations

It was assumed in the earlier work on the current
balance that the permeability of the coil forms had a
negligible effect on the force constant. Inasmuch as
the susceptibility of each form was only — IX 10~6,
the correction would certainly be small; but an order
of magnitude calculation was felt desirable.
In the following computation, the permeabilities
of the movable coil and of the fixed coil are treated
separately. Unit current (1 amp) is assumed flow¬
ing in each of the coils. It is necessary with the
method used to compute the magnetic fields of the
solenoids at various points. This can be done in all
cases by means of formulas given in a paper by
Snow [9].
The field of the movable coil serves to induce
magnetic poles on the ends of the movable coil form,
whose magnitude can be computed through the
relation m=(HxV)/l, where H= 3.5 oersteds is the
mean field intensity in t he form, x=__l X10~6 is the
susceptibility, U is the volume of the coil form, and
/ is its length, m is from this approximately
— 3.0X10-4 pole. The axial component of the fixed
coil field intensity, Hx, at the end of the movable
coil form is computed to be Hx= 0.65 oersted. The
force on each end of the coil form is then F'—
— 0.65X3.OX 10-4 dyne. Since the total force be¬
tween the coils is F—1348/2 = 674 dynes without
reversal of the current, the permeability of the
movable coil has an effect of —[(2X2.OX 10-4)/674] =
— 0.6 ppm in the force, considering both ends of the
form.
Because of the complicated field distribution
inside the fixed coil form due to current in the fixed
coil, a rather elaborate calculation was made of the
fixed coil permeability effect. A rough estimate
indicated that the form, although diamagnetic,
would cause an increase in the radial component of
field at the movable coil, which is not what one would
at first expect.
The magnetic charge distributed over the surface
of the form was calculated using the normal com¬
ponent of field given by Snow’s formulas, and the
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form susceptibility. The distribution was broken
up into a series of rings of charge one centimeter
wide extending around the form, and the total
charge per ring was determined. This charge was
then assumed concentrated on a circle located at the
center of the ring. A formula for the potential of a
circle of charge has been given by Smvthe [10], in
terms of Legendre polynomials, but this did not
converge satisfactorily for our purposes. A solution
was found in terms of elliptic integrals, which leads
to an easier numerical calculation.
It can be shown that the potential of a circle of
charge at a point a distance r from the axis of the
circle and a distance d from the plane of the circle is
given by V=[2QK(k)]/(Tr&), ks=(4rR)/<%2, ,^2=
(■/* + /?)2Hrr/2, Q is the total charge on the circle, /?
is the radius of the circle, and K is the complete
elliptic integral of the first kind. From this the
radial component of field at the point is given by

2Q
Hr=-

4r/?(r+/?n

W

B

J 1—

2-K(r+R)

k2

}

where B—K[l— (l/k2)]-f-(E/k2) and E is the com¬
plete elliptic integral of the second kind.
This expression allows one to sum the contribu¬
tions of the separate circles of charge to the field at
the movable coil. One finds the total contribution
to be
=1.25X10-® oersted.
The radial field at the movable coil due to the
fixed coil itself can be calculated from the force F
between the two coils, using the relation F=
I/VsX R'0), where B{0) is the radial component of
magnetic induction at the movable coil due to the
fixed coil and / is the current in the movable coil,
with the path of integration going around the mov¬
able coil. We then have, since the current is not
reversed, F= 1348/2 = 674 = (0.1 X41) X (2 X 12.2) fr<0),
or
01 =2.2 gauss. The effect of the permeability
of the fixed coil is thus (1.25X 10_6)/2.2 = +0.6 ppm
in the force.
A detailed calculation shows that because of the
way in which the radial field of a circle of charge
drops off at points away from the plane of the circle,
those charges near the center of the form have the
greatest effect on the field. Since the charges on
the outside of the form are concentrated at the
center of the coil and the charges on the inside are
spread out, the charges on the outside have a slightly
larger influence on the radial field at the movable
coil. For this reason the fixed coil susceptibility
causes an increase in the force.
The effects of the fixed and movable coil forms are
in the opposite direction, and are seen to cancel.
The calculations were made to a degree of precision
which could cause an error of only a fraction of a
part per million in the current.

7. Uncertainties
fable 5 contains estimates of known uncertainties
in the current. The numbers given are probable
errors for those measurements which can be treated
statistically, and “50-percent-error estimates” for

Table

5.

Sources of error causing an uncertainty,
ratio Iabs!Inbs as large as 1 ppm

e,

in

e

(50%
error)

Measurement of the force_ ... _
Lead-corrections _ .. .__ _ .
Radius of fixed coil_ ... . ... _
Radius of movable coil_
... . _
Current distribution over wires... . _ .
Calibration of length standards . _ .
Calibration of standard mass. . ....
Calibration of electrical standards.. ..
.
Adjustment of coils.. .....
.. _ .
. ..
Temperature of coils.. . ...
...
_..
Permeabilitv of forms. .
. . _ _ ..
Acceleration of gravity .. ... . _ _ ..
50-percent error in final result, -y'Ze-..

ppm
2
2
2
3
1
1
1
1
1
1
<1
3
6

those cases in which no statistical information is
available. Both of these measures of precision will
be referred to as 50-percent errors. The estimated
total uncertainty in the measurement can be deter¬
mined by the usual procedure of taking the square
root of the sum of the squares of the individual 50pcrccnt errors.
Huntoon. and McNisli [11] have estimated in an
as yet unpublished paper that the probable error
of the mean of three gravity determinations, those
of Kiilmen and Furtwangler (revised), Heyl and
Cook, and of Clark is about 2 ppm.
They also estimate that systematic errors could
be as great as 15 ppm. We have estimated the
total 50-percent error in these gravity determinations
to be 6 ppm, which is equivalent to 3 ppm in the
current.
Several laboratories have recently completed or
are now working on new determinations of the ac¬
celeration of gravity. If the presently accepted
value for the acceleration of gravity is revised as a
result of such work, this paper should be revised
accordingly.

8. Comparison with the Pellat Balance
According to the work described in this paper, the
ratio of the absolute ampere to the ampere as
presently maintained at the Bureau is, as given in
table 4,
1 NBS ampere =1.000008 ±0.000006 absolute
amperes.
According to the work done on the Pellat electrodynamometer,
1 NBS ampere = 1.000013 ±0.000008 absolute
amperes.
Since the acceleration of gravity is a common factor
in these two determinations, it must be taken out
before averaging, and reentered after averaging.
Doing this and using the appropriate weighting
factors, we have

1 NBS ampere= 1.000010 ±0.000005 absolute
amperes.
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The observed difference between the absolute and
XBS units of current could be ascribed to a change
in the electrical standards, to inaccuracies in the
measurements which were used to define the present
standards, or to the uncertainty in the present
measurements. The present standards were defined
by rounding off the average of several ampere
determinations made in various countries to the
nearest 10 ppm. The rounding off process com
billed with the uncertainties of the individual
measurements could have caused an error large
enough to explain our difference within the estimated
50-percent error. The 6-ppm difference between the
results of the present work and the work using the
same coils reported in RP1449 is also small enough
to be interpreted as a combination of random errors.
It cannot be stated with certainty whether or not
the standards have drifted. Our results indicate
only that they have not drifted more than a few
parts per million and that the XBS unit of current
is greater than the absolute ampere by (10±5) ppm.
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Preface
There are few fields of scientific investigation in which accurate measure¬
ments of electrical resistance are not required. For this purpose the Wheat¬
stone bridge, in one of its several forms, is almost universally used. This instru¬
ment is comparatively simple to use and at the same time has a very high sen¬
sitivity. Unfortunately, however, sensitivity and accuracy are not synonomous, and some knowledge of the practical limitations of resistance-measuring
bridges is needed by all users. This circular lb intended to supply such infor¬
mation. Although the presentation is essentially nontechnical, it is believed
that the subject matter will be of value to any one interested in the accurate
measurement of resistance
In addition to information about the use of resistance bridges, this circular
presents methods for their calibration. The subject matter is limited to directcurrent calibrations, and the methods discussed are those regularly used at this
Bureau when an accuracy of 0.01 percent or better is required. No attempt
is made to present a complete discussion of methods of resistance measurement
or to consider the relative merits of various methods. Those presented are
comparatively simple, being based largely on substitution procedures, yet they
are capable of yielding results of high accuracy.
E. U. Condon, Director.
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Precision Resistors and Their Measurement
By James L. Thomas
Abstract
This circular contains information on the construction and characteristics of wire-wound
resistors of the precision type. There are also included descriptions of the methods used at
this Bureau for the test of precision resistors and the calibration of precision resistance
measuring apparatus. Although the presentation is nontechnical, there is a considerable
amount of information on the characteristics and limitations of apparatus of this type that
should be of interest to any one making accurate measurements of electrical resistance.

I. Introduction
1. Definition of Resistance
The modem concept of electrical resistance is
based largely on the work of G. S. Ohm, who in
1826 published an equation that was formulated
on the basis of his experiments with direct-current
circuits. In modern terminology this equation is

I=yjE,

(1)

where E is the potential difference across a con¬
ductor of length l and cross-sectional area A when
a current, I, flows. The factor y depends upon the
material of the conductor and is now called con¬
ductivity (see sec. VI). The above equation was
abbreviated by Ohm as

!=§’

(2)

where
is the length of a hypothetical wire
having unit conductivity and cross-sectional area.
J/^was then the length of a wir-e across which unit
current would produce a unit of potential difference,
that is, Si1 was Ohm’s unit of resistance and his
experimental equation can be abbreviated as

E=RI.

(3)

This equation is almost universally referred to as
Ohm’s Law, although some writers contend that
the longer form should be so designated. Although
experimentally determined for individual con¬
ductors, Ohm’s Law was soon applied to the entire
circuit if E designates the net electromotive force
in the circuit.

2. Importance of Resistance
Measurements
Although Ohm found that the ratio of potential
difference across a conductor to the current flow¬

ing in it is dependent on the material and dimen¬
sions of the conductor, more precise experiments
showed it to depend upon temperature and even
upon the presence of stress in the conductor.
Instead of incorporating such quantities in our
equation for the current, we say that the resistance
is a function of temperature and stress, and for a
given conductor we must state the values of
temperature and stress for which a value of
resistance is given.
The fact that resistance is a function of tem¬
perature is made use of in temperature measure¬
ments, the resistance of a wire being measured at
known temperatures or fixed points and then at
the unknown temperatures. Also, changes in
resistance with dimensions are utilized for measur¬
ing small displacements, and change in resistance
with stress is utilized for the measurement of
liquid pressures. In addition to such phenomena,
a large number of physical and chemical phenom¬
ena are investigated by means of measurements of
electromotive forces, and the measurement of
electromotive force is customarily carried out by
measurements of resistance ratios. Electric cur¬
rent is readily measured in terms of the potential
difference across a known resistor. In fact, a
large proportion of electrical quantities is meas¬
ured by methods that involve the measurement
of resistance.
In some cases the resistance of a conductor
depends upon the magnitude of the current flowing
through it. That is to say, Ohm’s law is not
applicable, and the resistance must be determined
under the conditions of use. Also, the resistance
of all conductors is to some extent a function of
frequency, and the resistance must often be deter¬
mined in such a way as to allow for the effect of
frequency. However, the content of this circular
is limited largely to direct-current measurements
of resistors which follow Ohm’s law, with special
emphasis on precision measurements, i. e., meas¬
urements to 0.01 percent or better.
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3. Types of Resistors
Resistors are used for many purposes with a
correspondingly large range of types and accuracies
of adjustment. They are used as electric heaters,
as current-limiting devices such as motor starters,
for component parts of radio, telephonic and
similar equipment, and in electrical instruments of
greater or less precision. For some applications
adjustments must be made to perhaps 10 to 20
percent, whereas in others the resistors must be
within 0.01 percent or less of their nominal values.
For use as heaters, resistors are usually made of
special alloy wire that will withstand high temper¬
atures for long periods of heating. The most used
alloy for this purpose is of nickel and chromium,
with or without the addition of a considerable
amount of iron. These alloys can be kept at a
“red heat” in air for long periods of time without
damage from oxidation. High-resistance units for
radio circuits are often made from a nonconducting
binder, such as clay, with which is mixed sufficient
powdered graphite to make the material slightly
conducting; or from a nonconducting rod on the
surface of which is deposited a conducting film.
For resistors to he used in precision instruments
the important quality desired is stability with
time and temperature, and special alloys have been
developed, which are discussed in section II.

Stability with time and temperature are also the
important characteristics required for resistors
that are to be used as reference standards for the
calibration of other resistors.
Standard resistors are usually commercially
available only in decimal multiples or fractions of
the unit, usually from 0.0001 ohm to 10,000 ohms.
These are of two general types of construction,
either two-terminal or four-terminal types. For
values of resistance where the resistance of the
contacts, made in connecting to the resistor, is not
negligible, it is customary to use four-terminal
resistors. Whether or not the contact resistances
are negligible depends upon the accuracy desired,
but in general standard resistors of 1-ohm and less
are of the four-terminal type, higher valued re¬
sistors needing only two terminals. Special stand¬
ard resistors are required if an accuracy of better
than 0.01 percent is required. These are usually
sealed to protect the resistors from the effects of
oxygen and moisture in the atmosphere, whereas
resistors for an accuracy of 0.1 percent do not re¬
quire such protection. Although precision resistors
are ordinarily adjusted to their nominal values to
0.01 percent or better, they gradually change in
resistance with time. For work to this accuracy it
is desirable to have standards recalibrated occa¬
sionally, applying if necessary corrections corre¬
sponding to their departure from nominal values.

II. Resistance Materials and Construction Methods
1. Resistance Alloys
Manganin. Since their introduction in about
1890, alloys of copper, manganese, and nickel
have come into almost universal use as resistance
materials for precision resistors and for resistance
measuring apparatus. The most common of these
alloys is “manganin” which has the nominal
proportions of 84 percent of copper, 12 percent of
manganese and 4 percent of nickel. This material
has a resistivity of 45 to 50 microhm-cm, a thermo¬
electromotive force against copper of 2 or 3
juv/° C., and, when properly heat treated, is very
stable in resistance with time.
The electrical properties of alloys of copper,
manganese, and nickel over a large range of pro¬
portions were investigated in 1925 by Pilling [1] 1
and later for alloys made of high-purity ingredi¬
ents by Dean and Anderson [2], Both of these
investigations showed that an alloy having a
temperature coefficient that averaged zero over
the interval 0 to 100° C. would be obtained with
approximately 10 percent each of manganese and
nickel, the remainder being copper. A series of
alloys also having zero temperature coefficients
could be obtained by increasing separately either
the manganese or the nickel up to as much as
1 Figures iu brackets indicate the literature references at the end of this
paper.

20 or 30 percent, with a corresponding reduction
in copper.
On the basis of small temperature coefficients
there would appear to be a wide choice of com¬
positions for alloys of the manganin type. How¬
ever, in order to keep the thermoelectric power
against copper as low as possible it is necessary
to keep the nickel content low, as the thermo¬
electric power increases rapidly in proportion to
the amount of nickel above 2 or 3 percent. Also,
if the nickel is kept constant and the percentage
of manganese is increased the curvature of the
resistance-temperature curve increases.
This
means that although the resistance might have
the same value at 0° and 100° C., the departure
from this value at intermediate temperatures
increases with the manganese content.
It is
therefore desirable for general use to have an alloy
that is as low as possible in both nickel and
manganese.
The published data on copper-manganesenickel alloys give average temperature coefficients
over a temperature interval of some 80 to 100° C.
These data do not show the best compositions for
use at ordinary laboratory temperatures. If it
is desired to keep the thermoelectric power against
copper as small as possible, the alloy should have
a content of about 2 percent of nickel and 14
percent of manganese in order to obtain at the
Circulars of the National Bureau of Standards
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same time a small temperature coefficient of
resistance at ordinary room temperatures. On
the other hand, if the thermoelectric power is of
no importance the resistance of an alloy of about
20 percent of nickel and 10 percent of manganese
would be most constant with temperature in the
ordinary range of laboratory temperatures. The
accepted composition of manganin, 84 percent of
copper, 12 percent of manganese and 4 percent of
nickel is reasonably close to the optimum for a
general purpose resistance alloy.
Fortunately
the proportions need not be exact, as the melting
losses make the composition somewhat difficult
to control.
If the resistance of a sample of manganin is
plotted against temperature, the curve will be found
to be of the general shape of that shown in figure 1.

The maximum, M, of this curve is in the neighbor¬
hood of room temperature, being generally be¬
tween 20° and 50° C, while the minimum, N, is
at about 350° C. Somerville [3] found the differ¬
ence in resistance between the maximum and the
minimum to be about V/2 percent of the value at
the maximum.
For an interval at- least 15° to 20° C on each side
of the maximum, the resistance-temperature
curve for manganin is symmetrical with respect
to a vertical axis. Its equation can be accurately
represented by
Rt=R25[l + a(t-25) + (3(t-25)2],

(4)

where Rt is the resistance at t°C and R05 is the
resistance at 25° C. The coefficient a is the slope
of the resistance-temperature curve at 25° C, and
for manganin of good quality a has a value of
10X10-6 or less. The value of <3, which deter¬
mines the curvature at any point in the interval,
is usually between — 3X10-7 and — 6X10-7.
This means that 10° C either side of the maximum
the resistance is less than at the maximum by
from 30 to 60 parts per million (ppm).
The temperature at which the maximum of
resistance occurs is a function of the thermal and
mechanical treatment of the manganin as well
as of its composition. Different size wires drawn
from the same melt will have maxima at different
temperatures, that is, at any given temperature
their coefficients of resistance will not be the

same. From the ingot, manganin is usually
worked cold with an occasional softening by
heating to a “red heat.” If this annealing is done
in air there is a selective oxidation of the surface
that breaks down the alloy and leaves a coating
with a relatively high conductivity. This surface
layer may be removed by “pickling” in an acid,
but again the action of the acid is somewhat
selective, and the surface layer is left with a
slightly different composition from that of the
interior. These complications add to the diffi¬
culty of the control of the quality of manganin
wire. In addition, the completed resistance coils
are usually baked at about 150° C for 24 to 48
hours in order to stabilize the resistance. This
baking also affects the temperature coefficient of
the wire by amounts depending upon the size
of the wire and the length of time of the baking.
All of these factors make it difficult to produce
resistors with the maximum at the best tempera¬
ture, usually between 20° and 25° C. However,
precision resistors of good quality usually can
be obtained with temperature coefficients in that
interval of not more than 10 ppm/0 C.
Temperature coefficients of resistance change
little with time, and if changes do occur in their
values there is very probably an accompanying
large change in resistance. Standards that are
stable in resistance need not have redetermina¬
tions of their temperature coefficients. Although
the data are meager and only the order of magni¬
tude is known, it appears that for manganin
resistors a change in resistance of one part in a
thousand will be required to change the slope
of the temperature-resistance curve at room
temperature by one or two parts in a million
per degree centigrade.
Constantan.—-A series of alloys of nickel and
copper containing 40 to 60 percent nickel, with
a small amount of manganese to improve their
mechanical properties, all have practically the
same electrical properties. These alloys are
sold as “constantan,” or under various trade
names, for use as thermocouple materials, and
have thermoelectric powers against copper of
about 40 mv/0 C. However, except for their
large thermoelectric powers the electrical prop¬
erties of these alloys are remarkably similar to
those of manganin.
The resistance-temperature curve for constantan
is similar to that for manganin shown in figure 1.
Its maximum is at or near room temperature with
the minimum around 500° C. The difference in
resistance between the maximum and minimum is
somewhat less than for manganin, and the curva¬
ture in the neighborhood of the maximum is also
less. As a consequence, constantan changes some¬
what less in resistance over the ordinary range of
atmospheric temperatures than does manganin.
Its stability with time is about the same as that of
manganin. At room temperature the resistivity
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of constantan is 45 to 50 microhm-cm as it is for
manganin.
Resistance coils of constantan are sometimes
used instead of manganin in values of 1,000 ohms
and above. They may also be used in smaller
denominations in cases where no difficulty will
arise from the large thermal emf’s, as for example
in alternating current circuits.
Therlo.—When manganin was first developed a
small amount of nickel was added to the copper
and manganese in an attempt to reduce the ther¬
moelectric power of the alloy against copper.
With the proportion of nickel now used the ther¬
moelectric power against copper at room tempera¬
ture is almost the same, although of opposite sign,
as when the nickel is omitted.
However, the
nickel improves the mechanical properties of the
alloy and probably reduces the surface action
during forging and annealing.
The development of therlo was another attempt
to reduce the thermoelectric power of coppermanganese alloys against copper.
Instead of
nickel, an equal percentage by weight of aluminum
was added to the copper and manganese. As its
name implies, the resulting alloy had a very small
thermoelectric power against copper at room tem¬
peratures, less than l/xv/°C. Its other electrical
properties are almost identical with those of man¬
ganin. However, as the thermoelectric power ol
manganin against copper is only of the order of 2
or 3yuv/°C, the improvement was of little signifi¬
cance.
At the National Bureau of Standards [4] an
investigation has been made of copper manganesealuminum alloys of the therlo type. There it was
found that for a resistance alloy the best composi¬
tion is 85 percent of copper, 9.5 percent of man¬
ganese, and 5.5 percent of aluminum. This alloy
has nearly the same resistivity as manganin, its
temperature coefficient at 25° C can be brought to
zero by a suitable heat treatment, and the change
in the temperature coefficient with temperature is
about half that of manganin, at least in the ordi¬
nary range of room temperatures. Its thermo¬
electric power against copper at 25° C is only
about 10 percent of that of manganin, and this
thermoelectric power may be further reduced by
the addition of a very small percentage of iron,
without materially affecting the other properties
of the alloy. The stability of such alloys with
time was found to be equal to that of manganin.
Except for unusual applications, the difference
between manganin and therlo is of little importance
and the alloys may be used interchangeably.
Gold-chromium.—An alloy of recent introduc¬
tion, which appears to be veryT promising for some
applications, is gold with slightly over 2 percent of
chromium [5]. This alloy has a resistivity at
room temperatures of about 20 times that of cop¬
per. By baking at fairly low temperatures the
temperature coefficient can be made extremely

small. Resistors of this material have been
produced such that the total change in resistance
in the interval 20° to 30° C did not exceed a few
parts in ten million. The thermoelectric power of
this gold-chromium alloy against copper is several
times that of manganin, being 7 or 8 /jlv/° C at
25° C. The stability of this alloy with time has
not been thoroughly tested but preliminaiy results
were promising.
For many applications the extremely small
temperature coefficient of gold-chromium alloy
makes its use desirable. However, the tempera¬
ture coefficient must be adjusted for each coil by
baking, and the cost of this adjustment limits the
use of the material. Although the temperature
coefficient may be made small at room tempera¬
ture, the interval over which the coefficient is
small is not more than 20° or 30° C. The tem¬
perature-resistance curve is similar to that for
manganin, as shown in figure 1, but with M and N
much closer together in temperature and in re¬
sistance.
Other Alloys.—It is probable that all resistance
alloys that have small temperature coefficients at
room temperature have temperature-resistance
curves that are cubics, similar to that of manganin
shown in figure 1. These curves are nearly
straight in the neighborhood of the inflection
points between the maxima and minima. The
ideal resistance alloy for use in instruments would
have this inflection point at room temperature
with a zero slope. Moreover, the maximum and
minimum should be at widely separated tempera¬
tures so that the zero slope would be obtained over
the usual range of atmospheric temperatures. Of
the alloys already discussed, only gold-chromium
has the inflection point in the neighborhood of
ordinary room temperatures, the others having
small slopes because of use near the point of
maximum resistance. None of these have small
coefficients over a very large temperature interval.
Alloys of nickel and chromium are commercially
available that have practically linear temperatureresistance curves over an interval of several
hundred degrees centigrade, which interval in¬
cludes ordinary atmospheric temperatures. Al¬
though the temperature coefficient is constant, it
is too large for use in apparatus where the highest
accuracy is required. Recent attempts to reduce
the coefficients of these alloys by the addition of
comparatively small amounts of other materials,
such as copper and aluminum, appear very promis¬
ing. It is quite possible that an alloy and heat
treatment will be developed such that no correction
for temperature will need be made, at least
throughout the range of laboratory temperatures.

2. Spools, Winding and Adjustment
In the beginning of the electrical instrument
industry, wire coils were wound on wooden spools
Circulars of the National Bureau of Standards,
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like those that are still used for thread. How¬
ever, because of the demand for increased accu¬
racy, these wooden spools have been entirely re¬
placed by metal spools for resistors of high quality.
The reason for the change to metal has been two¬
fold. In the first place, the wooden spools absorb
moisture in amounts dependent upon the humidity
in the air, and expand or contract therefrom. This
results in varying stresses applied to the wire, with
accompanying changes in resistance.
A more important reason for the use of metal
spools is the fact that they more readily dissipate
the heat produced in a coil by the passage of the
current. The wire is wound in rather intimate
thermal contact with the metal spools, and the
heat is readily transferred to the spools. The en¬
tire surface of the spools, both inside and outside,
is effective in dissipating heat to the surrounding
air. However, for wooden spools the area that is
effective in dissipating heat is largely the exposed
outer surface of the resistance wires. When metal
spools are used, the temperature rise for a given
heat dissipation depends primarily upon the size
of the spool and only to a minor extent upon the
size of the wire. However, the wire size should
be selected so as to cover the spool as completely
as possible, and if necessary the turns should be
spaced to prevent bunching of the coil at one end
of the spool.
For many alternating-current applications, the
use of metal spools is undesirable or even out of
the question. For such applications, when wirewound coils are required, wooden spools may be
used, although for these purposes ceramic spools
have come into rather general use. The objections
to ceramic spools for resistors of high precision
are their poor heat conductivity and the fact that
their temperature coefficients of linear expansion
are very much smaller than for the resistance wire.
Metal spools are ordinarily of brass, which has
a coefficient of thermal expansion nearly the same
as that of the resistance alloys. This avoids large
changes in stress in the coils because of tempera¬
ture changes. The spools are ordinarily mounted
with their axes vertical, and both ends should be
left at least partially open in order to allow a
ready flow of convection currents of air through
the spools. Before being wound, the spools are
enameled or covered with a single layer of silk,
which is impregnated with shellac varnish and
allowed to air dry.
The resistance wire is generally double-silk or
silk and cotton covered, and often the wire is
enameled before these coatings are applied. The
correct length of resistance wire is cut., doubled at
its center, and the center is attached by means of
a thread near one end of the insulated metal spool.
The two halves are then wound side-by-side (bifilarly) after which the free ends are tied down
with silk thread.
High-quality resistors are wound with only one

layer of wire. Although this requires the use of
smaller wire than for multilayer coils, there are
several advantages. In the first place, the heat
dissipation is more satisfactory for a single-layer
coil, since a considerable temperature rise may be
obtained in the center of a multilayer coil as a
result of the passage of the current through the
coil, and the load coefficients are usually large.
Moreover, multilayer coils are more subject to
change in resistance because of changes in atmos¬
pheric humidity (see section II, 6), and are
usually found to be less stable in resistance with
time.
After being wound, the coils are artificially aged
by baking in air at about 150° C for 48 hours,
after which they are kept for a considerable period
of time before final adjustment.
Some manu¬
facturers impregnate coils before baking with a
shellac varnish, while others impregnate them
after baking with special waxes. The final adjust¬
ment is usually accomplished in two steps. The
excess wire is cut off in order to make the resist¬
ance just slightly less than the nominal value.
Copper lead-wires, which are usually somewhat
larger in diameter than the resistance wire, are
then silver-soldered to the ends of the coil.
Final adjustment is made by filing or scraping the
resistance wire near the end, care being taken to
see that the metal cuttings are not forced into the
insulation. Any filed part is finally painted with
shellac varnish, which is allowed to air dry. For
coils of the highest precision the interval between
baking and final adjustment should be as long as
practicable, an entire year being desirable.

3. Sheet-Metal Resistors
Precision resistors having values of 0.1 ohm or
below are usually made of sheet manganin brazed
or silver-soldered to heavy copper terminal posts.
Potential leads are attached as shown in figure
2. Here C and C are copper rods, with binding
posts at the top, attached to the sheet of resistance
material, S. The resistance material may be a
single sheet of manganin or several sheets in
parallel. The sheets are often not straight but
are bent in an S-shape in order that greater
lengths can be used. Additional binding posts
P, P are used as potential terminals and are
connected by copper wires soldered at some point
on the copper terminal bars. For a resistor of
this type the resistance is measured between the
two branch points. This is to say, the resistance
is equal to the ratio of the potential difference
between the potential terminals P, P to the current
flowing in and out the current terminals C, C.
For standards, sheet-metal resistors are mounted
in perforated containers with hard rubber or
bakelite tops. These are often used in oil baths
in order to facilitate the dissipation of the heat
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are lowered on the current posts [6], This effect
is large when the resistance of the copper terminal
posts is high in proportion to that of the resistance
element. For standards of very low resistance,
large temperature coefficients may result unless
the potential branch points are carefully located.

CP

4. Accelerated Aging

caused by the flow of current through the resistance
clement.
An accelerated aging of these resistors is ob¬
tained by heating in air at 150° C for 48 hours, as
is done for wire-wound resistors. Final adjust¬
ment of the resistance may be accomplished by
changing the points of attachment of the potential
leads, the resistance decreasing as the points of
attachment are lowered. Increases in resistance
may be obtained by scraping or by drilling holes
in the resistance material. Small changes can
be obtained by filing the copper current posts,
but the direction of the change is dependent upon
the location of the potential leads.
Adjustment of sheet metal resistors is often
accomplished by making U-shaped saw cuts in
the sheet, with the open ends of the U’s pointing
in the direction of flow of the current. The Usliaped tabs so formed are bent outward and to
them are attached the potential leads. Adjust¬
ment is made by increasing the length of the U
cut. Lengthening one cut will increase the fourterminal resistance, whereas lengthening the other
cut will decrease the resistance.
Not only may the resistance of a four-terminal
resistor of the type shown be altered by changes
in the points of attachment of the potential leads,
but it is possible to change the temperature co¬
efficient of resistance in the same way. In fact,
the temperature coefficient is lowered at the same
time as the resistance if the points of attachment

After being wound, resistance coils are impreg¬
nated with a shellac varnish and given an accel¬
erated aging by baking. The temperature for
baking is limited by the silk insulation, which
should not be heated above about 150° C, and the
coils are usually baked at this temperature for 48
hours. As a result of the baking the resistance of
a coil may decrease, sometimes as much as 1 or
2 percent, and a sufficient length of wire must be
used to compensate for this change. After being
baked, the resistance of the coils is much more
stable with time than is that of unbaked coils.
This aging process is often called “annealing”,
but it is doubtful that the improvement in stability
results from the relieving of internal stresses in
the wire, as happens during true annealing. In
the two or three months immediately following
their baking, resistance coils will ordinarily in¬
crease in resistance by an amount that is usually
of the order of 0.01 percent. They then are ready
for final adjustment.
Sheet-metal resistors are usually painted with
a lacquer or shellac varnish as a protection of
the surface. This coating limits the temperature
to which these resistors can be raised during aging,
and they are usually treated in the same way as
insulated wire-wound coils, being baked at 150° C
for 48 hours. Sheet resistors may be heated at
high temperatures before being lacquered, but
such treatment is apparently no improvement
over baking at 150° C, as far as subsequent
stability is concerned.

5. Annealed Resistors
.As has already been stated, the usual baking of
wire-wound and sheet-metal resistors is not done
at a sufficiently high temperature to anneal the
resistance material. As baking at 150° C im¬
proves the stability with time, it would be logical
to expect greater stability if the heating were
carried on at a sufficiently high temperature to
obtain actual annealing. In the case of manganin
this takes place between 500° and 600° C.
The annealing of metal is a complicated process,
but the first step is probably a reforming of the
metallic crystals to the shape they had before
being cold-worked. This results in the relieving
of many of the internal stresses that resulted from
the distortions of the crystals. The amount of
this restoration of the metal to its preworked
condition depends upon both the annealing temCirculars of the National Bureau of Standards

116/6

perature and the time. In general, the higher
the temperature the shorter the time required
for a given annealing. If the annealing is con¬
tinued after crystals have been restored to their
original condition, there may result an actual
uniting of adjacent crystals, with an accompany¬
ing decrease in the mechanical strength of the
material.
For base-metal alloys, annealing should take
place in a vacuum or in an inert atmosphere to
avoid a reaction between the metal and the sur¬
rounding air. Such reaction might take place
inside the metal at the intercrystalline boundaries
as well as at the surface of the metal. These
reactions do not necessarily decrease the stability
of resistance with time if the products are stable.
There may, however, be a selective reaction that
makes the material inhomogeneous, and this might
have a considerable effect on the resistivity and
temperature coefficients.
When a resistor is made by winding wire on a
spool, the wire usually will not straighten if it is
removed from the spool. This means that parts
of the wire have been stressed past their elastic
limit and a permanent deformation has taken
place. For such a bent wire the portions farthest
from the center of the spool have been elongated
past their elastic limit, while the filaments nearest
the center of the spool have been compressed
beyond the elastic limit. Intermediate filaments
are subjected to stresses that depend upon the
changes in their length, which resulted from the
bending. The stress distribution is from a maxi¬
mum in tension to zero and then to a maximum
in compression. These stresses are superimposed
upon the stresses that were produced in the wire
as it was being fabricated.
These internal stresses in a wire result in a
slight change in the shape of its cross section. In
addition to this change there is a change in re¬
sistivity, which results from the presence of the
stress [7]. The resistivity is therefore not uni¬
form across the wire, and the difference between
parts of the wire may amount to nearly 1 percent
in the case of manganin, and perhaps more for
other alloys.
Although the resistivity changes
considerably when a wire is bent, there is not
necessarily much change in resistance, as the
change in resistance of the parts under compression
may compensate for the change in the parts under
tension.
The effect of annealing of a coil of wire is to
reduce the internal stresses, thus making the
resistivity more nearly uniform in the wire. It is
probable that a slow annealing takes place at
room temperatures, and the accompanying reduc¬
tion in the internal stresses may be one reason
for the change with time of the resistance of a coil
of wire. Another cause for change might well
be some reaction between the wire and the sur¬
rounding atmosphere. Both of these sources of

instability would be avoided or reduced if a coil
were annealed and mounted in a vacuum.
Annealed resistors mounted in vacuo have been
tested at the National Bureau of Standards and
found to be very stable. It is difficult, however,
to seal the coils in suitable containers for high
evacuation.
Equally good results have been
obtained with annealed coils mounted in sealed
metal containers filled' with dry air. Whatever
the effect of the air, an equilibrium condition is
soon obtained when the supply of air is limited.
Probably the most stable resistors that have been
made are a group of annealed 1-ohm manganin
resistors mounted in double-walled air-filled con¬
tainers, now being used at the National Bureau of
Standards [8J for maintenance of the unit of re¬
sistance.
Although good annealing improves the stability
of sealed resistors, it is apparently of no special
value for unsealed coils. When mounted in open
containers, annealed resistors cannot be expected
to be any better than, if as good as, those haked
at 150° C. This is true even if the resistors are
varnished or enameled after the annealing. None
of these coatings is impervious to the atmos¬
phere, and they merely retard any reaction be¬
tween the air and the resistance material.

6. Effects of Humidity
It lias long been known that wire-wound re¬
sistors undergo seasonal variations in resistance,
being higher in resistance in summer and lower in
winter. This effect is most noticeable in high
resistance coils of small wire, and even in highgrade resistors may amount to several hundredths
of a percent of the resistance. The effect is to a
large extent a result of changes in average humid¬
ity, and is greatest in climates where there is a
large difference in humidity between winter and
summer. This seasonal change was first observed
in the case of manganin resistors made with silkcovered wire. The accepted explanation was
that the resistance changes resulted from dimen¬
sional changes of the shellac with which the coils
were impregnated, as the shellac absorbed ir gave
off water vapor.
The effect of moisture on resistors has been
thoroughly investigated by Dike [9], who came
to the conclusion that the effect of changes in
humidity is to change the tension in the silk with
which the wire is customarily insulated. This
change in tension changes the pressure trans¬
mitted to the wire by the insulation and hence
changes the resistance. He also found that the
effect of humidity on cotton insulation is opposite
to that on silk, and by using a mixture of cotton
and silk fibres for insulating the wire he was able
to eliminate most of the seasonal changes in re¬
sistance that result from changes in humidity.
For standard resistors the effect of humidity
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may bo also eliminated by mounting the coils
in sealed containers. This procedure was first
advocated by Rosa [10] who designed the resistor
shown in figure 3, known as the NBS type of
standard resistor. In this figure, R represents
the manganin coil mounted on a silk-insulated
brass spool and baked as described in section
II, 4. This coil is supported from the liardrubber top, T, by means of the thermometer
tube, W, which is so arranged that a thermometer
can be inserted from the outside. The copper
lead wires, which are silver-soldered to the ends
of the resistance coil, are in turn soft-soldered to
the copper binding posts, B. The hard-rubber
top is screwed into the metal container, C, which
is filled with a good quality light mineral oil.
The binding posts, thermometer well and the
threads by which the hard-rubber top is connected
to the container are all sealed with shellac, which
is not soluble in oil.
The purpose of the oil is to give good thermal
contact between the resistor and the case and to
facilitate the dissipation of the heat developed
in the resistor by the current through it. In
addition, the oil in effect increases the heat
capacity of the resistor, thus increasing the cur¬
rent that it can carry temporarily without over¬

heating. The objection to the oil is the fact that
it may in time become somewhat acid, and the
acid may corrode the resistance wire or injure
the insulation.
The advantage of ready dissipation of heat
combined with the advantage of hermetic sealing
is found in the double-walled type of standard
resistor [8] developed at the Bureau. In this type
the container is made of coaxial cylinders only
slightly different in diameter with the space
between the cylinders sealed.
The resistance
element is mounted in this sealed space in good
thermal contact with the smaller cylinder, which
serves as the inside wall of the container. One
of these resistors is shown in figure 4. The outside
diameter of the container is 9 cm and its length
13 cm. The series of holes near the top are just
above the double-walled part and are intended to
increase the facilities for cooling, and the con¬
tainers are left open at the bottom for the same
purpose.
These double-walled resistors readily
give up heat to an oil bath yet are not affected
by humidity changes. The sealed space in which
the coil is mounted is filled with dry air, and no oil
comes in contact with the resistance material.
The seasonal changes in resistance of standard
resistors that arise from changes in humidity
are readily eliminated, as has just been discussed,
by sealing in metal containers. This arrangement
is not satisfactory for large instruments and meas¬
uring apparatus, which are not readily sealed.
If the cases of such equipment are reasonably
tight a drier, such as calcium chloride, may be
kept inside the case. This procedure is somewhat
hazardous, since if not replaced with a sufficient
frequency the drier may become dissolved in

Figure 4.

Double-walled standard resistor.
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adsorbed water and be spilled on the coils. Tlie
use of silica gel avoids this danger.
A more
satisfactory method is to mount a heater in the
apparatus and, by means of a thermostat, main¬
tain the temperature of a metal box containing
important resistors at a constant value, above that
of the laboratory.
In this way the relative
humidity is kept always low and seasonal varia¬
tions may be reduced.
Additional advantages
are that no temperature corrections need be
applied when calibration is made under conditions
of use, and that resistors will usually be more
stable in resistance if kept at a constant tempera¬
ture instead of being allowed to follow variations
in laboratory temperatures.

7. Load Coefficients
The load coefficient of a resistor is defined as
the proportional change in resistance caused by
the production of heat in the resistor at the rate
of one watt. This change, however, is a function
of time.
When a current starts flowing in a
wire-wound resistor the wire very quickly takes
up a temperature above that of the spool on which
the wire is mounted. The amount of this change
depends upon the thermal contact between the
wire and the spool. If the current continues to
flow, this initial difference in temperature is
maintained, but the coil and spool continue to
rise in temperature together.
The maximum
temperature that will then be attained depends
upon the facilities for dissipation of heat by the
spool, and often upon the facilities for cooling
the material to which heat from the spool flows.
Suppose we have a standard resistor of the NBS
type resting on a table and we send through it a
sufficient current to liberate one watt in the coil.
Within about 30 seconds the temperature of the coil
will rise to a steady value about 1° C above that
of its spool. Spool and coil will then continue to
rise in temperature at the rate of about 10° or 15°
C per hour, and if allowed to continue will in about
2 hours reach a steady temperature of some 10°
to 20° C above that of the room. This may cause
a permanent change in resistance, which, however,
ordinarily amounts to only a few parts in a million.
If, instead of being mounted in an oil-filled con¬
tainer, the same resistor had been left open in the
air of the room, its final rise in temperature would
probably have been less by some 50 percent and
would have been reached in 15 to 20 minutes.
The rise in temperature of the resistance coil will
be accompanied by a change in resistance, whose
amount depends upon the temperature coefficient
of resistance of the wire and also upon changes in
stress in the wire because of dimensional changes
of the coil and its support. For single-layer
manganin coils mounted on brass spools the relative
changes in dimensions are small, and the change in
resistance results primarily from temperature

changes of resistivity. For such resistors the
effect of the heating may usually be taken into
account by measuring the temperature change and
calculating the change in resistance from the
temperature coefficients of the resistor. For
sheet-metal resistors the effect of stress changes
may be important and the calculated change cannot
be relied upon.
It should be evident from the above discussion
that the load coefficient of a resistor is a rather
indefinite quantity, varying with time of flow of
the current and with the environment of the resis¬
tor. To be of value it should be measured under
conditions of use. Measurement is usually made
by passing the desired current through the resistor
and a second resistor connected in series, measuring
the ratio of resistance both with negligible and
with the required heating. This ratio may be
measured by means of a bridge or a potentiometer,
and the comparison resistor should be one that
is not appreciably affected by the test current.
A resistor of one-tenth or less the resistance of that
under test should be used, and its‘load will be
one-tenth or less than for the resistor under test.
For the reference lower-valued resistor one that is
known to have a small load coefficient should be
chosen. If such a resistor is not available one
with a low temperature coefficient should be se¬
lected, on the assumption that its load coefficient
is correspondingly low, and its load coefficient
should bo roughly determined to make sure that
it is small. This can be done by balancing the
resistor in any bridge using a small test current.
From an external source a large current is then
sent through the resistor under test for several
minutes, after which the extra circuit is discon¬
nected and the bridge circuit is again balanced.
This last balance must be made quickly before the
heat from the large current is dissipated.
If a resistor is being used under conditions where
the load changes its resistance, the amount of the
change may often be determined experimentally.
To do this the heating may be doubled, by in¬
creasing the current by 40 percent, and the result¬
ing change noted. To a first approximation this
doubling of the heating doubles the change in re¬
sistance, and twice the change should be subtracted
algebraically from the final value. Such a pro¬
cedure is especially satisfactory in the case of
Wheatstone bridges, as the procedure will correct
back to zero test current, whichever branch or
branches are being changed by the current.

8. Stability of

Resistors With Time

In applications where stability with time is of
importance, as for instance for standard resistors or
precision measuring apparatus, manganin is used
almost exclusively. In such applications low tem¬
perature coefficients of resistance and small ther¬
mal emf’s against copper are usually also required,

Precision Resistors and Their Measurement
119/9

and few alloys other than manganin are suitable.
Consequently, a discussion of the stability of re¬
sistors is largely a discussion of the stability of
manganin.
Most national standardizing laboratories keep a
selected group of manganin resistors, which are
regularly intercompared and used for maintenance
of the unit of resistance. The relative values of
such standards are remarkably constant, the in¬
dividual resistances not changing by more than
one or two parts in a million per year with refer¬
ence to one another and for some groups very much
less. It is supposed that the average of a group re¬
mains constant to a high degree, but such stability
can be only assumed. No method of measurement
has been used that would detect with certainty
changes of less than 10 or 20 parts in a million in
the group as a whole. The international ohm was
defined as the resistance of a mercury column of
specified dimensions at the temperature of melting
ice. However, such resistors have not been con¬
structed with sufficient accuracy to demonstrate
the performance of manganin resistors used to
maintain the unit. Likewise, absolute ohm deter¬
minations have not been sufficiently reproducible
to give such information. If the unit as main¬
tained by means of manganin resistors were tested
every ten years by comparing against mercury
ohm. or absolute ohm determinations, the apparent
change would probably not exceed 10 or 20 parts
per million. This could be just as well attributed
to errors in realizing the unit experimentally as to

changes in the unit as maintained by the manganin
resistors.
The average user of standard resistors is interest¬
ed in the stability that may be expected from
standards available commercially. In this con¬
nection, an analysis made in 1941 at this Bureau is
relevant. Of nearly 600 standard resistors that
had been submitted more than once to this Bu¬
reau for test, the average yearly change in resist¬
ance, without regard to sign, was found to be
8 ppm. Of the total only 2 percent averaged
greater than 60 ppm per year, and for nearly 90
percent of all standards tested the annual change
was 10 ppm or less. If signs were neglected there
was no significant difference between the average
yearly change of sealed and unsealed resistors.
This would appear to mean that sealing merely
reduces seasonal variations without improving the
long-time stability. However, if regard is taken
of sign, the performance of sealed and unsealed
resistors was quite different. In this case the
average yearly change was about —.3 ppm for
sealed and about +5 ppm for unsealed standards.
That is to say, sealed standards about as often
decrease as increase in resistance with time,
whereas the change in unsealed standard resistors
is predominantly upward. In connection with
the sealed resistors it is interesting to note that
practically the same result would have been obtained
if the unit of resistance had been maintained by
supposing the average value of the 400 sealed
resistors had remained constant, as was obtained
by assuming the average of a group of 10 selected
resistors of special construction to be constant.

III. Methods of Comparison of Resistors
1. Ammeter-Voltmeter Methods
Precise measurements of electrical resistance are
made with comparative ease with bridge methods,
an accuracy of a few parts in a million being readi¬
ly obtained in the comparison of nominally equal
resistances of say 10 or 100 ohms. Although the
actual measurements are rather simple, special
apparatus is required. For many types of re¬
sistors high accuracy is not desired and the meas¬
urements may be made with deflecting instru¬
ments, which are usually available in electrical
laboratories. The most common method, where
an accuracy of 1 or 2 percent is sufficient, is the
ammeter-voltmeter method. In this method a
measured current is passed through the resistor
under test, and the potential difference across its
terminals is also measured. The current is meas¬
ured with an ammeter and the potential differ¬
ence bv means of a voltmeter, the resistance in
ohms being the ratio of the voltmeter reading in
volts to the ammeter reading in amperes, in ac¬
cordance with Ohm’s Law.

The accuracy that may be attained by the
ammeter-voltmeter method depends upon the
accuracy of the two instruments. However,
there are a few precautions that must be observed.
Referring to figure 5, if the voltmeter, V, is con¬

nected as shown across the resistor, R, the current
read by the ammeter, A, is the sum of the current
through R and the current through the voltmeter.
If the resistance of the voltmeter is large as com¬
pared with R, the current through the voltmeter
Circulars of the National Bureau of Standards
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may be neglected and R may be calculated as the
ratio of the instrument readings. If the resist¬
ance of the voltmeter is not large as compared
with R, the latter may be calculated from the
equation
“~I(l-E/IRt)
where Rv is the resistance of the voltmeter, its
reading being E volts, and the ammeter reading /
amperes. If the resistance of the ammeter is
known or if it is negligible as compared with the
unknown resistance, the voltmeter may be con¬
nected across both the resistance and the ammeter,
as shown in figure 6. In this case the ratio of

Figure

6.

Alternate

connection

for

ammeter-voltmeter

measurement of resistance.

voltmeter to ammeter readings gives the total
resistance between the points of attachment of
the voltmeter, that is, the resistance of the am¬
meter and of the connecting leads is included.
That is

/* -f-tf.!,

(6)

where i?4 is the resistance of the ammeter and of
all lead wires between the points of attachment of
the voltmeter leads.
With suitably calibrated, instruments it is possi¬
ble to measure resistance to 0.1 or 0.2 percent pro¬
vided the instruments are of such ranges that
large deflections are obtained. For this accuracy
it is usually necessary to calibrate the voltmeter
with the same leads as those that are to be used
in the resistance measurements.

2. Ohmmeters
Ohmmeters are instruments for indicating
directly on a scale, with a minimum of manipula¬
tion or computation, the resistance of the circuit
connected across their terminals. They are avail¬
able in a wide range from milliohmmeters reading
to 0.001 ohm to megolimmeters reading to 50,000
megohms. Their accuracy is limited both by the
calibration and reading of the indicating instru¬
ment and in the simple ohmmeter by their depend¬
ence upon a fixed value of voltage. They are,
therefore, in general, not suited for applications

requiring high precision such as the determination
of temperature rise or of the conductivity of line
conductors. When used with circuits that are
highly inductive or capacitive, the precautions
appropriate for such resistance measurements
should be observed.
Ohmmeters may be classified according to
either their principles of operation, their source
of energy, or their range.
The principles commonly used are: Simple
ohmmeter, ratio ohmmeter, Wheatstone bridge.
In the simple ohmmeter a source, the voltage
of which is assumed to be definite and to corre¬
spond to the calibration of the instrument, is
applied to the unknown resistor and the resulting
current causes an indicating instrument to deflect
over a scale. This scale is so graduated that the
pointer indicates directly the resistance in ohms
(or megohms). In many cases provision is made
by a magnetic or electric shunt to adjust the in¬
strument at one point, usually at zero resistance,
to fit the existing value of the voltage. In some
of these instruments the final indication is by a
vacuum-tube voltmeter, which measures the drop
produced in a very high resistance by the current
through the specimen.
In the ratio meter or “crossed-coil” type of
ohmmeter, the current through the unknown
resistor flows in one of the coils, while the other
carries a current that is proportional to the voltage.
The current is led to the coils by ligaments, which
exert a negligible torque so that the moving system
takes up a position that depends on the relative
magnitude of the currents in the two coils. The
scale can therefore be laid off to indicate resistance
directly, and the indication will be independent of
the voltage used, provided that the resistor under
test obeys Ohm’s Law.
The designation “ohmmeter” is also applied
(though perhaps incorrectly) to certain forms of
the Wheatstone bridge in which the dial that
adjusts the balance is calibrated to read directly
the value of the unknown resistance.

3. Potentiometer Method
It was pointed out in section III, 1 that the
ammeter-voltmeter method for measuring resist¬
ance is complicated by the current drawn by the
voltmeter. Such complications may be avoided
by using a voltmeter of some type that requires
no current from the circuit being measured, i. e.,
electrostatic or vacuum tube voltmeters.
Potentiometers are also suitable for the measure¬
ment of potential difference when it is desired to
avoid drawing a current from the source of
potential difference. They are especially good in
cases where an accuracy of 0.1 percent or better is
required, as such accuracy is difficult to attain with
deflecting instruments. Where a potentiometer
is available, the ammeter-voltmeter method may
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be modified so as to use the potentiometer to
measure the current through the unknown resistor
as well as the potential difference across it. This
requires the replacement of the ammeter with a
standard resistor, and the measurement of the
potential difference across the standard resistor
yields the value of the current if this potential
difference is divided by the value of the resistance
of the standard.
Actually, if a suitable standard resistor is
available, it is unnecessary to calculate the
current through the unknown resistor. If the
same current flows through the known and the
unknown resistor, the ratio of the potential
differences across the two is the same as the ratio
of the resistances. Hence
X=S^,

(7)

whore A and S are the values of the unknown and
standard resistances, Yx and Vs arc the measured
potential differences across Ar and S' respectively.
Care must be exercised in using this method to
insure that the current through X and S remains
constant during measurement. This may be
verified by measuring the potential differences
alternately several times.
High accuracy in the measurement of resistance
can lx* attained with the potentiometer method if
a good potentiometer and good standard resistors
are used. It has an advantage over the ordinary
Wheatstone bridge in that the resistance in terms
of which the unknown is measured may be that
of an actual standard resistor instead of one of the
coils of the bridge. Standard resistors are so
mounted that they are ordinarily more constant
in resistance and hence more accurately known
than are unsealed coils usually used in bridges.
The potentiometer method, however, is more
difficult to use as the currents through the poten¬
tiometer and in the measuring circuit must both
be kept constant, whereas the balance of a
Wheatstone bridge is independent of the current
flowing through it. In comparing resistors, the
accuracy of a potentiometer is not dependent
upon the accuracy of calibration of the standard
cell used with the instrument.
A type of measurement for which the potenti¬
ometer method is especially well suited is for the
measurement of four-terminal resistors, which are
parts of complicated networks, where connections
to the resistors must be made through other re¬
sistors. The resistances in the potential leads,
which connect to the potentiometer, have no
effect upon the balance of the potentiometer.
There may be, however, a reduction in sensitivity
unless the damping resistor for the galvanometer
may be changed to allow for these extra resistances.

4. Differential-Galvanometer Method
The differential galvanometer was formerly
used rather extensively for the comparison of
equal resistances. Such a galvanometer has two
separate windings made as nearly the same as pos¬
sible, so that when equal emf’s are applied to the
terminals of the windings, equal and opposite
torques are produced on the deflecting element.
The windings are constructed with two wires
side-by-side, wound at the same time and as nearly
as possible symmetrically with respect to the
magnetic circuit.
For the moving-magnet galvanometer the field
coils are wound in duplicate, and a small movable
coil is usually connected in series with one wind¬
ing. This moving coil is adjusted in position to
compensate for any lack of equality of the fields
produced by the two windings. Unfortunately
this adjustment is different for different conditions
of use. Moreover the differential galvanometer
of the moving-magnet type lias the same handi¬
caps as others of the moving-magnet type. That
is to say, the damping is difficult to control and
elaborate precautions must be taken to avoid
magnetic disturbances from external sources.
Many of the troubles of the moving-magnet
galvanometer are avoided in the D’Arsonval, ormoving-coil galvanometer, and this coil may be
made in duplicate for differential use. However,
this requires two sets of leads from the moving
element, which are difficult to arrange, and which
also in effect stiffen the suspensions and lower
the sensitivity. With the need for greater and
greater precision, the differential galvanometer
has been gradually discarded, but it still is very
satisfactory for some types of measurements.
In theory, the use of the differential galvanom¬
eter is very simple. A current, I, is passed through
the standard, S, and the unknown, A", connected
in series, and one winding, G, of the galvanometer
is connected to the terminals of each resistor, as
shown in figure 7. If the galvanometer circuits
were exactly alike in resistance and opposite in
their magnetic effects there would be no deflec¬
tion if A" and S' were equal. These conditions on
resistance and magnetic effect are difficult to

Figure 7.

Connections of differential galvanometer.
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meet, and it is necessary to devise methods of use
for which the conditions need be only approxi¬
mately met, if high accuracy is to be attained.
Such is that due to Kohlrausell [ 11J, and known
as his method of overlapping shunts.
For Kolilrausch’s method the circuit is as shown
in figure 8. The two galvanometer windings, G,
are connected respectively across A and S, and in
addition each .shunt bridges the resistance, L,
which is used to connect A" and S in series. The
resistance of L is usually small as compared with
the other resistances. In series with the galvanom¬
eter windings are connected the resistors, Rx and
R2, one or both of which are adjustable. In addi¬
tion, a special switch not shown must be used,
which will interchange the battery B and the lead
resistance L. This must be done without materi¬
ally changing the current furnished by the battery.
The effect of the interchange is to reverse the
current through both galvanometer windings.
The values of the adjustable standard, S, and the
rheostat,
or R2, are adjusted until there is no
deflection of the galvanometer for either position
of the batfery, or until the deflection is the same
in magnitude and direction for both battery posi¬
tions. Under either condition of adjustment,
and X are equal.
In actual practice, where (S' and A" are standard
resistors under comparison, the larger is made ad¬
justable by a precision rheostat connected in
parallel, and the amount of the shunt required to
make A and S equal allowTs an easy calculation
of the difference in resistance between the two.
The balance is exact even if the two circuits of
the galvanometer are not exactly alike electrically
or magnetically.

5. Bridge Methods

bridge is more suitable. The choice between the
simple and the double bridge is usually made on
the basis of the required accuracy.
It is difficult to attach a copper lead wire to a
resistor by means of binding posts or other
clamped connections without introducing an un¬
known contact resistance of the order of 0.0001
ohm. For resistors above 1 ohm such an uncer¬
tainty is usually negligible, whereas for a resistor
of say 0.01 ohm the uncertainty is 1 percent.
For standard resistors the contact resistance is
often reduced by amalgamating the contact sur¬
faces. For clean well-fitted contacts the resistance
then amounts to only a few microhms, but the re¬
sistance of such contacts will rise with time as
the copper combines with the mercury to form a
granular material. This material should be re¬
moved every few' rqonths by scraping and wiping
the surfaces.
Where accuracy is required, low-valued resistors
are usually of the four-terminal type. For these,
two leads are soldered or brazed to each end of the
resistance material, as shown in figure 9. The
p

p
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f
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Fihure 9.

Four-terminal resistor.

resistance in question is that between the branch
points at the two ends. That is to say, the resist¬
ance is the ratio of the potential difference between
the terminals P, P to the current flowing in and
out the current terminals, C, C.
Methods of
measurement are used such that any effect from
the lead resistances is avoided or reduced to a
negligible amount.
For such a purpose the
potentiometer method is suitable as no appreciable
current is drawn through the potential leads, and
the potential drop between branch points is inde¬
pendent of the magnitude of the lead resistances in
the current circuit. Double-bridge methods bal¬
ance out the lead resistances or connect them in
high-resistance branches where they are negligible.
Simple Wheatstone bridge.—The simple Wheat¬
stone bridge is primarily a group of four resistors
connected in series-parallel as shown in figure 10.
A current, /, is passed through the two parallel
branches, and G is a detector connected to the
junctions of the resistors as shown. It may be
readily shown that if there is no potential differ¬
ence across the detector, G, the relation between
the resistances of the four arms is as follows:

By far the largest proportion of measurements
of electrical resistance are made by means of
bridge methods. For resistors above 1 ohm the
simple Wheatstone bridge is used, whereas for
1-ohm resistors and below the Kelvin doublePrecision Resistors and Their Mrasanment
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X _A
S~B

(S)

x=si

(»)

The detector, G, is usually a galvanometer, and
the lack of a potential difference across it is evi¬
denced by a lack of motion of the galvanometer
coil if a switch or key in series with G is opened or
closed, or better, if the battery circuit is opened
or closed. Opening or closing of the battery, cir¬
cuit should be avoided, however, if there is
inductance or capacitance in the circuit of the
unknown resistance or in any arm of the "Wheat¬
stone bridge. In measuring the resistance of a
field winding of an electric motor, for example,
the galvanometer may be damaged if its circuit is
left closed and the battery circuit of the bridge is
opened. In this case the current should be left
on until a steady state is reached before testing the
bridge balance by opening and closing the gal¬
vanometer circuit.
From the above equation it is evident that the
resistance of any one of the four arms, say .V, can
be calculated if the resistances of the other three
are known, or if one of the three and the ratio of
the other two are known. The usual general pur¬
pose Wheatstone bridge is made in such a way that
any one of several known resistors may be selected
for use as either A or B and hence their ratio may
have any one of a number of values. & is then a
known resistor whose value may be adjusted in
small steps over a wide range of resistance.
In commercial instruments the ratio arms A and
B are usually coils that are connected into the
bridge by inserting suitable plugs. As there are
resistances in these plug contacts, which may be
rather variable, it is desirable to use relatively high
values of resistance for A and B in order to reduce
the uncertainty in the resistance of the ratio arms.
On the other hand, high-resistance coils are more
affected by humidity and are less stable in resist¬
ance with time and therefore retain their calibra¬

tion for a shorter time. Other things being equal,
ratio coils of from 10 to 100 ohms are therefore
about the best compromise.
The choice of resistance for the adjustable arm
of a Wheatstone bridge is influenced by the same
factors as the choice of resistances for the ratio
arms. That is to sav, the lower the value the
greater the stability in resistance but the more
troublesome the contact resistances become, and
in the adjustable arm several contact resistances
are required. Steps smaller than 0.1 ohm, which
allow readings of the adjustable arm to about 0.01
ohm by interpolation from galvanometer deflec¬
tions, are seldom used as it is not wise to rely upon
the combined effect of the several contacts of the
arm to be definite to much better than 0.01 ohm.
Wheatstone bridges for the measurement of re¬
sistance to 0.1 percent are available commercially
at moderate prices. To this accuracy these can
usually be relied upon without the application of
corrections to the readings. However, for meas¬
urements to 0.01 percent, corrections to the read¬
ings of the ratio arms and of the rheostat arm must
usually be applied, and the bridge must be main¬
tained at the temperature of calibration within a
few degrees. Primarily because of the effects of
changes in humidity, calibrations of a Wheatstone
bridge must be made rather frequently if an accu¬
racy of 0.01 percent is to be attained. This is
especially true where there is a marked change in
ambient conditions. For example, between winter
and summer the ratio coils and the rheostat arm
may each change by 0.01 percent or more, and the
errors may be additive rather than compensating.
The use of air-conditioned laboratories improves
the performance markedly, but even then it is
advisable to make occasional spot checks by
measuring standard resistors. Whenever possible,
ratio arms below 10 ohms or above 1,000 ohms
should be avoided, as should rheostat readings in
excess of 1,000 ohms. This means that the Wheat¬
stone bridge is best suited for the measurement of
resistance in the range 10 to 10,000 ohms.
When an accuracy greater than 0.01 percent is
required, special bridges are required or special
techniques are used. One of the best of the special
methods is that of substitution, in which the un¬
known resistor is replaced with a standard resistor
or resistors having the same nominal resistance as
that of the unknown. The bridge that is being
used is then relied upon to. determine only the
difference between the standard and the unknown,
and this difference need not be accurately meas¬
ured. If the unknown and standard differ by 0.1
percent , the difference need be determined to only
1 percent to give the unknown to 10 parts in a
million in terms of the standard. Nearly any good
bridge can be so used without calibration, provided
contact resistances are sufficiently constant that
readings can be repeated to the desired precision.
It is evident that the calibration of the measuring
Circulars of the National Bureau of Standards
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bridge is of least importance when the standard
and unknown resistances are nearest equal.
Standard resistors are usually available only in
decimal multiples or submultiples of an ohm and
for many resistance measurements the lack of a
suitable standard prevents the use of the substitu¬
tion method.
Mueller bridge.-—For the accurate measurement
of odd-sized resistances, one of the best bridges
is that designed by E. F. Mueller [12] of the
National Bureau of Standards for use in resistance
thermometry. This is a special bridge intended
for the accurate measurement of resistances up to
about 110 ohms. The effects of humidity changes
are greatly reduced by mounting the resistors in a
compartment that is electrically heated and whose
temperature is maintained at 35° C by means of
a thermostat. As this is a temperature to which
the laboratory, temperature seldom rises, the
relative humidity in the compartment housing
the resistors is kept low and variations in the low
humidities have little effect on the resistances of
the coils.
For the Mueller bridge the ratio arms are equal,
and the arms can be interchanged to test the
equality. A small slide wire is connected between
the ratio coils, and the sliding contact is used as
the branch point for the bridge as shown in figure
11. The operator can set the ratio arms to equality
by properly proportioning the resistance of the
slide wire between the two ratio arms by changing

Figure 11.

Ratio arms of Mueller bridge.

the setting of the slide contact. This setting is
correct if no change in the bridge results when the
arms A and B are interchanged. The remaining
two arms are the adjustable rheostat and the un¬
known resistor, which must be of the four-terminal
type. Resistance thermometers are usually of the
four-lead type, and other resistors should be pro¬
vided with four leads when they are to be measured
on a bridge of this type. The method of connec¬
tion of the unknown resistance is as shown in figure
12. R is the adjustable rheostat arm that will be
discussed in detail later. X is a four-terminal
resistor with lead wires Lu Z2, L3, and Z4 connected
to the binding posts 1, 2, 3, and 4, respectively. If
the galvanometer is connected to binding post 2,

Figure 12.

Connection of bridge to 4-lead

thermometer.

the resistor A' and the lead resistor
are connected
into the right-hand arm, and the lead resistor Lx is
in the adjustable arm, R. With equal ratio arms,
R and X would be equal for a balance of the
bridge only if Lx and Z4 are equal. Instead of
adjusting Lx and i4 to exact equality, their con¬
nections are interchanged and a second bridge
balance is obtained, the average of the two balances
being that which would be obtained with Lx and
Li equal. Alien Lx and Z4 are interchanged, it is
necessary to shift the branch point from lead 2 to
lead 3 in order to keep X in the right-hand arm.
In actual use, instead of the lead wires being inter¬
changed, the internal connections of the bridge
arms to the binding posts 1 and 4 are interchanged
to obtain the same result.
This interchange is
effected by means of an amalgamated switch for
which the uncertainty in contact resistance is only
a few microhms.
The rheostat arm of the Mueller bridge is ad¬
justable in steps as small as 0.0001 ohm. In order
that such steps should not be masked by changes
in contact resistance, special types [13] of decades
are used.
The 0.0001-ohm-per-step decade is
approximately as shown in figure 13. With the
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Figure 13.

Shunt-type decade.

switch contact on the 0 stud, the resistances of 12
ohms and 0.110 ohm are connected in parallel, and
the resistance between the terminals £ and T is
about 0.1090 ohm. When the switch contact is
moved to stud 1, the 12-ohm branch is increased
sufficiently to increase the parallel resistance from
0.1090 to 0.1091 ohm, an increase of 0.0001 ohm.
Likewise when the switch is moved to 2 the parallel
resistance increases to 0.1092 ohm, etc. Thus the
resistance between the terminals S and T may be
increased in steps of 0.0001 ohm, although the
value is not zero when the switch is set to read zero.
The 0.001- and 0.01-ohm-per-step decades are
made in the same way as the 0.0001-ohm decade.
When these three decades are connected in series
and all set to zero, there is a series resistance of
about 1.6 ohms. However, since the bridge has
equal ratio arms an equal resistance of 1.6 ohms
may be included in the A'-arm, and the value of
X is measured by observing the increase in the
resistance of the rheostat arm when X is inserted
in its arm. A short-circuiting plug is provided
with the bridge that connects together the ter¬
minals 1 and 4 of figure 12. The bridge is then
balanced with and without this shorting plug,
and the difference in the readings of the rheostat
arm gives the resistance of A', and leads.
The purpose of the shunted type of decade that
was described above is to reduce the effect of
variations in contact resistances and transient
emf’s in the switch. Referring again to figure 13,
it is seen that the switch contact is in the high
resistance branch. The ratio of resistance for the
two branches is about 100 to 1, and it may be
readily shown by differentiation that the effect
of a variation of switch contact resistance is
reduced by the square of this ratio. Thus a con¬
tact variation as high as 0.01 ohm would vary the
resistance from S' to T by only 1 microhm, which
is negligible in the rheostat arm where the mini¬
mum steps are 100 microhms. For the 0.001 and
0.01 decades, the ratio of currents in the branches
is less than 100 to 1, and less variation in the
switch-contact resistance can be tolerated.
The 1 -ohm and 0.1 -ohm steps of the rheostat arm
are not made of the shunt type, as the resistance
with the dial set on zero would be rather large.
The contact resistances for the 1-ohm dial are
thrown into the ratio arm A, as shown in figure 14.
The bridge current is introduced through the
10 1-ohm coils of this decade, and the switch
merely changed the point of connection of the
ratio arm, without opening the circuit of the 1-ohm
decade. In this case a variation o: the switch
contact resistance changes the resistance of ratio
arm A. This effect is reduced by using high
resistance ratio arms, A and B each being 1,000
ohms. The 0.1-olim-per-step dial is arranged in
the same way as the 1-ohm-per-step dial, with the
switch contact in series with the B ratio arm.
With the 0.1-ohm dial set at zero, all 10 of the

0.1-ohm resistors are in series in the A'-arm.
When the dial reading is increased, the resistance
is removed from the A'-arm, the effect being the
same as if equal resistance were added to the
rheostat arm, R, since the bridge has equal arms.
This may be seen from the following consideration.
Assume that the bridge is balanced with the un¬
known resistor and the 10 steps of the 0.1-ohm
dial all connected in the A'-arm. If now A' is
increased by 0.1 ohm, the A'- and i?-arms may be
brought again to equality by either increasing R
by 0.1 ohm or by decreasing the resistance in
series with A' by 0.1 ohm. The readings of the
dial in the A'-arm are such that increases in
readings of the dial correspond to decreases in the
resistance in the A'-arm.
The 10-ohm-per-step decade of the rheostat,
not shown, is the only one that has contact resist¬
ances directly in series with the arm. A special
type of dial that has amalgamated contacts is used
for this purpose. Such contacts are uncertain by
only a few microhms, which may be tolerated in
the rheostat arm where the minimum steps are
100 microhms. For Mueller bridges available
commercially, the galvanometer and battery are
interchanged from the positions assumed in the
above discussion. This in no way affects the
validity of the conclusions.
Adjustable-ratio bridges. As has already been
stated, the Wheatstone bridge shown in figure 10
is balanced if

X=S^,

(10)

and this balance may be realized by keeping A
and B fixed and adjusting S, or by keeping S fixed
and adjusting the ratio A/B. In most commercial
Wheatstone bridges the balance is obtained with
S. However, for comparing nominally equal
resistances, bridges are sometimes constructed in
which the ratio is adjustable.
Circulars of the National Bureau of Standards
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For measurement, a four-terminal resistor is
usually connected in series with a four-terminal
standard. The ratio of the potential differences
across the two resistors is then determined when a,
current flows through the two. This ratio may be
determined by means of a potentiometer or in
terms of a resistance ratio by means of the Kelvin
double-bridge.
The circuit of the Kelvin double bridge is
shown in figure 16, where A" and S denote the
unknown and standard resistors, each with both
current and potential terminals.
The two are
connected by means of a conductor L, preferably
of low resistance as compared with A" or S. The
resistors A and B and also a and b provide resist¬
ance ratios that must be known, as must also be
the value of S. This bridge is balanced if there
is no change in the deflection of the galvanometer
when the current circuit is opened or closed.
When balanced the following relation holds
between the values of the resistance:
An adjustable-ratio bridge is very convenient
for use in sorting large numbers of resistors that
must be equal within given tolerances. Such a
bridge may be constructed as shown in figure 15,
where A and B are the two arms of a resistance
ratio that is adjusted by changing A. A resistor
is connected to the binding posts S, and the resist¬
ors that are to be compared with it are connected
in turn to the X terminals. If the resistors are
to be the same to, say, 0.1 percent, the arm A is
made to have either of two values, which give
ratios, A/B, of 0.999 or 1.001. This could be
realized by making B 100 ohms and A either 99.9
ohms or 100.1 ohms, the latter accomplished, for
instance, by making A equal to 100.1 ohms and
having a plug to short-circuit 0.2 ohm of this total.
The procedure is then to observe the direction of
deflection of the galvanometer with either ratio
setting and then change to the other ratio. If
this causes a reversal of the direction of deflection
of the galvanometer, the correct balance of the
bridge is between the two ratio settings. In other
words the ratio of X/S is between the two ratios
0.999 and 1.001, i. e., the two are equal within
±0.1 percent.
Besides this use in limit bridges, adjustable ratio
bridges may be used for precise measurements of
resistors in terms of nominally equal standards.
Such bridges when used in conjunction with the
substitution method permit very accurate meas¬
urements of resistance. Such an adjustable ratio
is the “ direct-reading ratio set” described in section
IV, 1, where the appropriate techniques are also
discussed.
Kelvin double-bridge.—As has been already
stated, four-terminal resistors are used in order
to avoid uncertainties arising from variations in
contact resistances. For precision work, resistors
of 1 ohm or below are usually of the four-terminal
type.

AAfS

A
B

aA b± L

Is

(11)

This equation would be exactly the same as that
for a simple Wheatstone bridge if the last term
on the right side were zero or negligibly small as
compared with the term S A/B. That last term
can be made zero by making a/b —A/B, irrespective
of the value of the link resistance, L. However,
the smaller the value of L, the less important is
any lack of equality between the ratios A/B and
a/b.
In actual use two methods are employed for
balancing the double-bridge.
The resistors A
and B, and also a and b may be fixed ratio coils
so chosen that AIB=a/b and the bridge balanced
by varying S, which is an appropriate adjustable
standard; or S may be a fixed standard resistor
and the bridge balanced by adjusting the ratios
A/B and a/b, keeping these ratios at all times
equal.
When a double-bridge is to be balanced by means
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of an adjustable standard, care should be taken
in connecting up such a standard in order to keep
the resistance small between it and the unknown.
Adjustable standards are usually made such that
the position of one or both of the potential
terminals is adjustable.
As a result, varying
amounts of resistance are left at the ends in series
with the used part of the resistor. The adjustable
standard should be connected in the circuit in
the way that connects the larger part of unused
resistance in the external circuit rather than
between resistors so as to form part of the link
resistance, L.
When a fixed standard is used for S, and the
bridge is balanced by adjusting the ratios A/B
and a/b, the most convenient arrangement is to
have the ratios adjustable together.
This is
accomplished by having the same dial handle
operate two dials together so that both ratios are
changed simultaneously. This arrangement re¬
quires special apparatus, but such double-ratio
sets are commercially available.
If not “ganged” together, the two ratios are
changed separately but always by the same
amount. Actually, however, it is not necessary to
be able to adjust the auxiliary ratio, a/b, in known
steps, and any convenient adjustable ratio, such
as a slide wire, may be used. In this case the
balance of the double bridge is by successive ap¬
proximation. It is first balanced by adjusting the
main ratio, A/B, after which the circuit is opened
at the link, L, and a balance now obtained by
varying the auxiliary ratio a/b. The link circuit
is again closed and a new balance obtained with
the main ratio. The procedure is repeated until
the same balance is obtained with or without the
link circuit’s being open. Ordinarily the final
balance is obtained after only a few sets of ad¬
justments, and accurate results may be so at¬
tained. Since only one ratio need be known any
apparatus having such a ratio, as for example a
simple Wheatstone bridge, may be used in con¬
junction with a slide wire and a fixed standard
resistor to make good measurements by the
double-bridge method.
In work of the highest accuracy, account must
be taken of the resistance of the leads that are
used to connect the ratio arms to the unknown
and standard resistors. There is also lead re¬
sistance in these resistors, between the branch
points and the terminal binding posts, which is
not necessarily negligible. One way of taking
these lead resistances into account is To use such
high resistances in the ratio arms that the con¬
necting leads have a negligible effect. Usually,
however, this reduces the sensitivity of balance of
the bridge. A better arrangement is to make the
lead resistances adjustable and select their ratio
in such a way as to balance out their effects. A
convenient method of adjusting the lead re¬
sistances is as follows: Referring to figure 17, the

ratio A and B are such that their ratio is known
only for the resistance between the two binding
posts s and s'. The lead resistors LA and LB and
the internal leads in A” and S' add to the resistance
of A and B. This ordinarily prevents the ratio
of the bridge arms from being the same as the
known ratio of A to B. In other words

A A La

A

B-TLb

B

(12)

except under the condition that LA and LB are
respectively negligible as compared with A and B,
or under the condition that the ratio of the leads
is the same as the ratio of A to B. That is

if

A-\-La_A
B-\-Lb b

(13)

La=A
Lb B

(14)

If the lead resistances are small as compared with
A and B, the second equation need be only ap¬
proximately satisfied.
The same considerations apply to the lead re¬
sistance La and Lb in the auxiliary ratio arms.
Their effect may be made negligible by making
their ratio the same as the ratio a/b.
The following procedure for balancing the bridge
and eliminating the effects of the leads by adjust¬
ing their ratio may be followed. Arrangement is
made for readily opening and closing the circuit
at L and for short-circuiting the main ratio arms
by connecting together s and .s'. Shortings to s'
is the equivalent of reducing A and B both to zero,
leaving only the lead resistances in the arms. If
the ratios are ganged and nominally equal, the
bridge is balanced in the following steps:
1. With the circuit as shown, the ratios A/B
and a/b are adjusted until the galvanometer
indicates a balance. This gives
A+La X
.
, ,
A-, , T = o approximately.
JL> -f-

(15)

O

2. The main ratio A/B is now short-circuited
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and the bridge is again balanced, by changing the
ratio of the lead resistances. This may be done
by adjusting the length of one lead wire, or a small
rheostat may be used in series with one of the
leads.
This step makes the ratio of the lead
resistances the same as X/S and hence to a first
approximation also to A/B.
3. The short is removed from the main ratio
and the link opened. The bridge then becomes
the simple Wheatstone bridge shown in figure 18.
To a first approximation
X/S=A/B=a/b=LA/LB,

(16)

and the simple bridge is unbalanced only if the
resistances of the leads La and Lb are not in this
same ratio. They are made in this ratio by ad¬
justing La or Lb until the simple bridge shows a
balance.
4. The link, L, is restored, giving again the
double-bridge, and a second balance is obtained
by varying the ratios A/B and afb. This balance
is more nearly correct than the first, as the leads
have been approximately adjusted to their proper
ratio.
5. The entire procedure is repeated until no
further change is required in the settings of the
main ratio, under which condition
X/S=A/B=a/b,
X — SA/B—Sa/b.

(17)
(18)

In cas'e a/b is obtained from a slide wire, or a
ratio that is adjustable but not known, the same
procedure is followed as that outlined above. In
this case, however, the balance for step 3 is obtained
by varying the ratio a/b, if necessary making a
fine adjustment of the ratio by varying the lead
resistances La and Lb.

IV. Special Apparatus for Precision Measurements
1. Direct-Reading Ratio Set
The problem of calibrating precision resistance
apparatus usually involves the comparison of
resistors in the instrument with standard resistors
of the same nominal value. This is most readily
done by some substitution1 method, which is
usually a method for determining differences
between the resistances of the unknowns and
of the standards. For well-adjusted instruments,
the differences are small and need to be determined
only approximately. For example, if the differ¬
ence between the standard and unknown is 0.01
percent, the difference need be determined to
only 1 percent to give the value of the unknown
to one part in a million in terms of the standard.
One of the most convenient instruments for

the measurement of such differences in ratio is
the “direct-reading ratio set.” With this com¬
paratively inexpensive instrument and a group
of standard resistors, it is possible to calibrate
accurately most types of resistance apparatus
such as Wheatstone bridges, potentiometers,
resistance boxes, etc.
The direct-reading ratio set is merely an adjust¬
able resistance ratio with which bridges may be
assembled, the remainder of the bridges being
ordinary laboratory equipment. In its simplest
form the ratio set is as shown in figure 19. The
resistor B is a 100-ohm coil, which constitutes
the fixed arm of the ratio. The adjustable arm
consists of a fixed resistor of 99.445 ohms and
three dials, Dx, ZF, and D3. The dialZfi consists of
ten steps of 0.1 ohm each, and ZF and D3 have
B
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ten steps each of 0.01 and 0.001 ohm respectively.
When at their center positions, the resistance of
the three dials is 0.555 ohm, and with the fixed
coil of 99.445 ohms the total of the arm is 100
ohms. Starting from these center positions, a
step on Dx will either raise or lower the M-arm by
0.1 ohm. The ratio of A to B is then changed
from 100/100 to 100.1/100 or to 99.9/100, that
is to say, it is raised or lowered by 0.1 percent.
Likewise, steps on I)2 and D3 change the ratio
by steps of 0.01 and 0.001 percent respectively.
By interpolation of the steps on the lowest dial,
changes of 0.0001 percent may be determined.
Although the ratio set described above is
correct in theory, variations in the resistances
of the contacts of the dial switches would make
the readings uncertain b}r several steps on the
lowest dial when ordinary dial switches are
used. The use of mercury switches will reduce
the variations to a few microhms, but such switches
are somewhat difficult to operate and keep in
condition.
To avoid difficulties from variations in switchcontact resistances the design is usually modified
so as to reduce their effect. This is done by plac¬
ing the switches in high-resistance shunt circuits
that require comparatively large changes in resist¬
ance to obtain small changes in the parallel re¬
sistance, as was done in the rheostat of the Mueller
bridge (see section III, 5). The shunt circuits
may be made sufficiently high that switch contact
variations are negligible even when switches of
moderate quality are used. An example of a
shunted dial for obtaining steps of 0.1 ohm is
shown in figure 20. With the dial set at 0 the
resistance of the shunt arm totals 133.636 ohms,
and this in parallel with the 30-ohm branch gives
a total resistance of 24.5 ohms. When the dial is
moved to stud 1, the resistance of the parallel
combination increases by 0.1 ohm to 24.6 ohms,
which requires that the shunt arm be 136.666
ohms. That is to say, between studs 0 and 1
there is a resistance of 3.030 ohms. Likewise

between studs 1 and 2 there is a resistance of
3.145 ohms so that when the dial is at 2, the shunt
arm totals 139.811 ohms and the parallel combina¬
tion is 24.7 ohms. The successive steps of the
dial are not of equal magnitude, but the parallel
resistance may- be changed by 0.1-ohm steps
from 24.5 to 25.5 ohms. For this the steps on
the dial average about 3.6 ohms each.
Since a change in the high-resistance arm of
about 3.6 ohms is required to change the parallel
resistance by 0.1 ohm, it is obvious that switch
contact variations in the high resistance arm will
have their effect reduced by a factor of about 36 to
1. Their effect could be still further reduced by
increasing the resistance of the shunt, the effect
being reduced as the square of the ratio of the
current in the high resistance branch to the total
current.
In the same way, it is possible to make a decade
for changing in 0.01-olim or 0.001-olim steps by
means of a 150-ohm shunt in parallel with a
30-ohm resistor, the 150-ohm shunt to be changed
in steps that average about 0.36 or 0.036 ohm re¬
spectively. Three decades with appropriate shunts
and a 25-olim series resistor could be used to ob¬
tain the equivalent of the A-arm of figure 19, but
with the ratio not appreciably affected by normal
variations in switch contact variations. An
equivalent instrument is available commercially
and, together with a group of standard resistors,
is one of the most useful pieces of apparatus for
the measurement of electrical resistance, especially
for the calibration of resistance apparatus. Some
of the procedures will now be described.
Comparison of two-terminal resistance standards,
substitution methods.—In nearly all measurements
where the highest possible accuracy is desired, a
substitution method is used. That is, the change
required to restore balance after replacing a stand¬
ard with an unknown is measured. In comparing
two-terminal standard resistors by substitution,
the direct-reading ratio set is very rapid and con¬
venient, and accurate results may be obtained.
For this comparison a Wheatstone bridge is set¬
up as shown in figure 21. A and B are the two
arms of the ratio set, and Y is an auxiliary resis¬
tance of the same nominal value as the standard
resistors under comparison. The two resistors are
in turn placed in the mercury cups Q, and the
bridge balanced by varying the ratio A\B. The
difference in the ratio for the two balances gives
the percentage difference between the two stand¬
ard resistors. Thus, if the difference in the ratio
for the two balances is one step on the 0.001 dial,
one resistor is 0.001 percent higher than the other.
If we are comparing 1,000-olim coils, for example,
the difference is 0.001 percent of 1,000 ohms, i. c.,
0.01 ohm. Which coil is the larger is determined
by observing whether the ratio is increased or
decreased when the standard resistor is replaced
by the unknown resistance. Actually the difCirculars of the National Bureau of Standards
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ference is determined in percentage of the arm Y,
but for small differences any departure of Y from
its nominal value is of no consequence.
Although the dials of a direct-reading ratio set
change the ratios in decimal parts of a percent, it
is desirable to mark the dials in parts per million.
Thus the steps on the 0.001-percent dial would be
marked, 0, 10, 20, etc., and the 0.01-percent dial
would be 0, 100, 200, etc. Readings of the instru¬
ment and data taken from it are then whole num¬
bers of moderate sizes rather than decimals. In*
the discussion that follows, it is assumed that the
ratio set is marked in parts per million, and that
corrections to resistors are also expressed in parts
per million. Bridge readings and corrections to
standards are then readily added and subtracted
and calculations are greatly simplified.
In comparing nearly equal resistances by sub¬
stitution, the lack of correct adjustment of the
coils of a well-made ratio set will cause errors of
much less than 1 part in a million. The variation
in the contact resistance of the dial switches may
be appreciable unless they are kept clean. The
switches should be frequently cleaned and lubri¬
cated with a little good-quality light oil. When
kept in good condition, the resistance of the three
switch contacts should not vary as much as a
thousandth of an ohm. From the values of the
coils on the 0.001 percent dial, we see that a vari¬
ation of a thousandth of an ohm will cause vari¬
ations in the ratio of 1/3.6 of a part in a million.
In comparing resistances by the substitution
method, the two balances of the ratio set should
be made quickly so that temperature changes will
not cause variations in the ratio set between read¬
ings. It is best to have all coils of the ratio set
made from the same lot of resistance material.
If this is done and manganin coils are used, a

change in temperature of 1 deg C should not
change the ratio more than 2 or 3 parts in a million.
In spite of these sources of error, it is probably
possible to compare standard resistors ranging
from about 10 ohms to 1,000 ohms to within
1 or 2 parts in a million by the use of this ratio
set. This, of course, requires that the set be well
constructed, that a fairly sensitive galvanometer
be used and that the resistances differ by not more
than about a tenth of a percent. W' ith resistances
less than 10 ohms, the resistance of the mercury
cup contacts may cause trouble. For this reason
standard resistors smaller than 10 ohms are now
almost always four-terminal resistors. Methods
of comparing such resistors will be discussed later.
Another method for comparing nominally equal
two-terminal standard resistors, which is practi¬
cally equivalent to the preceding substitution
method, is what might be called a double substi¬
tution method. In this latter arrangement, the
two resistors under comparison are used to form
two arms of a Wheatstone bridge, the ratio set
forming the other two arms. The resistors are
both mounted in mercury cups so that they may
be interchanged without affecting lead resistances
in series with them. After a balance is obtained
by adjusting the ratio set, the resistors are inter¬
changed, and a new balance is obtained. The
percentage difference between the two resistors is
half the difference between the two readings of
the ratio set. This method is used for the same
range of resistances as those measured by the
simple substitution method, and about the same
accuracy may be attained.
Comparison of four-terminal resistances with twoterminal resistance.—The direct-reading ratio set is
convenient for the comparison of two-terminal with
four-terminal resistances. Although the occasion
seldom arises for the comparison of two-terminal
with four-terminal standard resistors, it is often
necessary to compare a standard resistor of one
type with a resistance coil of the other type. Thus,
in measuring the coils of many pieces of electrical
apparatus it is impossible to make connection with
the coils except through comparatively large con¬
necting resistances. However, it is generally pos¬
sible to make potential connections to the two
ends of the coils and measure them as four-terminal
conductors. In doing so, it is often convenient to
compare them with two-terminal standard re¬
sistors.
In figure 22,
is a four-terminal resisfor to he
measured, having the current terminals Tx and T->,
and potential terminals Pi and P>. The potential
leads may contain considerable resistance in addi¬
tion to that of the leads. A and B are the two
arms of the direct-reading ratio set, and .1/, and
M2 are mercury cups into which either a twoterminal standard resistor or a short circuiting
link may be placed.
Suppose we start with the galvanometer con-

Precision Resistors and Their Measurement
131/21

nected at Pi, a standard resistor nominally equal
to X inserted in Mx, and with M2 shorted. We
then have a simple Wheatstone bridge, which is
balanced by varying the setting of the ratio set.
After this balance is obtained,'the galvanometer
connection is shifted to P2, and the standard re¬
sistor is placed in M2, Mx being shorted with the
link. We again have a Wheatstone bridge but
with the standard resistor and unknown inter¬
changed.
This interchange has been obtained
without making any change in the resistance of the
leads of the measuring circuit, except for possible
variations in the resistances of the mercury cup
contacts, which will be small if the mercury con¬
tacts are clean. The bridge is now again balanced
by means of the ratio set. The percentage differ¬
ence between the unknown and the standard re¬
sistor is half the difference in reading of the ratio
set for the two balances. Unless the resistances
under comparison are fairly large, it will he neces¬
sary to take into account the resistance of the
short-circuiting link. This is done by subtracting
the link resistance from the resistance of the
standard resistor and considering that the resistor
has this new value and is being interchanged with
a link of zero resistance.
The resistance of the link can be measured as
follows: Connect the link between two 1-ohm
resistors to form two arms of a Wheatstone bridge,
using the direct-reading ratio set for the other
two arms, as shown in figure 23. L is the link,
and A and B are the arms of the ratio set. Two
balance readings are taken, first with the gal¬
vanometer connected at one end of L and then
at the other. Half the difference in the readings
is the value of the link resistance in percentage
of the 1-ohm arms. If the link resistance is large,
it may be necessary to use larger resistances in
place of the 1-ohm coils. This method is very
convenient for the measurement of small resist¬
ances such as links, connecting wires, switch
contact resistances, etc. It is not a precision
method but usually is sufficiently accurate for the
measurement of resistances such as those just
mentioned, which are to be used in series with
larger resistances.
Substitution method for decades.—In the calibra¬
tion of precision rheostats the occasion often
arises for the measurement of a series of resistors
of the same nominal value. This is readily done
by the substitution method, using a standard
resistor of the same value as the steps of the
rheostat, reading differences on a direct-reading
ratio set. The procedure is illustrated in figure
24. In this figure PR is the precision rheostat
to be calibrated, and let us assume that the 10ohm-per-step dial is to be checked. PB is then
a plug box or any decade with 10-ohm steps, and
M is a pair of mercury cups in which is placed a
standard 10-ohm resistor. The arm ]’ is a 100ohm resistor whose value need not be accurately
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Figure 22.

Measurement of 4-terminal resistor.

known, and A and B are the two arms of a direct
reading ratio set. The reading of the rheostat
under calibration is set at zero, the plug box is
set at 90 and the 10-ohm resistor is placed in
M, making the total nominal resistance of the
arm 100 ohms.
After the bridge has been balanced by changing
the setting of A, the standard resistor is removed
and the mercury cups shorted with an amal¬
gamated copper link, and also the reading of
PR is changed from 0 to 10 ohms. This has in
effect substituted a 10-olim step of PR for the
10-ohm standard resistor. The change in the
reading of A required to again obtain a balance
of the bridge is a measure of the difference between
the step on the rheostat and the standard resistor,
such difference being a percentage of 100 ohms.
The second 10-ohm step on the rheostat is obtain¬
ed by leaving Pi? at its 10-olim reading, again
placing the standard resistor in M and reducing
the PB resistance to 80 ohms. These three
resistors still total 100 ohms, nominally. The
standard is now again replaced by a short-circuit¬
ing link, and.Pi? is set to read 20 ohms, the result¬
ing change being read from A. The change was
produced by the substitution of the second 10-olim
step of the precision rheostat for the 10-ohm
standard.
The procedure is continued, the steps of PR
being successively substituted for the standard
resistor. It should be noted that the steps of
the auxiliary plug box, PB, are also being replaced
by the standard resistor as PR is being increased
and PB decreased in reading, the standard being
cut in and out of the circuit. Data are therefore
obtained for calibration of both PR and PB in
terms of the standard resistor. Hence by this
method, two precision rheostats may be calibrated
simultaneously.
When 10-olim steps are calibrated in a 100-olim
arm, the accuracy is reduced by one order. That
is to say, differences in readings of the ratio set
must be obtained to 0.0001 percent if the 10-olim
steps are to be determined to 0.001 percent. The
method has the advantage that changes in the
over-all resistance of the rheostat are determined
under the conditions of use, which is often not the

Figure 26.

Lead resistances in Wheatstone bridge.

case when the individual resistors are measured
directly. This may be seen by reference to figure
25, which represents the connections to one dial
of the rheostat. The switch contact may be set
on the contact studs marked 0, 1,2, 3, etc., thus
connecting 0, 1, 2 or more resistors between the
dial terminals S and T. It should be noted that
the resistors are usually connected in series and
lead wires are connected from the junctions of the
resistors to the switch contact studs. If the resis¬
tors are calibrated by measuring between studs 0
and 1 ,1 and 2, 2 and 3, etc., two of these leads are in¬
cluded with each resistor. In actual use all the
leads to the coils in use are not in the circuit, but
only one lead is used for any setting of the dial.
The above method of calibration determines the
step as in actual use, the only additional data
required being the resistance between terminals
with the dial set at zero. This is readily measured
by the method just described for the determination
of link resistances. For any setting, this “zero
resistance” must be added to the sum of the steps
as determined by substitutions.
Comparison of four-terminal resistance stand¬
ards.—Before taking up the question of the
comparison of four-terminal standard resistors,
let us consider briefly the effect of the lead wires
of a simple Wheatstone bridge. In figure 26, Ar
and Y are nominally equal resistances, and A and
B are the two arms of a direct-reading ratio set.
The conductors x, y, x', and y' are used to connect
up the bridge, and we will also denote their resist¬
ances by x, y, x', and y', respectively. The ratio
of the resistances of the two arms containing A'
and Y is not in general the same as the ratio of
A" to Y because of the resistance of these con¬
necting leads. If we could select leads such that
the ratios xjy and x'ly' were the same as X/Y, the
ratio of the two arms would be independent of the
actual values of the lead resistances. That is, the
balance would be the same as if the resistances of
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the leads were negligibly small. It is possible to
make the leads adjustable and make tlie ratios
x/y and x'\y' the same as X/Y. In fact, sueli an
arrangement is used at the National Bureau of
Standards to reduce the effect of the leads when
using the Kelvin double bridge. Instead of adjust¬
ing the leads, it is possible to balance the bridge
with fixed leads, and then find what this balance
would have been with the proper ratio of lead re¬
sistances, or with negligibly small lead resistances.
A' and Y were assumed to have practically equal
resistances. Instead of connecting the galvanom¬
eter as shown, suppose we balance the bridge with
the upper galvanometer connection first at a and
then at b. The average of the two readings is
the value that would have been obtained had the
conductors x and y been equal or negligibly small
in resistance. Thus, by taking two readings we
can take into account the effect of these two
connecting resistances. This average balance
reading is not the correct reading, however, unless
also x. =y', which is probably not true. We must
now find what this balance would have been with
x' = y'. To do this suppose we shift the current
connections from the points shown to the points
a' and b'. In doing so we remove the lead resis¬
tances x' and y' from the X and Y arms and
connect them in series with the ratio arms A and B.
If x' and y' are not equal, we will change the
balance of the bridge by removing them from the
arms Ar and Y. We will have still further changed
this balance by adding them, to the ratio arms A
and B. Which of these changes is the greater
depends upon the relative sizes of the two pairs
of arms. If A and B are equal to X and Y, the
changes will be equal. That is, with all arms
nominally equal the balance would be changed a
certain amount if the battery connections were
shifted to a' and b'. This change is twice that
which would have been obtained had we only
removed x' and y' from the X and Y arms. The
average of the readings before and after changing
the battery connections is then the reading that
would have been obtained with x' — y' or both
negligibly small.
Suppose, however, that A and B are ten times
as large as X and I". Then connecting x' and y'
in series with A and B produces only a tenth as
large a change as is caused by their removal from
X and Y. Then ten-elevenths of the change in
balance when the battery connections are shifted
is due to the removal of x' and y' from the X and I"
arms, and the remaining one-eleventh is due to
the connection of the leads in the ratio arms.
This enables us to calculate what the balance
would be with x' and y' equal or negligibly small.
As an example, suppose X and Y are each 10
ohms, and the arms of the direct-reading ratio set
are 100 ohms. Assume that with the battery
connected as shown in figure 26 and the galva¬
nometer at a, the reading of the ratio set with the

bridge balanced is 5497 millionths, and with the
galvanometer connection changed to b, the reading
is 5613. Let us further assume that when we
change the battery leads to a' b', leaving the
galvanometer connected at b, the balance reading
changes to 5835.. Then with leads of the proper
ratio, or leads with negligibly small resistances,
the balance would have been at (5,613 +5.497)/2 +
10/11(5,835 — 5,613); i. e., at 5,757.
As a matter of fact, this scheme for taking into
account the connecting leads is practically never
used in comparing two-terminal resistors. As the
substitution method requires no consideration of
the lead resistances, except to see that they are
reasonably small, it is generally used. However,
in comparing four-terminal resistances with a
simple Wheatstone bridge we follow exactly the
steps outlined above. Figure 27 shows a bridge
set up for this purpose. A and B are the two
arms of the direct-reading ratio set. A" and Y are
the four-terminal resistors under comparison,
with current terminals Tu To, -TV, and TV, and
potential terminals Pu P2, P/, and P2'. The
bridge is balanced when connected as shown, and
a second balance is obtained after shifting the
galvanometer connection to P2'. The third bal¬
ance is obtained after now changing the current
connections from Tj and T/ to Pi and P/, and
calculations are made as above. The two arms
X and Y are now interchanged and the three
readings again obtained. From these two sets of
readings, we get two balance points on the ratio
set. Half the difference between these two balance
readings is the percentage difference between the
two four-terminal resistors.
Although the direct-reading ratio set was
developed for use in the comparison of nominally
equal resistances, it can be readily adapted for the
comparison of resistances of any ratio provided
some independent means is available for accurately

Figure 27.

Comparison of J+-terminal resistors.
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realizing the same resistance ratio. As an example
of such a use let us consider the calibration of a
25-ohm resistor by comparison with a 100-ohm
standard.
As has been described above, the direct-reading
ratio set consists of the arm A, which is adjustable
in small steps from values slightly below to slightly
above 100 ohms. The 5-arm is ordinarily a fixed
100-ohm arm. Suppose we change the 5-arm
by connecting an additional 300 ohms in series.
The ratio A/B then becomes 100:400, which is
adjustable in the same percentage steps as was
the 100:100 ratio. Using two sets of mercury
cups, let us set up the bridge shown in figure 28.
The 25-ohm resistor is placed at X and the 100ohm standard at S, and the bridge is balanced
by adjusting A, and let us call this reading A.
Also let A0 be the reading A would have had if the
X and S arms had been exactly in the ratio 25:100.
If cx and cs designate the proportional corrections
of X and S, the actual balance A, of the bridge,
will be
A—A0A-Cx—cs-

(19)

Since A is obtained experimentally and cs is
known, this equation could be solved for cx if A0
were also known. To obtain A0, the arms X and
S must be replaced by a resistance ratio of exactly
1:4.
To realize a 1:4 ratio it is necessary merely to
have five resistors that are reasonably nearly equal.
If one of these five is connected in place of X and
the other four in series in place of S, the ratio will
be only approximately 1:4. However, if the five
resistors are placed one after the other in X, the
remaining four each time being connected in .S,
the average of the five ratios will be 1:4 to a very
high accuracy. In other words, the average of the
five readings of A with the five resistors in turn
at X, the remaining four in series in the 5-arm,
will be Aq, the reading of A for an exact 1:4 ratio.
This value of A0 can be substituted in eq 19 to
allow the calculation of cx, the proportional cor¬
rection to the unknown 25-ohm resistor.
Another method of obtaining A0 would be to
balance the ratio set with one resistor at A" and
the other four at S, thus obtaining A of eq 19.
The five resistors could then be substituted in any
bridge and their differences determined. The
terms cx and cs are then the amounts in propor¬
tional parts that the resistor in X and those in S
differ respectively from the average value of the
five.
To get an accurate value of the 1:4 ratio, the
five resistors should have large enough resistances
that the lead resistances of the X and S arms are
negligible, or the lead resistances should be in the
ratio 1:4. They may usually be so set with a
sufficient accuracy by shorting Xand S and adjust¬
ing the bridge circuit so obtained to a balance by
changing the length of the lead wires. The five

resistors do. not need to be equal to a very high
precision. However, they must not differ by more
than 0.1 percent if the average of the five ratios is
to be correct to one part in a million.
A procedure analogous to this method of obtain¬
ing a ratio of 1:4 may be followed to determine any
ratio 1 :n, where n is an integer, by taking the
average of n+1 ratios. It may also be used to
determine any ratio r:n, where both r and n are
integers. Starting with r+n equal resistors, r in
one arm and n in the other, the resistors are
rotated in a cyclic order until each resistor occupies
each position once. The average of the r-\-n
readings is the reading that would be obtained if
all resistors were equal. Moreover, the resistors
in either arm may be in parallel rather than in
series.
In the calibration of high resistances, use may
be made of the fact that the proportional correc¬
tion to a group of nominally equal resistors is the
same when they are connected in parallel as when
connected in series. For example the ten 100,000ohm sections of a megohm box may be connected
in parallel and measured against a 10,000-olun
standard resistor. If the parallel group is high
in resistance by 0.01 percent, the series resistance
of 1 megohm will also be high by 0.01 percent.
Here it is assumed that the ten sections are suffi¬
ciently near to equality that in the expansion

yy— = 1 — c+c2— c3, etc.
1 Ac

(20)

the second and higher powers of c are negligible,
where c is the proportional amount by which the
resistance of any section differs from the average
of all. If this condition is satisfied, the ratio of
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the resistance of n resistors in parallel to their
resistance in series is exactly 1 :n2.
The methods that have just been presented
assume the use of a direct-reading ratio set. These
methods, however, are entirely satisfactory when
use is made of any ratio set that has small and
definite steps. Such a set may be assembled from
ordinary laboratory apparatus. For example, the
adjustable 100-ohm arm might be made of a
105-ohm coil with a parallel decade box reading
about 2,500 ohms. A change in reading of the
decade box by 0.1 ohm would change the 100-ohm
arm by about 1 ppm. The changes in the parallel
resistance are not directly proportional to the
change in the high resistance arm, but they may
be readily calculated. This adjustable 100-ohm
arm, together with a fixed 100-ohm resistor,
constitutes an adjustable ratio set.

2. Universal Ratio Set
Precision standard resistors are usually made
only in integral multiples or submultiples of an
ohm. Consequently odd-valued resistors usually
cannot be measured by a substitution method,
except in a few cases where standard resistors can
be combined to give a resistance nearly that of the
unknown. The comparison of odd-valued resis¬
tors with standards is then not possible with a
direct-reading ratio set, but a ratio set is required
that is accurately adjustable over a wide range,
at least from a 1:1 to a 5:1, or preferably to a
10:1 ratio.
A very convenient wide-range ratio set is one
used at the National Bureau of Standards and
called a “universal ratio set” [ 14]. This instru¬
ment is one having a constant resistance, between
two external terminals, of about 2,111 ohms. An
arrangement of dials is such that in effect a poten¬
tial connection may be made at any point of the
2,111 ohms to the nearest 0.01 ohm. The ratio
of the resistance between the potential point and
one terminal of the set to the resistance between
the potential point and the other terminal is
therefore adjustable in small steps over a very
large range. The device is the equivalent of a
long slide wire with a movable contact, and its
uses are analagous.
Suppose it were desired to measure a resistance
of say 6.8 ohms by comparing it with a 10-ohm
standard resistor. The two resistors could be
connected in series and the combination connected
across a slide wire as shown in figure 29, X being
the unknown, S the standard, and IF a slide wire.
If a galvanometer, G, is connected to terminal a
of the unknown and to the slide wire, a Wheat¬
stone bridge is obtained that will balance with
the slide wire at some point, 1, near the end. If
now the galvanometer connection is changed suc¬
cessively to b, c, and d, successive balances will be
obtained with the slide wire at 2, 3, and 4, respec¬
tively. The ratio X/S is then the same as

iflt2/i?3,4 where B12 and i?3,4 are the resistances of
the slide wire between the points 1 and 2, and
3 and 4, respectively.
It is very difficult to make a wire of sufficient
length and uniformity that the ratio i?i,2/i?3,4 can
be accurately determined. Instead of a slide
wire, the universal ratio set makes use of a group
of wire wound resistors so that the resistances
between the balance points 1, 2, 3, and 4 can be
accurately known. The arrangement of its dials
is as follows. The highest dial consists of twenty
100-ohm resistors in series, with the dial contact
acting as the potential connection to the instru¬
ment, as shown in figure 30. As the dial is
rotated in a clockwise direction, the 100-ohm
resistors are successively changed from the right
to the left side of the contact. To change resist¬
ance from the right to left side in 10-ohm steps,
two more dials are used, each having ten 10-ohm
steps as seen in figure 31. These two dials are
operated by the same handle but with one dial
increasing as the other decreases in resistance.
The total resistance between S and T remains
constant for any setting of the 10-olim decades,
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and of course it is unaffected by the position of
the 100-ohm dial switch that is merely a potential
contact.
Steps of 1, 0.1, and 0.01 ohm-per-step are
obtained in the same way as the 10-ohm steps,
that is with two decades of each denomination
operating together, one on each side of the 100-ohm
dial. This scheme for the change of the potential
point along a fixed resistance is essentially the
same as that of the Feussner type potentiometer.
The large number of contacts in series limits its
use for precision work to ratio sets of fairly
high resistance.
The universal ratio set is used only for the
determination of resistance ratios and hence may
be calibrated in terms of any unit. It is most
conveniently calibrated in terms of an average
step on the highest or lowest dial. This is done
by comparing each step of a decade with the ten
steps of the preceding dial starting with the
smallest dials. Only the steps on one side of the
100-ohm dial need be tested, as the function of
the other group is to keep the total resistance
constant. A check of the constancy of the over-all
resistance needs to be made for all readings of the
double dials.
The use of a universal ratio set is the same as
that of a slide wire as described in conjunction
with figure 29, for the measurement of odd-sized
resistances. It may be used in the measurement
of four-terminal resistors and is especially con¬
venient for the tests of potentiometers. The test
of a potentiometer consists in the measurement of
the ratio of the emf-dial resistance to the stand¬
ard-cell resistance for all settings of the emf and
standard-cell dials. These resistors are of the
four-terminal type with potential connections
brought out to emf and standard-cell binding
posts. The method is satisfactory even when

some resistance is common to both the standard¬
cell and main-dial resistance. The arrangement
for such a test is shown in figure 32. The ratio
set, URS, which is shown as a slide wire, is con¬
nected in parallel with the potentiometer, the
connection-to the latter being made to the battery
binding posts, BA-\- and BA—. Readings on
URS are made with the galvanometer connected
successively to the SC and emf binding posts, for
all settings of the emf dials. It should be noted
that changes in the emf dials are merely changes
in potential points and do not affect the readings
obtained for the SC dial.
Potentiometers are provided with rheostats in
the battery circuit for adjusting the potentiometer
current. A change in this battery rheostat will
change the differences in readings obtained on the
universal ratio set but not the ratio of the differ¬
ences. It is possible to make the ratio set directreading by adjusting the battery rheostat until the
difference on the ratio set for the standard-cell
posts is a decimal multiple, preferably 1,000, of
the reading of the standard-cell dial. Corrections
for the emf dials may then be read directly from
differences across the emf terminals.

Figure 32.
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Check of potentiometer with universal ratio set.

V. Calibration of Precision Bridges
1. Calibration of Wheatstone Bridges
The circuit of a commercial precision Wheat¬
stone bridge is usually as shown in figure 33. The
two ratio arms A and B may have any one of
several values, the choice being made by inserting
a plug in series with the desired resistor. The
rheostat arm, R, consists of four to six decades of
not less than 0.1 ohm nor more than 10,000-ohm
steps. The unknown resistor is connected to
heavy binding posts, X, and a battery and gal¬
vanometer are connected to the external binding
posts BA and GA. The switches SB and SG open
and close the battery and galvanometer circuits.
In calibrating a bridge of this type, it is neces¬
sary to determine the resistance of the ratio arms
between the branch points 2 and 3 or 3 and 4
rather than between the external binding posts,
as the resistances from the branch points to the
binding posts are usually not negligible. Also it
is necessary to find the resistance between 1 and
4 with the rheostat dial, R, set at zero, as well as
the corrections to the readings of the rheostat
dials themselves. It is also necessary to measure
the lead resistances between the branch points 1
and 2, as these are in series with the unknown
resistance connected at X. The bridge balance
determines the entire resistance of the A-arm,
and the leads must be subtracted in order to
obtain X itself. These four types of resistance
measurements are made by application of some of
the general principles previously discussed.
To measure the ratio arm B, for example, it
is necessary to determine the four-terminal
resistor having branch points 3 and 4. This is
easily done by comparing it with a two-terminal
standard of the same nominal value, making
application of the method outlined in section
IV, 1 and using the circuit shown in figure 34.
The resistors a and b are the arms of a directreading ratio set, or any two ratio arms that may
be adjusted in small known steps. As shown, one side of the galvanometer is in effect connected,
to the branch point 4, through the rheostat arm,
R, which may be set at zero.
The standard
resistor is placed in the mercury cups, AA, and a
short-circuiting link is placed across the other
mercury cups, /I/2. After a balance is obtained
by adjusting arm a, the standard and shorting
link are interchanged and the galvanometer
connection is shifted in effect to point 3 by con¬
necting to the other A" binding post. Half the
change in the ratio that results gives the difference
between the B-arm and the standard resistor.
The resistance of the A ratio arm may be
measured in exactly the same way as for the
B arm by making connection to the other GA
terminal instead of the one shown. Some diffi¬
culty may arise from variations of the contact

f GA

Figure 33.

Wiring arrangement of Wheatstone bridge.
GA

V

resistance of the galvanometer key, which will
now be in the measuring circuit. This may be
avoided by interchanging the adjacent X terminal
and the GA terminal. The galvanometer would
then be shifted from one X binding post to the
GA binding post instead of from one X binding
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post to the other. That is to say, the current and
potential connections at point 2 may be inter¬
changed. This will place the variable galvanometer
switch resistance in series with the galvanometer
where it will not affect the bridge balance.
The rheostat arm, R, may be calibrated like
any other precision rheostat as described in
section IV, 1.
Connection should be made
through the appropriate X and GA terminals.
The resistance of the rheostat arm with all
dials set at zero may be measured by connecting
the arm between two equal resistors, using a
direct-reading ratio set to connect up a Wheat¬
stone bridge. The change in the reading of the
ratio set is determined when the galvanometer
connection is changed from one branch point of
the rheostat arm to the other. This is the same
as the method given in section IV, 1 for the
measurement of lead resistances.
In a similar
way, the lead resistances in the X arm may be
determined, taking readings with the galvanom¬
eter connection to branch points 1 and 2 and to
the external X binding posts, with the latter
connected by a shorting wire. The calculation
must be made in two parts in order to exclude the
resistance of the shorting wire.
For calculating X from the calibration data, it
is convenient to express the corrections to the
readings of the rheostat arm in ohms and to ex¬
press the corrections to the ratio arms in pro¬
portional parts. The calculation in proportional
parts involves merely a division of the correction
in ohms by the nominal value in ohms. The
value of X for a given balance is calculated from
the equation
W=-g(l-(-a—b)(R-f-r-j-r0)—X0-

(21)

In this equation a and b are the proportional cor¬
rections to the ratio arms A and B respectively,
7?+r is the sum of the dial readings and correc¬
tions, and r0 is the resistance of the rheostat arm
with all dials at zero. The term X0 is the resist¬
ance in ohms of the lead wires in the A-arm of
the bridge. The factor (l+a— b) is an approxi¬
mation for (l+a)/(l + &) and is accurate if a and b
are small as compared with unity. If neither a
nor b exceeds 0.001, the error from neglecting the
second-order terms does not exceed two parts in
a million.

2. Calibration of Thermometer Bridges
Because of the space limitations and structural
difficulties, platinum resistance thermometers usu¬
ally have resistances of less than 100 ohms. The
common values are about 2.5 or 25 ohms, the
actual values being so chosen that the change in
resistance is very close to 0.01 or 0.1 ohm per
degree centigrade change in temperature. In

order to read to 0.001° C, it is necessary to read
these thermometers respectively to 0.00001 or
0.0001 ohm. For such measurements, bridges of
special design are usually used.
In this country thermometer bridges for preci¬
sion work are usually made with equal ratio arms.
These arms are interchangeable, so that the use
of an average value eliminates errors from lack of
equality of the ratio arms, or the ratio arms may
be interchangeable and adjustable so that they
may be made equal at any time. With such
interchangeable ratio arms, actual calibrations of
them are unnecessary. The calibration of a ther¬
mometer bridge requires only a calibration of the
rheostat arm.
In order to measure platinum resistance ther¬
mometers, which as stated above are usually not
very high in resistance, with a bridge having equal
ratio arms, it is necessary to have the rheostat arm
adjustable in small steps. In fact, steps as low as
0.0001 or 0.00001 ohm are needed for work of the
highest precision. In order to obtain such small
steps, contact resistances cannot be used directly
in the rheostat arm. Hence recourse is had to
decades of the Waidner-Wolff type described above
in section III, 5, in which the changes in resistance
result from changes in the values of high-resistance
shunts on
comparatively small resistances.
Switches are placed in the high-resistance shunts,
where variations in their resistance will have a
negligible effect. Decades of the Waidner-Wolff
type cannot be set to have zero resistance, but
the small changes start from an appreciable mini¬
mum value. However, for equal-arm bridges,
compensating resistance may be placed in the
A-arm. The value of the unknown is then meas¬
ured by the increase in reading of the rheostat arm
when the unknown is connected into the circuit.
The use of a resistance thermometer to measure
temperature involves merely the determination of
resistance ratios. Hence in calibrating thermom¬
eter bridges it is necessary to determine only rela¬
tive values of resistance, which does not require
the use of standard resistors. This calibration is
readily made by the user, especially for bridges
having equal ratio arms.
The calibration of such thermometer bridges
requires as auxiliary equipment only an adjustable
resistor that has the same range as that of the
bridge rheostat. This resistor needs to be accu¬
rately adjustable, although the resistance need
not be known for any position. Such an adjust¬
able resistor may be assembled, for example, from
a decade box with minimum steps of 0.1 ohm in
series with an 0.1- or 1-ohm resistor, which is in
turn shunted by a slide wire or a rheostat of fairly
high resistance.
This adjustable resistor is con¬
nected across the A-terminals of the bridge and is
used to balance the bridge after the rheostat arm
is set to certain required readings. The shunted
0.1- or 1-ohm should be attached to the A-termi-
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nals so as to be adjacent to the rheostat arm. If
a slide wire is used for the shunt, the sliding con¬
nection should be used as the galvanometer branch
point so that its variable resistance will be in the
galvanometer branch where it will not affect the
balance. This, in effect, throws the shunted re¬
sistance partly in the X and partly in the rheostat
arm. We then have the equivalent of the bridge
shown in figure 35, the ratio arms A and B being

Figure

35.

Calibration

of rheostat arm of thermometer
bridge.

accurately adjusted to equality. For a balance
the rheostat arm, rh, and the X-arm must be also
equal. If then X is changed by any amount, as
by the insertion of a resistance thermometer in
series, the rheostat would have to be changed by
an equal amount to again balance the bridge.
Thus, actual values of the rheostat arm need not
be known if changes in the arm are accurately
determined.
The procedure for checking the rheostat arm is
usually as follows. The resistances of all steps in
the arm are determined in terms of an average
step on the smallest dial. The steps of the small¬
est dial are first intercompared to see that they
are equal within 0.1 step, which is as accurately
as the steps may be readily read by interpolation
from galvanometer deflections. An easy way to
intercompare the steps on the lowest dial is to set
it at 0, the other dials being at any convenient

setting, and balance the bridge by adjusting X.
The galvanometer deflection is now read when the
lowest dial reading is changed from 0 to 1. Leav¬
ing this dial on 1, the bridge is again balanced
with the X-rheostat, and the galvanometer deflec¬
tion then again read for a shift of the lowest rheo¬
stat dial from 1 to 2. These alternate balances
with rh and X are continued until the value of
all the steps on the smallest dial of rh are deter¬
mined in terms of galvanometer deflections. Un¬
less one of the steps is defective, these should be
the same to the nearest 0.1 step.
The steps on the second dial of rh should each
equal the 10 steps of the lowest dial. They are
measured in terms of the lowest dial by setting
the lowest dial at 10 and the second dial at 0, the
other dials being at any convenient value, usually
small in order to obtain good sensitivity. With
the lowest dial at 10 and the next larger dial at 0,
the bridge is balanced by adjusting the value of X,
after which the smallest dial is turned to 0 and
the other dial shifted from 0 to 1. If there is now
any galvanometer deflection, it is because the first
step on the second dial is not the same as 10 steps
on the smallest. The amount that they differ, in
terms of steps of the lowest dial, is determined by
reading the galvanometer deflection and evaluat¬
ing this deflection by reading the additional change
in deflection resulting from a change of the smallest
dial setting from 0 to 1.
To measure the second step on the second dial
its reading is left at 1 and the lowest dial now set
at 10, a balance being obtained with X. The
lowest dial is now set back to 0 and the other
increased to 2, thus substituting the second step
of the higher dial for 10 steps on the lower. The
lack of balance is again translated into fractions
of a step on the lowest dial by interpolation, using
galvanometer deflections. This procedure is con¬
tinued, each step of the second dial being compared
in turn with the 10 steps of the lowest dial. A
table is now made showing the value, in terms of
steps of the lowest dial, of the first step of the
second dial, the sum of the first two steps, sum of
the first three steps, etc. This table will give the
resistance corresponding to any reading of this dial
in terms of steps on the smallest dial, which we
might call “bridge units”.
The values of the steps on the next higher dial
are now determined in the same way but in terms
of the 10 steps on the second dial, the unit again
being a step on the smallest dial. The continua¬
tion of this process gives the resistance of each step
of each dial in terms of the 10 steps on the preced¬
ing dial, from which finally is calculated the re¬
sistance for each setting of each dial in terms of
bridge units.
The resistances as determined may be used
with any resistance thermometer without con¬
verting their values to ohms. It is sufficient to
standardize the resistance thermometer on this
Circulars of The National Bureau oj Standards
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same bridge, by measuring its resistance at known
temperatures. However, it is often desirable to
convert the values to ohms in order that the bridge
may be used for the measurement of resistance
other than that of thermometers. This is done by
measuring the resistance of a standard by balanc¬
ing the bridge with the standard resistor connected
to the AT-terminals. All readings of the rheostat
should then be multiplied by the ratio of the
resistance of the standard in ohms (rather, the
difference between its resistance and that of the
shorting connector) to its resistance in bridge units
in order to convert the rheostat calibration to ohms.
The above procedure may be used for the cali¬
bration of the rheostat arm of any Wheatstone
bridge, in terms of steps of the lowest decade and
then in ohms, by comparison with a standard
resistor. When used with equal ratio arms, the

“zero” resistance of the rheostat need not be
determined, if two bridge balances are obtained,
the first with the unknown connected to the Xterminals and the second with the unknown re¬
sistance short-circuited.
Many precision thermometer bridges provide a
shorting plug for short-circuiting the resistor con¬
nected to the W-terminals.
The galvanometer
connects to the center of the shorting connector
so that equal amounts of its resistance are inserted
in the X and rheostat arms thus giving the same
balance as if the shorting connector had a negligible
resistance. With this method it is unnecessary to
know the resistance of the shorting connector,
although such resistance may usually be esti¬
mated with sufficient accuracy from its length and
gauge size.

VI. Resistivity of Solid Conductors
1. Resistivity, Definition and Units

2. Measurement of Resistivity

In the experimental work that led to the formu¬
lation of his law, Ohm found that the resistance,
B, of a conductor is directly proportional to its
length, l, and inversely proportional to its crosssectional area, A. These experimental facts may
be written in the form of an equation as

For a uniform conductor, it is merely necessary
to measure the resistance of a known length of the
conductor and then measure its cross-sectional
area in order to determine its resistivity. For con¬
ductors of small cross section, it is usually possible
to use a sufficient length that the resistance may
be accurately measured with a simple Wheatstone
bridge. For conductors of large cross section, it is
customary to measure the resistance with a Kelvin
double bridge in order to avoid errors from contact
resistances. Wherever possible, the cross-sectional
area is calculated from micrometer measurements.
For conductors of small or irregular cross section,
micrometer measurements are not sufficiently
accurate, and the average area is determined from
mass and density measurements.
For a uniform conductor the cross section, A, is

K=PJ’

(22)

where p is a constant of proportionality whose
value depends upon the material of the conductor
and upon the units used in measuring l and A.
This constant of proportionality is called resis¬
tivity.
The above equation, which defines resistivity
may be written
P=Rj-

(23)

No name has been assigned to the unit of resis¬
tivity, and consequently the unit is specified by
stating the units used in measuring B, A, and /.
This has resulted in the use of a large number of
units, as each of B, A, and l may be expressed in
more than one unit or subunit. From the above
equation for p, it is seen that the value of p is
numerically equal to that of B for a conductor
having unit length and unit cross-sectional area.
A cube is such a conductor, and this has led to the
rather common expressions for the unit of resis¬
tivity “ohms per cubic inch” or “microhms per
cubic centimeter”. These expressions are unde¬
sirable, because they imply that resistivity is the
ratio of resistance to volume. It is logically better
to say “ohms times square inches per inch”,
“microhms times square centimeters per centi¬
meter” or more briefly “ohm-inches” and “mi¬
crohm- c en timet ers ’ ’.

V
A=j,

(24)

where V is the volume and l the length of the con¬
ductor. But since, from the definition of density,
D,
(25)
where m is the mass, the preceding equation may
be written
7Y)

A = n)'

(26)

For many purposes it is sufficient to assume the
density as that given in tables. If this is not
sufficiently accurate, the specific gravity is deter¬
mined from weighings in air and in water, and
from these data and the density of the water, the
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density of the conductor is determined by the
equation

where wa and ww are the weights of the specimens
in air and water, respectively, and Dw is the
density of the water. At a temperature of 21° C,
the density of water is 0.998 gm/cm3 and this value
decreases uniformly to 0.997 gm/cm3 at about
25° C.
Instead of calculating A separately, the value of
A from eq 26 may be substituted into eq 23, giving

P=jXfx/,-

(28)

From this equation it is seen that the resistivity, p,
equals the product of resistance per unit length
and mass per unit length, divided by density.
The length need not be the same for the resistance
and mass measurements if the material is uniform.
For two conductors having the same density, the
ratio of their resistivities is the same as the ratio
of their values for the product E/lXm/l.
This
product is called “mass resistivity”, and is a
constant that is characteristic of the material of
a conductor, being D times as large as the or¬
dinary, or volume, resistivity. The mass resis¬
tivity is often specified in the purchase of con¬
ductors for electrical uses, and it is sometimes more
readily measured than is volume resistivity.
However, it is doubtful that this advantage is
efficient to compensate for the confusion that
rises from the use of two types of resistivity.
It is usual commercial practice to specify
percentage conductivity rather than resistivity,
especially in the purchase of copper conductors.
Conductivity is the reciprocal of resistivity, and
percentage conductivity is obtained by dividing
the resistivity of the given sample into that of the
standard and multiplying by 100.
By international agreement, the resistivity of
annealed copper is taken as 1.7241 microhm-em
at 20° C [15].
This value was selected from
measurements of the resistivity of a large number
of samples of high-purity commercial copper wire
from both American and European refiners. The
value was agreed upon as a standard for reference
and was not intended to be the value for abso¬
lutely pure material. Copper has been produced
with a conductivity of several percent greater
than 100, which probably indicates a material
of higher purity than that of the standard.
Some effort has been made to secure interna¬
tional agreement for a standard for the resistivity
of aluminum, but so far copper is the only metal
for which such a value has been adopted.
The measurement of the resistivity of a liquid
may often be made by comparison with another

liquid of known resistivity. In this case measure¬
ments of dimensions may be avoided, as the known
and unknown are given the same dimensions by
placing them in turn in the same container or
“conductivity cell.” The ratio of their resistivi¬
ties is then the same as the ratio of their resis¬
tances. Mercury is often used as the liquid of
known resistivity, since its value is accurately
known.
Although the resistivity of mercury is known
to a high accuracy, its use as a liquid of known
resistivity may lead to errors of considerable
magnitude. In comparing the resistivity of
liquids by placing them in turn in the same cell
and measuring their resistance, it is tacitly as¬
sumed that the current distribution through the
cell is the same for both liquids. This may be
incorrect unless the liquids have very nearly the
same resistivity, as the distribution of current in
the cell depends to some extent upon the resistance
of the metal electrodes. For high-resistivity
liquids the resistance of the electrodes may play
a negligible part in determining the current dis¬
tribution, but in the case of mercury, which is a
relatively good conductor, the current distribu¬
tion may depend to a considerable degree upon the
dimensions of the electrodes and upon the resis¬
tivity of the metal of which they are made.
In determining the resistance of a liquid, it is
necessary to use an alternating-current bridge.
When a direct current is used, the ions in the
liquid will drift towards the electrodes thus making
the density nonuniform. Moreover, polarization
will often be produced by the liberation of gases
at the electrodes. When measured with alter¬
nating current a conductivity cell is found to be
electrically the equivalent of a resistor and a
capacitor in parallel. This requires a balance
of reactance as well as of resistance when the cell
is measured in an alternating current Wheatstone
bridge.
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abstract

Reference is made to some of the more important contributions that have
been made to the subject of precise measurements of electrical resistance. The
sensitivity of bridges when used with the modern high-sensitivity moving-coil
galvanometer is discussed rather fully. Special consideration is given to the meth¬
ods and apparatus used and to the procedures followed in the National Bureau
of Standards in those comparisons in which the precision desired is of the order of
1 part in a million.
The more important factors limiting the precision of the comparisons, such as
load coefficients, terminals, and contacts, thermoelectromotive forces, insulation,
and the optical system of the galvanometer, are discussed rather fully. A meth¬
od of analysis of networks containing both linear and nonlinear four-terminal con¬
ductors is given, and the theoretical basis for the experimental procedure used in
determining the effect of slight defects in the insulation is pointed out. This is
followed by a brief discussion of Ohm’s law from the standpoint of precise resist¬
ance measurements and^ by a brief discussion of units of resistance. Finally,
reference is made to more than 100 publications having a more or less direct bear¬
ing on the subject of resistance comparisons.
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1. INTRODUCTION
Over a period of many years information pertinent to the compari¬
sons of the resistances of precision standard resistors has been accu¬
mulating in this Bureau. This paper presents in a connected form the
more important parts of this information not adequately explained in
previous publications.
The paper is intended to present:
1. For those having a general interest in electrical measurements, a
somewhat comprehensive discussion of the Wheatstone bridge method
and of the Thomson bridge method, and a brief description of the
apparatus used and procedures followed in this Bureau in making
resistance comparisons to a precision of 1 part in 1 million.
2. For those making precise resistance comparisons, a discussion of
various factors having a bearing on the precision of such comparisons.
To serve this twofold purpose the work of others previous to 1910
is reviewed briefly, and in this review it is pointed out that the con¬
clusions reached by Heaviside, Maxwell, and others were based on
assumptions which do not conform to present conditions. Funda¬
mentals are considered in the earlier parts of the paper, and these are
explained rather fully, while highly technical discussions are, for the
most part, placed in appendices. The manner of presentation makes
it possible for those whose interest is only general to familiarize them¬
selves with some of the fundamentals of precision resistance compari¬
sons without reading more than approximately the first third of the
paper, and for those who may be interested only in some particular
phase of the problem, such as thermoelectromotive forces or the
analyses of networks, to find readily (by referring to the index at the
end of the paper) what is given on the subject.
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II. REVIEW OF EARLIER WORK

The first measurements, by a null method, of what later was
recognized as a definite property of a conductor, called the resistance,
were made by Becquerel [31.1 Using a differential galvanometer, he
obtained the first definite proof of the relation between the resistance,
length, and cross section of wires. His results were published in 1826.
It was in the same year that Ohm [66] published his most important
paper, though it has hitherto been generally considered that Ohm’s
law is of a somewhat later origin. In 1833 Christie [12], who was not
familiar with the work of Ohm, described an arrangement of wires
which later became known as the Wheatstone bridge. With this
connection he verified the results obtained by Becquerel and also
determined the relative conductivities of a number of metals. As the
significance of Ohm’s work was not understood until later, Christie
was in the position of having devised one of the best methods of
measuring resistance before the concept of resistance had become
definitely established.
In 1843 Wheatstone [117, 118] presented a paper before the Royal
Society of London, in which he defined resistance and referred to
‘‘standard of resistance” and “resistance coils.”
In 1862 Thomson [94] published a paper in which he described what
he called a “New Electrodynamic Balance for the resistances of short
bars and wires.” This later became known as the Thomson bridge,
the Thomson double bridge, the Kelvin bridge, and the Kelvin double
bridge. Thomson seems to have been the first to attempt measure¬
ments of the highest precision attainable with the apparatus then
available and the first to have even an approximate understanding of
the factors limiting the precision of measurement.
Since then the sensitivity of bridges has been a subject of much dis¬
cussion. Of the more important of the earlier contributions, mention
should be made of a paper by Schwendler [79] published in 1866, of a
paper by Heaviside [32] published in 1873, a paper by T. Gray [26]
published in 1881, and the second and third editions [58] of Maxwell’s
Electricity and Magnetism, 1892. The conclusions given in these
publications were based on an assumption that the battery used was
not capable of supplying all of the power desired. Obviously, this
assumption would seldom be valid at the present time. Furthermore,
no account was taken of the electromotive force developed by the
relative motion of the winding and magnet of the galvanometer.
This constitutes another reason why the conclusions given are not
applicable in case a modern high-sensitivity moving-coil galvanometer
is used. However, not all of the earlier writers on this subject were
of the opinion that the then available sources of electric power con¬
stituted a limiting factor in the attainable sensitivity, since as early
as 1862 Thomson, in the paper to which reference has been made,
said “I shall conclude by remarking that the sensibility of the method
which has been explained, as well as of Wheatstone’s balance, is
limited solely by the heating effect of the current used for testing.”
In 1889 Paalzow and Rubens [68], in coimection with a study of bolom¬
eters, made a rather thorough investigation of the effects of heating
by the current in a Wheatstone bridge, but their conclusions are not

1 Figures in brackets indicate literature references at the end of this paper.
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directly applicable to resistance measurements. In 1892 Guye [281,
in a further study of bolometers, pointed out that the effect of heating
by the test current is proportional to the temperature coefficient of
the material from which a bridge arm is constructed, proportional to
the square of the current in it, and inversely proportional to its facili¬
ties for dissipating heat. He also pointed out that by making all, or
pairs, of the bridge arms alike in all respects, the effects of heating by
the test current could be almost completely compensated, unless the
power dissipation in the bridge arms were unusually large.
In 1893 Glazebrook [23] gave the results of a series of measurements
of standard resistors, using different test currents. He found the
resistance of 10-ohm standard resistors increased perceptibly as the
test current was increased from 0.05 to 0.15 ampere, but he concluded
that since the increase in resistance was proportional to the square of
the test current, the effect of the smaller test current was extremely
small.
In 1895 this was again pointed out by Schuster [78], who evidently
was not familiar with the work of Thomson, though he was familiar
with that of Guye. Schuster’s conclusion was that “The highest
percentage accuracy with which a given resistance can be measured
is directly proportional to the square root of the maximum electric
work which can be done on it without overheating.” In 1906 Jaeger
[40] and Smith [82, 83, 84], independently, and more recently Von
Steinwehr [86], discussed the subject from the same point of view.
Nevertheless, the conclusions of Heaviside, Gray, and Maxwell still
persist.
The effect of the electromotive force developed by the relative mo¬
tion of the winding and magnet of the galvanometer is less obvious.
However, it has been taken into consideration by Jaeger [40] and by
Von Stein wehr [86], both of whom give a different formula for the
sensitivity of the Wheatstone bridge (also the Thomson bridge),
according to the use of a moving-magnet galvanometer or a suitably
damped moving-coil galvanometer.

III. SENSITIVITY OF BRIDGES
1. DAMPING OF GALVANOMETERS

In the modern high-sensitivity moving-coil galvanometer the electro¬
motive force generated in the galvanometer during the time the de¬
flection is changing at its maximum rate may be of the same order of
magnitude as the impressed electromotive force. Therefore, during
this time it has a marked effect on the current and consequently on the
motion of the coil. What is observed is a damping of the motion of the
coil, and, among other factors, this depends upon the resistance of the
complete galvanometer circuit, that is, the resistance to an electro¬
motive force in the galvanometer branch of the bridge. If this re¬
sistance is much less than that which results in critical damping, the
movement of the coil toward any new equilibrium position is very
sluggish. If, on the other hand, this resistance is considerably more
than that which results in critical damping, the coil continues for
some time to oscillate about any new equilibrium position. Neither
condition is conducive to rapid nor accurate measurements. To
obtain a satisfactory performance, either a magnetic shunt or an
auxiliary resistance is used for adjusting the damping. As the latter
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is more convenient and is more generally used, it only will be con¬
sidered in deriving expressions for the sensitivity. However, it should
be pointed out that in general somewhat higher sensitivities may be
obtained by the use of an adjustable shunt on the magnet of the
galvanometer.
It is convenient to think of the resistance to an electromotive force
in the galvanometer branch as consisting of two parts, namely, the
resistance of the galvanometer and the resistance external to the gal¬
vanometer. In case the resistance of the bridge between its galva¬
nometer terminals, with the galvanometer branch open, is less than
the external resistance which gives a desired damping the auxiliary
resistance, U, is connected in series with the galvanometer, as shown
in figure 1, and adjusted so as to give the desired damping. In case
the resistance of the bridge be¬
b
tween the galvanometer ter¬
minals is so high as to give in¬
sufficient damping, the auxiliary
resistance is placed in parallel
with the bridge and galvano¬
meter, and so adjusted as to give
the desired damping. Some
prefer to have the damping
critical in all cases. However,
measurements can be made
somewhat more quickly when
the damping is approximately
two-thirds critical, which results
Figure 1.-—Circuit diagram of unbalanced
in an “overshoot” of 6 percent.
Wheatstone bridge.
Also in some cases the sensitiv¬
Here X, Y, A, and B represent values of the resis¬
of the four arms for which the bridge would be
ity is higher with the damping tances
balanced.
less than critical, while in
others it is higher with critical damping. Consequently, it is not
desirable to use the same damping in all cases. However, to avoid
undue complications, it will be assumed, for the present, that the
auxiliary resistance will be so adjusted as to give the same damping
in all cases, and this will be referred to as the specified damping.
2. WHEATSTONE BRIDGE

In what follows, the arms of the Wheatstone bridge will be desig¬
nated X, Y, A, and B. Wken the bridge is balanced, the resistances
of the arms will also be designated X, Y, A, and B. To indicate
that a reduction of the resistance of the X arm by an amount AX
would establish a balance of the bridge, the resistances of all arms of
the bridge will be designated as shown in figure 1.
Therefore,
X/Y^A/B.
(1)
With the galvanometer branch open, let

E =the potential drop from a to d,
Ex=the potential drop from a to b,
Eft=the potential drop from a to c, and
.E^the difference between the potential of
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Obviously then
z,
1
En

E(X+ AX)
X+AX+Y’

(2)

EA
> and
~A+B

(3)

AX) , EA
+X+AX+Y± A+B

(4)

Since the direction of Eg taken as positive is immaterial, to avoid
complications in what follows the T sign will be taken as positive,
and the ± sign will be taken as negative. Then, since from eq 1
it follows that
A _ X
AAB x+y’

w

eq 4 takes the form
E„=

ex r
i+ax/x
X+Y[l+AXJ(X+Y)'

E°

‘] or
X+Y+(x+y)*

(6)

etc)

*]’

^

If the bridge is nearly balanced, second- and higher-order terms may
be neglected, in which case eq 7 reduces to
E„=EYAX/(X+Y)2.

(8)

Letting dX represent the proportional decrease in the resistance
of the X arm, which would establish a balance of the bridge,
dX= AX/X.

(9)

Consequently,
Eg=EXYdX/(X+Y)2.

(10)

Since the potential difference which would appear across a break
were a branch of a network opened, may be considered as an electro¬
motive force acting in that branch, Eg may be considered as an elec¬
tromotive force in the galvanometer circuit.
Now let D be the change (in scale divisions) of the deflection of
the galvanometer resulting from unit change of the electromotive
force in the galvanometer circuit when the resistance V connected
in series with the galvanometer is that which gives the specified
damping. Hereafter D will be referred to as the sensitivity of the
galvanometer. Also let W be the resistance of the bridge between
its galvanometer terminals, b and c of figure 1, with the galvanometer
branch open. The case in which W is less than V will be considered
first. Then U is placed in series with the galvanometer, as shown in
figure 1, and so adjusted that

U+W=v.
Consider that the zero of the galvanometer scale is at an end of the
scale, that Q is the scale reading with the battery branch of the
bridge open, that Qi is the scale reading with the battery connected
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as shown in figure 1, that Q2 is the scale reading with the leads to
the battery interchanged, and that the galvanometer is so connected
that, with dX positive, Qu>QC>Q2. Then from eq 10 it follows that

Q.-Q^DEXYdXKX+Y)2,

(11)

Q.2-Q=-DEXYdX/(X+Y)2.

(12)

and
Subtracting eq 12 from eq 11 eliminates

Q and gives

dQ=2DEXYdX/(X+Y)2>

(13)

where dQ(=Q
Q 2) is the change in the deflection of the galvanom¬
eter following a reversal of the connections to the battery.
Now let S represent the combined sensitivity of the bridge and
galvanometer, that is, define S by the equation

S=dQ/dX.

(14)

Then it follows from eq 13 and 14 that

S=2DEXY/(X+Y)2.

(15)

Since from eq 1 it follows that

XY/(X+ Y)2=AB/(A+B)2,

(16)

another expression for the sensitivity is

S=2 DEAB/(A+B)2.

(17)

However, if the resistance W of the bridge between its galvanometer
terminals is greater than the resistance V, which gives the specified
damping of the galvanometer, the resistance U is placed in parallel
with the galvanometer .and adjusted so that

UW/(U+W) = V

(18)

From eq 10 it follows that with breaks in both the U and galvanometer
branches the potential drop across each of the breaks

Egu=EXYdXj{X+ Y)2.

(19)

With the galvanometer branch only open, the current in the U branch
is EguKJJ+W), while the potential drop across the break in the
galvanometer branch, Eg, is U times this current, or EguUI(U-\-W).
Therefore, since Uj(U-\-W) = V/W.

Eg=EXYdXVj W(X+ Y)2.

(19 a)

That is, the effect of the resistance in parallel with the galvanometer
(in parallel with the bridge, if considered from the standpoint of the
electromotive force developed in the galvanometer coil as a result of
its motion), when of such value as to give the specified damping of
the galvanometer, is a reduction of the electromotive force in the
galvanometer circuit, and consequently of the combined sensitivity
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of the bridge and galvanometer by the ratio of V to W [101].
fore, instead of the relations given by eq 15 and 17,

S=2DE

XYV
(.X+Y)2W’

ivoJ.es
There¬

(20a)

and

S=2DE

ABV
(.A+B)2W

(20 b)

With reference to these equations it should be noted: (1) That
although they are first-order approximations, for the purpose at
hand they may be considered as exact, and it is immaterial whether
the potential drop across the bridge is measured with the galvanom¬
eter branch (and its parallel branch) open or closed.
(2) That if
they are to apply with the resistance used in adjusting the damping
of the galvanometer either in series or in parallel with the galvanom¬
eter, in all cases in which the ratio of V to W is greater than one
it is to be taken as one.
In what follows, the relative positions of the battery and galvanom¬
eter shown in figure 1 (and fig. 2) will be considered as their normal
positions. With the position of the galvanometer and battery and
their respective rheostats interchanged,

S=2De

AXV
cA+X)2W’

(21 a)

and

S=2De

BYV
(B+Y)2W‘

(216)

Here e is the potential difference between branch points b and c,
which now are the battery terminals of the bridge.
Except for limitations imposed by the heat developed in the bridge
arms by the test current, eq 20 and 21 are in convenient form for use.
However, if E (or e) exceeds a certain magnitude, the heating in the
bridge will result in a change of the resistance of one or more of the
bridge arms by an amount in excess of that permissible or in excess of
that corresponding to the precision sought in the measurement.
There is, therefore, a fairly definite upper limit to the sensitivity
which may be used in any particular case. This will be referred to
as the permissible sensitivity. The permissible sensitivity depends
on the sensitivity of the galvanometer to an electromotive force in a
circuit giving the specified damping, the resistance external to the
galvanometer which gives the specified damping, the relative magni¬
tudes of the bridge arms, the resistance of the bridge between its
galvanometer terminals (factors which have been considered above),
the precision sought in the measurement, and the load coefficients of
the bridge arms.
The load coefficient of a conductor will be defined as the ratio of
the proportional change in its resistance to the power dissipated in it.
It would be logical therefore to develop formulas for the sensitivity
of bridges based explicitly on the power dissipated in each bridge arm.
However, there is some advantage in using either the current [401 or
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the potential drop in each bridge arm, and here the potential drop
will be used. How these factors, especially the precision desired in
the measurement and the load coefficients, limit the permissible
sensitivity may be seen by considering the following example.
Assume that
D=10 millimeters per microvolt,
V—15 ohms,
X—10 ohms,
Y=5 ohms,
A= 50 ohms, and
B—25 ohms.
Assume that the bridge is to be balanced to 1 part in a million
and that investigation of the load coefficients has shown that a change
of 1 part in a million occurs
in X when Ex, the potential drop in X, is 0.75 volt,
in Y when Ev, the potential drop in Y, is 0.75 volt,
i*n A when Ea, the potential drop in A, is 2 volts, and
in B when Eb, the potential drop in B, is 1.5 volts.
Obviously, if the resistance of X is to be calculated from values
assigned to A, B, and Y, the potential drop in none of the four re¬
sistances can be permitted to exceed the value just stated, and pref¬
erably it should not exceed two-thirds this value. In the absence
of known compensating effects, it will be assumed that the maximum
permissible sensitivity is obtained when the potential drop in the
bridge is as high as possible, without that in any arm of the bridge
being higher than two-thirds that which results in a proportional
change in the resistance equal to the precision sought in the
measurement.
With the battery and galvanometer in their normal positions, it is
readily seen that IF=20 ohms, also that as E is increased ET is the first
to reach the maximum permissible value and that Ex= EX/(X-\-Y).
Therefore, eq 20a may be written

S=2DEX
and taking

YV
{X+Y)Wt

(22)

Ex =0.5 volt gives
o_2X10X106X.5X5X15
= 2.5X106.
*
15X20

(22a)

That is, the change in deflection of the galvanometer following a
reversal of the connections to the battery is 2.5 mm per part per million
lack of balance of the bridge.
With the positions of the battery and galvanometer interchanged,
it is readily seen that W is less than V) that, as e is increased, Eh is the
first to reach the maximum permissible value; and that Eb=eB/(B-\-Y).
Therefore, eq 21b may be written

S=2DEb
Taking

YV
(B+Y)W.

(23)

Eb— 1 volt and V/W—l gives
iSr=2X10X106XlX5_Xl__3 3X1Q6
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or a deflection of 3.3 mm per part per million lack of balance of the
bridge.
It will thus be seen that either arrangement of battery and gal¬
vanometer gives a permissible sensitivity more than ample for estab¬
lishing balances of the bridge to 1 part per million, and that there is
not much choice between the two.
If the bridge were to be balanced to 1 part in 4 million, the per¬
missible potential drop in each bridge arm, and consequently the
permissible sensitivity, would be only half as large, while the precision
sought is higher by a factor of 4. Consequently, the permissible
residual deflection of the galvanometer could be only one-eighth of
what it might equally well be in making a balance to 1 part in a million.
On the other hand, if the load coefficients were smaller by a factor
of 4, the permissible potential drops would be higher by a factor of 2,
and consequently the permissible sensitivity would be higher by a
factor of 2.
Returning now to a general consideration of the sensitivity of the
Wheatstone bridge, it should be noted that with the battery and
galvanometer in their normal positions,

E=Ex(X+ Y)!X=Ey(X+ Y)IY=Ea(A+B)!A=Eb(A+B)iB,

(24)

and with the positions of the battery and galvanometer interchanged,

e=Ex(A+X)/X=Ey(B+Y)/Y=Ea(A+X)/A=Eb(B+Y)/B,

(25)

Therefore, it follows from eq 20 and 24 that

S=2DEXS=2DEV

YV
(.X+Y)W’
XV
(.X+Y)W’

(26a:)
(26 y)

BV
cA+B)W’

(26a)

AY
S=2DEb(A+B)W’

(266)

S=2DEa
and

and from eq 21 and 25 that

S=2DEX

AV
(A+X)W*

(27a;)

S=2DEy

BV
(B+Y)W*

(27 y)

S~2DE\A.+X)W’

(27 a)

and

S=2DE>(B+Y)W-

(27 b)

Now, if it is understood that Ex, Ev, Ea, and Eb each represents the
maximum permissible potential drop in X, in Y, in A, and in B, each
of eq 26 and each of eq 27, in general, gives a different sensitivity.
However, that one of eq 26 which gives the lowest sensitivity gives
the maximum permissible sensitivity with the battery and galva¬
nometer in their normal positions; while that one of eq 27 which gives
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the lowest sensitivity gives the maximum permissible sensitivity with
the positions of the battery and galvanometer interchanged. This
statement concerning the maximum permissible sensitivity is based
on the assumption that the resistance of one arm of the bridge is to
be calculated from known values of the resistances of the other arms.
Later it will be shown that measurements may be made in such a way
as to largely eliminate the effect of heating by the test current in one
or more of the bridge arms, and that the effect of heating in all bridge
arms, if not excessive, may be determined experimentally and an
appropriate correction applied. In either case, a somewhat higher
sensitivity may be permissible.
It will be noted that by keeping the galvanometer branch closed
and reversing the connections to the battery, the permissible sensitivity
is twice that which would be obtained by first closing the battery
branch and then the galvanometer branch. In addition this elimi¬
nates the effects of thermoelectromotive forces and leakage from power
circuits, insofar as these remain constant over a time corresponding
to a few periods of the galvanometer. Furthermore, a few reversals
of connections to the battery, at intervals corresponding approximately
to the period of the galvanometer, with the galvanometer branch
closed eliminate the effect of gradual drifts and hysteresis in the
galvanometer deflections. This is of great importance, since usually
in measurements of the highest precision, adjustments must be carried
to a point at which the changes in the deflection of the galvanometer
resulting from a lack of perfect balance of the bridge are much less
than the changes in the deflection resulting from disturbing influences.
3. THOMSON BRIDGE

Referring to figure 2, a material simplification in the analysis may
be brought about by using Kennedy's [48] A to 7 transformation, that
L

Figure 3.—Circuit

Here X, Y, A, B, a, and 0 represent resistances
of the six arms for which the bridge would be
balanced.

diagram shown in
figure 2, with the delta connected resis¬
tances, a, P, and L, replaced by the equiv¬
alent star-connected resistances, X', Y',
and Z‘.

is, by considering the three A connected conductors, L, a, and /3, as
replaced by three Y connected conductors, X', Y' , and Z', as is
shown in figure 3.
572772 O - 61 - 11
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This is the same as the Wheatstone bridge, except that there is a
resistance X' in series with X, Y' in series with Y, and Z' in series
with the galvanometer.
i deriving eq 26 and 27 then leads to
(F+ Y')V
\X+X'+Y+ Y')W’

(28a;)

(X+X')V
\X+X'+Y+ Y') W’

(281/)

BV
\A+B)W’

(28a)

AV
\A+B)W’

(286)

and

if the positions of the battery and galvanometers are as shown in
figure 2, and

S=2DEX

AV
(A+X+X')W’

(29a;)

S—2DEy

BV
{B+Y+ Y')W

(29 y)

(XYX')V
S=2DEa (H+W-l-W/)IF,

(29 a)

(Y+Y')V
(B+Y+Y')W’

(296)

and

S=2DEb

if the relative positions of the battery and galvanometer are inter¬
changed.
With reference to the differences between eq 26 and 28 and eq 27
and 29, it should be pointed out that for the F-connected conductors
to be equivalent to the A-connected conductors it is necessary that

X' — Laj (L + a + /3),
Y' — L(3/(L-)r&Y /3),

(30)

and

Zr = apj (L + a + 0).
In all cases, X' and Y' are each less than L, and usually L is very
small in comparison with A-\-X and B-\-Y. Consequently, there are
relatively few cases in which X' and Y' may not be omitted from
eq 29z and 29y, which then become identical with eq 27x and 27y.
In few if any cases is the permissible sensitivity determined by the
power dissipated in A or B. Therefore there is no need for drawing
conclusions from either eq 29a or eq 296. The Thomson bridge
method, with the positions of the battery and galvanometer inter¬
changed, is not used in the comparison of precision standard resistors.
However, the Thomson bridge method may be used in resistance
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thermometry, and then there are advantages in interchanging the
positions of the galvanometer and battery.
With reference to eq 28x and 28y, which apply when the battery
and galvanometer are in their normal positions (see figs. 2 and 9), as
a balance is approached by the procedure to be described later,
(Y+Y^KX+X'+Y+Y') approaches Y/(X-\-Y) and (X+X')/(X+
X'Y-\-Y') approaches X/(X-\-Y). Equations 28 may, therefore, be
considered to be the same as eq 26. However, with the battery and
galvanometer in their normal positions and with A, B) X, and Y the
same in both the Thomson bridge and the Wheatstone bridge, W is
higher in the Thomson bridge than in the Wheatstone bridge. In
the comparisons of precision standard resistors made in this Bureau by
the Thomson bridge method, this is of no consequence, since W is
less than V. Under these conditions, the sensitivity of the Thomson
bridge is the same as that of the Wheatstone bridge.
It is improbable that a case might arise in which the power dissipated
in the a arm or the 0 arm of the bridge would limit the permissible
sensitivity, whether the positions of the battery and galvanometer are
normal or interchanged. Therefore, no equation containing the
potential drop in a or in /3 is given.
IV. LOAD COEFFICIENTS
Reference has already been made to load coefficients defined as the
ratio of the proportional increase in the resistance to the power dis¬
sipated. This definition requires some amplification, since, in all cases,
time and the medium surrounding the resistor are involved. In the
following discussion it will be assumed that the resistors are immersed
in oil of low viscosity and that this oil is kept in fairly rapid circula¬
tion. Fortunately, most precision resistors come to an approximate
temperature equilibrium with the oil in a fairly short time, usually
less than 1 minute. With resistors of the type developed in this
Bureau about 30 years ago [76], which are sealed in cases containing
oil, the change in resistance is rapid at the start of the measuring
current and later is very gradual. These resistors apparently have
two thermal-time constants, one of about 30 seconds and one of about
30 minutes. Stated in another way, the difference in temperature
between the resistance element and the oil in the sealed container
becomes nearly constant in a minute, while the difference in tempera¬
ture between the oil in the container and the oil of the bath becomes
nearly constant in an hour. The load coefficients stated for standards
of this type apply when the current has been passing from 1 to 2
minutes, the time usually required for making a measurement.
From what has just been said it might be assumed that load co¬
efficients are proportional to temperature coefficients and inversely
proportional to the facilities provided for dissipating heat. Experi¬
ence shows that, in general, this is so only if the design is such that
the heating by the test current results in no marked mechanical
strain. Consequently, in measuring load coefficients it may be
better, when possible, to use a procedure such that this assumption
is reduced from a first to a second or third order of importance.
As an illustration of this point consider that it is desired to deter¬
mine the load coefficient of a 1-ohm standard. In that case the
procedure might be as follows:
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(1.) From among the available 0.1- and 0.01-ohm standards select
from each denomination one of the better from the standpoint of
facilities for dissipating heat and low temperature coefficient.
(2.) Inspect these two standards and make an estimate of their
relative facilities for dissipating heat.
(3.) From the estimate of their relative facilities for dissipating heat
and their known temperature coefficients make an estimate of the
ratio of the load coefficient of the 0.01-ohm standard to the load co¬
efficient of the 0.1-ohm standard, and designate this ratio k.
(4) Place the 0.1-ohm standard in the X arm and the 0.01-ohm
standard in the Y arm of a bridge, and balance the bridge by ad¬
justments of the A arm, first with 0.1-watt and then with 0.5-watt
power dissipation in the 0.1 ohm-standard. Assuming that the power
dissipated in the A and B arms of the bridge has no appreciable
effect on their resistances, the load coefficient of the 0.1-ohm standard
(that is, the change in the resistance of the 0.1-ohm standard result¬
ing from the dissipation of 1 watt in it) is taken as 2){ times the pro¬
portional increase in the resistance of the A arm divided by (1 —
0.1 k).
(5) Place this 0.1-ohm standard in the Y arm of the bridge and a
1-ohm standard in the X arm, and balance -the bridge first with one
and then another potential drop across the bridge. The load co¬
efficient of the 1-ohm standard is taken as equal to the proportional
increase in the resistance of the A arm of the bridge divided by the
increase in power dissipation in the 1-ohm standard plus 0.1, the load
coefficient of the 0.1-ohm standard as determined in (4). It will be
noted that the result obtained involves the initial estimate of the
load coefficients of the 0.01-ohm standard relative to that of the
0.1-ohm standard to the extent of only 1 percent. The value thus
obtained for the load coefficient of the 1-ohm standards may, there¬
fore, be presumed to be somewhat more precise than the value obtained
for the load coefficient of the 0.1-ohm standard.
Load coefficients of standards of higher nominal values may be
determined as outlined above, but for standards of the lowest nominal
value used a different procedure is required. If among these there
are two standards of such construction that it may be assumed that
the temperature rises for equal power dissipations are equal and that
the temperature inequalities cause little or no mechanical strain, and
if these two standards have markedly different resistance-temperature
coefficients, their load coefficients may be determined from their
resistance-temperature coefficients and the difference of their load
coefficients obtained by direct comparison.
Having determined the load coefficients of one or more standard
resistors, the load coefficients of others of the same nominal value
are readily determined by direct comparisons, whether or not their
performances are normal.
Investigation of wire standard resistors of the Physikalisch-Technische Reichsanstalt design having winding areas of approximately
40 cm2 has shown that the proportional change in their resistance
resulting from the dissipation of 1 watt in their windings is about the
same as the proportional change in their resistance resulting from
increasing the temperature of the oil bath 1° C. It may be concluded
therefore that the temperature rise of the resistance material above
the temperature of the oil is about 1° C per watt power dissipation.
156/242

Warner)

Resistance Comparisons

On the same basis it has been concluded that for the sealed standard
resistors developed in this Bureau about 1907 and the double-walled
type constructed prior to 1930 [89] the temperature rise is also about
1° C per watt power dissipation. For standard resistors of lower
denominations in which the resistance material is in the form of sheets,
the temperature rise per watt dissipation is less. For those of the
Physikalisch-Technische Reichsanstalt design, of the smaller size, the
temperature rise is about 0.2° C for the 0.01 ohm, 0.4° C for the 0.001
ohm, and 0.3° C for the 0.0001 ohm per watt dissipation.
Since most of the temperature coefficients are less than 20 parts per
million, errors resulting from heating will, in general, be less than
1 part in 2 million if the potential drops are limited to the following
values:
0.15 volt for 1-ohm,
.5 volt for 10-ohm,
1.5 volts for 100-ohm,
5. volts for 1,000-ohm,
15. volts for 10,000-ohm,
0.05 volt for 0.1-ohm,
.035 volt for 0.01-ohm,
.0075 volt for 0.001-ohm, and
.0025 volt for 0.0001-ohm standard resistors.
The temperature rises, and consequently the load coefficients,
depend on the viscosity and other factors affecting the circulation of
the oil, the design of the standards, and their temperature coefficients,
so there must of necessity be large variations. However, the potential
drops stated above are about the maxima permissible in measurements
to 1 part per million, unless the load coefficients are known to be
abnormally low, or a procedure is followed for eliminating the error
which otherwise would result from the heating by the test current.
In routine testing the schedule of potential drops given above is
followed approximately in the comparisons of resistors having nominal
values of 1 ohm and less. In the comparisons of resistors having
nominal values of 10 ohms and more the potential drops used are
much less than those given in the schedule. In special cases the
criterion used for the maximum permissible potential drops, without
an application of a correction for the heating, is a very small but
definitely noticeable change in the balance of the bridge on increasing
the potential drop across the bridge by a factor of 2.
If there is occasion to use larger potential drops, if there is reason to
suspect one or more abnormally large load coefficients, or if the load
coefficient of one or more of the bridge arms is not known to the
accuracy necessary for obtaining the desired precision, a valid correc¬
tion for the effect of the heating may be obtained by balancing the
bridge first with what is presumed to be a suitable potential drop
across the bridge and second with a somewhat larger potential drop
across the bridge. If the second potential drop is twice the first, the
effects of the temperature rise in each arm of the bridge will be 4 times
as large as with the first potential drop. Consequently, if the balances
are established by adjustments of the A arm (or A and a arms) of
the bridge and the value taken for A is four-thirds the first minus
one-third the second, a correction is applied for the effects of heating
by the test current in all arms of the bridge.
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V. GALVANOMETER USED WITH NBS PRECISION
BRIDGE
The galvanometer which has been and still is being used in most of
the precision resistance measurements made in the National Bureau of
Standards was designed and constructed especially for the purpose
about 1914 [116]. It has an adjustable shunt on the magnet, all¬
copper circuit, and taut suspensions with the center of gravity of the
moving system slightly off the axis of rotation. This latter feature
makes it possible by tilting to adjust the period, T, over a range from
about 5 to about 15 seconds. In cases in which really high sensitivity
is desired the performance seems to be most satisfactory with a period
of about 10 seconds'. The shunt of the magnet is so adjusted that with
a period of 10 seconds the external resistance giving critical damping
is 35 ohms. This adjustment once made is seldom changed as the
shunt is not readily accessible. The galvanometer is used with a
scale distance of 1.5 m. With critical damping the operating con¬
stants then are
T=10 seconds,
D=30 mm/^v,
I7=35 ohms,
or with two-thirds critical damping, which results in a 6 percent
overshoot and gives about the maximum speed of operation with the
10 second period, the operating constants are
T—10 seconds,
D—20 mm/^v,
T7=60 ohms.
It may be of interest to see what the permissible sensitivity is in
the comparison of 10-ohm standards when the A and B arms of the
bridge are each 25 ohms, the battery is in the normal position, and
the galvanometer is used critically damped. In this case the re¬
sistance, W, of the bridge between galvanometer terminals is 17}{
ohms.
With Ex or Ey~0.5 volt, it follows from eq 26* or 26y that
»S,= 2X30X.5X 10/20= 15 mm per part per million lack of balance
of the bridge. This is not only much higher than is needed but is
higher than it is desirable to use. In some cases, however, the per¬
missible sensitivity is none too high, and in a very few cases it is not
quite sufficient for the establishment of balances to 1 part per million.
In these the potential drop may be increased to the point at which
errors resulting from heating (calculated from a knowledge of the
load coefficients of the particular standards used) and from lack of
sensitivity are approximately equal, or even beyond this point, and
then a correction for the heating is determined and applied. In a
very few cases there would be an advantage in using a galvanometer
of higher sensitivity. However, for a considerable part of the measure¬
ments the galvanometer is adjusted so as to have a period of from 6
to 8 seconds. Then both the sensitivity and the external resistance
giving a specified damping are less than with the 10-second period.
VI. NBS PRECISION BRIDGE
The bridge now in use in the comparisons of precision standard
resistors was designed and constructed in this Bureau in 1918. All
parts of the bridge arms and the adjustable resistor used in regulating
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the damping of the galvanometer are immersed in oil. The ammeter,
voltmeter, and rheostats used in regulating the test current and other
auxiliary equipment are conveniently located outside the oil bath.
The entire bridge circuit is shielded against leakage from directcurrent power circuits. The oil bath is thermostatically controlled
at a temperature of 25° C, and during the time the apparatus is in
use the oil is kept in vigorous circulation. During the summer the
normal dew point is occasionally very nearly 25° C. To prevent the
condensation of moisture in the oil bath and to maintain good insula¬
tion of the battery, galvanometer, and other parts of" the circuit
outside the oil bath, the air of the laboratory is dried by refrigeration.
The more important resistance sections of the bridge are of the
double-walled sealed type developed jointly with others [98] of the
Bureau’s staff. The cases contain no
20
20
oil, since the use of oil in permanently
sealed resistors has long been con¬
sidered inadvisable. To obtain low
load coefficients the cases were made
considerably larger than those first
described, and the resistance wire was
selected on the basis of low tempera¬
ture coefficient. The primary of a
well-insulated variable mutual indue- pIGURE 4. The part of the A arm of
tor is connected in series with one of
the NBS precision bridge which is
adjustable in steps of 0.0001 ohm
the battery leads, and its secondary
over the range from approximately
is connected in series with one of
49.4.4.45 ohms to approximately
the galvanometer leads. This in¬
50.5555 ohms.
ductor (not shown in fig. 5) serves to
balance the electromotive force induced in the galvanometer circuit
on reversing the test current.2 The .A-arm of the bridge is of the
adjustable direct-reading type, such as is discussed in a recent pub¬
lication [63] of this Bureau. It consists of five resistance sections,
three of which are adjustable by means of dial switches. These
three sections are shown in figure 4. With each of the dial switches
set at its mid-position, the current in each shunt is one-tenth of that
in the section shunted, and the sum of the resistances of the three

1

The lack of an inductive balance manifests itself as ballistic deflection of the galvonometer, following a
reversal of the test current. If this ballistic deflection is large, it limits, somewhat, the precision of the
resistive balance. However, there is a more important reason why the ballistic deflections should be kept
small. Most sensitive galvanometers when deflected alternately in one and then in the other direction,
by equal amounts, have their rest points shifted slightly in the direction of the last deflection. For the
galvanometer used with the NBS precision bridge, if the rest point is observed after a deflection in one
direction and again after an equal deflection in the opposite direction, the difference between the two
observed rest points is from 1 to 2 percent of the amplitude of the deflections. If, therefore, systematic
errors from this source are to be insignificant, inductive balances must be such that the ballistic
deflections are less than 50 times the change in deflection resulting from lack of resistive balances correspond¬
ing to the precision sought in the comparisons.
In the comparisons of standard resistors of the usual construction, having resistances in the range from
0.1 to 100 ohms, usually this condition is realized without a special device for making inductive balances
and without special precautions on the part of the observer. However, if the resistors in the X and Y arms
of the bridge have low resistances of different nominal values (such, for example, as 0.001 and 0.0001 ohm), and
if a high precision is desired, a means for compensating the effect of the difference between their time con¬
stants and of mutual inductances between different parts of the bridge circuit is necessary. Likewise, if the
resistors in the X and Y arms of the bridge are of the usual bifilar construction and have high resistances of
different nominal values (such, for example, as 10,000 and 1,000 ohms), and if a high precision is desired,
provision should be made for compensating the effect of the distributed capacitances. The effects of self
and mutual inductances and of distributed capacitances may be compensated by a mutual inductor
having one of its windings connected in a galvanometer lead and the other winding connected in a battery
lead between the current-reversing switch and a current terminal of the bridge, provided the inductance
is adjustable over a suitable range of positive and negative values.
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Iu general, the notation here is the same as in figures 2, 9, and 16. Here 1 and 2 represent main terminal
blocks (shown in detail in fig. 11); 3 and 4, current-terminal blocks; 5 and 6, terminal blocks for the less fre¬
quently used ratios of A to B', 7 and 8, hinged terminal blocks to accommodate standard resistors with different
spacing of terminals; 2 50, the three adjustable resistance sections shown in figure 4; Rt>,^compression carbonplate rheostat for adjusting large test currents; P, potential divider for adjusting small test currents; AM,
ammeter shunt; VM, voltmeter leads; ki, ki, and S, keys and switch for closing battery branch and reversing
connections to battery leads, k\ and k2 for small test currents, S for large test currents; Qi and Q$, copper
links and terminal blocks with amalgamated contacts for connecting two sections of the A arm ana of tnea
arm, either in series or In parallel.
For the Wheatstone bridge method usually terminals 1 and 2 are used
instead of 3 and 4, xz and yz are left disconnected, and the galvanometer circuit is closed by a connection
between M and q.
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sections with their shunts is 50 ohms. The resistance sections of the
shunts are so chosen that the steps of the dial switches change the
combined resistances of sections and shunts respectively by 0.0001,
0.001, 0.01, or by 0.1 ohm. The positions of each dial switch are
numbered from 0 to 10. When the three shunted sections desig¬
nated 250 in figure 5, are connected in series, or in parallel, with the
50-ohm section of the A arm, and any section of the B arm of the
bridge used, differences in the readings of the dial switches correspond
to differences in the ratio of A to B in parts per million of the nominal
ratio of A to B. Wlien the three shunted sections are connected in
series with the 50-ohm section and the 900-ohm section, differences in
the readings of the dial switches correspond to differences in the ratio
of A to B in parts in 10 million of the nominal ratio of A to B. In
all cases the A arm has its nominal resistance when the reading of the
dial switches is approximately 5555.
The dial switches may be rotated indefinitely in either direction,
while the complete range of adjustment is covered by a rotation of
slightly less than 120°.- The brushes, three in number for each
switch, are of the multiple-leaf type, such as are used by Otto Wolff.
They are mounted on what amounts to the feet of a rigid tripod,
and the contact pressure is supplied by three coiled steel springs.
This arrangement largely eliminates rocking of the brushes as the
switch is rotated and gives a nearly constant pressure of the switches
against the contact blocks. With the switch in any position, one of
the brushes rests on an insulated segment and the circuit is through the
other two brushes in series.
The dial switches are of good quality and operate under oil. Pre¬
sumably, therefore, variation of the resistance of the contacts of each
dial switch never exceeds 0.001 ohm. Since the resistance of each
shunt is 10 times the resistance of the section shunted, a variation of
0.001 ohm in each of the four dial switches in the same direction
results in a variation of the combined resistance of sections and
shunts of 0.004/121 ohm. This is 1 part in 3 million in case A is
nominally either 25 or 100 ohms, and 1 part in 30 million in case A
is nominally 1,000 ohms. However, the probable effects of the
variations of the resistances of the dial switches are approximately
one order smaller than this.
The B arm (see fig. 5) has resistance sections of 16%, 25, 50, 100,
and 1,000 ohms, most of which may be used singly or in combinations.
Therefore, a number of values for the ratios of A to B may be had,
such as 1 to 1, 2 to 1, 4 to 1, 10 to 1, 1 to 2, 1 to 4, and others seldom
used. Each of these ratios may be varied by changing the readings
of the dial switches of the A arm, and for the most part the range of
variation is from 0.5 percent below to 0.5 percent above the nominal
ratio.
Adjustments are such that differences in the readings of the dial
switches, not in excess of 500, correspond to differences in the ratio of
A to B well within 1 part in a million of the nominal ratio providing
no one of the readings differs by more than 500 from that for which A
has its nominal value. In exceptional cases corrections must be ap¬
plied to the readings to give differences accurate to 1 part in a million
of the ratio.
The a and /S arms (see fig. 5) are similar to the A and B arms, except
that the resistance of corresponding sections is half as large, the a arm
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does not have a 450-ohm section corresponding to the 900-ohm section
of the A arm, and the /3 arm does not have a 500-ohm section cor¬
responding to the 1,000-ohm section of the B arm. The dial switches
of A and a arms are mechanically connected so as to always have the
same reading.
A general view of the bridge removed from the oil is shown in
figure 6. A general view of the bridge and oil bath is shown in
figure 7. Two features of the oil bath which should be mentioned are
the means employed for securing a reasonably uniform temperature
throughout the bath and of maintaining the desired temperature.
The oil bath has a false bottom supported about 3 cm above the true
bottom of the bath and extending to within about 1 cm of the side
walls, which are of nickel-plated copper. Near the center of the false
bottom there is an opening about 8 cm in diameter, and the circulat¬
ing propeller is located beneath this opening and concentric with it.
The circulation of the oil in the central part of the bath is downward,
through this opening, outward between the false and true bottoms,
upward next to the side walls to near the surface of the oil, and inward on
and under the oil surface. The rate of the circulation is approximately
3 liters per second, so that the volume of oil passing through the cen¬
tral opening in 1 minute is approximately the same as the volume of
oil contained in the bath. The heat for maintaining the temperature
is supplied by small carbon-filament lamps located slightly above and
near the opening in the false bottom. By means of radiation, a part
of the heat developed in the lamp filaments is distributed through the
oil almost instantly. That part of the radiation from the lamp fila¬
ments absorbed in and near the lamp bulbs is carried quickly to the
side walls of the bath and surface of the oil, the parts from which heat
is being lost by radiation and air convection.
VII. BRIDGE EQUATIONS
In the usual discussion of the Wheatstone bridge it is assumed that
if X represents the unknown resistance, its magnitude is to be calcu¬
lated from the equation
X= YA/B

(32)

That is, it is assumed that magnitudes of Y, A, and B are each known
to an accuracy at least as high as that expected for X, or that either
the magnitude of Y or A and the ratio of A to B or Y to B are known
to this accuracy. In measurements of the type under consideration
neither of these assumptions can, in general, be made. It is therefore
necessary to use some procedure which avoids the use of these as¬
sumptions.
1. SUBSTITUTION METHOD

If a number of nominally equal resistances Xu X2, X3, Xit etc. are
to be measured and the resistances of two or more of these are known,
for example X2 and Xit usually a standard of the same nominal value
as those being measured is placed in the Farm, and the B arm is made
nominally equal to the A arm. Then all of the X’s may be substi¬
tuted one after the other in the X arm, and the bridge balanced in each
case by an adjustment of the A arm. If au a2, a3, a4, etc., are the read162/248
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ings of the dial-switch settings, An is the nominal value of A, and an is
the reading of the dial-switch settings for which A=An,
Y
Xi—-jjAn( 1 -\-a\-an)
X2

Y
~jjAn (1 -f- (Z2

®n)

X3

r
~jffXn (1 T Ch

®n)

Xi~

"g-A„(l ~\~a4

Y

<33>

<z„)

etc.
Letting N represent the nominal value of X and of YAJB, and
x, y, and b represent the amounts in proportional parts by which
X, Y, and B exceed their nominal values, eq 33 may be written in
the form
N( 1 -fa:) =N(l -f y) (1 -f a—an)/(l -f b).

(34)

Expanding eq 34 and neglecting 3d and higher-order terms gives
x=y+ (a—an)— b+y(a—an)~ b(a—an)+ b2—by.

(35)

Letting 2 represent that part of eq 35 which, for the series of measure¬
ments, is a constant, and, for the present, leaving out of consideration
the second-order term (y—b)(a—an) gives
Zi = oq-f 2
x2=02-f 2
■
X3 — 03 +

(36)

2

z4=a4 + 2 ,
etc.
Since X2 and X± are known, ?2 and x4 are known. Furthermore, all
a’s will be read from the bridge. Therefore, 2 may be determined from
the second or fourth of eq 36, or what is better, from both of these
equations and the mean value used. Substituting the mean value of
2 in each of eq 36 gives a value for each of the x’s and consequently
for Xu X2, X3, Xi} etc. in terms of the unit in which values of X2 and
Xi are expressed.
To see to what extent the values thus found are in error as a result
of the approximations involved in eq 36, it is necessary to consider
the second-order term (y—b){a—an) of eq 35, the magnitudes of
X\, x2, x3, x^ etc. and what constitutes nominal values of each of the
bridge arms. It was intended that resistances of the sections of the
A arm be so proportioned that differences of readings of the dials
equal differences in resistance in parts per million of the resistance the
A arm has when the reading of the dials is 5555. This resistance
(instead of 25, 100, or 1,000 ohms, depending on what sections are
used and the way they are connected) should be taken as the nominal
value of A. The appropriate multiple of the unit used is taken as the
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nominal value of the X’s, and nominal values of B and Y are so
chosen that

BJ Yn=AJ Xn.
As a result of the way in which the eq 36 are used z includes all of
(y—b)(a—an) except the part equal to (y—b)[a— (o2+a4)/2], while
the nominal value chosen for A makes

y— 6 = 5555—a-fx, approximately.

(37)

Therefore (5555 — a-\-x) [a— (a2+a4)/2] may be taken as the
error in or a correction term for any one of eq 36. From the data
obtained in a series of measurements it is therefore possible to deter¬
mine, almost at a glance, the correction which, if significant, should be
applied to one or more of eq 36. The first factor in this correction
term is a constant for the series of measurements and depends upon the
relative departures of Y and B from their nominal values. By a
selection of the standard resistor to be used in the Y arm, usually it is
possible to make this factor less than 0.02 percent. If the first factor
is less than 0.02 percent and the resistance of no one of the standard
resistors substituted one after the other in the X arm differs from the
mean of X2 and X± by more than 0.05 percent, in no case will the error
or correction term exceed 1 part in 10 million.
Returning now to a further consideration of the sensitivity of bridges,
the substitution method not only obviates the requirement of an
accurate knowledge of the resistances of the A, B, and Y arms of the
bridge, but, for the most part, eliminates the effects of heating by the
test current in these arms. Therefore, if the battery and galvanometer
are in their normal positions, it is permissible to use in the Y arm a
standard resistor having a higher nominal value than those being
substituted alternately in the X arm and thus realize a somewhat
higher permissible sensitivity, as may be seen by reference to eq 26x.
If, on the other hand, the positions of the battery and galvanometer
are interchanged, the use in the Y arm of a standard of lower nominal
value than those being substituted in the X arm gives a higher per¬
missible sensitivity only in case W is larger than V, as may be seen by
reference to eq 27a;. Furthermore, it is not the load coefficients of the
resistors being compared, but their differences or spread which limits
the permissible potential drop in these resistors.
Equation 36, and others which follow under the heading “Bridge
Equations,” are applicable if the Wheatstone bridge method is used.
They are also applicable if the Thomson bridge method is used, pro¬
vided the adjustment is made in the manner which will be described
later (or its equivalent), and provided further that the resistance of
the potential lead which then constitutes a part of the A arm of the
bridge is not so large but that differences in readings of the dials may
be taken as differences in the ratio of A to B in parts per million of its
nominal value. If xx is the resistance of this lead, including the ad¬
justable rheostat (see fig. 9), the effect of this resistance is taken into
account by the addition to the right-hand members of eq 36 the
second-order term {xfAf)[a— (a2+a4)/2]. Usually xfAn does not
exceed 0.05 percent, and a— (a2+a4)/2 does not exceed 0.05 percent,
so usually this second-order term amounts to less than 1 part in
1 million.
166/250

Resistance Comparisons

Wenner]

A point which should be brought out here is that if a change in the
unit of resistance is made, no change will be required either in the
bridge or the procedure followed in the reduction of the observational
data. A change in the unit will change x in the correction term
[5555 —a+x][a—(a2+a4)/ 2],
but an approximately equal change in a, a2, and a4 may be made by
the selection of a different standard resistor for use in the Y arm of
the bridge.
2. INTERCHANGE METHOD

If two nominally equal resistances, Xx and X2, are to be compared,
the bridge may be balanced by an adjustment of the A arm, first with
Xi in the X arm and X2 in the Y arm and then with X2 in the X arm
and Xi in the Y arm. This gives two relations, which may be written
as follows:

Xl=Xrg(l+al—an).

(38)

X2=X^(1 +a2-an).

(39)

From eq 38 and 39 it follows that

X2=Xx V1 + a2—ax + (a2 — an) (a„—ax) + (a, — an)2

(40)

If, therefore, conditions are such that the second-order terms under
the radical and terms of the order of (a2—ax)2 may be neglected,

X2=Xt [1 +(02—aO/2].
If, in addition, Xx has so nearly its nominal value that
may be neglected,

x2=xx+(a2—ax)/2,
where x2 and
values.

(41)

xx(a2—ax)/2
(42)

xx are the departures of Xx and X2 from their nominal
3. KNOWN RATIO METHOD

In the comparison of two resistances, Xx and X2, whose nominal
values differ by a factor such as 2, 3, 5, or 10, different procedures may
be used, but most of these only in special cases. The following is
almost universally applicable and most frequently used in this Bureau.
The ratio of the bridge is set nominally equal to the ratio of the
resistances of the two standards, which are placed one in the X arm
and the other in the Y arm. Then, if X2 is known and it is placed in
the Y arm of the bridge,

Xx—RX’2(14*

— ar)t

(43)

where R is the nominal ratio of Xx to X2, ax is the reading of the dials
of the A arm of the bridge, and aT is the reading (as yet undetermined)
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of the dials of the A arm, for which the ratio of A to B has the nominal
ratio of Xx to X2. From eq 43 it follows that
xx=x2-\-ax—aT, approximately,

(44)

where xx and x2 are the departures of Xx and X2 from their nominal
values.
If, however, X2 is known and it is placed in the X arm of the bridge
xx=x2-\-ar—ax.

(45)

If AJB differs from the nominal ratio of Xx to X2 (or X2 to A/) by less
than 3 parts in 10,000, and Xx and X2 differ from their nominal valute
by less than 3 parts in 10,000, the approximations are not likely so
exceed 1 part in 10 million. The procedures followed in determining
aT will be considered in the next section.
VIII. ESTABLISHMENT OF KNOWN RATIOS
The principle underlying one of the procedures followed in finding
the reading of the A arm (that is, aT of eq 43) of the bridge for which
the ratio of A to B is accurately an integer may be illustrated as follows.
If there are at hand n standards or coils having nearly equal values,
Mx, M2, M3, etc., and S is their resistance when connected in series,
S=Mx-\-M2AM^sA^tiC.

(46)

Also, if P is their resistance when connected in parallel,
1_1_
P~MX

+K+ M3 + etc.

(47)

Now, let Mbe their mean resistance and mx, m2, m3, etc. be the depar¬
tures of each in proportional parts from the mean of all. Then
S=jM(l-\-mx-\- 1 -\-ni2-\- 1 T^sTcfc.)

(48)

P=M(\Amx)+ M (1 +m2) +M(1 +m3)+etc’

(49)

and

Assuming that the resistances of the standards or coils are so nearly
equal that the third and higher powers of m may be neglected, ex¬
pansion by the binomial theorem of the terms 1/(1 +mj), 1/(1 +m2),
1/(1+/n3), etc. in eq 49 gives

J-JL (1 — m^m^+l — m2 + m22+l — m3 + m32+etc.).
P~M

(50)

Since by definition mi + m2 + m3 + etc. equals zero,
S=nM,
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and

p=iKi+Sm!)
where Sm2=m12+m22+m32+etc.
and 52 that

S

(52)

It follows, therefore, from eq 51
, 1V>

(53)

There is no difficulty in adjusting a group of standard resistors or
coils so that the resistance of no one differs from the mean of all by
more than a few, or even 1 part in 10,000, in which case 2m2/w would
be not more than 1 part in 10 million or 1 part in 100 million, so usually
2m2/7i may be neglected. However, the conductors used in making
the series and parallel connections will in general have resistances
which cannot be neglected.
Presumably Lord Rayleigh was the first to use the same coils con¬
nected alternately in parallel and in series [72] in building up from
unit standards. Steps of 4, 9,-16, 25, etc. are readily obtained simply
by changing the connections of the appropriate numbers of coils of
approximately equal resistances from parallel to series. Unfortu¬
nately, the square root of 10 is not an integer, so a step of 10, which is
most frequently needed, cannot be obtained directly in this way.
In this Bureau an auxiliary apparatus constructed in 1912 is used
for finding the reading of the dial switches of the A arm of the bridge
for which the ratio of A to B is accurately 10 to 1. The circuit of
this apparatus is shown in figure
8. It will be observed that there
are seven resistance sections, six
of 150 ohms each, and one of 50
ohms, all connected in series.
Two amalgamated copper links
not shown in the figure serve
to connect either group of three
of the 150-ohm sections in
parallel. Also other amalga¬
mated copper links are provided Figure 8.—Circuit diagram of the auxiliary
apparatus used for determining the reading
for use in determining the rela¬
of the dial switches of the NBS precision
tive resistances of the sections.
bridge, for which the ratio of the resistance
The resistances of the links are
of the A arm to the resistance of the B arm
is 10 to 1.
relatively low and definite and
the arrangement is such that the
resistance of each link, including two amalgamated contacts and the
appropriate portion of each of two terminal blocks may readily be
measured. In the appendix on terminals and contacts, it will be
shown that the effect of the resistances of parts of terminal blocks not
included as parts of links or as parts of resistance sections is negligibly
small. All other connectors are so arranged that the effect of their
resistance is eliminated in the procedure followed in the use of the
apparatus.
When this apparatus is placed in the bridge with a galvanometer
connection made at g, it constitutes the X and Y arms of the bridge.
With the three sections on the right connected in parallel and all
other sections in series, the ratio of the resistance of the series sections
572772 0-61-12
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to the resistance of the parallel sections, that is, the ratio of X to Y, is
very nearly 10 to 1. With A set at a nominal value of 100 ohms,
B set at a nominal value of 10 ohms, and with no part of the auxiliary
apparatus in the A or B arms, the bridge is balanced by an adjust¬
ment of the A arm and the reading of the dial switches recorded.
Then with the battery leads transferred to the points T and Q, the
bridge is again balanced by an adjustment of the A arm and the
reading of the dial switches recorded.
In the first balance, the resistance of the connection between the
normal junction of the X and A arms and the point T is in the X arm,
while in the second balance this resistance is in the A arm. Likewise,
in the first balance the resistance between the normal junction of
Y arid B and the point Q is in the Y arm, while in the second it is in
the B arm. Since the ratio of A to X and B to Y is 1 to 5, one-sixth
of the difference between the two readings [111] of the dial switches
applied to the first in the direction which moves it towards the second
corrects for the error which otherwise would result from the resistances
of the end connectors of the auxiliary apparatus. Now the auxiliary
apparatus is turned through 180°, the parallel connectors are transferred
to what is now the right side, and the galvanometer connection is
made at g', so as to again place the 50-ohm section in the X arm of
the bridge. Then two additional balances of the bridge are estab¬
lished and weighted as just described, giving a second reading of the
dial switches, corrected for the effect of the resistances of the end
connectors. Taking the mean of these two readings corrects for the
difference in the mean resistance of the three sections on the right
and the three sections on the left, as shown in figure 8. It is therefore
the reading of the dial switches for which the ratio of A to B is accu¬
rately 10 to 1, excepting a correction to account for the lack of strictly
proper adjustment of the 50-ohm section and a further correction to
account for the resistances of the paralleling connectors. The first
of these is —0.1, the amount expressed in proportional parts by which
the resistance of the 50-ohm section exceeds the mean resistance of
the other six sections taken three at a time in parallel, and corrected
for the resistances of the paralleling connections, while the second
is +8/9 the mean resistance of the paralleling connections expressed
in proportional parts of 50 ohms. These corrections (which amount
to only a few parts in 1 million and are easily determined to 1 part
in 10 million) applied to the mean of the two readings, referred to
above, give the reading aT of eq 43, 44, and 45, corresponding to a
ratio of H to Z? equal to 10 to 1, with a probable error not in excess
of 1 part in 3 million. However, to obtain this precision requires
interpolation from galvanometer deflections, since the apparatus
reads directly only to 1 part in 1 million. The reading of the dial
switches of the A arm of the bridge for which the ratio of A to B is
10 to 1 must be known to a high accuracy, since (starting with 1-ohm
standards, which are used in maintaining the unit) any error in this
reading enters once in the evaluation of the 10-ohm standards, twice
in the evaluation of the 100-ohm standards, three times in the evalua¬
tion of the 1,000-ohm standards, and four times in the evaluation of
the 10,000-ohm standards. It also enters once in the evaluation of
the 0.1-ohm standards, twice in the evaluation of the 0.01-ohm stand¬
ards, three times in the evaluation of the 0.001-ohm standards, and
four times in the evaluation of the 0.0001-ohm standards.
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When it is desired to find the reading of the A arm for which the
ratio of A to B is 2 to 1, the procedure is as follows:
1. The A arm is connected so that its nominal resistance is 100
ohms, the B arm is connected so that its nominal resistance is 50
ohms, the X arm is arranged to receive two standard resistors con¬
nected in series, and the Y arm is arranged to receive one standard
resistor.
2. Three standard resistors having the same nominal value (pref¬
erably 100 ohms) are used.
3. The bridge is balanced by an adjustment of the A arm with
each of the three standard resistors placed one after the other in the
Y arm, the other two being in the X arm.
4. The mean of the three readings of the A arm, after a correction
is applied to account for the resistance of connectors, is taken as the
reading of the A arm for which the ratio of the resistance of the A
arm to the resistance of the B arm is 2 to 1.
A similar procedure is followed in determining the reading of the
A arm for which the ratio of A to B is 3 to 2, 3 to 1, 2 to 3, 1 to 3,
1 to 2, or involves other small integers.

IX. ADJUSTMENTS OF THOMSON BRIDGE
A simplified diagram of the bridge circuit when the Thomson bridge
method is used, is shown in figure 9. Here, X\ represents one of the

Figure 9.-—Circuit

diagram of the Thomson bridge arranged for explanation of the
procedure followed in establishing balances of the bridge in such a way as to make
A/B=X/Y.

potential terminals of X, the potential lead, and a rheostat continu¬
ously adjustable through a range of about 0.01 ohm; yx represents
one of the potential terminals of Y, the potential lead, and a resist¬
ance which for the purpose at hand may be considered as fixed,
though actually it is adjustable in steps; x2 is similar to xp, and y2 is
similar to yx. L and 0 represent connectors of rather low resistance,
which may be opened or closed at will.
The adjustments are carried out as follows:
(1) With the connector L closed and the connector 0 open, the
direct-reading arms, A and a are so adjusted as to give a balance of
the bridge. This makes
^4—1==v> approximately.

B-\-y i

i
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(2) With the connectors L and 0 both closed, the bridge is balanced
by an adjustment of xx. These two adjustments make

x X
~=Y approximately.

(55)

(3) With the connectors L and 0 both open, the bridge is balanced
by an adjustment of x2 [74]. This makes

X+x2+a_A+Xi

(55a)

YJr'y2Jr ft B-\-yi
(4) With L closed and 0 open, the bridge is again balanced by an
adjustment of the direct-reading arms which, as stated above, are
mechanically connected so always read the same.
These four adjustments give

X_A
Y~B’

(56)

usually to the precision desired or attainable. The process is really
one of successive approximations, but the observer soon learns to
judge from the magnitude of the change in the reading of the dials in
making the fourth adjustment and the known precision required in
the various adjustments, if the adjustments need be repeated. Equa¬
tion 56 is the same as the Wheatstone bridge equation. Therefore,
in making a series of measurements, the data recorded and all calcu¬
lations are the same as though the Wheatstone bridge method had
been used. That is, only the readings of the dials for each of the
final balances of the bridge are recorded, and these are substituted in
the appropriate equation 36, 42, 44, or 45 considered above.
Since xfA and yfB seldom exceed 0.001, while in the final adjust¬
ment X\ is in series with A and y1 is in series with B, the precision
required in the second adjustment may be two or three orders lower
than that sought in the measurement. Furthermore, the precision
required in the third adjustment need not be high, and in many cases
this adjustment may be omitted. An important feature of the pro¬
cedure is that the adjustments result in making X/Y=A/B, whether
or not the four-terminal conductors, X and Y, are linear.
The simplicity of the adjustments results more from having suitably
designed and well-constructed apparatus than from the procedure
followed, which differs only in a minor detail from that described by
Jaeger and Diesselhorst [45]. Procedures for determining the cor¬
rection terms [P] of the Thomson bridge equation or for making these
terras negligibly small have been discussed by several of those who
have had occasion to use the Thomson bridge method.

X. PRECISION AND ACCURACY
The expected precision of the measurements may not be fully
realized on account of slightly faulty insulation in the bridge or in
one of the resistances being measured, static electrical effects, rapidly
varying thermoelectromotive forces, etc. Whether or not it is actually
obtained depends to a large extent on the temperament and skill of
the observer. To be properly qualified he should have a desire to do
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the job well, be neither easily fatigued nor perturbed, recognize slight
disturbances promptly and be able to locate then* source and correct
the difficulty, and, above all else, be able to differentiate between that
which is essential and that which is not essential in each of eight
orders of magnitudes.
At present the resistance of no standard resistor can be presumed
to be known (either in international ohms 3 or in absolute ohms) to an
accuracy within one order of trhe precision to which two or more
nominally equal resistances can be compared (if within the range con¬
sidered here) or quite to the precision to which an 0.0001-ohm standard
may be compared with a 10,000-ohm standard (provided a sufficient
number of intermediate steps is used). It might seem, therefore,
that the precision considered here is unnecessarily high. However,
the precision of the resistance measurements is a factor contributing
somewhat to the accurac}^ to which units of resistance may be realized
and is an important factor in selecting the particular standard resistors
used in maintaining a unit of resistance. For judging the relative
quality of standard resistors, a precision of 1 part in 1 million is really
needed, and it is a great convenience that for the most part this is
readily obtained. As an indication of a limited need for a somewhat
higher precision, it may be pointed out that the resistance of each of a
fairly large group of 1-ohm standard resistors (of the double-walled
type constructed by Thomas in 1933) is remaining so constant relative
to their mean resistance that only by making the comparisons to a
precision of about 1 part in 10 million can the changes occurring during
a few months be detected.
In the above discussions a stated precision represents twice the
probable error of a single measurement. The precision is estimated
from the extent of the agreement of results on repetitions of the
measurement under different conditions, or the consistency of results
obtained in case more than the minimum required number of measure¬
ments is made.
For example, if five 1-ohm standards are to be intercompared,
they may be substituted one after another in the same arm of the
bridge. The five balances of the bridge thus obtained give data from
which the resistance of each standard may be calculated in terms of
the resistance of any one or the mean resistance of any two or more.
Repetitions of these measurements under conditions giving different
distributions of the systematic errors furnish data for determining the
probable error of a single measurement by the substitution method,
that is, the probable error of each of the five results obtained from five
balances of the bridge.
The same five standards may be compared by interchange between
the X and Y arms of the bridge in all possible combinations. The
data obtained from the 20 balances of the bridge then serve in calcu¬
lating the resistance of each standard in terms of the resistance of any
one or the mean resistance of any two or more, the probable error in
the results and the probable error in a single measurement by the
interchange method. If all balances of the bridge were equally
reliable, the probable error in the results obtained from the 20 balances
of the bridge would be smaller than that obtained from five balances
3 Here by “international ohm” is meant a unit of resistance realized by the use of a column of mercury
under specified conditions, as distinguished from the unit of resistance of this country or the mean of the
units of resistance of several countries.
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of the bridge; also the probable error of a single measurement by the
interchange method would be smaller than by the substitution method.
In the course of time many sets of measurements are made and
repeated, so fairly definite estimates may be made of the precision
obtained in individual measurements under various conditions. In
repetitions of measurements after one or more days, the agreement
of results occasionally is not as good as would be expected from the
estimated precision of the measurements. In such cases, extending
the measurements over longer periods of time usually leads to the
conclusion that changes in the standard resistors are mainly responsi¬
ble for the lack of agreement of results. Consequently, there is little
increase in the accuracy of the measurements other than the detection
of a possible error in recording a bridge reading, by making more than
the minimum required number of balances of the bridge. Therefore,
in comparing a number of standard resistors, usually this is done by
the substitution method, making the minimum required number of
balances of the bridge, and then repeating this series of measurements
one or more days later, under conditions giving different readings of
the A arm of the bridge. In case the results obtained from the two
series of measurements are as consistent as should have been expected,
means of the values thus obtained are taken as the results of the
measurements. In case of a lack of a reasonable agreement in the
results, further measurements are made to determine the cause and
to remedy the difficulty should it be found to be a defect in the meas¬
uring apparatus instead of changes in the resistance of one or more of
the standard resistors used in the series of measurements. In cer¬
tificates for standard resistors, usually the stated accuracy of the
values given is determined not by the precision of the measurements
but by the uncertainty of the values in international ohms of the
standard resistors used in maintaining units of resistance and the
estimated changes with time of the resistances of the standard resistors
being certified. More frequently than otherwise, the stated accu¬
racy is 0.005 percent.
XI. APPENDICES
In the above discussion a number of important points have been
passed over with little or no consideration. Some of these will now
be considered somewhat in detail under the headings: Terminals and
Contacts; Thermoelectromotive Forces; Insulation; Optical System;
Methods of Analyses; Ohm’s Law; and Units of Resistance; while
others will be found discussed in publications to which reference is
made.
APPENDIX 1. TERMINALS AND CONTACTS
(a) STANDARD RESISTORS

For the resistance of a conductor to be definite, one of several requirements is
that the current always enter and leave the conductor in such a way as to give
always the same or an equivalent distribution of the current density in that part
of the conductor between the particular equipotential surfaces which serve in
limiting or defining the resistance. In addition, the potential drop must always
be taken between the same two or equivalent equipotential surfaces. Each time
a standard resistor is removed from and replaced in a circuit in which there is an
electromotive force some change occurs in the current distribution over the sur¬
faces through which the current enters and leaves the standard, and the potential
drop cannot always be taken between exactly the same two or equivalent equipo¬
tential surfaces. It will therefore be of interest to see what conditions are neces-
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sary in order that the resistance be definite to 1 part in 1 million, considering only
the effects of contacts and current and potential distributions in terminals.
But
first it will be necessary to state more precisely what is to be understood by the
resistance, or rather the resistances, of a conductor.
Since the more important resistances of a four-terminal conductor are more
definite than is the resistance of a two-terminal conductor, four-terminal con¬
ductors will be considered first.
Referring to figure 10, the heavy lines desig¬
nated 1, 2, 3, and 4 will be considered as representing surfaces on which con¬
nections to other conductors may be made, that is, they will represent terminals.
In case 1 and 4 are normally used as current terminals and 2 and 3 are normally
used as potential terminals, the resistance may be defined as the ratio of the
drop in potential from 2 to 3 to the current entering on 1 and leaving on 4.
This will be designated the resistance (1234). In case 2 and 4 are used as cur¬
rent terminals and 1 and 3 as potential terminals, the resistance may be defined
as the ratio of a drop in potential from 1 to 3 to the current entering on 2 and
leaving on 4. This will be designated the resistance (2134).
It will thus be seen that a four-terminal conductor has as many four-terminal
resistances as there are permutations of four numbers. However, only two of
these resistances are independent of each other,
and the relations between all are rather simple.
Since there are so many resistances, it is a con¬
venience to divide them into groups and to attach
distinctive names to these groups.
The four
equal resistances (1234), (2143), (4321), and
(3412) will be called the direct resistance. The
four equal resistances (1432), (4123), (2341), and
(3214) will be called the cross resistance, and the
four equal resistances (1243), (2134), (3421), and
(4312) will be called the diagonal resistance.
When defined in this way, the direct resistance
four-terminal conductor.
minus the cross resistance equals the diagonal
resistance, as was pointed out in a previous paper
[101]. Furthermore, any one of the 12 remaining four-terminal resistances is
equal in magnitude but opposite in sign to either the direct, the cross, or the
diagonal resistance.
It is also a convenience to divide four-terminal conductors into groups in ac¬
cordance with the relative magnitudes of the resistances and attach names to
these groups. Conductors for which the cross resistance is less than a millionth
part of the direct resistance will be called linear,4 and all others will be called
nonlinear.
If variations in the current and potential distribution on terminals are to affect
the direct resistance by certainly less than 1 part in a million, the terminals must
be so designed that the sum of the following potential ratios will be less than
0.000 001. With 1 and 4 used as current terminals, (1) the potential difference
between any two points on 2 to the potential difference between 2 and 3; (2)
the potential difference between any two points on 3 to the potential difference
between 2 and 3, and with 2 and 3, used as current terminals; (3) the potential
difference between any two points on 1 to the potential difference between 1 and
4; and (4) the potential difference between any two points on 4 to the potential
difference between 1 and 4.
This condition is generally realized in standard
resistors designed for precise measurements, but is seldom realized in standard
resistors designed for use with large currents.
In many cases the resistance
depends upon the manner of connecting the current leads to the current terminals
to the extent of 0.01 percent, and in exceptional cases to the extent of 1 percent.
The resistance of a two-terminal resistor may be defined as the ratio of the po¬
tential drop to the current, taken between two equipotential surfaces lying par¬
tially in the terminals of the resistor and partially in the conductors through
which the current enters and leaves the resistor. From an experimental stand¬
point, it is better to define the resistance of a two-terminal resistor as the differ¬
ence in resistance of two four-terminal conductors which are the same in all re¬
spects, except that one does and the other does not include the two-terminal
resistor.
* It should be noted that the distinction made here between a linear and nonlinear conductor does not
involve a proportionality and lack of proportionality of the potential drop to the current.
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To illustrate what is meant by this statement and to show that the resistance
so defined is not strictly a constant, let it be assumed that there is at hand a short
copper rod 1 cm in diameter and having plane end surfaces which are amalga¬
mated and that the resistance of this rod is to be measured. Also let it be assumed
that there are at hand two sets of cylindrical copper terminal blocks having plane
amalgamated end surfaces, the diameter of one set of blocks being 1 cm and the
diameter of the other set of blocks being 2 cm. Each terminal block has a flexible
current lead and a flexible potential lead. If (1) the copper rod is placed between
the amalgamated surfaces of the terminal blocks having the smaller diameters
and the resistance of the four-terminal conductor thus constituted is measured;
if (2) the copper rod is removed, the amalgamated surfaces of terminal blocks are
placed in contact, and the resistance of the four-terminal conductor thus consti¬
tuted is measured; and if (3) the latter measured value is subtracted from the
former measured value, a value is obtained for the resistance, as defined, of the
copper rod. This resistance will in general be slightly higher than that which
may be calculated from the known resistivity and dimensions of the copper rod.
Now, if this procedure is repeated, using the terminal blocks having the larger
diameter, a still higher value will be obtained for the resistance of the copper rod,
provided the contacts between the rod and terminals are equally good in the two
cases, and provided also that when terminal blocks are placed together, the con¬
tact is such as to give a substantially uniform current density over the contact
area. In the first case, one amalgamated contact is included in the measured
resistance. In the second case, there is in addition a nonuniformity of current
density in the vicinity of the contacts, which in effect increases the measured
resistance.
Obviously, therefore, the resistance of a two-terminal standard resistor depends
to a greater or less extent on the manner in which it is connected into a circuit.
For example, when a two-terminal standard resistor is placed in an arm of a Wheat¬
stone bridge, the bridge arm, which is a four-terminal conductor, consists of the
standard and the end connectors. If the terminals of the standard and of the end
connectors are amalgamated, the end connectors consist of two amalgamated sur¬
faces or mercury cups and two terminal blocks of the bridge. With end connectors
of the usual type, that is, having deep mercury cups, the resistance of the bridge
arm may depend on the amount of the mercury in the cup and the position of the
terminals of the standard in the cup to the extent of a few microhms. This diffi¬
culty is obviated to a considerable degree by the use of plane amalgamated
surfaces, instead of mercury cups.
What is of more importance than the form of the contact surfaces is the gradual
accumulation of copper amalgam in the solid phase on the terminals of standard
resistors and on end connectors or contact blocks. Cases have been observed in
which the removal of the amalgam in the solid phase has resulted in a lowering
of the resistance by more than 10 microhms (though a definite reason for so large
a change has not been found). Even when the amalgamated surfaces of the
terminals of the standard resistor and of the terminal blocks with which it may
be used are apparently in good condition, the resistance may be expected to depend
on the resistances of the amalgamated contacts and the distribution of the current
density in their vicinity to the extent of a few microhms.
(b) TERMINAL BLOCKS OF BRIDGE

The more important terminal blocks of the NBS precision bridge and all ter¬
minal blocks of the auxiliary apparatus used in establishing known resistance
ratios have four or more terminals.
A diagram of a main terminal block of the bridge which is used when the A
arm is 25 or 100 ohms is shown in figure 11 (a). The block is constructed of copper,
and terminals 1, 2, 4, and 6 are copper wires soldered in holes drilled in the under
side of the block. Terminal 3 is a plane amalgamated surface (not a mercury cup),
and terminal 5 is a small mercury cup. Terminals 1 and 5 are so located with
respect to the other terminals that they may be considered as equivalent, unless
both are used at the same time. Terminal 6 is connected to the 900-ohm section
of the A arm. The main terminal block normally used with the B arm of the
bridge, when this arm has a resistance of 25 ohms or 10 ohms, is similar to that
shown in figure 11 (a) except that it has no terminal 6. When the Wheatstone
bridge method is used, terminals 1" (or 5), 3 and 4 are used as shown in figure
11 (b). When the Thomson bridge method is used, terminals 1, 2, and 4 are used
as shown in figure 11 (c). Consequently, the current distributions in these blocks
are not the same in the two cases, and as a result the contributions of one terminal
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block to the resistance of the A arm and of the other terminal block to the re¬
sistance of the B arm are not the same. When the Thomson bridge method is
used the resistance contributed to the A arm or to the B arm by its terminal block
is higher than when the Wheatstone bridge method is used, by the four-terminal
resistance (1234).
Since the reading of the A arm of the bridge for which the ratio of A to B is
10 to 1 is determined by the Wheatstone bridge method and this reading is used
with both the Wheatstone and the Thomson bridge methods, the effect of these
resistances should be known. Measurements of these resistances give values rang¬
ing from —0.3 to +0.3 microhm, depending upon the point on the amalgamated

3

a
Figure 11.—A main terminal block of the NBS precision bridge.
a shows the six terminals of the terminal block, 6 shows the three terminals used with the Wheatstone
bridge method, and c shows the three terminals used with the Thomson bridge method.

surface serving as terminal 3. However, as used, the connection is distributed
somewhat uniformly over the central portion of the surface, so probable values lie
in the range from —0.1 to +0.1 microhm. Therefore, since the lowest resistance
used in the A arm is 25 ohms and the lowest resistance used in the B arm is 10
ohms, changes in the current distribution resulting from a change from one bridge
method to another and from variations in contacts on the amalgamated surfaces
affect the ratio of A to B only a few parts in 100 million.
The contribution of these terminal blocks to the resistances x< and y\ when the
Thomson bridge method is used is of no consequence, since adjustments make
(A-\-Xi)/(B-\-yi) — (A/B) — (X/Y). In addition to the resistance of an amal¬
gamated surface, these terminal blocks contribute approximately 1 microhm to
the resistance of the X arm and Y arm of the bridge when the Wheatstone bridge
method is used. However, if a precision of, 1 part in 1 million is expected, the
resistances of the X and Y arms must be 10 ohms or more, or the conductors must
be of the four-terminal type. When the conductors are of the four-terminal type,
all connecting conductors can be changed from one to another of two adjacent
arms of the bridge [111], and this makes it possible to apply a correction to account
for the resistances of connectors, including amalgamated contacts.
(c) TERMINAL BLOCKS OF AUXILIARY APPARATUS

In the previous discussion of the auxiliary apparatus, used in determining the
reading of the dial switches of the + arm of the bridge for which the ratio of + to
B is 10 to 1, very little was said concerning corrections to account for the effect
of the resistances of the terminal blocks. This matter will now be considered in
detail.
Each of these terminal blocks is a four-terminal conductor and consequently
has two independent four-terminal resistances. One of the end terminal blocks
is shown in elevation in figure 12 and in plan in figure 8. Here terminal 3 is an
amalgamated surface on which a copper link rests when the three resistance
sections adjacent to the terminal block are connected in parallel, terminal 4 is a
part of one of the 150-ohm resistance sections, terminal 2 is a small mercury cup
which is used as a potential (or current) terminal in measuring the resistance of
the paralleling connection, that is, of the copper link, the two amalgamated con-

177/261

Journal of Research of the National Bureau of Standards

[Voi. ts

tacts and a portion of each of two terminal blocks. Terminal 2 is also used as a
current or potential terminal, both when the three 150-ohm resistance sections
adjacent to it are connected in series and when they are connected in parallel.
Terminal 1 serves in connecting the apparatus into the bridge. With the parallel
connection two-thirds of the current is through terminal 3, one-third of the cur¬
rent is through terminal 4, and all of the current is through terminal 2 or terminal 1.
In measuring the resistance of the paralleling connection, all of the current is
through terminal 3 and all through terminal 1 or terminal 2. With the series
connection, all the current is through terminal 1 or terminal 2, and all through
terminal '4.
One of the terminal blocks to which two 150-ohm sections are connected is
shown in elevation in figure 13 and in plan in figure 8. Here terminal 3 is an
amalgamated surface on which a copper link rests when the resistance sections
terminating in the block are connected in parallel, and 2 is a small mercury cup
used as a terminal in measuring the resistance of the paralleling connection.

13.—A terminal block of auxil¬
iary apparatus to which two 150-ohm
resistance sections are connected.

Figure
Figure

12.—An end terminal block of
auxiliary apparatus.

Terminal blocks of this type are also used with three different current distributions.
Consequently, the effects of the four-terminal resistances of these terminal
blocks are more complicated than the effects of the four-terminal resistances of
the main terminal blocks of the bridge, in which it was necessary to consider only
two current distributions in each block.
In the use of the auxiliary apparatus, what is of most importance is the ratio
of the four-terminal resistances of each of the two groups of three 150-ohm re¬
sistance sections when connected in series, Rs, to their four-terminal resistances
when connected in parallel, Rv. The effect of slight inequalities in the resistances
of the 150-ohm sections of each group has already been discussed, and here it will
be assumed that this effect is too small to require consideration. Since the problem
is complicated, only the results which have been obtained will be given here,
while the analysis will be given in the appendix on methods of analyses. With
the notation shown in figure 14, the ratio
RJRV=^\ 1 — 4[Li + L2+ (1234) a — (1432) a/2 — (1234)&+
(1432)b— (1234)c-f- (1432)c+ (1234)d- (1432)d/2]/450
Also the resistance of terminal 1 of terminal block o, that is, the potential drop
from 1 to 2 of a to the current entering on 1 of a and leaving on 1 of d, and which
will be designated the resistance (lala2ald), is higher by two-thirds the resistance
(1432)a, and the resistance of terminal 1 of terminal block d, (ldld2dla), is higher
by two-thirds the resistance (1432) d with the parallel connection than with the
series connection. The former is taken into account by the procedure followed
in the use of the apparatus. However, the latter represents the increase in resist-
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3

3

Figure 14.—Parallel connection of three 150-ohm resistance sections of the auxiliary

apparatus.
This connection involves the four terminal blocks, disignated a, b, c, and d, and two paralleling con¬
nectors, designated L\ and Li. The series connection is made by removing the paralleling connectors.

ance of the 50-ohm section resulting from the change of the connection of three
150-ohm sections from series to parallel. In eq 57, Lj represents the four-terminal
resistance of the paralleling connection between terminal blocks a and h, using
1 and 2 of terminal block a, and 1 and 2 of terminal block h, as the terminals (the
measurement being made with the other paralleling connection open). A similar
statement applies to L2, and (1234) „ represents the direct resistance of terminal
block a, (1432) a the cross resistance of terminal block a, etc. A similar solution
applies to the other group of three 150-ohm
sections. To this point, three different cur¬
^
2
6
rent distributions in each of the eight termi¬
nal blocks of the auxiliary apparatus have
been considered.
However, the relative values of resistance
sections must be determined, and measure¬
ments of these require additional current
distributions in at least some of the terminal
blocks. Of these additional current distri¬
butions, the two in each of the central termi¬
nal blocks, d and d', which are of the type
shown in figure 15, are of most importance.
The additional current distributions in the
central terminal blocks are involved in a
50
150
determination of the ratio of the resistance
of the 50-ohm section to the resistance of Figure 15 .—A central terminal
the six 150-ohm sections connected in series.
block of the auxiliary apparatus.
The measurements used in this determination
consist in comparisons of the resistance of the 50-ohm section with the resistance
of one and then of the other of the groups of three 150-ohm sections connected in
parallel.
In the measurement of the resistance of one group of three 150-ohm sections
connected in parallel, 1 and 2 of terminal block a and 5 and 2 of terminal block d
are used as the four terminals. In the measurement of the resistance of the other
group of three 150-ohm sections connected in parallel, 1 and 2 of terminal block
o' and 5 and 2 of terminal block d' are used as the four terminals. These resist¬
ances will be referred to as the resistances (la2a2d5d)j> and (la-2a'2d-5d0 v. The
resistance of the 50-ohm section is measured, using 5 and 2 of terminal block d
and 5 and 2 of terminal block d' as the four terminals. This will be referred to
as the resistance (5d2d2d'5d0- The addition of the resistance (2a5dld2d)P to the
resistance (la2a2d5d)z> gives the resistance (la2a2dld)p, which, when multiplied by
the ratio given by eq 57, gives the resistance (la202dld)«, that is, the four-terminal
resistance of the three 150-ohm sections in series and with the normal distribution
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of current in each of the four-terminal blocks involved. The resistances of the
other group of three 150-ohm sections in series is obtained in the same way.
The addition of the resistances (2d4d5d2d<) and (2 dA
to the resistance
(5d2d2d'5d0> the measured resistance of the 50-ohm section, gives the resistance
(4d2d2d'4dO, that is, the resistance of the 50-ohm section with what may be con¬
sidered as the normal distribution of current in the its terminal blocks, d and d'.
The result of these measurements may be expressed in the form
_

I8R50_

■

Rm + Ruo + Riso + Riao + Riao + R150

1 -(- CL.

(58)

Here a is the amount, expressed in proportional parts, by which the resistance of
the 50-ohm section exceeds the resistance of the six 150-ohm sections in series
divided by 18, with what may be considered as the normal current distribution
in all terminal blocks. As has previously been pointed out, —a/10 is a correction
which must be applied in the use of the apparatus.
In the design of these terminal blocks and in the selections of values for the
resistances of sections, an effort was made to make the effects of the different
current distributions in the terminal blocks negligibly small. The extent to
which this aim was realized may be seen from the relations stated above and the
fact that measurements of the four-terminal resistances of the terminal blocks
give values for each ranging from about —0.5 to +0.5 microhm, depending
mainly on the part of the amalgamated surface serving as terminal 3. However,
in use, each connection is distributed somewhat uniformly over the entire amal¬
gamated surface, and under these conditions it is hardly probable that any of
the four-terminal resistances lie outside the range from —0.3 to +0.3 microhm.
Presumably, therefore, changes in current distribution in terminal blocks and
systematic errors in the determination of the resistances of paralleling connec¬
tions of the auxiliary apparatus contribute not more than 1 part in 50 million
to the uncertainty of the reading of the A arm of the bridge, for which the ratio
of A to B is 10 to 1.
Consequently, measurements of the relative values of the resistance sections
and of the parelleling connections of the auxiliary apparatus may be made with
any connection found convenient, provided only that each resistance section and
each paralleling connection is considered as a four-terminal conductor.
What is of more importance than the resistances of the terminal blocks is the
resistance of the amalgamated contacts included in the paralleling connections.
Each of these contacts has a surface on the terminal block and another surface
on the connecting link. The surfaces of the terminal blocks lie substantially in
the same plane, and each has an area of approximately 1.25 cm2. The under side
of each connecting link is a plane, and the dimensions are such that when two
terminal blocks are connected by a link, the entire contact areas of each of the
two terminal blocks are effective. A few weeks, at most, previous to the use of
the apparatus, the surfaces of terminal blocks and connecting links are polished
with fine emery paper backed by a piece of plate glass or other plane surface
having an area of not less than 300 cm2 until the copper may be seen distinctly,
indicating the removal of practically all of the accumulated copper amalgam in
the solid phase. The surfaces are then reamalgamated, using the sodiumamalgam process. In placing links on the terminal blocks, they are moved back
and forth parallel to the amalgamated surfaces until they slide freely indicating
the removal from between the surfaces of any loose solid copper-amalgam or
other solid material. With these precautions, a link may be removed and re¬
placed by another of the same dimensions without changing the resistance of
the paralleling connection by more than a few tenths of a microhm. In addition,
the measured resistance of each parallel connector is in agreement with the value
estimated from the dimensions and the resistivity of copper. The liberal design
of these contacts, the possibility of removing the copper-amalgam in the solid
phase without impairing the mechanical fit, and the exceptional precautions taken
in their use result in a very much better performance than is realized with the
contacts between standard resistors and terminal blocks of the NBS precision
bridge.
Furthermore, if the average resistance of all contacts used in the paralleling
connections were 1 microhm higher, or lower, at the time of use than at the time
of measurement, this would result in an error in the determination of the reading
of the A arm of the bridge, for which the ratio of A to B is 10 to 1, of less than
1 in 25 million. Consequently, it is not necessary that the resistances of the
paralleling connectors be measured when and as used.
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(d) THOMSON BRIDGE

When the Thomson bridge method is used with the battery and galvanometer
in their normal positions there is current through each of the four terminals of
each of the two four-terminal conductors designated X and Y in figures 9 and 16.
There may therefore be some question as to which if any of the four-terminal
resistances of X and Y are compared.
If the bridge is balanced according to the procedure outlined above or any other
giving the same result, the connection through L may be opened or closed without
changing the balance of the bridge; also the connection through 0 may be opened
or closed without changing the balance of the bridge. That is, the balance of the
bridge is independent of the resistance of the branch L and independent of the
resistance of the branch O. As will be shown in the appendix on methods of
analysis, a conductor having a resistance, R, and in which there is a current, I, may

16 —Thomson bridge circuit so arranged that with a suitable procedure in
establishing a balance, the ratio of the resistance of A to the resistance of B equals
the ratio of the direct resistance of X to the direct resistance of Y
It should be noted that when X and Y are nonlinear there are no definite branch points corresponding
to a and d of figure 9.
Figure

be replaced by a battery having an electromotive force E= — RI. Hence a bat¬
tery may be placed in each of the branches L and 0, as well as in the normal battery
branch of the bridge. Since the balance of the bridge is independent of the elec¬
tromotive force in the battery branch, and the bridge is so adjusted that the
balance is independent of the resistances in the L and 0 branches, the balance is
independent of the electromotive force of each of the three batteries. It is con¬
venient to consider that these three branches are closed alternately through a
battery. The stage is now set for the application of Kirchhoff’s reciprocal theorem
[49], from which it follows that in any balanced bridge the position of the battery
and galvanometer may be interchanged without disturbing the balance. There¬
fore, if a battery is placed in the normal position of the galvanometer and the
galvanometer is connected alternately in the normal battery branch, the 0 branch
and in the L branch, a balance will be indicated in each case. This is the Matthiessen and Hockin bridge arrangement, and according to the Matthiessen and
Hockin bridge equation [114],
A X\ __ (2143)s_X2 + a;f
B~yx
(2143)„ 2/2+ P

(591

Obviously, therefore, the procedure followed in adjusting the bridge establishes
a relation between the various resistances which is independent of the proportional
part of the current in each of the three branches of the bridge. Furthermore, in
this relation but one of the four-terminal resistances of X and but one of the fourterminal resistances of Y appear explicitly. When all terminals of X and Y
normally used as potential terminals (or normally used as current terminals) are
connected to ratio arms of the bridge,
A_the direct resistance of X
B~ the direct resistance of Y'
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If, for example, terminal 1 of X were connected to the A arm of the bridge,
terminal 2 were used as a connection to the battery, and other connections were
as shown in figure 16, the adjustment would establish the relation
A_the diagonal resistance of X
B
the direct resistance of Y

'

'

The conductors, X and Y, might be connected into the bridge in such a way that
the adjustment would make the ratio of A to B equal to any one of several ratios
of a four-terminal resistance of one, to a four-terminal resistance of the other.
Finally, it should be noted that whether the Thomson bridge method, the poten¬
tiometer method, the Matthiessen and Hockin bridge method, or the Kohlrausch
differential galvanometer method is used the same value will be found for the
ratio of a four-terminal resistance of X to a four-terminal resistance of Y, provided
proper adjustments are made in each case and equal^precisions are attained in
these adjustments.
APPENDIX 2. THERMOELECTROMOTIVE FORCES
In measurements to a precision of 1 part in 1 million, the potential drops in the
bridge arms resulting from the test current must be balanced in many cases to
0.01 microvolt and in exceptional cases to 0.001 microvolt. However, conditions
under which the measurements must be made are such that unless careful con¬
sideration were given to the thermoelectromotive forces they would often amount
to a few or even several microvolts and change rather rapidly. As pointed out
above, keeping the galvanometer circuit closed and judging the balance of the
bridge from the changes in the deflection of the galvanometer following reversals
of the test current eliminate the effect of the thermoelectromotive forces insofar
as these remain constant during time intervals corresponding to a few periods of
the galvanometer. While it is very desirable that the thermoelectromotive forces
be kept constant, experience shows that a thermoelectromotive force which is
changing slowly and at a fairly uniform rate does not preclude accurate balances
of the bridge by a skillful observer. The principal means used for steadying the
thermoelectromotive forces, most of which also reduce their magnitudes, are
mentioned in the following numbered paragraphs:
1. Bridge arms, terminal blocks, the rheostat used in regulating the damping
of the galvanometer, and a part of the leads between the bridge and galvanom¬
eter are placed under oil which is kept at very nearly a uniform temperature
throughout by vigorous circulation.
2. The galvanometer is mounted on an inside wall, where it is fairly free from
erratic changes in temperature.
3. A tight metal case completely surrounds the galvanometer, except that there
is a glass window of sufficient size to permit of a view of the coil and a reflection
of a light beam from the mirror.
4. The coil, coil terminals, suspensions, and terminals of the galvanometer, and
the leads between galvanometer and connections in the oil bath are of copper,
but the necessary connections between them are soldered.
5. That part of the galvanometer circuit outside the oil bath is thermoelectrically balanced insofar as this is practicable.
6. Most of the soldered connections outside the oil bath are thermally shunted,
at least to some extent.
7. Thermal resistances are made high in parts of the circuit in which this is an
advantage.
8. All soldered connections are protected from direct exposure to the general
circulation of the air of the laboratory.
9. Soldered connections outside both the galvanometer case and the oil bath
are kept to a minimum number.
10. Soldered connections outside the oil bath are made with the copper parts as
nearly in direct contact as is practicable over areas equal to or larger than the
cross section of the conductors and with only a sufficient amount of solder to
produce a good thermal contact.
11. Abrupt changes in the thermal capacity per unit length of conductor in the
vicinity of possible sources of changing thermoelectromotive force are avoided to
as great an extent as is practicable.
12. Masses of material having relatively large thermal capacities are placed in
the vicinity of more probable sources of changing thermoelectromotive force for
the purpose of reducing the rate of change of the temperature.

182/266

Wenner]

Resistance Comparisons

13. The dial switches serving to adjust balances of the bridge operate in the oil
bath, so are well lubricated, and this reduces the heat developed in the contacts
by the operation of the switches.
14. The resistances in series with the dial switches are high relative to the
resistances of the sections shunted. Consequently, variations of the thermoelectromotive force, introduced into the A arm of the bridge by the dial switches,
are fully one order smaller than the variations of the thermoelectromotive forces
in the dial switches.
Since thermoelectric balances and thermal shunts are not generally used else¬
where, an explanation of each may be in order.
(a) THERMOELECTRIC BALANCES

If a complete electric circuit is made up in part from one kind of metal and in
part from another kind of metal, there must be at least two and in any case an
even number of junctions between dissimilar metals. That is, the junctions occur
in pairs. When these junctions are at different temperatures usually there is a
thermoelectromotive force in the circuit. However, it is not necessary that all
junctions be at the same temperature to avoid a thermoelectromotive force. The
thermoelectromotive force would be zero if the two junctions constituting one pair
were at one temperature, the two junctions constituting another pair were at
another temperature, etc. This is the end sought in making thermoelectric
balances. In the simplest case a thermoelectric balance consists in making the
two junctions of a pair of similar construction and of placing these two junctions
in such relative positions that both will be exposed to very nearly the same
ambient temperature. More generally, a thermoelectric balance consists of con¬
structions and arrangements of parts such that some type of symmetry both
from the thermal and from the thermoelectric points of view is realized for two or
more of several junctions in an electric circuit. Tor a circuit to be thermoelectrically balanced, each junction between dissimilar metals must be taken into
consideration.
For the purpose of illustrating a method of realizing a thermoelectric balance,
consider a soldered connection between two copper wires of the same size which
are exposed to air currents of varying temperature. The connection is made
similar in the two directions parallel to the circuit. The conductor is supported
from opposite walls of the laboratory, and the connection is placed at some dis¬
tance from either support. Consequently, air currents heat and cool the wires
on opposite sides of the connection at very nearly the same rate, and keep them at
very nearly the same temperature. Therefore, the two junctions, solder to copper
and copper to solder, always assume very nearly the same temperature, so both
the magnitude and the rate of change of the thermoelectromotive force are very
small. In this case, one of the junctions is balanced against the other.
For the purpose of illustrating another method of realizing a thermoelectric
balance, consider two sections of a circuit in each of which there is a soldered
connection between a copper wire 1 mm in diameter, and a copper wire 0.5 mm
in diameter. The two soldered connections are made similar and so located
with respect to each other that in case of a changing temperature, the rate of
heat transfer from a larger to a smaller wire is the same through one as through
the other of the soldered connections. As a consequence, the difference in tem¬
perature of two junctions, copper to solder and solder to copper, of one connec¬
tion, is very nearly the same as that of the other connection. Therefore, the two
soldered connections, each constituting a thermocouple, develop very nearly the
same electromotive force. Further more the arrangement is made such that in
case of a current in the circuit, this current is from the larger to the smaller wire
through one of the soldered connections, and from the smaller to the larger wire
through the other connection. Therefore, the electromotive force developed in
one of the soldered connections is in opposition to that developed in the other.
In this case, one of the thermocouples is balanced against the other.
(b) THERMAL SHUNTS

A thermal shunt consists of an electrically insulated or insulating heat con¬
ductor which serves to equalize the temperature of two sections of a circuit
between which there are possible sources of thermoelectromotive force. As an
illustration, consider a soldered connection between a relatively large and a rela¬
tively small insulated copper wire that is exposed to air currents of varying tem¬
perature. Only sufficient insulation is removed from the ends of the wires to
permit of soldering, after which the smaller wire is wrapped a few times around
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the larger wire, and this portion thoroughly impregnated with shellac. Then,
although air currents may heat and cool the smaller wire more rapidly than the
larger, the heat transfer between the two is mainly through the electrical insula¬
tion. The result is a material reduction in the temperature difference and rate
of change of the temperature difference between the two junctions, copper to
solder and solder to copper, and consequently, a material reduction in the thermo¬
electromotive force and its rate of change.
Thermoelectric balances and thermal shunts constitute two of the simpler
and more generally applicable of the effective means of reducing troubles from
thermoelectromotive forces. Furthermore, each may be made to supplement
the other and sundry means employed for this purpose, such as a thermal shield
the circulation of air in an enclosed space, the blocking of air currents, etc.
With the arrangement used and procedure followed in establishing balances
of the bridge, thermoelectromotive forces seldom constitute a limiting factor on
the precision of measurement, even when there is forced circulation of the air
from the general heating system at a temperature 10° C above the temperature
of the bridge and 15°C above the general temperature of the laboratory or from
the refrigerating system at a temperature 15°C below the temperature of the
bridge and laboratory. Only in exceptional cases is it necessary to place tem¬
porarily an obstruction to the normal circulation of the air in the vicinity of the
galvanometer, the terminals of standard resistors, or the connectors extending
above the surface of the oil.
APPENDIX 3. INSULATION

The maintenance of sufficiently good insulation constitutes a troublesome factor,
especially in the measurement of higher resistances. Referring to figure 1, it will
be seen that the battery and galvanometer leads are at different potentials. Con¬
sequently, at least a small part of the current supplied by the battery passes
through the insulation between them, and as a result each arm of the bridge is
shunted by a resistance of the order of the resistance of the insulation between a
battery lead and a galvanometer lead. In case the resistance of one arm of the
bridge is 10,000 ohms, the resistance of the insulation between the battery lead
and the galvanometer lead connected to it must be in excess of the 1010 ohms, or
be compensated in some way, such for example, as by the use of a substitution
method, if the error from this source is to be less than 1 part in a million. Resist¬
ances of the insulation between the battery and galvanometer leads in excess of
1010 ohms are not readily realized, and having been realized, if is not safe to assume
that they are being maintained unless certain precautions are taken, and then
only in case occasional checks justify the assumption. Usually it is assumed that
a Wagner branch [96, 97] if properly designed and properly used, constitutes an
effective means of avoiding errors which otherwise might result from slightly
defective insulation. Originally, the bridge was equipped with a Wagner branch,
but it was removed for reasons, the more important of which will be discussed
later under the heading “Wagner branches.” Since the removal of the Wagner
branch, efforts have been made to maintain the resistance of the insulation be¬
tween the battery branch and the galvanometer branch sufficiently high that the
leakages between these branches do not constitute a limiting factor in the
precision of measurement. However, if the insulation were to be sufficiently
good to obviate errors which might arise as a result of passage of leakage current
from direct current power circuits through the bridge, its resistances would have
to be two or possibly three orders higher. While errors from this source are
eliminated for the most part by the reversal of the connections to the battery used
with the bridge, and this is the regular practice followed in balancing the bridge,
a grounded metal guard is placed under all mechanical supports of the bridge, the
battery and its leads, and the galvanometer and its leads. This is a very effective
means of isolating the bridge from power circuits. This guard also serves in
testing the insulation of battery and galvanometer leads. Furthermore, the power
used in regulating the temperature and driving the stirring motor is supplied from
an alternating current circuit, one side of which is grounded.
The means employed for securing good insulation are as follows: (1) The air
of the laboratory is dried by refrigeration when this is necessary to keep the dew
point well below the temperature of the oil bath and laboratory, not only while
the measurements are being made but during a sufficient time in advance to
thoroughly dry all insulating material exposed to the air. Incidentally, drying
the air of the laboratory reduces the moisture content of the oil, and this helps
in the maintenance of its insulating property. (2) Care is taken never to reduce
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the temperature of the oil below the dew point of the air of the laboratory, as this
would result in the condensation of water in the oil. (3) The oil is selected on
the basis of original freedom from acids and tendency to develop acids, is protected
from strong light, is kept covered when the apparatus is not in use, and is re¬
newed at intervals of about 2 years. (4) Most of the insulating material is pro¬
tected from strong light, especially when not in use. (5) Care is taken not to
permit the accumulation of excessive amounts of dust or hygroscopic sulfur com¬
pounds on the surfaces of the insulators of the hard-rubber type. (6) The bridge
proper and the rheostat used in regulating the damping of the galvanometer are
kept under oil. (7) The galvanometer leads have but few supports and these are
of amber. (8) The galvanometer case is supported on amber posts, and the
galvanometer circuit is insulated from the case. (9) The battery is supported on
blocks of paraffin, and the battery leads are well insulated.
However, the resistance of the insulation of the battery and its leads, the
rheostats for regulating the test current, the ammeter-voltmeter, keys, etc., gen¬
erally is from two to four orders lower than the resistance of the insulation of the
galvanometer and galvanometer leads. It should be noted that it is not neces¬
sary that the insulation of both the battery branch and the galvanometer branch
be exceptionally good. Nevertheless, when the humidity is very low, the insula¬
tion of the entire bridge circuit is so good that there may be trouble from electro¬
static actions. To avoid electrostatic effects arising from the stirring of the oil,
the circulating propeller is electrically connected to the guard, and the belt driv¬
ing the circulating propeller is located beneath the metal tank containing the oil
bath. The more serious of the remaining sources of electrostatic effects arise
from movements of the observer. In case these movements cause trouble, the
guard is temporarily extended under the observer so he becomes a part of it,
the observer is thoroughly insulated from the floor, or a galvanometer lead is
connected to the galvanometer case. Should slight defects in the insulation be
suspected, in any case, their presence or absence may be confirmed easily. If
present, but not very serious, usually it is a simple matter to carry out the measure¬
ment in such manner as to avoid an error from this cause.
(a) THEORY IN CASE OF DEFECTIVE INSULATION

The correction for the effect of slightly defective insulation will be designated
as /. Then, following the notation used in the paper, the Wheatstone bridge
equation may be written
X — -jg/lrjl + a — an+/]-

(62)

In cases in which the resistances of the battery leads and galvanometer leads are
negligibly small in comparison with the resistances of the bridge arms, as is usually
assumed in discussions of this subject, figure 17 represents the bridge circuit with
sufficient exactness for the purpose at hand. Here a, b, c, and d represent branch
points of the bridge; e represents the guard extending under all mechanical
supports of the apparatus; and m, n, o, and p represent the resistances of the
insulation between leads, or branch points of the bridge and the guard. For this
somewhat ideal arrangement, if the bridge is balanced, the relation between
A, B, X, Y, m, n, o, and p is
X(l-\-Ymp/F)
AA + Brnn/F)
Y{l + Xop/F)~ Bil + Ano/F)’

„„

F=mno-\-nop-\-opm-\-pmn.

(64)

where
Equation 63 is readily obtained by the use of Rosens [77] star-polygon transforma¬
tion. If put in the form of eq 62, and if F is sufficiently large relative to Ypm,
Xop, Bum, and Ano, that terms divided by the second and higher power of F
may be neglected,
X — -gAr[l

572772 O - 61 - 13

(Xop + Bmn—Ano— Ymp)/F}‘

185/269

(65)

Journal oj Research oj the National Bureau oj Standards

[voi.

ss

Therefore, to a first order approximation,
Xop-\- Bmn—Ano— Ymp
/= mno + nop -f mop + mnp

(66)

Equation 66 shows the effect of slight defects in the insulation and the relation
between these defects necessary for them to compensate each other. However,
it is of little use in the solution of the particular problem at hand, since, in general,
m, n, o, and p will not be known.
Furthermore, it is not sufficiently general to be
applicable in all cases.
Frequently a resistance is placed in one or both battery leads to reduce the
potential drop across the bridge to a value less than the electromotive force of the
battery and in one or both galvanometer leads or in parallel with the galvanometer

Figure

17.—Wheatstone bridge circuit arranged to show the effect of slightly defective
insulation of the battery leads and of the galvanometer leads.

to adjust the damping of the galvanometer. Also major parts of the leakage
through or over insulating material may be distributed near the battery and
galvanometer. When this is the case, resistances in the leads make slight defects
in the insulation more serious.
(b). PROCEDURE IN CASE OF DEFECTIVE INSULATION

For such a bridge circuit as shown in fig. 18 or the simpler one (shown in fig. 17), to
a first-order approximation, the correction term, /, of eq 62 may be considered to
be the product of two factors.5 One of these, which will be designated J, com¬
prises two or more resistance ratios involving only the resistances of bridge arms,
galvanometer leads, and leakage paths between galvanometer leads and the guard.
The other, which will be designated K, is the potential drop from the guard to the
branch point b (or branch point c) divided by the potential drop from a to d.
Following the notation used above and replacing / by the product of J and K,
[1 + a-an + JK].

X=

(67)

With branch point a connected to the guard
Ka=X/(X+Y),

(68)

so
X= Y~ [l + aa-an + JX/(X+ Y)].

(69)

With branch point d connected to the guard,
Kd=-Y/(X+Y),

(70)

so
X = Y~ [1

ad-an-JY/(X+ Y)].

(71)

* The basis of the discussion given here will be explained in the appendix on methods of analysis, first
expedient.
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From eq 69 and 71 it follows that
J=ad—aa.

(72)

From eq 69 and 72, or 71 and 72, it follows that
X=Yj^[l + (aaY+adX)/(X+Y)-an\.

(73)

In like manner it may be shown that if balances of the bridge are made with
branch points b and c alternately connected to the guard
X=Y~ [1 + (abA + acX)/(A + X)-an].

(74)

Referring to eq 73 or eq 74, it will be seen that by making two balances of
the bridge instead of the usual one, the effect of slight defects in the insu¬
lation of battery and galvanometer
leads is taken into account. For eq
73 or 74 to give results accurate to
1 part in 1 million, aa — ad or ab — ac
must lie in the range 0.001 to — 0.001.
However, these two equations are in¬
dependent of each other, so usually
one or the other will be applicable.
It should be pointed out that the
situation is somewhat more compli¬
cated than would appear from the
above discussion or an inspection of
figure 18. For reasons which are
stated on page 239, the balance of the
bridge is judged from changes in the
deflection of the galvanometer fol¬
lowing reversals of connections to
the leads of the battery. These re¬
versals are made at points at some
distances from the battery terminals.
As a consequence, the direction of
the potential gradient in the insula¬
tion may be reversed in some and not
in others of the leakage paths, so the
correction term may be different in
the two cases. Consequently, when
eq 73 or 74 is used an appropriate FrGURE 18.— Wheatstone bridge circuit with
procedure should be followed in esleakage -paths between battery leads and the
tablishing the extra balances of the
guard, and between the galvanometer leads
bridge.
and the guard.
(c) TEST OF INSULATION

However, what is desired is not an evaluation of a correction term but an
assurance that it is so small that it may be neglected without reducing the precision
of the measurements. Keeping in mind the relations given above, it is a simple
matter to more or less definitely locate defects in the insulation if these defects
are really serious, although it may or may not be a simple matter to remedy the
difficulty. Since the insulation of the galvanometer, galvanometer leads and rheo¬
stats used in regulating the damping of the galvanometers is generally much better
than the insulation of the battery, battery leads, switches, and rheostats used in
adjusting the current through the bridge, the insulation may be tested by making
K of eq 67 have first a positive and then a negative value somewhat larger than
the value it can possibly have as the bridge is used, and noting the resulting
changes, if any, in the balances of the bridge.
The value K naturally assumes presumably wall never lie outside the range from
plus to minus the electromotive force of the battery, supplying the test current,
divided by the potential drop from a to d. Usually, therefore, an appropriate
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change in K may be made by connecting an auxiliary battery (having an electro¬
motive force of about one order higher than the electromotive force of the battery
supplying the test current) between the guard and branch point a (or d) and then
reversing connections to this auxiliary battery. This should be done with the
reversing switch in the battery branch of the bridge in one position and then
repeated with the reversing switch in the other position, the battery branch being
closed in both cases.
Of the locations not so far considered, at which slightly defective insulation
might introduce errors, the more probable is in the auxiliary apparatus used in
finding the reading of the dial switches of the A arm of the bridge for wffich the
ratio of A to B is 10. At the time this apparatus was constructed the importance
of providing a means of testing the insolation was not appreciated. For example,
should the resistance of the insulation between one of the end terminal blocks and
one of the central terminal blocks be as low as 10s ohms, the reading obtained
would correspond to a ratio differing from 10 by about 2 parts in 1 million. How¬
ever, checks by a number of standard resistors singly and then in series have not
indicated any significant error from this source.
It should be pointed out that when nominally equal resistances are being com¬
pared, either by substitution one after another in the same arm of the bridge or
by interchange between arms, errors which otherwise would result from slightly
defective insulation are automatically eliminated to the extent that the shunting
effects remain constant during a series of measurements. Also, that as the appa¬
ratus is used, leakages within the A and B arms of the bridge are automatically
taken into account to the extent that they remain constant during a series of
measurements.
In general, leakages within resistance standards have the effect of lowering
their resistances, rather than limiting the precision of the measurements. In
exceptional cases in which the conduction through the insulation is sufficient to
result in noticeable electrolytic polarization the usual precision of measurement
cannot be obtained.
It has been assumed that direct leakage from any part of the bridge circuit to
points within X or Y is negligible. Also that direct leakage between battery and
galvanometer leads is negligible. The bridge is kept under oil of good quality,
and the battery and galvanometer leads are brought out, so that there is little
possibility of a current from one to the other except through bridge arms or by
way of the guard. So presumably these assumptions are justifiable.
(d) WAGNER BRANCHES

It was mentioned that originally the bridge was equipped with a Wagner
branch. Usually when a Wagner branch is used with a Wheatstone or other
four-arm bridge, it is attached as shown in figure 19. Here Wa and Wb represent
the arms of the Wagner branch. The bridge and the Wagner branch are adjusted
by successive approximations. First, the bridge is adjusted with the key kw open,
so that there is no current in the galvanometer. Second, with the galvanometer
connected between branch point b (or c) and the guard or with the galvanometer
in its normal position, and the key, lcw, closed, the Wagner branch is so adjusted
that there is no current through the galvanometer. This second adjustment, if
it involves any marked changes in the ratio of Wa to Wh, disturbs the first adjust¬
ment to some extent. Therefore, the first adjustment is repeated and this dis¬
turbs the second adjustment slightly, etc. However, successive adjustments re¬
quire smaller and smaller changes, and after the changes become insignificant, the
galvanometer branch is at the potential of the guard. Then there is no leakage
current through the leakage path, q, or any arm of the bridge. Therefore, since
there is no current through the galvanometer, the Wheatstone bridge equation
gives the relation between X, Y, A, and B.
If this adjustment were valid with the key k\ against the + battery terminal
block and the key, k2, against the — battery terminal block, the relation between
the resistances would be as follows:

Wa(l + Wb/q)__X_A
^

Y~B'

However, with this adjustment the galvanometer branch will not be at the poten¬
tial of the guard with both keys k\ and k2 against + battery terminal blocks, as
shown in figure 18, or with Aq against a —, and k2 against a + battery terminal
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block.
More specifically, when a switch, such as is shown in figure 19, is used in
reversing the current through the bridge and this switch is located between the
bridge and a leakage path between a battery lead and the guard, no adjustment
can be made such that the galvanometer branch will be at the potential of the
guard for all permutations of the settings of the keys kly k2, and kw.
If then there
is a leakage path from a galvanometer lead to the guard, no adjustment can be
made such that there is no current through the galvanometer with the current
through the bridge alternately in one and then in the other direction, when the
key kw is open and also when the key kw is closed.
Notwithstanding this difficulty it is possible, in some cases only, to make an
adjustment such that the relation between X, Y, A, and B is that given by the
b

Figure

19.—A Wagner branch connected in parallel with the battery branch of a
Wheatstone bridge.

Wa and Wb represent the arms of the Wagner branch, and p and q represent leakage paths between
the bridge circuit and the guard.
Wheatstone bridge equation.
Adjustments of the bridge and of the Wagner
branch are made by successive approximations, judging balances by changes in
the deflection of the galvanometer following reversals of the test current.
In
adjusting the bridge, the key kw is left open, while in adjusting the Wagner
branch, it is kept closed.
When proper adjustments have been realized there
may be a fairly large current through the galvanometer with the key kw open and
a different fairly large current through the galvanometer with the key kw closed.
However, the magnitudes and directions of these currents are independent of the
direction of the current through the bridge.
The situation is not nearly so complicated if the Wagner branch is attached to
branch points b and c of the bridge, as is shown in figure 20.
With this arrange¬
ment adjustment by successive approximations leads to a condition such that
there is no current through the galvanometer with any possible combination of
the
settings of the keys ki, k2, kw, and kw.
While this adjustment does not
bring the galvanometer to the potential of the guard or prevent a leakage betwuen
a galvanometer lead and the guard, it nevertheless leads to the relation between
X, Y, A, and B given by the Wheatstone bridge equation.
This discussion of the Wagner branch is by no means comprehensive.
It
should however serve to show that an attachment of a Wagner branch to the
NBS precision bridge would not constitute a simple and convenient means of
obviating the need of good insulation.

189/273

Journal of Research of the National Bureau of Standards

[voi.ss

b

Figure 20.—A Wagner branch connected in parallel with the galvanometer branch

of a Wheatstone bridge
Here the arrows indicate the direction of the leakage current in each branch of the network when the
potential of all bridge arms is higher than the potential of the guard.

APPENDIX 4. OPTICAL SYSTEMS OF GALVANOMETERS
While balances of the bridge are being established, the deflection of the gal¬
vanometer is ever changing, so it requires the concentrated attention of the
observer.
Watching the deflection and separating those components of the
deflection resulting from a lack of balance of the bridge from those resulting from
other causes constitute the most fatiguing part of a series of measurements. As
fatigue is a factor affecting the precision of a series of measurements the optical
system should be as suitable for the purpose as can be obtained without excessive
refinements.
What constitutes the best obtainable optical system depends on
the skill of the available optician, personal preference, and physiological factors.
(a) DESCRIPTION OF OPTICAL SYSTEM

In the system used in the precision measurements of resistance made in this
Bureau an image of a line source of light is focused on a ground-glass scale.
The scale is placed at a distance of about 1.5 m in front of the galvanometer
mirror and is adjustable in height so as to accommodate it to different observers
while standing.
The graduations and ground surface are on the observer’s side
of the scale, which is a matter of very considerable importance, since it serves to
almost completely eliminate direct reflections from the scale.
The light source is a 35-w straight filament lamp with a cylindrical bulb.
However, it is operated far below normal intensity for reasons which will be ex¬
plained presently.
The lamp is enclosed in a cylindrical metal case with open¬
ings at the top and bottom for ventilation and an opening on the side which can
be so adjusted as to exclude from the light beam reflected from the galvanometer
mirror, images resulting from reflections within the lamp bulb.
The galvanom¬
eter mirror is 1 cm in diameter and about 0.5 mm in thickness.
The quality
of the mirror and galvanometer window Is such that practically theoretical
resolving power is realized.
All direct illumination back of the ground-glass scale is avoided.
Conse¬
quently, the only marked contrasts arise from the graduations and the image of
the light source.
The grinding is rather fine but not so fine but that both the
graduations and the image are seen distinctly when viewed at an angle of as
much as 20° with respect to the normal to the scale.
This permits the use of
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both eyes and does not require that the observer keep his head in a very definitely
fixed position.
The graduations are fine, distinct, black lines with 1-mm
spacing.
The lamp and scale are supported from a side wall and the ceiling, both of
which are masonry.
Also the galvanometer is supported from a side wall.
Con¬
sequently, mechanical vibrations of the scale and image are seldom troublesome.
With the lamp operated at normal intensity, the image appears rather wide
and excessively bright.
Therefore, the power supplied to the lamp is reduced
somewhat below the point at which, on dull days and with the window shades
open, the diffraction fringes do not contribute to the apparent width of the image
and a suitable contrast is obtained.
As the outside illumination changes the
intensity of the light source is not changed but occasionally one or more of the
window shades are closed or the lights of the laboratory turned on.
The general
illumination is so adjusted that the contrast between the graduations and ground
glass is approximately the same as the contrast between the ground glass and
image.
In cases in which the combined sensitivity of the bridge and galvanometer are
barely sufficient for obtaining the desired precision, repetitions of series of meas¬
urements show, that an exceptionally skillful observer can so nearly balance the
bridge that that component of the electromotive force resulting from the lack of
balance of the bridge does not exceed 0.001 microvolt.
Since the sensitivity of
the galvanometer then would be 30 mm/microvolt, it follows that 0.001 micro¬
volt corresponds to changes in the deflection of 0.06 mm, following reversals of
the direction of the test current. To associate a change in the deflection that is
only slightly larger than this with a change in the direction of the test current
(while the deflection is changing gradually as a result of one or more of several
causes, abruptly on reversals of the test current because of a lack of a perfect
inductive balance, and erratically as a result of one or more of several possible
causes); requires that the deflection be observed continuously while the test
current is reversed several times, at intervals corresponding approximately to
the period of the galvanometer.
However, a balance of the bridge to 0.001
microvolt can be made only when the thermoelectromotive forces are remaining
reasonably constant, the inductances of the bridge are reasonably well balanced,
local and microseismic vibrations are not troublesome, electromotive forces
induced by changes of the magnetic field in the laboratory are not troublesome,
and conditions otherwise are favorable.
(6) QUALITY OF OPTICAL SYSTEMS AND SENSITIVITY OF BRIDGES

Since the optical system of the galvanometer is the last of the factors affecting
the sensitivity of bridges to be discussed at this time, it is in order to give an
illustration of how a consideration of most of these factors leads to a fairly definite
conclusion.
For this purpose let the reader assume that he has the problem of
comparing a number of 10-ohm standard resistors, that he has at hand a bridge
suitable for the purpose, and that he has prepared a specification for a galvanom¬
eter, but before purchasing a galvanometer wishes to know if the specification is
adequate and satisfactory for the realization of a precision of 1 part in 1 million
in the comparisons.
Let it be assumed that:
1. The period of the galvanometer is to be 7 seconds.
2. The galvanometer is to be critically damped with an external resistance of
60 ohms.
3. The sensitivity of the galvanometer is to be such that with 1 microvolt, in
the circuit giving critical damping, the deflection is five scale divisions, with the
distance between the mirror and scale that which is to be used.
4. The optical system of the galvanometer is to be of such quality that a change
of the deflection of 0.1 scale division is readily detectable.
5. It is estimated that local disturbances will cause random change in the
apparent equilibrium position of the galvanometer of not more than 0.1 scale
division during time intervals of 7 seconds.
6. The resistance between the galvanometer terminals of the bridge is 60 ohms.
7. The comparisons are to be made by substituting the 10-ohm standard
resistors successively in the X arm of the bridge.
8. A 10-ohm standard resistor is to be placed in the Y arm of the bridge and is
not to be disturbed during the series of measurements.
9. Balances of the bridge are to be checked by a single observation of the change
in the deflection of the galvanometer following a reversal of the test current, with
no provision for establishing inductive balances.
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10. The divergence of.the load coefficients of the series of 10-ohm standard
resistors, to be compared, is 10 parts in 1 million per watt dissipation.
As previously pointed out (eq 26a:), the change in the deflection of the galvanom¬
eter following a reversal of the test current is
2 DEX Y/(X+Y),
provided, as according to 2 and 6, the specified damping is realized without the
use of a shunt.
Here Ex, the potential drop in the X arm, is not assumed to be
known but is to be determined from the data given above.
Since the sensitivity
of the galvanometer, D,, is five scale divisions per microvolt and X and Y are
equal, the change in the deflection of the galvanometer resulting from 1 part in
1 million lack of balance of the bridge is five Ex scale divisions, provided Ex
is expressed in volts.
From 1, 2, 4, 5, and 9 it follows that the bridge may be out of balance nearly by
an amount corresponding to a change of the deflection of the galvanometer of 0.2
scale division without being detected.
Consequently, the minimum discernible

Figure 21.—Sensitivity of bridge and galvanometer (an illustrative 'problem).
Curve A shows minimum discernible lack of balance of the bridge; curve B, effect of heating; and
curve C, sum of factors limiting the sensitivity.

lack of balance of the bridge may be taken as 1 in 25 million Ex.
Plotting the
minimum discernible lack of balance of the bridge as ordinates and Ex as abscissas
gives curve A of figure 21.
From 7 and 10, since the resistance in the X arms is 10 ohms, it follows that for
the series of measurements the divergence of the effects of heating is Hx2X10'6.
Plotting Ex2 as ordinates and Ex as abscissas gives curve B. Adding the ordinates
of curves A and B gives curve C, the sum of the various factors limiting the
sensitivity.
It will be observed that the maximum of what may be called the
effective sensitivity is 2.2 in 10 million, or about 1 in 4)4 million, and that this
sensitivity is obtained with a potential drop of approximately 0.27 volt in the
X arm of the bridge.
Obviously this sensitivity is somewhat more than that
required for a precision of 1 part in 1 million.
In this analysis it has been assumed that the combined effect of the various
factors limiting the effective sensitivity is obtained by the addition of their
individual effects, that is, the analysis is based on the worst, not the probable,
of the assumed conditions.
It may be concluded, therefore, that a galvanometer
having the operating characteristics specified would be suitable for obtaining
the desired precision in the series of measurements, and inasmuch as there would
be no difficulty in obtaining a galvanometer having these operating constants,
it may be concluded that the specification is satisfactory.

192/276

Wenner]

Resistance Comparisons

APPENDIX 5. METHODS OF ANALYSES (THREE

EXPEDIENTS)

Instead of Kirchhoff’s laws or Maxwell’s “mesh currents” simpler expedients
have been used in this paper in the solution of network problems.
For the most
part these are so obvious or so well known that no explanation need be given, or
reference is made to publications in which they are discussed.
However, three
of the expedients used deserve special mention.
The first of these consists in the
substitution of a battery in place of a resistance in which there is a current, the
second consists in the substitution of a very high resistance and battery of very
high electromotive force in place of a low (or zero) resistance and battery of low
electromotive force, while the third consists in a separation and synthesis of the
effects of the independent resistances of a nonlinear four-terminal conductor.
This is accomplished by the substitution of first four, then five, and finally another
five linear conductors in place of the nonlinear four-terminal conductor.
These
substitutions present no experimental difficulties, since they are made not in an
actual circuit but in a diagram representing the circuit or merely in a mental
picture.
(a) CLASSICAL FORM OF SOLUTION OF UNBALANCED WHEATSTONE BRIDGE

Before considering any one of these three expedients a few of the many possible
expressions for the electromotive force or current in the galvanometer circuit of
an unbalanced Wheatstone bridge will be stated, for the purpose of comparison
with corresponding expressions, one of which will be derived by the use of the
first and'another by the use of the second of these expedients.
The expression given by Maxwell and others, and which will be referred to as
the “classical solution,” is
EhBAX
Ig~RG(A + B+X+ AX + Y)+R(A + X + AX){B+ Y) +
(76)
+ G(A + B)(X+AX+Y) + XY(A + B) + AB(X + AX+Y)+AXY(A + B).
Here Ig is the current in the galvanometer branch and G is the resistance of the
galvanometer branch.
The significance of the other characters are as explained
in connection with figure 1.
It has been shown in this paper (eq 6) that
EX T

~ x+

l + AX/X

y|_ i+ax/(x+ Y)

(77)

from which it follows [30, 71, 88, 108] that
ex

r

i+ax/x

1 *~ x+ FL1+AX/(X+ Y)

(78)

where R9 is the resistance to an electromotive force in the galvanometer branch,
that is, the" resistance of the galvanometer branch plus the resistance of the
bridge between its galvanometer terminals with the galvanometer branch open
and the battery branch closed.
(b) FIRST EXPEDIENT (HYPOTHETICAL BATTERY OF ZERO RESISTANCE)

For a battery having no resistance to be equivalent to a resistance in which
there is a current, the electromotive force of the battery must be equal to minus
the product of the current and resistance.
As simple illustrations of the applica¬
tion of this expedient, consider the circuit shown in figure 1.
Here the current
distribution in the bridge arms and galvanometer branch may be considered to
depend on the potential drop from a to d, regardless of how this potential drop
is produced.
We are therefore at liberty to consider that the potential drop is
produced in any way which suits our convenience.
One of the ways in which the
potential drop might be produced would be by replacing the resistance, R, in
the battery branch in which there is a current, /, by a second battery having no
resistance and an electromotive force equal to —RI, or by replacing the entire
battery branch by a battery having no resistance and an electromotive force
Ei=Eb — RI.
If this were done, the potential drop from a to d would not change
on opening the galvanometer branch.
The potential drop across the break in
the galvanometer branch is given by eq 6, if Ei is substituted for E.
Another
simplification accomplished by this expedient is that from the standpoint of the
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resistance to an electromotive force in the galvanometer branch, branch points
a and d are connected by a conductor of zero resistance.
Consequently, an
expression for the resistance to an electromotive force in the galvanometer branch
can be written from an inspection of figure 1, and is
AB
(X+AX)Y
Cr_t' A + B^X + aX+Y'
Consequently,

E]X
Ig

X

l+AX/X
Y |_1 + AX/(X+ Y)

U

AB

,

(X+AX) 1

]/((? + A + .B + X + AX + l)

(79)

This equation or its equivalent was communicated to me orally by Leo Behr,
without an analjdical proof.
However, his original analysis was the same as
that given here.
This expedient, in some cases, is helpful in the solution of complicated network
problems as well as simpler problems, such as that just considered.
As an
ilustration, consider the bridge circuit
shown in figure 18 and consider that
the bridge is balanced.
Hypotheti¬
cally, the battery, battery leads, and
leakage paths between the guard and
battery, and guard and battery leads
may be replaced by two or more
batteries (each having the appropriate
electromotive force) connected as
shown in figure 22, or otherwise,
without changing the current or po¬
tential relative to the guard at any
point in the bridge arms, galvanom¬
eter leads, and leakage paths be¬
tween the guard and galvanometer
leads.
Obviously, if E' = EX/(X + Y), no
current is drawn from the battery
whose electromotive force is E' and
the usual Wheatstone bridge equation
gives the relation between X, Y, A,
and B.
However, in general the re¬
lation between X, Y, A, and B will
Figure 22.—The battery, battery leads, and
leakage paths (between battery leads and depart from the Wheatstone bridge
the guard only) shown in figure 18 replaced relation proportionally to (E'/E)—
(X/(X + Y)), while the proportionality
by two batteries.
factor depends upon the relative re¬
sistances of the bridge arms, leakage paths from the galvanometer leads to the
guard, and sections of the galvanometer leads.
By deliberately changing
(E'/E) — (X/(X + Y)) first to one and then to another known value and noting the
resulting changes in the balance of the bridge, both the initial value of (E'/E) —
(X/(X-\-Y)) and the proportionality factor may be found.
This is the basis of
the discussion given in the appendix on insulation.
(c) SECOND EXPEDIENT (HYPOTHETICAL BATTERY OF HIGH ELECTROMOTIVE
FORCE AND HIGH RESISTANCE)

For a high resistance and battery of high electromotive force to be equivalent
to a low (or zero) resistance and battery of low electromotive force, it is neces¬
sary that the high electromotive force minus the product of the high resistance
and current be equal to the low electromotive force minus the product of the low
resistance and current, and that the current be the same in the two cases.
As a
simple illustration of the application of this expedient, consider again the circuit
shown in figure 1.
Here the current distribution in the bridge arms and galva¬
nometer branch may be considered as dependent on the current in the battery
branch regardless of how this current is produced.
We are therefore at liberty
to consider that the current is produced in any way which suits our convenience.
One of the ways in which the current 1 in the battery branch might be pro¬
duced would be by increasing the resistance R indefinitely and increasing the
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electromotive force Eb sufficiently to give this current.
If this were done the
galvanometer branch could be opened without changing the current I in the
battery branch.
Furthermore, from the standpoint of an electromotive force
in the galvanometer branch, the resistance of the battery branch would be
infinite.
Consequently, an expression for the resistance to an electromotive
force in the galvanometer branch could be written from an inspection of figure
1.
With the galvanometer branch open it is readily seen that the current in
the X arm is I (A A- B)/(X-\- AX+ Y+ A-\-B) and in the A arm is I(XAX A-Y)/
(X+AX-f- F+-A + B).
These currents multiplied by the resistances (X-f-AX)
and A give the potential drop from a to b and from a to c, while the difference be¬
tween these two potential drops is the electromotive force appearing in the galva¬
nometer circuit when the galvanometer branch is closed.
With the galvanometer
branch closed it is readily seen that the resistance to an electromotive force in the
galvanometer branch is G-\- (A”+AX + A) (F+ B)/(X-\- AX + F+ A + B).
Conse¬
quently, the current in the galvanometer branch
T _1 [(* ■+

3

(A + B) - A (X + AX+ F) ] /(X + AX + F+ A + B)

G+(X+AX + A)(Y+B)/(X+AX+Y+A+B)

’

l8u;

which reduces to

73

(?(A+B4-X+AX+F) + (A+X+AX)(B+F)'

(81)

This is an equation given without proof by Jaeger [39].
Equations 76, 77, 78, 79, and 81, are exact, and two or more of them might
be applied to the same bridge at the same time.
That is, each of these equations
is a different form of the solution of the same problem.
To reduce them to a
common form, eq 76 for example, would require a determination of the relation
between E, Ei} /, and Eb, and of an expression for R9 in terms of G, X+AX, Y,
A, B, and R.
A comparison of the derivation of eq 76 either by the method
used by Heaviside or by the method used by Maxwell with that used in deriving
eq 79 and that used in deriving eq 81 would serve to show the relative simplicity
of the methods used here.
(d) THIRD EXPEDIENT (SEPARATION AND SYNTHESIS OF THE EFFECTS OF THE
SIX INDEPENDENT RESISTANCES OF A FOUR-TERMINAL CONDUCTOR)

Before considering the separation and synthesis of the effects of the independent
resistances of a nonlinear four-terminal conductor, it is important to know the
number and nature of these resistances and the purpose of the separation and
synthesis.
In the appendix on terminals and contacts it was pointed out that a
four-terminal conductor has but two independent four-terminal resistances.
These are the direct resistance and the cross resistance, which here will be desig¬
nated D and C.
The remaining independent resistances are the terminal resist¬
ances. which are of the three-terminal type.
These are
Bi = (1124) = (1142) = (4211) = (2411)
R2= (2231) = (2213) = (1322) = (3122)
tf3= (3342) = (3324) = (2433) = (4233) and
I?4= (4431) = (4413) = (1344) = (3144).
(See appendix on terminals and contacts for notation)
The purpose of the separation and synthesis of the effects of these six resistances
is to obtain analytical solutions of complicated networks composed of linear con¬
ductors and nonlinear four-terminal conductors.
Normally, little or nothing
would be gained by separating the effect either individually or collectively of
the terminal resistances of the four-terminal conductors from the effect of the
resistances of the linear conductors connected to the terminals.
Therefore the
only separations which will be considered are (a) of the effect of the direct resist¬
ances from the combined effect of the cross resistances, the terminal resistances,
and the resistances of the linear conductors; and (b) of the effect of the cross
resistances from the combined effect of the direct resistances, the terminal resist¬
ances, and the resistances of the linear conductors.
Since the solution must
contain the combined effect of the terminal resistances and the resistances of
linear conductors, in general it is necessary to determine three effects.
These
three effects may be determined by considering (1) that each nonlinear fourterminal conductor, constituting a part of a network, has four linear resistances
arranged as shown in figure 23 (a), (2) that each nonlinear four-terminal conductor
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has five linear resistances arranged as shown in figure 23 (b), and (3) that each
nonlinear four-terminal conductor has five linear resistances arranged as shown
in figure 23 (c).
When in the analysis of a network problem any of the well-known procedures
is followed in the treatment of the linear conductors, the first consideration gives
a partial solution which is complete, except that it contains neither the effect of
the direct resistances nor the effect of the cross resistances of the nonlinear fourterminal conductors.
The second consideration gives a partial solution which is
complete, except that it does not contain the effect of the cross resistances of the
nonlinear four-terminal conductors. The third consideration gives a partial
solution which is complete, except that it does not contain the effect of the direct
resistances of the nonlinear four-terminal conductors.
The second partial solution minus the first partial solution gives the effect of
the direct resistances, that is, the separation (a); while the third partial solution
minus the first partial solution gives the effect of the cross resistances, that is, the
separation (b).
The addition of the effect of the direct resistances and the effect
of the cross resistances to the combined effect of the terminal resistances and
resistances of linear conductors constitutes a synthesis of these three effects, and
consequently gives a complete solution of the network problem.
Obviously, the
complete solution may be obtained by the addition of the second and third, and

Figure 23.—Hypothetical arrangements of linear resistances for separating the effect

of the direct resistance and the effect of the cross resistance from the effect of the
terminal resistances of a nonlinear four-terminal conductor.
a. four linear resistances equivalent to the four terminal resistances of a nonlinear four-terminal conductor;
6, five linear resistances equivalent to the direct resistance and the four terminal resistances of a nonlinear
four-terminal conductor; c, five linear resistances equivalent to the cross resistance and the four terminal
resistances of a nonlinear four-terminal conductor.
subtraction of the first of the partial solutions.
If the second or third of these
partial solutions contains the effect of the direct resistances or of the cross resist¬
ances as additive terms only, that is, if the separation (a) or the separation (b)
occurs more or less automatically, the transfer of the additive terms occurring
in one of these partial solutions to the other of these partial solutions gives the
complete solution, so the first partial solution is not required.
In cases in which
the combined resistances of terminals of the nonlinear four-terminal conductors
and linear conductors connected to the terminals are sufficiently high relative to
the four-terminal resistances of the nonlinear four-terminal conductors that first
order approximations of the effects of the four-terminal resistances are sufficient,
the effect of the direct resistances can always be obtained as additive terms in
the second partial solution, and the effect of the cross resistances can always be
obtained as additive terms in the third partial solution.
To show how this method of analysis works out in practice, consider that three
linear conductors having resistances of 0.43, 1, and 1.37 ohms respectively, are
connected to a nonlinear four-terminal conductor, Q, as shown in figure 24 (a),
that the six independent resistances of Q are
R1 = .07
R2 = .13
R3—.O5
i?4 = .03
D =.08
C = .03

ohm,
ohm,
ohm,
ohm,
ohm, and
ohm,

and that the problem is to find first the potential drop from M to 3 with 1 ampere
in the circuit and second the resistance of that part of the circuit included between
M and N.
To more definitely visualize these problems, it may be assumed that
Q consists of a circular piece of sheet metal to which terminal posts are soldered.
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The first partial solution is obtained from the arrangement of linear conductors
in figure 24 (b).
For this arrangement the resistance between M and the junction
R\, Ri, Rz, and Rt (see fig. 23, a) is (,5X1.5)/2, or .3750 ohm.
Therefore,
since the current is 1 ampere, the potential drop from M to 3, E, = .3750 volt.
The second partial solution is obtained from the arrangement of linear conduc¬
tors shown in figure 24 (c).
If E2 represents the potential drop from M to 3 for

Figure 24.—A simple network containing one nonlinear four-terminal conductor.
a, a complete circuit in which Q represents the nonlinear four-terminal conductor; 6, a circuit showing the
terminal resistances of 0 as linear resistances; c, a circuit showing the terminal resistances and the direct
resistance of 0 as linear resistances; and d, a circuit showing the terminal resistances and the cross resist¬
ance of Q as linear resistances.

this arrangement, obviously, E2 is then larger than Ei by 0.08 volt, so E2 — .4550
volt.
The third partial solution is obtained from the arrangement shown in figure
24 (d).
If E3 represents the potential drop from M to 3 for this arrangement,
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it is readily seen that the current in the upper branch is (.43 + .07)/(.43 + .07+.03 +
.13+1.37) = .2463 ampere.
This current multiplied by 1.5, the resistance of
the upper branch between M, and junction of R2, C, and R3 (see fig. 23, c) gives
E2 = .3695 volt.
Therefore, the potential drop from M to 3 of the actual circuit,
E= E2-\- E3—Ei = .4495 volt.
Since in the second partial solution the effect of the direct resistance of Q ap¬
peared as an additive term, namely 0.08 volt, the first partial solution might have
been omitted and the complete solution obtained by transferring this additive
term to the third partial solution.
This would have given E=E3 + .08=.4a95
volt.
Considering now the second problem and letting rh r2 and r3 be the resistances
of that part of the circuit between M and A7'for the arrangements shown in figures
23 b, c, and d, it will be seen that the effect of the direct resistance, which is 0.08
ohm, will appear in the solution for r2 as an additive term with a coefficient of
unity.
Therefore, it is not necessary to solve for rx or r2.
Referring to figure 23 (d), it is readily seen that
(1.37 + .13 + .03) (.43 + .07)
7-3

1.37 + . 13 + .03 + .43 + .07

.03+1 = 1.4069 ohms.

Adding to this the resistance contributed by the direct resistance of Q, namely
.08 ohm, gives for the resistance of that part of the actual circuit between M
and N of figure 23 (a)
r= 1.4069 + .08= 1.4869 ohms.
The values stated for the six independent resistances of the nonlinear fourterminal conductor, Q, may be realized by the use of eight linear conductors
having the resistances and arrangement
.4 XL
shown in figure 25.
If therefore these eight
linear conductors are substituted for the
nonlinear four-terminal
conductor, the
problems just considered become problems
in linear networks, and the solutions given
may be checked by well-known methods.
A somewhat more complicated problem
is a determination of the effects of the three
different current distributions in each of
the four terminal blocks involved in chang¬
ing three resistance coils from a series to a
parallel connection and in measuring the
resistances of the paralleling connections.
A solution of this problem would serve to
give a better idea as to how the method of
analysis under consideration works out in
Figure 25.—Eight linear conductors practice, and at the same time give an
so arranged, and having such resist- answer to a question that frequently arises
ances as to be equivalent to the non- in connection with precise resistance comlinear four-terminal conductor, Q, of parisons.
figure 24 (a).
Referring to figure 14, the problem is
to find the ratio of the four-terminal
resistance of the three 150-ohm resistance sections with the paralleling connectors
Li and L2 removed to their four-terminal resistance with these connectors as
shown, using in each case terminals 1 and 2 of terminal block a and terminals 1
and 2 of terminal block d as the four terminals. The resistances of the paralleling
connections L\ and L2 are to be measured as four-terminal conductors.
In
the measurement of Lu L2 is removed and terminals 1 and 2 of terminal block
a and terminals 1 and 2 of terminal block b are used as the four terminals.
In the
measurement of the resistance of L2, L\ is removed and terminals 1 and 2 of
terminal block c and terminals 1 and 2 of terminal block d are used as the four
terminals.
It will be assumed that all conductors are linear except the terminal blocks
a, b, c, and d; and that each of these is a nonlinear four-terminal conductor. Aside
from what is obvious, the problem resolves itself into a determination of the
effects of the direct and cross resistances of the terminal blocks a, b, c, and d.
With reference to the terminal resistances of the terminal blocks, it will be
seen by reference to figure 14 that Rs of each terminal block is included in the
measurement of Lx or L2, R\ of terminal blocks a and d are outside the resistances
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under consideration, Ri of terminal blocks c and d may be considered as a part
of a 150-ohm resistance section, and in each case R\ may be considered as a part
of a 150-ohm resistance section.
Consequently, none of the terminal resistances
of any of the terminal blocks need appear explicitly in the analyses of the problem.
Furthermore, the effects of the direct resistances and of the cross resistances of
the terminal blocks must be small relative to the effects of the 150-ohm resistance
sections, so there is no need of making the first partial solution.
Considering that the terminal blocks are replaced by linear conductors repre¬
senting the direct resistances of the terminal blocks gives the arrangement shown
in figure 26 (a), and considering that the terminal blocks are replaced by linear
conductors representing the cross resistances gives the arrangement shown in
figure 26 (b).
Therefore, the second partial solution may be obtained from a

3

0

b

Figure 26.—Two arrangements of linear resistances for determining the the effect

of three different current distributions in each of the four nonlinear four-terminal
blocks shown in figure IS.
consideration of the arrangement shown in figure 26(a), and the third partial
solution may be obtained from a consideration of the arrangement shown in
figure 26 (b).
Here Da, Di, Dc, and Dd represent the direct resistances and
Ca, Cb, Cc, and Cd represent the cross resistances of the terminal blocks, a, b, c,
and d.
Let
[i2s]2 = the four-terminal resistance of the entire combination with the series
connection, excepting that part contributed by the cross resistances
Ca, Cb, Cc, and Cd of the terminal blocks.
[ijp]2=the four-terminal resistance of the entire combination with the parallel
connection, excepting that part contributed by the cross resistances.
[Xi]2 and [X2]2=the resistances of the paralleling connections, excepting that
part contributed by the cross resistances.
[f2s]3=the four-terminal resistance of the entire combination with the series con¬
nection, excepting that part contributed by the direct resistances,
Da, Db, De, and Dd.
[-KP]3 = the four-terminal resistance of the entire combination with the parallel
connection, excepting that part contributed by the direct resistances.
[Xi]3 and [X2J3=the resistances of the paralleling connections, excepting that
part contributed by the direct resistances.
L\ and L2=the four-terminal resistances of the paralleling connections.
.Rs=the four-terminal resistance of the entire combination with
the series connection, and
Rv—the four-terminal resistance of the entire combination with
the parallel connection.
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Referring to figure 26(a), it is readily seen that
[72,12 = 450+ Da+Db+De+Dd,

(83)

[72p]o = 50+(977u + 4 [Xi]2+D(,+ Dc + 4 [X2]2 + 9Z)d)/9,

(84)

[Xi]2=Z/i — Da — Db, and

(85)

[X2]2=L2-Dc-Dd.

(86)

From eq 83 it follows that
[72s]2 = 450 [l + (Da+Db+Dc + Dd)/450],

(87)

and from eq 84, 85, and 86 it follows that
[72p]2 = 50 [l + (4Ll + 4L2 + 5Do-3£)6-3Dc + 5Dd)/450].

(88)

Referring to figure 26 (b), it is easily seen that
[72s]3==450,

(89)

[72p]3 = 50+(4 [XJj + 4 [X2]3-6Ca-6Cd)/9

(90)

UY1]8 = Li+C«+C6,and

(91)

[X2]3=L2+Cc + Cd.

(92;

From eq 89, 90, 91, and 92 it folldws that
[72,]3 = 450, and
[72p]3

(93)

= 50+ (4L, + 4L2 - 2 Ca + 4 Cb + 4Cc- 2 Cd) /9.

(94)

Transferring the additive terms of eq 88 which contain the direct resistances to
eq 94 gives
72p = 50 [l + (4L1 + 4Li + 5Da-2C0-3jD6 + 4C,6-3De + 4Ce +
5 Dd-2Cd)/450].

(96)

Transferring the additive terms of eq 87 which contain the direct resistances to
eq 93 gives

72s — 450 [1 + (Da-\- Db~\- De-\- Z)j)/4501.

(95)

From eq 95 and 96 it follows

7?s/72p = 9[1 — 4(Li + I/2+ Da — CJ2 — Db-\- Cb — Dc-\- Cc-\~ Dd—
Cdl2)/450],

(97)

which is eq 57 in the appendix on terminals and contacts.
It is readily seen that the resistance 72j, of terminal block a is higher by 2C0/3
and the resistance 72b of terminal block d is higher by 2C<j/3 with the parallel
connection than with the series connection.
In fact, this is the reason why Ca
and Cd appear in eq 90.
Obviously the effects of the different current distributions in each of the fourterminal terminal blocks depend on their four-terminal resistances.
Further¬
more, by design or adjustment, these four-terminal resistances may be made
exceedingly small.
As an illustration of a design having exceedingly small fourterminal resistances consider an equilateral tetrahedron, using the apices as the
terminals.
Also, by design, it is possible to make the four-terminal resistances
definite to almost any extent desired.
In cases in which the four-terminal resist¬
ances are sufficiently small to be neglected, and are equally definite, a nonlinear
four-terminal conductor may be considered as equivalent to four linear con¬
ductors connected in star.
In the solution of network problems, it is frequently possible to select for the
independent variable any one of two or more quantities which are dependent on
each other.
Making different selections leads to different forms.
Then, by
making approximations, still other forms are obtained of the solution.
As an
illustration of exact expressions for the current in the galvanometer branch of an
unbalanced bridge consider eq 76, 78, 79, and 81.
The second of these involves
the drop in potential across the bridge with the galvanometer branch open, the
third the drop in potential across the bridge with the galvanometer branch
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closed, the fourth the current through the bridge, while the first, that is the
usual classical solution, involves the electromotive force in the battery branch.
The second of these involves the resistance of the battery branch in a rather com¬
plicated way, as does also the. classical solution.
Therefore, if only these four
were available it is conceivable that cases might arise in which it would be more
convenient to use either the third or the fourth rather than the second or the
classical form of solution.
In many cases approximate solutions may be obtained
in forms much more convenient to use than any of the forms of exact solutions,
yet giving all the accuracy required.
APPENDIX 6. OHM’S LAW
The work of Ohm contributed materially to our concepts of current, electro¬
motive force, and potential difference; originated our concepts of resistance and
resistivity; gave the generally used relation between current, electromotive
force, and resistance; and led to the formulas used in expressing the resistances of
combinations of conductors in terms of their individual resistances and to various
laws and theorems pertaining to the distribution of current in systems of con¬
ductors.
However, more than 50 years before Ohm published his more important
papers, Cavendish very probably had concepts of the quantities now called
potential difference, current, resistance, and of the property now called resistivity.
Furthermore, from experiments with electrolytic conductors he reached the con¬
clusion that the current is proportional to the first power of the potential difference.
During 1825, 1826, and 1827, Ohm published a number of papers in which he
described measurements of the electric conductance of metal wires, drew some
general conclusions from his experimental data, and made an analysis of the
electric circuit.
These papers led to those general ideas and relations which
taken collectively may be considered to be Ohm’s law.
From the standpoint of
resistance comparisons, the most important of these general ideas is that the
resistance of a conductor is independent of the current in it, while the more
important of these relations are the equations used in expressing the resistances of
combinations of conductors in terms of the resistances of the individual conductors.
The various conclusions reached by Ohm were not accepted unless or until
verified by others.
However, by 1843, when Wheatstone published an important
paper, they were more or less generally accepted.
Yet the feeling persisted that
more accurate measurements would show Ohm’s law to be merely an approxima¬
tion.
In the early 1870’s it was thought that definite departures from the law
had been found.
Accordingly, the British Association appointed a committee
to investigate and report on the matter.
Maxwell was the chairman of this
committee, and presumably he devised the methods of test, but the measurements
were made by Chrystal.
A conclusion reached from an analysis of the experi¬
mental data obtained in the tests and reported by Maxwell in 1876 was that
“If a conductor of iron, platinum or German silver one square centimeter in cross
section has a resistance of one ohm for infinitely small currents its resistance when
?„cted upon by an electromotive force of one volt (provided the temperature is
kept the same) is not altered by so much as 1/1012 part.” These tests have usually
been considered as proof that Ohm’s law is exact, at least to the extent likely to
be significant in electrical measurements.
Nevertheless, the subject is deserving
of some discussion.
An expression for the potential drop between the terminals of a standard
resistor (in which there is a current) that presumably is more exact than that
generally used is
e=RI+x+yJrz,

(98)

where
e = the potential drop between the potential leads of the standard resistor,
/f=the direct resistance of the standard resistor,
/ = the component of the current under the control of the operator and
which enters and leaves the standard resistor through the current
terminals,
x = Ri, where i is the current not under the control of the operator,
y=the component of the potential difference having its origin in the
standard resistor and potential leads and which is not caused by the
current I, and
2=the
component of the potential drop in the standard resistor and
potential leads caused by changes in the magnetic field.
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Letting I?=that component of the potential drop caused by the current, I,
it follows from eq 98 that
E=RI.

(99)

Pertinent questions concerning the application of these and other equations,
based on Ohm’s law, to standard resistors and resistance coils under normal
conditions of use are:
1. To what extent is R independent of /?
2. To what extent is eq 99 reliable?
3. To what extent are the formulas used in expressing the resistance of com¬
binations of conductors in terms of the resistances of the individual conductors
reliable?
4. To what extent can E be separated from e?
Question 1.—A precision method of determining the extent to which R is
independent of I consists in the use of a bridge (either Wheatstone or Thomson)
and observing the changes in balance with changes in the magnitude of the test
current and the changes in balance with the time following the establishment or
reversal of the test current.
The procedure followed in establishing balances
must be such as to give a separation of E and e.
Questions 2 and 3 are not
involved.
Obviously only relative effects of the test current upon the resistances of the
conductors constituting the arms of the bridge can be determined in this way.
Therefore, a quantitative conclusion as to the effect upon some particular standard
resistor can be reached only after a number of observations have been made, and
this conclusion must involve some assumption such as that the effect for a selected
group of standard resistors is, on the average, zero, except to the extent that
causes are found and the effects of these causes are taken into consideration.
In the normal use of standard resistors the test current causes the resistance
material to assume a temperature above that of the surrounding medium.
This
results in what may be considered as the normal change in the resistance of the
conductor corresponding to the difference in temperature.
In addition, the differ¬
ence in temperature between the resistance material and its mechanical support
may cause strains in the conductor, and if so, these strains result in a further
change in the resistance.
These changes in resistance are at least approximately
proportional to the square of the current and reach their full magnitude only
after the current has been maintained a sufficient time for the difference in tem¬
perature to become substantially constant.6 These will be referred to as the
primary effects of the. current upon the resistance.
A procedure for determining
and applying a correction for the primary effects of the test current has been
considered under the heading “Load Coefficients.”
In addition, the current affects the resistance, in some cases at any rate, in
other ways.
When a number of standard resistors are substituted one after
another in the X arm of the bridge and balances are established by the procedure
outlined above, it not infrequently happens that the precision attainable for these
balances is less with some of the standards than with others, although all may have
low temperature coefficients and equal facilities for dissipating the heat developed
by the test current.
In cases in which the precision attainable in establishing a
balance of the bridge is well below the average, it not infrequently happens that
the resistance of the resistor under investigation is low immediately following a
reversal of the test current and then increases more or less gradually attaining a
practically constant value in a time ranging from a few seconds to a minute or
more.
It happens less frequently that the resistance changes in an irregular way
and does not come to a practically constant value.
A comparison of the performance characteristics with the details of construc¬
tion, properties of the materials used in the construction, insulation resistance,
etc., frequently give a definite clue as to the cause of the changes in resistance.
In some cases it appears that following a change in the current the Peltier effect,
especially at junctions between copper and the resistance material, causes a local
increase and a local decrease in the temperature, which results in a thermoelectro¬
motive force.
This electromotive force, after it reaches a constant value, is pro¬
portional to the current and reverses sign following a reversal of the direction of
the current.
In other cases, it appears that an appreciable part of the current
passes through the insulation, and that this part decreases for a time (relative to
6 It is conceivable (in cases in which the conductor is not rigidly supported) that the forces resulting from
electromagnetic action might produce strains of sufficient magnitude to cause perceptible changes in the
resistance. If so, these changes would appear almost instantly following a change in the magnitude of the
current.
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the total current) following the establishment or reversal of the test current.
In
still other cases it appears that there is a gradual mechanical yielding of the
insulating material under the stresses caused by the temperature difference be¬
tween the resistance material and its mechanical support.
In such cases the
effect of the test current upon the resistance may be larger at the end of 15 seconds
than at the end of a longer time.
Changes in resistance resulting from the test current, whether or not the way
in which they are brought about is known, and provided they are not proportional
to the square of the current, will be referred to as the secondary effects of the
current upon the resistance.
There are many possible causes of secondary effects,
so it is not possible in all cases to obtain as complete information concerning them
as might be desired.
However, correlation of the secondary effects with details of construction of
many resistors makes it possible to predict with some degree of certainty their
magnitudes in others in which they are too small to be observed.
For relatively
few resistance coils and standard resistors under normal conditions of use is it
probable that the secondary effects of the current upon the resistance amount to
less than 1 in 100 million.
On the other hand, for relatively few standard resistors
having resistances in the range from 0.0001 to 10,000 ohms, if of the precision
ty-pe and of good quality, are the secondary effects of the normally used test
currents in excess of 1 in 100,000.
Question 2.—It appears that the first precise measurements having a direct
bearing on the relation between a change in current from one steady value to
another steady value and the resulting
change in potential drop were made by
F. A. Wolff of this Bureau.
At a meet¬
ing of the American Association for the
Advancement of Science in the summer
of 1899 he presented a paper entitled
“Experimental Test of the Accuracy of
Ohm’s Law.” Unfortunately, no further
record of this investigation has been
found either in the form of a published
paper or unpublished notes or data.
The circuit used was essentially that
shown in figure 27.
Here xu x2, x3, and
x4 represent the four arms of a balanced
Wheatstone bridge.
This bridge consti¬
tutes the X arm of a second Wheatstone
bridge, the other arms of which are
Figure 27.— Wolff’s circuit for testing
designated Y, A, and B.
This bridge is
the accuracy of Ohm’s law.
also balanced.
Dr. Wolff refers to the
bridge whose arms are designated xu x2, x3, and x4 as the auxiliary bridge, the other
bridge as the main bridge, and the circuit as a bridge within a bridge.
This method was tried about 1920 [105], when it gave promise of reasonably
satisfactory results, though some difficulties were encountered.
These difficulties
were, for the most part, obviated by replacing the battery of the auxiliary bridge
by a source of alternating current and omitting a provision for balancing the
auxiliary bridge.
Standard resistors having nominal values of 10 ohms were used
as the xu x2, x3, and x4 arms of the auxiliary bridge and the Y arm of the main
bridge.
The direct current in the Y arm was adjusted to a value somewhat larger
than that regularly used in testing 10-ohm standard resistors and the alternating
current in the supply branch of the auxiliary bridge was adjusted to a root mean
square value equal to approximately twice the value of the direct current in the
Y arm of the main bridge.
Since xu x2, x3, and x4 were approximately equal in resistance very little of the
alternating current passes through the A, B, and Y arms, or through the battery
or galvanometer branch of the main bridge.
Presumably, therefore, the alternat¬
ing current had no appreciable effect except in xu x2t x3, and x4, the arms of the
auxiliary bridge.
Following the usual procedure in balancing the main bridge,
the precision of the balances was about 1 part in 10 million.
On opening the
connection to the source of the alternating current, the balance was changed by
an amount not perceptibly different from that corresponding to the change in
resistance of the series parallel combination of x4, x2, x3, and x4 resulting from the
reduced power dissipation.
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A conclusion to be drawn from this experiment, for standard resistors such as
were used and currents having values over a limited range, including values nor¬
mally used in testing such standards, is that part of the potential drop caused by
the current is equal to the product of the resistance and current to an extent at
least somewhat beyond that to which the resistance may be considered as inde¬
pendent of the current.
It appears that if apparatus were designed especially
for the purpose and the most suitable resistance wire obtainable were used, the
method might be expected to yield a precision of a few parts in 100 million.
Question 3.—The test made by Chrystal, using “the first method which occurred
to the Committee,” might have given directly an answer as to the reliability of
one of the formulas used in expressing the resistance of a combination of conduc¬
tors in terms of the resistances of the individual conductors.
In this method five
resistance coils of equal resistance are compared with each other, four in a 2-and-2
series-parallel combination.
According to Ohm’s law, the resistance of each coil
is the same as the resistance of the other four in the series-parallel combination,
and on the average this would be true, even if there were slight differences in the
resistances of the five coils.
However, the quality of the resistors used by Chrystal
was not sufficiently good to permit of measurements to what now would be con¬
sidered a high accuracy.
An insignificant modification of the method consists in the comparison of the
resistances of four standard resistors (of nominally equal resistance) with each
other and with the four in the series-parallel combination, by alternate substitu¬
tion in the same arm of a Wheatstone bridge.
In a test made about 1920 [105],
using 10-ohm standard resistors of good quality, this method gave reasonably
satisfactory results, when corrections were applied to take into account the effects
of the resistances of terminals and contacts, but not sufficiently satisfactory to be
considered as a definite answer as to the reliability of one of the formulas used in
expressing the resistance of a combination of conductors in terms of their indi¬
vidual resistances.
However, there seems to be no direct or indirect experimental
evidence (such as that given in the answer to question 2) not in conformity with
the supposition that the resistances of combinations of conductors, as expressed
in terms of their individual resistances, are reliable to the extent that the resist¬
ances of the individual conductors are definite.
But to realize this accuracy it
may be necessary to take into account not only the resistances of connectors but
also the effects of the different current distributions in terminal blocks or the
different current distributions through or over the surface of the insulation.
Question 4-—The extent to which the potential drop E resulting from the cur¬
rent I and the actual potential drop e can be separated may be judged by de¬
liberately introducing into a bridge circuit a disturbing electromotive force and
noting the resulting change in the balance and precision of the balance.
In cases
in which the disturbing electromotive force amounts to only a few microvolts
and is reasonably constant or is only two or three orders higher and alternating
at frequencies of power distribution systems (or higher) neither the balance nor
the precision of the balance is affected by amounts corresponding to as much as
0.01 microvolt.
This question has been discussed more fully in appendix 2,
Thermoelectromotive Forces.
This brief discussion of Ohm’s law has been limited mainly to questions arising
in precision resistance comparisons.
It represents an attempt to coordinate one
of several classes of information obtained more or less incidentally in the design,
construction, and testing of standard resistors, bridges, potentiometers, etc.

APPENDIX 7. UNITS OF RESISTANCE
A. comprehensive discussion of units of resistance is not pertinent to the subject
of this paper.
However, some reference should be made here to the unit now
known as the NBS International Ohm and the relations between this unit and
some of/he other units now being used or whose use is contemplated.
The International Conference at London in 1908 established an International
Committee on Electrical Units and Standards to formulate a plan for and direct
such work as may be necessar}' in connection with maintenance of standards,
fixing of values—intercomparison of standards and to complete the work of the
conference.
This International Committee met in Washington in the spring of
1910, and one of its decisions was “to accept (for the present) as the International
ohm the mean of the units of the Physikalisch-Technische Reichsanstalt and the
National Physical Laboratory” which had been realized in these laboratories
from the so-called mercury ohm.

204/288

Wenner]

Resistance Comparisons

Standard resistors from Germany, France, and England were compared with
standard resistors of the United States from time to time during a period of about
6 weeks.
Values were then assigned to all the standard resistors used in the intercomparisons in terms of the new unit.
In assigning the new values, it was as¬
sumed that the mean value of one of the standard resistors from the National
Physical Laboratory during the time of the intercomparisons was the same as the
value previously assigned in the National Physical Laboratory, and that the
mean of the values of the resistances of the two standard resistors from the
Physikalisch-Technische Reichsanstalt during the time of the intercomparion was
the same as the mean of the values previously assigned in the PhysikalischTechnische Reichsanstalt.
Equal weights were given to the previously assigned
value in the National Physical Laboratory and the mean of the previously as¬
signed values in the Physikalisch-Technische Reichsanstalt.
Following the assignment of new values to the standard resistors of this Bureau
used in the intercomparison, they were intercompared either directly or indi¬
rectly with many other standard resistors of this Bureau.
From time to time
since then, selected groups (usually of 20 or more) 1-ohm standard resistors have
been intercompared, and on the basis of relative changes and previous good per¬
formances a group of 10 standards has been selected from the larger group.
In
assigning new values to all the standard resistors of the larger group and to others,
it has been assumed that the mean resistance of the group of 10 had not changed
since the previous similar intercomparison.
This in general is the procedure by
which the unit established in 1910 has been maintained in this Bureau.
From 1910 to 1929 only standard resistors of the sealed type developed by
Rosa [76] were included in the groups of 10.
A total of 20 different standards
have been included in the groups of 10, while 3 of these 20 have been included
in every group of 10.
From 1932 to 1938 only standards of the smaller doublewalled type [89] were included in the groups of 10.
More recently, only standards
of the larger double-walled type constructed by Thomas in 1933 have been in¬
cluded in the groups of 10.
The unit established in 1910 and maintained in this Bureau in the way described
above has been referred to by different names. The name now being used is the
NBS International Ohm.
Obviously, a unit of resistance maintained in this way changes with time to
the extent of the proportional decrease (or increase) of the resistances of the
standard resistors used in its maintenance.
Therefore, it is not to be presumed
that the NBS International Ohm has remained constant during the time since
its establishment.
To obtain information on this point various investigations
have been made in this Bureau.
Most of those since 1927 have been made by
Thomas.
In addition, groups of standard resistors have been sent abroad for
measurements of their resistances in other national laboratories, and standards of
other national laboratories have been measured in this Bureau.
More recently
these international intercomparisons have been made at the International Bureau
of Weights and Measures.* Comparisons of the values found for the resistances
of the same standard resistors in different national laboratories have given the
relations between the units of resistance of the different countries. From infor¬
mation as to the manner in which the units of the different countries were estab¬
lished and have been maintained, the results of the international intercomparisons
and the investigations made in this Bureau, it may be concluded that the probable
change in the NBS International Ohm during the 30 years since its establishment
has been less than 30 parts in 1 million.
Since the standard resistors now being
used in this Bureau in the maintenance of the units are fully one order better
than those formerly used for this purpose, it is reasonable to presume that the
present rate of change of the NBS International Ohm is less than 1 part in 1
million per year.
The relation between the NBS International Ohm, the mean international ohm,
and the units of resistance of other countries is given in table 1, which contains
data taken from the 1933, 1935, and 1937 reports of the International Committee
of Weights and Measures (Comit4 International des Poids et Mesures, Proc4sVerbaux des Stances) and Comptes Rendus, page 24, volume 209, 1939.
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1.— Units of resistance of various countries, as determined from comparisons
of standards at the International Bureau of Weights and Measures 1

Table

[Expressed as departures in microhms from the Mean International Ohm]
Third compari¬ Fourth com¬
Fifth compari¬
son, November parison, March son, December
1935
1933
1936

Unit of—

Germany__
__ _
United States_ _ _
France.__ .. . . .
.. ...

+10.6
-6.4
+7.3

Great Britain..
.. .
Japan. _ _ _
Russia_ ____

-5.2
-8.3
+9.5

+9.8
-5.5
+69.5
0.0
-3.6
-11.2
+10.6
0.0

Sixth compari¬
son, February
1939

+6.6
-3.7

+9. 1
-3.2

+0.9
-3.9
-10.0

+3.7
-6.5
-14.4

-0.4

+0.8

1 In this table a plus sign signifies that the unit of the country was larger than the Mean International
Ohm.

The Mean International Ohm was defined as the mean of the units of electrical
resistance, in 1935, of Germany, United States, Great Britian, Japan, and Russia.
After this mean was obtained, it was taken by France as the new French unit
and by Russia as the new Russian unit.
The data given in the table are based
on the assumption that units of resistance are being maintained with equal
fidelity in each of the six countries.
The unit of the United States is the unit of resistance referred to above as the
NBS International Ohm.
Therefore, in the early part of 1939,
1 NBS International Ohm = 0.999 997 Mean International Ohm.
From measurements made in this Bureau by Wenner, Thomas, Cooter, and
Kotter, the results of which were reported to the International Bureau of Weights
and Measures in December 1938,
1 NBS International Ohm= 1.000 485 absolute ohm.
From measurements made in this Bureau by Curtis, Moon, and Sparks, the
results of which were reported to the International Bureau of Weights and Meas¬
ures in December 1938,
1 NBS International Ohm= 1.000 484 absolute ohm.
In each case the un¬
certainties in the measurements were estimated to be 2 parts in 100,000.
In 1937 the International Committee on Weights and Measures adopted pro¬
visionally the relation
1 Mean International Ohm =1.000 48 absolute ohm.
From this relation and the data given in table 1, it follows that provisionally
1 NBS International Ohm= 1.000 477 absolute ohm
as of February 1939.
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abstract

The apparatus and method used in the precise measurement of the ratio of volt
boxes at the National Bureau of Standards are described in detail. The method
is applicable with rated voltage applied to the volt box and has an accuracy ap¬
proaching one part in 100,000. The results of such measurements on a number of
volt boxes under various conditions of humidity and temperature are given as a
guide to their use and an index of their accuracy.
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I.

INTRODUCTION

A volt box, more appropriately called a “resistance potential di¬
vider,” is a device commonly used to extend the range of a potenti¬
ometer by a definite factor so as to permit of the precise measurement
of direct voltages which exceed the limited range of the potentiometer.
Any error in this factor will of course enter directly into the measure¬
ment of voltage, and in cases where the volt box is used in connection
with the testing of wattmeters or watthourmeters, into the measure¬
ment of the commercially valuable quantities, electric power and
energy.
A volt box consists of a number of resistors connected in series and
provided with binding posts so that the unknown voltage to be
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measured can be connected to the whole of the series circuit (or to
some relatively large fraction thereof), while the potentiometer is
connected to measure the potential drop between the terminals
of a smaller part of the circuit thus energized. In the absence of
electric leakage, the ratio of the unknown voltage to the potential
drop measured by the potentiometer is evidently equal to the ratio
of the resistance of the whole circuit to that of the portion connected
to the potentiometer.
An accurate determination of this ratio
thus constitutes a test of the volt box.
It will be seen that such a test involves only the ratio of two resist¬
ances and not their absolute values. Consequently a test of a volt
box does not necessarily involve any measurements of resistance in
terms of the International Ohm, but only the much easier process of
relative measurement. A further result of this fact is that certain
types of variation which affect all parts of the circuit equally, such as
changes in room temperature, tend to cancel their effects leaving only
very small residual errors. Theoretically it would be desirable if all
parts of the circuit were formed of wire of the same size, composition,
and treatment. Practical difficulties in making adjustments may arise
if the length of fine wire required for any of the low ranges becomes too
short. Sometimes this difficulty can be met by using a short length of
larger manganin wire at one end of the small fine-wire coil and making
the final adjustment on this larger wire. Also, the construction of coils
of very different resistance often produces differences in cooling surfaces
and thus in load coefficient.
Volt boxes are, therefore, subject to a number of sources of error,
two of which depend upon the applied voltage. First, the heat
developed in the resistors when subjected to the operating voltage
(sometimes as much as 1,500 volts) may create temperature differences
and heuce vary the relative resistance of the component parts.
Second, any leakage over the insulating supports of the individual
resistors will make the current in some of them differ from that in
others, so that the ratio of voltages will not be the same as the ratio of
resistances. It is evident that a design of volt box in which self¬
heating trouble has been made negligible by the use of a circuit of very
high resistance will be particularly liable to leakage trouble, and vice
versa. In view of the facts that in general the resistance of leakage
paths does not obey Ohm’s law, and that the resistance of manganin
does not vary linearly with temperature, it is obviously very desirable
that a volt box be tested under conditions as nearly as possible the
same as those under which it is used, and in particular, that it be tested
at operating voltages.
It is the purpose of this paper to describe the equipment used at the
National Bureau of Standards for making such tests, and also to give
typical data showing the performance of present commercial volt
boxes, as a guide to other laboratories which may be called upon for
similar testing work.
II.

METHOD

The method of test here used is based on a comparison of the ratio of
the volt box under test with that of a standard volt box of the same
nominal range, the ratio of which has been determined by methods to
be described. Of the various possible methods for making the inter¬
comparison, the following has been found most flexible and convenient.
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The two volt boxes are connected in parallel between junction
points A and B, as shown in figure 1, and supplied with rated voltage,
V. The corresponding terminals, such as S3 and X3 or S2 and X2,
are then at very nearly equal potentials. If the small potential
differences between these terminals are measured and denoted by
V\, v2, v3, and vk, respectively, then the ratio, Fx, of the unknown is
given by the equation

^x=-^(l + [(y4-yi)/Fj-^[fe-y2)/V]+ ....),
in which terms of the second and higher order in Fs(v3—v2)/V and
(Vi V\)V have been neglected. Here any v is to be taken as positive
if the X terminal is positive with respect to the S terminal when B
AUXILIARY GUARD CIRCUIT

Figure

1.—Diagram of circuit used to intercompare volt boxes by the first method.

is positive with respect to A. The quantities
and vx arise only from
the resistance of leads and contacts and are always small (seldom
more than 250 microvolts at rated voltage); v2 is also usually small,
and differs from v2 only as the result of the resistance of connectors
within the volt boxes. Furthermore v3 is small (seldom exceeding
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1,000 microvolts) unless the volt box under test is seriously out of
adjustment. Consequently in measuring the small potential differ¬
ences, v, and the applied voltage, V, only a moderate relative accuracy
is sufficient to give a high precision in Fx. The applied voltage,
V, is conveniently measured with a voltmeter, but the small potential
differences, v, should be measured with a low-range potentiometer.
The three sections which follow describe in some detail the main
components of the equipment used in this method at the National
Bureau of Standards.
III. THE STANDARD VOLT BOX
The apparatus used at the National Bureau of Standards as a
standard volt box is shown in figure 2, and its ranges are listed in
column 8 of table 1 (p. 287). It was designed so as to minimize
the two sources of error mentioned above and at the same time to
provide for its own calibration in as simple a manner as possible.
The self-heating error is kept low by the use of a high-resistance
working circuit. This normally carries only 3 milliamperes (that is,
its resistance corresponds to 333)3 ohms per volt) so that at its rated
750 volts, the power dissipated is only 2.25 watts, which corresponds
to 0.25 milliwatt per square centimeter of coil area. The total re¬
sistance is 250,000 ohms, and with a box of normal construction an
error of 0.1 percent might be caused if the insulation resistance of the
effective leakage path fell below 250 megohms. To reduce the error
which could be caused by such leakage, the working circuit is divided
into 11 parts no one of which has a resistance of more than 25,000
ohms. Nine of these parts consist of ten 2,500-ohm coils and the
tenth of nine such coils. The coils of each part are carried by a
panel of hard rubber. Each of these ten panels in turn is hung by
metal blocks from the under side of the Bakelite top of the box, as
shown in figure 3. The eleventh part consists of coils of lower re¬
sistance which are hung from a portion of the Bakelite top which is
separated by a metal guard from the rest of the box. The hard-rubber
panels for adjacent parts are spaced with a clearance of 5 mm, and
any surface leakage from one panel to the next is intercepted by the
supporting blocks. An auxiliary or “guard” circuit, corresponding
sections of which can be connected in parallel with the working cir¬
cuit, is provided with taps at appropriate points to which the metal
supporting blocks are electrically connected. Each of the binding
posts of the working circuit is also provided with a surrounding metal
guard ring connected to a point on the guard circuit which has the
same potential as that of the post.
The result is that there can be
no leakage paths which are normally subject to more than 75 volts or
which shunt more than 25,000 ohms, and most of the insulation of
the working circuit is subjected to only the very small differences of
potential which result from lack of perfect adjustment of the guard
circuit. The leakage errors on the high ranges are thus reduced by
a factor of more than 100. The guard circuit has a nominal resistance
of 266% ohms per volt.
The calibration of the standard volt box requires the determination
of the resistances of various parts of the working circuit relative to
one another. The process consists in, first, the intercomparison of a
group of sections of nominally equal resistance and then the connection
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of these equal sections in series to form the first section of a group of
larger denomination. If the resistance of the first section of a group
of five is arbitrarily taken as a base, the first four intercomparisons
give the separate resistances of the next four sections relative to this
base. The addition of these values gives the resistance relative to the
base of the entire group connected in series. This group itself consti¬
tutes the first section of the next group, the resistances of which are
thus determined in terms of the original base. To minimize the num¬
ber of individual sections while retaining the series of nominal ratios
used in most commercial volt boxes, it was found desirable to use

A,
B,
C,
7),
E,

Metal guard ring connected to guard circuit.
A terminal of the standard volt box.
Bakelite top panel.
Insulator bushing.
Brass support for panel F. E is connected to the
guard circuit.
F, Hard rubber panel.
0, Two resistance coils of the working circuit.
77, A guard-circuit terminal.

7,
J,
K,
L,
AT,
N,

A resistance coil of the guard circuit.
Air-tight metal box.
Sweated air-tight joint.
Rubber gasket.
Metal angle.
Brass rod, which extends to bottom of 7. A tap
lead of guard circuit connects to bottom of N.
0, Brass rod extending to bottom of O. A tap from
the working circuit connects to bottom of 0.

groups containing alternately five and two nominally equal sections.
Thus the first group consists of five sections of 50 ohms each which are
rated at 150 millivolts each. These sections connected in series form
the first 250-olim section of the second group of two sections. These
two 250-ohm sections in series form in turn the first 500-ohm section
of the third group, which again consists of five sections. This scheme
is carried along to the highest sections of 50,000 ohms each, which are
rated for a potential drop of 150 volts.
The most convenient way of intercomparing the resistance of the
sections of any one group is to substitute one after another in the un¬
known arm of a Wheatstone bridge as shown in figure 4 (A and B).
This bridge circuit must be definite and sensitive to the full percentage
accuracy desired in the volt-box calibration, but the corrections to
its arms and the lead resistances ordinarily need not be known, pro¬
vided they remain the same during the intercomparison of the sections
of each group.
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The intercomparison of the lower voltage sections by this substitu¬
tion method can readily be made with full rated voltage applied to the
section under test. To apply full voltage (150 volts) to the higher
GUARD CIRCUIT OF STANDARD VOLT BOX

Figure 4.—Bridge circuits for calibrating standard volt box.

A, Higher sections.

B, Lower sections.

voltage sections with the bridge arrangement of figure 4 (A) would
require the use of a bridge arm of about 10,000 ohms, the resistance
of which remains steady when dissipating 2.25 watts. Experiments
216a/274
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using such an improvised arm have shown that the ratio of the 50,000ohm sections to the 500-ohm section is the same at 300 volts and at 150
volts as at 30 volts, within 3 parts per million. Routine calibrations
are therefore made at only 30 volts. In the case of the higli-voltage
sections, the measurement should be made with the corresponding
section of the guard circuit energized by connecting it to the battery
which supplies the bridge current, as shown in figure 4 (A).
Table 1 (see p. 287) is the schedule used for computing the final
volt-box corrections from the bridge readings. In the table each value
of p is the observed resistance of the precision rheostat in the bridge
circuit of figure 4 (A and B). The computed values of s in column 7
are the corrections in parts per million which, when applied to the
nominal ratio of the resistance of the range in column 8 to the resist¬
ance of the 0 to 0.15 range, will give the actual ratio. To obtain the
actual ratio for any range in column 8 to any other range listed in that
column, subtract the value of s for the second range from that of the
first and apply this difference as a correction in parts per million to the
nominal ratio of the two ranges. The mathematical derivation of the
equations of table 1 is given in appendix II.
The actual carrying out of a test by this procedure is very rapid, a
complete test and computation for all ranges being obtainable in less
than 3 hours. The sole theoretical error in the procedure as described
arises from the resistance of the rods which lead from the junction
points of the sections to the binding posts. The resistance of each
rod is only 0.0006 ohm. If the rods are equal in resistance, the error
will be equal to the resistance of two rods divided by the total resist¬
ance of the volt-box range used. Differences in rod resistance will
cause errors equal to these differences divided by the resistance of the
section measured. To eliminate this latter error in the measurements
of the 50-ohm sections, the galvanometer and battery connections of
the bridge circuit are made through the sections next adjacent to the
one under test, as shown in figure 4 (B), and thus the rods are put into
arms of higher resistance. The effect of the rod resistance on the voltbox ratio is less than 3 parts per million.
As a measure of the precision readily attainable in this process of
calibration, data obtained over a period of 12 years were examined
and 27 successive independent determinations of the ratio of two
sections of identical construction, namely that between the 450- and
600-volt taps and that between the 600- and 750-volt taps, were
tabulated. The standard deviation of these values from their mean
was found to be 7 parts per million, the greatest individual deviation
being 19 parts per million. This deviation, of course, includes any
drift in the relative values of the coils involved as well as the errors
in the setting up of their ratio.
The individual coils are wound with a single layer of silk-covered
manganin wire, all coils being wound with wire from the same spool
so as to minimize differences in the temperature coefficient of resistance
of the various parts. Nevertheless, early data showed a tendency to a
cyclical annual fluctuation in the ratio of the 750-volt to the 1.5-volt
section amounting to about 30 parts per million. This is apparently
the result of changing atmospheric humidity. To minimize such
effects, a small air pump is arranged to maintain the average pressure
within the standard volt box at 15 mm of water above atmospheric.
Air from the pump passes through a drying vessel containing CaCl2
j
572772 0-61-15
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and is thus thoroughly dried before entering the box. A rubber gasket
between the metal box and the Bakclite top seals the joint sufficiently
so that an air flow of about 0.1 m3 per 24 hours is enough to maintain
the pressure differential. Since the installation of this dry-air supply,
the cyclic fluctuation has been very small.
IV.

THE LINDECK POTENTIOMETER

The potentiometer generally used for measuring rJie small voltages,
vlf V2, v3} and vA, referred to in section II is of the Lindeck type.1 * Figure
5 is the circuit diagram of this instrument. In this device a current
VOLTS

COMMON

MICROVOLTS

Figure 5.—Circuit of the Lindeck 'potentiometer.
When intercomparing volt boxes, the terminals labeled "common” and "microvolts” are used. When
Interchecking the calibrations of the potentiometer and the voltmeter, the terminals labelled “common”
and “volts” are used.

measured by the milliammeter passes through a selected portion of the
standard resistor, AB, and this current is adjusted until the voltage
drop in the standard resistor is exactly equal and opposite to the
voltage to be measured, as indicated by the external galvanometer
(shown at G in fig. 1), which is used as a null indicator.
The milliammeter has a scale length of approximately 15 cm and
is equipped with a parallax mirror. It requires 10 ma for full-scale
deflection.
The standard resistance sections between A-B in figure 5 are made
of manganin and are so constructed that the temperature rise is
negligible even with the current of 8 amperes which is used to calibrate
them on a Kelvin double bridge. Their resistance should be adjusted
1 J. C. Poggendorff, Ann. Phys. Chem. 54, 161 (1841); Lindeck and Rotke, Z. Instrumentenk. 20, 293
(1900); H. B. Brooks and A. W. Spinks, BS J. Research 9, 781 (1932) RP506. This last paper contains a
brief summary of the two references above and a discussion of basic potentiometer circuits.
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to a precision somewhat better than that to which the milliammeter
can be read.
Since the resistance of the galvanometer circuit may vary from a
low value for measurements of vx, v2, and v4 up to several hundred
ohms in the measurement of v3, the time required to obtain a reading
can be shortened by providing manganin rheostats in series and in
parallel with the galvanometer, so that the instrument can be criti¬
cally damped in all four measurements. In operation, the voltage
applied to the volt boxes, and the potentiometer current are reversed
simultaneously, so that the effect of any constant thermal emf in
the galvanometer circuit or elsewhere is eliminated. By moderate
care in using only copper and materials, such as manganin, which
have a low thermal emf against copper, the residual emf is so small
that fluctuations in it cause only negligible errors.
The external galvanometer has a sensitivity of 3 mm per micro¬
volt at 1 m distance, with a critical external damping resistance of
200 ohms and a period of 5.8 seconds.
V.

AUXILIARY FEATURES

All of the wires in the measuring circuits are run in shielded cable,
and each shield is maintained at the same potential as the wire inside
it by means of the auxiliary “guard” circuit of the standard volt
box mentioned in section III above. The galvanometer and the
Lindeck potentiometer are mounted on metal guard plates which are
so located as to intercept any possible leakage currents. When volt¬
age Vi, v2, or v3 is being measured, these guard plates are connected
to the low-voltage terminal of the auxiliary guard circuit of the
standard volt box; but when v4 is measured, these plates are con¬
nected to the high-voltage terminal of the guard circuit. A special
plug-connector panel is used to connect the Lindeck potentiometer
circuit to measure i\, v2, v3, and v4, and this panel is designed so that
guard plates intercept leakage currents between the different measur¬
ing circuits.
For test voltages from 400 to 750 volts the batteries shown in
figure 1 are replaced by a motor-driven d-c generator. The driving
motor and the field of the generator are energized by means of
batteries.
With this equipment, 750 volts is the nominal limit at which volt
boxes are tested. However, experiment has shown that the calibra¬
tion of the standard volt-box can be relied upon up to 1,500 volts,
and by special arrangements the generator can be connected in series
with a group of batteries to obtain this voltage.
Since this method of calibrating a volt box involves the ratio of the
small voltages measured by the potentiometer to the larger voltage
measured by the voltmeter, it is necessary that the readings of these
two instruments be mutually consistent, though neither need be
accurate. Means were therefore provided for readily intercomparing
them. This is done by applying the same voltage to the voltmeter
and the standard volt box and measuring the voltage drop across the
0 to 1.5-volt range of the standard volt box with the Lindeck poten¬
tiometer. The “volts” and “common” terminals (see fig. 5) of the
potentiometer are used. Knowing the volt-box ratio, the agreement
of the two instruments can be readily checked. Since the volt-
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meter is provided with a shunt circuit around the moving element to
provide temperature compensation in the manner described by
Brooks,2 it was found convenient to incorporate in this shunt circuit
a small rheostat which can be used to adjust the current through the
moving element, so that the calibration 01 the voltmeter may be made
consistent with that of the potentiometer in spite of any small changes
in either instrument.
VI.

TEST PROCEDURE

When a volt box is received for test at the National Bureau of
Standards, the resistances between its terminals are first measured
with a Wheatstone bridge, in order to detect any defective resistance
coils before full voltage is applied to them. Data from these meas¬
urements can also be uSed to compute the approximate ratio. The
volt box is then connected into the circuit of figure 1, and voltage is
applied. Voltages vif v2, v3, and
are then measured successively, by
adjusting the Lindeck potentiometer until the simultaneous reversal
of polarity of the applied voltage, V, and of the potentiometer does
not change the galvanometer deflection. This latter procedure makes
negligible those errors that might be caused by any constant thermal
emf in the galvanometer circuit. Because of the self-lieating effect,
to be described in section VII-5, the volt box is then allowed to warm
up until the measured value of v3 becomes reasonably constant. If
the volt box has more than one range, the highest range is measured
first and then the other ranges are measured in order of decreasing
ratio. This procedure requires only one warming-up period for the
entire box.
A very effective check on the accuracy of the measurements is ob¬
tained by making two independent measurements of each ratio of the
volt box under test, using two different standard volt-box connections
which give the same ratio. Examples of standard volt-box terminal
arrangements which give the same ratio are: 0-1.5-150. 0-3-300,
0-6-600, and 0-7.5-750.
Ratios of the tested volt box are computed by means of the equa¬
tion given in section II. If for any range the total change in ratio
caused by self-heating is greater than the precision (0.01 percent) to
which results are reported, then the observed change and the time
required to complete it are reported.
VII.

TYPICAL PERFORMANCE CHARACTERISTICS OF
VOLT BOXES

Although the technical literature abounds with articles on poten¬
tiometers and much has been done to improve their accuracy, volt
boxes are mentioned only incidentally and with the exception of
manufacturer’s guarantees, no literature appears to have been pub¬
lished which discusses the factors affecting the accuracy of the voltage
ratio of volt boxes. Perhaps the reason for this lack of published
information is that up to the present time the accuracy of the measure¬
ments in which volt boxes have been used has not been noticeably
limited by any variation in the voltage ratio of the latter. In view
of this situation, a somewhat detailed discussion is given below of the
iH. B. Brooks, J. Research NBS 17, 523 (1936) RP926.
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factors which affect the voltage ratio so that those who use volt
boxes may know what factors may affect measurements of a given
precision.
At the time of the construction of a volt box the departure of its
actual voltage ratio from the nominal value will depend upon the care
with which the manufacturer adjusts the resistances of the various
coils. Thereafter the departure of the voltage ratio from the intial
value may depend upon (a) secular change of the resistance of the
coils, (b) ambient temperature, (c) temperature changes caused by
self-heating, (d) slow seasonal variations in ratio caused by seasonal
changes in relative humidity, and (e) changes in insulation resistance
between terminals and between the coil studs.
1.

ACCURACY OF MANUFACTURER’S ADJUSTMENT OF RATIO

Figure 6 indicates the accuracy of the manufacturer’s adjustment
of voltage ratio on 86 volt boxes tested at the National Bureau of

VOLTAGE

RATIO

IN

PER

CENT OF

NOMINAL

Figure 6.—Accuracy of the manufacturer's adjustment of voltage ratio.
This curve represents data on 86 volt boxes tested at the National Bureau of Standards between 1927 and
1940. In computing the curve each range of a multiple-range volt box was considered separately, so that
there were 413 ranges tested.

Standards between the years 1927 and 1940. For each plotted point
in this figure the ordinate represents the percentage of volt-box ranges
tested the ratio of which was within ±0.005 percent of the ratio
indicated by the abscissa. If the volt box was tested on more than
one occasion, only the results of the initial test were used in locating
this curve. Curves of this type for individual ranges had the same
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general shape and distribution of points as the composite curve shown
here. All of the volt boxes represented in this curve were for 1.5-volt
potentiometers. However, a curve of this type based on tests of a
small number of volt boxes used with 150-millivolt deflection poten¬
tiometers displaAred a similar shape and distribution of points.
2.

SECULAR CHANGE

One would expect that the secular change of ratio would be less than
the secular change of resistance of the individual coils, provided that
all of the coils are of similar construction. Data are available on seven
volt boxes which have been sent in to the National Bureau of Stand¬
ards for annual test over periods of from 6 to 10 years. Of these seven
volt boxes, the voltage ratio of the 150-volt to the 1.5-volt range has
varied 0.01 percent, or less, in six of them, and the ratio of the seventh
has increased uniformly by a total of 0.04 percent in a 10-year period.
The other ranges of each volt box in this group varied in the same
manner as the 150-volt to the 1.5-volt range. It may be supposed
that this performance is typical-of high-grade volt boxes.
3.

SEASONAL VARIATION OF RATIO

It has long been known that resistance coils of silk-covered manganin
wire, such as those used in many volt boxes, are subject to seasonal
variations in resistance which are primarily due to seasonal variations
in relative humidity. In 1936 Dike 3 published the results of his
investigation of the phenomenon. He found that the silk threads

1927
Figure

7.—Seasonal

1928

1929

variation of ratio for volt box A.

Construction features of A are described under figure 8.

used to insulate the manganin wire had a greater length at high relative
humidity than at low, and he concluded that this property of the silk
was responsible for the fact that the resistance of silk-insulated man¬
ganin wire coils is greater at the higher humidities. He also found that
if such coils were coated with certain waxes and suddenly changed
from an atmosphere of one relative humidity to that of another, the
resistance change would require approximately 3 weeks to complete,
but that coils not coated with wax required less than 24 hours although
the magnitude of the change in resistance was tbe same. The per¬
centage change of resistance is greater the finer the wire.
Figure 7 shows the seasonal variation in ratio for a volt box in which
the wire size is much larger on the low-voltage coil than on the coils
nearer the high-voltage end. Dike’s theory explains this curve very
well, because from that theory we would expect the humid summer
3 P. H. Dike, Rev. Sci. Instr. 7, 278 (1936).
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air to produce a greater percentage increase in the resistance of the
fine wire coils than in the coarser wire of the low-voltage coil and
hence make the voltage ratio higher during the summer months than
in the drier winter months. It should be noted that artificial heating
in winter causes the relative humidity indoors to be materially lower
than that of the outside air. This curve should not be interpreted

01

23456789

10

DAYS
Figure 8.—Drift of voltage ratio after a sudden increase in relative humidity.
Each volt box stood for several weeks in a room having a relative humidity between 25 and 40 percent, and
was then placed in a closed cabinet in which a saturated solution of sodium chloride maintained a relative
humidity of 75 percent. Each curve represents measurements made on the 150-volt to the I.5-volt range of
a volt box, with the exception of the curve for volt box A on which the 150-volt to the 0.15-volt range was
measured.
Volt box A has a resistance of 40 ohms per volt, its wood spools are wound with silk-insulated wire, and
the diamoter of the wire on the low-voltage coils is approximately 10 times that of the wire on the nighvoltage coils.
Volt box B has a resistance of 200 ohms per volt, its metal spools are wound with silk-covered wire, and
the ratio of the diameter of the wire in the low-voltage coil to that of the wire in the high-voltage coil is inter¬
mediate between that of volt boxes A and C.
Volt box C has a resistance of 26% ohms per volt, its wood spools are wound with silk-covered wire, and
the diameter of the wire in the low-voltage coil is twice that of the wire in the high-voltage coils.
Volt box D has a resistance of 333 ohms per volt; its metal spools are wound with enameled wire which is
insulated with a patented mixture of silk and cotton, and the ratio of the diameter of the wire in the lowvoltage coils to that of the wire in the high-voltage coils is approximately the same as that of C.
The coiis of all four volt boxes are wax-coated.

as a typical curve for all volt boxes, since it probably represents an
extreme type of construction among volt boxes built by reputable
manufacturers.
To obtain additional data on the effects of humidity, an air-tight
cabinet was built in which a volt box could be placed. A tray of
saturated sodium chloride solution kept the relative humidity con¬
stant at 75 percent. Shielded leads were brought out so that the
ratio of the volt box could be measured without opening the cabinet.
Data for each of the curves in figure 8 were obtained by placing in
this cabinet a volt box which for several weeks previously had been
in an atmosphere having a relative humidity of less than 40 percent,
and then periodically measuring the voltage ratio without removing
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the volt box’ from the cabinet. These ratio measurements were
made on the 150-volt range of each volt box with only 30 volts applied
so as to make any self-heating effects negligible.
Volt boxes A, B, and C have coils wound with silk-covered manganin
wire. The manganin wire of volt box D, however, is insulated with
a patented 4 combination of silk and cotton, which is claimed to cause
much less seasonal variation of resistance with humidity. The
improvement is obvious from the curves.
These curves for volt boxes in which silk-covered manganin is used
bear out two implications from Dike’s paper. First, for a given volt¬
age ratio the effect of a change in humidity will be least for the volt
box having the fewest ohms per volt, since such a box will usually
have thicker wire; this would explain the small effect on the ratio of
C in figure 8. Second, the greater the difference between the wire
diameters of the low-voltage and high-voltage coils, the greater will
be the effect of humidity. This is shown by the curves for A and B,
where A has one-fifth of the ohms per volt of B but the greater differ¬
ence in wire size.
After the data for figure 8 were obtained, volt box A was kept in
the cabinet for 4 weeks, and its ratio was found to have increased 0.048
percent in that time. Upon removing it from the cabinet to the dry
air of the room, the ratio decreased exponentially, with a change of
0.029 percent the first week. Although the experiments reported
above were made on a limited number of volt boxes, the results
probably indicate the magnitude and character of the effects that
would be experienced in the actual use of volt boxes.
4. EFFECT OF SURFACE RESISTANCE OF INSULATING PANEL ON
THE RATIO OF VOLT BOXES

Some of the coil studs and binding post terminals of volt box C,
which had the customary hard-rubber top, were disconnected from
the coils and the insulation resistance between them was measured.
Computations based on these measurements showed that surface
leakage between coil studs and between terminals of a volt box
would cause variations in the ratio of less than 5 parts per million
for a relative humidity of 75 percent or less, provided the resistance
was less than 400 ohms per volt, terminal spacings were 1% inch or
more for 150 volts, and the coil stud spacings were 1 inch or more.
However, it is probable that at some relative humidity higher
than 75 percent the surface resistivity of the panel of a volt box would
become low enough to have a serious effect on the ratio.
5. EFFECT OF SELF-HEATING

For most of the volt boxes tested at the National Bureau of Stand¬
ards during the past 13 years, it has been found that the ratio decreases
during the first hour or two that rated voltage is applied, and remains
nearly constant thereafter until the voltage is removed. The de¬
crease is an exponential one, and the magnitude of the change for the
300-volt range in volt boxes having a resistance of 200 ohms per volt
has been found to range from 0.005 percent to 0.03 percent, the average
value being about 0.02 percent. One-half of this change occurs in
about 20 minutes for most volt boxes.
4 P. H. Dike.

U. S. Patent 2,026,616, issued Jan. 7, 1936.
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Two volt boxes having a resistance of 333 ohms per volt and a
maximum resistance per coil of 5,000 ohms were found to show no
measurable change in ratio even after several hours at rated voltage.
The 750-volt range of a volt box having 100 ohms per volt showed
a change in ratio of 0.04 percent in 2 hours at rated voltage.
Two factors are responsible for this self-heating effect. First, the
resistance wire has an appreciable temperature coefficient of resist¬
ance; and second, for reasons of economy in construction the resistance
coils in the higher voltage sections are usually on spools of approxi¬
mately the same physical dimensions as those between the poten¬
tiometer taps, but have a much greater resistance per spool and hence
a much greater temperature rise. The grade of manganin usually
used in volt boxes has its maximum resistance near room temperature;
and hence, as the higher resistance coils heat up, their resistance
becomes a smaller percentage of the cold value than does that of the
coils between the potentiometer taps. Hence, the voltage ratio of
the volt box decreases.
Thermocouples were attached to the coils of a volt box of the usual
construction having 200 ohms per volt. It was found that for the
9,000- and 10,000-ohm coils the temperature rise was 10° C as compared
with 4° C for the 300-ohm coil. The ratio decreased with time on a
smooth exponential curve for both the 150-volt range and the 300-volt
range, the total change being 0.005 percent.
For volt boxes of normal construction the temperature rise of the
coils is negligible at 20 percent of rated voltage, so that if the ratio
of a volt box at rated voltage differs from that at 20-percent voltage
by an amount that is negligible for a given measurement then the
heating effect will also be negligible for that measurement.
VIII.

APPENDIX I

Alternative Test Method
A method which is simpler than that described in section II ana which is for
many purposes amply accurate for comparing the ratio Fx, of an unknown volt box
with that, Fg, of a standard volt box is shown in figure 9. Here IIx and P% are the
resistances of the high-voltage side between b and 4 and of the potentiometer side
between a and 6, respectively, of the box under test, and Hs and Ps are the cor¬
responding resistances of the standard. Hence, by definition (provided the
resistances of the connections from 1 to a and from 1' to d are negligible in compari¬
son with Hx-\-Px and Hg-\-Pg, respectively),

Ax =

Hi -\-P X

^

_HspPs

n

-and Fs — —75-•

75

The galvanometer is first connected between the terminals 2 and 2' and the slider
between 1 and 1' is adjusted to give a balance. This assures that the resistances of
the two sides of the rheostat, together with the leads to a and to d, are in the ratio

Lx_P x -{- II x ~\~R x_is
Ls Ps~\~IIs~\~Ra IK
The galvanometer is then shifted to join 3 and 3'’, ana ci-e oi the auxiliary resistors
Rs or Rx as needed is increased until a balance is again reached. This gives the
relation
LxpP x_II x +R x_is'
L spPs Hs-\-Rs is’
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When by successive adjustment a balance is obtained for both positions of the
galvanometer
i_x_ix'
is

is'

so that

Px_Hx d~ P
Ps

Whence

F x =F t

Hb-\-Ps-\-Rs

(1+j?«+V.)
_0+h!+p,).

In actual practice Rx or R$ is left zero according as Fx is greater or less than Fb, so
that the formula becomes very simple. This procedure does not fully eliminate
the effect of the connections between points 1 and a and between 1' and d, but such

Figure 9.—Schematic

diagram of circuit for intercomparison of volt boxes by the
alternative method.

lead resistances are usually quite negligible. It also requires the measurement,
though with only very moderate precision, of Hs + Ps (or Hx + Px)- For boxes of
different resistances a wide range of values of Rx (or Rs) is required.
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IX. APFENDIX II

Derivation of Test Schedule for Calibrating the Standard Volt Box
The working circuit of the standard volt box can be considered as made up of a
succession of groups each made up of a number of sections. The first five sections
of any one group have nominally equal resistances, and the last section has a resist¬
ance nominally five times this value. The first (counting from the low-potential
end) section of each group is formed by all the preceding groups connected in
series. Any section therefore can be identified by specifying two integers, the
first, m, indicating the group of which the section is part, and the second, k, indi¬
cating the position of the section in its group.
If the Wheatstone bridge used in the successive measurements of the first five
sections of the mth group has the fixed ratio Bm/Am, then the resistance of the ftth
section is given by

(1)

m

where pm, k is the resistance of the rheostat arm when measuring section (m, k).
Hence
Am

Am

‘

where nm, h is defined as pm, & — pm, i.
of the group is given by

(2)

The total resistance of the first five sections

(3)
The bridge ratio is now changed to
and the bridge is balanced first
across the combination of the first five sections in series giving
(4)
and then across the sixth section giving
(5)
Hence
Rm.t-y^ARm.k)
b — i
k—1

(.Pm.t-Pm.s)-

(6)

1lm

We may write pm,t — pm,s — nm,t and combine eq 6 with eq 3 to get
(7)
The resistance of the entire mth group is therefore
18)
A very convenient choice of bridge ratios, which keeps p nominally at 5,000 or
2,500 ohms, is to make
m

ax m

Also, as an abbreviation, we may write
k=5

*?m,5 = V j
k=l
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Inserting these values and noting that this total resistance of the mth group
is identical with the resistance of the first section of the (m+l)th group we get
ff(m+i,n = 10 Rm,i +2 X10m-3gm|5 + 10m~2nm,t

(10)

as the equation connecting resistance values in successive groups.
If this relation is applied successively, beginning with the first group (m = 1)
we get for the resistance of the first section of the mth group in terms of the
resistance of the first section of the first group and the observed differences

fimii = 10m_1 Ri,i + 10™-3
+ 10”>-4+i

nm~2, t+2- 10m_5+1gm-2,5

_|_l()m-5+2 ttm--J,< + 2-lOm-0+2gm-3,5

Simplifying this we get
Rm,l

= 10m_1 7fi,i +2'10m-'J (gi,5 +?2,5 • • • Qm-hi)

+ 10m_3(«i,f+«2,f+ ....

(11)

The total resistance Sm,k up to the fcth tap in the mth group is derived from eq 2
k'=k

g

k' = k

Smtk ~ ffi Rmik' = tc Rmi 1 + ~<
Umik'
k' = l
A”*k'=l

(12)

k'=k

Defining qm,h as 'fdnm,k' and inserting the values of ratio from eq 9, we get
k'=i

Sm,k—kRm,i + 10™ 35m,i

(13)

or by eq 11
Sm,k

— k-lOm~1Ri,i +2-10m_4/c(3i,5+52,5 •

■10m 3&( ni,t-{-n2,t

•

• Qm-hs)

¥)

<14>

If the circuit is used as a volt box with the first section as the low-voltage side
and the total resistance to the kth tap of the mth group as the high side, the
actual ratio is Sm,k/Ri,i and the nominal value is fc-lO”-1. The difference
between these two values expressed in parts per million is, from eq 14
-mjh —

106
k 10'

+

su—
.
A
— k-10™-

/

=•0 R 1,1

2,000/

/ ~~ ~Rjd (91>5+?2,5 * * * ?»

10,000,

^m—1)1

Rui \

1,5)

Q rn 1 k \

(15)

k y

The nominal value of Riti is 50 ohms, so that

Sm,k~ 40(21,5+32)5

200
Qm-1,5)

+200(rq,£+n2,<

k

Qm>k’

(16)

When the standard volt box is calibrated, it is usually desirable to obtain
the corrections for all the taps in a single process. For this purpose the schedule
of computation indicated in table 1 has been derived by, in effect, applying eq
16 to consecutively increasing values of k and of m. The quantities designated
as rm,k constitute the last term in eq 16, and the summations indicated by the
earlier terms are automatically made by the successive steps in computation.
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1.—Schedule for computing corrections for the standard volt box

Section in
bridge arm

Bridge
ratio 1

1

o

Adjustable
arm

n’s

?’ S

r’s

Correction

Range

3

4

5

6

7

8

l

0.15-0. 30_
0.30-0.45
0.45-0. GO
0. 60-0. 75

Phi
100/10,000

0-0. 75
0. 75-1. 5

1.
3.
4.
6.

0-1.6
5-3.0
0-4. 5
5-6. 0
0-7. 5

n, 2=10051,2
ri,3=675i,3
n, 4=5051,4
ri,5=405i,s

P l,t
Put

nut —Put—Pits

ffl,l=7?l,I

n, 1=20051,1

0 0. 15

Si.2 = 7“!,2
Sl, 3=71,3
Si, 4 = 71,4
Si,5 = 71,5

0-0. 30
0-0.45
0-0. 60
0-0. 75

S2,l = Sl, 5+71,1

+1.5

_ _

P2,l
|P2,2
l>2,3
P2,l

W2,2 = P2,2—P2,l
«2,3 = p2,3 — P2,l
«2,4 = P2,4—P2,l

52,2=712,2
02,3 = 02,2+712,3
52,4 = 52,3-1-712.4

Ip 2,5

tl2,5 = P2,5—P2,l

52,5 = 52,4+712,5

J'2,3 = 6752,3
r2,4=5052,4
72, 5=4052,5

P2,s
P2,t

«2,I = P2,1“P2,«

52,1=742,1

(P3,2

S2,2 = 52,1+72,2
S2)3 = S2*l"h^2,3

0-3. 0

S2,5=S2,H-72,5

0-4.5
0-6.0
0-7.5

r2,1=20052,1

S3,1=«2,5+72,1

0-15

S2,4 = S2,ri-r2,4

P3,l

1,000/1,000

0-75
75-150

B3,2 = P3,2—P3,l

53,2 = 713,2

73.2=10053,2

6'3,2 = S3,l+73,2

Phi

1‘3,S = P3,3 — 7)3,1

53.3 = 53,2+713,3

73.3 = 6753.3

S3,3 = 53,1+73,3

P3-4

W3,4=P3,4“P3,l

53.4 = 53,3+713.1

S3,4=S3,l+7s,l

\P3,S

W3.5=P3.5—P3.1

53.2 = 53.4+)l3.5

73.4=5053.4
73.5=4053.5

S3,6 = 53,1+73,5

0-30
0-45
O-CO
0-75

53,1 = 713,1

73,1=20053,1

S4,1 = S3,5+73,1

+150

74,2 = 10054,2

S4,2 = Sl,l+74,2

0-300
0-150
+000
0-750

'P3,.
L

40,000/1,000

s,

P3.I

s.
II

0-150
150-300
300-450
450-600
600-750

5i,2=711,2
(7l,3 = <?l,2+711.3
?I,4 = 2l,3+71l,4
ffl,5 = 2l,»+71l,5

Si,i = 0

S’

0-7.5
7. 5-15
0-15
15-30
30-45
45-60
60-75

4,000/10,000

Pi,2
Phi
Pi,4
IPltB

«i,i=Pi,i— Pi,i
=0
«l,2=Pl,2—Pl,l
'Hi, 3 “Pi, 3 Phi
Wl,4 = Pl,4“ Pl,l
Hus—Pus—Phi

O
O
u-5

0-0.15

PM
]P4,2

7!4,2 = Pl,2“p4,l

51.2 = 714,2

Pi ,3

Wl,3=P4,3“pl,l

54,3 = 54,2+714,3

74,3 = 6751,3

54,3 = Si, 1 + 74,3

Pl,4

72i,4 = p4,4“P4,l

54,4 = 54,3+714,4

74,4 = 5054,4

S4,4=54,1+74,4

7‘4»5 = P-!>5

54,5 = 54,4+714,6

74,5 = 4054,5

54,5=54,1 + 74,6

'P4,S

p4»1

aIn figure 4 (A and B) the bridge ratio is B/A.

Washington,

June 6, 1941.
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Measurement of Multimegohm Resistors
Arnold H. Scott
The method by which multimegohm resistors art1 measured at the National Bureau of
Standards is a null method using an electrometer as the null detector.
The charge flowing
through tlie resistor during the time of measurement is obtained from a variable* air capacitor
maintained at a fixed potential.
The potentials across the variable air capacitor and thus
across the specimen are maintained constant as indicated by the null reading of the electrom¬
eter by decreasing the capacitance of t he air capacitor at just l he right rate.
The capacitance
of the capacitor is varied by a small direct-current motor geared to tilt1 shaft of the capacitor
and whose speed can lx* controlled. Several multimegohm resistors-of two different makes
Although these are tlx* most stable
have bet'ii studied over a period of about thr< ■c years.
mullimegohm resistors available, it was found that they had erratic (luctuatiotis of 0.5 to l
With the impressed voltage varied from 1.5
percent and were generally voltage sensitive,
to JSO volts, various resistors showed resistant* [• changes ranging from 0.4 to 20.9 percent.

1. Introduction
This paper Inis been prepared in response to numer¬
ous retpiesls lor a description of the methods list'd in
the .National Bureau of Standards for calibrating
resistors having values above those conveniently
ami economically available in wire-wound form. A
practical limit for wire-wound resistors may he taken
as It)7 ohms.
Bridges equipped with suitable detectors and
capable of being balanced with a precision of a lew
tenths of a percent arc commercially available for
measurements in the range l()7 to 10i:i ohms. All of
these equipments art* comparison devices and involve
the list* of standard resistors either directlv as com¬
ponents in the bridge circuit or as auxiliary cali¬
brating units to be list'd in place of the unknown
resistor.
It is an unfortunate fact that even the
best multimegohm resistors produced today do not
possess sudicient stability to serve its reliable
standards in the range mentioned above. A later
section of this paper will present the results of a
3-year study in this Bureau on the best obtainable
mult imegohm resistors.
In the absence of suitable standards in this range,
resistors must be evaluated by the application of
other principles of measurement. These usually
involve a variation of either the charge accumulation
or I lie loss-of-eharge method. For either method
(lit' null detector is usuallv an electrometer.
In the
accumulation method 1 2 3 the charge flowing through
the resistor is accumulated on a ea.paeit.or having
good insulation. Tin* potential from one side of the
capacitor to ground is continuously increased tit a
rate such licit the potential across the resistor re¬
mains I lit' same throughout tin* measurement- as
indicated by the electrometer. The total charge
that Hows lb rough tin* resistor in a known time is
obtained from a knowledge of the capacitance of the
capacitor system and tin* potential to which the
1 .loti11 S. Townsend, 'I'tin genesis of ions by tlie inot ion of positive ions in a gas,
ami a llieoix of tile sparking potential. Chit. Mag. 6. 598 (1003).
- I,. S. Taylor, Accurate measurement of small electric charges by a null method,
HS .1. Itcscaroll 6. 807 (1031) IU’3011.
It. It. Race, Klectrioal conduction ill hard rubber, I’yrcx, quartz, and crystaltie quartz. Trans. MICK, 47, 1041 (1028).

capacitor becomes charged as indicated by tin*
potentiometer. The disadvantages of this method
are the diflieulty of accurately determining the
effective capacitance and tin* diflieulty of procuring
a continuously variable potentiometer having the
range and precision of setting desired.
A method for measuring small currents described
by P. J. Higgs 4 uses a variable capacitor rather than
a potentiometer to measure tin* charge that flows
through the resistor. In this ease the loss-of-eharge
method is list'd. The charge that Mows through the
resistor is supplied by the variable air capacitor.
Constant potential across the resistor as indicated
1»y the electrometer is obtained by continuously
decreasing the capacitance at the proper rate. It
is not necessary to know the total capacitance of the
system, only tin* amount by which the* capacitance
has been changed during measurement.

2. Method of Measurement
A slightly modified version of the Higgs’ method
has been developed by the present author. A
diagram of the circuit is shown in figure 1. A
potential divider is used to provide the potentials
for the specimen.and variable air capacitor rather
than direct battery connections. This permits the
ratio of the voltages to he more* easily determined
with the desired accuracy than when the voltages
are measured. A small d-c motor is geared to the
shaft of the variable air capacitor so that the capaci¬
tance can be changed more smoothly than by hand.
The basic principle of this method may he under¬
stood from tie* following considerations: Before the
start of a measurement the switch, *, across the
detector is closed; tin* capacitor, (\, is charged to (Ik*
full voltage of the battery, 1’: and a steady current,
of magnitude i=(rx/rs)(V/X) is flowing through the
unknown resistor, X, the latter bring very huge
compart'd with rz. At linn* #=() switch s is opened,
and, if no other adjust men! s were made, the capacitor
discharges exponentiallv to some lower voltage of
1
.1. It iggs, A method of measuring; high insula (inn resistance, .1. Sei. Just r. 10
Kid (.tune 1(133).
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2. Equipment used to measure multimegohm resist¬
ances when the vibrating-reed electrometer is the null indicating
instrument.

Figure

Figure

.

1

Circuit used to measure multimeghom resistors.

magnitude dependent upon the setting of me contact
P. The procedure is to decrease the value of Cs
continuously and smoothly in such a manner that
the potential difference across it remains constant
at its initial value as its charge diminishes. The
rate at which Cs is decreased is such that the poten¬
tial difference across open switch s remains zero as
indicated by the detector. It will be obvious, there¬
fore, that current through X is being maintained
constant at its initial value i, with the difference
that the energy dissipated in X is now furnished by
the capacitor rather than the battery. Under these
conditions the pertinent equation is:

E

Vx At
Vs AC’

(1)

where R is the resistance of the specimen, AC is the
change in capacitance during time interval At and
Vx and Vs are the potentials across the specimen
and variable air capacitor, respectively. Since the
current through the specimen is negligibly small
compared to the current in the potential divider, the
ratio Vx/Vs may be taken equal to rx/rs and eq (1)
becomes:
/£=-

At
AC

(2)

3. Description of Equipment
Any good electrometer having the required sen¬
sitivity may be used as the null instrument to indicate
when points A and B of figure 1 arc at the same
potential. The insulation between the terminals of
the electrometer must be of such quality that the
leakage current will be negligible compared to the
cuiTcnt flowing through the specimen. Two types
of electrometers have been used, a Compton quad¬

A, Electrometer head; B, electrometer controls; C, specimen shield; D, variable
air capacitor, C,; E, motor drive for variable air capacitor; F, voltage divider;
G, variable capacitor, Ct.

rant electrometer and a vibrating-reed electrometer.5
The equipment used in the latter case is shown in
figure 2.
When the Compton quadrant electrometer is used,
the point A is directly connected to ground. The
quadrant electrometer has a sensitivity such that a
potential of 1 mv produces a deflection of about 1.5
mm at a scale distance of 2 m. Its period is about
11 sec, and this relatively long interval is a serious
disadvantage when trying to observe potential
changes and to compensate for them.
Of the two, the vibrating-reed electrometer is both
more sensitive and more rapid in its response. Its
sensitivity is such that a potential of 1 mv produces
a meter deflection of 50 scale divisions. The response
is almost instantaneous. A disadvantage is that
neither of the measuring terminals may be con¬
nected to ground. This requires that all equipment
be insulated from ground. Another disadvantage is
that on the most sensitive range it has a zero drift
that must be determined and for which a correction
must be applied. The vibrating-reed electrometer
is, however, generally more satisfactory than the
quadrant electrometer.
The capacitor, Cs, must have negligible leakage
between its plates. A three-terminal variable air
capacitor is used. Each set of plates is insulated
from the frame and case. There is no dielectric
direetly between the plates. Conductance to ground
on the high-potential side causes no error because
the leakage current returns to the battery without
affecting the electrometer. There is no difficulty in
keeping the leakage to ground on the low side
sufficiently low because this part of the circuit is
maintained at, or near, zero potential at all times,
and the leakage current is then'fore negligible.
6 This electrometer converts a (1-c potential into an a-c potential by means
of a reed vibrating near an anvil on which the d-c potential appears. The a-c
potential is then amplified and rectified. A negative feedback stabilizes the
circuit. A full description of this type of electrometer is given by H. Palevsky.
R. K. Swank, and R. Grenchik, i)esign of dynamic condenser electrometers,
Rev. Sci. Instr. 18, 298-314 (May 1947).
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It lias been found that when the relative humidity
rises above about 40 percent appreciable conduction
does occur directly between the plates of the capaci¬
tor. This is probably due to very fine fibers that
are generally floating in the air and which settle onto
the plates, occasionally bridging them. When a
drying agent is placed in the capacitor, this con¬
ductance disappears.
Any one of three capacitors having ranges of 9.5 to
20.5, 15 to 125, and 1O0 to 1,100 picofarads (micro¬
microfarads) are available for use in the measure¬
ments- of resistance. With these capacitors, and
with proper potentials applied to them, measure¬
ments can be made involving currents from 10-9 to
10“13 amp. For instance, if a 109-ohm resistor is
being measured at 1.5 v, it will be seen from eq (1)
that a potential of 500 v will be required on the vari¬
able air capacitator for a capacitance change of 900
picofarads in 300 sec. If a 1013-ohm resistor is being
measured at 1.5 v, a potential of 15 v will be re¬
quired on the variable air capacitor for a capacitance
change of 9 picofarads in 900 sec.
It is necessary to decrease the capacitance of the
capacitor, Cs, at a specific uniform rate. For this
purpose, a small d-c motor is geared to the shaft of
the capacitor, as shown in figure 3. When using the
vibrating-reed electrometer, the motor must be insu¬
lated from the shaft and frame of the capacitor, so a
fiber gear and insulating supports are used. The
speed of the motor is controlled by a series resistance.
This resistance is adjusted so that the speed of the
motor is just below the proper speed, and small
changes in the speed are made by shorting part of
the resistance by means of a key. By closing this
key momentarily with varying regularity, it is
possible to keep the po-tential between points A and
B within plus or minus 1 mv as indicated by the
electrometer.
The potential divider is a plug box having a total
resistance of 1 megohm. This resistance is low com¬
pared to the resistances being measured, and yet is
high enough to prevent undue drain on the battery
used for potential source. The potential source
must be very steady. The voltage on the variable
air capacitor must not change sufficiently during the
period of measurement to cause a change of charge on
the .capacitor, which is appreciable compared with
the total charge that flows through the specimen.
The charge Qx that flows through the specimen during
measurement is given by QX=VS.AC, aud the charge
change due to voltage change is given by QS—C-AV.
If the ratio Qs/Qx is to be less than the limit of error L,
then AV must be less than L(AC/C)VS. If the limit
of desired error is 0.1 percent, AC is 9 picofarads, and
C is 20 picofarads, then AV must not be more than
0.045 percent of Vs. It has been found that heavyduty radio B batteries will satisfy this requirement
when connected to a potential divider that causes a
current drain not exceeding 0.5 ma.
The time is measured by means of an electric timer
that indicates to tenths of a second. This timer is
started by a switching mechanism that opens switch

Figure 3.

Motor drive for variable air capacitor

S and starts the motor driving the capacitor Cs so
that all three events occur simultaneously.
For attainment of the desired accuracy (limit of
error of 0.1 percent in the present case), the following
requirements must, be met.
(1) The capacitance
change, AC, during measurement must be large
enough so that it can be determined with the required
accuracy.. This depends upon the range of the ca¬
pacitor being used.
(2) The time of measurement
must be long enough so that At can be determined
with the required accuracy. The timer used in this
work can be read to 0.1 sec, so a time of measurement
of about 300 sec is generally used.
(3) The sensi¬
tivity of the electrometer to voltage must be such
that in combination with proper regulation, the
deviations of the potential between points A and B
from zero are negligible in comparison to the voltage
applied to the specimen.

4. Measurement Procedure
The measurement procedure can be best described
by an example such as the following. Suppose that
a resistor having a nominal value of 1010 ohms is to
be measured at 1.5 v-. A time of measurement of
300 sec is chosen. If the capacitor having a range
of 1,000 picofarads is used, a AC of 900 picofarads is
chosen. As seen from eq (1), choice of the above
three values will require that the voltage on the
capacitor be 50 v. As this is also the value of the
voltage across the voltage divider, the battery con¬
nections are adjusted to give that value as nearly as
possible. The battery pack is so constructed that
its voltage output can be adjusted in steps of 1.5 v.
As 0.5 ma is the current chosen for the potential
divider, the resistance of the potential divider is
adjusted to 100,000 ohms. The tap for the specimen
is placed at 3,000 ohms to give 1.5 v. The value of
the voltage across the potential divider is watched
by means of a potentiometer connected across 300
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ohms. To keep the sensitivity of the circuit within
a practical working range, the value of Cg is adjusted
until the potential difference across the open switch,
s, changes at the rate of about 20 mv/sec when the
capacitance, C, remains fixed. An appreciably
higher rate than this makes it difficult to adjust the
speed of the driving motor on the variable air capac¬
itor quickly enough to keep the potential difference
across the open switch, S, from fluctuating more than
1 mv. The equipment is now adjusted for measure¬
ment .
To make a measurement, switch s is closed, the
capacitor is set at its highest value, and the batterv
is connected to the potential divider. At time / = 0,
switch s is opened at the same time that a switch is
closed, which starts both the motor drive on the
capacitor and the timer. The potential difference
across the open switch, s, is kept less than 1 mv
(with practice it can be kept less than 0.4 mv) by
slightly changing the speed of the driving motor.
At the end of about 300 sec the switch is opened,
which stops the motor and timer. Switch s is then
closed. The capacitance difference is determined
from its original and final readings, and the time
interval is read from the timer. The resistance of
the specimen is computed by eq (2). The capacitor
is then reset to its highest value, the timer reset to
zero, the battery to the potential divider is reversed,
and another measurement is made, as described
above. An average of this pair of measurements is
considered a single determination. Two determina¬
tions are made on each specimen.

5. Accuracy and Precautions
A limit- of error of 0.1 percent can be obtained
with this equipment if the following precautions are
observed. The capacitance difference, At?, should be
large enough so that it can be determined with the
required accuracy. The variable air capacitors used
are calibrated to 0.01 percent of their maximum
range. Because only about nine-tenths of the maxi¬
mum range is used in a measurement and inaccura¬
cies due to stopping the motor are involved, AC
cannot be determined with an accuracy greater than
about 0.04 percent.
The time interval, At, must be of such duration
that it can be determined with sufficient accuracy.
Because the timer reads to 0.1 sec, 300 sec is chosen.
Care must be taken to assure that the timer is started
at the same instant switch s is opened. Under
present procedure, the error due to lack of the
synchronization is not greater than 0.1 sec. Thus
At can be determined with an accuracy of 0.03
percent.
The resistances in the potential divider can be
readily determined to 0.01 percent, so these present
no problem regarding limit of error.
It is not possible to keep the potential difference
across the open switch, s, always at zero.
The
appearance of this potential causes an error in two
ways. It changes the potential across the specimen
and across the capacitor. Because a voltage of 1.5
v is applied to the specimen, a voltage of 0.5 mv
572772 0 - 61 - 15
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across switch, s, would change the voltage on the*
specimen and hence the current by about 0.03
percent.
The potential that appears across the
switch, s, is random in nature, being both positive
and negative, so the average effect is less than
0.03 percent.
The appearance of a potential across switch s
also changes the potentials across the capacitors,
Cs and (\. The appearance and disappearance of
these random potentials do not affect the measure¬
ment except as they produce a leakage of charge
over the insulation from the low-potential side of
the capacitor, Cs, to the shield or through the insu¬
lation of the capacitor, Cg. If the insulation is good
(10 10 ohms or greater), this leakage will be neglibible.
However, if the measurement is terminated at a
time when the potential across the switch s is a
maximum of 0.5 mv, then the resistance of the
specimen as computed by eq (2) will be in error
because part of the charge that flowed through the
specimen came from a change in potential of the
capacitors, Cs and Cg, rather than from a change
in capacitance of capacitor Cs. The error due to
this can be estimated by recalling that CQ is ad¬
justed so that the rate of change of potential across
switch s is about 20 mv/sec when the capacitance,
Cs, remains fixed. This is equivalent to about 6,000
mv in the 300 sec during which the measurement is
made, so an error of 0.5 mv at the end of the measure¬
ment would cause an error of about 0.01 percent.
In those cases where the current flow is less
than 1(U12 amp (resistance greater than 1012 ohms
at- 1.5 v), the capacitance desired for C\ becomes
less than the minimum capacitance of the system
and cannot be realized.
Therefore, the measure¬
ment time must be increased correspondingly if
the same acurracy is to be obtained.
Because of the small currents involved, it was
found necessary to take special precautions in
shielding to eliminate spurious effects.
It was
found that contact-potential differences of different
metals in the shielding and conductor can cause a
drift of the electrometer even though no potential
is applied. It was not practical to make all parts
of the equipment from the same metal. However,
the effect was virtually eliminated by the proper
selection by a cut-ancl-try process of metals for the
various parts. Correction for the residual can be
made by making measurements with the battery
connected direct and reversed. An average of these
two measurements gives a value from which the
error is eliminated, provided the effect does not
change during the time of measurement.
The
terminals on some of the resistors are especially
bad in this respect.
The trouble from specimen
terminals may be eliminated by surrounding the
terminal with a sheath of metal that does not produce
a drift of the electrometer.
A bare copper wire
wound into a tight helix makes an excellent sheath.
There is a drift in the vibrating-reed electrom¬
eter that is equivalent to a current of about 10~16
amp. This is not significant when measuring resist¬
ances below 1012 ohms, but becomes appreciable for

resistances above this value. This drift is sufficiently
constant over the period of measurement, so that an
average of two measurements with reversed battery
practically eliminates this effect.
To test the equipment for spurious currents, a
measurement is made with the resistor removed from
the circuit. When the circuit is set for measuring
resistances in the range 109 up to 1011 ohms, and when
it is operating properly, no detectable change in
potential (equivalent to less than 0.02 percent of the
resistance for which the circuit is set to measure) is
observed across open switch s in 300 sec. When the
circuit is set for measuring resistances of the order of
1013 ohms, the readings are appreciable and somewhat
erratic. The potential appearing across open switch
s always has the same polarity, regardless of the
polarity of the battery across the potential divider
and is great enough to produce an error of from 0.1
to 0.5 percent Averaging a pair of measurements
with the battery reversed tends to cancel this effect,
but because this effect is somewhat erratic, the limit
of error for measurements of 1013 ohms is 0.2 to 0.3
percent.
r~

1.2-1, TYPE A,

H

A number of multimegohm resistors have been
studied over the past 3 years, during which time they
have been kept under standard laboratory conditions
(23° C and less then 50 percent relative humidity).
Most of these resistors have been measured by the
method described in this paper, but a few of these
resistors had resistances too low to be measured in
this manner. These latter resistors were measured
either by the “comparison method, using a galva¬
nometer” described in ASTM Tentative methods of
test for electrical resistance of insulating materials
D257-52T, or more lately by means of the Wheat¬
stone bridge.
The study included two types of
resistors. One type (1.2—1 through 1.2-9) Consisted
of a small coated rod sealed in a glass envelope. The
glass envelope had been treated to reduce surface
conductance.
The other type (1.2-10 through
1.2-14) consisted of molded composition material.
The values of resistance fluctuated with time, as
shown in figure 4 and were a function of the voltage
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Change of resistanee of m ultimegohm resistors with time.

The crosses arc values obtained after I lie resistors had been subject to a voltage of ISO volts.
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at which they were measured, as shown in table 1.
The values of the molded composition resistors (1.2-10
to 1.2-14) fluctuate more with time than do the glasssealed resistors (1.2-1 to 1.2-9), which may be due
to humidity effects. One of the molded composition
resistors (1.2-12) now has over twice the resistance
that is stamped on it. When originally received about
12 years ago, it was measured by a moderately
accurate method (limit of error probably about 2
percent) and found to have approximately the value
of resistance stamped on it. This means that in the
intervening years, the resistance had doubled. This
is the resistor that shows the greatest voltage
coefficient.
Three other types of resistors have been tested,
but their stability was so much poorer than the two
mentioned above that no extended study has been
made of them.
There is some indication that the fluctuations in
resistance of some of the sealed resistors are decreas¬
ing with age. But even the best of these resistors
have erratic fluctuations of resistance of the order of
0.5 percent.
The effect of change in voltage is often very dif¬
ferent for different resistors, even when they are the
same make (see table 1). The percentage changes
between 1.5- and 180-v range from 0.4 to 26.9 percent.
There appears to be no significant difference between
the two types of resistors as regards effect of voltage.
Although the null-electrometer method described
above is capable of measuring resistances up to 1012
ohms at 1.5 v, with a limit of error of 0.1 percent, no
multimegohm resistors (109 ohms or above) have

Table

1.

Change of resistance of multimegohm resistors with
voltages above 1.5 volts

Volts
Nominal
value

Resistor
1.5 to 45

1.5 to 180

%
-2.0
-0.4
-.4
-.4

%
-8.3
-3.4
-2.5
-2.5
-2.7

1.2-6
1.2-7
1.2-8
1.2-9
1. 2-10

+.7
0
-.5
-3.9
-0.1

-1.5
-1.9
-3.0
-12.4
-1.1

1.2-11
1.2-13
1.2-14
1.2-12

+.0

-0.4
-0.4
+2.0
-26.9

1.2-1
1.2-2
1.2-3
1.2-4
1.2-5

-0.3
-10.4

Ohms
10'i
10”
10">
10io
10®
109
10s
108
10*
10s
108
10”
10”
2X1010

been noted that are stable with time to that accuracy.
They all have voltage coefficients. All these things
considered, the presently available resistors may not
be relied upon to maintain their values closer than
0.5 to 1.0 percent. There is great need for a more
stable resistor for use as a standard in the multimegolim range.

The author is indebted to J. F. Richardson for his
aid in making many of the measurements and to the
late Dr. Charles Moon for his suggestions and advice.
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12. Standard Cells and the Unit of Electromotive Force
By Walter J. Hamer, Langhorne H. Brickwedde, and Phyllis R. Robb 1

Introduction
One of the legal responsibilities of the National Bureau of Standards
is the maintenance of standards of electromotive force (emf) for the
United States including certification of standards of emf for industrial
concerns, Government agencies, universities, and standardizing lab¬
oratories. The national standard of emf, the unit of which is the
volt, is maintained at the National Bureau of Standards by a group
of saturated cadmium cells 2 [1] 3 consisting of a cadmium-amalgam
negative, a mercury-mercurous sulfate positive in a saturated aqueous
solution of cadmium sulfate. Part of the present NBS primary
group of standard cells was constructed in the years 1906 to 1913
and another part in 1932. Other cells made annually or biennially,
with the war years excepted, supplement the primary group.
The volt, although an important unit, is a secondary one. Its
value is established experimentally through Ohm’s law and the abso¬
lute ohm and ampere. Early in this century the practical standard
of resistance was a Hg column of specified dimensions, and the prac¬
tical standard of current was defined by the amount of Ag deposited
in a specified time under specified conditions. At the present time
(since January 1, 1948) the ohm is evaluated in absolute units in
terms of inductance and frequency [2, 3, 4, 5] and the ampere in abso¬
lute units by the measurement of a force produced by the current in
a current balance [6, 7, 8]. These absolute measurements are in¬
volved, require painstaking work and, therefore, are unsuitable for
determinations of the volt as frequently as such determinations are
demanded. To circumvent the necessity of frequent absolute measure¬
ments, standard cells are constructed, their emf are determined in
relation to absolute current and resistance, and these cells are then
used to maintain the volt in the interim.
The validity of this procedure rests on the assumption that the
emf of standard cells are independent of time. Obviously, all of a
group of identical cells may increase or decrease in emf without
evident departures from an assigned mean. Today we have arrived
at a state where we believe that the precision of cell measurements
and the agreement of cells within the group indicate that the standard
is not drifting by more than 0.6 /xv, or 6 parts in 10 million, per year.
This does not imply, however, that absolute determinations, which
are the only proof of the constancy of the cells, are so precise.
> National Bureau of Standards, Washington, D. C
2 Historically, these cells are referred to as Weston cells after Edward Weston, who first proposed them
in 1892. The term “Weston Normal Cell’’ refers to the so-called “neutral” type of cell, in which a saturated
aqueous solution of cadmium sulfate is used.
3 Figures in brackets indicate the literature references on p. 113.
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History of the United States Unit of Electromotive
Force
In 1893 the Chicago International Electrical Congress 4 chose the
Clark cell5 as the standard of emf, and assigned to it a value of 1.434 v
at 15° C, based on units of current and resistance then accepted
and in conformity with the report of November 1892 of the Com¬
mittee of the Board of Trade of Great Britain. By an act of the
United States Congress, July 12, 1894, definitions were adopted for
electrical units substantially equivalent to those adopted at Chicago.
The National Academy of Sciences, acting on authority of the United
States Congress, prepared and published on February 9, 1895, de¬
tailed specifications for realizing the international ampere and the
international volt, by the silver coulometer and the Clark standard
cell. Thus, in 1895 the Clark cell was the legal standard of emf in
the United States. It was assigned a value of 1.434 v at 15° C.
In the years immediately following 1893, most countries adopted
1.434 v for the Clark cell at 15° C. Later work showed that cells
made with specially purified Hg2S04 had an emf of 1.4337 v at 15°
C, or an emf 0.0003 v lower than the cells made prior to the meeting
of the Chicago International Electrical Congress. Germany, how¬
ever, recommended and adopted 1.4328 v at 15° C for the Clark
cell in 1898. Their lower value was based on different values of
the ohm and ampere. Although the German value was not uni¬
versally accepted, it was a more nearly correct value as later experi¬
ments showed. Also, during the years 1893 to 1905, the Weston
cell (see footnote 2) was found to have many advantages over the
Clark cell and at an informal international conference6 at Cliarlottenburg in October 1905, the Weston normal cell was first pro¬
posed for adoption' in maintaining the volt. This informal rec¬
ommendation, however, was not officially adopted until 1908 (see
below).
In 1906 the United States standard of emf was defined in terms
of the Clark cell made with specially purified Hg2S04 and of the
Weston normal cell, whose emf was expressed in terms of its
measured emf difference from the Clark cell. The Clark cells were
assigned a value of 1.42110 v at 25° C. This was based on the
value 1.434 v at 15° C adopted by the Chicago International Elec¬
trical Congress and legalized by the U. S. Congress, less the correc¬
tion of 0.0003 v for the use of specially purified Hg2S04, and less the
temperature correction calculated from the emf-temperature co¬
efficient determined by Callendar and Barnes [10], i. e., 1.434 —
0.0003 —0.0126= 1.421 i v. The mean of the Weston normal cells
made at NBS, and then on hand, was 1.01890 v at 25° C in terms
of the Clark cells at 25° C. Thus in 1906 the standard of emf in
the United States was a group of Weston normal standard cells,
whose mean emf was taken to be 1.01890 v at 25° C.
In 1908 the International Conference on Electrical Units and
Standards [11] met in London and officially accepted the Weston
4 This Congress was composed of delegates from Austria, Canada, France, Germany, Great Britain,
Italy, Mexico, Sweden, Switzerland, and the United States.
6 The Clark cell was devised by Latimer Clark in 1872 [9], It consists of a Zn-amalgam negative, a HgHg2S04 positive in a saturated solution of Z11SO4.
6 The international Electrical Congress in St. Louis in 1904 recommended that the various governments
concerned appoint members to an International Commission to consider inequalities known to exist in
the electrical units as maintained in the various countries. In accordance with this recommendation,
the Physikalisch-Technische Reichsanstalt invited representatives of the various standardizing labora¬
tories to a conference at Charlottenburg.
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Normal Cell on the recommendation of the Charlottcnburg Con¬
ference of 1905. The London Conference further adopted pro¬
visionally 1.0184 v as the emf of the Weston Normal Cell at 20°
C, and recommended for the emf-temperature coefficient of the
Weston Normal Cell the formula based on the measurements of
Wolff [12] at NBS. By this formula, the Weston Normal Cell
at 25° C had an emf of 1.018174 v, which is 0.000726 v lower than
the value then accepted in the United States. This discrepancy
was caused largely by the fact that the United States had accepted
1.4337 v for the Clark cell at 15° C, whereas the German value
of 1.4328 v at 15° G had proved to be a more nearly correct value.
The London Conference still felt, however, that further work was
needed and' recommended that additional experiments be made.
Meon

of

the

Group Meons

1910

26

Assumed volue of

W.N.C
506

1906-1910 at BS- I.OI9l26v

852 pv

New basis adopted Jan. I, 1948
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336
PV
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adopted Jan. 1.-1911
- 1.01830 v

346

pv

NBS certified interactional
volue 1947

flOpv

Mean

International

value

1947

Effect of changes in the volt for the United States from 1906 to 1951,
inclusive.
(Not drawn to scale.)

Accordingly, scientists from England, France, and Germany met
with American scientists at the National Bureau of Standards in
1910, and as a result of their experiments with a large number of
Weston Normal Cells and silver-coulometer determinations adopted
1.01830 v as the emf of the Weston Normal Cell at 20° C. The
fact that this was necessarily only an approximation to the “true”
or “absolute” value was indicated by prefixing the adjective “in¬
ternational,” and 1.01830 was taken by mutual agreement as the
emf of the Weston Normal Cell in “international volts.” This
is the value familiar to most scientists and found in nearly all text¬
books. This value stood until 1948 when the United States and
other countries went over to absolute units. On the new absolute
basis the value of the Weston Normal Cell at 20° C becomes 1.018646
v. This value is now of historical interest only.
In figure 12.1, the effect of changes in the value of the United
States unit of emf in international and absolute units is given from
1906 to 1951. The values are all given for a typical Weston Normal
Cell at 20° C, the temperature chosen as reference by the London
International Electrical Conference. In 1906 the NBS primary
group of 12 cells had an emf of 1.019126 v at 20° C, based on the calcula¬
tions and experiments described above. Early in 1907, however,
one cell was broken, and in 1908 several .of the remaining cells were
accidentally damaged in the temperature-coefficient work. Seven
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other cells made in 1906, which had shown exceptionally good char¬
acteristics, were made the Bureau’s reference cells in February 1908.
The mean of this group of seven cells was 14 /xv below the group of
1906. The group of seven cells served officially as the standard
of emf from 1908 to 1911 and had a mean value of 1.019112 v. In
1910 the mean of the group means of the cells submitted by England,
France, Germany, and the United States was 40 nv higher than the
mean of the NBS older cells, or 26 ,uv higher than the value assumed
by NBS in 1906 for the primary group. This difference of 40 /xv
(0.04 fxv) was later found to be largely caused by an aging effect
of these cells, the duration of which was about 2 years. In other
words, the difference between the Bureau’s older group of cells, and
the new cells made by the four countries in 1910 decreased by 87 /xv,
and hence became insignificant within about 2 years. As the Bureau’s
older group was then 6 years old (4 years at start of comparison),
the new cells made by the four countries were judged to decrease
in emf with time; an increase in emf of the older cells was deemed
extremely unlikely.
Those who met in Washington in 1910 still realized, however, that
the Hg ohm and the Ag coulometer were not fundamental standards
for resistance and current, and believed that absolute units based
on the cgs system were more desirable. Accordingly, the standard¬
izing laboratories of several nations continued their absolute measure¬
ments and determinations of the relation between absolute units
and the international units then in use. 7 It was not until 1948,
however, that the absolute scale based on mechanical units become a
reality. Two World Wars had caused delays in the necessary experi¬
mental work. As a result of determinations of the relation between
absolute units and the international units in various countries, it was
found that the mean ratio was 1.000490 for the ohm and 0.99985
for the ampere [13]. Therefore, through Ohm’s law the ratio for the
volt is 1.00034. As international comparisons of the ampere arc not
feasible, the conversion factors in transportable units were chosen,
and the International Committee on Weights and Measures in October
1946 announced [14]:

1 mean international ohm= 1.00049 absolute ohms.
1 mean international volt= 1.00034 absolute volts.
The mean international units were the averages of units maintained
in national laboratories of France, Germany, Great Britain, Japan,
USSR, and the USA that took part in the international comparisons
before the outbreak of World War II.
Specifically, the units maintained in the United States differed
from the above averages by a few parts in a million, and the conversion
factors were

1 international ohm (USA) = 1.000495 absolute ohms.
1 international volt (USA) = 1.00033 absolute volts.
The International Committee set the date January 1, 1948, for the
7 This does not imply that methods for absolute measurements were not known in 1910, but that sufficient
accuracy of the measurements had not been attained. Actually the work of Gauss in 1833 and of Weber in
1851 showed the possibility of measuring electric and magnetic quantities in terms of mechanical units.
[13].
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change to absolute units.8 Likewise, other countries had their own
conversion factors. In essence, therefore, on January 1, 1948, the
absolute volt and absolute ohm were identical in all countries.
Between 1906 and 1951, the progress in the science of electri¬
cal measurements, as formally recognized by international agreements,
had led to a number of changes in the unit of emf in the United
States. The magnitude and significance of these changes are sum¬
marized in table 1. The emf of a typical saturated cadmium cell
and the standard electrode potential of the Ag-AgCl electrode at
25° C in terms of the national standard at various periods in the history
of the United States are listed. The effect of the conversion from
international to absolute units is shown in terms of a quantity well
known to chemists. Although the changes are not large, care should
be exercised in making comparisons of literature data prior to 1948
with data reported since January 1, 1948.
Table 1.—Effect of changes in the unit of the United States standard of electro¬
motive force on the electromotive force of saturated cadmium standard cells at 20°
C and on the standard electrode 'potential of the silver-silver chloride electrode at
25° C as certified by NBS.

Year

1906
1910
1911
1912
1913
1947
1948
1951

Standard
cell

1 rolts
1.019152
1.019152
1. 018300
a 1.018337
1. 018300
1.018310
1. 018646
1. 018646

Silversilver
chloride
electrode
1rolts
0.22258
.22258
.22239
.22240
. 22239
b. 22239
. 22246
. 22246

a Effect of aging of reference group. Correction for this was made and incorporated by 1913.
b Value of 0.22239 v is that given by H. S. Harned and R. W. Ehlers [15].

The change from international to absolute volts causes no change,
however, in many electrochemical and physical chemical constants,
for example, activity coefficients obtained from emf measurements.
Activity coefficients of HC1 determined from measurements of the
cell:
H 2 (g) | HC1 (aq) | AgCl (s), Ag(s)
are given by the equation

(E—E°) volts
+ln mu rn ci — hi
(RTJF) volts

7h 7ci>

and the volt cancels on the left side of this equation. Therefore, the
value of the activity coefficient of HC1 is the same whether the emf
of the cell is measured in international or in absolute volts. Of
course, E, E°, and PT/Y must be measured or expressed in the same
units. The same holds for pH values, ionization constants, and like
quantities. Conversion from international to absolute units does
8 It had been suggested that absolute volts be used to designate the new unit to distinguish it from the older
unit. The National Bureau of Standards, however, took the view that it was preferable to drop the adjec¬
tive “absolute” and use only “volt.” It was deemed advisable to speak of only one kind of volt and to do
so from the time of the change. When the National Bureau of Standards uses the term “volt,” “absolute
volt” is therefore implied.
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affect the values of the faraday, standard electrode potentials, redox
potentials, electron charge, electron volt, free-energy changes, and
ionic mobilities. Conversion factors for these and other quantities
are given elsewhere [16].

Modifications in Standard Cells
In maintaining the standard of emf, it is assumed that between
absolute determinations the emf of the cells in the reference group
remains constant. As pointed out above, it is obvious that a group
of identical cells may increase or decrease so uniformly that departures
from the assigned mean may not be evident. Modifications in the
type of cells used for a primary standard are desirable. An alterna¬
tive type of standard cell using an entirely different electrochemical
system would be most valuable, for if changes of emf with time in
two different cell systems occurred, they would not be likely to follow
the same pattern. However, the prime requirement of constancy has
not been as well realized in other systems as in the cadmium-mercury
one. Further, the measurement of emf differences of a half volt or

Figure
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Ratios and differences in acid and neutral saturated cadmium cells.

thereabouts with the precision required imposes a problem, though
not an insurmountable one.
In order to have different kinds of cells in its primary standard, the
NBS has effected in recent years several modifications in Weston
normal cells. These modifications include (1) acid cells, (2) acid cells
with deuterium oxide, and (3) substitution of quartz for glass as
container material for both acid and neutral cells. Thus, including
neutral cells in glass, 10 ratios may be obtained, and these ratios may
be followed over a period of years.
The first modification that was effected was the construction of acid
cells. In the so-called “neutral” Weston normal cell, Hg2S04 hydro¬
lyzes to form basic mercurous sulfate and H2S04 of an equilibrium
concentration. Although these cells are stable in emf and basic
mercurous sulfate, once formed, appears to have no effect on the sta¬
bility of the cell, many experimenters have felt that better cells would
be obtained if H2S04 were added in sufficient amount to prevent the
formation of the basic salt. Accordingly, in 1932 a group of cells were
constructed that were 0.04 N in H2S04. Higher concentrations of
acid cause the formation of appreciable quantities of gas at the cad241/108

mium amalgam. These cells were studied for a number of years and
then incorporated into the primary group in 1937.
In figure 12.2, the ratio of the emf of acid and neutral cells in the
NBS primary group is shown as a function of time for the past 15
years (in the figure (Ratio—1)X106 is plotted for convenience). ■ This
ratio has varied with the neutral cells decreasing and the acid cells
increasing in emf in terms of the group mean. In the lower part of
the figure, the differences in emf between acid and neutral cells are
shown as a function of time. Over a 15-year period this difference
has shifted by 9.2 juv, or 9.2 ppm, or 6 parts in 10 million (0.0006 mv)
per year. This shift is very much beyond the precision and accuracy
of most scientific investigations, but is a real effect.
Of course, we cannot decide from, these measurements which, type
of cell is changing in emf with time, or which type is more stable.
Recourse, therefore, has been made to measurements of the tempera¬
ture coefficient and effect of age on the stability of the two types. In
table 2, the differences of the emf at 20° C. from those at 25°, 28°, and
30° O. are given for a group of 46 cells of different ages and acidities
but of similar construction to the cells in the NBS primary group.
Differences in the electromotive forces of standard cells of different acidities
and, ages at 20° C-from the electromotive forces at 25°, 28°, and 30° C

Table 2.

Neutral (21 cells)

Age

Number
of cells

Years
111_
20_
40_

7
7
7

Mean.

(20-25)° C

Aa

(20-28)° C

Aa

(20-30)° C

Aa

nv
227. 5
228.6
231.0

3.2
4.2
4.5

382. 4
384.2
386.2

til)
4. 4
4.9
5.5

nv
494. 6
495.9
501. 7

HP
5.2
8.3
5.0

229.0

4.0

384.3

4.9

497.4

6.2

0.8
.5
3. 7
0.0

484.5
483.6
480. 1
483.5

0.9
.7
2.7
0.2

1.3

482.6

1. 1

liV

Acid (25 cells)
3_
9__
15. .
18_
Mean_

7
7
9
2

222.5
221.2
219. 7
222. 1

0.4
.3
2. 5
0. 1

372.9
372. 9
371. 9
373.6

221.1

0.8

372.6

a Mean deviation.

It will be noted that the average deviation from the mean is much
larger for neutral cells than for acid cells, being approximately 5 juv for
the former and 1 nv for the latter. Therefore, acid cells exhibit less
variation in behavior than neutral cells and are probably more reliable.
It will also be noted that the emf-temperature coefficients of acid and
of neutral cells differ and that the emf-temperature coefficient for acid
cells is more constant with age. This observation also suggests that
acid cells are more reliable. Our observations on acid cells are not
very different from those given by Vigoureux and Watts [17].
The second modification that was effected was the substitution of
deuterium oxide for ordinary water as the electrolyte solvent. An
account of these cells is given in papers by Brickwedde and Vinal
[18, 19]. In figure 12.3, the relation between the emf of saturated
standard cells and the mole percent of deuterium oxide is shown.
The total change in going from pure-water solution to pure deuterium242/109

oxide solution is only 395/zv, which is well within the range of 2,100^v
of the specialized potentiometer [20] used in the intercomparison
of primary-group cells. The cause of the change in emf resulting
from substitution of deuterium oxide for water has been given in the
papers of Brickwredde and Vinal [18, 19].
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Effect of deuterium oxide on the electromotive force of saturated
cadmium standard cells at 20° C.

In 1949 four groups of standard cells containing either deuterium
oxide or water were prepared. Each cell was made 0.02 N in H2S04.
In figure 12.4 the average 2-vear change in emf for each group of cells
is given in terms of the standard deviation. The average change is
greater for the H20 groups than for the D20 groups, but the standard
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Statistics on the changes in the electromotive forces at 28° C from
1949 to 1951 of standard cells made with water or deuterium oxide.

deviations are the same. Unfortunately, these observations cover
only a 2-year period, a period during which standard cells are known
to age, and, therefore, no definite conclusions may be drawn at this
time as to the relative stability of water and deuterium-oxide cells.
At this time, these observations could be considered to reflect effects
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of experimental technique rather than differences inherent in the
chemistry of the cells. Definite conclusions will be possible only
after more extensive observations.
The third modification that was effected was the substitution of a
fused-quartz cell container [21] for the Kimble standard flint glass
container that has been used at the National Bureau of Standards for
many years. It has been realized for a long time that the alkali of
glass may neutralize the acid in acid standard cells (neutral cells
should not be affected as Hg2S04 should hydrolyze to maintain the
equilibrium concentration of H2S04), thereby affecting the stability
of the cell [22, 23, 24], It was felt that fused quartz may, therefore,
be a better container. Details of their construction have been given
elsewhere [21] and will not be repeated here.
Seven satisfactory saturated standard cells were made in these
containers. Eight control cells in Kimble glass were made at the
same time. Five acid cells (0.02 N in H2S04) were made in both
types of containers and two neutral cells in quartz and three neutral
cells in glass. Readings of the emf were taken at intervals during
1949, 1950, and 1951. If we take the cell average for 1951 and sub¬
tract the average for the same cell in 1949, we obtain an emf difference
that is a measure of the change in emf of that cell over a 2-year period.
These emf differences at 28°C are given in table 3.
Table 3.

Differences in the electromotive force of standard cells in quartz and glass
containers between 1951 and 1949 (1951 value minus 1949 value)

Glass

Quartz
Acid

Neutral

nv
1.9
3.4
l.G
1.6
j. i

tin
1. 7
3.5

Average change for quartz=2.1i.

Acid

3.8
3.6
2.2
3. H
1.9

Neutral

M*'
3.9
9.4
11.9

Average change for glass=5.0tj.

The average change in emf for glass containers is higher than for
quartz containers. In addition, the changes in emf vary less in the
quartz group than in the glass. Greater average change and greater
variability in emf seem to be the case for glass in both neutral and
acid cells. The sample size, however, was too small to draw definite
conclusions between the behaviors of acid and neutral cells in the two
types of containers. Additional cells will be obtained and further
studies made.

International Comparisons
Annually or biennially, the National Bureau of Standards transports
by messenger saturated standard cells that have been compared with
the NBS primary standard cells to the Bureau International des
Poids et Mesures9 for comparisons against the international group
maintained there. The National Bureau of Standards measures the
emf of its cells immediately prior to transport to the International
# For a brief history of the International Bureau, see the discussion of F. B. Silsbee under standard cells
at the end of this paper.
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Bureau and immediately after their return. Except on very rare
occasions, the two measurements have agreed within a microvolt,
showing that transportation by messenger had hot affected the cells.
Comparisons with the International Bureau (BIPM) since World
War II are shown in figure 12.5. Differences between the NBS and
BIPM values reported for the NBS cells are given. Reported differ¬
ences are represented by the shaded circles. In 1946, 1948, and 1950
the values for the NBS cells differed by +10.0, +9.0, and —0.79/xv
from the BIPM values for the same cells. However, BIPM reported
their results in international volts in 1946 and 1948 and in absolute
volts in 1950. If their international values of 1946 and 1948 are
converted to absolute volts, using their conversion factor of 1.00034,
the differences between the BIPM and NBS values for the same cells

12.5. Comparisons of electromotive forces certified by the National Bureau
of Standards with the Bureau International des Poids et Mesures since World
War II.

Figure

0,

Reported; O, calculated.

Conversion factors, 1.00033 (United States), 1.00034 (international).

are —0.2, —1.2, and — 0.79 for 1946, 1948, and 1950, respectively.
The difference between the two groups of cells, those at NBS and those
at BIPM, each maintained differently and by different staffs, has
not varied on the average by as much as 1 pv since World War II.
Of course, in arriving at the respective conversion factors, cognizance
had been taken of the 10-ppm difference between the BIPM and
NBS units that existed prior to January 1, 1948.
In table 4, comparisons made in 1950 with BIPM and other coun¬
tries are listed. In column 2 are shown the difference in the volt from
BIPM, of the National Physical Laboratory (England), Laboratoire
Central des Industries Electriques (France), the Electrotechnical
Laboratory (Japan), the Institut de Metrologie d’U. R. S. S. (Russia),
and the Deutsches Amt fur Mass and Gewicht (Germany), who sub¬
mitted cells to BIPM in 1950. The mean of the differences from the
BIPM unit for the countries contributing to international comparisons
is —2.02 ppm. If we omit the Russian and the German values, the
mean difference is only +0.16 ppm. The numbers represent the
relative changes in the unit since the comparison of 1947, on which
were based the various conversion factors that equalized the absolute
units adopted in the several countries on January 1, 1948.
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In column 3 of table 4, the differences of the units of other countries
from the U. S. unit are listed.
The mean difference for the partici¬
pating countries is only —1.25 ppm. Comparisons have been carried
out at the National Bureau of Standards for the national laboratories
of Sweden, Israel, and the Union of South Africa.
Table

4.

Results of international comparisons of various units of electromotive
force in 1950

BIRM unit
NBS unit
minus national minus national
unit
unit

Country

United States.
England. _
F ranee _
Japan_
Russia...
Germany_
Mean..

ppm
-0. 77
-2. 2o

ppm

+0. 09

+0.KS

+3. Si
-23.0
+ 10.2

+1.3i
-22.2
+ 11.0

-1.43

-2.02

It may be concluded, therefore, that the United States volt is in
excellent agreement with the average unit maintained in the other
standardizing laboratories of the world. It may also be concluded
that the methods employed at the National Bureau of Standards,
especially for the past 10 years, in maintaining the volt are sound.
In the future, studies of standard cells made acid with H2S()4, stand¬
ard cells with solvents of deuterium oxide, and standard cells made in
quartz containers should make possible the maintenance of the volt
with even more confidence than was possible in the past.

The authors express their appreciation to George W. Vinal, who for
25 years was charged with responsibility of maintaining the United
States unit of emf, for his suggestions and encouragement during the
initial phases of these studies.
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Discussion
Du. D. A. MacInnks (l-tock(‘f(‘ll(*i* Institute for Mcdie'al Roseaieh):
Could you tell us something; about the International Bureau?
Da. F. 13. SihsnioK, National Bureau of Standards: Perhaps some of
the audience may not know that hack in 1S75 there was an interna¬
tional agreement cal led. the Convention of the Motor, to which some 17
nations subscribed and under that treaty there wore set up three
organizations: first, an official International Conference on Weights
and Measures; second, an International Committee on Weights and
Measures (a body of 15 or 17 individual exports, no two of which can
he from the same country hut otherwise selected for their individual
competence in tin' field of measurement); and, third, under the direc¬
tion of the latter, there' was created an International Bureau of Weights
and Measure's learn ted e>n grounel elouated by I lie- Frene'h Governine'iit.
For many years the' Buieau and Committee hael jurisdiction only
over length and mass, but in 1921 this juriseliedion was ewlenele'el by an
amendment to the treaty to e*over e'lee'tricity, photome'try. anel the
thermometric se'ale.
In 1921 the1 International Bureau set up satis¬
factory apparatus for the' e'omparison e»f standard e'e'lls anel oni'-ohm
resistors and several of the' more highly inelustrializeel e-ountrie's elemated
to the International Bureau stanelarel e-ells and standarel resistors,
which have been kept there eve'r sine'e.
Beginning about 1935 a series of biennial compariseuis was initiated;
standarels were sent to Paris by the' various national labe>rate»rie's and
then returned to the originating labe>ratory at the e'nel e>f e'ach e'om¬
parison. The mean value that Dr. Hamer showed em the' sliele wees
the ave'rage for each e'omparison of the units of all four nations active
in the comparisons. It was assumed to be1 e'onstant. On twe> e»e*e*asions the' French anel the Ge'rmans have voluntarily e-hangt'el the*ir
unit because they were convine'ed they hael drifteel materially.
During the war perioel there were no comparisons, and sine*e> tlie'll
there have not be'en e'omplete comparisons with Russia. There are
two German laboratories now, but comparisons with them have been
rather sporadic. The Internatiemal Bureau has a group e>f some 47
ce'lls, anel the ave'rage' of this group seems to have* icmaineel very
closely the same as that of our group here at the' Natiemal Bureau of
Standarels anel as that of the Nat ional Physical Laboratory in Englanel.
1 think that none of those thieo units have changed materially, and the
final slide' of Dr. Hamer showeel that agreement as it st,‘inels now.
Da. A. J. Rutgkks, University ed Ghent,’Belgium: When you want
to keep this funelamental group e>f evils ve>ry constant some* things may
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change—H2S04 may come in. Would it not be advisable to add the
acid in the form of a buffer solution?
Dr. W. J. Ha mbr: I think that is a very good suggestion.
I believe
some work with buffer solutions has been done by Vosburgh. When
you add a buffer solution you are, of course, adding more materials
that could cause barm. Nevertheless, I think your suggestion is a
good one.
Dr. H. H. Uhlig, Massachusetts Institute of Technology, Cam¬
bridge, Mass.: I should like to ask why heavy water changes the
potential of a standard cell.
Dr. H amer: In a standard cell, water takes part in the cell reaction.
The cell reaction is
Ctl(s) + Hg.S04(s) + 7/6

(CdS0<.mH,0) (I)
0/0

=^(CdS04H‘°>)+2Hs(1)’
where m is the number of moles of water associated with 1 mole of
CdS04 in the saturated solution. Mrs. Brickwedde, in making up the
cells, did not only change the solvent but used cadmium sulfate with
heavy water of hydration. The difference in emf between a cell with
ordinary water and one with heavy water is related merely to the
differences in the free-energy changes of the cell reactions and involves
both the solvent and the solid phases.
Dr. Uhlig: I asked the question because I wondered whether, in
the standard cell, one might not be measuring the polarized Hg
potential. This means that if Cd is added to Hg, we measure essen¬
tially the potential of an alloy, with Hg polarized by small corrosion
currents to the same potential as the alloyed Cd. The potential,
therefore, is of Hg on which hydrogen atoms are adsorbed, and would
change the potential to an.active value almost hut not exactly equal
to the reversible potential of Cd in Hg. In heavy water, deuterium is
adsorbed instead of hydrogen, which polarizes Hg to a slightly dif¬
ferent potential, because the overvoltage value differs from that of
hydrogen. I wonder if this might he a possible explanation.
Dr. Hamer: 1 would not think so.
I think it is mostly just the
difference in the cell reactions. In other words, we could change the
solvent to ethyl alcohol and get a difference in emf corresponding to a
difference in free-energy changes, or a change hi the solid phases.
Dr. W. F. K. W YNNE-f To nes, University of Durham, Newcastle,
England: I agree with Dr. Hamer. Surely in any cell of this sort the
thermodynamics should show quite clearly that one is dealing simply
with the different phases present. The only possible effect is the one
Dr. Hamer mentioned, and that is the change in the solid phase.
Dr. Uhlig’s idea is interesting, hut it just can’t he right. We certainly
haven’t the wrong chemical process hi the cell.
Dr. U hlig: Wouldn’t it be worthwhile to check this by arranging a
cell where water of hydration does not enter? It seems to me there
would be a smaller effect of heavy water if no water of hydration were
involved.
Dr. H amer: It could he checked in an unsaturated cell, hut CdS04
is less soluble in heavy water than in ordinary water, and a comparison
based on equal concentrations (or solubility) would show that the emf
difference would he larger rather tharj smaller, as the emf increases on
dilution of electrolyte.
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Dr. V. K. LaMer, Columbia University, New York, X. Y.: This
is one of the most reversible cells we ever had, isn’t it?
Dr. M. Eppley, The Eppley Laboratory, Inc., Newport, R. I.: Yes,
but a reversible cell owes its reversibility to the maintenance of the
original conditions. If you come to other conditions, the cell is no
longer reversible. This cell comes as nearly to being reversible as a
cell can be.
Dr. Uhlig: This is what I am driving at.
The separate opencircuit potentials of Hg, and Cd in mercury, are represented as shown
in figure A. Upon alloying Hg with Cd and immersing in an electrolyte
a small corrosion current is set up between Hg and Cd atoms, which
cathodically polarizes Hg to the potential Eobs (corrosion potential).
Similarly, Cd is anodieallv polarized from its reversible value also lo

Figure

A.

Effect of local-action currents on observed potential (E0b$) of 1 Veston
Standard Cell.

Eobs (neglecting small IR drops in the electrolyte and amalgam).
Cd is polarized much less than is Hg, but some polarization must
occur, since current flows. Evidence for this current comes from the
accumulation of hydrogen in standard cells on long-time aging. Since
the overvoltage of deuterium on Hg differs from that of hydrogen on
Hg, it follows that the corrosion currents differ in the two solvents,
and therefore the polarized potential of Cd in Hg differs. Therefore,
heavy water, in addition to the usually considered thermodynamic
effect, can influence the potential by changing the local-action currents.
(Dr. Uhlig communicated the following comments for
discussion:)

insertion

in

the

The effect of local-action currents presented above leads to an

increase in the potential ol the Weston cell when D20 is substituted for
H20, because the 0. U. of D2 is larger than for H2. The effect, of
course, is much smaller than the thermodynamic effect mentioned by
Dr. Hamer, which produces change of potential in the opposite
direction. The local-action currents, however, on the Cd amalgam
surface very likely explain the slight change of potential on aging of
standard cells. A measurable shift in potential can conceivably occur
through effects of impurities on overvoltage or polarization of Hg, in
this way altering the local-action currents. Impurities that increase
the overvoltage lead to a larger measured potential for the cell, whereas
those that decrease overvoltage have the opposite effect.
The magnitude of the local-action current can be calculated from
values for the activities of Cd amalgam and dissolved ions, and the
572772 0-61-17
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hydrogen overvoltage on Hg.
This approach makes use of the
observations of Wagner and Traud (Z. Elektrochem. 44, 391 (1938))
that corrosion of Zn amalgam in hydrochloric acid can be expressed
quantitatively as an equivalent current that polarizes Hg to the
potential of the amalgam in the same acid environment.
Their
investigation constituted proof that amalgams, like most metals,
corrode by reason of short-circuited local-action cells, even though
Hg cathodes and Cd anodes of the amalgam are on an atomic scale.
The activity of the amalgam electrode can be calculated from the
potential of the Weston Cell (1.0181 v at 25° C), the E° values for
Cd-^Cd++ + 2€(0.402 v) and 2Hg-^Hg2'+ + 2e( — 0.799 v), and the
activity of Hg2'+ in saturated CdS04. The expression for the emf of
the cell at 25° C is the following:

1.0181 = 0.402 + 0.799-

0.0591 .
lo

(Cd++)

0.0591

(Cd)

log

(Hg t+y

where (Hg7+) =4.8X 10~6.
The activity of Hg^+ above is-calculated from the activity of S04
in saturated CdS04 and the solubility product of Hg2S04 (6.2X10-7,
Corrosion Handbook, p. 1138, edited by H. H. Uhlig (John Wiley
& Sons, Inc., 1948)). The activity of S04
is obtained from the
solubility of CdS04.fH20, namely, 0.06627 mole Cd$04/mole H20
(L. H. Brickwedde, J. Research NBS 36, 377 (1946)), or 3.68 molal, and
the activity coefficient for 3.5 molal CdS04 equal to 0.035 (The Physi¬
cal Chemistry of Electrolytic Solutions, H. Harned and B. Owen, 2d ed,
p. 427, Reinhold Pub. Co., 1950). Therefore, the log ratio of the activ¬
ity of Cd++ to activity of Cd in Hg is given by log (Cd++/Cd) = 0.88.
With this log ratio, it is possible to calculate the potential difference EH
of the hydrogen electrode and Cd-amalgam electrode in saturated
CdS04. The latter contains about 0.03 mole H2S04/litre (L. H.
Brickwedde and G. W. Vinal, J. Research NBS 27, 479 (1941)
RP1435), the pH of which is assumed for present purposes to be 1.5,
and the partial pressure of hydrogen is equal to 1 atmosphere. Then

EU = 0A02 — —-— ^g

(Cd)

O'059 pH = 0.29 v.

If the pressure of H2 is less than 1 atmosphere, as is expected, the value
for Eh would be somewhat larger.
The above potential is available to polarize Hg beyond the
equilibrium potential for evolution of hydrogen. The accompanying
current, equal to the local-action current, can be calculated from the
hydrogen overvoltage values (O.V.) for Hg. Kortiim and Bockris
(Electrochemistry, II, 759, Elsevier Pub., 1951) give the following
value for Hg in 6.2 A7 H2S04
T _ 2.303 RT
log
" *
6.52 F

i
(VXK)^2’

where i is in amp/cnr. Setting the overvoltage above equal to 0.29
and solving for i, one obtains 2.1 X10-9 amp/cm2. This is equivalent
to the liberation of (0.008 ml H2/cm2)/yr.
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Hence for the Weston Cell, the reversible potential E (therm.) can
be expressed in terms of the polarized or observed potential E (obs.) as
follows: E (therm.) = E (obs.) +/(i), where J(i) is the additive term to
the potential resulting from polarization of the Cd electrode in accord
with the local-action current, i. Hence, the thermodynamic potential
E (therm.) is always greater than the observed value, the difference in
general being small, although presumably measurable. From Wagner
and Traud’s data on anodic polarization of Zn amalgam,/(f) is in the
order of (13 mv/ma)/cm2; hence, the corresponding potential shift for
2.1 X10-9 amp/cm2 is 3X10-8 v.
In this regard, the value 2.1 X10-9 amp/cm2 should be looked upon
as a minimum value, with the actual value probably being higher.
An increase, in some instances, by a factor of 100 is not inconceivable.
For one thing, metallic impurities in the amalgam would tend in
general to decrease hydrogen overvoltage, thereby increasing corrosion
and local-action currents and producing hydrogen far in excess of the
calculated (0.008ml/cm2)/vr, as is sometimes observed. Even if the
amalgam were pure, the overvoltage on either solid or liquid Cd
amalgam may be lower than that for pure Hg. Dissolved oxygen and
depolarizers from cork, possibly contaminating the electrolyte, would
tend to increase the local-action currents above the calculated value
without accompanying accumulation of hydrogen gas, but with the
expected effect on the polarized potential of Cd and of the cell.
All these effects point to local-action currents on the surface of Cd
amalgam as an important if not primary source of potential drift in
Weston standard cells.
Dr. Hamer: I think your discussion refers to the stability of the
cell rather than to the question of the difference in the emf (opencircuit voltage) of standard cells made with water or deuterium oxide.
Dr. J. O. M. Bockris, Imperial College of Science and Technology,
London, England: I don’t fully understand Prof. LThlig’s idea. The
cell must be working reversibly if no actual change in the concen¬
tration of reactants is detectable over a period of years. It would
not suffice to test the explanations for the effect of heavy water on
the emf of the cell merely by removing the water of hydration from the
reaction. Change of medium changes the solvation energy of the ions
and hence the emf of the cell. It would be relatively easy to calculate
the change in emf of the cell to be expected upon change from water to
deuterium oxide throughout, assuming the usual cell reaction stated
and complete reversibility. Then we could see if this new figure was
in agreement with the experimental one.
Dr. Eppley: I tried to measure the potential of Hg in a CdS04
solution. There is no definite potential that I have ever been able
to find. Of course, you would expect there would be practically no
Hg ion there because the Cd would be forcing it the other way. That
is the explanation I have given. Is that a correct explanation? Xow
the depolarizer, so-called, is not a depolarizer but is a tie vice whereby
you maintain a concentration of Hg ions over the Hg. Of course, if
we use it up, everything goes wrong.
Dr. G. W. Vinal, Princeton, N. J.: I agree.
Dr. Hamer: Your explanation for the potential of Hg in solutions
of CdS04 appears plausible. We have made no studies of this type
at the Bureau. The Hg-Hg2S04 electrode is one of the second kind,
but ceases to be of this type when Hg2S04 becomes depleted.
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EFFECT OF SERVICE TEMPERATURE CONDITIONS ON
THE ELECTROMOTIVE FORCE OF UNSATURATED
PORTABLE STANDARD CELLS
By J. H. Park

ABSTRACT

The effect of external temperature disturbances such as might occur in practice
on the electromotive force (emf) of unsaturated portable standard cells of the
models, in general use as secondary standards, was investigated. The experi¬
ments included unequal heating of different parts of the cell and sudden changes
of temperature. Temporary changes in cell emf, caused by these disturbances,
in some cases as large as l.S mv (nearly 0.2 of 1 per cent), were measured and
the results are shown by curves. During all tests the cell elements were left in
the cases furnished with them. Methods of protecting the cells from external
temperature disturbances were tried and their effectiveness is shown.
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I. INTRODUCTION AND PURPOSE
Nearly all persons who regularly use the unsaturated portable cad¬
mium cell (also called the AVeston cell) as a standard of emf have been
cautioned (1) to keep all parts of their cells at the same temperature,
(2) to avoid sudden changes in the temperature of the cell, (3) not to
submit the cells to temperatures below 4° C. or above 40° C., and (4)
not to draw more than 0.0001 ampere from a cell. Changes in the
emf of a cell due to deviations from these rules have been investigated
and briefly summarized in a very comprehensive discussion of stand¬
ard cells by Epplev.1 However, results were not given for the cell
elements in their cases, as they are generally used, and temperature
effects depend upon the thermal insulation which envelops the cell
element as well as the external temperature conditions.
The purpose of this investigation was to determine the effect on
the emf of an unsaturated cell (1) when the limbs of the cell are at
unequal temperatures as a result of conditions simulating those which
might exist in practice, and (2) when the cell is subjected to a sudden
change in temperature. All experiments were performed on the
models of cells in general use and the glass elements of these cells
1 Eppley, Trans, of the A. I. E. E., vol. 50, No. 4, p. 1293, December, 1931.
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were thermally insulated by the cases furnished with them. In some
experiments additional thermal shielding was used to determine its
effectiveness in protecting the cells from temperature disturbances.
The general nature of the effects here described has been known
for a long time, but it is believed their magnitude has often been
underestimated. The present paper is intended therefore to show
these magnitudes and to direct attention to the importance of taking
suitable precautions in order to obtain the precision of which standard
cells are capable. Further studies are being made of the causes under¬
tying these effects.

II. EFFECT OF TEMPERATURE INEQUALITY OF THE LIMBS
The temperature coefficients of unsaturated portable cells are neg¬
ligible 2 for practical purposes. However, the over-all temperature
coefficient is the algebraic sum of the coefficients of the two limbs of
the cell. The temperature coefficient of each limb taken separately 3
is quite large, but the two are opposite in sign. Thus, when the
temperatures of the two limbs of a cell are changed by an equal
amount the resulting change in the final steady value of the emf of
the cell will usually be very small, but when the temperatures of the
two limbs are changed by unequal amounts the resulting change in
the emf of the cell will be relatively large, its magnitude depending
upon the amount of temperature inequality. Inequalities of tem¬
perature are liable to occur in practice (1) if the cell is placed near a
hot radiator, a resistor carrying current, a lighted lamp, or a cold
wall; (2) if the cell is placed where the sun’s rays will strike it; (3) if
the cell is held in the bare hand; or (4) if the cell is placed where hot or
cold air will strike it (such as in the draft from a register or cold-air
duct or near an open window in the winter time). The above are
the more obvious causes of irregular heating of cells, but must not
be considered to be every possibility.
Several models of cells were subjected to most of the temperature
conditions just mentioned, the procedure being as follows: The emf
of the cell under test was first noted for a sufficient time to make
sure it was steady. Then the cell was subjected to the temperature
condition and its emf was measured every 10 minutes until it had
reached a steady value. Next, the source of heat was removed and
the emf was again measured every 10 minutes until it was steady and
very close to its original value. In one experiment the temperature
difference between limbs was also measured by placing a thermocouple
inside the cell case with each junction in contact with one of the limbs.
The emf of the cell under test was found by comparing it with
the emf of a reference cell, the small difference being measured by
means of a simple potentiometer of the Lindeck-Rothe type. An
unsaturated cell in good condition, placed in an additional container
(shown in fig. 1) for protection against temperature inequality, was
used as the reference cell.
Three models (designated here as A, B, and C) of unsaturated
portable standard cells which are in general use as secondary standards
of emf, were tested. Cells of models A and C were in bakelite cases,
2 Weston, The Electrician, voi. 30, p. 741, 1892.
72 1924.
3F. E. Smith, Phil. Mag., vol. 19, p. 272, 1910.

Vosburgh and Eppley, J. Opt. Soc. of Am., vol. 9, p.
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and cells of model B were in metal cases. Several cells of each model
were tested, but since all cells of the same model gave practically
the same performance, data are given here for only one cell of each
model.
The results of the experiments to determine the effect of tempera¬
ture inequalities are shown by the curves in Figures 2 to 6. Curves
in Figure 2 show the results on a standard cell of model A, when it
was placed near a 16-inch slide rheostat dissipating 288 watts. The
inserted diagram shows the position of the cell with respect to the
rheostat. Curves A and B show the effect on emf when the cell was
placed 10 inches from the heated rheostat. When the positive
limb is nearer to the rheostat (curve A), its temperature is higher

SHEET BRASS

WOOD

Figure 1.—Standard cell container for protection against tem¬

perature inequality
Designed at the Bureau of Standards in 1927.

than that of the negative limb, and the cell emf increases. When the
negative limb is nearer to the rheostat (curve B), its temperature is
higher than that of the positive limb, and the cell emf decreases.
These curves illustrate the fact that the temperature coefficients of the
two limbs of the cell taken separately have the opposite effect on the
cell emf, also that the effects are about the same per degree difference
in temperature. In curve A the emf of the cell does not return to its
normal value until about 36 hours after removing the source of heat;
this and other slight irregularities which may occur in the cooling
part of the curves are due to the hysteresis effect which will be taken
up later. Curve E shows the temperature difference between the
limbs of the cell under the same heating conditions as for curves
A and B. As seen from curves A, B, and E, a temperature difference
254/91
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of 2.7° C. between the limbs of the cell causes a change in emf of
about 1 mv.

Figure 2.— Temperature inequality effects on standard cell model A, caused

by heat from a 16-inch slide rheostat dissipating 288 watts
Curve A, effect on emf when d= 10 inches, positive limb nearer to rheostat. Curve B, effect on
emf when d=10 inches, negative limb nearer to rheostat. Curve C, effect on emf when d=20
inches, positive limb nearer to rheostat. Curve D, same as curve B with cell in special con¬
tainer. Curve E, temperature difference between limbs when d=10 inches. Curve F, same
as curve E with cell in special container

Curve C (fig. 2) shows the effect on the emf when the cell was
placed 20 inches from the heated rheostat. By comparing this curve
with curve A, it is seen that the change in emf due to unequal heating
happens to vary approximately inversely as the square of the distance
from the rheostat.
255/92
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Curves D and F (fig. 2) show the results when the cell was placed
in a protecting container (shown in fig. 1) and submitted to the same
heating conditions as for curves A, B, and E. As seen from curve F,
a container of this sort practically eliminates temperature inequality
in the cells. The change in the emf of the cell, shown by curve D, is
partially due to the fact that the temperatures of both limbs of the
cell were increased about 5° C. due to the radiation of heat from the
rheostat.
The curves in Figure 3 show the results obtained when the experi¬
ments just described were repeated, using a standard cell of model B.

o2

Figure 3.-—Temperature inequality effects on standard cell model B, caused

by heat from a 16-incli slide rheostat dissipating 288 watts
Curve Ay effect on emf when d-10 inches, positive limb nearer to rheostat. Curve B, effect on
emf when d = 10 inches, negative limb nearer to rheostat. Curve C, effect on emf when d=20
inches, negative limb nearer to rheostat. Curve Z>, same as curve B, with cell in special con¬
tainer. Curve E, temperature difference between limbs when <f=10 inches. Curve F, same
as curve E, with cell in special container

The metal case of this model tends to equalize the temperatures of
the two limbs, and the curves show that the same heating condition
causes a much smaller temperature difference and therefore a much
smaller change in emf than for a cell in a bakelite case. The difference
in maximum values between curves A and B may have been due to a
difference in the cotton and wood thermal insulation between the
metal case and the limbs of the cell.
The curves in Figure 4 are the results of similar experiments per¬
formed on a standard cell of model C. The case of this cell was too
large to fit into the container used for the previous cells in obtaining
data for curves D and F. However, there was sufficient space inside
the bakelite case to allow the insertion of a copper lining one-sixteenthinch thick. The results indicate this method of equalizing cell tem256/93
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perature to be as effective for a cell of this model as the use of a special
container was for cells of models A and B.
The curves in Figure 5 show the change in the emf of the cell due
to the heat of the hand, held continuously on one side of the cell case
for over two hours. The curves in Figure 6 show the change in emf

Figure 4.— Temperature inequality effects on standard cell model C, caused

by heat from a 16-inch slide rheostat dissipating 288 watts
Curve A, effect on emf when d= 10 inches, positive limb nearer to rheostat. Curve B, effect on
emf when d=10 inches, negative limb nearer to rheostat. Curve C, effect on emf when d=20
inches, negative limb nearer to rheostat. Curve D, same as curve A, with cell case copper
lined. Curve E, temperature difference between limbs when d=10 inches. Curve F, same
as curve E, with cell case copper lined

due to the heat of the sun’s rays, shining continuously on one side of
the cell case for over two hours. For both of the above conditions the
cell and the source of heat were arranged to give the maximum
opportunity for temperature inequality of the two limbs of the cell.
Curves are shown for the three models of cells in their usual cases and
the differences between the behavior of these cells under the same
conditions are largely due to the differences of their cases.
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Park]

Temperature Effects on Standard Cell Emj

Change in the emf of a cell due to unequal heating caused by radia¬
tion from a 40-watt lamp placed 1 foot from the cell was found to be
under 50/iV.

Figure 5.—Change in standard cell emf due to the heat of

the hand, held continuously on one side of the cell case
Curve A, standard cell model A. Curve B, standard cell model B.
Curve C, standard cell model C

The results of the above experiments should not be applied quanti¬
tatively as a correction to other cells of the same model under like
temperature disburbances, because variables such as room tempera-

Figure 6.—Change in standard cell emf due to exposure of one side of cell

case to sunlight
Curve A, standard cell model A.

Curve B, standard cell model B.
model C

Curve C, standard cell

ture or condition of the cell may cause cells of the same model to have
different changes in emf for the same external temperature disturb¬
ance. However, the results shown may be used as a guide for the user
to determine whether protection against temperature inequality is
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needed for the accuracy required. The methods mentioned here for
protection against temperature inequality are probably sufficient for
all practical work. However, where high precision (0.01 of 1 per cent
or better) is required, more effective methods of protection against
temperature disturbances should be used.

III. HYSTERESIS EFFECTS
When the temperature of an unsaturated standard cell is changed,
all parts of the cell being held at equal temperatures throughout the
change, the emf of the cell will change rapidly until a steady tempera¬
ture is reached. Then the emf will slowly return to approximately
its original value. This effect is known as hysteresis.
Several different theories have been advanced to explain the causes
of this hysteresis effect. However, it was not the purpose of this
investigation to explain any of these theories or to obtain data in
support of them. It is well known that hysteresis is present in most
cells to a greater or less extent, and that the effect is more pronounced
with a declining temperature than with a rising temperature. The
purpose of the experiments to be described was to find within what
limits the hysteresis error lies for the unsaturated portable cells which
are in general use, also to determine what means might be employed
to reduce these errors.
Six cells, of various models and ages, taken from a group in regular
laboratory use, were tested for hysteresis. In order to duplicate as
nearly as possible the conditions in practice, the cells in their usual
cases were placed in a temperature-controlled air bath.4 * The air was
circulated by a blower and its temperature was held constant to
within ±0.1° C. by a thermostat which operated a heater in the air
stream. The bath temperature was first held at 23° C. until the cell
emf’s became constant. Then it was changed to 27° C. (time re¬
quired being about two hours) and held there, measurements of the
emf of all cells being made at frequent intervals until the equilibrium
values for 27° C. were reached. Next the air temperature was
changed back to 23° C. (in about two hours) and held there, measure¬
ments again being made until equilibrium was reached. These
measurements were made in the same way as in the temperatureinequality experiments except that a saturated cell6 in a temperaturecontrolled oil bath was used as a reference standard.
The results of the hysteresis experiments are shown by the curves
in Figure 7. Time after starting to change the ambient temperature
was plotted as abscissas and change in the emf of the cell as ordinates.
Curve A shows the effect on the emf of Cell II (cell with the least
hysteresis) when the temperature was raised from 23° to 27° C.
Curve B shows the effect on the emf of the same cell when the tem¬
perature was lowered from 27° to 23° C. Curves C and D show the
effect on the emf of Cell IV (cell with the most hysteresis) under the
same temperature changes as for Cell II. Hysteresis curves of Cells
I, III, V, and VI he between those of Cells II and IV, but are not
shown. The results of measurements on these sLx cells did not show
any correlation between cell emf, model of cell, or age of cell and
hysteresis effect. One of the newest cells with a high emf showed
4 This temperature-controlled cabinet was designed by A. E. Peterson.
s The emf of this cell was checked by Miss M. L. Howard at least once a week against the average of the
20 cells which constitute the bureau’s reference standard of emf.
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much greater hysteresis than one of the oldest cells with a low emf.
Therefore, it is very difficult, if not impossible, at the present time to
predict just what the hysteresis error of any given cell will be. How¬
ever, from the curves in Figure 7, an approximation may be had as
to within what limits the hysteresis error of any unsaturated portable
cell in good condition 6 might fall. Eppley 7 found that when an
unsaturated cell was suddenly cooled from 30° to 25° C. the average
hysteresis error was from 0.02 to 0.027 per cent. This average
error lies within the limit shown here.
A method of protecting cells from hysteresis errors was applied to
Cell IV, which was chosen because of its large hysteresis. It was
placed inside a container (such as shown in fig. 1) and this container

Figure 7.—Hysteresis effect on portable unsaturated standard cells
Curve A, effect on emf of Cell II, when temperature was changed'from 23° to 27° C. Curve B,
effect on emf. of Cell II, when temperature was changed from 27° to 23° C. Curve C, effect on
emf of Cell IV, when temperature was changed from 23° to 27° C. Curve D, effect on emf of Cell
IV. when temperature was changed from 27° to 23° C. Curve E, same as curve D with cell in
insulated bos

was placed in a wooden box which was sufficiently large to leave about
3 inches of space between the container and the box on all sides, mineral
wool being loosely packed in this space. The cell, thus thermally
insulated, was placed in the constant-temperature cabinet, set for
27° C. and maintained at this temperature until the emf of the cell
became steady. Then the air temperature was lowered to 23° C.
and held there, readings of the emf being taken regularly until it
again became constant. The results of this experiment are shown by
curve E in Figure 7. By comparing this curve with curve D it may be
seen that thermally insulating the ceil decreases the hysteresis effect
by about 50 per cent in the case of a sustained temperature change.
However, under ordinary laboratory conditions, where the average
temperature over a period of 24 hours does not change much from day
6 Cells which are not in good condition may show much greater hysteresis errors.
* See reference 1, p. 1299.
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to day, thermally insulating a cell would bo of great benefit in smooth¬
ing out the hour-to-hour temperature changes, thus greatly reducing
the hysteresis error.
In instances where large sustained temperature changes occur, the
only means of eliminating hysteresis errors is to keep the cell in a
container whose temperature can be thermostatically controlled.
However, as noted from curves A and B (fig. 7) some cells have very
low hysteresis errors. In cases where high accuracy is required and
the necessary means for eliminating hysteresis are not feasible, it
would be advisable to use a particular cell whose hysteresis has been
observed and found to be small.
IV. SUMMARY
Temperature inequality between the two limbs of a standard cell,
which may occur (1) when the cell is placed near a heat source, such
as a hot radiator or a rheostat carrying current; (2) when the cell is
placed where the sun’s rays will strike it; (3) when the cell is placed
where cold air will strike it; or (4) when the cell is held in the hand,
caused an error in the emf of the cell of about 300 juv per °C. difference
in temperature. The temperature inequality between limbs can be
practically eliminated by placing the cell in a container such as shown
in Figure 1, or, where possible, by lining the cell case with sheet
copper one-sixteenth inch thick.
The hysteresis error, which occurs in portable unsaturated cells
when their temperature is changed, varies widely among different
cells, and the only way to determine this error for a given cell is to
check its emf immediately after its temperature has been changed.
Errors due to hysteresis may be reduced by sufficiently insulating the
cell against changes in temperature; but the only way to eliminate these
errors is to keep the cell in a box whose temperature is thermostatically
controlled. Under normal laboratory conditions precautions against
hysteresis need be taken only if accuracies of 0.03 per cent or better
are required.
Washington, October 12, 1932.
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PHYSICS.— The measurement of high voltage.1
Bureau of Standards.
INTRODUCTION

This paper presents an outline of the
basic principles used in measuring high
voltages. It appraises the accuracies at¬
tained by some of the methods and devices
currently in use, rather than attempts to
give historical credit for discovery and in¬
vention, although numerous references are
cited which should prove useful to onejnterested in tracing such matters. The expres¬
sion “high voltage,” in the title of this paper,
will be construed to include voltages of the
order of 100 kilovolts and higher. It will be
convenient to leave out of consideration
many voltage measuring devices useful in
the neighborhood of 100 kv and lower but
'of doubtful value in extending the range to
much higher voltage by increasing the pro¬
portions of the device. This demarcation
also serves to exclude from this discussion
the methods of measurement of voltage at
extremely high frequencies because voltages
of this magnitude are nonexistent at those
frequencies. The first portion of this paper
will logically be devoted to a discussion of
certain reliable methods of extension in
range from low voltage standards.
It is proper to ask why one should be in¬
terested in the accurate measurement of
high voltage. One must be interested be¬
cause many phenomena depend on voltage.
For instance, the hardness limit of X-radia¬
tion emitted by an X-ray tube depends
upon the maximum value of the voltage
across the tube including the ripple or any
superposed surge. Similarly the sparkover
voltage of a sphere gap and the a-c flash1 Address of the Retiring President of the
Philosophical Society of Washington, delivered at
the 1274th meeting of the Society on January
4, 1947. Received July 28, 1947.

F. M.
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over values for a string of line insulators
depend upon the crest of the alternating
voltage applied to the gap or string. In
those cases it is the maximum voltage aris¬
ing from the combination of all voltage
components in which we are interested. In
the surge-voltage breakdown test of a light¬
ning arrester it is the crest of the applied
surge that is fundamental, although the
form of the surge, if it rises very rapidly,
may be important. This is because with
surges of increasingly steep wave front the
crest breakdown voltage actually increases
because it requires an appreciable though
short time to establish the mechanism of
breakdown. On the other hand, in the com¬
mercial sale of energy it is the effective value
of the voltage and its phase with respect to
the current that is important. Thus the
measurement of high voltage in the cases
just mentioned presupposes some knowl¬
edge not only of the magnitude of voltage,
say from thousands to several millions of
volts, but also a knowledge of the variation
of the voltage with time. This variation of
voltage with time, which may have the
form of a wave, pulse, ripple, or some other
shape in no way resembling our everyday
conception of a wave, is called wave form.
From the foregoing discussion one may
conclude that the significant characteristics
of voltage to be measured, illustrated in
Fig. 1, may be listed as:
1. Direct voltage (d-c voltage).
2. Effective alternating voltage (effective a-c
voltage).
3. Average alternating voltage (average a-c
voltage).
4. Crest or maximum voltage of a rippled
d-c-, alternating-, or surge-voltage.
5. The wave form of a surge- or alternatingvoltage.
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For the measurement of voltage it has
been found convenient to adopt as a pri¬
mary standard, the voltage of the standard
cell. The unsaturated standard cell, the
voltage of which is approximately 1.0180 ±
volts, is almost universally used as a lab¬
oratory reference standard for voltage
measurements. When kept in a thermostated enclosure and tised under favorable
conditions, it exhibits a remarkable con¬
stancy of voltage. The small differences that
may arise in a thermostated group of cells
from year to year are of the order of micro¬
volts. Unfortunately, similar electrochem¬
ical devices having 100, 1,000, or 1,000,000
times the voltage of a standard cell do not
exist. Therefore, in the usual measurement
of higher voltages, it has been necessary to
develop devices which ultimately refer back
to the standard cell.
Resistance methods of extending the
range of voltage upward from the value of
the voltage of the standard cell make use of
the fact that by selecting suitable alloys and
heat treating them properly resistors can be
constructed to have a resistance, or a ratio
of resistance, that remains constant to
within a few parts in 100,000 Over a satis-
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factory temperature range. The use of a
potentiometer or of a tap resistor (volt box)
is the simplest method for extending the
range of measurements of direct voltages by
reference to the standard cell. If r is the
resistance from one end to the tap point and
R is the total resistance including r, then
the voltage e across r can be measured with
reference to a standard cell by using a
potentiometer and the voltage U across R
is then V = e- R/r.
' Although this simple resistance method
is adequate for small steady direct voltages
it requires modification for the precise
measurement of the high varying direct-,
alternating-, surge-, and pulse-voltages that
one encounters in practice. The manner in
which the voltage at any instant varies
with the time is a fundamental factor in the
problem of measurement. It is necessary to
express alternating voltage in terms of di¬
rect voltage which can be evaluated by
reference to the standard cell. Instruments
designed to read the same on the effective
value of alternating voltage as on direct
voltage are called “transfer instruments.”
As transfer instruments, electrostatic in¬
struments (1) are favored in Great Britain,

o

60 CYCLE

no.

WAVE
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Fig. 1.—Wave forms.
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while electrodynamic instruments (2) find
favor in this country. An electrostatic volt¬
meter, for instance, should give the same
indication for a direct voltage V as it does
in the case of an alternating voltage of pure
sine-wave form for which the crest or maxi¬
mum voltage Vm — \2V.
If rectified alternating voltage is applied
to a direct current voltmeter the instru¬
ment will read the average value of voltage
applied to it, i.e., Vave = (1/0/,! vdtIf, however, completely rectified alter¬
nating voltage is applied to a good electro¬
static voltmeter the voltmeter will read the
crest voltage. Crest voltage can also he de¬
termined from the length of a spark gap
across which it will just cause a discharge,
or it can be readily evaluated from the wave
form determined by use of a calibrated os¬
cillograph.
A more detailed knowledge of the varia¬
tion of the voltage with time such as is
given by an oscillograph becomes of special
interest in the case of pulse and surge volt¬
ages. Thus if would seem appropriate to ap¬
praise the value of the several devices used
in the delineation of wave form, and to men¬
tion each type under the particular voltage
divider or device with which it is generally
associated.
A consideration of high-voltage measur¬
ing devices appears to lend itself better for
discussion under a classification of methods
of measurement or types of devices rather
than under the classification of character¬
istics of voltage previously outlined. The
devices which are useful in measuring high
voltage may be conveniently classified as
to type by considering whether the method
of measurement employs:
1. A high series impedance with a low-imped¬
ance instiument to indicate current through the
impedance.
2. A potential divider in which a fraction of the
total voltage is measured across tap points of
the impedance.
3. A voltage transformer that permits measure¬
ment of a low voltage having a direct ratio to the
high voltage.
4. A generating voltmeter in which a voltage
proportional to the field intensity in the region of
the instrument is indicated.
d. A spark discharge in which the length of the
spark gives a measure of the voltage.
6. The cooling effect of an “electric wind” as in
the ionic wind voltmeter.

7. Force arising from the attraction or repul¬
sion of electrostatic charges on electrodes.
S. The deflection of a stream of charged par¬
ticles by means of a known field, either electro¬
static or magnetic, after their acceleration in
vacuo by the voltage to be measured.

The devices used in measuring high volt¬
age will be considered in accordance with
the above classification and in the order
listed.
SERIES IMPEDANCE METHOD

The simplest method of measuring high
voltage would appear to be to connect a
high impedance in series with a sufficiently
sensitive current measuring instrument hav¬
ing a negligible impedance compared to the
value of the high series impedance, Z. Val¬
ues of the indicated current, i, would then
give the high voltage, Y — iZ. The imped¬
ance Z may, of course, be primarily resis¬
tive, inductive, or capacitive or combina¬
tions of these elements.
Series resistors.—This basically simple
method has been widely used in nuclear dis¬
integration work for direct voltage measure¬
ments, wherein the impedance Z is built of
many high resistance units in series (dia¬
gram at A in Fig. 2), care being taken to
insure that the current entering at the high
voltage end of the resistor is the same as
that leaving through the deflecting instru¬
ment at the low voltage end. For reliable
measurements it is necessary to be sure that
the electrical leakage across insulating sup¬
ports of the resistor and from section to sec¬
tion is negligible and that there is negligible
corona current from the units. Changes
arising from self-heating must be made
negligibly small or must be allowed for. The
design of such a series resistor should be
substantially the same as for the potential
divider type to bo discussed later in detail.
Scries reactors.—For alternating voltage
measurements, series reactors have been
used as the series impedance (3). They have
the drawback, however, of requiring iron
cores at lower frequencies if the inductive
reactance is to be made large in comparison
with the resistance of the windings. Stray
and distributed capacitance effects raise
additional objections so that series reactors
have been little used in high voltage meas¬
urements.
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Fig. 2.—Diagrams of series impedors.

Series capacitors.—For the measurement
of high alternating voltage, capacitance
may be used in series with the low voltage
indicating instrument, as indicated at B
and C in Fig. 2. The capacitor, which must
be relatively free from losses, corona, and
brush discharges, magnifies the effect of
harmonics present in the voltage wave form
unless the low voltage instrument is of the
capacitance type.2 However, il harmonics
are present, corrections can be applied.
This device in a form for measuring highcrest voltage was originally described by
Chubb (4) who employed the two spheres
of a sphere gap as the capacitor, the lower
and grounded sphere being insulated to
permit rectification of the capacitance cur¬
rent to it. Such devices (5, 6, 7) appear to
have been used more generally in foreign
laboratories than in this country. The ar¬
rangement is indicated at C in Fig. 2. Haefely & Co. patented (7) such a device which
employs as one electrode of the high-volt¬
age capacitor, a large insulated circular
segment of the lower sphere. The remainder
of the sphere serves as the grounded guard
for this segmental electrode. The upper
sphere serves as the high-voltage electrode.
2 Here the combination servos as a potential
divider and a low voltage electrostatic voltmeter
across a large capacitance gives effective values
of voltage independent of wave form.

572772 0-61
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These devices generally permit only a
rough computation of capacitance and
therefore need to be calibrated against some
other voltage standard, but they have the
advantage over the sphere spark gap of giv¬
ing a continuous rather than transient indi¬
cation of voltage when used with an elec¬
trostatic voltmeter or rectifier-milliammeter combination. Although the early de¬
vice of Chubb gave the crest value3 of volt¬
age, later similar arrangements (9) were
devised that permit the determination of
both crest- and effective-values of voltage,
and when supplemented with a cathode ray
oscillograph or synchronous commutator
(8) give the high voltage wave form as well.
For relative measurements, this series ca¬
pacitance method should be good to a few
tenths of one percent.
POTENTIAL

DIVIDERS

The potential divider is essentially some
form of impedance with one or more tap
points permitting the measurement of the
voltage drop between tap points by a
method which preferably does not change
appreciably the current flowing through the
divider. The potential divider is connected
across the voltage to be measured. The
3 Except in the case of alternating voltages of
unusual wave form in which there are several
maxima (8).
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value of voltage measured between taps,
when multiplied by the ratio of the value
of the total impedance to that of the tapped
section then gives the value of voltage
across the total impedance. Potential di¬
viders are commonly constructed of sections
of resistance, of resistance shunted by
capacitance, or of capacitance. Types of
each of these will be described.
Corona shielded resistor.—For a resistive
divider one may use n resistors, each of re¬
sistance r, all exactly alike (or nearly so),
connected in series, or one resistor (a—1)
times as large as the smaller one connected
in series with it, and across which the volt¬
age drop is measured. For use at higher
voltages, both the electrical and mechanical
designs of the physical device require care.
Improvements in his earlier designs (10)
have been incorporated by L. S. Taylor in a
resistor, not yet described, which is in
use in the measurement of the high rec¬
tified voltage supply for a 1.4-millionvolt X-ray tube in the X-ray Labora¬
tory of the National Bureau of Standards.
As seen in Fig. 3, the column at the left
side contains the corona-shielded resistor,
which is installed immediately adjacent
to the column of 10 large cascaded-rectifier
tanks, each of which at maximum volt¬
age contributes 140 kv to the total voltage
of 1.4 million. This arrangement provides
double shielding. The external system
seen in Fig. 3 has tubular connections
from the spun-metal corona shields to
each section of the cascaded supply. The
internal resistor assembly, also separately
corona shielded, is thoroughly insulated
from this outer system. Thus the currents
required by the outer shields are supplied
as a sectionalized direct load on the supply
independently of the measuring circuit.
This outer shield therefore takes care of
current flow arising from external ioniza¬
tion, migratory dust particles, and minor
surface discharges as well as surface leakage
across the insulating columnar supports,
and relieves the internal resistor of the
resulting irregularly varying effects. In
addition, the separate outer shields provide
mutual field grading and the large top
shield is effective in shaping the general
electrostatic field. The internal resistor as¬

sembly is sectionalized, each section con¬
sisting of uniformly spaced wire-wound re¬
sistors located between toroidally shaped
corona shields, which are electrically con¬
nected to the end of each group of resistors.
Isolant.ite insulation is used for supporting
the resistors and the uniformly spaced co¬
rona shields. The shields were constructed
of smooth copper-tubing of circular section
in order to provide satisfactory field grading
along the resistor and thus to insure free¬
dom from corona discharge currents at the
highest intended operating voltage. The de¬
sign provides for adequate insulation, me¬
chanical support, and centering of this

Fig. 3.—1.4-million-volt rectifier column with
shielded resistor column on left side.
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column inside the outer corona shield. Each
section was adjusted and thoroughly tested
at rated voltage before assembly and subse¬
quent measurements of individual sections
show their resistance to be practically free
from drift. These precautions were taken to
make sure that the current throughout the
resistor will be the same as at its low voltage
end where measurement of the current is
made; i.e., in order that the high voltage,
V, being measured is equal to nri where nr
is the total resistance of the stack of n
shielded resistors. Actually the current, i,
is often determined by adding a small re¬
sistor, r0, and measuring v — ir0 by means of
a potentiometer.
Manganin wire-wound resistors and a
relatively large current of 1 milliampere
were chosen as design values in order to
minimize parasitic effects of leakage, ab¬
sorption, and corona currents, and thus to
insure a resistor that would permit measure¬
ments to 0.1 percent or better. A current of
1 milliampere corresponds to a load of 1.4
kilowatts, so that the resistor was designed
to dissipate a corresponding amount of
heat. Carbon or the so-called “metallized”
radio-type resistors have a much higher
temperature coefficient and are in general
less stable than wire-wound resistors. Con¬
siderable care must therefore be taken in
their use to insure freedom from thermal
and voltage effects. Although reduction in
self-heating and in energy loss in such resis¬
tors may be secured by reducing the current
say to 0.1 milliampere, the effects of leakage
currents become relatively more important
and may contribute to some extent in re¬
ducing the attainable accuracy to the order
of 0.5 percent.
Still another consideration that should
not be overlooked is the shunting effect on
the resistance of the capacitance of the
shields. In the case of a resistor of the high
resistance type, sudden surges are easily
transmitted through the shunting capaci¬
tances so that the measuring instrument,
which must be correspondingly more sen¬
sitive, requires increased surge-protection.
Thus there are drawbacks to either in¬
creasing the current in the measuring resis¬
tor to values greatly exceeding one milli¬
ampere because of increased energy loss, or
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decreasing it to values much below 0.05
milliampere because of the instability of the
resistance insulation, and of other troubles.
For much of the pioneering nuclear disinte¬
gration work (11) carbon resistors available
in units of much higher resistance per unit
length than the wire-wound type have
proved both economical and useful.
It should be observed that the relatively
high shunting capacitance of the corona
shields of this type of resistor limits its
usefulness as a resistor for alternating cur¬
rent measurements.
Capacitance shielded and guarded resistors
for alternating current.-—The resistor di¬
vider, in high favor for the measurement
of direct voltage, has certain specific defects
in addition to its relatively large consump¬
tion of power. It necessarily has residual
inductance and stray capacitance associ¬
ated with its resistance. As shown at A in
Fig. 4, each section ?t • • • rn may be con¬
sidered as having at its terminals a lumped
shunting capacitance of value Ci • • ■ Cn,
and between its upper terminal and ground
a capacitance Ca • ■ • Cm. If the value of
capacitive reactance \/2irfC\ is »ri and
l/27r/Ca»>UY and if the impedance used in
the measuring circuit shunting rn is »r„,
the voltage division by resistance will be
trustworthy. As a result of the increase in
shunting effect of the stray capacitances
with frequency, these inequalities grow
less until the division of the applied voltage
is no longer proportional to resistance.
The shielded a-c resistor (12) minimizes
the effects of the unavoidable ground ca¬
pacitances at the cost of additional energy
dissipation, by employing a second or guard
resistor in parallel with the first or “work¬
ing” resistor. This guard resistor is so con¬
nected to the shields that it supplies current
to the ground capacitances that otherwise
would have to be charged through and
along portions of the working resistor. In
an a-c shielded resistor the working, or
shielded resistor, is composed of sections
of value r each contained within a metal
shield or box as indicated at B in Fig. 4.
Each shield is maintained at a potential
corresponding to the midpoint of its en¬
closed resistor by connecting it to a tap
point on the proper section Rn of the guard
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resistor. Thus this arrangement makes the
value of each shunting capacitance definite
and supplies the ground capacitance cur¬
rent from the guard circuit. This is ac¬
complished at the cost of a slight increase
in the shunting capacitance of the indi¬
vidual resistors because of the capacitance
to the shield in which the}'- are located,
since one end of the enclosed resistor is
above and the other below the potential of
the shield. However, because the potential
difference across the capacitance of either
end of the resistor element to its shield is
only one-half the voltage drop in this sec¬
tion of resistance r, the shunting effect
need not be excessive at low frequencies,
say 25 or GO cycles. Such a resistor, com¬
posed of about 25 shielded sections, is used
in a voltage transformer testing setup for
phase-angle measurements and ratio meas¬
urements to 0.01 percent at the National
Bureau of Standards. This resistor is rated
at 0.05 amperes in each of the two (working
and guard) 500,000-ohm circuits. In this
device, which at 25 kv absorbs 2.5 kw, the
individual sections of the working resistor
are enclosed in metal shield boxes, which

are filled with oil in order to improve ther¬
mal characteristics. This resistor is ar¬
ranged in tiers, each tier consisting of four
working resistor boxes with corresponding
sections of the guard resistor supported on
a mahogany framework. Tiers are as¬
sembled one above the other by means of
porcelain bus-type insulators, which serve
to provide additional insulation and to
permit bolting together of the resistorsupporting frameworks to form a mechan¬
ically stable assembly. Each box contains
20 flat mica cards wound unifilarly with
manganin wire. It is not feasible to extend
t he range of a-c shielded resistors and retain
the same order of accuracy (0.01 percent)
by this procedure much above 30 kv because
of the effects of the capacitances which
shunt the guard resistances. The resulting
error increases as the fourth power of the
voltage.
An a-c shielded resistor of this type is
also satisfactory for use as a series resistor
in conjunction with an indicating volt¬
meter or sensitive oscillograph. It may be
used equally well on direct current but
would ordinarily not be used because its

Fig. 4.—A-C shielded resistor.
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A
Fig. 5.—Surge resistor.

load on the source is greater than that for
the simpler corona shielded resistor.
Weller (13) devised a shielded a-c resistor
for use in transformer testing up to 132 kv
in which the shield current was supplied by
auto-transformers rated at 75 kva, instead
of by a tapped resistor.
Surge resistors.—In surge voltage testing
equipment used for studies of surge effects
on electric power and transmission equip¬
ment, the fundamental component of volt¬
age in a 1^X40 microsecond wave4 is of
the order of 105 cycles per second. Hence
components as high in frequency as 107
cycles per second are of significance in
fixing the wave form. The cathode ray
oscillograph used to delineate such surge
wave forms in conjunction with a potentialdividing resistor is generally located at some
distance from the resistor and main dis¬
charge circuit in order to avoid induction
effects from the large surge currents. Fig. 5
indicates the common method used for
connecting the resistor tap point through a
coaxial cable to the deflecting plates of the
oscillograph. The resistor is composed of a
series of resistance cards. Each card has two
similar windings wound in opposite direc¬
tions and connected in parallel to reduce
41.e., one that rises to crest in \\ micro¬
seconds and falls again to one-half crest value in
40 microseconds.

inductance. The cable connection to the
cathode ray oscillograph has a surge im¬
pedance usually of the order of 50 ohms,
whereas the full-scale sensitivity of the
cathode ray oscillograph is of the order of
2,000 volts for a cold cathode-type and 200
volts for a hot cathode-type cathode-ray
oscillograph. Thus for full-scale deflection
the currents to a cable considered as a
resistance would be of the order of 40 or
4 amperes, respectively.
Resistance dividers for high-voltage
surge measurements are not provided with
corona shields because they would add
excessive stray capacitance but are often
so located adjacent to the surge generator
itself that some degree of shielding and
field grading along the divider is secured.
Since a resistor for a 2,000,000-volt surge
measurement must be at least 700 cm. long
to provide adequate longitudinal insulations
and avoid flashover troubles in air, its
distributed and stray capacitances intro¬
duce disturbing effects unless the resistance
is held proportionately low. Thus a divider
resistor for a 2,000,000-volt surge may have
a resistance as low as 5,000 ohms and, if
wire-wound, the wire must be of sufficient
diameter to carry high momentary currents
without damage. As a rule, accuracies of
the order of one percent are all that are
required. If it is desired to study surge com-
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ponents of the order of 108 or 109 c}rcles per
second the residual inductance of each ele¬
ment and the distributed and particularly
the non-uniform stray capacitance effects,
assume especial significance in surge resis¬
tor dividers. For those frequencies, sup¬
plementary capacitance elements (14) nray
be added to the resistance elements of the
divider in such a manner as to make uniform
the capacitance shunting effect on each
element and thus insure proper division of
the surge voltage and its correct delineation
by the oscillograph. The present interest in
better voltage measurements of surge wavefronts of duration less than one microsecond
should lead to improved designs of surgevoltage resistor dividers.
The cathode ray oscillograph plays such
an important role in the field of surgevoltage (and surge-current) measurements
that its contribution should be mentioned
at this point. Although its value for use at
lower frequencies should not be underesti¬
mated, it stands alone in versatility for use
in high-frequency, surge, and pulse meas¬
urements. It owes this versatility to the
small inertia of its electron beam, which
serves at the same time as the moving ele¬
ment and pointer. The cathode-ray oscillo¬
graph, with a suitable sweep circuit, am¬
plifiers, shunts, and potential dividers, has
been developed into one of the most useful
pieces of electrical laboratory equipment
and covers a range from a few cycles per
second to frequencies of millions of cycles
per second. Developments in electron optics
and of new phosphors are constantly en¬
larging the place of the cathode-ray oscillo¬
graph as a useful precision device in spite
of the complication of its accessory equip¬
ment. In the future an order of accuracy
better than 1 percent may be expected.
For most measurements, and especially
those of high voltage surges, its high effec¬
tive impedance results from the low capaci¬
tance between its deflection plates. The
energy loss, arising largely from stray ions
and electrons within the tube, is so small
as to be of little concern. Thus in the visual
or photographic delineation of wave, surge,
and pulse shape the starting point now
seems to be a calibrated cathode-ray oscillo¬
graph except in very special instances in the

low frequency range where a higher order
of accuracy is required.
Capacitor dividers.—Because residual in¬
ductance and residual capacitance effects
in a resistance divider are unavoidable, not
only in the resistance elements themselves
but also in their electrical connections, it is
natural to turn to the use of capacitance
elements for alternating voltage division.
The capacitance divider generally consists
of a single high-voltage guarded-electrode
capacitor in series with a low-voltage capac¬
itor of very much higher capacitance. The

Fig. 6.—Compressed-gas capacitor. Diagram of
Bousman and Ten Broeck capacitor altered to
include complete shielding of the working elec¬
trode.
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residual inductance effects in capacitors are
minimized by properly shaping their sizable
conducting parts. The residual resistance
effects are minimized (1) by using high
grade solid insulation for the electrode sup¬
ports in order to keep electrical leakage
through and across the surface of the insu¬
lation low; (2) by using free-air or com¬
pressed gases {15, 16) as the dielectric
because of their low dielectric loss; and
(3) by using electrodes with well-rounded
contours and smooth surfaces to insure
freedom from corona discharge. It is cus¬
tomary to support the guard electrode on
its own insulation opposite the high-voltage
electrode and in turn to support the guarded
low-voltage electrode on the guard. The
insulation between the guard and the
guarded electrode is arranged to lie outside
the high electrostatic field so that dielectric
losses as null as surface and volume leak¬
age to the working capacitance are mini¬
mized.
The range of various types in free air is
limited by the breakdown voltage of air to
a practical value of about 15,000 v/cm
gradient. Churcher {17) has described a
capacitor for use at 300 kv, cylindrical in
form, with an over-all diameter of 2 meters
and a height of 7 meters. This unit is to
some extent an absolute standard as it
permits computation of its capacitance
from dimensions measured under normal
working conditions. To that extent it is
preferable to a smaller compressed gas
type {16) shown in Fig. 65 for use up to 300
kv, having an outside diameter of less than
1 meter and height over the bushing of
3 meters, and a shielded capacitance to the
high-voltage electrode of 50 micromicro¬
farads. However, when the space available
is limited, the compressed-gas equipment
may be built to occupy about one-fourth
the space of a free air unit of the same rating.
The one advantage, which may be in part
psychological, of constructing a capacitor
whose capacitance can be calculated from
its dimensions lies in the care and precision
demanded in its design and manufacture.
6 In this figure the original design of Bousman
and Ten Broeck has been modified to show com¬
plete shielding of the outer guarded cylindrical
section by the guard.
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A rather recent and desirable circuit ar¬
rangement using a compressed-gas shielded
capacitor for testing potential transformers
is described by Bousman and Ten Broeck
{16). Their circuit arrangement is similar to
a Schering bridge, i.e., a bridge in which
the A and X arms are capacitances instead
of resistances. The difference lies primarily
in the mode of supplying the voltage to the
bridge, the high-voltage arm (A) being
supplied by connection to the ungrounded
end of the high-voltnge winding of the
transformer, and the low-voltage arm (X)
being connected to the ungrounded end of
the low-voltage winding. Thus if this bridge
is balanced when supplying power to one
vinding of the transformer, one may de¬
termine from the settings of the bridge arms
both the voltage ratio and phase angle of
the transformer. A simple reconnection of
the bridge arms to a suitable supply per¬
mits quickly checking the constancy of the
bridge arm components before and after
ratio and phase angle measurements. Thus
in this bridge reliance for the ratio measure¬
ment is placed primarily not on capacitanc¬
es but on the constancy of resistance
coils which are more suitable as reference
standards because of their stability, while
the phase angles are based on the air ca¬
pacitors. An extension in range to higher
voltages might logically folloMr the arrange¬
ment of Bousman and Ten Broeck without
serious reduction in the accuracy of 0.1
percent claimed for their equipment.
The subject of high-voltage nrave form
should also be considered in connection
with capacitance dividers. Offhand, capaci¬
tance dividers would appear to be ideal for
use with the cathode-ray oscillograph, as
its impedance is essentially capacitive reac¬
tance. In surge measurements, honrever,
it is usually both desirable and convenient
to locate the cathode-ray oscillograph
at some distance from the surge circuit
in order to minimize inductive effects.
This involves the use of a fairly long
high-quality cable (preferably coaxial) con¬
necting the divider to the oscillograph so
that the surge impedance of the cable,
primarily resistive, rather than the capaci¬
tive impedance of the oscillograph plates
assumes the major role in the measurement
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circuit. Thus, as suggested earlier, a surge
resistor is to be preferred although surge
capacitor dividers (18) have been used. For
lower-frequency measurements this objec¬
tion does not exist to the same extent and
capacitor dividers with cathode-ray oscillo¬
graphs as well as with amplifiers supplying
electromagnetic oscillographs (string or
loop in use up to several thousand cycles
per second) have been found useful in
delineating wave form with an accuracy of
a few percent.
A capacitance-divider method yielding a
high order of precision in delineating lowfrequency wave form is due to Silsbee (19)
who, in line with the early work of Rosa,
used a point-by-point method. In his device
a potentiometric balance by means of a
quadrant electrometer is obtained across
the low voltage portion of a capacitance po¬
tential divider for as many points in a
repeated voltage wave as may be desired,
thus permitting the evaluation of crest-,
average-, and effective-values of the wave
form. This method requires a synchro¬
nously driven contactor which may be set
accurately for each balance point selected
for delineating the wave. The accuracy of
measurement is very high and appears to be
limited primarily by the steadiness of the
alternating voltage source, say to a few
parts in ten thousand.
transformer methods

Voltage transformer.—The method of
measuring high alternating voltage in com¬
mon use in the United States employs a
step-down transformer termed a voltage or
“potential” transformer by the manufac¬
turer in order to designate its intended use
in voltage and power measurement. The
high-voltage winding is connected across
the terminals of the voltage source to be
measured, a voltmeter is connected across
the low-voltage winding and its reading is
multiplied by the ratio of transformation to
obtain the value of the high voltage. The
ratio of voltage of the high-voltage winding
to that of the low-voltage winding of a
well-designed transformer remains nearly
constant over a wide range of voltage. The
measured values of ratio of well-built
transformers kept under normal laboratory

conditions have been found to remain re¬
markably constant over long periods of
time, variations in ratio requiring for their
detection measurements having an accuracy
of the order of 0.01 percent. Departures
from nominal ratio have been determined
by resistance bridge methods (20) up to 30
kv with a precision of 0.01 percent and by
capacitance bridge methods up to 132 kv
with a precision of 0.1 percent or better
(16).
Where symmetrical multiple high-voltage
windings are provided in a voltage trans¬
former the following “series-parallel prin¬
ciple” has been found valid for extrapolat¬
ing measurements of ratio factor at low
voltage to permit their use at higher volt¬
age. Within the voltage limits of a highvoltage shielded resistor or capacitor, and
with the high-voltage windings in parallel,
measurements of ratio factor are made to
cover the voltage per coil range of the lowvoltage winding. The nominal ratio for
series connection is then multiplied by the
measured ratio factor at the same volts per
coil for the parallel connection. Reliable
measurements of effective alternating volt¬
age by this method can be made to better
than 0.1 percent (20) and are in use up to
250 kv. The cost of transformers with such
symmetrical multiple windings increases
rapidly with voltage. Other less expensive
and less accurate (1 percent to 0.5 percent)
transforming devices such as (1) a number
of small chain-connected or cascaded trans¬
formers (21, 22) and (2) a high-voltage
resistor (23), reactor (2Jf), or capacitor
(25) in series with a small transformer, have
been introduced in Europe for measuring
high voltage but have not met with general
favor in the United States.
Supply transformer with high-voltage wind¬
ing tap or with voltmeter coil.—Although the
use of a voltage transformer with only an
instrument connected as the burden on the
low-voltage winding represents the ideal
arrangement, it should be mentioned that
adequately precise values of high voltage
may often be deduced from voltage meas¬
urements made on the low-voltage input
windings. This is particularly true if the
resistance and leakage reactance of the
high-voltage winding are low and the cur-
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rent drawn by the load on the high-voltage
winding is small. Better still, an instrument
connected between ground and a tap point
on the high-voltage winding (26) near its
grounded end may serve for measuring
a relatively low voltage which will be pro¬
portional to the high voltage except in so
far as the voltage across the tapped section
of winding is affected by distributed and
stray capacitance currents which flow
through it from the rest of the high-voltage
winding. Fig. 7 shows three such 350 kv
60 c/s 1,000 kva transformers in the High
Voltage Laboratory of the Nat ional Bureau
of Standards. These units are shown con¬
nected in cascade to give 1,000,000 volts.
Each unit has a high-voltage winding tap
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connection giving an accuracy of voltage
measurement of about 2 percent at lull
load and correspondingly better accuracy
at lighter loads. Still another arrangement
consists in providing a third winding or
voltmeter coil {27) so located relative to the
low- and high-voltage windings that the
magnetic flux linked by it automatically
takes into account any voltage drop in the
high voltage winding arising from the load
connected to it. An accuracy of one-half
of 1 percent at full-load leading current and
better accuracy at smaller loads is claimed
for a good design. These latter arrange¬
ments are not considered to be as trust¬
worthy as the use of a separate voltage
transformer.

Fig. 7.—Three transformers connected in cascade to give 1,000,000 volts.

273/44

Feb. 15, 1948

defaxdorf: thf, measurement of high voltage

B

±

=F

Fig. 8.—Bipolar generating voltmeter.

GENERATING VOLTMETER

The generating (rotary) voltmeter {28)
first described by Kirkpatrick has been
useful in estimating local potential gradi¬
ents and as an auxiliary control device. It
has been likened to a d-c generator, but
instead of currents induced by moving
wires in a magnetic field it employs a
configuration of electrodes which permits
the commutation of charges induced on
plates alternately exposed to and shielded
from an electrostatic field. Fig. 8 shows the
diagram of a bipolar generating voltmeter.
Fig. 9 shows a ceiling-mounted type de¬
signed by Behr that employs a sector disk
as the rotating element.
The fundamental idea has been incor¬
porated in many designs. Because of the
necessity of alternately exposing and shield¬
ing the active plates (electrodes) the gen¬

erating voltmeter appears to offer greater
promise for use in relative measurements
than in absolute measurements. Thus it is
usually first calibrated in terms of other
satisfactory low-voltage standards, prior
to use at higher voltage, but it may be used
in those cases not requiring a high order of
accuracy and thus amenable to simplifying
assumptions for the purpose of computing
the high voltage from dimensions. By so
shaping the high voltage electrodes that
discharges and consequent space charges
are avoided it may be used by extrapolation
techniques to extremely high voltages both
on direct and alternating voltage. Without
an incorporated high-voltage electrode it is
essentially a gradient measuring device. It
has been useful in a study of atmospheric
electric charge and field phenomena re¬
sponsible for lightning {29), and as a voltage

Fig. 9.—-Rotating segments of Bohr generating voltmeter.
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measuring device associated with highvoltage generators of the Van de Graaff
type.
When the generating voltmeter is used
as a voltage measuring component (i.e., as
an instrument for determining a value of
gradient to be multiplied by a constant
factor in order to obtain the total voltage
difference) it is not sufficient that the fields
in the immediate neighborhood of the in¬
strument shall be below corona or dis¬
charge-forming values, but it is equally
necessary that the gradients at surfaces in
the neighborhood of the sample field as
well as those at the high-voltage electrode
be below discharge-forming values and that
there be no nearby relatively large sources
of air ionization or dust. The effect of dust
and charged particles may indirectly pro¬
duce serious distortions in high fields by
being deposited and aligned on otherwise
smooth polished metal surfaces so as to
form the necessary points for initiating
discharges and consequent space charges
that would otherwise not exist. If the
charge on the surface of the segments al¬
ternately exposed to the electric field is to
lie in definite ratio to the total field, then
at no place in the field may the gradient
exceed the approximate breakdown gradi¬
ent, 30 kv crest/cm, in air at NPT. The
practical limit is actually much lower. For
instance, the value of average gradient at
which self-propagating discharges occur
in the case of thunderstorms appears to be
about 10 kv/cm. In the case of the Brooks
electrometer (30) discharges have been
known to occur between the parallel faces
of the electrometer plates when the voltage
applied divided by the spacing had a value
of 5 kv eff/cm. Thus in air at I\TPT it is
doubtful that for a generating voltmeter an
average value of gradient exceeding 7 kv
max/cm with an upper limit of 20 kv/cm at
the electrode surfaces can be employed con¬
tinuously without some error in measure¬
ment arising from the above causes. Pre¬
sumably this practical limit arises from
the almost ever-present small particles of
dust (insulating or semi-conducting) which
when deposited on the surface upset the
ideal condition of pointless smooth surfaces
one wishes to assume after the instrument
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maker has done his best to produce them.
With reasonable care and cleanliness in
assembly, dust has not been found to be a
problem in generating voltmeters operating
within a pressure chamber at higher gradi¬
ents (31).
When used with suitable precautions, the
generating voltmeter offers a means of ob¬
taining information not readily available in
other ways. For instance when its com¬
mutating device is provided with a phaseshifting mechanism and the rotor is syn¬
chronously driven it provides a means of
determining wave form (32) at high voltage
with practically no load on the source being
investigated. It is effective on a rippled
direct voltage as well as on alternating
voltage. When used for determining wave
form it may be located in an undisturbed
and readily accessible portion of the high
voltage field. The generating voltmeter
method of determining wave form should
be good to a few tenths of 1 percent.
AIR SPARK-GAP BREAKDOWN

Sphere and rod gaps.—If an accuracy of
the order of 3 percent in determining crest
voltage is sufficient, as in the case of insu¬
lator testing, the sphere spark gap in air is
useful as a crest voltage measuring device.
For voltages above 17 kv spheres of 6.25
cm diameter and larger (up to 2 meter
diameter for approximately 2,000,000 volts)
operated under controlled conditions serve
as voltage standards for electrical break¬
down measurements of dielectrics (33).
Earlier theories of breakdown of sphere
gaps assumed that pure air, as well as other
gases, has a definite breakdown strength or
breakdown gradient at normal pressure and
temperature. Paschen’s law relating the
length of the breakdown gap with air den¬
sity permits correction for usual tempera¬
ture and pressure variations. Russel, Dean,
Peek, and others have given empirical re¬
lationships based in part on electrostatic
field theory for both sphere and cylindrical
gaps, which, although they fit well in a
limited domain of pressure and tempera¬
ture, are not so satisfying as relations (3d)
developed at a later date on the basis of the
newer atom-physical background. The de¬
tailed work on discharges in gases by Loeb
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(35) and his collaborators as well as much
other valuable work in this field has pro¬
vided a fairly satisfactory explanation of
some of the scattering of breakdown values
of spark gaps. Meek (36) suggests that in
the case of the shorter gaps the electron
avalanche initiated at the cathode con¬
stitutes the usual initial process whereas in
the case of larger gaps the mechanism is
more akin to the positive streamer dis¬
charge of lightning and originates within
the gap at some distance from the electrode.
For gaps of intermediate length there lies a
domain in which the initiation may be of
either variety and such gaps show a larger
scattering of breakdown values. The prob¬
ability of a free electron existing in the right
location to initiate a discharge is, of course,
an important factor in the scattering of the
initial breakdown voltage when the time
of application of voltage is extremely short.
Irradiation (37) of small electrodes of the
gap with radium or with ultraviolet light to
produce photoelectrons is helpful in reduc¬
ing this type of scattering but appears not
to be necessary in the case of large spheres
because of the much higher probability, in
the larger volume of air between the spheres
of the presence of an initiating ion or elec¬
tron.
An idea of the effectiveness of ultraviolet
irradiation in reducing scatt ring may be
cited in the case of 12.5 cm diameter brass
spheres. Irradiation of the spheres by an
open carbon arc reduced the scattering of
individual GO-cycle sparkover values by a
factor of 5 as compared with the results
obtained without irradiation. On the other
hand the average values of sparkover volt¬
age were lower by from two to five percent
in the irradiated case, the amount of lower¬
ing being dependent on the intensity of
radiation.
Basing his work on the detailed informa¬
tion now available on the mechanism of
spark formation Ver Planck (38) appears to
have successfully correlated the enormous
amount of data on sphere spark gaps.
From the very nature of the spark be¬
tween spheres and of corona on cylinders,
voltage measurements based on sphere
gaps and corona cylinders (34), because of
their dependence on surface shape, cleanli¬

ness of the surface, and cleanliness of the
air, appear to be limited to a rather low and
questionable accuracy, say from 1 to 3
percent. When extreme precautions are
used by following a ritual of cleansing, the
use of ultraviolet irradiation of the spheres,
limitation by resistance of surface pitting
by the spark current, and bv insuring
“cleanup” of the sparking surfaces of the
sphere gap through preliminary sparking, a
series of 10 or more sparkover values often
may be observed to agree to within ±0.1
percent. However, this apparent high pre¬
cision, equal to that of the high-grade indi¬
cating voltmeter employed as part of the
equipment in making such observations, is
deceptive. Painstaking observations made
the following day under seemingly identical
conditions may agree among themselves to
the same precision but their average value
will almost invariably differ by several
tenths of one percent, and sometimes by
mote than 1 percent from those made on the
previous day. In spite of its low order of
accuracy the sphere gap serves as a com¬
mercial standard (33) for high alternatingand surge-voltage measurements appar¬
ently because of its basic simplicity. In
larger sizes it gives a useful measurement of
the maximum value of surge voltage and
essentially serves as a voltage limiter when
it is used in parallel with a device under¬
going voltage-withstand tests.
Simple needle gaps, as a matter of his¬
torical interest, were once accepted as al¬
ternative standard voltage measuring gaps,
but as a result of the inherently high scat¬
tering of values of sparkover voltage, varia¬
tion in sparkover values with changes in
humidity, and large scattering in sparkover
voltage when used for measuring surge
voltage, they have been discarded as stand¬
ards. Rod gaps (39) in which the elec¬
trodes are used repeatedly as contrasted
with the formerly prescribed use of new
#00 needles for each sparkover of the needle
gap, have sparkover values which are also
affected by humidity to about the same
extent as the flashover of porcelain insula¬
tion and appear to have replaced needle
(or point) gaps for those uses where gaps
are desired for correlating the flashover
voltage of insulators.
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IONIC WIND VOLTMETER

The Ionic Wind Voltmeter described by
Thornton, Waters, and Thompson (40)
merits some mention because it represents
a unique application of a thermal method
to the measurement of high alternating
voltage. Use is made of the cooling effect
on a heated filament arising from “elec¬
tric wind.” (See Fig. 10.) The heated fila¬
ment, with a suitable grounded shield, is
located at a distance from the high-voltage
electrode in such a position that, although
in the electric field, it will always be below
corona-forming voltage. Ions that may be
present move back and forth as a result of
the alternating electric field and in striking
neutral molecules increase the general
molecular motion. This results in an in¬
crease in cooling effect on the heated fila¬
ment proportional to the electric field. A
filament that has a high temperature co¬
efficient of resistance is connected in one
arm of a Wheatstone bridge. The bridge
out-of-balance indicator is then calibrated
in terms of the high voltage applied to the
Ionic Wind Voltmeter. Although this de¬
vice may be constructed to have good
sensitivity and is useful as a control device
or relay, its indications are affected by
change in wave form and an accuracy of
only ± 2 percent is claimed for it.
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dimensions and the resulting force, is
termed an absolute electrometer. This is in
contradistinction to the term electrostatic
voltmeter, which signifies an instrument
that may be used for relative measurements
but that requires calibration by means of
some other standard of voltage measure¬
ment. A number of designs of high-voltage
electrostatic voltmeters (41-51) have been
constructed. Such instruments require
much less electrical energy for their opera¬
tion than an electrodynamic instrument
with a series resistor. Corners rounded suf¬
ficiently to avoid electric discharges, highquality insulation, and electrode spacingadequate to prevent discharges are pre¬
requisites in the construction of both elec¬
trostatic voltmeters and electrometers.
Electrostatic voltmeters.—With a few ex¬
ceptions (46, 47, 49) the high voltage elec¬
trostatic voltmeters follow the pattern of
the Kelvin (52) guard-ring electrometer by
having a guard ring for the attracted disk
or movable electrode while placing less
emphasis on the flatness of the movable
electrode. Provision is usually made for

ELECTROSTATIC VOLTMETERS AND
ELECTROMETERS

Electrostatic voltmeters and electrom¬
eters basically depend for their indication
on a measurement of the force of attraction
between charges on the movable portion
of one electrode surface and charges of
opposite sign on another fixed electrode
surface. By arranging the movable portion
of the electrode to be part of a suitable
geometric surface—sphere, ellipsoid, or
plane—it is possible to devise an instrument
in which the voltage applied can be com¬
puted theoretically from measured dimen¬
sions and the measured force of attraction.
An electrometer designed to approximate
quite closely the theoretical assumptions as
to the conductor shape and relative di¬
mensions required for simple theoretical
computations, and thus to permit computa¬
tion of the value of applied voltage from
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change in range by adjusting the spacing
between the high-voltage electrode and
grounded electrode of which the moving
element usually forms a part. It is interest¬
ing to consider the developments in these
instruments over a few years as shown in
Figs. 11, 12, and 13. In the early design of
Abraham and Villard (41) (1911), Fig. 11,
the curvature of the disk and guard is .

Fig. 11.—Abraham and Villard electrostatic
voltmeter.

nearly spherical. The moving system is
rather massive with a separate damping
chamber within the guard. The Imhof (44)
(1926) design, Fig. 12, provides a flattened
guard ring and fits the light-weight at¬
tracted electrode into its own damping
chamber. Starke and Schroeder (43) (1928)
in one model, Fig. 13, employed a relatively
larger flat-guarded electrode and a flatstrip suspension for the movable rectangu¬
lar flat electrode, P, providing it with a
mirror instead of a mechanical pointer, as
well as with a balanced damping chamber
arrangement. Nearby objects would be
increasingly less effective in producing de¬
flection errors at equivalent spacings in the
later voltmeters. These voltmeters may be
read to closer than 1 percent but unless
calibrated in place, especially when used at
large spacings at maximum rated voltage,
are likely to be affected by nearby objects.
Ellipsoidal voltmeter.—The ellipsoidal
voltmeter of Thornton and Thompson
(58), illustrated in Fig. 14, is of the nature
of an electrometer and satisfactory theoret¬
ical equations have been developed for it.
It, like the electrometer, depends on a
relatively undistorted axial field if it is to
be used as an absolute instrument.
The moving element consists of a metallic
ellipsoid of revolution carried on a bifilar
silk suspension and is provided at its lower
end with a reflecting mirror and damping

trostatic voltmeter.
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Fig. 13.—Starke and Schroeder electrostatic voltmeter.

vane. The ellipsoid is suspended with its
long axis horizontal and is centrally located
between two vertical circular plates facing
each other and at an adjustable distance
apart. Polarization of the ellipsoid by the
electric field established between the plates
by the source of voltage to be measured,
gives rise to a mechanical couple tending to
align the ellipsoid, which is initially set. at
an angle to the horizontal axis perpendicu¬
lar to both plates. Although the change in
the angular deflection of the ellipsoid may
be used as a measure of the voltage applied,
a more sensitive and rather interestingmethod of voltage indication has been con¬
trived which involves measuring the in¬
crease in frequency of its swings when volt¬
age is applied. Thus:
E — k(n2 — n02)112

(1)

where E is the electric field strength, k is a
constant found from dimensions, n is the
number of swings per second with the volt¬
age on, and n0 is the number of swings per
second with the voltage off.
Sufficiently large plates are used and at
such a separation that the electric gradient
E throughout a considerable volume along
the axis would be substantially uniform if
the ellipsoid were not present. Since the
disturbance effected by the ellipsoid is
small, the voltage applied to the plates is
V = Ed,

(2)

where d is the plate separation.
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The instrument described was designed
for measurements up to 200 kv. As shown
schematically in Fig. 14 the plates were
140 cm in diameter and were spaced as
much as 100 cm apart (i.e., average gradi¬
ent of 2 kv per cm). An exploration of the
field indicated that it was quite uniform at
the midpoint between the plates within a
radial distance of 25 cm; however, no study
of its longitudinal variation appears to have
been made. Great care was taken to insure
that the ellipsoids of revolution Avere ac¬
curately shaped so that the theoretical
relationships would apply. One ellipsoid
of duralumin Avas 3.9692 cm long and 0.5970
cm in diameter and Aveighed 2.0496 grams.
The electric gradients at the tips of the
ellipsoids are considerably higher than the
average gradient betAveen the plates. These
gradients must be kept Avell beloAv corona¬
forming values if disturbing effects from
electric Avind are to be avoided. In its prac¬
tical form Avhere it is to be used as a de¬
flection instrument for laboratory or shop
measurements an insulating enclosure is
provided for the suspension, ellipsoid, mir¬
ror, and damping mechanism to shield
them against Avind and dust. At the bottom
end of the moving-system assembly the
damping vane is suspended in a dampingchamber attached to a tube Avhose upper
end is cemented to the bottom of a IioIIoav
glass sphere in which the ellipsoid is cen¬
tered. The upper end of the sphere is ce¬
mented to a second tube housing the bifilar
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suspension and an adjustable suspension
control for changing the period of swing.
The control mechanism and the torsion
head are mounted at the supported upper
end of the tube. A spherical shape was used
for the hollow glass sphere enclosure for the
ellipsoid so as to permit a theoretical eval¬
uation of the effect of the dielectric of the
sphere on the electric field E at the ellip¬
soid. The theoretical correction derived
for this spherical glass enclosure agreed
well with experimental results when the
relative humidity was not high enough to
cause electrical surface leakage.
The ellipsoidal voltmeter is said to be
accurate to 0.1 percent and to be only
slightly affected by humidity. Because of
low average gradient, 2 kv eff/cm, it ap¬
pears to be more bulky than other electro¬
static voltmeters and is of interest mainly
because it is a unique arrangement per¬
mitting absolute measurements.
Sparkless sphere-gap voltmeter.—Large
spheres ordinarily used as sphere spark-gap
voltmeters in measuring high crest-voltage
have been modified to permit their use as
electrostatic voltmeters for measuring the
effective value of voltage at spacings
slightly in excess of sparking distances.
This arrangement has been called a spark¬
less sphere-gap voltmeter (47).
Hueter (4d) employed a vertical ar¬
rangement of 1-meter spheres. The upper
high-voltage sphere was supported on a
spring whose additional extension as a
result of the electrostatic force was magni¬
fied by a lamp-mirror-scale arrangement.
The spring and the mirror optical-lever
arrangement were mounted within the
sphere shank which was provided with a
small window. An external arc-lamp and
scale were mounted on an adjacent wall
in the laboratory and gave satisfactory
readings in daylight. The vertically adjust¬
able lower sphere was grounded and its
driving screw mechanism was arranged to
indicate the gap length. The weight of the
upper one-meter sphere was 60 kg and for a
75 cm gap the electrostatic attraction was
approximately 800 grams at 1,000,000
volts. In order to minimize effects of
changing gap length, only small displace¬
ments (less than 0.5 percent of the gap
length) of the spring-suspended sphere were

used. An oil-cup damper made the sphere
motion nearly aperiodic. An accuracy of 1
percent was claimed.
Sorensen (47, J+8) employed a horizontal
arrangement of 1-meter spheres with rather
long slender shanks presumably in order
to reduce effects of attraction arising from
the shanks. The electrostatic attraction of
the grounded sphere could be readily meas¬
ured as it was supported by suspending its
shank by four ropes tied to the shank at
the apices of the two thus-formed F-suspensions. The upper ends of the ropes were
attached to ceiling members. This laterally
stable suspension possessed only a small
longitudinal stability so that differences in
longitudinal electrostatic forces of several
hundred grams could be measured to better
than one gram. A small wire in line with and
attached to the end of the grounded sphere
shaft ran over the rim of a bicycle wheel
thus insuring low friction. A small weight
pan attached to the end of the wire per¬
mitted weighing the force of attraction.
These two sphere-electrometer devices
represent useful laboratory tools for they
can be calibrated and used as voltmeters
for measuring effective voltage. They can
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also be employed in t lie usual manner as
sphere spark-gaps for the measurement of
crest voltage. If one is satisfied with the
accuracy of the sphere spark-gap as a
high-voltage standard, measurement of the
voltage wave form permits calibration of
these devices as electrometers for the meas¬
urement of effective voltage without re¬
course to other methods. To a very limited
extent they may be considered to be abso¬
lute electrometers, particularly if adequate
relative clearances to the floor, walls, leads
and other conductors and insulators are
maintained so that approximate corrections
can be made for the presence of these ob¬
jects. Simple theoretical calculations of the
force of attraction can be made by the
method of image charges in the case of two
insulated or one grounded and one insulated
sphere. For a 25-cm spacing of his 1-meter
spheres Sorensen considered that no cor¬
rection was necessary, and at 35 cm the
effect of shanks and other nearby objects
was said not to exceed 1.5 percent.
One may hope for an accuracy approach¬
ing 0.5 percent with the design of Ilueter
in making relative measurements up to one
million volts. This would involve ample
clearance for the spheres and first calibrat¬
ing by an accurate lower voltage method
using a separation of the spheres adequate
for one million volts and making certain
that corona-free electric field conditions
exist in the neighborhood.
Disk electrometers.—About 1880 Lord
Kelvin made an outstanding contribution
by incorporating a guard ring for the disk
of the attracted disk electrometer. The
guard ring not only validified the use of the
simplifying mathematical assumptions in
computing the electrostatic force of attrac¬
tion of the disk but it established the basis
for a design whose readings were less ef¬
fected by neaidrg objects. When coplanar
with the guard ring the force

where Ve the voltage is in electrostatic
units, A is the area of the disk, and d the sep¬
aration from the opposite grounded plate.
For deflections of a guarded disk away
572772 0-61-19
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from coplanarity, Snow (54) has developed
a mathematical solution which takes into
account the change in force arising from
change in position of the disk. This change
in force might at first appear only to vary
inversely with the separation d (shown by
a simple differentiation of equation (3)).
However, Snow has evaluated the addi¬
tional change in force arising‘from the
redistribution of the charges, which in the
case of a protruding disk results in an
increase in concentration of charge at the
edge of the disk at the expense of the charge
on the adjacent edge of the guard plate
and vice versa in the case of a retracted
disk. Troublesome instability in disk elec¬
trometers arising from this latter com¬
ponent of force has for a long time been
recognized as a weakness in electrometers
designed to cover a wide range of voltage
measurement by adjusting the spacing d.
One may either elect to provide a linear
restoring force adequate for all spacings d
at a considerable sacrifice in sensitivity at
large spacings or provide for some adjust¬
ment of the restoring force with change in
spacings at nearly constant maximum al¬
lowable gradient. The restoring force re¬
quired to balance the electrostatic attrac¬
tion in high voltage electrostatic volt¬
meters and electrometers has been pro¬
vided by the following devices:
(1) Suspension of the moving electrode on one
arm of a gravity balance, i.e., change of restoring
force secured by adjustment of c.g. of balance
relative to central knife edges (52, 30).
(2) Suspension of moving electrode on a coiled
spring (4-6, 61).
(3) Pendulous suspension of electrode (49).
(4) Suspension of disk electrode assembly on a
flat-strip (torsion) suspension (43, 55).
(5) Suspension of the disk from a metallic
membrane (50, 51).
(6) By combining the torque provided by a
flat-strip supporting suspension with that pro¬
duced in a current-balance arrangement of coils
which permits adjustment of the restoring force
(55) by change in current.

The last three types merit special men¬
tion because of the novelty of their ar¬
rangement. Fig. 13 illustrates the flat-strip
suspension arrangement of Starke and
Schroeder. The sixth of the above arrange¬
ments, used by Nacken (55), employs two
pairs of "current balance” coils in a con-
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nection that permits adjustment of sta¬
bility as well as of sensitivity. The restoring
force arises in part from the vertical strip
suspension which carries the disk with its
plane vertical as well as the two similarly
mounted astatically connected current bal¬
ance coils. One pair of field coils with cur¬
rent if is connected in series aiding one
moving coil and provides a torque propor¬
tional to if for balancing the electrostatic
force on the disk; the other pair of coils
with current im is connected in series op¬
posing so that by reversing im and adjusting
its value relative to the current in the mov¬
ing coil the restoring force of the strip
suspension toward the null or coplanar
position of the disk may be either opposed
or aided thus altering the stability of this
system by the simple adjustment of the
current in this pair of coils. Thus this ar¬
rangement permits a desirable adjustment
toward higher sensitivity at large spacings
of the electrodes where the deflecting force
decreases.
The fifth of the above arrangements is
exemplified in the devices of Rogowski and
Bocker (50, 51) (illustrated in Fig. 15) in
which an elastic diaphragm D provides the
restoring force for the attracted disk. The
diaphragm supports an iron-cored coil
(above) which is actually part of a current
transformer
(“Messdose”)
constructed
with two air gaps in its iron core. The fixed
coil with its core form the other part of the
current transformer which is supplied from
a voltage-regulated alternating-current sup¬
ply. Very small changes in the air gap
(moving coil position) suffice to produce
full scale deflections of an ammeter con¬
nected across the moving coil and this am¬
meter is calibrated to read the high voltage.
As part of this particular moving system,
arranged for use in a compressed gas en¬
closure, a force coil (Druckspiile) K is sus¬
pended below in an iron-clad solenoid es¬
pecially constructed to permit a measure¬
ment of force in terms of solenoid current.
This arrangement permits, prior to assem¬
bly of the unit in the compressed gas cham¬
ber, a direct calibration with known weights
on the disk for current in the solenoid
against deflections of the diaphragm as in¬
dicated by the ammeter. This preliminary

calibration with known weights against
current is made in order to permit subse¬
quent checking of the calibration of the
electrometer by means of the current in¬
stead of weights after it has been filled with
compressed gas.
Brooks absolute electrometer.—The ab¬
solute high voltage electrometer of Brooks
(30) (Figs. 16 and 17) is illustrative of what
can be accomplished in the way of precision
when the attracted disk is supported on
one arm of a gravity-type balance. Brooks’s
modification of the Kelvin electrostatic
attracted disk electrometer with guard ring
was designed for use in free air up to 275
kv on alternating voltage and was arranged
to allow a step by step experimental evalua¬
tion of errors not readily calculable. In ad¬
dition to a guard ring, it employed guard

Fig. 15.—Rogowski and Bocker compressedgas electrostatic voltmeter.
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hoops equally spaced between the guarded
and grounded electrodes. These guard
hoops, spaced 2 cm apart, are connected to
tap points on a potential dividing capacitor
also across the voltage source. Thus the
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equally spaced hoops are maintained at
equally spaced potentials corresponding to
the voltage applied between the high-volt¬
age (upper) and grounded (lower) plates of
the electrometer. The hoops not only screen
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the disk from external fields, but by their
potential distribution tend to correct,
within their diameter, electric field distor¬
tion that woidd otherwise arise from edge
effects at the upper guard ring and lower
plate. A mathematical solution of the con¬
tribution to force on the disk arising from
these hoops has been carried through by
Snow (54) and Silsbee (30) and has been
demonstrated to be adequate by suitable
experimental tests.6 For instance by omit¬
ting hoops, or electrically shorting various
sets of hoops, their potential distribution
was changed drastically. For such condi¬
tions when the corresponding corrections
were applied based on the mathematical
solution and experimentally measured po¬
tential distribution, very good agreement in
the measured values of voltages was ob¬
tained.
As a result of the work on the Brooks
Absolute Electrometer, which was com¬
pared with the transformer voltmeter
method of measuring voltage, it was con¬
cluded that this instrument is reliable for
absolute determinations to about 0.01 per¬
cent. This work was limited to 100,000
volts—approximately one-third its rated
voltage—because the clearances in the
space in which the equipment was housed
were inadequate. Results up to full rated
value, 275 kv, are not yet available. (With
the cessation of the war it is expected to
extend the measurements to higher values
of voltage in the modern High Voltage
Laboratory of the National Bureau of
Standards.)
6 The simple equation (3) may be rearranged

VB=2dv2F/A. This equation may be thought
of as being satisfactory for measurements yield¬
ing an accuracy of 1 per cent. IT an accuracy of
0.01 per cent is desired, correspondingly refined
experimental techniques must be employed and
additional physical measurements must he made
as indicated by the larger number of terms in the
complete equation for the voltage in electro¬
magnetic units of the Brooks electrometer,
4v(c+hd) \/2Mpg I"

(rb+rd)

Av — A0
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Compressed gas electrometer.—A consider¬
ation of the compressed gas electrometers
of Tschernyscheff (56), Palm (57), Rogowski, Bocker (50, 51), and others who at¬
tained accuracies approaching 0.1 percent
leads one to consider whether additional
design features might be incorporated in
the compressed gas type in order to give
an accuracy approaching that of the Brooks
electrometer in free air.
Actually the matter of precise weighing
of the forces (less than 2.5 grams) on a
16-cm diameter disk, involved in the Brooks
electrometer offers no serious problem in
free air aside from the necessity of providing
a carefully thermostated enclosure to
avoid air currents. The possibility of having
correspondingly higher forces to measure
has its appeal. In the Rogowski and Becker
voltmeter the maximum force of attraction
of the disk may reach 250 grams and is
measured to 0.2 grams. Thus the forces
employed in measurements are < ne hundred
times as large as in the Brooks electrom¬
eter, however, the relative accuracy of
measurement of this larger force is less in
their device.
At the outset one would have to provide
a force-measuring device approaching the
accuracy and repeatability of a high-grade
gravity balance, i.e., something better than
that incorporated in the Rogowski and
Bocker electrometer. Smaller-scale length
measurement would have to be made with
about the same relative accuracy and the
flat metal surfaces of the plates would re¬
quire a high quality optical finish. The
greatest loss involved in the use of com¬
pressed gas rather than free air, as in the
Brooks electrometer, lies in the relative
difficulty of making and checking mechani¬
cal measurements under pressure before
and after voltage observations.
The immediate gain from the use of
compressed air (15) or other gases (51B)
is to increase sparkover voltages nearly in
proportion to pressure. For instance in the
design for use to 400 kv alternating, Bocker
used carbon dioxide at 15 atmospheres
pressure which permits a gradient of 100
kv eff/cm as compared with 2.5 kv eff/cm
in the Brooks electrometer as limited by the
present potential dividing capacitor con-
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nected to the hoops. Gaseous “freon” (58)
(dichlorodifluoromethane)
has
between
smooth electrodes about 2.3 times the
breakdown strength of air at pressures up
to six atmospheres where it still remains
gaseous. In the case of points or sharp
edges the relative breakdown strength of
freon is still higher. Freon has the disad¬
vantage of breaking down into highly
corrosive products if corona or other dis¬
charges actually take place in it, making it
less desirable than carbon dioxide on that
account. Sulfurhexafluoride (58C) appears
to offer some advantages over freon be¬
cause of its greater chemical stability and
higher equilibrium pressure at normal
temperatures.
The greater size of the “free air” as
compared with the “compressed gas” elec¬
trometer appears to be its chief drawback,
making it too cumbersome* at the highest
voltages.
DEFLECTION

OF

FREE-MOVING

CHARGED

PARTICLES AND THE HIGH VOLTAGE SCALE

The cathode ray oscillograph and electro¬
static (and magnetic) analyzers are ex¬
amples of devices that employ the deflection
of free-moving charged particles. Employ¬
ing for this discussion the relations given
by Hanson and Benedict (59), if a slowly
moving stream of charged particles is
accelerated in vacuo along an electrostatic
field of total voltage Fa then
Vae = \mv“

(4)

where m is the mass of the particle, v its
velocity, and e the charge on the particle.
When a stream of particles with the velocity
v is directed between parallel plates perpen¬
dicular to the electric field established by
the voltage Vd between the plates then for
the idealized arrangement of plates at the
far edge the deflection
d — Vdel2/2Smv2

(5)

where l is the length and S is separation of
the plates. For nonrelativistic velocities if
L is the distance to and D the deflection at
the screen or receiver
D = Ld/ (1/2) = VdeLl/Smi9

(0)
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so that
VJV d = Ll/2SD,

(7)

and if the relativistic velocities are taken
into account (59)
VJV a

-LI/2SD,

(8)

2 (Eo+VaC)
where the rest energy E0 = m0c2 and rnu is
the rest mass and c the velocity of light.
For relation (8) it may be shown that
the relativistic correction is about 1 percent
for electrons accelerated by a voltage Va =
10.5 kv and increases to about 14 percent
at 200 kv. The existence of a relativistic
correction of such magnitudes on account
of high electron velocity may be looked on
as somewhat of a nuisance and as a limita¬
tion of the cathode-ray oscillograph when
used for the direct measurement of high
voltages. Applications of the cathode-ray
oscillograph therefore seem to have been
limited to the measurement of lower volt¬
ages. As is ivell known, the beam-accelerat¬
ing voltage source for Va is generally main¬
tained as constant as possible in order to
preserve the sharpness of the cathode spot.
The voltage to be measured (or a fraction of
it from the voltage divider) is applied as the
voltage Vd to the deflecting plates. Vd is
kept sufficiently low to leave the deflection
D materially unaffected by the relativistic
mass correction for velocity of the electrons.
At first thought the fundamental simplic¬
ity of this method of measuring voltage is
decidedly appealing. It applies the accel¬
erating voltage field directly to the elemen¬
tary charge of the electron unhampered by
additional matter. As indicated above and
by equation (8) there is a disadvantage
because the resulting high electron veloci¬
ties even for relatively low-voltage accel¬
erating fields become so large that relativ¬
istic corrections for moving charges must
be introduced. Thus on second thought, the
method involving the acceleration of elec¬
trons appears far from ideal but an exami¬
nation of equation (5) indicates the ad¬
vantage to be gained by using charged par¬
ticles of greater mass than the electron be¬
cause of the resulting lower velocity. Al¬
though what one might consider a practical
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device for everyday use in the measurement
of high voltage by deflecting a stream of
free-moving positively charged particles
has not been developed, the nuclear phys¬
icist has used such a device in his work for
a number of years. To help him on his way
in measuring high voltages he has estab¬

lished the High Voltage Scale. A short di¬
gression in explanation of how this was
accomplished seems in order prior to -a
presentation of the contribution of the
free-moving charged-particle deflectionmethod in this work.
The study of atom physical phenomena

Fig. 17.—Brooks attracted disk electrometer.
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led to the physicists’ need for a voltage
reference standard of the order of 1,000,000
times the voltage of the standard cell.
Historically, one may go back to Planck’s
equation hv = Ve wherein h is Planck’s
constant, v is the maximum frequency cor¬
responding to the maximum acceleratingvoltage V, and e is the value of the ele¬
mentary charge. Duane and Hunt (60)
used a steady high-vcltage storage battery
in order to evaluate h from a careful meas¬
urement of the accelerating voltage V and
the corresponding maximum frequency
limit of the continuous X-ray spectrum
produced. Since those measurements were
made the value of h has been well estab¬
lished by other methods. Thus this relation
affords a method of determining V by a
measurement of the maximum frequency of
emitted continuous X-radiation. little use
has been made of this method as a highvoltage reference standard largely because
of the accuracy required in evaluating the
frequency. With the advent of work on
nuclear disintegration a pressing need for
high voltage reference standards became
apparent as the usual extrapolation meth¬
ods of measuring V, the particle accelerat¬
ing voltage, were both cumbersome and
none too reliable. In early bombardment
work it was found that resonance radiation
of gamma rays occurred within a rather
narrow range of the voltage used in accel¬
erating the protons. The early careful
measurements by Tuve, Hafstad, and Heydenburg (11) of the voltage at which these
radiations occurred provided the basis for
their adoption of certain values of voltage
corresponding to the resonance gamma ra¬
diation for selected elements as fixed points
on the High Voltage Scale.
The measurement process for establishing
values for the fixed points on the High Volt¬
age Scale consists in:
(1) Providing a source of protons which are ac¬
celerated by a carefully measured adjustable volt¬
age V.
(2) Directing this beam of protons on a target
of a selected element such as lithium or one of its
salts.
(3) Measuring the gamma-ray resonance radia¬
tion effects by means of Geiger-Mueller counters
or similar devices which permit a quantitative
measurement of this radiation as a function of the
accelerating voltage.

VOL.

38,

NO.

2

From plotted curves of gamma radiation
against accelerating voltage (proton en¬
ergy) the rather sharp maximum of gamma
ray effect fixes the value of voltage chosen
as the resonance voltage. By selecting
elements for these reactions in which a
single sharp maximum occurs and by care¬
fully determining the corresponding volt¬
ages in terms of the standard cell, the volt¬
ages at which particular reactions occur
were established as reference points on the
High Voltage Scale. In a similar manner
but using a boron fluoride ionization cham¬
ber (paraffin surrounding the target tube
and nearby chamber) instead of the GeigerMueller counter, neutron counts may be
made for similar reactions in which neu¬
trons are ejected from the bombarded tar¬
get by voltage accelerated protons. In this
case points for the scale are determined by
gradually reducing the accelerating voltage
V and choosing that voltage at which there
is an abrupt decrease in ionization chamber
current as the limiting voltage for ejection
of neutrons is reached.
Early experimental values of voltage cor¬
responding to the resonant radiation in the
bombardment of lithium by protons was
fixed at 440 kv for Li (py) with a probable
error of 2 percent and a relative accuracy
of 1 percent by Tuve, Hafstad, and Heydenburg (11) of the Carnegie Department
of Terrestrial Magnetism. A redetermina¬
tion of voltage values for some of the fixed
points was reported in 1944 by Hanson and
Benedict (59), of the University of Wiscon¬
sin. Their electrostatic analyzer (a device
for determining the value of the electro¬
static field at right angles to a beam of
charged particles that will deflect the beam
a given amount) was carefully constructed
so that its deflection constant could be
computed from dimensions as a check on
values determined experimentally. Their
experimental method employed an elec¬
tron beam in place of the proton beam
used later in their evaluation of the fixed
points. The use of a low-voltage electron
beam (accelerating voltages of 8 to 20
kv) and of small deflecting voltages (150
to 300 volts) permitted precise voltage
measurements and higher precision for de¬
termining the deflection constant of their

287/58

Feb. 15, 1948

DEFANDORF: THE MEASUREMENT OF HIGH VOLTAGE

analyzer than the absolute method consist¬
ing of a computation of the deflection con¬
stant using carefully measured dimensions.
Various refinements including the use of a
highly stabilized source for the deflecting
voltage and automatic regulation of the
ion-accelerating voltage reduced fluctua¬
tions arid contributed to highly precise
measurements of the fixed points on the
High Voltage Scale. Hanson and Benedict
consider the following values expressed in
terms of the Million Electron Volt scale
to be accurate to 0.3 percent: Li(py)
0.4405, F(py) 0.877, Li(pn) 1.883, Be(pn)
2.058. Their apparatus gave relative values
agreeing to better than 0.1 percent. Their
values are seen to agree within the toler¬
ances given for the values of Tuve, Hafstad, and Heydenburg although they are
approximately 1.5 percent higher.
The establishment of the High Voltage
Scale based on a phenomenon unaffected by
temperature, pressure, and humidity except
as their abnormalities plague the collateral
work of t he investigator, thus represents a
distinct step forward in the process of better
measurements and standards for high volt¬
ages.
SUMMARY AND CONCLUSION

The principal methods in use for measur¬
ing high voltages have been outlined
through the discussion of a number of
devices. Mention was first made of the
correlation of different methods of highvoltage measurements through extrapola¬
tion techniques in which the standard cell
was used as the primary standard of volt¬
age. Absolute high-voltage electrometers
were later discussed and the good agree¬
ment between their independently deter¬
mined values when compared with a stand¬
ard-cell voltage-extrapolation method was
noted. Concluding remarks cited the use of
both the standard-cell voltage extrapola¬
tion-technique and a less precise absolute
method in establishing the voltage values
for certain fixed points on the High Voltage
Scale.
At the moment it appears that high
voltages as we know them in the laboratory
stop with values of the order of 10,000,000
volts. On the other hand, charged particles

come to us from space or may be accelerated
in the laboratory by resonance techniques
to have electron velocity equivalents ap¬
proaching one hundred times that value.
Presumably the future holds in store some
new insulating arrangement for the col¬
lector of the high energy particles that man
is able to produce—an arrangement that
will permit the collector to build up to the
unbelievable potentials we think of when
we hear of a new machine in the rumor or
blueprint stage that will produce 1,000
million electron-volt particles. Just what
such voltages will be used for and how they
will be measured I wish to leave as part of
your field of conjecture.
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ratio-correction factor derived from the

Measurement of Voltage Ratio at

measured quantities.

The phase angle y

is the difference in phase between the
primary and the secondary voltage of the

Audio Frequencies

transformer or divider.
The circuit diagram for the derivation
of the following equations is shown in Fig.

WILBUR C SZE

(A).

1

MEMBER AIEE

H

IGH orders of accuracy in voltageratio measurements are becoming

RgiCgz-

These procedures of balancing

increasingly important in computer fields.

are continued successively until the de¬

Accuracies of 0.01% or better are de¬

tector D indicates a null in both the test

sired-

and the guard circuit.

Equipment such as precision ratio

transformers are used in these applica¬
tions.

However,

methods

have

been

1 -\-juCiRi

balanced by means of adjusting Rg\Cgi or

In addition to these two circuits there
are two auxiliary circuits:

1. the Schering

\-\-jtaCiRz
When detector D indicates a null, then

Is—0,

V v—I

Zz),

lacking for verifying the ratios of this

bridge, Fig. 1(B), used for the precise

Fj> = |Fpl(cos y—j sin y)

equipment to that accuracy at the desired

measurement of the phase angles and

Vt-\Vt\ = \V,\/NF

frequencies of 100 to 10,000 cps (cycles

the Wheatstone bridge, Fig. 1(C), used

per second).

for the precise determination of the volt¬

The purposes of this paper are:
describe

the

use

of

a

1. to

resistance-ca¬

.

2

pacitance voltage divider in the measure¬

is accomplished by the arrangement of

ment of voltage ratio and phase angle at

switches shown in Fig. 2, described later.

audio frequencies, 2. to describe the special

The guard circuit, for both the trans¬

equipment used for the construction of the

former

circuit, 3. to analyze various factors affect¬

bridge, is arranged to eliminate the effect

ing the accuracy with which precision

of ground

measurements can be made, and 4. to show

shielding the detector, detector circuit,

the test results obtained from

and associated apparatus.

000

100

to

,-

10

test

circuit

and

the

Schering

Vs=IvZ\.

Then

age ratios.
The transfer from one circuit to another

and

Let

Vp Z1+Z2
Zi
Vs
R1FR2 -\-juRiRi( C1 + C2)
i?l( 1 —(—Ci )

NF(cos y—j sin

)=

7

(D

From equation 1 equate the real terms
to get

admittances by completely

1(^+1
N\Ri

X

cos y-\-o}RiCz sin

7

Since the a-c resistors Ri and Rt are not

cps for a ratio transformer.

Theoretical Relations
Description of Method

stable to the degree of accuracy desired,

The equations for the ratio-correction

the ratio of the divider R2/R1 is deter-

factor and phase angle were developed as
The measuring circuit, shown in Fig.
1(A), consists of a symmetrically arranged
resistance-capacitance

network

(RiCiRi

and C2) and the guard circuit consisting of
a similarly arranged network (RgiC6iRgz
and

Csz).

The

measuring

circuit

balanced by adjusting either

follows:

By definition, the voltage ratio

of a transformer or divider is the ratio of
the rms primary or input terminal voltage

\Vv\ to the rms secondary or output
terminal voltage |FS|

so

that

is

WlLBtm C. Szb is with the National Bureau of
Standards, Washington, D. C.

R\Ci or

RzCz until a null is indicated on the de¬
tector D.

Similarly the guard circuit is
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Instruments and Auxiliary Apparatus Committee
and approved by the AIEE Technical Operations
Department for presentation at the AIEE Summer
General Meeting, Montreal, Que., Canada, June
24-28, 1957.
Manuscript submitted March 22,
1957; made available for printing April 17, 1957.

where N is the nominal ratio and F is the
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Fig. 1.

Circuit diagrams

Substitute Ri = Ri(Ci/Ci) in equation 3

A—Transformer calibration cir¬
cuit
B—Schering bridge circuit
C—Wheatstone bridge circuit

to obtain

RiRi

(4)

u(Ci'—Ci) radians

RiirRi

By the same token, C2 may be adjusted
to

Ci rather than varying

C\.

The

following is then obtained
(A)

Ri
co(Ci — Ci) radians
R1-FR2

(5)

Shielding and Grounding
The use of the Wagner ground is an
easy and simple way of eliminating the
effect of ground admittances.

Consider

the impedance bridges of Figs. 1(A) and
(B), consisting of the -usual 4-arm net¬
work, but having in addition the auxiliary
arms Zq\ and ZQ2 with a ground at their
mined immediately after each measure¬

the capacitors Ci and C2, errors are intro¬

junction.

ment by using the highly accurate d-c

duced in the determination of the phase

impedance bridge with the detector circuit

angle y if equation 3 is used.

shown by dashed lines.

resistance bridge shown in Fig.

(C).

1

A much

more elaborate substitution method was

Then

therefore

y_!——

:=l(S-L+
/ \cos y-\~trtR2C2 sin 7
N\Si

developed

to

eliminate

at ground potential when both test and

minimize the aforementioned sources of

guard circuits are balanced and all ground-

sired accuracy

of

the results.

For the

sired accuracy, a-c/d-c corrections for R2

connection shown in Fig. 1(A), a null

and Ri must also be added.

balance is determined.

vious equation

The pre¬

therefore needs

to

be

modified as follows

F=

^( 1 +Mk2—nR\) +1J X

7

The values of Ri,

admittance effects have been eliminated,
a potential difference exists between the
detector circuit and the leads from the
supply.

To eliminate inductive pick-up

R2, and C2 are then left fixed, and Ci and
Ci are connected in place of the trans¬

loops, these supply leads must be placed

former, as shown in Fig. 1 (B).

thus the effect of leakage between them

This is the

as close as possible to the detector circuit;

well-known Schering bridge circuit with

may

the special requirement that the phase

entire detector circuit must be shielded

defect angles

(--\cos y+uRiCi sin

Although the entire detector circuit is

or

error so that they do not affect the de¬

However, in order to obtain the de¬

The latter forms the auxiliary

of

capacitors Ci and C2"

must be negligible.

These must be very

be

considerable.

Therefore,

the

(shields shown by dashed lines in Fig. 2)
to eliminate or reduce this effect to such

where fiR2 and m«i are the a-c/d-c correc¬

stable capacitors but their values of capaci¬

an extent that it does not affect the ac¬

tions for resistors i?2 and Ri respectively.

tance need not be known with great

curacy of the results.

Although these corrections are very small
they cannot be neglected.

They arise

from skin effect, dielectric loss, and the
residual reactances which are inevitably
associated with all resistors.

These ef¬

fects become increasingly important as
the test frequency is raised, because they

accuracy.

Three-terminal air capacitors

having phase defect angles of less than

2

Wiring Diagram

seconds (and therefore negligible) were
constructed as will be described in a later

Fig. 2 shows the actual wiring diagram
of the setup and the arrangement of the

section.
A new null balance of the bridge is
obtained by varying Ci or Ci' and by

switches in the transfer switch box.
important

to

note

that

this

It is

transfer

making a slight adjustment of C\ to a new

switch box is separated into two shielded

from their low-frequency or d-c values.

value Ci.

compartments.

Measurements to determine nRi and nRi

Ri/R\ = Ci / Gi= Ci / Ci

change the terminal resistance

values

are described in a later section.
Again from

equation

1

equate

the

imaginary terms to get

jNFfaRiCi cos 7— siri7) —jwR2(Cl + C2)
Since

7

is usually very small, it can be

assumed that in this expression

NF(Ri+R2)/Ri, cos

~ 1, sin

7

7=7

(j)R2

= ——— (CiRt — C1R1) radians

R1+R2

(3)

The

smaller

compart¬

ment contains the entire detector circuit
which, when properly balanced, is at

In this particular physical arrangement,

ground potential.

the values of the capacitors Ci and C2 and

ment contains the a-c/d-c power selector

of resistors Ri and i?2 remain essentially

switch and Schering bridge, transformer

fixed with respect to each other except for

test selector switches.

a very small adjustment in C\.
Because the phase angle y will be
determined as a slight difference in setting

Therefore
7

Then

The larger compart¬

Every precaution must be taken to en¬
sure that:

. components of the entire

1

circuit be arranged as symmetrically as

from Ci to Ci, the exact values of Ci and

possible,

Ci may remain undetermined as long as

kept as short as possible, 3. the connecting

these capacitors are stable and do not

leads, between the switch box and any

shift in value.

group of apparatus, be tightly twisted to¬

Similarly the stray ca¬

. all leads in the test circuit be

2

pacitances of the circuit may remain un¬

gether, 4. all the shields be electrically con¬

Because it is nearly impossible to meas¬

determined as long as they remain fixed

nected, and 5. that there be only a single

ure accurately the stray capacitances of

and may therefore be considered as in¬

ground point in the whole circuit, i.e., the

the test circuit which are in parallel with

cluded in the settings of Ci and C2.

Wagner ground.
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Test Procedure

AC, Test, and Sobering.
circuit of Fig. 1(B).

The procedure in testing a voltage

This gives the

Obtain a null in¬

field

between

the

Fig. 2.

Wire dia¬
gram

working

electrodes.

One of these supporting structures is

dication on the detector by varying C2"

shown

transformer or .voltage divider with this

and C2 or C\

angle of these capacitors was measured

circuit

circuit must be balanced as in step 1.

arrangement

consists

of

three

separate steps.

and C\.

Again the guard

in

Fig.

4.

The

dielectric loss

and found to be about 1 second at 1,000

Steps 1,2, and 3 should follow one an¬

cps.

Connect the test transformer

other with as little delay as possible be¬

Ci and C2 are two precision variable air

in the circuit and set the selector switches

tween each step, so that the variation in

capacitors specially developed and de¬

in Fig. 2 to marks AC, Test, and Trf,

resistance values of R\ and R-> due to

signed for this setup, 20 to 120 picofarads

essentially giving the circuit shown in Fig.

temperature change is small.

and 50 to 1,100 picofarads respectively,

Step 1.

1(A).

Next select the proper values of

With the values of settings recorded
from

voltage-ratio

The dielectric loss angles were measured

so that

correction factor and the phase angle of

and found to be approximately 2 seconds

the test transformer can be computed by

and 5 seconds respectively at 1,000 cps.

substituting the proper values into equa¬

Such small values are relatively unim¬

S2/Si ~ R2/Rl

Rgl/Rgl

« Ci/C2«

Cl' ICC ~ Cgl/Cgi~N- 1
Vary either Ci and R\ or C2 and i?2 to
obtain a null indication on the detector.

the

procedure,

the

used as shielded 3-terminal capacitors.

settings for all the apparatus in the circuit,

tions 2 and 4 or 5,

depending upon

whether C2 or Cj was varied.

conductance

values

resistors Ri and R2.

Description of Apparatus

Resistors Ri and R2 are two precision

tain a null indication on the detector.
This procedure must be repeated until

corresponding

are very small in comparison with the

Now set the center switch to Guard and
adjust Cgi and Rg\ or Cff2 and Rg2 to ob¬

portant in balances of the circuit as long as
the

The two low-loss variable air capacitors

a-c decade resistors, 11,111 ohms total in

no further adjustment is required for a

Ci" and C2' are iV.B5-type, parallel-plate,

steps of 0.1 ohm.

balance indication of the detector with

100

ments have very small residual reactances.

the switch set to either the Test position

farads), modified for use as shielded 3-

However, in precise a-c measurements,

or the Guard position.

terminal capacitors.

especially at higher audio frequencies,

to

5,000

picofarads

Their general con¬

struction is shown in Fig. 3.

Step 2.

Turn the top selector switch

in Fig. 2 to DC;

this essentially gives

the same circuit as shown in Fig. 1(C).
Close the galvanometer switch and vary

Si or S2 for a zero-current indication of
the galvanometer G, with the battery
connections reversed.

Step 3.

Reset the selector switches to

(micromicro¬

One set of

Their resistance ele¬

the effect of these reactances should be

the plates is mounted on the central shaft

taken into account.

and may be rotated by the shaft relative

described later was therefore set up to

to the fixed set.

evaluate the change of the effective resist¬

The central shaft is

electrically connected to the case.

The

other set is stationary and supported on
three guarded quartz-rod insulators.

A special bridge

ance over the range from direct current to

10,000 cps.

The

The null detector is connected to the

guards are arranged to shield completely

several bridge arrangements through a

the quartz insulation from the active

preamplifier and an impedance-matching
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Fig.
Three
air
case

3
(left).
- terminal
capacitor,
removed

Fig. 4 (right).
Shielded support
lor air capacitor

Corrections for exact

change in frequency at the same time the

battery-operated preamplifier is a single

value, temperature coefficient, and lead

phase angle is measured, without altering

pentode

resistances must be applied to all the re¬

the test setup.

shielded transformer;
amplifier.

see Fig. 2.
It

is

The

completely

the results desired.

shielded by its metal container connected

sistors.

be

Fig. 5 shows a diagram of the circuit

to the shields for the detector leads.

The

taken to ensure that the leakage currents

used for measuring the phase angle and

impedance-matching shielded transformer

across the ratio arms are insignificant.

effective resistance of the resistors R\ and

had individually shielded windings.

With this procedure, the uncertainty of

R2.

ratio S2/S1 should not exceed 20 ppm

tor switch were added to the Wagner arms

(parts per million) or 0.002%.

in order to provide for balancing the

A commercial wave analyzer was used
in balancing the test and guard circuits.

Speical

precautions

must

Capacitors Cw2 and Cw 1 and a selec¬

The over-all resolution of the complete

Changes in value of these standard

detecting system is better than 1 micro¬

resistors, since their initial measurements,

this figure Rs' and L/ represent the resist¬

volt.

have been trivial.

ance and equivalent inductance of the

D-C Wheatstone Bridge
Only those special features of the d-c
Wheatstone bridge that are essential to a

As a guard against any

and

Lz'

represent the resistance and equivalent

whereby these resistors and the resistance

inductance of the resistance boxes whose

box can be intercompared to 10 ppm after

phase angles are to be measured.
To determine the a-c/d-c difference of
the resistance boxes the ohmic value of the

A-C Tests of Resistors

unknown resistance box is set equal to
that of the parallel-wire standard at a low

Precision standard resistors were used
for the Si and S2 arms of the Wheatstone

Rx'

parallel-wire

ance, a schedule has been established

about 2 hours of systematic work.

standard.

In

significant unpredicted changes in resist¬

high order of accuracy of measurement
are described.

circuits at frequencies up to 10 kc.

Since the voltage ratio is derived from

base frequency, 400 cps or less, then with¬

are

measurements with d-c resistance stand¬

out changing the original settings of the

hermetically sealed in oil to eliminate

ards, it is necessary to know the change of

box, the frequency is increased in succes¬

effects from the humidity variations in the

effective resistance of the a-c resistors with

sive steps and the bridge circuit is re¬

laboratory.

frequency.

In this connection Berberich

balanced with arm C for both the standard

developed

an

and the box at each step.

bridge.

The

resistance

elements

The arrangement of standard resistors

excellent

substitution

in the ratio arms S2/Si are determined by

method for determining the phase angle of

the ratio R2/R\.

a resistor.1

These standard resistors

By means of a bridge circuit

are connected in series-parallel arrange¬

he compares a resistor with a parallel-wire

ments so that

reference standard of computable react¬
ance which has approximately the same

,/SiesN-1

The proportional change of the effective
resistance of the computable parallel-wire
standard a is computed from
a = (2w2LC/3) - (2co2C2f?2/15)

resistance value as that of the resistor.

The change d of the effective resistances

An adjustable resistance box which is

The substitution method he developed

of the resistance box due to frequency is

not hermetically sealed is connected in

makes it simple to minimize the effect of

computed from the difference of the resist¬

one arm, preferably in the arm with large

parasitic influences in the circuit, does not

ance settings of Rx and Rs dials at suces-

resistance values, for the fine adjustments

require special apparatus, is easy to use,

sive increasing frequency, i.e.,

of the d-c bridge.

and gives highly accurate results.

The lowest dial incre¬

ment on the resistance box must give

readily

adaptable

sufficient adjustment for the accuracy of

effective resistance

for

measuring

It is
the

of a resistor with
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0

{Rx

R»)/Rs

However, the effective resistance and

Fig.
5
(left).
Modified
Berberich's bridge

R= 1 200A

*3

■y\

£ -60

0\

X

*? ]

-80

Fig. 6 (right).
Frequency
cor¬
rection for GRtype
1432-N
decade resistor

0

1000

3000
C/S

5000

7000

9000

FREQUENCY

dividers at audio frequencies.

An over¬

all accuracy of within about 0.005% in
ratio and 0.2 minute in phase angle at
frequencies from
effective reactance of the box, R'-\-jx',

100 to

10,000 cps is

of the resistance box at base frequency,

achieved.

as determined by Berberich’s method, are

u is shown as nR\ for corrections R\ and

ratio, corrections must be applied for the

based on equivalent series circuit.

When

Msi for correction to i?2 in equation 2,

a-c and d-c difference of the decade resist¬

the box is actually connected and used in

corresponding to measured values that

ance boxes and for the differences between

the ratio-measuring circuits (Figs. 1(A)

were read from Fig. 6.

true and nominal values of ohmic resist¬

Results of Tests

curacy of phase-angle measurements relies

ance of the standard resistors.

and (B)), the effective parallel resistance
and reactance enter into the formulas.

To obtain this accuracy in

The ac¬

on the constancy of the small loss angle of

Therefore, to the foregoing correction /3
Test results of one ratio transformer at

the precision air capacitors, which should

an average ambient temperature of 26

not change appreciably except at high

degrees centigrade and with 50 volts rms

relative humidities and because of excep¬

where Cpar is the measured equivalent

applied to the primary are given in Table

tional

parallel capacitance and f?par is the equiv¬

I.

Ordinary care is sufficient to avoid bother¬

alent parallel resistance;

ratio settings covering the range from

must be added the term

see the Appen¬

The transformer has input-to-output

0.000000 tol.000000,

dix.
The effective resistance of the resistance

or

air

contamination.

some changes.
A simple circuit is arranged symmetri¬

adjustable by means

of 5-decade switches and one rheostat.

cally with the detector always at earth

Conclusions

vided on either side the detector circuit so

box at any frequency may be expressed in
the following equation

surface

potential.

Identical

apparatus is pro¬

that it can be interchanged electrically.

Rx" = Rxi'(l +a+/3 + X2) = /f«'(l +A*)

A setup has been developed for measur¬

In order to ensure that the circuit is

The correction n is expressed in propor¬

ing the ratio and phase angle of precision

electrically as well as physically sym¬

Rzi is the resistance value

ratio transformers or alternating voltage

metrical, the test transformer or divider

tional parts.

Table I.
100 CPS
Nominal
Ratio

1,000 CPS

400 CPS
y*

F

Minute

F

7»
Minute

Results of Test
3,000 CPS
y9

F

y,

Minute

..1.00004... . . -0.5
10/0.39.
10/0.5.
.1 00003... ..-04...
1 00004 . . . -0.4
10/0.5333...
10/0.5777...
1 00003 .. . . -0.4
10/0.7.
...1,00002... . . -0.3
10/1. ...1 00000... ..+08... ..1.00001. . . ..-08... . 1.00002.. ..-0.1...
10/2.
...1 00001 .
0 0
10/3.
..1.00001.. . ..-0.1
10/4.
. 1.00000... . . -0 1
10/5. ...1.00000... . . +0 3. . . . .1.00000... . .-0.1. . ..1 00000... ..
0.0...
10/6.
. . -0.1
10/7.
...1.00000... . . -0.1
10/8.
..-01
10/9. ...1 00000... ..
0 0..
00... ..1.00000 .. ..
0,0... ..1 00000... ..
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F

Minute

..1 00006... ..+0.3..

.

10 Kc

7,500 CPS

F

.

7»
Minute

F

7»
Minute

1.00015... ..+08... ..1 00025. . . . .+1.1

1.00004... . . +0.3. . . ..1.00013... ..+08... .1 00022. .. . .+1.0

.1 00000... ..

0.0......1.00001... ..-0.1..

..1 00000... ..-01... ..0.99999... . . -0.2. .. .

.1 00002. . . . . +0.3

0.99999. . . . . -0.2

can also be inverted in relation to the

sistance box in arm A, and

rest of the circuit.
The equipment has been used in check¬

RxR,'

age ratio up to 1,000 to 1.

The flexibility

integral ratios.
in

RxiRsi'

RxR/

Rx'-Rx

Then

Rsi

Rs

Test results for high and

low ratios are obtained'with a slight re¬
duction

Then

since Rx — Rs« 1.

Fractional

ratios may be measured as readily as

the

accuracy

(±0.005%)

where subscript
quency.

1 indicates the base fre¬

Since RZi—Rsi was set, and Rs' =

/?si,(l-f-a), then

attainable for ratios between 1 to 1 and

100 to

1.

R.er+jXser

-Rpar(l+jX)
1+X2

from which i?par = l?ser(l + X2) and X = X%ilT/
RBer. Therefore, the effective resistance for
equivalent parallel circuit at any frequency
is
tf*''=tfz'(l+X2) = ttri'(l+ «+£)( 1+X2)

Rx'-Rx/=Rsi'

(l+^X^S)(l+«)-*«'

Rx" ~f?rl/(l+«+/3 + X2) = f?ii,(l+M)
Rx\ is the resistance value at base frequency.

Let

Appendix. Derivation of
Equations for Correction m

RP> r/Xpar = X-C 1

Rs

ing transformers and a-c dividers for volt¬
of the setup is considerable.

Let

Rx-Rs

Rs
Correction n is the sum of a, |S, and X2.
a is the correction due to the change of
effective resistance of the parallel-wire
standard with change in test frequency.
As derived by Harris, it is, to the desired
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for Absolute Capacitance Measurement
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work of Thompson and his group at the National

Introduction

HE use of tightly coupled inductive ratio arms
rather than resistive ratio arms in a 4-arm bridge

Standards Laboratory of Australia. By combining the

for the comparison of impedances was suggested
by Blumlein1 in 1928, and the use of a 3-winding trans¬

completely shielded 3-terminal capacitors and detec¬
tors of high sensitivity, together with a cylindrical cross

former in such a bridge circuit was described by Starr2

capacitor as a calculable standard, there is now promise

in 1932. Other bridges using Blumlein’s principle have

of being able to assign values to capacitance standards

been described by several workers3 in the past 30 years.
Historically, it is of interest to note that conjugate

comparable with, or perhaps even better than, the ac¬

bridges making use of 3-winding transformers were de¬

best techniques

for constructing ratio transformers,

curacy assigned to our present standards of electro¬
motive force and resistance.

scribed by Elsas4 in 1888 for resistance comparison and

The present paper describes a transformer bridge con¬

by Trowbridge5 in 1905 for capacitance and inductance
comparisons.

structed at the National Bureau of Standards for meas¬

Thus the basic principle of operation and the general
arrangement of transformer bridges have been known
for many years. However, the possibilities of such
bridges for the precise comparison of very low value
capacitors had never been fully exploited before the

*
t
t
§

Manuscript received by the PGI, August 14, 1958.
National Standards Lab., Chippendale, N.S.W., Australia.
General Radio Co., Concord, Mass.
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Exp. W., vol. 9, pp. 615-617; November, 1932.
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Labs. Rec., vol. 24, pp. 433-438; December, 1946.
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s A. Trowbridge, “On the differential transformer,” Phys. Rev.
vol. 20, pp. 65-76; 1905.
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3

4

uring the direct capacitance of 3-terminal capacitors
ranging in values up to 1

pti

and having a least count of

1 Mpf- Although the transformers and network com¬
ponents described below were designed specifically for
operation at 1 kc, the operation is by no means limited
to this frequency. Voltage output of the ratio trans¬
formers constitutes the most serious limitation at lower
frequencies, but it is reasonable to suppose that, with
relatively minor modifications, satisfactory operation
should be possible over the audio-frequency range to at
least 10 kc.
While some of the present bridge components differ
substantially from their counterparts at NSL, it should
be understood that no more is involved generally than
modifications and in some cases improvements of de¬
signs already proven by Thompson and his group
in Sydney.
There has been little detailed information published
up to now concerning these components, and the present
paper must be considered primarily as a discussion of
the constructional details and performance of the NBS
transformer-ratio bridge.
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Balance Conditions

The transformer bridge with closely coupled ratio
arms may be considered as an arrangement of two lowimpedance generators supplying EMF’s of opposite
phase, and of a known ratio, to two completely shielded
3-terminal capacitors as shown schematically in Fig'. 1(a).
The capacitances

Civ Ci3

between the enclosing shields

and the line terminals 4, 4 of capacitors Ci, Ci will be
in shunt across one or the other of the two generators,
as shown in Fig. 1(b). The capacitances Cdv Cdt between
shields and detector terminals di, d% of C\, Ci will be in
shunt across the detector. Hence, when the bridge is
balanced and there is no current through the detector,
the currents through the direct capacitances C1, Ci must
be equal in magnitude, and the balance relation must be

Vi_C2
V ~ ci.'
2

If now the impedances Zi,

Zi

are negligible compared to

1

1

-j

-;

oiCiy

«Cq

then, to a very close approximation,

e\

Ci

€2

Ci

Transformer Design and Construction

By careful design of the transformer, the impedances
Zi, Zi of its ratio arms can be made very small, and the
ratio of the induced voltages e\/ei can be made stable
and precise. In a 3-winding transformer, arranged as in
Fig. 2, the sole function of the primary winding P is to

°—vW\A-

kMj-

—

provide flux in the common core, linking the secondary
windings Si, Si. The ratio of the terminal voltages V1/V1
of the ratio arms under load is affected by the resistances
and leakage reactances of the secondary windings, but
the resistance and leakage reactance associated with the
primary will in no way affect the bridge balance relation.
If the two secondary windings could be so constructed
that a common flux were confined entirely within the
windings, the ratio of their induced voltages would de¬
pend only upon their turns ratio, and this ratio would
be stable and exact. If, in addition, the elements of the
two windings Si, S2 could be brought into exact co¬
incidence, turn by turn, so as to link identical flux at any

Fig. 2—Equivalent circuit of a loaded 3-winding transformer.

open circuit. The amount of this difference and, even
more important, the amount by which the open-circuit
ratio differs from the turns ratio will depend on the
magnitudes and distribution of these self-capacitances.
The transformer design should be such as to keep the

loading, the series impedances, producing changes in the
terminal voltages V\, Vi when loads are applied, would
be o; "
csistances of the windings.
The loading error of the bridge ratio can be made

self-capacitances of the secondaries as small as possible,
and ideally these capacitances should be symmetrically
distributed.

small by decreasing the size of the resistances of the
secondary windings and by reducing as far as possible
their effective leakage inductances. It should be ob¬
served that the self-capacitance of the secondary wind¬

used for ratio arms of the bridge, the features favorable
to good performance have been carefully considered.
Very small ratio errors, even for large loads, have been
achieved by special construction. A good approximation

ings of the transformer constitutes a load which is al¬
ways present, so that the terminal voltages of the
transformer differ from the induced voltages even on

toroidal core of high permeability. Voltages from sources
other than the core flux have been excluded by carefully

572772 0 - 61 - 20

In the design and construction of the transformers

to unity coupling has been obtained by the use of a large
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shielding the secondary from the primary and from ex¬
ternal fields, and the effect of leakage flux on the ratio
has been minimized by a uniform distribution of each

cumference. Connection to the outer shield is by a tube

winding completely around the toroid. The loading error

coaxial with the primary-lead tube but insulated from
it. The outer shield is covered with an impregnated
glass-fiber insulation which can withstand the heat and

resulting from the resistance of the windings has been
kept low by using copper strip rather than wire for the

ary windings. The use of two separate shields between

secondaries.
Two bridge translormers of similar design have been

primary and secondary makes it possible to separate the
grounds so that, even with considerable capacitance

built, differing in some details and in the ratios of their

current from the primary to the inner shield, the outer
shield, next to the secondary, can be kept at the ground

secondary voltages. The first of these was a 10/1 ratio
transformer and its construction will be considered in

mechanical abrasion involved in assembling the second¬

potential of the bridge. In addition the double copper

detail. Its core is a toroid, wound of continuous 1-mil
Supermalloy tape,6 and has an OD of 4.5 inches, an

shield provides some magnetic shielding as a result of
eddy current action and so assists in confining the

ID of 3 inches, and a height of 1.5 inches. This Superm¬
alloy has an initial dc permeability of about 75 X 103,

primary flux, with the result that all the secondary
turns more nearly link all the primary flux than would

and the thinness of the tape permits operation at fre¬

be the case without this shielding.

quencies of the order of 1 kc without serious diminution
of its permeability. The large cross-sectional area of the
core, 1| square inches, enables the required secondary

of precise and stable ratio are wound around the
shielded and electrostatically isolated primary. As noted

The two secondaries which provide bridge voltages

voltage to be obtained with few turns and, hence, with
low winding resistance. When operated at 1 kc in its re¬

above, a winding of about 70 turns provides the desired

gion of maximum permeability (flux density about 5

would consist of two sections of 70 turns each. The
coupling of these sections to the primary could be made

kilogausses) it produces about 1.6 volts per turn. A
reasonable bridge voltage is of the order of 100 volts,
which is obtained with a secondary winding of 70 turns.

100-volt output. For a 1:1 ratio the secondary, winding

nearly identical by the familiar use of a bifilar winding

This gives good sensitivity without excessive voltage on

in which corresponding turns of the two sections are
made to occupy, as nearly as possible, the same position

the capacitors.
The primary winding is of rectangular copper wire

relative to the core. Any nonuniformity in flux distribu¬
tion around the core would then influence both sections

0.036 inch X0.104 inch so that 73 turns just fill the inner

alike, and the ratio of secondary voltages would not be
affected. For ratios other than unity the winding cannot

circumference of the toroid. This heavy wire was sellected, not from any concern for low primary resistance,
but to insure a uniform and nearly continuous distribu¬
tion of magnetomotive force along the toroid. Small
flexible leads are connected with minimum separation
to the ends of the primary winding, and one of the leads

be truly bifilar, but the turns of the two sections can be
distributed to effect a similar sampling of the flux
around the core by both. The secondary windings in the
10:1 ratio transformer are distributed in the following
manner. The secondary is divided into twenty 7-turn

is returned around the circumference of the toroid in
such a direction as to cancel the field produced by the

sections. The seven turns of each section are wound as
a uniform spiral around the toroid so that each section

“single-turn” effect of the toroidal winding.
It has already been pointed out that the ratio of volt¬

samples the flux around the entire toroid and ends at a

ages induced in the secondary windings, which is of in¬
terest in a bridge transformer, must be as completely
independent of the primary as possible. To insure this
independence, the secondary is electrostatically shielded

point adjacent to its beginning. The ends of all 20 sec¬
tions are brought out at the outer circumference in such
a manner that 10 sections can be connected in series to
form a 70-turn winding, and the other 10 sections in

from the primary by two copper shields. The inner

parallel to form a 7-turn winding. Further, the.connections are such that the turns of the 70-turn winding are

shield is a toroidal cup of 20-mil copper fitting snugly
over the primary and closed by a copper lid soldered
to the cup around the outer circumference. An insulated

always separated by turns of the 7-turn winding as they
progress around the toroid, thus approximating the uni¬
form flux sampling of a bifilar winding.

gap along the inner edge prevents a shorted turn. One

The requirement of low error in the secondary ratio,

of the primary leads is connected to this shield, and the
other is brought out through a small copper tube
soldered to the lid. This tube and the wire inside consti¬
tute a coaxial pair of leads to the primary Winding.

when the transformer is heavily loaded, necessitates a
winding resistance of only a few milliohms. To achieve

After insulation with Teflon tape the inner shield is
fitted into another toroidal cup which is closed with a

secondary to utilize best the limited space inside the
toroid. The requirement that 140 turns of minimum re¬
sistance separated by 2-mil mica strips must be fitted

similar lid having an insulated gap around its inner cir-

6

The authors greatly appreciate the help of J. E. Mitch, chief
engineer of the Arnold Eng. Co., Marengo, Ill., in selecting and mak¬
ing available the core material.

this, the cross section of the copper must be large, so
that edge-wound strips rather than wire are used in the

into the toroid leads to dimensions of 0.040 inch X0.255
inch for the cross section of the strips inside the toroid.
It is convenient to use stock of 40-mil thickness for all
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the winding strips, but the width of the other three sides
of the turn can be increased to \ inch to reduce the re¬
sistance. The turns are constructed from this copper
strip by using a C-shaped piece to enclose the top, in¬
side, and bottom of the toroid and curved strips fitting
the contour of the outer circumference to space the Cs
at intervals of y of the circumference (see Fig. 3). The
strips are connected by soldering with a special clamptype resistance heater having graphite jaws thin enough
to fit the small gaps between turns. After assembly the
strips inside the toroid are separated by insulating strips
of 2-mil mica and on the outer circumference by strips
of 6-mil impregnated glass-fiber insulation.
The transformer is enclosed in a Mu-metal can with
the ends of all 20 sections of the secondary, and the co¬
axial primary and shield leads, brought outside the can
through slots. The connections of the secondary sections
in series and in parallel are made with additional copper
strip outside the can, where the stray field of the trans¬
former should be negligible. An outer brass case covers
the Mu-metal shield and connections and is used to
mount the BPO7 connectors through which the trans¬
former leads are brought out to the bridge and driving
amplifier.
The characteristics of the transformer can be deter¬
mined in the capacitance bridge by the intercomparison
and summation of a group of closely matched capaci¬

,0287fl

0.75/ih

tors, as described by Thompson.8 The ratio error (for
light loads) was measured using 100-pf (picofarad) ca¬
pacitors. The ratio, defined as Fio/V\ = 10(1 -\-<xJrjfi),
has a magnitude correction a = 0 3X10-6 and a phase
correction /3 = 2.7 X 10-6. The effective leakage induct¬
ance and series resistance of the two secondary wind¬
ings have been determined by measuring the ratio
change when known loads are connected across one sec¬
tion. The equivalent circuit thus determined at the BPO
connectors to the transformer is shown in Fig. 4.
A second transformer, having a toroidal core of a
somewhat smaller cross section (0.94 in2) and with an

Fig. 4—10/1 transformer characteristics.

80-turn primary, was built in a similar manner. This
transformer has two equal 80-turn secondaries in 8-turn

boxes covering a range of 12 orders of magnitude from
10-6 pf to 1 fJLf.

sections around the toroid, which are intermingled as
described above. The ratio of this transformer at 1 kc
has a magnitude correction at light loading of 0.1 X 10~6,
and a phase angle of 0.8 yur. The leakage inductance of
each secondary winding is about 1 yuh and its resistance

The range from 1 pf to 1 /if is covered in a 6-decade
box having a special switching system that allows the
selection of any individual capacitor separately for cali¬
bration and the addition of the capacitors iirparallel to
balance an arbitrary unknown. The switching system
is such that each capacitor is either connected directly
between line and detector, or is grounded at both

is 0.030 ohm.
Design and Construction of Capacitors

An unknown capacitor supplied by one secondary of
the transformer (see Fig. 1) may be balanced in the
bridge by a capacitance of appropriate magnitude sup¬
plied by the other secondary. This is accomplished
through the use of two 3-terminal decade capacitance
7 These coaxial connectors are of British manufacture and may
be described as British Post Office Pattern 8.
8 A. M. Thompson, “The precise measurement of small capaci¬
tances,” this issue, pp. 245-253.

terminals. The switch decks controlling line and detector
connections, respectively, are completely shielded from
each other, so that switch and lead capacitances are
connected to the shield system rather than to the other
active electrode of the capacitor [see Fig. 1(b)]. With
this system and with the complete shielding incor¬
porated in the design, the residual direct capacitance
with all switches on zero is not observable and is cer¬
tainly less than 10-6 pf. Each decade consists of ten
equal capacitors, permitting quick intercomparison of
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the various units in the decade. The arrangement is also
convenient in measuring the ratios of transformers used
in the bridge itself, or in other ratio devices.
The upper three decades of the high-range box con¬
sist of precision-quality silvered-mica capacitors, cover¬
ing the range 0.001 to 1 p{. The lower three decades,
covering the range 1 pf to 103 pf, are air capacitors of a
cylindrical design of McGregor.
The 10-pf unit is typical of the air capacitors and is
shown in cross section in Fig. 5. The center post A is
grounded, and the entire assembly is fastened in a hole
in a grounded brass block by means of the flange. The
brass block serves both as a shield and as a heat sink to
minimize the rate of temperature variation in the capac¬
itor. Cylinder B is connected by means of a wire
through a hole in the ground post to the detector junc¬
tion of the bridge. It is mounted on the ground post by
means of two high-density polyethylene washers be¬
tween the detector electrode B and the ground post.
These washers are machined about 0.002 inch oversize,
making an interference fit which compresses the washers
and results in a rigid and mechanically stable assembly.
Electrode C is also supported on polyethylene washers
and is connected to a line terminal of the bridge. It
should be noted that no solid insulation appears in the
fieldbetween

the electrodes B and

C of the direct

capacitance measured. In addition, the electrodes are
goldplated to reduce losses arising from oxide films on

pacitance of the unit, and the capacitors can be taken

their surfaces. In the absence of both solid dielectric and

apart and reassembled without appreciable change in

surface oxide films, the phase defect of these capacitors

their values.
The low-range decade box (10-6 pf to 1 pf) differs

should be stable and quite small.
Fine adjustment of the capacitance between elec¬
trodes B and C is accomplished by drilling two holes on
a diameter of electrode C. Field from electrode B passes
through these holes and terminates on the outer shield,
decreasing the direct capacitance between B and C and
slightly increasing the shield capacitance to B. A sleeve
with matching holes fits over electrode C, and rotation
of this sleeve with respect to the electrode opens or
closes the effective aperture through which electrode B
“sees” the outer shield, thus changing the capacitance

B-C by a small amount depending on the size of the
holes.
The 1 -pf unit has essentially the same construction
but is shorter. The means of fine adjustment of its value
is similar. The 100-pf unit makes use of a group of

from the higher decades in that it uses fixed value capac¬
itors connected to a variable voltage. This voltage is
obtained from a tapped inductor, which is connected
across one side of the bridge transformer to divide the
transformer voltage into 10 equal steps. This tapped
inductor is constructed by winding 50 turns of 10-wire
tape of 20 AWG wire on a small Supermalloy core, and
its impedance is high enough to impose negligible load¬
ing on the bridge transformer. If a capacitor of a given
value is connected between the first tap of the divider
and the detector junction point, the current which it
injects into the junction will be only 1/10 of the value
it would have been had the capacitor been connected
directly across the transformer secondary. On the wth
tap, its effect on the bridge balance will be n/10 of its

nested coaxial cylinders of close spacing in order to ob¬

actual value. The low-range (or micropicofarad) ca¬

tain the larger capacitance within approximately the
same physical volume. Flere the fine adjustment is ac¬
complished by a sliding skirt, fitted to the shield, which

pacitance box consists of six separate capacitors of
values, 10-5, 10-4, 10~3, 10~2, 10_1, and 1 pf, switched

approaches the outer active electrode and intercepts
field, that would otherwise contribute to the direct ca¬
pacitance, at its end. Thus the direct capacitance of
each of the air capacitors is smoothly and continuously

independently along the tapped inductor. The entire
range of 6 decades, from 10-6 pf to 1 pf, thus consists
of a single tapped inductor, 6 switches, and 6 capacitors.
The arrangement with its shielding is shown in Fig. 6.
The six capacitors have cylindrical electrodes spaced
with polyethylene washers. The 1 -pf unit is like the 1 -pf

adjustable over a small range, making it possible to
match closely the values of all the units in a decade.
Because of the symmetrical design, small departures

capacitors in the high-range box. All the lower valued
capacitors are of the Zichner diaphragm type, having a

from radial alignment have very little effect on the ca¬

grounded cylindrical shield extending between the two
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through the resistor, and the inductor section is at no
time shunted by an impedance less than that of the
resistor.
The capacitors in the units so far described are sealed
to reduce changes in value resulting from variations of
humidity and atmospheric pressure. Under these cir¬
cumstances the principal cause of short-term drift in
their values is variation in ambient temperature, as
their temperature coefficients of capacitance are all
nominally equal to the coefficient of linear expansion
of brass, approximately 20X10~6/°C.
Fig. 6—Schematic of low-range decade capacitor.

Temperature-Compensated Capacitors

active electrodes. If this diaphragm were solid, the di¬
rect capacitance would be zero since it would intercept
all the field between the electrodes. However two dia¬
metrically opposite holes of appropriate size are drilled
in the diaphragm, and the field which penetrates these
holes and continues from the inner to the outer electrode
produces the direct capacitance of appropriate magni¬
tude. Another larger pair of holes, drilled in the outer
electrode, in line with the diaphragm holes, allows some
of the field from the inner electrode, which penetrates
the diaphragm openings, to continue on through the
openings in the outer electrode and terminate on an
outer grounded shield. This decreases the value of the
direct capacitance. Rotation of the outer electrode with
respect to the diaphragm moves the sets of holes with
respect to each other and constitutes the fine adjust¬
ment of capacitance for the unit.
The switches for the low-range decades deserve
special mention because of their linear rather than
rotary motion and because of the special movingcontact brushes that are used. A linear motion was pre¬
ferred over the usual rotary motion for these selector
switches to facilitate their manipulation either singly

Standards for maintaining the unit of capacitance
must be independent of environmental conditions. The
first stable capacitors completed at NBS were a set ot
four temperature-compensated modifications of the
1-pf design used in the decade boxes. The cylindrical
structure of this design was lengthened, and grounded
Duralumin9 sleeves were inserted between the active
electrodes from either end of the assembly, leaving a
gap in the center that determined the active length of
the capacitor. The remainder of the brass capacitor
structure had a linear temperature coefficient substan¬
tially less than that of the Duralumin. The length of
the sleeves were so chosen that the capacitance was in¬
dependent of temperature. The structure of the capaci¬
tor is shown in section in Fig. 7.
The completed capacitors have temperature coef¬
ficients in the neighborhood of 1 ppm (part per million)
per °C. They are quite sensitive to temperature gradi¬
ents and must be well isolated from rapid temperature
changes to exhibit this low coefficient. In the final as¬
sembly these capacitors are mounted in a massive brass
container with f-inch walls and sealed in an atmosphere
of dry nitrogen. This container is surrounded with heat-

or in groups. This feature is particularly useful in the

insulating material and is mounted in a box. During the
first month after their completion, the values of three

lower decades, as it makes possible a more rapid ap¬
proach to the bridge balance. The use of these switches

of these capacitors did not drift relative to each other by
as much as 1 ppm. The behavior of the fourth unit has

with an inductive voltage divider requires that special
consideration be given the problem of making and

been somewhat less satisfactory. It has changed by
nearly 3 ppm during the same period.

breaking contact. Clearly, whatever switch is used for

Stable capacitors with low temperature coefficients
covering the range from 10 to 104 pf are being built but

this application should not be of the shorting type, or
a section of the inductor will be momentarily shorted
during switching; nor should it be of a nonshorting type,

have not yet been completed.

or the detector will be momentarily floating, causing

Conductance-Balance Control

the indicating device to go off scale and perhaps causing

At a single frequency any physically realizable capac¬
itor may be represented by the parallel combination

the preamplifier to overload. The switches can be con¬
sidered as nonshorting with an added moving contact
brush adjacent to the main brush, the two being con¬
nected by a resistor of appropriate value (see Fig. 6).
In the normal position the auxiliary brush is floating.
When the switch is advanced to another position, the
auxiliary brush touches the adjacent switch stud before
the main contact is broken, and the main brush touches
the new stud before the auxiliary contact is broken.
Thus there is always a connection either direct or

of pure capacitance and pure resistance. The current
through it, in response to an impressed voltage, may
then be treated as the resultant of a major component
which leads the voltage by 7r/2 radians and a minor
component in phase with the voltage. Even for airdielectric capacitors the in-phase component of current
9 Duralumin is a class of copper-bearing aluminum alloys. A
typical analysis is Cu—4.5 per cent, Mn—0.8 percent, Mg—0.4 per
cent, Si—0.8 per cent.
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MICROMHOS
OR
EQUIVALENT PICOFARADS
IN+

Fig. 7—Section of temperature compensated 1-pf capacitor

may be only four or five orders of magnitude smaller
than the quadrature component, and it is necessary
therefore that any device for the precise comparison of
capacitors be provided with a means of compensating
their loss components of current.
The balance condition for the bridge network is satis¬
fied when the current from one capacitor to the detector
junction is equal in magnitude and phase to that from
the detector junction to the other capacitor. Hence an
n mho Eq. pf

unbalance which results from lack of equality between

10

the in-phase components of these currents may be cor¬
rected by injecting an in-phase current of proper sign and
magnitude at the detector junction. This is accom¬
plished as shown in Fig. 8.
The reactance of the parallel combination of C\ and

in phase by means of a small trimming capacitor C\
connected from the midpoint of R to ground. The mag¬
nitude of id is determined by the voltage applied to R,
the value of R, and the relative values of Ci and Ci, which
act as a current divider.10
The decade voltage divider is a tapped inductor with
four separate windings connected to linear switches of
the type described in the preceding section. This is
shown in Fig. 9. High accuracy of voltage division is

10

The value of Ct is so small relative to the sum of C\ and Ci that
its effect is negligible on the magnitude of the current injected at the
detector branch point. It should be noted that the use of a 0.0889-/if
capacitor as the final step of the capacitance current divider results
in a multiplying factor on the highest range which departs by 10 per
cent from its nominal value. In a later construction a 0.1-yu.f capacitor
has been used and the values of R modified so that the nominal ratio
of 10 is preserved for all multiplying factors.

10'1

10

I0'2

I

10s

Ci is so small relative to R that the current id is very
nearly in phase with the voltage e\. It is brought exactly

I03

IQ'1

400^ p mho
Eq pf

■ 5R(Ko)

C(p_f)

50
199

635
40

800 ^ p mho
Eq pf

50
99.5

159
40

1000 ^ p mho
Eq pf

50
79.5

101.5
40

1200 ^ p mho
Eq pf

50
66

70.5
40

Fig. 9—Details of conductance balance control circuit.

obtained

by winding all

turns on

the same

high

permeability core. The Supermalloy 1-mil tape-wound
core has a section of 0.25 in2 and an outside diameter of
2.5 inches. AWG no. 26 copper wire was used for all
windings.
If the conductance balance control were to provide a
measure of the loss characteristics of capacitors ex¬
pressed in the common unit of conductance, the micro¬
mho, small changes in the phase trimming capacitor Ct
would suffice to adapt the unit for use with various fre¬
quencies. However, it is often convenient to express
the loss characteristic of a capacitor in “equivalent ca¬
pacitance” units. As the conductance and “equivalent
capacitance” are related by the equation Ceq = G:/w, a
change in frequency changes the relative magnitudes of
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their increments. The desired flexibility is incorporated
into the unit by providing frequency selection switching
which changes the value of the resistor if the reading is
desired in equivalent picofarads and the phase trimming
capacitor if the reading is desired in micromhos. The
unit is calibrated in the bridge by comparison with re¬
sistors having known or negligible residual reactances.
Computable Standard of Capacitance

The sensitivity and range of the bridge, the accuracy
of its ratio transformers, and the stability of the air
capacitors described above require a better low-value
standard of capacitance than has been available hereto¬
fore at NBS.
Parallel plate and guard-well capacitors11 have been
used as low-value calculable standards. Plans for ma¬
terially improving such capacitors by using optical in¬
terference techniques in determining their mechanical
dimensions were abandoned when it became apparent
that a better computable capacitor could be constructed
using the electrode configuration suggested by Thomp¬
son and Lampard.12 Lampard13'14 had shown that an
electrode assembly made up of equal right circular
cylinders, located at the corners of a square, fulfilled the
necessary conditions of symmetry, and that for certain

method was required that would eliminate this end
effect from the calculation.
Cylindrical gauge bars (“reference-grade” end stand¬
ards) of high quality were available in a variety of
lengths. The added requirements of uniformity and
equality of diameter among the various bars in the as¬
sembly could be met within one or two ten-thousandths
of an inch.16 The cylindrical cross capacitor, designed as
a computable standard for the present work, is con¬
structed of such gauge bars. The end sections are 2-inch
gauge bars having an axial hole for bringing shielded
connections through to the central guarded electrode. A
2-inch gauge bar is permanently bolted to, but insulated
from, each of the guard bars to form a portion of the
defined central electrode. The inner bars can either be
wrung together mechanically to form a 4-inch central
electrode, or each can be wrung to an end of a 10-inch
bar to form a 14-inch central electrode. If the guard as¬
sembly is not disturbed, the difference in values of the
4-inch and 14-inch capacitors should equal the com¬
puted value of a 10-inch capacitor without the need for
end corrections. The attainable accuracy should, under
favorable circumstances,17 very nearly equal the ac¬
curacy to which the mechanical length of the 10-inch
gauge bar can be determined.

types of small departures from symmetry, the mean
value of the cross capacitances was not significantly
affected. Further, measurements by Thompson and one
of the authors15 on such an assembly had shown that

O0O

©0©O©
(a)

the re-entrant nature of the gaps between the cylinders
made possible substantial separation' of the electrodes
without appreciable effect on the measured capacitance.

002

11

C. Moon and C. M. Sparks, “Standards for low values of direct
capacitance,” J. Res. NBS, vol. 41, pp. 497-507; November, 1948.
A. M. Thompson and D. G. Lampard, “A new theorem in
electrostatics and its application to calculable standards of capaci¬
tance,” Nature, vol. 177, p. 888; May, 1956.
Lampard’s theorem may be generalized as follows: If four in¬
finite cylindrical conductors of arbitrary cross sections are assembled
with their generators parallel to form a completely enclosed hollow
cylinder in such a way that the internal cross capacitances per unit
length are equal, then in vacuum these cross capacitances are equal
to lne2/47r2 esu/cm.
D. G. Lampard, “A new theorem in electrostatics with applica¬
tions to calculable standards of capacitance,” Proc. IEE, vol. 104,
pt. C, pp. 271-280; September, 1957.
Informally communicated from NSL, Sydney, Australia.

12

13

14

15

-.002

-*!*-■

In fact, these measurements indicated that the principal
source of uncertainty in the value of a cylindrical cross
capacitor made from an assembly of right circular
cylinders resulted from the use of insulated end sections
as guards. Although the mechanical length of the
guarded cylinder forming the defined capacitor could
be accurately determined, its electrical length extended
into the insulated gaps between it and the guarding end
sections.
Any departure from exact colinearity of the cylindri¬
cal surfaces adjacent to the gap would shift the electrical
length and hence the value of the capacitor in the
direction of the lower surface. To attain the desired ac¬
curacy in computing the value of such a capacitor, a

December

(b)
Fig. 10—Arrangement of cylindrical cross capacitor,
(a) Bar arrangement, (b) gauge bar assembly.

The
which
10(b),
Bars 2

assembly is shown schematically in Fig. 10 (a)
is an end view of the bar arrangement and Fig.
a side view of the guarded electrode assembly.
and 6 have insulated end sections. The remaining

bars (1, 3, 4, 5, 7, 8.) are continuous cylinders of nominal
18-inch lengths but with diameters equal as nearly as
possible to the gauge bars in 2 and 6. A capacitance bal¬
ance for either the 4- or 14-inch assembly can be made
with the central section of 2 connected to the detector
branch point of the bridge, bars 5 and 7 connected in
parallel to one side of the ratio transformer, and the re¬
maining bars, 1,3,4, 6, and 8, as well as the guard (end)
sections of 2, connected to ground. Capacitances be¬
tween electrodes 2-5 and 2-7 are in parallel and add
directly, doubling the value computed from Lampard’s

16

The assistance of E. J. Schneider of the Engis Equipment Co.,
Chicago, Ill., and of his principals, the Coventry Gage and Tool Co.,
Coventry, Eng. in constructing these special gauge bars, is gratefully
acknowledged.
It will be apparent that small variations may be introduced by
residual misalignment when taking apart and reassembling the end
standards forming the defined electrode.

17
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formula for the given length. A second bridge balance

TABLE I

can be made using 6 as the detector bar, 1 and 3 in paral¬
lel as the line bars, and the remaining bars, 2, 4, 5, 7, 8,

Sample Data on Computable Cross Capacitor
Mean Cross CAPAciTANCE, Corrected to 20°C, Referred
to Mean of Temperature-Compensated Capacitors

together with the end sections of 6 grounded. In this in¬
stance the capacitances of 1-6 and 3-6 add in parallel.
The difference between the balance readings taken
with 2 and 6 alternatively used as detector bars is a
measure of any lack of symmetry in the assembly. The
mean of the values is very closely equal to the value
computed for the capacitance.18 A close approximation

Date

14-Inch Assembly

7-11-58
7-11-58
7-11-58
7-11-58
7-14-58
7-14-58
7-14-58

1.3897864 Arbitrary Units
1.3897860
1.3897855
1 .3897855
1.3897859
1.3897866
1.3897862

to symmetry is accomplished by using bars of equal and
uniform diameter and by separating them with equal
insulating spacers near their ends. The spacers are ar¬
ranged in the end sections of the assembly so that there
is no solid dielectric in the electric field of the calculable
central portion. The entire assembly rests on a granite
surface plate and is enclosed in a steel housing. This

1

.3897860 (Average)
0.3973392
0.3973395
0.3973400
0.3973400
0.3973391
0.3973399
0.3973402

7-15-58
7-15-58
7-16-58
7-16-58
7-16-58
7-16-58
7-16-58

container can be evacuated to a pressure below 0.1 mm
Hg, eliminating the need for an air correction to the
computed value of capacitance.
A sample set of measurements on the computable
capacitor is given in Table I. The individual obser¬
vations are stated in terms of an arbitrary unit, the
mean of the four temperature-compensated capacitors.
The value of the cross capacitance is computed in pf,
from the measured lengths of the two 10-inch gauge bars.
The difference between this computed capacitance and
the measured value gives the departure of the arbitrary
unit from the absolute unit of capacitance. The uncer¬
tainty of this value is believed to be less than 3 ppm.

4-Inch Assembly

0.3973397 (Average)
7-17-58
7-17-58
7-21-58
7-21-58
7-23-58
7-23-58
7-25-58

1.3897864
1.3897863
1.3897866
1.3897862
1.3897856
1.3897864
1.3897875
1.3897864 (Average)

Difference between 14-inch and 4-inch assemblies = 0.9924465.
Computed cross capacitance at 20°C = 0.9924127 pf.
True mean of temperature compensated capacitors
= 1(1-0.0000338) pf.

the computable standard will make possible assignment
of more accurate values to capacitors in the range below

Conclusion

A transformer-ratio bridge for the precise comparison
of 3-terminal capacitors has b'een described. The con¬

104 pf than has been possible in the past at the National
Bureau of Standards.

struction of a cylindrical cross capacitor as a computable
standard has also been described. This absolute stand¬
ard of capacitance is of such a nature as to make full use
of the sensitivity and precision available in the bridge.
It is expected that the combination of the bridge and
18 For example, if the difference in readings amounts to 0.1 per
cent, it can be shown that the mean value of the capacitors differs
from the computed value by less than 0.1 ppm; more precisely

Ci + Ci
2C0

lne2/Ci — Cs\2
=

~~8

\

Co
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Capacitor Calibration by Step-Up Methods
Thomas L. Zapf
(October 8, 1959)
Step-calibration methods are used in many physical laboratories for the extension of
measurements to quantities far removed from the magnitude of greatest accuracy at which
absolute determinations are made. The excellent precision of repetitive substitution pro¬
cedures is exploited by step-up or step-down methods to extend measurements to higher or
lower magnitudes without serious degradation of accuracy. The application of step-up
techniques to the calibration of variable air capacitors is described in this paper as a practical
example of the method.

1. Introduction
One of the important statutory functions of the
National Bureau of Standards is the calibration of
physical standards of measurement used in science
and industry*. The chain of measurements con¬
necting this calibration service to the national
prototype standards of length, mass, and time is
complex, and for electrical measurements involves
meticulous experiments to assign numerical values
to calibration standards and corrections to standard
instruments. These devices, designed for excellent
stability and definitude, serve as comparison stand¬
ards basic to the calibration services rendered by
the Bureau. Equally important to accurate scien¬
tific work is the proper use of these standards to
overcome their inherent limitations. Frequently an
appropriate choice of method and the employment
of suitable techniques are as important as the
judicious selection of equipment. The close associ¬
ation between methods, techniques, and equipment
is particularly evident when, in the course of cali¬
bration activities, it is necessary to obtain accurate
measurements at magnitudes far removed from that
at which absolute determinations are made. The
extension of range of electrical measurements is
sometimes accomplished by the establishment of
accurately known ratios. For example, ratios very
nearly equal to the squares of integers may be ob¬
tained through the successive measurement in series
and parallel of resistors having nearly equal values
[l].1 Resistance ratios of approximately 10:1 may
be realized by the successive measurement of 11
resistors in arbitrary units and the use of these as
the 10:1 ratio arms of a bridge. A unique 10:1 ratio
apparatus used with a special resistance bridge is
described by Wenner [2],
The building-up to ratios larger than 10:1 is
particularly well exemplified by the procedure
followed in calibrating the standard volt box at the
Bureau [3] in which a group of sections of nominally

1 Figures in brackets indicate the literature references at the end of this paper.

equal resistance is intercompared. These sections,
connected in series, form the first section of a group
of larger denomination. The buildup to large ratios
is rapid and exact. The standard volt box was
designed specially for self-calibration by this method.
The calibration of resistance decade boxes and
the resistance decades of bridges by the stepsubstitution or step-up method illustrates yet
another technique of obtaining accurate measure¬
ments over wide ranges [4], A similar process is
used by the Bureau for the calibration of the capaci¬
tance bridges that are used daily to measure stand¬
ards of capacitance.
In order to obviate the concern over connection
errors and avoid the detailed consideration of con¬
nectors, it is customary and convenient to use as
standards of low grounded capacitance such devices
as variable air capacitors and capacitance decade
boxes which may be calibrated accurately for capaci¬
tance difference from some arbitrary setting. The
calibration of such variable capacitors may be
accomplished quite effectively by the step-up
method employing fixed standards or standards of
capacitance difference.
An excellent description of a step-up method
applied to the calibration of decade capacitors for
both capacitance and dissipation factor has been
described bv Ford and Astbury of the British
National Physical Laboratory [5].

2. Equipment
Very little special equipment is needed to calibrate
a variable capacitor by step-up methods. If the
variable air capacitor, A", having a range from 100 to
1,100 pf, is to be calibrated at every 100-pf division
mark, it is necessary to have a fixed air capacitor, S,
of approximately 100 pf that can be connected in
parallel with the variable capacitor under test in a
precisely repeatable manner. This can be achieved
if the mating connectors introduce no significant
uncertainties to the capacitance added to the circuit
and if the connectors are designed to couple quickly
and easily to either the variable capacitor or the
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bridge that will be used, or if a capacitor can be con¬
nected or disconnected by a precise switching ar¬
rangement. The 100-pf capacitor should be ad¬
justed close to the nominal value, but it need not be
calibrated. It must, however, be free from signifi¬
cant drift over the period of a quarter-hour or so
during which the test is being run.
A calibrated 1,000-pf air capacitance standard, S',
is needed to relate the results of the step-up test to
the national reference standard of capacitance.
The bridge used for this step calibration need not
have great accuracy but must be stable, for it is used
with a sensitive detector for substitution measure¬
ments. A small variable capacitor, V, is required,
having a least count (smallest readable increment)
one-tenth that of X or smaller. It is advantageous
to choose the smallest possible precision variable
capacitor, V, consistent with other limitations so
that the corrections to Fare negligibly small relative
to the corrections to X. The total range of V nlust
be at least a little larger than the range of errors in
the capacitor to be calibrated. The readable
accuracy of this capacitor, if expressed in percent of
total range, need not be very great.
The equipment described is assembled as shown in
figure 1. It is most important that the cables usecl
to connect components be shielded and rigid, or if
flexible cables are used, it should be ascertained that
variations in cable capacitance are negligible. The
cables must be fixed in position and must not be
disturbed during the entire calibration. This pre¬
caution is intended to emphasize the importance of
particular care to one of those sources of systematic
error that could impair good calibration accuracy.
The operator must have a good technical apprecia¬
tion of the apparatus and quantities measured,
gained through study and experience.
BRIDGE

where x is the correction to the reading (or setting)
Xn. The calibration will consist of the determina¬
tion of the relatively small correction, x, to each
100-pf division mark, Xn, and since only capacitance
differences are of interest, the observer is free to
choose any one of the division marks as a reference
point. It is frequently convenient to choose as a
reference the first marked point on the dial. In this
case the 100-pf mark is considered as a reference and
a correction of 0.00 is arbitrarily assigned to it.
For this example it will be assumed that the small
variable capacitor, V, has corrections that are
negligibly small.
The capacitor under test is first carefully set to
the 100-pf mark (ACi = 100 pf) avoiding backlash
errors by approaching the mark in the direction of
increasing dial readings. The small variable capaci¬
tor, V, is set to any convenient mark near the center
of its range. The 100-pf capacitor, S, is connected
in parallel with A" and V. Now the bridge must be
balanced using the controls on the bridge itself
If
a balance cannot otherwise be obtained, V may be
used to attain balance. When the bridge is balanced
the reading VA is recorded. The fixed capacitor,
S, is then removed and X set to the 200-pf mark
(A„2 = 200 pf), again approaching the mark in the
same direction. Without changing any other com¬
ponent the circuit is rebalanced by changing V
alone, and the reading VB recorded as before. In
the first balance the external bridge arm consisted
of N-hA:'+ VA, and for the second balance, with the
bridge unchanged, the external arm consisted of
X2-\-VB- These can be equated to yield

S+Ah + VA=AT2 + VB

(1)

The cable and connector capacitance, as well as resid¬
uals within the bridge, contribute equally to both
balances and are therefore deliberately disregarded.
It is convenient to work with small numbers, and
eq (1) can be expressed as
Nn+s+Ani-l-Zid- T .4=AT2+X2+

VB

(2)

and since

Sn=Xn2—Xnl and x’! = 0
Xo=
1.
The variable capacitor under text, X, is calibrated
by a step-up method employing a fixed capacitor, S, and a
small variable capacitor, V.

Figure

3. Procedure and Computations
The true value of each of the capacitors involved
in the calibration may be defined as the nominal
value plus a correction; thus, the true capacitance
of the uncalibrated 100-pf capacitor is S=Sn-\-s,
where <S'n=100 (exactly) and s is the small correction.
Similarly the calibrated 1,000-pf standard has the
value S' = S'n-\-s', and the variable air capacitor to
be calibrated may be represented by X=Xn-\-x,

(VA

FsbTs

(3)
(4)

where the subscript is appended to the difference
(VA — VB) to distinguish this set of data from-other
sets and to appropriately correlate the difference
with the setting of X in the second balance of each
set.
The quantity x2 is the desired correction to Xn
when AT=200 pf. The difference (VA — FB)2 is
easily computed from the recorded data.
Without changing X, S is reconnected and the
bridge rebalanced using the bridge controls and V,
if necessary, to attain exact balance. The reading,
VA, is then recorded. Capacitor S is then removed
and A set to the 300-pf mark (A„ = 300). The
bridge is rebalanced using V alone and the reading,

306/76

VB, recorded. When the first balance is equated
to the second balance
S+X2+VA=X3+VB

(5)

Sn-^S-^-Xn 2 + ^2+Fa = A’„3 +£3+FB

(6)

or

and since

Sn~Xnz— Xn2

(7)
(8)

Xs = X2+(Va—Vb)» + 8.

in parallel with X and V. With X set at 10 0 pf, the
bridge is balanced with the bridge controls and V,
if necessary, and the reading, VA, recorded. S' is
removed, X is set to the 1,100-pf mark, the bridge
rebalanced using F alone, and the reading, VB,
recorded. Then

(9)

Continuing this process step-by-step, in general
for the mth step
m

*TO=X (VA-VB) + (m-l)s

(10)

2

and finally

*n=X (Fa-Fb) + 10s

Observations and calculations
All values in picofarads

100

100

5.00

0
100

200
200

4.69
4.84

0
100

300
300

4. 86
4. 99

0
100

400
400

4.93
4.92

0
100

500
500

4. 51
4. 65

0
100

600
600

4.64
4. 81

0
100

700
700

4. 76
4. 87

0
100

800
800

4. 60
4. 73

0
100

900
900

4.42
4. 57

0
100

1000
1000

4.53
4. 67

0

1100

4.12

1000

100

5. 04

0

1100

4.12

Va-Vb

2(.Va-Vb)

ns

X

0.31

0.31

-0.14

0.17

-.02

.29

-.29

.00

.06

.35

-■43

-.08

■ 41

.76

-.58

.18

.01

.77

-.72

.05

.05

.82

-.86

-.04

.27

1.09

-1.01

.08

.31

1.40

-1.15

.25

.04

1.44

-1.30

■U

.55

1.99

-1.44

.55

0.92

s' = -0.37 pf

Xni

10$=—1.44 pf

(14)
(15)

where the subscript T denotes the F difference ob¬
tained when the capacitor, S', is used.
In this way xn is determined accurately in terms
of a small difference reading of the variable capacitor,
F, and the known correction, s', to the standard
capacitor, S'. The correction, s, to the fixed capaci¬
tor, S, can now be computed from eq (11)

(11)

A tabulation of the differences and the cumulative
sum of the differences is shown in table 1, which shows
the data and computations for a typical calibration.
It remains to determine the value of s so that the
corrections x2 through xn can be evaluated.
The 1,000-pf standard capacitor, S', accurately
calibrated for insertion capacitance, is now connected

V

(13)

Sn—Xn n

105=*!!— XI (Fa—Fb)

2

X

Sn+s' JcXnl-\-VA=XnnJrxn+VB

(Fa—Vb)tjts'

*3= (Fa— Vb) 2+ (Fa— Fb)3-|-2s.

s

(12)

and since

Substituting eq (4) in eq (8)

Table 1.

S' -\-Xi-\-VA=Xn-\-VB
or

105=5' + (VA-VB)T-

X (VA—VB)

(16)

(17)

2

The quantity 105 is then added algebraically to the
sum of the F differences corresponding to the test
of the 1,100-pf mark, the result being the correction
to this reading. Similarly 9s is added to the sum
of the F differences corresponding to the 1,000-pf
mark, and so on, until only s is added to the F dif¬
ferences corresponding to the 200-pf mark. These
Small corrections are listed in table 1 under the
heading ns.
The observations can be made rapidly and the
computations are simple, since only small differences
appear. A second complete calibration, preferably
by another observer, enables one to appraise the
precision of the measurements including the stability
and resetability of the capacitor under test, and
serves to reveal measurement and arithmetic errors
that might otherwise remain undetected.
In the procedure described above the fixed incre¬
ment of calibration was 100 pf. It is well to point
out that other increments can be accommodated
as well. A 50-pf capacitor, if used as a fixed step,
would permit calibration at 50-pf intervals. Al¬
though the procedure has been described using a
fixed capacitor as a step, a continuously variable
capacitor or decade capacitor would also be satis¬
factory if it were used in such a manner as to provide
a repeatable difference of capacitance. Care would
be necessary to avoid setting errors caused, for
example, by backlash in the control mechanism,
or by careless setting to the index.
A variable capacitor calibrated for capacitance
difference by this method can be used as a standard
for extending the method to capacitance calibra¬
tions of still lower magnitudes.

307/77

4. Dual Calibration

BRIDGE

Reviewing the calibration described above, it is
noticed that for each set of two balances, one bal¬
ance is obtained with the bridge controls and V, if
necessary. The fact that the change in the bridge
reading is always an amount approximately equal
to S (or S') leads to the consideration of calibrating
two variable capacitors having the same range with
practically no extra work.
If X and U, the variable capacitors to be cali¬
brated, are connected as shown in figure 2, the pro¬
cedure is similar to that described above except
that the bridge need not be changed after the initial
setting. The settings of X and U are listed in
table 2. Care must be taken to apply the proper
sign to the differences and to cumulatively add the
differences for the calibration of U beginning at
the bottom of the table rather than the top.
Lower range capacitors can be calibrated similarly,
but extreme attention must be paid to good mechani¬
cal rigidity in all parts of the circuit.

Table 2.

Figure 2.
Two variable capacitors, X and U, may be cali¬
brated simultaneously by a step-up method.

5. Discussion
If attention is confined to the calibration of twoterminal variable air capacitors having a capacitance
range from several picofarads to about 1,000 pf, the
procedure outlined in this paper demonstrates the
ability of step-calibration methods to provide ac¬
curate calibrations of capacitors at levels at which
good accuracy is otherwise difficult to obtain.

Observations and calculations (dual calibration)
All values in picofarads

X{VA1 b)

0.31

0. 31

718

X

a

Vb- Va

718

u ft

1

Va-Vb

1

V

u

W

X

O

s

0

100

1100

5.00

100

100

1000

5.34

0

200

1000

5. 03

100

200

900

5.07
-.03

0

300

900

5.10

100

300

800

5.17

0

400

800

5.11

100

400

700

5. 35

0

500

700

4. 98

100

500

600

5. 34

0

600

600

5.32

100

600

500

5. 63

700

500

5.58

100

700

400

5. 84

0

800

400

5. 58

100

800

300

5.87

0

900

300

5. 56

100

900

200

5. 57

0

1000

200

5. 54

100

1000

100

5.67

0

1100

100

5.13

1000

100

1100

5.37

0

1100

1100

4.46

1000

1100

100

5. 50

— 28

-41

-.07

.37

.71

-.55

.16

-.69

2.05

-1.38

0.67

.04

1.71

-1.24

■ 47

.07

1.67

-1.10

.57

. 24.

1.60

-0.97

.63

.36

1.36

-.83

.53

.31

1.00

-.69

.31

.26

0.69

-.55

■

.29

.43

-■41

.02

.01

.14

—. 28

-.14

.13

.13

-.14

-.01

.00

■34

.73

0.34
0.17

.06

.02

0

.28

-0.14

.04

.05

.78

-. 83

-.05

.26

I.04

-.97

.07

.31

1.35

-1.10

.03

1.38

-1.24

04

■H

1.92

-1.38

.54

14

.25

•

.

.91
1.04

s'= —0.37 pf

10s=-1.38 pf

10s = —1.38 pf

“ The columns x and u are the corrections to the dial readings of the variable capacitors X and U. Th£ good precision of the method is.noticeable by comparing-the
test of Xin table 2 with table 1, which represents a test of the same capacitor about an hour earlier.
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Standards of grounded capacitance, often called twoterminal capacitors, are characterized by having one
of the capacitor electrodes connected to the case, in
contrast with standards of direct capacitance (threeterminal capacitors) having both capacitive elec¬
trodes insulated from the case. The direct capaci¬
tance, CD, between the two active electrodes, as
shown in figure 3, is definite to the extent that the
separate terminals and associated leads are shielded
from each other. Adequate shielding that does not
interfere with the direct capacitance is relatively
easily obtained, and excellent accuracy in direct
capacitance measurements is possible to a fraction
of a micropicofarad (10-18 f).

3.
The direct (three-terminal) capacitance, Cd, is
made definite by complete shielding.
The grounded (twoterminal) capacitance, Cq, is indefinite because of variations
in the stray capacity.

Figure

. The grounded capacitance, CG, shown in figure 3,
is more difficult to define in a precise manner, be¬
cause the capacitance between the ungrounded
terminal and all grounded objects, Ct, is indistin¬
guishable from C0 unless a separate “zero-balance”
of the measuring apparatus is made with the leads
attached but the capacitor disconnected. Even this
procedure will not insure good precision unless care
is used to connect the capacitor to the measuring
apparatus in identically the same way every time.
The best precision in practical measurements of
grounded capacitance is possible only if the method
of connection to the measurement circuit is well de¬
fined. An adequately shielded rigid adapter or
connector is necessary as an auxiliary part of the
capacitor and must be used with it for every meas¬
urement. If the capacitor is to be used as a stand¬
ard for accurate capacitance measurements, the same
connector must be used with the capacitor when it
is calibrated, and the assembly becomes a standard of,
capacitance added to a circuit, or in other words,
capacitance difference. Thus, good precision of re¬
peated measurements is simply obtained in any
laboratory if the successive measurements are accom¬
plished using rigid wiring and the same connectors
every time. The best accuracy in terms of the na¬
tional reference standards can be obtained only for

magnitudes sufficiently large that negligible errors
result from differences between the connectors used
in the several laboratories involved. Accurate cali¬
bration of small fixed capacitors can only be accom¬
plished if mating connectors are submitted.
The accuracy of measurements on fixed standards
of grounded capacitance having electrodes termi¬
nated in binding posts or unshielded plugs is limited
by the variation in the geometrical design of the
instrument panels, cables, and connectors to which
the standard can be attached. Differences as large
as several tenths of a picofarad are possible with
present commercially available standards and appa¬
ratus with which they may be used. It is under¬
standable that differences of several tenths of a
percent are to be expected if a fixed 100-pf standard
of this type is measured in several laboratories or on
different equipment, while if measurements are
performed on 1,000-pf standards the uncertainties
at the connectors would be only several hundredths
of a percent of the quantity measured. In the
step-up procedure described in this paper it is evident
that the precision of repeated measurements, the
freedom from the effects of residuals in test apparatus
obtainable by substitution methods, and the ac¬
curacy of measurements at magnitudes closer to
optimum, are combined in a manner favorable to
the accurate calibration of the capacitance differ¬
ences of variable capacitors. The method is quite
applicable at any frequency although at higher
frequencies residuals in components can be trouble¬
some and may require special attention. For
example, it may be necessary to apply corrections
for errors introduced by residual inductance in the
cables connecting the apparatus.

6. Conclusion
Step-calibration methods can be employed for the
calibration of variable capacitors. The few neces¬
sary items of equipment are generally available in
any electrical measurements laboratory. Reference
to the national electrical standards is made through
the use of a single fixed capacitance standard that
can be transported to other standardizing labora¬
tories more easily, and calibrated less expensively
than variable capacitors.
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6

VARIABLE CAPACITOR CALIBRATION WITH AN
INDUCTIVE VOLTAGE DIVIDER BRIDGE
Thomas L. Zapf
ABSTRACT
The use of an inductive voltage divider bridge for the calibra¬
tion of three-terminal and two-terminal variable air capacitors is
discussed.
1.

INTRODUCTION

The accurate calibration of variable air capacitors can be ac¬
complished by several methods,

one of which has been described as

a step-up or step-substitution method (1).

Another method, that is

particularly useful for the calibration of three-terminal capacitors,
is presented in this paper*
Very simple inductive ratio arm bridges may be assembled for
the calibration of direct capacitance of three-terminal capacitors or
capacitance differences of two-terminal variable air capacitors using
fixed three-terminal capacitors as reference standards.

2.

EQUIPMENT

Commercially available inductive voltage dividers can be used
as inductively-coupled ratio arms of a capacitance bridge.

The

accuracy of ratio of the arms thus formed often far exceeds that
needed for the calibration of variable air capacitors,

even if the

nominal ratio is used without correction.

Because of the inherent freedom from variations of their direct
capacitance,it is desirable to use three-terminal capacitors (now
commercially available) as fixed standards,

particularly with

bridges having inductively-coupled ratio arms.

The stray capaci¬

tances to ground are then across either the detector or the ratio
arms*

A small capacitance across the detector generally does no
312/1

more than reduce the sensitivity,

and the effect on accuracy of

loading the closely coupled ratio arms, which have very small
equivalent series impedance,

3.

is negligible.

THE BRIDGE CIRCUIT

Figure 1 shows an oscillator-amplifier power supply connected
to the extremities of an inductive voltage divider,
of the fixed standard capacitor,
variable capacitor under test,

Cg,

C.

to one terminal

and to one terminal of the

The other terminal of each of

the capacitors is connected to one input terminal of a sensitive ac
detector by means of well-shielded cable with shielded connectors.
The shields of these cables, the other terminal of the detector,

and

.the variable tap on the inductive voltage divider are connected
together and to ground.

The variable capacitor is set to the cali¬

bration point and the inductive voltage divider adjusted until the
bridge is balanced.
divider,

C =

- 1
A

If A is the reading of the inductive voltage
Cs.

For best precision it is suggested that

C9 be approximately equal to the maximum capacitance of C.
In Figure Z, a modification is shown in which the inductive
voltage divider is grounded at a fixed tap,

Ap*,

by means of a

separate wire connected to one contact of the first decade switch,
When the bridge is balanced, C =
C = Z(A - 0. 5)Cg.

A_
At

- 1 ) Cq,

and if

=

0. 5,

This particular modification is rather convenient

for routine calibrations because computations are simplified.
If good quality air capacitors are used in the above bridge cir¬
cuit, it may not be necessary to provide for the conductance balance
of the circuit.

If better resolution is desirable, however,

a small

adjustable resistor of several hundred ohms or less may be placed

572772 0-61-21
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in series with one or the other (as needed) of the capacitors in the
unshielded leads to the inductive voltage divider as . shown in Figure
2.

Resistors,

so placed,

may permit a considerable improvement

in the precision of the balance.
It should be evident that one three-terminal variable capacitor,
set to a known capacitance by means of a larger fixed standard,
serves excellently as a temporary standard to extend measurements
to smaller values.
this means.

Several orders of magnitude can be covered by

If extension of measurements to larger capacitance is

contemplated,

consideration must be given to the effect of inductance

in the leads and in the resistor mentioned above.

4.

TWO-TERMINAL CAPACITANCE MEASUREMENTS

The electrical connections to a single-range,
variable air capacitor are shown in Figure 3.
case of the capacitor is not grounded.

two-terminal,

It is evident that the

The admittance from case to

ground is merely a load on the inductive voltage divider and is gen¬
erally of no consequence.

If the voltage applied to the extremities

is kept low, there is no danger to the operator,

but to avoid small

but disconcerting changes in the balance of the bridge resulting from
changing capacitance at the terminals,

the observer should avoid

touching the case of the capacitor during the balancing operation,
and should keep away from the terminals.

The uncertainties of

capacitance at the terminals of two-terminal capacitors is discussed
in detail in reference (2).

If the unused terminal of a dual-range,

two -terminal, variable air capacitor is normally left unconnected,
then, when calibrating the capacitor by this method it will be neces¬
sary to place a guard cap over, but not touching,

the unused terminal.

The guard cap must be electrically connected to the case of the
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capacitor as shown in Figure 4.

Capacitance differences corre¬

sponding to two settings of a variable air capacitor can be measured
with excellent accuracy by this method.

5.

CONCLUSION

Inductive voltage dividers can be used as ratio arms of a trans¬
former capacitance bridge for two-terminal capacitance difference
measurements as well as three-terminal capacitance measurements.
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Figure 1.

A simple transformer capacitance bridge for direct
capacitance measurements.

Figure 2.

A modification of the bridge shown in Figure 1.
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Connections for
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measurements.
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Thermal Converters as AC-DC Transfer Standards for
Current and Voltage Measurements at Audio Frequencies
Francis L. Hermach
Thermal converters and associated equipment that are used as ac-dc transfer standards
at the National Bureau of Standards for the precise measurement of current and voltage at
power and audio frequencies are described. The standards and the equipment are primarily
used to standardize a-c ammeters and voltmeters submitted to the Bureau for certification.
The ac-dc transfer may be made with these thermal converters at currents from 1 milliampere
to 50 amperes, voltages of 0.2 to 750 volts, with an accuracy of 0.01 percent at frequencies
from 25 to 20,000 cycles per second.
The special tests to insure the required accuracy of the transfer standards are described,
and the results are presented. A number of factors that limit the transfer accuracy of ther¬
mal converters have been discovered, and the results of special tests and theoretical work to
evaluate these factors are discussed. The solutions, by an approximation method, of certain
pertinent nonlinear differential equations governing the heating of a conductor by an electric
current are given.

1. Introduction
The increasing use of electric energy for aircraft,
induction furnaces, and induction heating, and the
greater accuracy required in measurements in
electronics, have led to increasing demands for the
accurate’ standardization of ammeters and volt¬
meters at frequencies extending upward from power
frequencies through the entire audio-frequency
range. To meet these demands, special instruments
have been developed at the National Bureau of
Standards for the measurement of current and
voltage over rather wide ranges. They make use
of thermal converters 1 (often called thermoelements)
like those incorporated in ordinary thermocouple
instruments, but differ in the manner of reading
and use. They may be used either directly to
measure the ac-dc differences of ammeters and
voltmeters, or with a suitable potentiometer and
accessories to measure alternating currents and
voltages. They were designed and are used pri¬
marily for testing electric instruments, at currents
from 1 ma to 50 amp and voltages from 0.2 to 750 v,
with an accuracy of 0.01 percent at frequencies
from 25 to 20,000 c/s.

2. Transfer Principle
The basic electrical units are defined in terms of
a concordant system of mechanical units and are
realized by absolute electrical measurements carried
out at national standardizing laboratories to fix
the value of groups of standard cells and resistors.
These standards are used in conjunction with a
potentiometer to make measurements of direct
voltage, current, and power. It has been known
for a long time, but not sufficiently realized, that
the measurement of the corresponding alternating1 Proposed AIEE definition 30.89.040: A thermal converter is a device that
consists of one or more thermojunctions in thermal contact with an electric
heater or integral therewith, so that the electromotive force developed at its
output terminals by thermoelectric action gives a measure of the input current
in its heater.

current quantities depends fundamentally on certain
standard types of electric transfer instruments that
ideally have the same response on direct and alter¬
nating current. If the instruments are calibrated
on direct current at the time of each use and if the
precision of reading is suitably increased, long-time
stability, freedom from drift, small temperature
influence, low losses, and other normally desirable
characteristics become of secondary importance,
and the instruments may be primarily designed and
constructed to have the best possible frequency
characteristic. For difference measurements such
instruments need not have long scales in the ordinary
sense, but rather may be designed for increased
precision of reading by methods that would not be
applicable to instruments intended for general
service.
Special electrodynamic transfer instruments have
long been used at the Bureau for accurate a-c
measurements. These transfer standards are used
largely to standardize (test) other instruments
submitted to the Bureau for certification. There
are two distinct types of such tests. For the
“straight a-c test”, the instrument under test and
a transfer staiidard are connected to measure the
same alternating electrical quantity (current, volt¬
age, or power), which is adjusted to produce the
desired deflection of the test instrument. The
response of the standard instrument is observed,
then the standard is transferred to direct current.
The direct quantity is adjusted to give the same
response of the standard and is then measured with
a suitable potentiometer and accessories. For the
so-called “ac-dc difference test”, both instruments
are connected to measure the same quantity first
on alternating and then on direct current, which
is in each case adjusted to give the same deflection
of the test instrument. From the averaged difference
in the response of the transfer standard, the ac-dc
difference of the test instrument is computed.
The second type of test can be made with somewhat
higher accuracy than the first, and in conjunction
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with a test on direct current gives more information
about the performance of the test instrument.
Because the ac-dc difference of an instrument de¬
pends upon geometrical factors that are relatively
permanent, subsequent tests for checking the con¬
stancy of calibration need generally be made only
on direct current. Occasionally transfer tests arc
made by using a selected low frequency (such as
60 c/s) as the reference in place of direct current.
An example of the accuracy with which such
tests are made, laboratory standard instruments,
with scales 12 in. long, are regularly standardized
and certified at the Bureau to 0.05 of a scale division.
For a 150-division instrument this requires an
accuracy of measurement of 0.03 percent or better.

transfer voltmeter. A careful experimental and
theoretical study of their performance led to the
purchase of additional commercial thermal converters
of suitable ranges and the design and construction of
equipment for using them as transfer standards for
voltage and current.
3.2. Description of Transfer Standards

Each thermal converter purchased in the milliampere ranges is of the vacuum type, mounted in an
evacuated glass bulb with supports of copper wire
embedded in the glass. The conductor, heated by
the current to be measured, is a short straight wire
generally less than ){ cm long and often less than
0.001 in. in diameter. The heater alloy and dimen¬
3. Development and Description of Electro- sions are chosen to give a temperature rise of about
200° C at the center where the hot junction of the
thermic Transfer Standards
thermocouple is fastened by a ceramic bead. This
bead
provides electrical but not thermal insulation
3.1. Choice of Standards
between the heater and thermocouple circuits, with a
coupling capacitance less than 1 /x/xf and an insulation
Several types of instruments were considered in
resistance greater than 50 megohms at 25° C.
choosing transfer standards to cover the full audio¬
Because high current sensitivity is not required,
frequency range. Electrodynamic instruments have
the
thermal converters in the 1- to 50-amp ranges are
been highly developed [1, 2, 3]2 at the Bureau for
not
evacuated. The hot junction of the thermo¬
measurements at the commercially important power
couple is welded directly to the midpoint of a thinfrequencies and can be used with proper corrections,
walled tubular heater. These thermal converters
up to about 2,000 e/s. However, unavoidable in¬
are
temperature compensated [6].
ductance and stray capacitance errors limit their
For
current measurements, thermal converters in
useful frequency range and present little hope for the
the series 1, 2, 5, 10, etc., with rated output electro¬
desired extension. Electrostatic instruments have
motive forces of 10 mv were purchased, with ranges
been carefully studied [4, 5] at the National Physical
from
1 ma to 50 amp. Thermal converters of 7.5Laboratory. They are useful over wide frequency
and 30-ma ratings, with appropriate series resistors,
ranges, but because of their low-torque—weight ratio
are list'd for voltage measurements. Figures 1 and 2
at low voltage are not readily adaptable for either
show
some of the thermal converters and the model
the low voltage or the current ranges desired in this
A
and
model B voltmeter elements. It should be
application.
Electrothermie instruments, which use
emphasized
that the caption NBS on the nameplate
an effect produced by the heating of a conductor
shown in figure 2 signifies only that the equipment
carrying a current to be measured, seemed more
was assembled for use at the National Bureau of
promising. Of the several kinds, thermocouple in¬
Standards.
All the thermal converters were pur¬
struments, in which the temperature rise of the con¬
chased
commercially,
as were the components of tin1
ductor (heater) is measured by a thermocouple,
voltmeters.
It
should
also be emphasized that the
seemed most feasible. Straight-wire heaters allow
thermal
converters
shown
in these figures are the
a wide frequency range, and the thermocouple
transfer
elements
only.
An
indicator (to be dis¬
measurements permit high precision of reading. The
cussed
in
the
next
section)
is
necessary
for all meas¬
usual disadvantages of poor stability and large tem¬
urements,
and
a
potentiometer
and
accessories
are
perature influence are not important in their use as
also
necessary,
except
for
transfer
tests
of
other
transfer instruments, and their low overload capac¬
instruments.
ity is not a serious limitation in careful laboratory
The model A voltmeter was developed as a proto¬
work.
Fortunately, good thermal converters are
type
instrument to meet an immediate need for
commercially available. They have been used for
voltage measurements.
It consists of a 30-ma
measurements at frequencies up to about 65 Me, with
thermal converter connected with its heater in
a d-c millivoltmeter as the indicator, and are gener¬
series with a commercial decade resistance box.
ally considered in the L- to 2-percent accuracy
modified to have two I .()()()-ohm-per-step decades,
classes. So far as is known, they have not been
and
a 1 ()()-, a 10- and a 1-ohm-per-step decade, all
previously studied for use as transfer instruments a t
in
series.
As shown in figure 3, one end of the heater
the frequencies and the accuracies needed in this
of
thi'
thermal
converter is connected to the low-side
application.
! terminal of the box, with the shield of the box con¬
For these reasons, commercial thermal converters
nected to the other end of the healer and to the
were selected for study to determine their value as
j shield of thi' coaxial cable connecting the instrument
ac-dc standards in a wide-range audio-frequency
to the circuit. The center lead of this cable is con¬
nected directly to the high-side terminal of the box.
• Figures in brackets indicate the literature references at the end of this paper.
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mounted in a suitable shielded box with the shield
connected to the low-side terminal of the instrument,
as shown in figure 3. For both instruments the
effects of capacitance currents and of the selfinductance of the resistors were carefully considered;
the limiting factors are discussed in another section
of this paper.

A
Figure 1.

Typical thermal converters.

Thermal Converter

Shield

r'

750 600 300 150

75

60

30

15

7.5

6

3

1.5

Wv^^\AA^vL^X\Jv^A^
L__

_I

B
Figure 3.

Circuit diagrams of the model A and model B volt¬
meter elements.

A, Model A voltmeter element; B, model B voltmeter element.

3.3. Indicator

Figure 2.

Mounted thermal converters and the model A and
model B voltmeter elements.

hike the electrodynamic transfer standards used at
lower frequencies, the series resistor is adjusted in
use to give the same nominal current level for each
measured voltage. This was chosen at 20 ma, re¬
sulting in u voltmeter having a constant 50 ohms/v
and an upper range of 400 v. The model A volt¬
meter. described in some detail in an earlier paper
17] is now no longer used for routine measurements.
For the model B voltmeter, a built-in 7.5-ma
thermal converter was used, with a fixed resistor
having taps to give voltage ranges of 1.5, 3, 6, 7.5,
15, 30, 60, 75, 150, 300, 600, and 750v. The resist¬
ance cards for this instrument were purchased com¬
mercially, and the cards and thermal converter were

Because of its convenience and portability, a millivoltmeter is generally used for measuring the emf in
the usual thermocouple instrument. The precision
of reading of the usual millivoltmeter is of course
far too low for this application. For increased ac¬
curacy a potentiometer can be used to measure the
thermocouple emf.
However, if the thermal con¬
verter is used only as a transfer standard, the emf
need not be measured in a “straight a-c’’ test; and in
ac-dc difference tests it is only the small change in emf
between the a-c and d-c settings that is significant.
The change and the full emf with which it is com¬
pared need be measured with relatively low accuracy,
provided the change is referred to a highly stable
base value. Thus high sensitivity and high stability
but only moderate accuracy in the measurement of
emf are required of the indicator. For these require¬
ments, a Lindeck potentiometer for providing the
base valup, used in conjunction with a suitable gal¬
vanometer, the deflection of which indicates the
change, forms the ideal indicator. In a Lindeck
potentiometer, based on Poggendorf’s second prin¬
ciple [8], the emf to be measured is balanced by an
adjustment of the current through a fixed resistor.
At balance the voltage drop across the resistor,
which is the product of the potentiometer current
and the resistance, is equal to the measured emf.
The current is ordinarily measured with a milliam-

319/123

meter, which generally sets the limit on the accuracy
obtainable with this form of potentiometer.
Such a potentiometer has been incorporated in a
panel constructed for the audio-frequency testing. It
was designed to have adequate stability, freedom from
changing extraneous electromotive force and the re¬
quired ranges, with sufficient precision of reading. Its
circuit is shown in the central portion of figure 4.
The resistor, R, is made of manganin, and a special
tliermofree key [8] and copper binding posts are used
in the electrothermally sensitive emf circuit. The
components are mounted in the central part of the
panel, as shown in figure 5, and are enclosed by a

3.4. Use of Instruments
These transfer standards are used almost solely for
standardizing other a-c instruments. The necessary
switching and control circuits for such tests have been
incorporated in the panel shown in figure 5. In
addition to these circuits and the Lindeck potenti¬
ometer, the panel contains the impedance-matching
transformers for the high-voltage circuits used in
testing voltmeters and the high-current circuits used
in testing ammeters. The present transformers pro¬
vide ranges up to 50 amp and 800 v, with a nominal
input voltage of 150 v and a power level up to 100 w.

C signifies coaxial lead with shield grounded; S signifies shielded lead with shield grounded.

grounded metal shield. No other thermal pre¬
cautions were found necessary. A reflecting wallmounted galvanometer is used, with a voltage sensi¬
tivity (in the circuit) of 1 mm//iv. A Xo. 0 dry cell
supplies the potentiometer current, which is adjust¬
able from 0.2 to 1.2 ma. At these current levels,
repeated tests have shown that the steady drift in tin*
voltage across the four terminal resistor is less than
0.02 percent per hour, and that superposed fluctua¬
tions are much less than 0.01 percent. The fourterminal manganin resistor has taps at 0.1, 0.5, 2,5,
5, 10, and 25 ohms, giving milivolt ranges, at a
current of 1 ma, of these same numerical values.
The lowest range is used in transfer tests as a quick
check of the potentiometer. With the thermocouple
of the thermal converter connected to the “TC”
posts of the potentiometer, but with no current
through its heater, a galvanometer deflection of 10.0
cm to the left on the scale with the Lindeck set for 0.1
mv serves as a valuable partial check of the required
accuracy and correctness of the Lindeck circuit.

Motor-generator sets and voltage stabilizers are
available for tests at 60 c/s and audio-frequency
oscillators and power amplifiers for tests at other
frequencies. Batteries, controlled by suitable ad¬
justable resistance voltage dividers and series resis¬
tors, are used for the necessary direct-current sources.
The potentiometer, standard cells, volt boxes, and
resistors are those normally used for instrument
testing and are periodically standardized to insure a
continued accuracy of considerably better than 0.01
percent.
A schematic diagram of the major circuits and
equipment on this panel is shown in figure 4. For an
a-c test of an ammeter, the transfer thermoelement
is connected to the AC-DC binding posts and its
thermocouple to the TC posts on the panel. The
test instrument is connected to the AC posts, and a
suitable four-terminal standard resistor is connected
to the DC posts for use in measuring the d-c current
by means of a potentiometer. For low currents at
tlie higher audio frequencies, shielded leads with the

320/124

shields grounded are used to minimize errors due to
stray capacitance currents. The alternating current
is adjusted for the desired deflection of the test instru¬
ment, and the Lindeck potentiometer is adjusted for
an “on-scale” deflection of the galvanometer. The
standard instrument is then switched to direct cur¬
rent, which is adjusted to give the same galvanometer
deflection and is then measured with the external
potentiometer. The direct current through the
heater of the thermoelement is then reversed and the
d-c measurement repeated.1 * 3

Figure 5.

Instrument testing panel, including Lindeck
element.

For an a-c test of a voltmeter, a similar procedure
is used. The transfer standard is connected to the
AV-DV receptacle on the panel with a coaxial lead,
with due care to connect its thermal converter to the
grounded shield of this lead, and the thermocouple
is connected to -the TC posts on the panel. The
test instrument is connected to the circuit with a
special twin lead consisting of two coaxial lines per¬
manently paralleled at the instrument and connecting
to the two AV receptacles on the panel. Similar
leads of the same length are used to connect the high
side of a volt box for use with the external poten¬
tiometer to measure the direct voltage, to the two
D\ receptacles. The use of these leads eliminates
the effect of any stray magnetic field or lead resistance
on the measurements.
This simple procedure is reliable only if the drift
of the response of the standard instrument is negli¬
gibly small in the time taken for a series of such
3 Such reversed d-c readings are common practice for highest accuracy with all
types of ac-dc instruments.

readings. This is fortunately true for each of the
thermal converters used. After an initial warm-up
period of a minute or so, the maximum observed
drift under those laboratory conditions of any of the
thermal converters tested was less than 0.5 percent
per hour, and the average less than 0.05 percent per
hour. If it were necessary, the effect of significant
drift could be practically eliminated by using a deflec¬
tion method as outlined for transfer tests, calibrating
the standard instruftient on direct current at the
nominally correct current or voltage before and after
each a-c setting.
For ac-dc difference or transfer tests, which are
more frequent and usually more important than
straight a-c tests, the test and standard instruments
are connected in series to the AC-DC posts 4 in the
case of ammeters, or in parallel with suitable coaxial
leads to the AV-DV receptacles in the case of volt¬
meters. Suitable short leads are used to connect the
two AV receptacles together and to connect the two
DV receptacles together. The current or voltage is
adjusted for the desired deflection of the test instru¬
ment, and the Lindeck potentiometer is adjusted for
a deflection near the null position at the center of
the galvanometer scale. The two instruments are
then in quick succession connected to alternating,
direct, reversed direct, and then alternating current.
The current is adjusted to give the same deflection
of the test instrument in each case. The resulting
deflections of the galvanometer of the Lindeck poten¬
tiometer are observed with the potentiometer con¬
trols undisturbed. This procedure practically elim¬
inates any effect of drift in either instrument, and
errors in repeating the settings of the instrument
under test can be made very small by using a lowpower microscope and setting the image of the
instrument pointer in coincidence with a cross-hair
in the eyepiece. The control circuits have been
arranged to facilitate switching, and with two
observers the procedure is rapid even with moder¬
ately fluctuating voltages as only one of the two
instruments is set to a given deflection.
From the average of the deflections on alternating
and on direct current, the ac-dc difference of the test
instrument is readily computed by a simple formula.5

4. Evaluation of Transfer Performance
The ac-dc difference of each transfer standard
must be known to the full accuracy desired in the
measurements to be made. As, in a sense, there are
no absolute transfer standards, such an evaluation
essentially consists of four steps.
1. Choice of a type of instrument that theory in¬
dicates is suitable over the desired ranges.
2. Study of all known effects that can cause such
an instrument to depart from this ideal.
3. Construction and use of an instrument in such
a way that these effects, by computation or
direct tests of the separate components, are
negligible or known.
1 One terminal of the heater is connected to the post that is grounded on
alternating current.
3 The formulas used in computing the results of the a-c and transfer tests are
developed in appendix 1.
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cation, and their direct-current and low-frequency
responses were verified by special tests described in
other sections. The effective impedance of each
voltmeter element was approximately computed
from inductance and capacitance data supplied by
the manufacturer of the resistance cards, and was
verified by special tests to be described later. The
capacitance and resistance of the Lindeck potenti¬
ometer to ground were measured and found to be
1,600 ppi and 10,000 megohms at an ambient relative
humidity of 40 percent. Thus the computed stray
currents are sufficiently small so that no appreciable
fraction of the currents measured will be diverted
through the thermocouple at audio frequencies when
one end of the heater is grounded. The use of
shielded leads where necessary, the avoidance of a
ground between the test instrument and the standard
in the current circuits, and the use of the special co¬
axial lines in the voltage circuits assure that the
fundamental principle is observed even at the
smallest current and voltage in -the present ranges.
The comparison tests of step 4 were planned to
give maximum possible assurance against errors due
to unsuspected causes. Each comparison consisted
of repeated careful transfer (ac-dc difference) tests,
as described in section 3.4. The 1-, 2- and 5-amp
thermal converters were compared with the NBS
electrodynamic transfer ammeter at selected fre¬
quencies from 25 to 200 c/s. The model A voltmeter
was compared with the NBS suppressed-zero electrodynamic voltmeter at frequencies of 30 and 60 c/s and
voltages from 20 to 240 v. Both of these electrodynamic instruments have been carefully studied
[1, 2], They can be read with a precision of better
than 0.005 percent. The results of these compari¬
sons, corrected for the small known transfer errors of
the electrodynamic instruments, are shown in table 1.
They are estimated to be accurate to 0.005 percent or
better. The results of these tests disclosed that the
model A voltmeter and the electrodynamic voltmeter
were in excellent agreement at these frequencies.

4. Comparison of actual transfer performance of
the standard with that of some other instru¬
ment, preferably of a quite different type,
whose performance has also been evaluated.
The evaluation of these electrothermic transfer
standards was considered of primary importance
because of the high order of accuracy demanded in
this application. The unique facilities of the Bureau
made this quite feasible, particularly for step 4,
which is necessary to guard against errors from un¬
suspected causes. Prototype instruments such as
these, in which previously available ranges are
greatly extended, cannot be directly compared with
other types of standards over their full range. The
evaluation therefore consisted of the study, compu¬
tations, and special tests of steps 2 and 3 during the
design and construction of these instruments and
their panel, the intercomparisons of thermal con¬
verters of adjacent current ranges in the series, the
comparison at low frequencies of selected thermal
converters with the electrodynamic transfer stand¬
ards at the Bureau, and the comparison of these
thermal converters with certain portable hot-wire
and electrostatic instruments also available.
A thermal converter can be used as a transfer
standard for alternating-current measurements over
the range of frequencies for which the response char¬
acteristic, E=j{I), is the same as with direct current ,
where E is the output emf, and / the current through
the heater of the thermal converter. For a volt¬
meter element consisting of a resistor in series with a
thermal converter, the magnitude of the effective im¬
pedance Z= V/I must also be equal to the effective
resistance on direct current, where V is the applied
voltage. In addition to these two requirements for
instrument testing, the fundamental principle that the
standard and the instrument under test “see” exactly
the same quantity must be carefully observed.
The response characteristic of the types of thermal
converters used were believed to be suitable at fre¬
quencies far higher than those used in this appli¬

Table

Thermal converter
range

amp
1_
i
_ .
i_
2_
2_
2_
5_
5_
5_
5_

1.

Results of comparisons of thermal converters with other types of instruments

Other instrument

Electrodynamic ammeter.__
_do
do
_ _ _
_do
_ _ do .
_do
_do__ _ .
__ do...
. _
..do
. .
_ do

_

Test
current
or
voltage

amp
0.4
1
1. 2
0. 8
2
2.4
4
5
6
4
5

Comparative ac-dc difference
25
c/s

30
c/s

%
-0. 001
-.053
-.067
-.022
115
-. 154
-.004
-.010
-.011

%

60
c/s

%
+0. 001

—

—

—. 013
-.001
-.025
-.035
-.006

—
-.018

100
c/s
o?
/V
-0. 001
-.008
—. 0C8
+.001
-.009
-.015
-.005
-.005
-.008

—

200
c/s

%
-0. 002
-.001
-.005
+ .001
+ .001
-.002

1,000
C/s

10, 000
C/S

15.000
c/s

20, 000
c/s

%

%

%

%

—

-.007

-0. 006
-.002

-0.004

V
Model A voltmeter..
Do_
Do_
Do_
Do_
Do_
Do_

Electrodynamic voltmeter
_ do
.
do
__do.__ __ _ .
_do.
Electrostatic voltmeter
__ .do_ _ _

20
50
120
150
240
150
300

-.004
-.005

—

—

-0. 002
—

—

-.003
-.002
+.004
+.004
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-.002
-.004

+i004
-.010

"-.004
-0. C08

-.002
+.009

They disclosed significant disagreements between tlie
ampere-range thermal converters and the electrodynamic ammeter, which were considered to be due
to a low-frequency error in the 1- and 2-amp thermal
converters and a small error independent of frequency
in the 5-amp thermal converter.
The model A voltmeter was also compared with
two new high-grade portable pivoted electrostatic
voltmeters, having scales over 5 in. long, at selected
frequencies from 30 to 20,000 c/s. For increased
precision a low-power microscope was focused on
the pointer of the electrostatic instrument under
test. This instrument was always set to the same
deflection and was tapped lightly before each read¬
ing. Repeated sets of careful readings were taken
at each frequency, and all tests were at the full-scale
deflection of the electrostatic instrument. Because
of these repeated readings and the favorable condi¬
tions, the averaged results are estimated to be accu¬
rate to 0.01 percent. The results, as shown in table
1, verif}' the absence of capacitance errors in the
thermal voltmeter. Direct comparisons at the
higher frequencies could not be made at lower
voltages, but calculations indicate that skin effect
and the effect of inductance should be considerably
less than 0.01 percent at 20,000 c/s.
Similarly, the 5-amp thermal converter was com¬
pared with a high-quality portable 5-amp hot-wire
ammeter at frequencies from 25 to 20,000 c/s. The
results, as shown in table 1, indicate excellent agree¬
ment at frequencies of 1,000 c/s and above. Tests
at lower frequencies showed very puzzling discrep¬
ancies, which, in a separate investigation, were
traced to vibration errors c in the hot-wire instru¬
ment. For that reason the results at frequencies
less than 1,000 c/s are not shown in this table.
A plus sign in table 1 indicates that with equal
response of the thermal converter on direct and
alternating currents the response of the other instru¬
ment was greater on alternating than on direct
current.
Each thermal converter was compared with tlie
next higher- and lower-range thermal converter in
the series at two currents and at selected frequencies
from 25 to 20,000 c/s. The results of each of these
comparisons at the higher of the two currents at
which tests were made are shown in table 2. They
are estimated to be accurate to somewhat better
than 0.01 percent, with very little possibility of
systematic error. A plus sign in the table indicates
that with equal response of the lower-range thermal
converter on alternating and on direct currents, the
response of the higher-range thermal converter was
greater on alternating than on direct currents. This
series of tests was made to extend stepwise the
results of low-frequency comparisons with the elec¬
trodynamic ammeter, and to indicate any highfrequency effects that might well be expected to
differ in different thermal converters.7 The group
9 Electromagnetic forces between the hot wire and its closely adjacent iron
mounting plate resulted in vibration of the wire because the plate was magnetized
by the damping magnet of the instrument. This vibration caused additional
cooling and thus an error that was as large as 0.2 percent at certain frequencies.
7 The percentage errors due to any high-frequency effects wTould be expected
to be independent of the current level and could thus be evaluated by these tests

Table 2.

Results of intercomparisons of thermal converters

Comparative ac-dc difference
Thermal converter
ranges

1 to 2 tna_
2 to 5 ma....
5 to 10 ma...
10 to 20 ma..
20 to 30 ma*
30a to 50 ma...
50 to 100 ma...
100 to 200 ma..
200 to 500 ma__
500 to 1,000 ma
1,000 ma to 1 amp.
1 to 2 amp_
2 to 5 amp_
5 to 10 amp_
10 to 20 amp_
20 to 50 amp_

Test
cur¬
rent

25
c/s

ma
1. 2
2. 4
6
12

24
36
60
100
240
600
amp
1.2
1

2
5
10
20

/ooo
+. 006
+.004
.000
+.001

100
c/s

400
c/s

or
/c

or
/V

—

-0.003

+.004
+.024 +0. 028
-.046
+.026
-.002

—

+.034
-.028
-. 123
-.008

_

-.010

-.014

-.002
-.011
-.006
-.010
-.015

-.014

1,000
c/s

10,000
c/s

Of
/c

%

0. 000
+.003
. 000
+.004
-.001

20,000
c/s
c7
+0.006
-.003
.000
-.006
. 000

. 000
. 000
+.036
+. 027
-.044 -0.050 -.049
+. 039
-. 002 +. 002 +.002
—. 065 -.056 -.065
-.002 -. 002 +. 001
+.003 +.004 +.009
-.006 -.007 -.004
-.008 -.012 -.009
-. 018 -.035

“ This 30-ma thermal converter was the one used in the model A voltmeter.

of tests disclosed small discrepancies independent
of frequency in a few thermal converters, and ver¬
ified the absence of any high-frequency errors in
the thermal converters tested. However, they could
not be used to assign numerical values to the errors
of individual thermal converters in the milliampere
range as the differences were found to depend upon
the current. The concluding series of tests to eval¬
uate these errors were comparisons of a shunted
thermal converter with each of those pairs of thermal
converters that showed discrepancies in the previous
intercomparisons. The model A voltmeter was
shunted with a bifilar resistor of computed skin effect
and time constant for tests at currents from 1 to 40
amps, and with a suitable high-quality audio-fre¬
quency decade resistance box for tests at lower
currents. The results are shown in table 3 and are
estimated to be accurate to better than 0.01 percent.
A positive sign in this table indicates that with equal
Table 3.

Results of comparisons of selected thermal converters
with shunted model A thermal voltmeter

Compai•ative ac-dc d ifference
Thermal converter
range

Test
current
25 c/s

ma
50
1
100

_
l

200_
500

... . _

1,000

_ ■
amp

10
20
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_
___
.

ma
60
70
100
120
240
200
400
600
400
600
800
amp
5
10
12
10
20
24
20
40

%
-0. 003

100 c/s

400 c/s

%

%

-0. 043
-.062
-.065
-.010
-.044
-.056
-.068
-.041
-.061

+ .002
-.070
-.060
-.059

-.004
-.014
-.018
-.003
-.015
-. 023
-.008
-.010

-0.065
+.002
-.042
054
-. 069

-.010

-.006
— .015
-.020
-. 006
-.017
-.024
-.010
-.010

response of the thermal converter on alternating and
on direct current the response of the shunted model
A voltmeter was greater on alternating than on
direct current. The results of tests of the 1-, 2- and
5-amp thermal converters, duplicating those with
the electrodynamic ammeter, are not shown in the
table. The average difference between eight such
duplicate results obtained with this ammeter and
with the shunted model A voltmeter was 0.004 per¬
cent, and the largest difference was 0.013 percent.
A few additional check tests of these thermal con¬
verters with the shunted voltmeter were made at
other frequencies but are not tabulated.
The results of all these tests were combined to
assign reliable values of ac-dc difference, 5, to each
thermal converter in the series from 1 ma to 50 amp
and to the model A voltmeter. These values were
less than 0.01 percent for the model A voltmeter and
for all the thermal converters of ranges less than 100
ma. The values for the other converters (rounded
off to the nearest 0.005%) are shown in table 4.
Table

4.

Observed 'percentage ac-dc differences
converters (to the nearest 0.005 percent)

of thermal

(a) Differences independent of frequency

Percentage, of rated current
Converter
range
40

50

60

80

100

120

(B)

(*)

(•)

(*>

C)
"-.060

(“)
-0.055
-.060

.000

-.005

(»)

.
.

(a)

-0.030

O)
-0.0*5
-.040

-0.060
(“)

-0.065
(■)
-.070

.010
.015
. 0x5

-.015
-.020
-.025

amp
5..
in.
20.
50.

.000
-0.005
-.005
-.010

-.010

(b) Differences dependent upon frequency

Frequency (cycles per second)
current
25
* amp
1__..

Results of comparisons of model A and model B
thermal voltmeters

ac-dc difference of model B voltmeter
model B

Voltage
25
c/s

Volts
V
%
3 through 75.. Rated_
O)
150__ _do_
300..
_do.
600.. 400_
750_ 400_ +0.003

_

1,000
c/s

5,000
c/s

15,000
c/s

%
M

%
0\>

%
(“)

+o.oii

20,000
c/s

%
V)
+0. 013
+.02x
+0.0i4 +6. 044
+.05x
+. 028
+.064
+. 082

• Less than 0.01 percent, 25 to 20,000 c/s each range,.

As a result of these extensive series of tests, the
transfer performance of each of this first set of ther¬
mal converters and of each of the two voltmeters
was uniquely determined. Small but significant acdc differences of both known and unsuspected causes
were found. Corrections for these differences can
readily be applied when these thermal converters are
used as transfer standards. However, an investiga¬
tion of such differences is an especially important
objective of a development such as this. As a result
of such an investigation, a number of factors that
limit the transfer accuracy of an electrothermic in¬
strument were discovered and evaluated, with the
results given in the following sections.

5. D-C Response

ma
1 through 50.
100
200
500...1000_

range

Table 5.

amp
(0.4
h.o
b-2

(0.8
2.. •,2. 0
[2.4

60

0.000

100

200

-0.0i0
-.055
-.065

-.015

0. 000
-.010
-.010

0. OCO
.000
-.005

-.020
-. 120
-. 155

.000
-.025
-.035

.000
-.010
-.015

.000
.000
.000

» Less than 0.01 percent throughout.

The model B voltmeter, which was developed to
give a wider voltage range and greater convenience
of use than the model A, was compared with thd
model A voltmeter at rated voltage on each range
up through the 300-v range and at 400 v on the higher
ranges, at selected frequencies from 30 to 20,000 c/s.
The results are shown in table 5 and represent
directly the ac-dc difference, 5, of the model B volt¬
meter. They disclosed significant but not unex¬
pected errors for the higher voltage ranges at the
higher frequencies.

In all measurements with a transfer standard the
average of the d-c response of the standard for the
two directions of current is taken as the reference upon
which the a-c measurements are based. For all
three types of such standards, the reversed d-c aver¬
age gives a better basis than does the response for one
direction alone as effects that lead to small differ¬
ences in response for the two directions of direct cur¬
rent are reduced to the second order of smallness
when the average is taken.
Reversal differences may be expected in a contact
thermal converter because of the flow of heater cur¬
rent through the hot junction of the thermocouple.
This can cause a voltage drop in the thermocouple
circuit, which may lead to second-order errors be¬
cause of the nonlinearities of the thermal and electric
circuits. This cause of reversal difference is mini¬
mized by the special constructions used in most
high-range thermal converters, and is eliminated by
the use of the small insulating bead between the
heater and the thermocouple in the low-range ther¬
mal converters. Surprisingly, however, early tests of
the first thermal converters purchased for the model
A voltmeter showed appreciable reversal differences
(up to 0.2%) even in these insulated-heater thermal
converters. It was soon realized that this was prob¬
ably due to thermoelectric effects in the heater cir¬
cuit. Peltier and Thomson heating of the heater can
cause dissymmetry in the temperature rise of the
heater, and thus cause differences in the emf of the
thermocouple unless the hot junction is exactly at the
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midpoint of the heater.8 This supposition was veri¬
fied by an analysis of the data, which showed that
the differences were larger in those thermal converters
with heaters having larger thermoelectric effects.
Further verification was secured by tests of special
thermal converters, constructed by one of the manu¬
facturers 9 at the Bureau’s request, with the hot
junction of each deliberately and considerably offcenter. The reversal differences were much larger,
and the signs and magnitudes were found to be
roughly in agreement with calculations based on
thermoelectric data for the alloys used.
Early intercomparisons of these few thermal
converters indicated that no significant ac-dc dif¬
ferences should be expected, even with rather large
reversal differences from this cause, provided that
the average for the two directions of current is
taken as the d-c response. However, intercom¬
parisons and tests of the much larger number of
thermal converters later purchased for current
measurements showed that a good proportion had
measurable ac-dc differences, all of the same sign
and independent of frequency. This suggested
a d-c error, for which these thermoelectric efforts
seemed the most likely cause. This was inves¬
tigated theoretically (see appendix 2) by consid¬
ering the temperature rise of a homogeneous con¬
ductor heated by an electric current and cooled
solely by conduction to two relatively massive
terminals; i. e. by neglecting, for simplification,
radiation and convection losses and the heat ab¬
stracted by the attached thermocouple.
With only the normal joule, or resistance, heating,
and with the terminals of the conductor at equal
and fixed temperature, the temperature distri¬
bution along the conductor is parabolic, and the
temperature rise at the midpoint is, as Goodwin
showed,10 equal to

where Vc is the voltage drop across the conductor,
and p and k are the electrical resistivity and ther¬
mal conductivity, respectively. In addition, how¬
ever, there is Peltier heating or cooling at the junc¬
tions of dissimilar metals (the two junctions between
the heater and its two supports) and Thomson
heating along each half of the wire. Unlike joule
heating, these are dependent upon the direction
of the current flow and can thus cause a dissym¬
metry of the temperature distribution along the
conductor, which reverses when the direct current
through the conductor is reversed. On alternating
current, even at the low frequencies in which we
are interested, the reversal of current occurs so
rapidly that the thermal inertia of the wire prevents
any such dissymmetry, and the temperature dis¬
8 This dissymmetry has actually been utilized to measure the Thomson effect.
See [9],
9 M. Rosenfield, of the Field Electrical Instrument Co., who first showed that
the reversal differences were dependent upon the type of heater material.
10 See [6], In addition to this classic paper, Goodwin has written an excellent
series of articles on “Thermal problems relating to measuring and control serv¬
ices”, which appeared in Weston Eng. Notes, 1948-50 (Weston Electrical Instru¬
ment Corp., Newark, N. J.).

tribution is unchanged by these thermoelectric
effects. Calculations show (see appendix 2) that
with direct current the temperature rise at the
midpoint of the conductor, where the hot junction
of the thermocouple is attached, is unaffected by
the Peltier heating, for completely symmetrical
construction of a thermoelement. They show,
however, that it is changed by Thomson heating,
and becomes, approximately,11

<2)
where 6t is the midpoint temperature rise in the
presence of Thomson heating, in °C; 9d, the rise
without Thomson heating; <7, the Thomson voltage
coefficient in volts-degree _1, Vc, the voltage across
the conductor in volts.
This was derived by considering a a constant,
whereas both experimental results and the electron
theory of metallic conduction indicate that a—BT,
where B is a constant and T is the absolute tempera¬
ture.
However, a solution by a perturbation
method,12 of the nonlinear equation that results when
<j=BT, shows that the above results give a suffi¬
ciently close approximation for the temperature rise
of about 200 deg C encountered in typical thermal
converters. Thus eq 2 shows that an ac-dc difference,
or transfer error, should be expected in a thermal
converter, and enables the approximate calculation
of this error. Such calculations have been made for
some common metals and some of the alloys used as
heaters in thermal converters, on the assumption of
a 200 deg C rise at the midpoint, and a voltage drop
of 0 .2 v at rated currents.13 The results, converted to
ac-dc difference for the same temperature rise, rather
than temperature difference for the same current, are
shown in table 6. For the computation of these
results, the Thomson coefficient <r was considered to
be equal to B(d0-\-2/36d-\-273), where B is the second
derivative of the characteristic curve of emf versus
temperature for a thermocouple composed of the
indicated metal and lead.14 60 is the ambient temper¬
ature in deg C. The results show approximately the
errors to be expected for these materials.
Table 6.

Calculated ac-dc difference at rated current due to
Thomson effects in thermal converter heaters

Metal

Copper.__ ___ .
Platinum _ __....
Manganin... .
..
.
.
Constantan (60 Cu-40 Ni)._ _ ___ . ..
90 Ni-10 Cr_
85 Pt-15 Ir___

B

ac-dc
difference

»/°C=
+0.8X10-8
-3.2
-0. 08
-7.3
-3.2
-2.1

Per cent
<0.005
-.013
<.005
-.064
-.013
-.005

11 At other points along the conductor the average temperature rise for the two
directions of direct current is also changed by Thomson heating.
12 This method was suggested by Chester Snow.
is From eq 1, a series of thermal converters having similar thermocouples and
the same rated output emf at rated current, and having heaters that obey the
Weidemann-Franz law will all have the same temperature rise and the same
voltage drop across the heater. The temperature rise is about 200 deg C, and the
voltage drop about 0.2 v at rated current for most thermal converters.
14 This weighted average absolute temperature gives results in closer agreement
with those computed by the more exact method than does the unweighted average,
«o+l/2fid+273.
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The results may be compared with the observed
ac-dc differences shown in table 4. From information
supplied by the manufacturers, the 1-, 2-, 5-, 10-, 20-,
50-, and 200-ma thermal converters have heaters of
either carbon,
nickel-chromium,
or platinumrhodium-ruthenium alloys. The observed ac-de dif¬
ferences of these converters were less than 0.01 per¬
cent. The 100-, 500- and 1,000-ma thermal convert¬
ers had heaters of constantan (Advance). The
observed differences for these converters (at rated
current) were close to the calculated value of —0.06
percent. The 1- and 2-amp converters, of platinumiridium, had observed differences (from table 4,b)
less than 0.005 percent, except at low frequencies,
also close to the calculated values. The 5-, 10-, 20and 50-amp converters, of a special platinum-3percent-copper alloy, had differences of —0.010 to
— 0.015 percent. Thus the agreement between the
computed and observed values serves as excellent
verification of this source of error in transfer thermal
converters. Very fortunately, the error is signifi¬
cantly large only for materials having unusually
large thermoelectric effects, such as constantan.
However, this does lead to the interesting conclusion
that for operation at a low temperature a thermal
converter should have large thermoelectric effects
in the thermocouple, but that for the highest transfer
accuracy it shoidd have very small thermoelectric
effects in the heater.
Additional experimental verification of this cause
of transfer error was secured by constructing15 at the
Bureau two 5-amp thermal converters differing only
in that one had a heater of manganin and the other of
constantan. These were 5-amp thermal converters
with a small Borax bead between the hot junction of
a copper-constantan thermocouple and the center of
the heater wire, to eliminate contact effects. Careful
ac-dc difference tests with the standard electro¬
dynamic ammeter as the reference established agree¬
ment within 0.005 percent for the manganin element
and indicated an ac-dc difference of —0.06 percent
for the constantan element at an emf of about 5 mv.
As a result of this work, a second set of thermal
converters in the 1- to 1,000-ma range was purchased
under specifications prohibiting heaters of constantan
or similar alloys. All of these converters were found
to have ac-dc differences less than 0.01 percent at
audio frequencies.

6. Low-frequency Response
It lias long [10] been known that there is a lowfrequency limit to the correct rms response of a ther¬
mal converter, for reasons analogous to those causing
a similar low-frequency limit in all other types of
transfer instruments. Below this limit the response
characteristic E=/(I) is not independent of frequency
(except for symmetrical square waves), and may be
expected to be in error by an amount that is inversely
proportional to the square of the frequency. As
table 4, b, shows, such an error was observed for the
1- and 2-amp thermal converters.

When a constant direct current is applied, the
heater of a thermal converter reaches a constant
temperature. When an alternating current is ap¬
plied (after the transient state is over) the tempera¬
ture of the heater varies cyclically about a mean
value, with an amplitude that decreases with in¬
creasing frequency because of the thermal capacity of
the element. At frequencies high enough so that the
cyclic variations are negligible, the temperature rise
of the heater is independent of frequency (provided
that at very high frequencies the skin effect and
electromagnetic radiation are negligible and that
standing waves do not alter the temperature distribu¬
tion). However, at lower frequencies the mean
value, to which the d-c instrument or potentiometer
connected to the thermocouple responds, may not be
the same because of nonlinearities in the thermal and
electric circuits. These nonlinearities are caused
principally by radiation losses, the dependence upon
temperature of the electrical resistivity and the ther¬
mal conductivity of the heater, and the curvature of
the emf versus temperature characteristic of the
thermocouple. A theoretical evaluation of these ef¬
fects for the conditions in a thermal converter, in
which most of the cooling is by conduction to the
heater, is difficult, but does serve as a guide in deter¬
mining the approximate limiting frequencies for an
arbitrarily chosen error and for determining which
factors influence that error. Such an approximate
analysis has been carried out by a perturbation
method (see appendix 3). The results show that the
average (time average) temperature rise at the mid¬
point of a conductor heated by a sinusoidal electric
current and cooled solely by conduction to massive
terminals is approximately

and that the percentage ac-dc difference of a thermal
converter having the hot junction of a thermocouple
fastened to the midpoint of such a heater is approxi¬
mately
5= —25Hddcq2
(4)
where
0ac=tbe midpoint temperature rise in de¬
grees centigrade on alternating cur¬
rent of rms value / amperes
0dc=the midpoint temperature rise in de¬
grees centigrade for the same value
of direct current.
h = a—/3—2NTol2, where a is temperature
coefficient of electrical resistivity.
/3=the temperature coefficient of thermal
conductivity of the conductor,

These thermal converters were constructed by E. S. Williams.
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N=p£K/ak.
p and a=the perimeter and area of the cross
section of the conductor, respec¬
tively.
f=the emissivity.
A = tlie Stefan-Boltzmann constant in
watts-cm_2-(deg AT)-4
k = the thermal conductivity in wattscm_1-deg_1

ambient temperature in degrees
Kelvin
q=d/ul2 and is (approximately) the ratio
of the crest value of the cyclic
fluctuation of temperature at the
midpoint to the average temperature
rise at the midpoint
u=2irf, where j is the frequency of the
applied current in cycles per second.
(f=the thermal diffusivity of the heater
material in cm2-sec_1.
1=one-half the length of the conductor in
centimeters.
H=h-\-B/2A, where A and B are the con¬
stants in the emf-temperature char¬
acteristic for the thermocouple it¬
self, that is, in the expression,
To=the

E=Ad+(B/2)62
These equations indicate the factors upon which
the low-frequency error depends. They show that
the temperature rise can correctly be used as a
measure of the rms alternating current, at fre¬
quencies high enough so that the second tertn in
the bracket of eq 3 is negligible for the accuracy
desired; in other words, at frequencies for which
the heater integrates reasonably well. This is true
even if the thermal and electrical conductivities
of the heater are dependent upon temperature.
As a corollary, these equations show that a thermal
converter correctly indicates rms response, except
at low frequencies, even though its response char¬
acteristic E=f(I) is not quadratic.
The above equations are valid only at frequen¬
cies for which the second term in the brackets of
eq 3 is small compared to 1.
Equation 4 may be used to calculate approxi¬
mately the frequencies for which ac-dc differences
may be expected to cause an error of an arbitrarily
chosen value. This has been done for some typical
materials for an error of 0.1 percent, a temperature
rise of 200° C, and a typical heater length of 0.4 cm.
The results are shown in table 7.16
Table 7.

Frequencies for which the computed ac-dc differ¬
ence is 0.1 percent

[TC-A signifies a thermocouple of Chrome] P and Alumel, and TC-B a thermo¬
couple of copper and constantan, for which B/2A = — O.IXHH and + 0.9XHH,
respectively]

Frequency for
6=0.1*

Approximate temperature
coefficient
Thermal
diffusivity

Heater material
Electrical
resistivity

CopperPlatinum_ .
Manganin_
Constantan... .
80 Ni-20 Cr_
Carbon-

%I°C
+3.9X10"3
+3.5
< -1
< -1
.1
-. 5

Thermal
conductivity
%I°C
-0. 2X10-3
+.5
-f-2. 7
4-2.3
b+3.5
+ .4

TC-A

cm2-sec-1
1.1
.25
.075
.004
.038
.2

c/s
00
j2
3
3
2
5

TC-B

c/s
TO
14
2
2
2
I

» For a heater 0.4 cm long with a temperature rise of 200° C.
b Estimated from Lorenz’ Law.
>6 The effect of radiation losses has been neglected in preparing this table.
In general, this effect is significant only in the very low and very high range
thermal converters.

It is evident that the most significant factor in
the error term of eq 4 is the length of the heater
as the error is dependent upon the fourth power
of this quantity.17 It is of interest to note that
the lengths, 21, of the heater of the 1- and 2-amp
thermal converters are only 0.28 and 0.19 cm,
respectively, and that the length of each of the
higher-range thermal converters is about 0.5 cm.
The value of H can be determined from the depar¬
ture from “square law” of the characteristic equa¬
tion £’=/(/) of a thermal converter. For these
thermal converters it was considerably less than
the factor given for platinum in table 7. The
estimated frequencies for a 0.1-percent error, on
the assumption that the diffusivity of the plat¬
inum-iridium alloy used in these thermal converters
is the same as that of platinum, were about one-half
the observed values.

7. High-Frequency Response
As these thermal converters are inherently suit¬
able at frequencies up to 100 Me or more, the upperfrequency limit is set by the circuits in which they
are used. The precautions indicated in section 4
are sufficient to control capacitance and leakage
currents in tests of ammeters at frequencies con¬
siderably higher than the 20,000 c/s established
as the present upper limit by the demand for this
testing service.
The actual upper-frequency limit
has not been established.
The magnitude of the effective impedance sets the
upper frequency limit for the model A and the model
B voltmeters. For an accuracy of 0.01 percent at
20,000 c/s, a time constant of less than 1X10-7 and a
skin effect less than 0.01 percent are necessary for
the impedance of each step of the model A and each
range of the model B instruments. The time con¬
stant of each decade of the model A voltmeter was
computed from the inductance and direct-capaci¬
tance values furnished by the manufacturer of the
resistance box used. This was less than 5X10-8 for
each decade. The skin effect was also negligible for
each decade. The resistance box is connected as a
three-terminal resistor, with the shield connected to
the grounded side of the line. For this connection
the errors caused by the capacitance currents to the
shield are much less than those that would occur if
the shield were connected to a resistor terminal.
They are significant only for the two 1,000-ohmsper-step decades. The effects of the capacitance of
the resistance cards and switch studs of these decades
to the shield were computed from the manufac¬
turer’s capacitance figures of about 10 p.p.1 per decade
by considering the capacitance as distributed along a
uniform transmission line, composed of resistance
elements and short-circuited at the end. From the
usual transmission line formulas, the magnitude of
17 For a given heater alloy, the low-frequency range can be extended by using
longer heaters, with proportionately greater cross-sectional area to give the same
temperature rise for the same current. If solid heaters are used, the improved
low-frequency performance will be accompanied by increased error due to skin
effect at high frequencies.
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the current at the short-circuited end was computed
as approximately
|/!=^[1 -0.0056

{uCR)2],

and between the high-side binding post and the top
shield. This shield is brought as close as 2.5 cm to
the row of high-side posts.

(5)

8. Other Effects
where
V=the applied voltage
I — the current at the short-circuited end
i?=the resistance in the circuit
(7= the
total capacitance to shield of
windings in use

the

C0 = 27r/.

At 20,000 c/s for a capacitance of 30 ju/zf this is
changed by less than 0.005 percent at 20,000 ohms,
the maximum setting. The effect of the capacitance
(about 10 mA) of each rather large switch blade to
the shield was separately computed, and found to be
less than 0.005 percent at 20,000 c/s. Thus it was
concluded that the errors of this voltmeter should
be a maximmn of 0.01 percent at the highest settings
and frequencies used, and less at lower settings and
frequencies. The performance at the top settings
was verified by the tests outlined in section 4.
The impedance of the model B voltmeter was simi¬
larly computed, and only the capacitance to the shield
was found to. be significant. As a rough but ade¬
quate approximation this may be considered the
same for each step, which leads to the approxima¬
tion of considering the capacitance as distributed
along a nonuniform transmission line composed of
resistance elements and short-circuited at the end.
The effective impedance was computed by a pertur¬
bation method,18 on the rough assumption that the
resistance per unit length was proportional to the
square of the electrical distance from the output end.
The magnitude of the current at the short-circuited
end was found to be approximately
|/|=^[1 —0.0022

(wCR)2].

(6)

From the measured capacitance of 50 mil and the
total resistance of 100,000 ohms for the 750-v range,
the change in current was computed as —0.09 per¬
cent at 20,000 c/s, which is in very good agreement
with the observed results of table 5. Moderately
good agreement for the other ranges was also ob¬
tained, but the change in current was not observed
to increase in proportion to the square of the fre¬
quency as indicated by eq 6. However, the agree¬
ment is good enough to show that the ac-dc difference
of this instrument is due to capacitance currents to
the shield. These currents cannot easily be reduced in
a shielded multirange instrument of reasonable size.
(A shield is desirable to control the currents.) They
could be compensated by connecting appropriate
capacitors across sections of the resistors, but this
seems less desirable than the procedure of applying
small corrections and has not been done in the model
B voltmeter. Much of the capacitance is that
between the binding posts of each range (see fig. 2)
18 See appendix^.

The intercomparisons of insulated-heater thermal
converters disclosed an unsuspected ac-dc difference
that was dependent upon the voltage between the
heater and ground and upon the heater current of
each of these elements. This was traced to a very
small leakage current flowing through the ceramic
bead between the heater and thermocouple and then
through the stray capacitance of the Lindeck poten¬
tiometer to ground. This current caused additional
heating of the bead and thus an error as on direct
current the insulation resistance of the Lindeck was
much higher than the capacitive reactance, even at
20 c/s. In addition, the ceramic bead of each of
these thermal converters exhibited marked dielec¬
tric absorption, so that its a-c resistance was much
less than its d-c resistance. For a typical thermal
converter at rated current a leakage current of 0.7 ^a
resulted from a difference of 50 v between the heater
and ground, resulting in a power dissipation of 35 /xw
in the bead. This was sufficient to cause a 0.2-percent error, which was proportional to the square of
the voltage difference and was very markedly de¬
pendent upon the heater current.19 The reactance
of a capacitance as small as 100 /x^f is less than the
computed bead resistance, even at a frequency as
low as 50 c/s, so that in almost any application this
source of error makes it necessar}^ to maintain the
heater near ground potential.

9. Other Applications
This equipment was designed for the testing of
other instruments. Portability and the ease of mak¬
ing other a-c measurements were not considered to
be important. However, the thermal converters and
voltmeter elements are readily portable and have
been used, with a small portable millivolt potenti¬
ometer as the indicator, for measurements at other
locations. For measurements of current or voltage
to 0.01 percent, it is necessary to use a transfer
method, calibrating the thermal converter or volt¬
meter on direct current at the time of use. For a
more moderate accuracy of about 0.1 percent, it
should be feasible to use a low-range thermal con¬
verter, shunting it for current measurements and
adding a series resistor for voltage measurements.
Only the thermal converter itself need be transferred
to direct current if the resistances of the shunts and
the series resistor are properly adjusted. Thus d-c
sources of extended range, volt boxes, etc., should be
unnecessary. The whole apparatus could be built
in a convenient case, containing a small potenti¬
ometer for the measurements of the current through,
or the voltage across the thermal converter heater.
19 This was due to the marked decrease in the resistance of the ceramic bead
with an increase in temperature. With a fixed voltage across the head, the error
was in some cases proportional to the tenth power of the heater current.
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A suitable low-range thermal converter should also
make feasible an a-c potentiometer with an inherent
accuracy of 0.01 percent. The basic circuit for a
polar form of such a potentiometer (to measure the
magnitude but not the components or phase angle of
an alternating voltage) is shown in figure 6. With
the switch thrown to direct-current the potenti¬
ometer is standardized in the usual manner, and the
deflection of the indicator of the thermal converter is
observed. The switch is then thrown to alternating
current, which is adjusted for the same deflection
of this indicator. The circuit is surely not new, but
a proved thermal converter makes possible a con¬
venient transfer with accuracies comparable to those
of a d-c potentiometer. The other basic limitation
remains that any a-c potentiometer measures only
the fundamental component of the unknown voltage.
However for an alternating quantity having a har¬
monic content as large as 2 percent, the rms value
differs from the fundamental by only 0.02 percent.
Audio-frequency oscillators and amplifiers with am¬
plitude distortion much less than this are now avail¬
able. Such an oscillator could be used to supply the
potentiometer directly and to supply the test circuit
through an amplifier preceded by a suitable phaseshift network.

10. Summary
The electro thermic transfer standards used at the
Bureau for the precise measurement of voltage and
current at audio frequencies, and designed primarily
for the standardization of electric instruments, have
been described. The extensive tests to establish the
transfer performance of the standards have been out¬
lined, and the results have been given. The causes
of the observed ac-dc differences have been outlined
and the errors evaluated. The equations governing
the temperature rise of a conductor heated by an
electric current and cooled by conduction to relatively
massive terminals have been solved to establish the
steady-state midpoint temperature rise on direct
current with Peltier and Thomson heating, as well as
the ordinary resistance heating, in order to obtain
the d-c error of a thermal converter. The equations
have been solved to establish the average midpoint
temperature rise on alternating current, in order to
obtain the low-frequency error of a thermal converter
in which the electrical and thermal conductivities of
the heater are temperature dependent, in which some
loss of heat occurs by radiation, and in which the
characteristic of the thermocouple is nonlinear.
Possible applications and modifications of the equip¬
ment for measurements under less stringent con¬
ditions have been suggested, and the application to
an a-c potentiometer of excellent inherent accuracy
has been diagrammed.
The results of this work establish the excellence of
thermal converters as transfer standards of highest
accuracy, comparable over wide ranges with that
obtainable with other types of standards at much
narrower ranges. The requirements for such stand¬
ards are feasible and the manner of use to insure such
572772 0-61-22

accuracy not unreasonable. The cost of the required
number of standards and the equipment is not pro¬
hibitive. Thus electro thermic instruments may be
ranked on a par with electrodynamic and electro¬
static instruments for a-c measurements of the high¬
est accuracy.
As a result of this work, thermal converters of
negligible or small known transfer error are now
available as transfer standards with which the trans¬
fer performance of other thermal converters may be
evaluated at the NBS'to 0.01 percent at audio
frequencies.
The author acknowledges the help of Murray Blitz,
who made most of the intercomparisons described in
section 4 of this report and checked all the tables and
equations, and of Earl Williams, who constructed all
the equipment and assisted with the measurements.
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Appendix 1. Development of Working
Equations
By definition, the percentage ac-dc difference of an instru¬
ment is the percentage difference in the quantity required
to give the same response on alternating and direct current.
It is

g = 100

(7)
V dc

where Q is the quantity (current, voltage, or power) that
the instrument measures.
In a “straight a-c test” the direct current or voltage is
adjusted to give the same response of the transfer standard
observed on alternating current.
The direct current or
voltage is measured with the potentiometer and its accessories.
Therefore, from the above definition,
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Qac = Qdc (l+Xjjjj)’

(8)

where Ode is the quantity measured with tjfie potentiometer,
8S is the ac-dc difference of the transfer standard, and Qac
is the a-e value required for the observed deflection of the
test instrument.

Therefore, for a transfer test of an ammeter with a thermal
converter that has no transfer error, the required ac-dc
difference of the test instrument is by eq 7 and 10

AC

where the alternating and direct currents are adjusted for the
same response of the test instrument, and the resulting
galvanometer deflections are Dac and Ddc, respectively.
If the transfer thermal converter has a percentage ac-dc
difference, <5S, at the current and frequency at which the test is
made, then the ac-dc difference of the instrument under test
is, to the desired order of approximation,

Similarly, for a voltmeter test,

St=100 (Va-^Vdc) = Dac~Ddc + 8s,
\
Figure 6.

Elementary form of Polar a-c potentiometer.

When a thermal converter is used for transfer tests the
small percentage difference, 8t, between the values required
for the same indication of the test instrument on alternating
and direct current is determined from the resulting deflection
of the Lindeck galvanometer.
Therefore, for each transfer
thermal converter, the small percentage difference in output
emf resulting from a small percentage difference in heater
current must be evaluated.
This relationship may be
expressed as
AI
AE
(9)
E
7’
where E is the output voltage, I the heater current, and n
a number that is generally close to 2, but may range from
from 1.5 to 2.2.
The characteristic, n, may be evaluated on
direct current by measuring with a potentiometer the small
percentage differences in E resulting from small percentage
differences in heater current successively set with a po¬
tentiometer at selected current levels, then computing n
by the above expression and plotting n versus E.
The
characteristic need not be determined with an accuracy
better than 1 percent and is relatively permanent.
If the Lindeck potentiometer shown in figure 3 is used to
measure E and AE in millivolts in a transfer test, then at
balance E= Fp,20 the voltage drop across the four-terminal
resistor. If the galvanometer deflection D, is directly pro¬
portional to the current through the galvanometer21 and if
the potentiometer voltage is unchanged during a determina¬
tion,

r dc

/

nv v

(12)

in which 8S is the percentage ac-dc difference of the range (or
setting) of the standard voltmeter used.
In this deflection method of using the Lindeck potentiom¬
eter for rapid transfer tests, the resistance of the circuit seen
by the galvanometer must be constant to better than 1 per¬
cent.
The resistance of the thermocouple of each thermal
converter has been adjusted to the same value so that the
simplified formulas may always be used.
The temperature
coefficient of the resistance of the Lindeck circuit has been
computed as less than 0.1 percent per deg C, and computations
show that the resistance seen by the galvanometer is changed
by less than 0.2 percent by the adjustable battery circuit, for
ail ranges of the potentiometer except the topmost.

Appendix 2. Effect of Peltier and Thomson
Heating
The problem is to find the steady-state temperature rise of a
uniform conductor of length 21 and uniform cross-sectional
area, a, carrying a constant current, I, and cooled solely by
conduction to its terminals.
The joule heating of a length dx
occurs at the time rate Ppdx/a watts, where p is the electric
resistivity in ohm-cm.
The difference in the heat conducted
per second across the two ends of this differential element is
ak(d26/dx2)dx watts where k is the thermal conductivity in
watts-cm“'-degrees-1, and 6 is the temperature of the
element in deg C.
Equating these and dividing by dx gives
the differential equation governing the temperature of the
conductor
d20

72P

ak j- I-=0,
dx2
a

(14)

which is of the form
9"=-b,
where AD is the difference in galvanometer deflection corre¬
sponding to a difference AE in the applied emf, Rp is the
resistance of the galvanometer circuit, and S is the current
sensitivity of the galvanometer in centimeters per milliampere on the scale.
In the Lindeck potentiometer used in
this setup, the galvanometer sensitivity is adjusted so that
numerically

e-e0=-|(/2-x2)

1001? ?

S

(14a)

where 5 = I2p/a2k.
If the terminals remain at equal temperatures 0O, and if the
origin is at the midpoint of the conductor, the boundary con¬
ditions are d=60 at x= ±1.
The solution, by direct integra¬
tion and application of these conditions, is

and at the midpoint
bl2

These relationships may be combined with eq 9 to give

100

AI A D
I ~nVv'

dm-e0=Y=9d-

(10)

20 An accuracy of 1 percent is sufficient for this measurement,
si The use of a straight instead of cylindrical scale introduces an error that can
be shown to be less than 1 percent if the galvanometer-to-scale distance is at
least three times the scale length.

05)

If the terminals are of different metal than the conductor,
Peltier heating and cooling (proportional to the first power of
the current) may occur at the junctions of the conductor with
the terminals.
These will be equal and opposite in sign at
the two terminals, and, if we can assume complete thermal
symmetry, their effect will be to raise the tempertaure of
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one terminal by a small amount A9 and to lower the other by
an equal amount.
The differential equation then has as its
boundary conditions, 9=90 + A9 at x=+l and d—90—A9 at
x=—l.
The solution is '
e-e0=^(l*-x*) + AelJC’

(16)

and is therefore unchanged at the midpoint.22
Of course,
complete thermal symmetry is never attained, so that Peltier
heats may cause a change in the midpoint temperature.
However, for massive terminals the temperature changes,
A6, are very small, so that Peltier heating need not be con¬
sidered significant.
‘Thomson heating occurs in homogeneous conductors having
a temperature gradient in the direction of the current flow.
For the one-dimensional case here considered, the Thomson
heat in an element of length dx having a temperature differ¬
ence dy is <rIdd watts where a is the Thomson voltage coefficient.
Experiment and theory indicate that a is proportional to the
absolute temperature, but, as the Thomson heating is small
compared to the joule heating, we might, as a first approxi¬
mation, consider <x constant.
Equation 14 then becomes
hd29

I2p

d9

dx-

a

dx

Myrl-l-o-Z-T—= 0,

that of eq 18.
The method is powerful, however, and was
used later in evaluating other perturbing effects, so that it
will be outlined here.
The Thomson heating, which is much
smaller than the Joule heating, can be considered as perturbing
the temperature distribution of the conductor.
Its effect can
be approximated by solving the differential equation without
the perturbing term, then substituting the result, and its
derivatives as necessary, in the perturbing term only, and
solving the resulting equation.
Without the Thomson heat term, eq 19 becomes
T"= — b
with the boundary condition given, the solution of which is

Tr-T0=| (l2-x2),

where the subscript 1 indicates the first approximation.
Placing this value of T\ and T\ in the perturbing term of 19,
reduces this to a linear equation,

T, = -b- Wb2-3 + wbx (Td+T n) >

(17)

which is of the form

where Td=bl2/2, the solution of which is
0" + cd' + b = O

(17a)
rr

9-

1

,=W

\

c \tanh q

where q = cl<+<C 1.

sinh q/
?/

Expanding the hyperbolic
higher-order terms,

o\

wb2X5

. wb

„ . ,

4Q +-(f (Td + T0)x3-

39. T d +

T 0\
3 /

At 2 = 0 this reduces to T\—Tti as only first-order terms are
given, so that the process must be repeated to find the secondorder term indicated by eq 18.
The algebra rapidly becomes
very lengthy and tedious, but the procedure is straightforward,
and the resulting temperature rise at the midpoint is found
to be approximately

/

functions gives,

by neglecting

T,-T0=Td[l-3.4X10-2z^- 10.5 X 10-2202d-8.3 X10-22^1,

(20)
(18)

By substituting the values for b and c and noting that
2Ipl/a=V, the voitage drop across the conductor, eq 1 and 2
of the text can be obtained.
They show that Thomson heat¬
ing causes a small (second order of smallness) decrease in the
temperature rise at the midpoint of the conductor, and can
thus lead to a transfer error in a thermal converter.
However,
the approximation of considering a a constant is a drastic one,
and a more accurate approach will be to consider a = BT,
where B is a constant,23 and T is the absolute temperature.
Equation 17 then becomes
,d2T . 72p .

no

c ’

e„-e,=h±A-2$J^±)
sinh q

b

wT d

bx

At the midpoint, where x=0

q \

rr

T2-T0=2 (F-x2)

with the boundary conditions 9=90 at x= + 1, where c=aljak.
The steady-state solution of this eq is

T

dT

akd7>+a+B,Tlh=0’

where z0 = wT0l, and zd = wTdl

Appendix

3.

Low-Frequency
Thermoelement

, d29 , Bp

ak

(19)

with the boundary conditions T=T0 at x= ±1, where
w= Bl/ak
This is a nonlinear equation and very difficult to solve.
Chester Snow showed that it could be reduced to a Ricatti and
then to a Bessel equation, but suggested an approximation or
perturbation method to give the desired results more simply
and directly.
The answer is not significantly different from
22 Since Peltier heating depends upon the junction temperature, a secondorder change in midpoint temperature may occur.
23 B=d2EldT2, where E is the emf of a thermocouple composed of the metal in
question and a metal such as lead, which has very small Thomson heating.

of

a

The problem is to find the steady-state average (over an
integral number of cycles) temperature rise at the center of a
uniform conductor of length, 21, and cross-sectional area, a,
carrying a sinusoidal current and cooled chiefly by conduction
to massive terminals that are at fixed and equal temperatures.
Assume that the current remains sinusoidal and that only
Joule heating of the conductor occurs.
If all the cooling is by
conduction to the terminals, the differential equation govern¬
ing the temperature of the conductor is, under these assump¬
tions,

which is of the form
T" + wTT' + b=0,

Error

ox2

d9
-=ams
a
ot

(21)

with the boundary condition 9( + l.,t) =0, where
9 = temperature in deg C
f? = the square of the instantaneous value of the current=
/2( 1 — cos 2cot)
/=rms value of the current
w=27r/, and / is the frequency of the current in cycles
per second
Z = time in seconds
m—density of the conductor in grams-cm-3
s=thermal capacity of the conductor in joules-grams-1
-deg C-1.
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The procedure will be to consider p and k constant and to
solve for the periodic steady-state temperature rise, then to
approximate p and k as p = po (1 + «0) and k=ko (1 + /30), to in¬
troduce radiation loss, and to solve the resulting equation by
the perturbation method just outlined.
For the cases con¬
sidered ad and (39 are considerably less than 1, and radiation
loss is much less than the Joule heating of the conductor.
With a and /3=0, eq 21 is the form
d29

Thus the average value over an integral number of cycles of
the temperature rise is the same as that found in appendix 2
for the same numerical value of direct current, so that under
these conditions the temperature rise of the conductor can
be used as a measure of the current without ac-dc error.
We shall now consider that p=p0(l + ad) and fc=fco(l + /30)
and that some small fraction of the total heat is lost by
radiation.
If p is the perimeter of the heater in centimeters,
then the heat radiated per second from the surface of a
differential length, dx, of the heater is

d9

dtf~gdt = -i(1~cos

2a)0

dHr=pt;K(Ti— Tftdx,
where f is the emissivity of the heater material, a numerical
constant, and K is the Stefan-Boltzmann constant in wattscm~2(deg A)-4.
T is the absolute temperature of the ele¬
ment; 2’o is the absolute temperature of the surroundings.
Introducing these terms in eq 22 gives, as /30<1,

where g=ms/k0. and b = Pp0!a2k0.
Let 0=u(x,t) -\-\j/{x).
Then
dn-d_d2u

ay

dx2

dx2

dx2

Let dy/dx3 = — b.
Then <p= — (5x4/2+ CiX + c2.
Applying boundary conditions gives

g-0(l-/^=-&( 1-cos 2ut)(l+vd)+'^(T*-Tl)
(28)

4-</'(/) =0

d(-\-l,t)

where n=a — (3.

The perturbing terms are

d(-l,t) = u(-l,t)+*(-l)= 0.

dd

(1)

We may take ip(l) =\p( — l)=0.
Then \p = b/2(l2—x2) and eq 22 becomes

dt
5( 1 —cos 2ut)t\9

(2)
d2u
dx2

Q

du
dt

= b cos 2cd,

with u(±l,t) =0.
From complex number theory if u is harmonic in time, it
can'be represented by the real part of Uei2u,t, where U is a
complex function of the real variable x, and j=V—1.
Simi¬
larly, b cos 2cd can be represented by the real part of be’2"1,
where b is a real number.
Substituitng these quantities and
the appropriate derivatives in eq 23 and dividing by e’2o“
results in
d2U
a-^-j2ugU=b,
with U=0 when x= ± l.

(24)

The solution of this is
cosh pxl

b

[‘

-

T*-Tt=(Ta+dry-Ti~49rTl+6d?T20> 9r<T0

— 1-—■
J 2<x>g'

and also that k=k0.
With these approximations, this term
reduces to harmonic terms plus the terms

cosh plj

as at the frequencies we are interested in cosh
fore, u = real part of T/e’2“‘= real part of

Aug

T— To=9r=P(l —g sin 2ut),
and

At the midpoint

U= —

ak

As these perturbing terms are relatively small, the solution
will differ by only a small amount from that given by eq 27.
Hence a sufficient expression for these small terms will be
given by substituting the known values of the dependent
variables y from eq 27, and its derivatives as necessary,
in these perturbing terms.
When this is done, it is found
that the first of these terms reduces to functions of x, each
multiplied by sin md or cos nut, where n=2, 4.
The second
reduces to similar harmonic terms plus the terms — b[t)P—
(vUa/2)], where P={l2—x2)b/2.
The third term becomes
unnecessarily complex.
It can be simplified by making the
further approximation that for this term

(25)

cosh filj
where p = ^j2ug.

P?K (T4-T4)

(3)

> >1

There¬

4WT2P + 6NT2P2(l + |2),
where N=p^Kjak0.
Thus eq 28 becomes

(cos 2asin 2o>t) } » —
sin 2o>t.
|
Aug

So that, to this approximation, at the midpoint

hi2 /

1

\

(^1-'gl2 sin 2o)<J = 0d(l — q sin 2ut),

H-‘'l=-<1+’’p-’Tf)+2A'riP[2r«+3PI + ©]+
(26)

where dd=bl2/2 and q=l/ugl2.
Note that q is the crest value
of the cyclic temperature fluctuation divided by the average
temperature rise at midpoint.
In general, U=Va+jVb, where TJa and Lh are functions
of x, so that u=Va cos 2cd— Ub sin 2cot
and
0]=-^- (l2— x2) -pUa cos 2ut — Ub sin 2ut.

n=4
Z) (Fn cos nut-\-Gn sin nut),
n=2

(29)

where Fn and Gn are known functions of x alone.
We again let
9(x, t)=u(x, t)+\p(x) and set d2<p/dx2 equal to the terms
independent of t in eq 29, so that

(27)
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^ — gvr = Z(Pn cos nut + Gn sin nut)

(30)

For each frequency oBthe harmonic driving terms in the
right-hand side of this equation, the solution of the equation
that vanishes at the end points will be of the form Ua cos
nut — Ub sin nut, where Ua and Ub are functions of x. The
average value, over an integral number of cycles of the
lowest frequency, will therefore vanish.
Since this is a
linear equation, the solution is the sum of such solutions
and will therefore also vanish.
Thus the average value
of 0, which we are interested in, is equal to
(x).
Evaluation \p (x) in the same manner as before gives for
the value of \j/ at the midpoint where x=0,

If the hot junction of the thermocouple is fastened to the
midpoint of the heater, the emf of the couple may be repre¬
sented by
E=
where 0m is the temperature of the hot junction in deg C, and
A and B are constants to be evaluated at the temperature of
the cold junction.
On direct current 0m = 0dc and
1 + 2 ,j

E = A0dc

*(0)=9d[l+jjqg.t —:^AT!ZlM2(l + f)]
(31)
where

J'x
o

On alternating current of the same rms value, 0m may be
considered to be closely enough for these purposes

cx 2
dx2

Jo

Ua(*^l )dx\

Gm = ddc £ 1 +|r ddcq2J (1 —q sin 2cot).

and on the assumptions that Ua2{ — 1) = Uai(l) and f7O2(0) = 0.
The required expression for Ua can be evaluated from eq 25
and 27 by noting that

The average value of emf over an integral number of cycles of
alternating current is then (to the desired accuracy, and if
(B/2A) Ode is small compared to unity)

EA = A0dc (l+^ ^)[1+(! + ^)

nx = -yjj2ug x = yx+jyx and nl = nl+jyl,
where y = -\[ug, so that cosh ,ux=cosh yx cos yx-\-j sinh yx sin
yx, and cosh ftl= cosh yl cosyZ+j sinh yl sin yl.
At the fre¬
quencies we are interested in /d)>5, so that
cosh jut~-7^(coS yl-\-j sin yl).
Since w = real part of
Ue^f=re

[1-

e>'2“ j = Ua cos 2o>t-Ub sin 2cot,

From these expressions
Ea-Ed

H

Ed

2

where H=h-\-B/2A.
For table 7, it is desired to compute the frequency at which
the ac-dc difference of a thermal converter due to this effect
is equal to 0.1 percent. From eq 7 and 9 and for n = 2 the
difference in current for the same emf is one-half the difference
in emf for the same current, and is opposite in sign.
There¬
fore the percentage ac-dc difference, 5, is approximately

it will be found that

-25 H0dcd2
(2trf)H* ’

5= — 25H0dcq2

Ua =—i [sinh yx sin yx cos yl — cosh yx cos yx sin yd.

uge^1

9dcq 2

where in addition to the symbols already defined, d=l/g=
k0/ms and is the thermal diffusivity in appropriate units.

Performing the desired integration results in
Uo2— — ,y 'gyOeyi (cos yl cosh yx cos yx + sin yl sinh yx sin yx).
From which

Ua2(l) = Ua2(-l)~-j4land.
Ua2(0)«Ua2(l).
dco Q
Therefore, eq 31 becomes

^(0)=eoc=^[i + ¥+(’-hivr^M3] =
0d j^l + M-f 2^i22J’

(32)

where M is equal to the remaining terms in eq 31 and h~t\ —
2NTIV.
By the same procedure, eq 28 can be solved for the d-c case
by considering dd/dt=0 and i—I, a constant of the same
numerical value as the rms value of the alternating current.
The temperature rise at the midpoint will be found to be
0ac=0d[\ + M].

(33)

Thus the temperature rise on direct current is the same as on
alternating current when the frequency is high enough so that
the third term in the brackets of eq 32 is sufficiently small
compared to unity.
Therefore the temperature rise at the
midpoint on alternating current is
0ac=edc [ 1 +2-^^)] **e4c [1 +\odccf^

(34)

Appendix 4. Effect of Shield Capacitance
on the Model B Voltmeter
We may approximate the effects’ of capacitance to the
shield of this voltmeter by considering the voltmeter as
consisting of a transmission line of rx=rox2 ohms per unit
length, having a constant capacitance Co farads per unit
length to the shield, witha sinusoidal voltage of rms value V
volts applied to the high-resistance end.
The other end may
be considered short-circuited, since the thermal converter,
which is connected between the low-resistance end and the
ground post, is of low resistance.
The shield is also connected
to this ground post.
We wish to find the magnitude of
current, io, at the short-circuited end.
For an element of
length dx at a distance x from this end, we have
dV

T

dl.

^ = Irx = Irtf’and—^roF,

(35)

where dV is the rms voltage drop across the element, and
dl is the rms current from the element to the shield.
Differ¬
entiating the first of these and substituting the values of I
and dl/dx in the resulting expression gives
d2V

2 dV

dx'2

x dx

\2x2V = 0,

(36)

subject to the boundary conditions "F = 0 at x=0 and V = Va
at x=l and where \2=juc0r0.
When A=0 this becomes, with the same boundary
conditions,

drV_2 dV=
if M is small compared to unity.

dx 2
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x dx

’

From eq 35

the solution of which b

TV

Vax3

J_ dV
rox2 dx

\\ e now put this value of T’ in the perturbing term containing
A2 in eq 36, to get
d2V_ 2 dV
dx2
x dx

(38)

Performing the indicated differentiation of eq 37 and sub¬
stituting in 38, and noting that the total resistance is
R = r0l3/3 leads to

\2Vax5
l3

V
R

[l_g + 8,X10-.X,, + V(,-f)+^]

The solution of this, with the same boundary conditions, is
V

Vax3,
Y,
l3 V

Solving for T0 at .r=0, and noting that the total capacitance
is C=cJ gives

AV\ , A'-dV'
28/
28P '

As \2=jcocuro, we will need to repeat this process to secure
terms in X4, for we are interested in the magnitudes of 1 ’ and I.
Putting the above value of F2 in the last term of eq 36 and
solving as before gives

/o —

1—jO. 107a)C R — 7.9 X 10"3(o)C/? )2^j-

Since the terms in the bracket are small compared with unity
|/0| = ^1-0.0022 (t,-Ctf)2J-

(37)

Washington, August 16, 1951.
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THERMAL VOLTAGE CONVERTERS FOR ACCURATE VOLTAGE
MEASUREMENTS TO 30 MEGACYCLES PER SECOND
F.
This

is

L.

Hermach

E.

S. Williams

a publication of the American Institute
SYNOPSIS

Thermal voltage converters,
element in a coaxial

line,

of Electrical Engineers

each consisting of a resistor in series with a thermo¬

have been developed for measurements of rms voltages of 1

to

200 volts at frequencies from 3 cps to 30 me.
An accuracy of 0.17, or better may be ob¬
tained by ac-dc transfer techniques up to at least 10 me and 0.27, at 30 me.
INTRODUCTION
Thermal voltage converters* containing thermoelements in series with wire-wound
resistors can be used to make highly accurate voltage measurements at audio and ultra¬
sonic frequencies.1,2
The frequency range of such voltage converters is limited pri¬
marily by the residual reactances of their wire-wound resistors, but tests have indica¬
ted that for some of them good performance might be expected to frequencies approaching
1 me.

This paper describes

thermal voltage converters of low and computable reactance

that have been developed at the National Bureau of Standards to meet the need for deter¬
mining the frequency limit of such instruments.
Single-range converters with depositedcarbon resistors have been constructed with ranges of 1

to 200 volts.

Each has a fre¬

quency influence less than 0.17, to 10 me and less than 0.47, at 30 me.
These rms voltage
converters may also be used to calibrate 1/27, r-f thermocouple voltmeters which are now
commercially available,

and, with sine wave generators,

could be used to calibrate

electronic voltmeters as well.
DESCRIPTION AND CONSTRUCTION OF CONVERTERS
The r-f thermal voltage converters make use of the

transfer principle,-*- in which a

d-c voltage is substituted for the a-c voltage to be measured.
The d-c voltage is adjusted
to give the same output emf of the thermoelement that was obtained with the a-c voltage
applied,

and is measured with a potentiometer or other suitable means.

Thus only good

short-time stability, high precision of reading and small known frequency influence are
required of the transfer standard.
Each converter consists of a cylindrical deposited-carbon resistor in series with
a UHF thermoelement having a short straight heater in line with its supports, coaxially
mounted in a brass cylinder, as shown schematically in Fig. 1.
The residual reactances
are much smaller than those of wire-wound resistors,
mately,

so that the

and can be computed at

frequency errors can be estimated.

The

thermoelements as current converters are believed to be small

Fig.

least approxi¬

frequency errors of the UHF
to over 100 me.

The dimensions of the converters and additional data are given in the caption of
1.
Each converter is assembled by first soldering the resistor, R, to the thermo¬

element, TE, and to the coaxial input connector, A, which is mounted in disc, D^.
This
disc is then fastened to the cylinder, F, and the two thermocouple leads are soldered
to the 2-pin output connector,
at G,

B.

Disc,D£, which has a small hole with a cross wire

is then fastened to F and the free end of the heater of the thermoelement is

*
A thermal voltage converter is a thermoelement of low current input rating with an
associated series impedance or transformer, such that the emf developed at the output
terminals gives a measure of the voltage applied to the
3.11.3 ASA Standards

C39.1

- Electrical

input

terminals.

Indicating Instruments)
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(Definition

soldered to the cross wire.
For clarity both thermocouple leads are shown in the figure.
However the plane of the thermocouple leads and the pins of the output connector is
actually at right angles to the axis of the cylinder so that minimum emf is induced in
the output circuit.
The

In use F must be grounded through the

input connector.

100- and 200-volt converters contain two resistors and two cylindrical

inner

shields, Si and S2, as shown in Fig. 2, to reduce the effect of the distributed capaci¬
tance from the resistors to the outer cylinder.
This considerably extends their fre¬
quency range.
Shield, S£, is centered in F by a narrow ring, and is fastened to F by
3 equally spaced screws.
Slots in F make axial adjustment of S2 possible.
The endplate of S-l is soldered to the input lead and to the resistor in assembly and this
shield is fastened to
by small insulators.
The assembly is otherwise similar to
that described for the other converters.

The 50-volt converter has a single resistor

and'a fixed inner shield like Si in a cylinder of the dimensions given in the caption
of Fig. 1.
Additional information on the voltage converters is given in the first three columns
of Table 1.
The commercially available deposited carbon resistors are 1/8 inch in dia¬
meter and 2 inches long, and are vacuum sealed within a 3/16 inch diameter glass cylinder
(Some resistors of a different construction showed unaccountable ac-dc errors above 10 me
when used in earlier converters.)
The 5- and 10-ma UHF thermoelements, each with colinear supports and heater wire, are also commercially available, with an output voltage
of about 7 mv at rated current.
Each is in an acorn-shaped evacuated glass bulb, and
has a small bead between the heater and hot junction of the

thermocouple

to electrically

but not thermally insulate them.
A Lindeck potentiometer rather than a millivoltmeter is connected to the output emf
of the converter to provide high resolution.

A circuit diagram is

shown in Fig.

3.

The

potentiometer has ranges of 0.15, 0.75, 7.5 and 15 mv.
The two lowest ranges are used
for sensitivity checks.
With a galvanometer having a sensitivity of 200 mm/pa it provide
a selected resolution of either 2 or 10 pv per mm deflection.

The potentiometer is com¬

pletely shielded, and a 2-conductor shielded cable connects the output of the converter
to the terminals marked E in the figure.
The advantages of this potentiometer are its
low thermal emf

(less

than 1 pv) and its

freedom from drift

(much less

than 0.01%/minute

under ordinary laboratory conditions).
THEORY
Because of the geometry, the resistor, R, in the cylinder of each low-voltage con¬
verter (without inner shields) may be represented as a transmission line of length, £,
with a uniformly distributed series impedance of z ohms per unit length and a uniformly
distributed shunt admittance of y mhos per unit length.
The line is terminated by the
heater of the thermoelement.
We are interested in the magnitude of the trans-impedance
Zc = Vi/IQ where
is the input voltage being measured and IQ is the current through
the heater.
If the heater resistance, R^, is much less than that of the resistor, R,
we may to a first approximation consider this a short circuited line.
(It will be
apparent later that this is not a drastic approximation at low frequencies since we are
concerned only with the effect of the line reactance on Zc.)
Then by ordinary steadystate transmission-line

theory,

Zc =t!y

sinh

^ZY

(1)

where Z = z£ = R+jcoL, and Y = yi = jcoC and R, L, and C are tne total resistance, series
inductance and shunt capacitance of the line.
We are interested in the low frequency
range in which the effects of the reactances are small.
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We may define the parameters a = wCR and b = wL/R.
If each of these is less than
unity the hyperbolic function may be approximated by the first 3 terms of its series
expansion, so that

z c = za ++ ^
+ izir
6
120

+

...)

Then if all terms in anbm for which m+n>3 are discarded we find that
Zc « R(l+jb)(l - ^

6

and,

e2
+
120

6

to the same order,

a2
|zc| ~ R(1 + on + b

aK
" T)

2
u2
^ R(1 + TftO + ~5

au

(2)

The ac-dc difference of a voltage converter is defined as
S =

rac

- Vdc

(3)

Vdc

where Vac and Vdc are the rms alternating and direct voltages required to obtain the same
response (output emf) of the converter.
If the thermoelement has no ac-dc difference and
if we define k = b/a, this becomes

So

(4)

where SQ signifies that other possible causes of ac-dc differences are neglected.
The relation makes it possible to estimate SQ (to this approximation) very simply.
For the cylindrical construction of figure 1 with a cylindrical unspiraled resistor,
L = 0.012iM microhenries and C = 0.61i/M picofarads, where M = log^Q(g/h) and g and h
are the diameters of the cylinder and resistor, respectively, and i is in inches.
Thus
numerically, k = 1.9x10^(M/R)^ and a = 3.8xlO~^OR/M, where f is the frequency.
For example if R = 2000 ohms,
SQ = +0.001 (+0.1%) at 40 me.

g and h are 2 in.

and 1/8

in.,

and i = 2.0 in.,

It is apparent from eq 4 that to this approximation certain values of k should make
SQ = 0.

These are k-^ = 0.038 and k£ = 0.30.

The numerical values of resistance required

are R^ = 710M and R2 = 250M.
Unfortunately the logarithmic relationship for M permits
little range in R for reasonable values of g and h, for if g is greater than the length
of the resistor, end effects may become pronounced.
It is of interest to extend the analysis to higher values of the parameter, a.
This has been done by solving eq 1 for ZQ with the aid of Kennelley's tables and graphs
of hyperbolic functions having complex arguments,3 and then computing SQ = (<ZC1 -R)/R.
The results are shown in Fig. 4.
It is rather striking that the first solution of eq 4,
k-^ = 0.038, results in reasonably small ac-dc differences
greater than that permitted by the initial assumptions.

(<57o)

to a = 10,

a range much

For low voltage converters the effect of the heater resistance R^, cannot be
neglected.
To the next approximation the heater can be considered as a lumped resis¬
tance termination for the transmission line.
formulas,
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Then from steady-state transmission-line

zc =

cosh \Tzy + -j== sinh sfzY

(5)

By expanding the hyperbolic functions and discarding higher.order terms as before
(for a<l and b<l) we find that if R^<R

*0=^*1
where R*. *» R + R^,

R^/R = m, A =

-Ak+!)

(6)

+ 2m/3 + 1/3 and B = mz + 2m/5 + 1/15.

The values of SQ for the 1- to 20-volt converters have been calculated by eq 6 at a
frequency of 40 me (at which a and b are still less than unity).
The results are given
in the last column of Table 3.
When k<0.038, distributed capacitance from the resistor to the cylinder predominates.
At a given frequency and geometry, the resultant error is proportional to the square of
the resistance.
It can be minimized by the construction shown in Figure 2 in which two
inner cylindrical shields are used, with one connected to the input lead.
Thus there are
now two transmission lines in series.
If R^«R, application of transmission line
with careful attention to signs, gives for the desired trans-impedance,

Zc =

where the subscripts
of figure 2,

tanh \lZ]_Yjl cosh \l7*2^2 +

If

Z\

= Z2 = Z and

zc =

(7)

sin^ ^Z2Y2

1 and 2 refer to the left and right hand lines

and the resistance of the thermoelement

formulas,

(resistors and shields)

is neglected.

= Y2 = Y we have

sinh

Thus the trans-impedance is twice that of either line, and the ac-dc difference, SQ, will
.be that of half the total line.
The parameter, a, of eq. 4 will then be l/4th that for
a line of the same dimensions without inner shields.

Thus at a given frequency for which

a<l the use of the double shield rather than a single cylinder of the same diameter should
reduce the frequency error (for resistors of the same value and dimensions) by a factor
of 16.
However more detailed analysis indicates that even further improvement may be possible.
For these converters k«0.038, so that the series inductance of each line may be neglected.
By expanding the hyperbolic functions of eq 7 and discarding higher order terms it can be
shown by lengthy and rather tedious algebraic manipulation that SQ ~ 0 when
where

and

are the lengths of the left and right hand lines of fig.

2,

1-032,
and a<l.

For the convenient dimensions shown in figure 1, the parameter, a, of each lowvoltage converter now being used (up through 20 volts) is low enough that it has not been
necessary to proportion the converters for minimum error in accordance with eq 6.
The
higher voltage elements are constructed with dual shields, with the grounded shield
axially adjustable.
This shield is set to give minimum frequency error as explained in
the next section.
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A useful theoretical study of coaxial lines,
by Crosby and Pennypacker.1^
They show conditions

terminated by resistors, was published
for minimizing the input reactance.

TESTS
Although long-time stability is not required of these converters, fluctuations or
drifts in emf for the short time between the a-c use and the d-c calibration must be less
than the desired accuracy.
Such changes can arise from self heating effects and ambient
temperature changes, and from thermal emfs and other changes in the Lindeck potentiometer.
Tests have shown that the self-heating of the carbon resistors (which have a load coeffi¬
cient of about 170 per watt) is the largest source of drift.
The change in resistance is
very nearly exponential, with a time-constant of about 2 minutes.

Since d-c calibrations

can easily be made within 30 seconds of the a-c readings, this self heating error is not
significant in a-c tests if a short warm-up period is allowed.
It is almost completely
eliminated by the procedure used for ac-dc transfer tests.

The effect of ambient

ture changes (the thermoelements have temperature coefficients up to 0.1%/°C)
be insignificant in a laboratory with reasonable temperature control.

tempera¬

should also

A great advantage of thermoelements for ac-dc transfer measurements is the almost
complete electrical isolation of the input and output circuits.
The UHF thermoelements
have a small electrically
thermocouple to eliminate
of the thermocouple leads
Tests showed that at 4 me

insulating bead between the heater and hot junction of the
conductive coupling.
To minimize mutual inductance the plane
is at right angles to the heater and its colinear supports.
the induced a-c voltage in the output circuit of each thermo¬

element was less than 20 microvolts (the resolution of the detector used).
Induced
currents in the thermocouple circuit can cause errors by joule heating of the thermo¬
couple, but calculations indicate this should not be significant if the induced voltage
is less than a few millivolts.
The shield of the Lindeck potentiometer provides reasonable immunity from induced
fields.
In some tests at 10 me a current of 2 ma from the shield to ground through the
lead from the potentiometer to the converter caused no significant error.
For transfer measurements

the most important requirement is that the ac-dc difference

of each of these converters be known to.the

full accuracy desired.

The general principles

on which such determinations are based have been given.^
In the frequency range studied,
the major error of each of these converters is caused by the reactance.
For a given
converter this error should be independent of voltage level.
Thus it was feasible to
evaluate the relative errors by intercomparing converters of adjacent voltage ranges to
determine their differences

in frequency response.

A complete series of such comparisons

was made at 2 voltage levels for each pair of converters at frequencies up to 40 me.
In
each comparison the two converters were connected in parallel to a coaxial lead through
a tee fitting (GR 874), and a shielded potentiometer was connected to each output.
Each
potentiometer was adjusted for zero deflection at the test voltage.
The converters were
then supplied in succession with alternating, direct, reversed-direct, and alternating
voltage.
Each voltage was adjusted to produce the same emf of the higher rangd> converter
and the deflection of the galvanometer connected to the other converter was observed.
From the differences in emf (directly determined from these differences in deflection)
the difference in the frequency response of the two converters was determined.1
In these
tests the movable inner shields of the 100- and 200-volt converters were adjusted for
best performance over the desired frequency range, by comparison with the 20- and 50-volt
converters.

The errors of these adjustable converters were found to be complicated func¬

tions of the frequency and shield position.
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The results of these intercomparisons from 0.1 to 40 me are given in Table 2.
They
show that for each pair of converters the relative ac-dc differences were independent of
the applied voltage to 0.02%, or less, and were less than 0.4% up to 30 me.
For the lowvoltage converters they were less than 0.057, to 20 me, without exception and without
evidence of systematic errors.
The relative ac-dc differences of most of the thermoelements used in the voltage
converters were also determined (before the thermoelements were installed) by making
similar ac-dc intercomparisons

(as current-measuring elements) at 40 me.

For these

tests the two thermoelements were connected in series along the axis of a brass cylinder
having the same dimensions as in fig. 1 but with a coaxial input connector at each end
and with two 2-pin output connectors.
(A split cylinder with one part readily removable
facilitated changing thermoelements.)
The input was applied to one connector with the
other shorted.
Rough calculations indicated that at 40 me the current should change by
about 0.5% along the transmission line formed by the heaters of the thermoelements in
this cylinder, but that the distribution should not be greatly dependent on the resistance
of the heaters (less than 100 ohms each).
Therefore two determinations of relative ac-dc
differences were made with each pair of thermoelements, with first one end then the
other of the cylinder shorted.
For each pair the two determinations differed by about
0.47o at 40 me,

but in each case their algebraic average was

less

than 0.027,.

These calculations and tests also provide assurance that even at 40 me the current
along the heater of a single thermoelement terminating a voltage converter is well within
0.1 percent of the value at the mid-point of the heater.
The 1-volt converter was compared at rated voltage with a wire-wound thermal voltage
converter of known ac-dc difference at 3 cps and 20.kc, with observed differences of
+0.027, and 0.00% respectively.
The response of the 1-volt converter, with a shielded d-c millivoltmeter connected
to its output, was determined to better than 1% at frequencies from 1 to 400 me by the
bolometer bridge of Selby & Behrent5} with the results shown in Table 3.
It is evident
that the frequency influence is very small to 100 me.
It increases rapidly at higher
frequencies,

becoming -5.27, at 300 me.

The calculated ac-dc difference at 300 me by

equation 6 is only -0.9% (this converter has a 1/4 in. diameter unsealed resistor).
Some of the discrepancy may be accounted for by the voltage rise in the connector (a
type N-UG58/U input connector was substituted for the type 874 for these tests).
As a check on eq 6 at larger ac-dc differences,
before its inner shield was installed.

the 50-volt converter was

tested

The measured ac-dc difference at 40 me was +1.37,

and was accurately proportional to the square of the frequency.
The computed values
were 407, smaller, indicating that the effective length of the resistor (end effect) was
1.2 times the actual length.

At 40 me the measured ac-dc difference was changed by less

than 0.02% when the resistor was mounted 3/32 inch off the axis of the cylinder,

indica¬

ting that exact centering is not critical even when the errors are large.
The intercomparisons of Table 2 show that the ac-dc differences of the five lowvoltage converters without inner shields (1- to 20-volt ranges) are all equal to better
than 0.057, to more than 20 me.
At 40 me they agree to 0.1% with the values calculated by
eq 6.
(Values cannot readily be computed for the higher voltage elements with the inner
shields.)
This unanimity between converters having such a wide range of resistors and
different thermoelements gives good assurance against unknown sources of error. It is quite
unlikely (but not impossible) that each converter would have the same ac-dc error.
However
the test of the 1-volt converter with the bolometer bridge provides most valuable additional
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assurance.
The large errors of this converter above 100 me decrease rapidly with decreas¬
ing frequency, well within the stated accuracy of the bridge measurements.
For conver¬
ters without inner shields almost all known causes of such errors (such as the effect of
reactance, eq 6, skin effects in the resistor or thermoelement, etc.) should cause ac-dc
differences approximately proportional to the square of the frequency, over the range for
which the errors are small.
Thus the authors believe that the large measured errors
above 100 me can be extrapolated downward to lower frequencies to indicate with consider¬
able confidence that the ac-dc difference of this converter is less than 0.27o at 40 me
and less than 0.1%, below 30 me.
Based
difference
of all the
rounded to
in Table 4.

on the above consideration the authors assigned a value of zero to the ac-dc
of the 1 volt converter to 40 me, and then determined the ac-dc differences
other converters from the intercomparison data in Table 1.
The results,
the nearest 0.05% to 10 me and 0.1% to 40 me, are given as observed values
USE

These converters are most conveniently used to measure the ac-dc difference or
frequency influence of other rms instruments such as thermocouple voltmeters (which are
now available with accuracies of 1/27, to 10 me).
A typical set-up for this is shown in
Fig. 5.
The scale calibration of the voltmeter can then easily be checked on reversed
direct current.

The ac-dc difference tests are similar to the intercomparisons already

described, and d-c calibration of the converter is not necessary once the scale factor
of the Lindeck potentiometer is determined for each converter.
This is the percent
change in input voltage per centimeter change of galvanometer deflection.1
Either direct
or low-frequency alternating current may be used as the reference frequency and the test
may be made rapidly and accurately.
The results are only slightly affected by drifts in
either instrument.
At frequencies above about 20 me a small lead correction may be
necessary if the connectors between the junction plane and the two instruments are not
electrically equal,

but this is readily determined to the required accuracy.

For a-c measurements a d-c potentiometer of 0.1% accuracy or better is required to
measure the d-c reference voltage.
A deflection potentiometer and volt box, or an
automatic self-balancing potentiometer ("digital voltmeter") should be convenient for
this.
For testing electronic voltmeters frequency-response measurements (differences
in reading for the same voltage at the test and reference frequencies) should be parti¬
cularly convenient.
The form factor and crest factor of the a-c sources must be within
0.1%, of the values for a sine wave (1.111 and 1.414 respectively) since most electronic
voltmeters respond essentially to the average or crest

(peak) values.

Since these

factors depend upon the phase angle as well as the magnitude of each harmonic it would
ordinarily be necessary to make sure that the ratio of the magnitude of the nth harmonic
to the fundamental does not exceed 0.1xn% when an average-reading instrument is tested
and 0.1% when a crest-reading instrument is tested.
The results should then differ from
those obtained with a sine wave by less than 0.1%.
An r-f generator of at least 5 watts output and good voltage stability is

required

but only moderate frequency accuracy and stability are needed.
It is very difficult to
construct broad-band generators of good wave form at this power level.
However, a simple
adjustable LC tuned circuit, with the instruments connected across the capacitor, can be
used to simultaneously improve the wave form, match the impedance of the instruments to
that of usual 50-ohm source, eliminate the capacitance loading of the instruments on the
source, and provide the higher voltages often required.
For these combined purposes the
values of inductance and capacitance should be chosen so that u)L = 1/uC
and R£ are respectively the resistances of the source
load

(instruments).

the LC circuit,

, where

(including the inductor) and the

For low voltages a 50-ohm resistor can be connected in series with

and the instruments and attenuators as needed can be connected in parallel

with this resistor for improved wave form.
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CONCLUSIONS
Cylindrical film resistors in series with a thermoelement in a coaxial line makes
possible single-range thermal voltage converters that are useful as ac-dc transfer
instruments over a very wide frequency range, 3 cps to at least 30 me, with unusually
high accuracy.
They are inexpensive and easy to construct.
Their frequency influence
may be estimated by reasonably simple formulas, with results which agree well with the
measured values up to 40 me.
The voltage converters may be useful to considerably
higher frequencies.
The higher range converters require considerable power (up to 2
watts) and have a marked but short warm-up drift.
These disadvantages could be reduced
by using metal-film resistors of higher resistance (with a 5-ma thermoelement) but this
would very probably reduce the frequency range for the same attainable accuracy.
The good
performance of these converters was obtained with deposited-carbon resistors of a new
type.
Earlier converters with resistors of different construction showed discrepancies
up to 0.57o at 40 me.
Further work is planned to determine the cause of these differences.
These voltage converters can be used quickly and easily to make ac-dc difference
tests to determine the frequency influence of other rms instruments to 0.17o or better to
at least 10 me and to 0.27> at 30 me.
Direct a-c measurements are made by the transfer
technique, which in most cases can be arranged for reasonable simplicity.
With sources of
suitable wave form, average-reading and crest-reading instruments could also be calibrated
if desired.
In all of these applications the applied frequency need not be closely
determined or held because of the flat frequency response of these voltage converters.
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TABLE 1.
Rated
Voltage
Volts
1
3
5
10
20
50
100
200

D.

R.

Crosby and C.

VOLTAGE CONVERTERS

Thermoelemenc
Rated
Heater
Current
Resistance
ma
Ohms
90
90
90
90
25
25
25
25

5
5
5
5
10
10
10
10

(2) Two equal resistors

Series
Resistor
Kilohms
0.2
0.5
1
2
2
5
10<2>
20<2)

in configurat ion of figi
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E. Kennelly,

C.

H.

Selby and

TABLE 2.

COMPARATIVE AC-DC DIFFERENCES OF VOLTAGE CONVERTERS

Voltage Range
Converter
Converter
B
A
1
1
3
3
5
5
10
10
20
20
20

1
1.5
2
3
3
5
6
10
15
20
20
50
50
90

3
3
5
5
10
10
20
20
50
50
100
100
200
200

50
50
100

Applied
Volts

Comparative AC-DC Difference, D,
0.1 me
20 me
1 me
5 me
10 me

(Percent)
30 me
40 me

+0.01

-0.08
-0.06
-0.05
-0.04
-0.03
+0.14
+0.15
+0.07
-0.02
-0.01
-0.02
-0.04
-0.01
-0.04
+0.33* +0.17
+0.33
+0.19* +0.57
-0.14

0.00
0.00

0.00
0.00
+0.01

0.00
+0.01
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-0.01

0.00

-0.02

0.00

-0.01

-0.01

-0.01

+0.01

+0.02

0.00

0.00

+0.02

0.00
+0.07

0.00
+0.24

-0.02

-0.06

-0.04

TE:

D = 100 (Sg - S^), where S is defined by eq 3,
converters A and B

*

Additional comparisons made at 25 and 35 me.
TABLE 3.

-0.03

and the subscripts refer to

RESULTS OF TEST OF 1-VOLT VOLTMETER

Frequency
me

Applied Voltage *
Volts

1
10

0.997
0.998
0.998
0.999
0, 982
0.945
0.883

30

100
200
300
400

For same reading of millivoltmeter at
each frequency.

TABLE 4.
Rated
Voltage
Volts
1
3
5
10
20
50
100
200

AC-DC DIFFERENCES OF VOLTAGE CONVERTERS
Percent AC-DC Differences (100S)
Observed
Calculated
to 5 me
10 me
20 me
30 me
40 me
40 me
<0.05
<0.05
<0.05
<0.05
<0.05
<0.05
<0.05
<0.05

<0.05
<0.05
<0.05
<0.05
<0.05
<0.05
+0.05
-0.05

0.0
0.0
0.0
0.0
0.0
0.0
+0.2
0.0
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0.0
0.0
-0.1
0.0
0.0
0.0
+0.3
+0.2

0.0
-0.1
-0.1
0.0
0.0
0.0
+0.1
+0.5

0.0
0.0
0.0
+0.1
+0.1
-

F

F

Fig.
R
TE

1.

Thermal Voltage Converter

Film-type resistor 1/8
, 2 in. long.

in.

Fig.

Voltage Converter with
Compensating Shields
S]_
Cylindrical brass shield, 2 in.
diam. with one brass end-plate.
S2
Cylindrical brass shield, 2 in.
diam. both ends open, axially
adjustable, (see text)
Other symbols same as Fig. 1 except F
is 2.5 in. diam., and 7.5 in. long.
NOTE:
Plane of thermocouple leads at
right angles to axis of F.

diam.,

Thermoelement

A
Coaxial input connector, GR874PB
B
Two-pin output connector, AN10SL
D-^, D2»
Circular brass discs, 3/16 in.
thick, secured to F with 4
2-56 brass screws.
F
Cylindrical brass shield, 2 in.
diam. 4.25 in. long.
G
Cross wire at center of D2
(see text)
NOTE:
Plane of thermocouple leads at
right angles to axis of F.

2.

Fig. 3.
Circuit of Lindeck Potentiometer
M
1.5 ma d-c milliammeter
K Thermofree key
E
emf terminals, AN10SL
G-,, G2
galvanometer terminals, AN10SL
NOTE:
All fixed resistors of manganin,
accuracy ±0.27o.
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Fig.

4.

Computed AC-DC Difference as a
function of the parameters a and k.

Fig.

5.

5-Volt Converter Set Up for AC-DC
Test of Experimental Thermocouple

Voltmeter.
(Lindeck potentiometer at right, double¬
shield converter and experimental splitshield element in foreground, ac-dc switch
not shown)
572772 0-61-23
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AC-DC Transfer Instruments for Current and
Voltage Measurements*
FRANCIS L. HERMACHf
energy (which is governed by the heating produced by

Introduction

HE basic electrical units are maintained by groups
of standard cells and resistors. With these stand¬
ards and a dc potentiometer, measurements of
direct voltage and current are readily made with an ac¬
curacy of 0.01 per cent or better. Corresponding meas¬
urements of alternating voltage and current at power
and audio frequencies depend, at the present time, upon
ac-dc transfer instruments which have nearly equal ac
and dc response. Such instruments may be calibrated
on direct current and then used on alternating current,
or alternatively, may be used directly to make ac-dc
difference measurements, as in the certification of other
instruments.
In addition to the instantaneous values as deter¬
mined by an oscilloscope or point-by-point methods,
there are at least seven other quantities that may be
determined for a periodic ac wave in which all values
separated by the periodic time, T, are equal. These are:

a current and by the electromagnetic force produced by
currents acting on each other) is a function of the square
of this value.
The three general types of ac-dc transfer instruments
which are at present suitable for rms measurements of
better than 0.1 per cent accuracy are dependent upon
these same laws of the interchange of energy. They are:
1) electrodynamic instruments, which depend upon the
force between current-carrying conductors; 2) electro¬
static instruments, which depend upon the force be¬
tween charged conductors; and 3) electrothermic instru¬
ments, which depend upon some effect produced by the
heating of a current-carrying conductor. The first and
third respond essentially to current and the second to
voltage, but series or shunt resistors make all three types
suitable for both measurements, while other circuit ar¬
rangements make power measurements almost equally
feasible.

1) the rms or effective value, /, defined by

Response Equations

The instantaneous torque of an electrodynamic in¬

where i is the instantaneous value; 2) and 3) the positive
and negative average values, i.e., the average of all the

strument in which two sets of conductors, one fixed and
one rotatable about an axis, carry the same current,
i, is1

positive or all of the negative values during one cycle,
defined by

t —

. dM
i2dd

i rT , ,
i rT i i
Ia+ =- I (I i I + i)dt and Ia- =- I (| i | — i)dt
IT J o
2T J o

where M is the mutual inductance and 6 some welldefined angle between the two sets of conductors.
In its simplest form such as instrument has an oppos¬

where \i\ is the magnitude of i; 4) the rectified full-

ing torque, Ud, so that, with direct current applied, the
rest position, 6/, is defined by

wave average, defined by

U6f = B\I2
5) and 6) the positive and negative crest or peak values;
and 7) the crest-to-crest or peak-to-peak value.
Instruments for measuring each of these values of an
ac voltage or current wave are commercially available
(with widely varying accuracies). Ordinarily, however,
only one of these values is really required in a measure¬
ment. Unfortunately, it is difficult to deduce accurately
one value from the measurement of another, except for
a few waveforms (which, of course, must be known). In
most cases the rms value is the one really desired, since
the rate of transformation of electrical to other forms of
* Manuscript received by the PGI, August 14, 1958.
f National Bureau of Standards, Washington, D. C.

where

dM~I
B\ =dd J e-$f

The differential equation governing the angular deflec¬
tion is1

P6" + Ad' + Ud = Bi2
where P and A are the inertial and damping constants,
respectively. If the mechanical inertia is sufficiently
great that with alternating current applied the periodic
fluctuations of 6 are negligible compared with the aver¬
age value, termwise integration over an integral number
of cycles gives

1 F. K. Harris, “Electrical Measurements,” John Wiley and Sons,
Inc., New York, N. Y., pp. 47 and 413; 1952.
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and alternating current than it is to measure them sep¬

Thus if U and B each have the same value on direct as
on alternating current, the instrument has the same
response, 9{.
The instantaneous torque of the usual two-element
electrostatic instrument with an applied voltage, v, is

v2 dC
2

dd

where C is the capacitance between the elements. Sim¬
ilar considerations lead again to identical expressions
for the rest position with direct or alternating voltage

1 dCl
B2 —-2 ddjg=6f

where

With reasonable restrictions, the temperature rise, 9,
of a thin homogeneous conductor carrying a current i
in the x direction is governed by the differential equa¬
tion

d29

HO

i2R

dx2

K

K

1

for dc measurements, and most ac instruments of high
accuracy are calibrated in terms of dc standards. In the
usual instruments, this calibration is preserved on a
scale, and the instrument is tested or standardized pe¬
riodically to guard against changes in the factors which
affect the response. However, if the instrument is cali¬
brated at the time of each use, long-time stability, ex¬
tremely low temperature coefficients, and other nor¬
mally desirable characteristics become of secondary im¬
portance, and the instrument may be designed and con¬
structed to have high resolution and the best possible
frequency characteristic. Indeed, in a standardizing
laboratory in which the standard is used primarily to
test other instruments, a dc calibration may not be nec¬

applied, viz.,

UOj = B2V2

arately and compute the response of the instrument.
Thus with few exceptions2 absolute instruments, such
as the electrodynamic current balance,3 are used solely

dd

D dt

where D is the thermal diffusivity and R, K, and H are
the electrical resistance, thermal conductance, and rate

essary because most instruments which are submitted
to such laboratories can also be used on direct as well as
alternating current. The scale calibration of such instru¬
ments may be verified on direct current with a potenti¬
ometer (taking the mean of the values required to ob¬
tain the same deflection for the two directions of applied
current or voltage). The ac-dc difference or frequency
influence may then be determined by connecting the
instrument under test and the transfer instrument so

of surface heat loss per degree rise of a unit length of
the material. Again, if the “thermal inertia” is suf¬

that they respond to the same quantity (current, volt¬
age, or power) and successively switching both to alter¬
nating-, direct-, reversed-direct, and alternating current.

ficiently great that periodic fluctuations in temperature
are negligible, the average temperatures are equal with

In each case the measured quantity is adjusted to ob¬
tain the same deflection of the test instrument and the

equal direct and rms alternating currents.
In each instrument the equality holds even if the

differences in deflection of the standard instrument are
observed. From these differences and the scale factor of

“constants” such as U, B, R, D, H, and K in the equa¬
tions are dependent upon the response, 9. This impor¬
tant advantage stems from the property that each in¬

the standard instrument (per cent change per division)
the ac-dc difference of the test instrument may be de¬
termined.

strument combines in a single measuring element a
function proportional to the square of the instantaneous
current or voltage, a restraining function, and an iner¬

This procedure has been used for over 40 years in the
certification of instruments at the National Bureau of

tial function or “flywheel effect” to enable it to integrate
so that the time-average value of the response is propor¬
tional to the square of the rms current or voltage. For
this reason high accuracy may be more easily attained
with these instruments than with other squaring de¬
vices or circuits, which must synthesize exact and equal
square-law responses in two quadrants (or in one quad¬
rant with an accurate rectifier) and provide a separate
integrator. However, each of these three types.of instru¬
ments has a lower limit of frequency below which the
average value of the response is incorrect if the con¬
stants are dependent upon 9.
Transfer Instruments

It is easier in an actual instrument to insure that the
constants in the equations are indeed equal on direct

Standards, because it separates several sources of errors
and can be carried out with great accuracy. Since the
ac-dc differences of a well-designed instrument are
small within its working frequency range and are rela¬
tively permanent, they need not ordinarily be redeter¬
mined, so that the periodic tests of the instrument need
be made only with direct current.
For either a direct ac measurement or an ac-dc dif¬
ference determination, however, the ac-dc difference of
the standard instrument must be known to the full ac¬
curacy of the measurement. The determination of this
difference has been recognized as a major problem in
2 H. B. Brooks, F. M. Defandorf, and F. B. Silsbee, “An absolute
electrometer for the measurement of high alternating voltages,”
J. Res. NBS, vol. 20, pp. 253-316; 1938.
3 R. L. Driscoll and R. D. Cutkosky, “Measurement of current
with the NBS current balance,” J. Res. NBS, vol. 60, pp. 297-305;
1958.
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most national standardizing laboratories. In general,

sonably rugged and portable pointer-and-scale instru¬

there are three rather distinct steps in a complete de¬
termination. These are: 1) choice of two different types

ments of the 0.1 per cent accuracy class, based on
Weston’s designs, have been available for a number of
decades. For increased resolution and accuracy, recently

of instruments that are inherently suitable as ac-dc
transfer instruments, and a theoretical study of all
known effects that can cause ac-dc differences in each

developed commercial instruments, following Silsbee’s
composite-coil design,6 now use a taut-suspension sys¬

type; 2) construction of instruments of each type in
such a way that each of these effects by computations

fastened to it to provide an electromagnetic restoring

and tests can be evaluated over the required1 ranges;
and 3) comparison of the actual transfer performance
of the two instruments to guard against unknown
sources of error. The tests of step 2) will often take three
forms. These are: a) tests of components of the instru¬
ment for the effects of known factors (such as magnetic
susceptibility, for example; b) intercomparisons of
instruments of the same type but of different ranges, in
which some of the effects (such as residual reactance)

tem with the moving coil of a second instrument rigidly
torque.7-9 This torque can be precisely determined by
measuring the current through the second instrument
with a resistor and dc potentiometer.
As the torque equations indicate, an electrodynamic
instrument responds to the square of the current, the
scale being marked to indicate current directly. As an
unshunted ammeter (limited to about 0.1 ampere be¬
cause of the springs or ligaments which must carry the
current to the moving coil), it will be useful as a transfer

may be expected to be very different; and c) repeated

instrument over the range of frequencies for which the

intercomparisons, in which each known source of error

average torque, T =/(/), is the same as with direct cur¬

in one instrument is accentuated by definite amounts
(such as by the deliberate introduction of known react¬

rent. The chief factors which affect this in an actual
instrument are: 1) capacitances between turns and be¬

ance). Normally the comparisons of step 3) can be made

tween coils, which alter the currents; 2) eddy currents

over only part of the useful ranges of frequency, voltage,
etc., and the performance must also be judged by the re¬
sults of steps 1) and 2). Normally also one of the two in¬

in. neighboring metals, which alter the field that links

struments

will

have

better-known

characteristics,

with the moving coil; and 3) electrostatic torque, caused
by differences in potential between the fixed and mov¬
ing coils. In general, these set an upper limit of about 1

wider or more suitable ranges, or better-behaved ac-dc
differences than the other, and thereafter is used as the

kc for such instruments. The frequency ranges of am¬

principal transfer instrument for that laboratory, but

voltmeters, which use series resistors to limit the cur¬
rent, are more sharply limited by the inductances of the

both are important.

meters, which use shunts across the moving coils, and

The accuracy of ac measurements is often limited by
the stability of the source rather than the instrument.
For the calibration of instruments with a transfer instru¬

coils. The manufacturer must insure that the ratio of the

ment, stabilized sources free from short-time fluctua¬
tions are required, but long-time stability and good load

accuracy of the measurement over the frequency range
of interest. Similarly he must insure that the magnitude

regulation are of less importance.4’5 Repeated sets of
readings make it possible to determine the ac-dc differ¬

of the impedance of the voltmeter (defined as the ratio
of the applied voltage to the current through the coils)

ence to a precision considerably better than the fluctua¬
tions in the source, and the procedure described tends

is equal to its dc resistance. By connecting resistors in

to eliminate drifts in both the test and standard instru¬
ments. If both instruments inherently respond to the
same values (rms for example), low-order harmonics up
to several per cent ordinarily cause the test to be in error
by much less than 0.1 per cent.
Electrodynamic Instruments

The electromagnetic force between two conductors
with reasonable geometry and currents is so small that
to obtain satisfactory torque the effect is magnified by
coiling the conductors. The torque-weight ratios thus
obtained are still considerably less than those enjoyed
by dc instruments with permanent magnets, but rea4 A. H. M. Arnold, “Alternating-current instrument testing
equipment,” Proc. FEE, vol. 101, pp. 121-133; 1954.
5 F. L. Hermach, “Power supplies for 60-cycle tests of instru¬
ments and meters,” Proc. ISA, vol. 11, paper 56-21-3; 1956.

impedances of the two parts ol the divided circuit of the
ammeter is equal to the ratio of resistances, to the full

series with the coils of the ammeter and capacitors
across portions of the voltmeter, the upper frequency
limit for 0.1 per cent error in commercial instruments
can be raised from 100 cps to about 1000 cps, and for
0.25 per cent error to about 2500 cps.10
Because the mutual inductance between the coils
changes with scale position (the operating torque de¬
pends upon this) complete compensation cannot be at¬
tained at all scale positions. Mutual inductance intro6 F.

B. Silsbee,

“Composite coil electrodynamic instruments,”

J. Res. NBS, vol. 8, pp. 217-264; 1932.
7 G. F. Shotterand H. D. Hawkes, “A precision ac/dc comparator
for power and voltage measurements,” Proc. IEE, vol. 93, pp. 314—
324; 1946.
8 J. Sorge, “A new precision instrument for ac power measure¬
ments,” VDE Fachberichtc, vol. 17, pp. 27-30; 1953.
9 R. F. Estoppey, “Inductronic Electrodynamometer,” Confer¬
ence on Electronic Standards and Measurements, paper 35; August,
1958.
10 J. H. Miller, “Frequency compensation of ac instruments,”
Trans. AIEE, vol. 70, pp. 217-221; 1951.
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duces other errors as well, so that the electrodynamic
ac-dc transfer instruments designed and constructed at
the U.S. National Bureau of Standards11 and the Na¬
tional Physical Laboratory of South Africa12 are nor¬
mally operated only over a narrow range of deflections
about the position of zero mutual inductance, by 'the
use of a continuously adjustable external multiplier for
the first instrument and a torsion-head for the second.
In the NBS instrument (see Fig. 1), two sets of coils are
astatically arranged to eliminate the effect of uniform
external fields, and a strip suspension and light-beam
pointer with a scale 2 meters from the instrument insure
definite readings and permit a scale factor at 0.01 per
cent/mm at currents from 0.1 to 20 amperes. The instru¬
ment is normally used as a wattmeter or ammeter, and
a similar but older companion instrument as a voltmeter
(10 to 600 volts).13 The NPLSA instrument is quite sim¬
ilar, but may be connected as a voltmeter as well (0.05
to 5 amperes and 25 to 500 volts). The ac-dc difference
of each of these instruments is believed to be known to
better than 0.01 per cent at power frequencies and to
perhaps 0.1 per cent up to 3 kc (above 50 volts), verified
by careful study and by comparison with electrothermic
and electrostatic instruments.
Fig. 1—NBS electrodynamic ac-dc transfer instrument
(external multiplier and scale not shown).

Electrostatic Instruments

The electrostatic force between two conductors at
reasonable spacingsls very low at normal line voltages.
The resultant torque can be multiplied, as in the Kelvin
electrostatic voltmeter, by interleaving the fixed and
moving conductors (plates), but unfortunately only on a
one-to-one basis, so that torque-weight ratio remains
low. Thus electrostatic instruments, as distinct from
electrodynamic instruments where the fixed coil may be
designed to have more ampere-turns than the moving
coil, seem rather delicate except at voltages above about
1 kv, and are rarely available commercially for precision
measurements. However, taut-suspension, light-beampointer constructions, using improved optical systems
and modern materials, have begun to appear commer¬
cially in Europe and may presage a renaissance of this
type of instrument.
Electrostatic instruments inherently respond to volt¬
age but may be adapted for current measurements by
measuring the voltage across a resistor carrying the
current. However, the voltage must be rather high (50
to 100 volts) for adequate accuracy and the shunt must
then dissipate considerable power at high currents, or
an instrument transformer must be used (either a cur¬
rent transformer with a resistor in its secondary, or a
voltage transformer between a resistor and the instru¬
ment).
11 J. H. Park and A. B. Lewis, “Standard electrodynamic watt¬
meter and ac-dc transfer instrument,” /. Res. NBS, vol. 25, pp. 545579; 1940.
12 J. W. Whittaker, “A precision electrodynamometer standard and
ac/dc transfer instrument,” Proc. IEE, vol. 101, pp. 11-20; 1954.
13 F. K. Harris, “A suppressed zero electrodynamic voltmeter,”
J. Res. NBS, vol. 3, pp. 445-457; 1929.

Electrostatic instruments also have a number of
sources of ac-dc differences. Among these are: 1) the
series impedance of the suspension or springs, 2) surface
charges on insulation in the electric field, which can
modify the field with direct voltage applied, and 3) im¬
perfectly conducting films on the plates which can cause
the field strength between the plates to differ on direct
and alternating voltage.14 None of these limit the fre¬
quency range as sharply as does the inductance of
electrodynamic instruments, and electrostatic voltme¬
ters may be accurate to perhaps 1 me. However, when
an electrostatic instrument is used as an ammeter the
impedance of the 4-terminal resistor must be equal to
its dc resistance. (II a transformer is used, it is no longer
an ac-dc transfer instrument.) This is difficult to achieve
above about 20 kc.
Electrostatic voltmeters with ranges from 50 to 160
volts have been the principal ac instruments for over
40 years at the National Physical Laboratory in Eng¬
land14 and somewhat modified instruments of the same
basic design are similarly used at the National Stand¬
ards Laboratory in Australia. The ac-dc differences of
the NPLE instruments are known to 0.01 per cent at
power frequencies and to better than 0.05 per cent up to
100 kc (verified by calculations of the known sources of
error and by comparison with electrodynamic and elec¬
trothermic instruments and with other electrostatic
14 R. S. J. Spilsbury and A. Felton, “The electrostatic voltmeter
as a dc/ac transfer instrument,” J. IEE, vol. 89, pp. 129-137;
1942.

349/238

1958

Hermach: AC-DC Transfer Instruments for Current and Voltage Measurements

transformers and resistors have been constructed and

10 me.16 The calculated ac-dc differences of the convert¬
ers and of the voltmeter elements were verified by inter¬

tested to permit the measurement of current and of
voltage below 20 volts, and resistance voltage dividers
have been evaluated for voltage measurements to 1000

comparisons of different ranges and by comparisons
(over limited ranges) with electrodynamic and electro¬
static instruments. A Lindeck deflection potentiometer

volts (at audio frequencies).4

is used at NBS with these converters and voltmeter ele¬
ments to provide high resolution (0.005 per cent/mm at
rated output emf) and rapid reading.
Similarly it has been shown that a properly selected

instruments having noble-metal conductors). Special

Electrothermic Instruments

Easily measurable effects are produced by the heating
of short straight metallic conductors or very small beads
of semiconductors, having very low electrical timeconstants. These effects can thus be independent of fre¬
quency up to 100 me or more. In addition, the effects
can be measured electrically, rather than mechanically,
with high precision and freedom from mechanical
resonances. These are the chief advantages of electrothermic instruments.
Because their output is electrical, and because of their
low reactance, thermocouple instruments and bolometer
bridges are the only two forms now generally used. In
commercial thermocouple instruments the temperature
rise of a conductor (heater) is measured with a thermo¬
couple and millivoltmeter. The combination of the
heater and thermocouple is called a thermal converter.
Many commercial bolometer bridges now contain bead
thermistors (temperature-sensitive resistors) and are
unbalanced by the temperature rise caused by the heat¬
ing of the applied current. The unbalance voltage is
measured or balance is restored by additional currents
of a different frequency, which are measured. Thermo¬
couple instruments of the \ to 2 per cent class have long
been commercially available for current and voltage
measurements, while most commercial bolometers are
used for power measurements (absorbing all of the
measured power). In either case undesired thermal ef¬
fects, such as high ambient temperature coefficients,
accelerated aging of the heater at the elevated tempera¬
ture, and transfer of heat to other parts of the measur¬
ing element have limited the sustained accuracy obtain¬
able. However, by using such instruments solely as ac-dc
transfer instruments, calibrating them before and after
each reading, these effects can largely be eliminated.
Studies at the National Bureau of Standards16 have
shown that properly designed thermal converters may
be used as ac-dc transfer instruments at currents from 1
ma to 50 amperes with an accuracy approaching 0.01
per cent at power and audio frequencies and very prob¬
ably up to 200 kc. Their low reactance also makes possi¬
ble transfer voltmeters from 0.2 to 600 volts (at 133
ohms per volt) with wire-wound series resistors that
have ac-dc differences less than 0.03 per cent at audio
frequencies. Voltmeter elements with film resistors in
coaxial lines terminated by thermal converters have
been constructed and intercompared to 0.05 per cent to

iof. L. Hermach, “Thermal converters as ac-dc transfer stand¬
ards for current and voltage measurements at audio frequencies,”
J. Res. NBS, vol. 48, pp. 121-138; February, 1952.

and mounted pair of indirectly heated thermistors may
be used in a bridge as an ac-dc transfer instrument for
an audio-frequency potentiometer to better than 0.02
per cent at frequencies from 0.2 to 20,000 cps.17 Ther¬
mistors are also used for ac measurements at the Physikalisch-Technische Bundesanstalt in Germany.18 Their
rather long thermal time constants (about 10 seconds)
provide good low-frequency response but make highly
stable sources necessary.
The small ac-dc differences of thermal converters and
thermistor bridges at audio frequencies are caused al¬
most solely by: 1) thermoelectric effects in the heater,
which affect the temperature rise on direct current, but
because of thermal inertia do not affect it on alternating
current; 2) integration errors at low frequencies, which
are inversely proportional to the square of the fre¬
quency; and 3) small reactance effects in the voltmeter
elements, such as capacitance currents between parts of
the multiplier, and from the multiplier to its surround¬
ing shield. Fortunately, it is possible to obtain thermal
converters with heaters of manganin or other alloys of
low thermoelectric effects and of sufficient length to
make the ac-dc differences 0.01 per cent or less from 20
cps to 200 kc.
A single 10-ma thermal converter is used with mul¬
tirange shunts and series resistors for ac measurements
in the U.S.S.R., both in a central standardizing lab¬
oratory and in convenient consoles at branch labora¬
tories.19 Series and shunt resistors are also used in the
laboratories of the Germany Authority for Weights and
Measures, but with two converters in a differential
circuit.20 As a further modification of the transfer princi¬
ple, the heater of the thermal converter alone (without
the shunt or series resistors) can be switched to direct
current for the dc calibration.21 Only a small dc source is

16 F. L. Hermach, “Electrothermic instruments for the measure¬
ment of alternating current and voltage,” Proc. NPL Symposium on
Precision Electrical Measurements, HMS Stationary Office, London,
Eng., paper No. 15; 1955.
17 F. C. Widdis, “The indirectly heated thermistor as a precise
ac-dc transfer device,” Proc. IEE, vol. 103, pt. B, pp. 693-703; 1956.
18 H. J. Schrader, “A-C potentiometer measurements with in¬
directly heated NTC resistors,” Electrotech. Z., vol. 73-A, pp. 547549; 1952.
19 K. P. Shirokov, “An installation for calibrating ammeters and
voltmeters at high frequencies,” Proc. Russ. Inst. Meteorology, vol.
24, p. 24, 1954.
20 W. Rump, “On the exact absolute measurement of ac voltages
and a potentiometer for testing ac instruments,” Eleklrotechnik, vol.
5, pp. 64-67; 1951.
21 F. L. Hermach and E. S. Williams, “Multirange audio-fre¬
quency thermocouple instruments of high accuracy,” J. Res. NBS,
vol. 52, pp. 227-234; 1954.

350/239

IRE TRANSACTIONS ON INSTRUMENTATION

December

required, making possible a convenient portable acces¬
sory" to a dc potentiometer, which, in a recently im¬
proved model (see Fig. 2) provides ranges of 7.5 ma to
20 amperes and 0.5 to 600 volts with an accuracy of
0.05 per cent at frequencies from 5 to 50,000 cps.
Other Instruments

A transfer instrument is an essential part of any ac¬
curate ac potentiometer. Such potentiometers have been
used to some extent in Europe but rarely in the United
States, except for special measurements. They require
phase as well as magnitude balance, and with the usual
tuned detector, measure only the fundamental com¬
ponent rather than the rms value. An electrodynamic
milliammeter is most commonly used with a standard
ceil to standardize the current through the resistance
network, but a thermal converter of thermistor bridge
could serve equally well and over a wider range of fre¬
quencies.15,17 Recent studies22 have shown that some
converters have excellent long-time stability if they are

Fig. 2—Volt-ampere converter for ac current
and voltage measurements.

maintained at a constant ambient temperature.
A method of determining the equality of a dc voltage
and the crest-to-crest value of an ac voltage to better
than 0.005 per cent has been developed at the National
Standards Laboratory of Australia23 as well as a method
of generating an ac voltage wave with no harmonic
greater than 0.001 per cent of the fundamental. The

0.01 per cent at 50 cps and may be considered to be a

equipment has been used to verify the ac-dc perform¬

age value of an ac voltage wave to 0.1 per cent or better,
provided the galvanometer or other detector properly

ance'- of the NSL electrostatic voltmeter to better than
22 J. J. Hill, “A precision thermo-electric wattmeter for power and
audio frequencies,” Proc. IEE, vol. 105, pt. B, pp. 61-68; January,
1958.
23 W. E. Smith and W. K. Clothier, “Determination of the dc/ac
transfer error of an electrostatic voltmeter,” Proc. IEE, vol. 101,
pp. 465-469; 1954.

crest-value ac-dc transfer instrument.
High-gain amplifiers with a rectifier in a feedback
loop, and driven rectifiers based on the ring modulator,
may be used with a potentiometer to measure the aver¬

integrates the rectified output. Their accuracy must also
be verified by the procedure outlined for ac-dc transfer
instruments. At present this is most easily done by com¬
parison with rms instruments in circuits with voltages
of known waveforms.

Reprinted from IRE TRANSACTIONS
ON INSTRUMENTATION
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A Wide-Range Volt-Ampere Converter
for Current and Voltage Measurements
F. L. HERMACH
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T

echnological
developments
have brought increasing needs for
convenient, portable instruments for
measuring current and voltage with high
accuracy over a wide range of frequencies.
A “universal” volt-ampere (VA) con¬
verter has been developed for making such
measurements to 0.05% with alternating
current at frequencies from 5 cps (cycles
per second) to 50 kc and with direct
current. The new model is based
on an earlier, much more limited proto¬
type converter,1 and, like it, is used with
a null-type d-c potentiometer. With this
single, self-contained, portable, 44-range
instrument, the 1.5-volt range of a suitable
potentiometer can be used to make a-c
(rms) and d-c measurements from 7.5
milliamperes (ma) to 20 amperes and from
0.5 volt to 600 volts. With a more sensi¬
tive external galvanometer, the instru¬
ment can also be used as an a-c-d-c
transfer standard for a-c-d-c difference

Paper 59-161, recommended by the AIEE Indicat¬
ing and Integrating Instruments Committee and
approved by the AIEE Technical Operations
Department for presentation at the AIEE Winter
General Meeting, New York, N. Y,, February 1—6,
1959.
Manuscript submitted November 1, 1957;
made available for printing December 1, 1958.
F. L. Hermach and E. S. Williams are with the
National Bureau of Standards, U. S. Department
of Commerce, Washington, D. C.

E. S. WILLIAMS
NONMEMBER AIEE

measurements to 0.02% over the same
frequency range.
Method
For a-c measurements, a single thermal
converter (often called a thermoelement
or thermocouple) serves as an a-c-d-c
transfer standard. Its heater is con¬
nected in series with an a-c resistor for
voltage measurements and in parallel
with an a-c shunt for current measure¬
ments, as shown in Fig. 1. The electro¬
motive force (emf) of the converter is
manually balanced by the voltage from
a built-in d-c source, with a galvanom¬
eter as the indicator (not shown in the
figure). The heater of the converter is
then switched to a second d-c source,
which is adjusted to rebalance the
galvanometer. The voltage across a
portion of this circuit is then measured
with the potentiometer and multiplied
by a simple number to obtain the alter¬
nating voltage or current. For d-c
measurements, the same multiplier is
connected as a volt box and the same
shunts are used, without the thermal con¬
verter.
From Fig. 1(A), with the thermal con¬
verter connected to Rm, Va=Ia(Rm-\-RK).
With the converter connected to the d-c
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circuit, the current through the heater is
h=IdRm'/{Rn + Rm') = VpRm'/RP(R» +
Rm'). If the a-e-d-c difference of the
converter is negligible, /<,=//,, and if
Rm'=Rm, Va=VvRn/Rv. The a-c volt¬
age to be measured is thus the product
of the measured potentiometer voltage
and a ratio of resistances, and is inde¬
pendent of both the emf-versus-current
characteristic and the heater resistance of
the converter.
From Fig. 1(B), with the converter
connected to Rs, the current through the
heater is Ih =IaRs/(Rh-{-Rs)- With the
converter in the d-c circuit, Vp — Id(Rh-{Rs'). If Ih—h and RS'=RS, and if the
a-c impedance of the heater is equal to its
d-c resistance, Ia — Vp/Rs, again desirably
independent of the emf-versus-current
characteristic and the resistance of the
converter.

A-l

Fig. 2. Wiring diagram of VA converter. Switch-position markings from top to bottom on diagram: switch C, AV, AC, DV, DC;
switch D, AV No. 1, AV No. 2, AC No. 1, AC No. 2. Dotted lines signify potential leads except at A-2 and B-3 where they
indicate intermediate switch positions are not shown
A-1, etc. = pole 1 of switch A
A, B= voltage and current range switches
C, D = selector and transfer switches
TC = thermal converter, 7.5 ma
G = galvanometer, 0.3 microampere per centimeter
K = galvanometer key
a =66-V3 ohms, manganin
b = (Rp) 200 ohms, manganin

For direct voltage measurements, the
heater of the thermal converter is dis¬
connected, the multiplier, Rm, is connected
directly to the voltage to be measured,
and a 1.5-volt section of it is connected
to the potentiometer. If this section is
designated as Ra, Vdc = VpRm/R^, and if
RC = RP the nominal multiplying factor,
Fv=Rm/Ra, for the volt box thus formed
is the same as that for the corresponding
a-c voltage range. For d-c measurements
the potential terminals of the shunt Rs are
connected directly to the potentiometer,

c = 10 ohms, 3-turn voltage divider
d =1,000 ohms, 3-turn voltage divider
e = 10 ohms manganin
f = 100 ohms, 3-turn voltage divider
g = 700 ohms, manganin
Ex = 1.5 volts, no. 6 dry cell
E2 = 3 volts, no. 6 dry cells
M = binding posts for external milliammeter

so that hc = Vp/Rs, and again the nominal
multiplying factor, Ft = l/Rs, is the same
as that for the corresponding a-c range.
If the resistors Rp, Rs, Rm, Rm', and R/
have small proportional corrections of
ap, a,, a^, dm', and a/ respectively, more
detailed analysis shows that, to a sufficient
approximation,
VpRm I” _

am + dm'Rh/Rm'1

Fa =

Rp L

ap

1 + Rk/Rm

J

= VpFt( 1 + B)
and
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(1)

a=

^L

l + Rs/Rk

J

= VpF{(l+w)

(2)

where the capital letters now signify the
nominal values. For the useful ranges,
Rn>Rh> Rs, so that the accuracy re¬
quired of the compensating resistors Rm'
and R3' is roughly inversely proportional
to the current or voltage range, while
essentially full accuracy is required of
Rm, Rs, and Rp. In practice the over-all
correction factors, v and w, are directly

evaluated by d-c tests of each range of the
instruments.
An instrument which responds to both
direct and alternating current is often
best tested by evaluating its scale correc¬
tions on direct current and then deter¬
mining its a-c-d-c difference at the de¬
sired frequencies2 (defined as the difference
between the direct and alternating cur¬
rent or voltage required to produce the
same deflection). This difference is
usually small and relatively permanent.
Such a-c-d-c difference tests can readily be
made with the VA converter by connecting
the two instruments together and to a
source of the desired voltage or current,
making a preliminary setting of the test
instrument, and then balancing the emf
of the thermal converter, E, to give zero
deflection of the galvanometer. The
instruments are then successively switched
to a-c, d-c, reversed d-c, and a-c sources,
which are adjusted to give the same deflec¬
tion of the test instrument, and the re¬
sulting galvanometer deflections are ob¬
served, without rebalancing. The per¬
centage a-c-d-c difference of the test in¬
strument, T, is computed as T = AD/KE
where AD is the difference between the
mean of the two a-c and the two d-c
galvanometer deflections, and A is a sensi¬
tivity factor. This factor is readily
determined by observing the changes in
galvanometer deflection resulting from
small measured differences in applied
direct current or voltage at several differ¬
ent levels of heater current, and plotting
K versus E. Tests show that only two
such curves are necessary, one of which
applies to all current ranges and the other
to all voltage ranges. (They differ be¬
cause of the dependence of heater resist¬

ance upon temperature and therefore cur¬
rent.)
Description
A wiring diagram of the VA converter
is shown in Fig. 2 and a photograph of the
instrument in Fig. 3. The ranges and
the nominal shunt and series resistances
are listed in the first two columns of
Tables I and II, respectively. There are
separate input binding posts for the cur¬
rent and voltage circuits, with separate
range switches, A and B in Fig. 2. The
instrument can thus be used to measure,
in succession, the voltage and current in a
d-c'or a-c circuit without reconnections.
It may also be useful for wattmeter
testing on direct current or at unity power
factor on alternating current (more
strictly at the power factor of maximum
deflection of a wattmeter) by the familiar
“phantom loading method.”3
Switch C selects the quantity to be

Table I.

measured and switch D is the a-c-d-c
transfer switch for the thermal converter.
The switch markings are identified in the
note on Fig. 2. For a d-c measurement,
the position of switch D is immaterial,
and it is only necessary to set the range
and selector switches and connect the
potentiometer. For an a-c measurement,
after these are set switch D is rotated to
AV No. 1 or AC No. 1, connecting the
thermal converter to the desired a-c
source, and the Ei circuit is adjusted with
controls marked “No. 1” (coarse and fine)
for zero deflection of the built-in galva¬
nometer (or any other convenient deflec¬
tion). Switch D is then rotated to AV
No. 2 or AC No. 2 connecting the thermal
converter to the E2 circuit which is ad¬
justed with controls marked “No. 2” to
rebalance the galvanometer to the same
deflection. The external potentiometer
is then read in the usual way. In switch
positions marked “Rect. Inst.,” (rectifier
instrument) two additional poles of
switch D (not shown in Fig. 2) connect a
panel-type rectifier instrument to the
a-c input in place of the thermal converter.
This is useful for preliminary settings and
for checking to make sure that the thermal
converter will not be overloaded in the
No. 1 position.
A 7.5-ma thermal converter having a
heater resistance of 662/3 ohms is used in
the instrument. Because of the com¬
pensating resistors, the actual heater
resistance need not be closely adjusted.
High-quality a-c resistance cards are
used for the series and shunt resistors of 1
ohm or more. Shunts of lower resistance,
for the higher current ranges, were spe¬
cially made in our laboratories of bifilar
strip, ranging from 2 to 20 mils in thick¬
ness, of nickel-chromium-aluminum-iron
alloy, with insulation of 1-mil polyester
film. The dimensions were chosen as a
compromise between the requirements of
large area for cooling and of thin strip for

Results of D-C Tests of Current Ranges
Per-Cent Correction
D-C Ranges, at 9 Months*

Current
Range,
Amperes

Rs,
Ohms

20. . 0.025.
10. . 0 05.
. 0.1 .
5
2.5. . 0.2 .
1
.05 .
. 1
.
. 2
.
... 5
.
.10
.
.20
7.5 ma. . None .

20%
Rated I

Rated I

.+0 05.
.-0 01.
.-0.02.
.+0,02.
. 0 00.
.-0 09.
.-0.04.
.-0.01.
.— 0 04.
. - 0 03.

.-0 07.
.-0.09.
.-0 01.
.+0.03.
.+0 03.
.-0.08.
.-0.03.
.-0.01.
.-0.04.
.-0.03.

* Number of months after completion of the instrument,
t Readjusted before this test; adjustment affects lower-current ranges.
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A-C Ranges, at Rated I
At 6
Months*

.+0.03.
.+0.01.
.+0 04.
.+0 03.
.+0 03 ....
.-0 07.
.-0.02.
.-0 01.
.-0.04.
.-0.02.
.+0.01

At 18
Months *

.+0 05
.+0,02
.4-0.03
.+0 05
.4-0.05
.— 0.021
. 0 00
. 0 00
.—0.03
.-0.02

Table II.

Results of D-C Tests of Voltag e

Ranges

Per-Cent Correction
D-C Ranges, at 9 Months*
Voltage
Range,
Volts

Rm»
Kilohms

600. . 80.
300. . 40.
150. . 20.
75. . 10.
60. . 8.
30. . 4.
15. . 2.
7.5. . 1.
6. .0.8.
3.
...0 4.
.0.2.
15...
0 5t. .None.

Rated V
.+0.01_
.+0.00_
.+0 00. . . .
.-0.01_
.-0 01_
. 0 00_
. 0 00_
.-0.02_
.-0.01....
. 0 00_
. 0.00_

20%
Rated V
.+0.01.
. 0 00.
. 0.00.
.-0.01.
.-0 01.
. 0 00.

A-C Ranges, at Rated V
At 6
Months*

.+0.02.
. :_+0.02.
.+0 01.
. 0.00.
.+0.01.
.4-0 02... .
.-0 02.
.-0.02.
.-0.03 . .
.-0.01. .
.+0.02

At 18
Months*
.+0.02
.+0.01
.+0.01
. 0 00
. 0.00
.+0.02
.4-0.02
.-0.02
. 0 00
— 0 03
-0 03

* Number of months after completion of the instruments,
f Alternating-current range only.

minimum reactance, using inductance
and skin-effect formulas developed by
Silsbee.4 The compensating resistors,
which carry only small direct current, were
chosen to meet the accuracy require¬
ments dictated by equations 1 and 2.
A built-in taut-suspension light-beam
galvanometer with 50-millimeter (mm)
scale provides a deflection of 2 mm for
0.1% change in input current or voltage
at rated heater current. This is adequate
for the zero settings required in a-c tests,
but for a-c-d-c transfer tests to 0.02%,
in which differences in deflection must be
read, a more sensitive external box-type
galvanometer with a longer scale is con¬
nected in place of the internal galvanom¬
eter. For these tests an external 1.5-ma
d-c milliammeter is also connected at a
pair of binding posts marked M in Fig. 2,
to measure the battery current through the
10-ohm resistor, e, and therefore, at bal¬
ance, the emf, E, of the thermocouple.
The VA converter has over-all dimen¬
sions of 17x14x9 inches and weighs 30
pounds.
Precautions
A number of factors must be evaluated
in the design and construction of an'
instrument such as this. Some are com¬
monly encountered in the design of any
equipment of high accuracy such as a
d-c potentiometer, but are accentuated
by the high voltage used in some of the
circuits. These are: 1. insulation, con¬
tact, and lead resistance of the wiring,
switches, and other components; 2. self¬
heating and ambient temperature effects
in the shunt and series resistors; and 3.
the stability of these resistors. In addi¬
tion, because of the unusual frequency
range in the instrument, the effects of
residual reactances, of the a-c resistors,
associated circuits, and of the frequency
influence of the thermal converter must be
carefully considered. Still other factors

are peculiar to the use of the thermal con¬
verter in this instrument and deserve
special mention.
Thermal converters have been studied
and used as highly accurate a-c-d-c
transfer standards.5 Normally the aver¬
age for the two directions of current serves
as the d-c reference in transfer measure¬
ments. In this instrument, however, only
one direction is used for convenience and
rapidity of measurement. A converter
of small d-c reversal difference is thus
desirable. Fortunately, converters of the
bead type, with an insulating bead be¬
tween the heater and thermocouple, can
be selected with reversal differences of
0.02% or less. They are then completely
interchangeable without requiring recali¬
bration of the instrument.
Most low-range thermal converters
have ambient temperature coefficients of
0.1 to 0.2% per degree centigrade (C), and
should be thermally protected for precise
transfer measurements. A cotton-filled
Bakelite cylinder around the converter
and the wooden case of the instrument
provide a thermal time constant of 40
minutes, which is ample for normal labora¬
tory use of this instrument. A wooden
divider separates the shunts and multiplier
from the converter and the d-c circuits
to minimize self-heating changes.
After a sudden change in heater current,
many bead-type thermal converters ex¬
hibit an exponential “warm-up” drift
having a time constant of 1 to 2 minutes.
This drift, an increase of current with time
for the same emf, can amount to almost
0.1% for some converters following a
change from zero to rated current. The
percentage error caused by it is

d = /;i'2 Sdt
where 5 is the percentage rate of change
of heater current at constant emf and
and ti are the elapsed times at which the
No. 2 controls and the potentiometer are
balanced, respectively. The drift rate did
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not exceed 0.04% per minute for any 7.5ma converter tested to date, so that, since
1 /2 minute is ordinarily sufficient time for
these balances, the warm-up drift error
should not exceed 0.02% even for the
largest change in heater current. How¬
ever, for best results, a warm-up period
of at least 2 minutes should be allowed.
After the initial change, the steady-state
drift of the galvanometer in either the
No. 1 or No. 2 positions of switch D
is less than 0.003% per minute, with No.
6 dry cells as the internal d-c sources.
The a-c resistors permit some response
of the thermal converter at frequencies
up to 100 megacycles (me). In areas of
high television signal strengths, errors
can result, since at these frequencies lab¬
oratory leads of ordinary lengths can
approximate
quarter-wave
antennas.
These difficulties were avoided in this
instrument by a low-pass L-C filter with a
cutoff frequency of 10 me per second and a
characteristic impedance of 67 ohms, con¬
nected to the heater terminals of the
thermal converter. The filter changed
the a-c-d-c difference of the converter by
less than 0.04% [0.003 db (decibels)] at
100 kc.
Tests
The results of d-c tests of the d-c ranges
(shunts and voltage divider), and of re¬
versed d-c tests of the a-c ranges of the
completed instrument are given in Tables
I and II. The results of a-c-d-c differ¬
ence tests from 20 cps to 50 kc are given in
Table III. The d-c shunts were tested
with an accurate Kelvin double bridge,
and the volt box tested in comparison
with the National Bureau of Standards

Table III. Results of A-C-D-C Difference
Tests at Rated Current and Voltage
Per Cent A-C--D-C Difference
Range

600
300
150
75
60
30
15
7.5
6
3
1.5
0.5
20
10
5
2.5
1
500
250
100
50
25
7.5

volts. . . .
volts. . . .
volts. . . .
volts.. . .
volts. . . .
volts. . .
volts. . . .
volts. . . .
volts. . . .
volts.. . .
volts. . . .
volt.
amperes
amperes.
amperes.
amperes.
ampere. .
ma.
ma.
ma.
ma.
ma.
ma.

20 Cps

20 Kc

30 Kc

50 Kc

0 00. . . +0 03*
..0.00.. .
0.00. .
. -0.01. . . -0.01. . . -0.02
. . -0 01. . . -0 02
..0 00..
..
0.00. . -0.02
..
0.00. . . -0.01
0 00. .
0 00
. . +0.01.
0 00
0 00
. .+0.01. .
. . +0.01. . . +0.01
. +0.01. . . +0.01
..
0.00.
+0.01
.0.00..
. . +0,02. . . +0.03
..0 00..
. +0.01. . . -0.01 . . -0.02
. -0.01. . . -0.01. . . -0.04
..0.00.. . -0.02. . . - 0 03. . . -0.04
..
000. . . +0.01
0 00. . . +0 04
. . -0 01 . . -0 03
.,0.00..
. . -0 02. . . -0 01
.
0 00 . . -0 01
..
0.00. . . +0 01
..+0.01. . . +0 01
.0 00..
. . -0.01. . .+0.01

(NBS) standard volt box. The reversed
d-c tests were made with a potentiometer
and auxiliary shunts and volt boxes. The
a-c-d-c difference tests were made with
the NBS standard thermal converters,5
which have recently been evaluated down
to 2 cps, and with a newly constructed
transfer voltmeter element, which has
been evaluated to 100 kc.
The results of the d-c tests show gen¬
erally satisfactory performance, adjust¬
ment, and stability of the instrument, ex¬
cept for the 10- and 20-ampere ranges in
which much larger shunts should have
been used. Separate correction curves
have been prepared for these ranges to
show the change in resistance caused by
the self-heating of the measured current.
The a-c-d-c differences, defined as
i^ac Idc)/I<ic or (kac 1^dc)/Vdc for the
same thermocouple emf with alternating
and direct current, are very small. They
depend upon the ratios of small reactances
to resistances in the instrument and may
be expected to remain constant to the
accuracy desired. Thus, unless the com¬
ponents are changed, future periodic tests
of the instrument need normally be made
with direct current only, with a-c-d-c
checks made only occasionally. This
greatly simplifies the standardization of
the instrument.
Additional low-frequency tests of the

0.5-volt and 7.5-ma ranges showed that
the a-c-d-c difference of the converter
itself is not more than 0.01% at fre¬
quencies down to 5 cps. Both theory and
experiment indicate that the difference
should also be negligible on all other
ranges of the instrument.
The small discrepancies in Tables I and
II between the corrections for the corre¬
sponding d-c and a-c ranges are caused
by the d-c reversal difference of the ther¬
mal converter, the difference between Ra
and Rp, and the influence of the com¬
pensating resistors Rm' and R/. While
these are small (the cause of the relatively
large discrepancy [0.06%] between the
corrections for the d-c and the a-c 5ampere ranges is unknown), they are
difficult to evaluate separately, so that
future d-c tests must probably be made
on both a-c and d-c ranges. In most
laboratories a volt box and shunt box
could be reserved as standards for these
and other tests and could be sent to a
suitably equipped standardizing labora¬
tory periodically, or the instrument
itself could be sent to such a laboratory.

urements of very high accuracy over
truly wide ranges of voltage, current,
and frequency. Its accuracy depends
primarily upon wire-wound resistors and
strip shunts of excellent stability and lowtemperature coefficient. After initial a-cd-c difference tests of the instrument,
routine periodic tests need ordinarily be
made only with direct current, thus
simplifying the standardization of the
instrument.
The VA converter should be partic¬
ularly suitable for testing other instru¬
ments, since all three types of tests,
(d-c, a-c, and a-c-d-c transfer tests) may
be made with it.
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Phase Angle Master Standard for 400 Cycles per Second
J. H. Park and H. N. Cones
(January 25, i960)
A continuously variable, 0- to 180-degree, phase shift standard for 400 cycles per second
is described in detail. It consists of a -r-section line made up of twelve 14.6 degree and three
4.3 degree sections to provide for two sizes of coarse steps and an RC circuit at the input
to the line to provide for fine steps and a continuous fine control. A method for accurately
adjusting the characteristic impedance of all 7r-sections to the same value, which is used as
the termination, was devised. Under these conditions it is shown that the phase shift
introduced by each 7r-section can be accurately computed from a measured value of induct¬
ance. The phase shift of each 7r-section was also determined by an experimental procedure
dependent upon a 180-degree phase shift introduced by a toroidal transformer. The values
obtained by these two independent methods agree to within 0.01 degree.

1. Introduction
Phase angle in this paper is defined as the quan¬
tity used to measure the time phase relation between
two sinusoidal voltages of the same frequency.
Highly accurate measurements of small angles, i.e.,
less than 3°, have long been made in connection with
instrument transformer calibration testing and phase
angle defect measurements of capacitors. Imped¬
ance and power factor measurements involving some¬
what larger phase shifts but usually with less ac¬
curacy have also been performed for some time.
However, until quite recently the accurate measure¬
ment of phase angle as such over a wide range and
at frequencies higher than 60 cps has not received
much attention.
Interest in precise phase angle measurements has
been aroused as a result of computer and guidance
problems. Various methods and devices for measur¬
ing phase shift have been developed in solving these
problems. In order to obtain accurate comparisons
and coordination of the test data obtained in various
standardizing laboratories, reference standards must
be available which will maintain their calibration
when shipped from one laboratory to another. Also,
at least one laboratory (probably the National
Bureau of Standards) must be capable of checking
the'absolute calibration of such reference standards.
The calibration of reference standards is most
conveniently carried out if a master standard is
available which has been thoroughly investigated and
accurately calibrated. The purpose of this paper is
to describe such a master standard which, has been
designed and constructed for use at 400 cps at the
National Bureau of Standards and to explain the
methods used in arriving at its calibration.

2. Requirements of a Master Standard
Conferences with various persons concerned with
accurate phase angle measurements indicated that
the greatest current need was for measurements
from 0° to 180° at 400 cps with an accuracy of 0.01°,

if possible. There are numerous methods of obtain¬
ing phase shift in this range, and measurement
accuracies to within a degree or even a few tenths
of a degree can be attained without great difficulty.
However, to cover the range from 0° to 180° with a
0.01° accuracy at any point, a master standard
must contain several different magnitudes of phaseshift steps which can be switched in or out by
selector switches and a continuously variable fine con¬
trol. To obtain a usable calibration, the phase shift
put in by each step on any selector switch or by any
given change in the fine dial must be independent of
the settings on all other switches and dials. In the
case of a resistance decade box a similar requirement is
nearly always automatically fulfilled, but for most
phase shifting devices this is not true. For a master
standard phase shifter it should also be possible to
compute phase shift for each step from the measured
values of resistance, capacitance, and inductances.

3. Description of Design Used
Resistance-capacitance circuits are commonly used
to obtain phase shifts, and the phase shifts inserted
by such circuits can, under certain conditions, be
accurately computed from measured values of re¬
sistance and capacitance. However for such circuits
phase shift is proportional to change in capacitance
or resistance only up to a few degrees, and above that
a fixed change in resistance or capacitance gives a
different phase shift depending upon the total values
of resistance and capacitance. Thus, decades of re¬
sistance or capacitance cannot be used to make up a
calibrated phase shifter for large angles but fortu¬
nately they can be used for fine control up to about 5°.
To obtain coarse steps of 5° and larger, L~C
lumped delay lines (multisection ladder networks)
were tried and found to be suitable. Tbe main ad¬
vantage of such a delay line is that the phase shift
added by any individual section is always the same
no matter how many sections are already in use,
provided the characteristic or surge impedance of all
sections is accurately adjusted to the same value and
the line is terminated with this same impedance.
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Under these conditions the phase shift of each section
can be computed from a measured value of induct¬
ance. Also the input impedance is independent of
the number of sections so that the input can be part
of an R-C circuit used to get fine control of phase
angle.
The final design consisted of twelve 14.6° 7r-sections
and three 4.3° 7r-sections with switching arrange¬
ments so that any desired combination of sections
could be connected as a delay line. The input to
this line was used as part of an R-C network which
incorporated 10 capacitor steps giving 0.44° phase
shift each and a variable air capacitor for continuous
fine control.
Several circuit connections and switching arrange¬
ments for the complete phase shifter were considered
and tried. The one finally selected is shown sche¬
matically in figure 1. The “input” or voltage to be
shifted is connected to a 4,000-ohm noninductive
resistor, shunted by a capacitance-remove type vari¬
able air capacitor (1,100 to 100 pf), in series with
the input to the delay line. A decade set of mica
capacitors (0.004 to 0.044 /A) and a zero adjusting
capacitance are connected in parallel with the delay
line input. A set of 13 single-pole, two-position,
mercury-contact switches are arranged to connect
any number from 0 to 12 of the 14.6° 7r-sectious into
this delay line. Also a set of 4 switches is arranged
to connect any number from 0 to 3 of the 4.3°
7r-sections into the delay line. The end of the delay
line is connected to a resistor of 1,000 ohms shunted
by a capacitor of 0.0021 pif which was chosen to be
equal to the characteristic impedance of the line.
The terminated end of the line is connected to the
“output” binding posts of the phase shifter through
the “test-check” switch when it is in the “test”
position.

4. Theory and Method of Measurements on
7r-Sections
The circuit diagram in figure 2 shows a generalized
7r-section delay line which can be used as a phase
shifter. To eliminate reflections so that the shift
introduced by any one section is constant irrespective
of other sections in the line, the terminating im¬
pedance, Z0, must be made equal to the input im¬
pedance, Zln. Considering one section only and
solving for Z0 when Z0=Zln gives

Z,z2

A
+ 4Z2

Also,

e
e0=

Z, . Z)
1+
2Z2 ' Z0

(2)

Equation (2) shows that for each section the output
voltage lags the input voltage by the angle repre¬
sented by the vector, l-j-(Z1/2Z2) + (Z1/Z0).
For a properly terminated line made up of pure
inductors and capacitors the phase shift per section

Figure 2.

Generalized w-section line.

3-4.3° 7T12- 14.6° IT-SECTIONS

(1)

1

-*

/-SECTIONS

P ig ure 1. Schematic wiring diagram for 0 to 180 degree reference standard phase shifter 400 cps.
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could be readily computed from the known values of
inductance and capacitance. However, there are
several practical considerations which tend to reduce
the accuracy of the computed value. For Zx=jwL
and Z2—l/ja)C, the terminating impedance as deter¬
mined from eq (1) must be
'2

L

1

'°

C

qo2LC

(3)

Thus Z0 is real (made up of resistance only), but its
value depends to some extent upon frequency. If
sections with different values of inductance are to
have the same Z0, then C must be determined from
the above equation and becomes
C02L2
4Zq

C0*1*
'

8Zq

(4)

Another practical consideration is the resistance
of the inductors. To get a suitable value of termi¬
nating resistance (say 1,000 ohms) the inductance
for a 15° section must be 100 mh. An air-core in¬
ductor of this magnitude would either have too much
resistance if wound on a toroidal shaped core or
would be too susceptible to nearby magnetic fields
if made in the form of a circular coil for optimum 1
time constant. The best practical solution is a
toroidal winding on a high permeability core. How¬
ever, since both the inductance and effective resist¬
ance of such a high-Q coil would be dependent to
some extent on the current through it, the current
must be held to a nearly constant value—chosen to
be considerably below that giving saturation of the
core. Measurements of resistance to about 1 per¬
cent and inductance to a much higher accuracy
must also be made at the same current, and these
values should be stable.
4.1. Method Used To Measure Inductors
An accurate measurement of both the inductance
and the resistance of the toroidal high-Q inductors
was obtained by using a Maxwell-Wien bridge with
a Wagner ground as shown in figure 3. Here R2
and i?4 are precision woven wire resistance standards
(300 ohms each) for which the time constant is less
than 10-8 sec. C\ consists of a 0- to 1.11-juf threedecade mica capacitor in parallel with a 50- to 1,100pf variable air capacitor, both of which are completely
shielded and accurately calibrated. Rx is a fourdecade resistance box (0 to 100,000 ohms) of low
time constant woven wire resistors. The bridge
balance is obtained by adjusting C\ and Rx. When
both the Wagner arm and the bridge are balanced
the following relations hold for jL3 and R3 (neglect¬
ing the second-order term):
L3=C1B2Bi
1 H.

and

B3=^-

B. Brooks, Design of standards of inductance and the proposed use of
models in the design of air-core and iron-core reactors, BS J. Research (1931)
RP342.

Figure 3. Maxwell-Wien bridge with Wagner ground used

to

measure inductance and resistance of inductors.

For the bridge components used, the second order
corrections are negligible for an accuracy of 0.01
percent in L3 and 1 percent in B3. The values used
for B2 and i?4 should include any lead resistance up
to the bridge corners.
An oscillator having an output waveform with
total distortion less than 0.1 percent was used to
supply this bridge. The frequency was accurately
set to 400 cps by forming a Lissajous pattern with a
100-cps standard frequency signal. The voltage
appled to the inductor was set by using a voltmeter
connected from ground to the L3 i?4 bridge corner.
The actual values of L and r for the inductors used
in the 7r-sections are listed in table 1. These are the
values used in computing phase shift for each section.
Table 1.

Measured and computed data for inductors

400 cps measurements using Maxwell-Wien Bridge

Phase shift Phase shift
computed
from ex¬
from meas¬ perimental
ured L in calibration
degrees
in degrees

Inductor no.

Volts across
inductor

mh

1_

0.25_

3_
4 _
5_
6 __

100.29o
100. 34o
100.19s
100. J 54
100. 513
100.152

2. 79
2.82
2. 78
2.80
2. 80
2. 85

14.600
14.606
14. 587
14.581
14. 631
14. 580

14.600
14. 609
14. 589
14. 581
14.636
14. 581

7
8
9
10
11
12

100.085
99. 899
100. 154
99. 70e
100. 40?
100. 660

2. 79
2. 87
2. 95
2. 87
3.02
3.10

14. 571
14. 546
14. 580
14.518
14. 616
14. 651

14.571
14. 542
14 582
14. 515
14.620
14. 658

29. 876
29. 852
29. 891

1.025
1.020
0. 986

4.307
4.304
4.309

4. 308
4.304
4.310

9

_
_
_
. . _
_

1 _
2 _
3---
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. 075_

ohms

Because of the procedure used in matching charac¬
teristic impedance for each 7r-section, as described
in the following paragraphs, this computation does
not require that the exact value of capacitance for
the 7r-section be known. It does require an exact
knowledge of the terminating impedance.
4.2. Procedure Used in Matching the Characteristic
Impedance of Each 7r-Section
By arranging a potentiometer-bridge circuit with
the 7r-section termination (C0 and R0 in parallel) as
one of the arms and using a sensitive detector to
obtain a balance, any small variation in this ter¬
minating impedance can readily be detected. If all
circuit elements are kept the same after getting an
initial balance, except that one 7r-section is added
ahead of the termination, the detector would remain
in balance if the characteristic impedance of the
7r-section were exactly equal to C0 and R0 in parallel.
If the characteristic impedance is off slightly the
detector can be rebalanced by a fine adjustment on
the two capacitor legs of the 7r-section—thus experi¬
mentally making the impedance of the 7r-section
exactly equal to C0 and R0 in parallel.
The circuit arrangement actually used in making
these adjustments is shown schematically in figure 4.
Most of the circuit elements shown in this diagram
either represent or correspond directly to those used
to make up the 7r-section phase standard (as shown
in detail in fig. 1). Ri is the 4,000-ftresistor. Ci is
the fine control capacitor. C2 represents the capaci¬
tor decade and the zero set capacitor. The single
7r-section is used to represent the entire delay line.
C0 and R0 are the 7r-section termination. The only
additional circuit elements required are the ratio
transformer and detector (the detector transformer
only being shown). The procedure used was to first
balance the detector with the 7r-section disconnected
(switch A up and B open) by adjusting the ratio
transformer and capacitor C2. Then witli a 7r-section
connected ahead of C0 and R0 (switch A down and
B closed) the detector was balanced by adjusting

C']2 and C"/2, using fine trimmers m parallel with
the main capacitance. This last balance is somewhat
“tricky” to obtain because the two unbalanced
voltages put in by C'/2 and C"/2 respectively are
not 90° apart in phase—but after a little practice
it can be obtained quite rapidly. By using a highly
selective tuned amplifier as detector this method
gives a very sensitive wav to adjust the characteristic
impedance of the 7r-section to be exactly equal to
7?o and C0 in parallel.
The derivation of the relations between the
7r-section circuit constants and the terminating
impedance, for which the input and terminating
impedance are equal, is given in appendix 1. The
procedure used was to derive an expression for the
input impedance of the 7r-section (terminated by
Co and 7?0 in parallel) and equate this to C0 and
R0 in parallel, giving a complex equation in circuit
parameters. The two separate equations obtained
from the complex equation can then be used to
determine any two of the circuit parameters in
terms of the others. First, it is assumed that the
capacitors in the two legs of the 7r-section are equal,
—
/2 = C" /2=C/2. The expressions derived for
C0 and C/2 are given by eqs (9) and (10), respectively,
in appendix 1. These values of C0 and C/2 can now
be put in the two original equations bv letting
C'72 = C/2 (1+X") and C'/2 = C/2 (1+X'). Equa¬
tions (11) and (12) obtained in this manner can be
solved for actual values of X' and X" which are meas¬
ures of the adjustments required in the capacitance
legs to maintain the same characteristic impedance
for slight changes in other 7r-section parameters.
To help clarify the above procedure an example
using actual values for the 14.6° 7r-section is worked
out in appendix 1.
The values of C'/2, i.e., C/2 (1+X'), obtained in
this manner, together with the known or assigned
values of the other circuit parameters can be used
to compute phase shift as explained in the following
section.
4.3. Computation of Phase Shift for a 7r-Secticn

Fi gtjre 4. Schematic diagram of phase standard with ratio
transformer and detector as connected for adjustment of capaci¬
tor trimmers on each ir-section.

The phase shift of a ir-section, i.e., phase difference
between voltage in and out, does not depend upon
the input capacitance leg because it is in parallel
with the input voltage. It does depend on all other
circuit constants including the terminating imped¬
ance. A derivation for phase shift is given in
appendix 2, and eq (19) gives an expression for tan
6 as a function of these circuit constants. Actually
for any 7r-section whose values of C"/2 and C/2
have been adjusted experimentally (as described
above) so that its characteristic impedance is equal
to the termination (R0 and C0 in parallel) the phase
shift can.be computed from the measured value of
inductance L only provided some limits are set for
values of r, R', and R". This can best be illustrated
by using a specific example.
Take first the average 14.6° 7r-section values as
given in appendix 1, i.e., A=100 mh, r—2.8fl,
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i?'=107th For R0= 1,000 0 and C'/2=C"/2=C/2,
U0=0.002099X 10-6 and <7/2=0.0508191 X1CT6 (as
computed in appendix 1). Putting these values in
eq (19), the phase shift angle 0, as shown in appendix
2, can be expressed as tan 0=0.25968. For the
maximum changes in r, R' and R" encountered in
the twelve 14.6° 7r-sections as determined from
actual measurements, the changes in tan 0, as com¬
puted in appendix 2, are given in the following table.

Table 2.

Phase shift for various settings of the capacitors in
the R-C network
(See figure 8)

Pi =4,000 ohms;

Ci

Ci

Pf
1,200

Pf
4, 000

700
r

R"

R’

200

Tan 6

1,200

2.80
3.10
2.80
2.80
2.80

10^

107
10s
107
10s

107
107
107
10s
105

7,900

700

0. 25968
.25968
.25967
.25969
. 25968

200
1,200

11,800

700
200
1,200

15, 700

700
200

Since tan 0 is very nearly the same for all of these
changes in r, R', and R", an expression for tan 0 in
terms of L only, which holds for each of the 14.6°
x-sections can be derived. As shown in appendix 2
this expression is

1,200
200
1,200

23, 500

700
200
1,200

tan

19, 600

700

27, 400

700

Q=~ 2596.78.

200

/v0

1,200

31, 300

700
200

Using the same procedure, as described for the
14.6° x-section, an expression for tan 0 which holds
for each of the 4.3° x-sections was also derived.
This expression is

1,200

35, 200

700
200
1,200

39, 100

700
200

tan

Q=ir 2520.5.

1,200

700
200

43, 000

i?o=l,000 ohms

Phase
shift, 0

AB for 500
pf change
in Ci

A0 for 3,900
pf change
in Ci

deg

deg

den
f0.092U
-. 13823
-.36862

0. 2303s
. 2303g

-. 3570s
-.58742
-.81784

. 23039
.23042

0. 4491s
.44919
.44922

-.8O6O9
— 1. 0365o
-1.2669s

. 2304,
.2304s

.44906
.4490s
.44909

-1.25496
-1.48539
-1.7158s

.2304s
. 2304e

.4488?
.4488s
.44892

-1. 7035s
-1.93406
-2. 16455

.2304?
. 2304s

. 44863
. 4486. 4487o

-2. 1519s
-2. 38244
-2. 6129s

. 23051
. 23054

. 44834
.4483s
.44843

-2. 59992
-2. 83049
-3.0610s

.2305?
.2305o

. 4479s
.4480s
.44807

-3. 0475o
-3.2781s
-3. 5087e

. 23063
.2306s

.4475s
.44764
.4477i

-3. 49464
-3. 72533
-3. 956O0

.2306s
. 2306?

.44714
.4472o
.44724

-3. 9412e
-4.17201
-4. 40276

.2307s
.2307s

.44662
. 4466s
. 44676

-4. 38733
-4. 618L
-4. 8489s

. 2308i
. 23084

.4460?
.4461s
. 44622

5. Theory and Calibration of R-C Network
By using the special measuring techniques and
theoretical relations described in the previous sec¬
tion, a computed value of phase shift for each of the
x-sections can be derived, and such values are listed
in table 1. The phase shift inserted by the R-C
network, connected ahead of the x-sections as shown
in figures 1 and 4, may also be computed using
known values of R and C. Appendix 3 shows how
this can be done, and actual phase shifts for various
values of C\ and C\ are given in table 2.
One requirement for a standard phase shifter is
that the phase shift introduced by any given change
in the continuous fine control be independent of the
setting of other phase shift dials. From the fourth
column in table 2 it can be seen that the phase shift
put in by a 500-pf change in the fine control capac¬
itor is the same to within 0.0005° for all settings on
(\ (the 0.46° steps) up to 43,000 pf. Thus, if the
x-sections are all matched so that the impedance
looking into the line is the same no matter how
many sections are connected, the phase shift put in
by a given change in the setting of the fine control
capacitor will be essentially the same irrespective of
phase shift put in by the “capacitor decade” and
572772 0 - 61 - 24

the x-section line. As shown in table 2 the average
value of this phase shift is 0.2305° for a change in
Ci of 500 pf. (0.0046° for 10 pf or 0.01° corresponds
to 21.7 pf).
The last column in table 2 indicates that the phase
shift put in by a 3,900-pf change in C2, i.e., by one
step on the decade capacitor dial, depends to a
slight extent upon the total values for Oi and C2.
For any given setting of C2 the change in this phase
shift for settings of C\ from 1,200 to 200 pf is less
than 0.00015°. Thus, the effect of the fine control
capacitor setting on ’ the decade capacitor steps is
negligible. As C2 is increased the phase shift for a
3,900-pf change in C2 decreases somewhat, the
maximum change being about 0.003°. The cali¬
bration for each step on the capacitor decade can
take this change into account, but this does indicate
that another capacitor decade could not be added.
The phase shift for each step on the decade capacitor
could be computed if the value of capacitance added
for each step were known to a high accuracy (to
about 1 pf for 0.0001°), but it was decided that the
experimental method as explained in the following
section would be easier to apply.
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6. Experimental Calibrations
An experimental calibration can be devised for
any phase shifter which fulfills the requirements
given in section 2. In brief, the procedure is first
to obtain the phase shift of each step of each dial in
terms of settings on the other dials (including the
fine control).
These relative values can then be
converted to absolute values either by using a
known reference phase shift such as 180° or by assum¬
ing that the calibration of the fine dial is correct.
In the procedure actually followed the computed
values for the fine control dial were used to get a
calibration on each of the decade capacitor steps.
Using these, a preliminary calibration of first the
small and then the large 7r-sections was obtained.
Then the 180° point was checked using a special
toroidal core transformer. Details of the method
used will now be described.
A potentiometer-bridge circuit arrangement plus
an auxiliary phase shifter (see fig. 5) were used to
compare the phase shift settings on the various dials
of the 7r-section standard. The auxiliary phase
shifter, consisting of an R-C circuit supplied through
a ratio transformer, need not be accurately cali¬
brated, but it must be stable and continuously
variable from 0° up to at least 15°. A sensitive
amplifier with shielded input transformer was used
to indicate when the phase shifts put in by standard
and auxiliary phase shifters were equal. The ratio
transformer was used to give a magnitude balance.
The phase shift put in by the fine control capac¬
itor as computed in section 5 was assumed to be
exactly correct, and then each step on the capacitor
decade switch was measured in terms of the fine
control capacitor, as follows. All 7r-sections were
disconnected. With the fine control capacitor set on

Figtjke 5. Setup used in experimental calibration.

0, i.e., maximum capacitance and the capacitor
decade switch on step one, the auxiliary phase shifter
was adjusted (together with the ratio transformer)
until the detector showed a balance. Then, with the
auxiliary phase shifter setting held constant and the
decade capacitor switch set back to zero the detector
was balanced by adjusting the fine control capacitor
and ratio transformer. Since the auxiliary phase
shifter remains unchanged for these two balances
the phase shift put in by the first step on the decade
capacitor must equal that read on the fine control
dial after the second balance. The change in phase
shift when the decade capacitor switch is changed
from 2 to 3, 3 to 4, etc., can be measured in the same
manner. The actual values as measured are given in
table 3.
Phase shift for each step of capacitor decade switch—
as determined by comparison with fine control dial

Table 3.

Decade capacitor step

Phase shift
of each step

3_
4_
5_

deg
0.4468
. 4429
.4454
. 4340
.4436

6_
7_
8_
9_
10_

.4440
.4344
.4447
.4406
.4428

1_
2_

Phase shift
corrected
for 180°
check

2

2

8897
3351
7691
2127

0. 4470
.4431
.4456
.4342
.4438

0.8901
1.3357
1.7699
2. 2137

2. 6567
3.0911
3. 5358
3. 9764
4. 4192

.4442
.4346
.4449
.4408
.4430

2. 6579
3. 0925
3. 5374
3. 9782
4.4212

0.
1.
1.
2.

To measure the phase shift of each small 7r-sectionr
the switching arrangement was modified slightly from
that shown in figure 1, so that any one of the three
sections could be connected or disconnected indi¬
vidually. Then by using the method just described
for the capacitor decade steps, the phase shift of each
small 7r-section was measured in terms of the decade
capacitor switch and the fine control dial. Another
modification of the switching arrangement made it
possible to connect any individual large 7r-section in
by itself, and the phase shift of each of these sections
was measured in terms of the three small sections plus
the setting on the capacitor decade and the fine
control dial. Before measuring each 7r-sect.ion its
impedance was checked and adjusted to be equal to
R0 and C'0 in parallel by the method described in
section 4.2.
The experimental calibration values obtained by
the method just described and those computed for
the fine control dial (given in table 2) were actually
carried out to 0.0001°. The estimated error for each
step of the capacitor decade is 0.0005°. If this error
is not completely random it would be accumulative
and might add up to an appreciable value for the
large 7r-sections. Consequently the values assigned
to the 14.6° 7r-sections based entirely on the com¬
puted phase shift for the fine control capacitor were
found to differ from computed values based on
measured values of inductance of each section by as
much as 0.02°. Variations in these differences upon
repeated calibrations were usually found to be less
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than 0.005°. In order to correct for these fairly large
errors in the 14.6° 7r-sections introduced by very small
errors in the calibration of the capacitor decade, an
independent check of the 180° point was required.
This was done by connecting the primary of a
uniformly wound toroidal transformer in parallel
with the input to the standard phase shifter. The
secondary of the toroidal transformer was used to
get an exact 180° phase shift by (1) reversing polarity
or (2) using its two coils as a center tap winding
with the center grounded. The phase shifter zero
was set with the secondary polarity giving zero
phase shift, and then with the opposite polarity
the 180° point was measured on the phase shifter.
The magnitude was balanced by connecting a ratio
transformer either at the primary or at the secondary
of the toroidal transformer. The 180° point was
measured using five different arrangements for the
windings of the toroidal transformer and with the
two locations of ratio transformer for each of the
live arrangements. Since the results obtained on
all measurements were the same to within 0.01° it
was concluded that the phase shift being measured
was exactly 180°. Using the preliminary experi¬
mental calibration, based on computed values of
phase shift for the fine control capacitor, the mea¬
sured value came out to be 179.92°. Thus a correc¬
tion factor of 180/179.92 or (1 +0.000417) was applied
to the preliminary calibration values to get the
correct values as listed in table 1 for the 14.6 and
4.3 degree 7r-sections and in columns 4 and 5 of table
3 for the capacitor decade steps. As indicated in
table 1 these measured values agree quite well with
the values computed from measured values of induct¬
ance for each 7r-section. Although the change in
the capacitor decade calibration introduced by the
180° check is quite small, as seen from table 3, it
should be included for accurate measurements.

7. Requirements for Use of Phase Standards
The master phase angle 7r-section standard
described in this paper is a continuously variable
phase shifter whose absolute calibration has been
accurately determined. It is primarily intended to
be used to establish corrections for other continu¬
ously variable phase shifters and phasemeters used
as standards. Herein, a phasemeter is defined as
an instrument capable of measuring the phase shift
between two alternating voltages of the same fre¬
quency. Throughout this kind of calibration testing
the two factors most likely to affect, accuracy are
(1) the impedance of the instrument under test and
(2) waveform distortion in supply voltage. These
two points are of sufficient importance to be con¬
sidered separately
7.1 Compensation for Impedance of Instrument
Under Test
The connections used for calibrating a phasemeter
are shown in the block diagram in figure 6. The

Figure 6. Setup used for calibrating a phasemeter.

“input” to the 7r-section phase standard is supplied
by a 2-w low distortion oscillator with a regulated
output of 5 v. This value of voltage was chosen
because it puts 0.25 v across each 14.6° 7r-section,
at which value the change of inductance with voltage
is minimum for the iron core inductors. It was
found that a 5-percent change in voltage at this level
was required to produce a detectable change in
inductance. Actually the voltage is maintained
constant to within 2 percent. The reference or
unshifted voltage input terminals of the meter under
test are connected in parallel with the standard
“input.” At this point the value of impedance of
the instrument under test is not critical because it
merely acts as an additional load on the oscillator,
and its only possible effect would be a slight change
in waveform of the supply voltage. This effect
would be entirely negligible for most instruments
used as reference standards. If a value of voltage
other than that required for the 7r-section standard
(5 v) is required by the meter under test, a trans¬
former would normally be used. In such a case the
phase shift introduced by the transformer must be
known so that a correction for it can be applied.
If the impedance looking into the phasemeter
through the shifted voltage binding posts were in¬
finitely high, the output of the 7r-section standard
could be connected directly to these “shifted volt¬
age” binding posts without affecting the terminat¬
ing impedance of the 7r-section line. Under this
condition the “auxiliary termination” would not be
needed. However, since the performance of the ir~
section line is sensitive to small changes in it# ter¬
mination, Z0, some compensation will normally be
required for the impedance at- the “shifted voltage”
binding posts. This compensation is provided for
by two insulated binding posts at the output end of
the 7r-section phase standard, (see figs. 6 and 1), one
being connected to the output end of the 7r-section
line and the other to i?0 and C0 (in parallel) which
form the normal line termination. When these two
binding posts are connected by a copper link the 7rsection line is terminated inside the 7r-sec.tion stand¬
ard case and the normal output terminals can be
used. By removing the link the internal line ter-
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mination is disconnected and the “auxiliary termi¬
nation” may be connected as shown in figure 6.
This auxiliary termination consists of a stable ad¬
justable R-C network which is connected in parallel
with the leads from the 7r-section standard and
arranged so that with the “shifted volts” leads also
connected in parallel, the total impedance thus
formed can be adjusted to be equal to Z0 (the xsection impedance).
In order to make this adjustment a ratio trans¬
former and a sensitive detector with a shielded input
transformer are connected as shown in figure 6.
First the leads from the 7r-section standard to the
auxiliary termination are disconnected, the link re¬
placed on the 7r-section standard and the switch put
in “check” position (see fig. 1). Under these condi¬
tions the x-section line termination is the same as it
was when the capacitor legs were adjusted, i.e., it
consists of Co, Ro, and the compensating capacitor
Cs in parallel. With the detector transformer lead
in position “1” and all 7r-section standard dials set
on “zero,” the detector is balanced by adjusting the
ratio transformer and the “zero set capacitor.”
Next the line termination Co, Ro, Cs is replaced by
the “auxiliary termination.” This is done by re¬
moving the link from the x-section standard binding
posts, putting the switch in the “test” position, and
connecting the auxiliary termination to the x-section
standard and the phasemeter under test as shown in
figure 6. The detector is then balanced by adjusting
the impedance of the auxiliary termination. To
correct for any phase shift introduced by the “auxil¬
iary termination” and its leads, the detector lead
position is changed from “1” to “2” and the zero set
capacitor is adjusted to balance the detector. Any
correction for the phase shift in the ratio transformer
can be made during this balance by actually setting
this phase shift on the x-section standard fine control
dial before making the final balance. The phase¬
meter under test can now be calibrated for any phase
shift angle by first disconnecting all leads from the
phase shifters to the detector transformer, then set¬
ting the required angle on the x-section phase stand¬
ard and reading the corresponding value on the
phasemeter.
If a voltage higher than the 1 v available from the
x-section standard output must be applied to the
phasemeter under test, an amplifier can be used
between the auxiliary termination and the “shifted
volts”' binding posts. The only requirements are
(1) the amplifier must have low distortion and (2)
the three balances as described in the previous para¬
graph must be made with the amplifier and its leads
in position and the amplifier gain set to the same
voltage as to be used during the calibration. The
phase shift introduced by the amplifier maybe fairly
large, thus requiring considerable change in the zero
set capacitor during the final detector balance before
starting actual calibration.
For calibrating another continously variable phase
shifter the procedure would be essentially the same
as that just described for a phasemeter except that
an external detector must be used to indicate when

the phase shift put in by the phase shifter being
tested is equal to that of the standard. For a given
setting of the phase shifter being tested the detector
would be balanced by adjusting the phase shift put
in by the x-section standard and the magnitude of
the output voltage from the phase shifter being
tested by using a ratio transformer.
7.2. Effect of Waveform Distortion
At the very beginning of this paper phase angle
was defined to be the quantity used as a measure of
the time phase relation between two voltages having
pure sine waveform. So far the effects of distortion
have not been mentioned. However, since it is
impossible to obtain pure sine waves in practice,
such effects must be considered. For a distorted
waveform, phase angle is herein defined as the time
phase relation between the fundamental sine-wave
components of the two voltages. Thus, there is no
change in definition but a definite basis is established
for a discussion of the effects of unwanted harmonics.
If all the circuit elements were linear (i.e., no iron
cores or lossy dielectrics were used) and if measuring
and detecting instruments were only sensitive to the
fundamental, then the use of a distorted waveform
for making the measurements would make no differ¬
ence. Unfortunately, these postulations cannot be
met in practice even though very selective amplifier
detectors are available.
Since the x-section standard as described in this
paper is made up of iron core inductors the voltage
drop across each inductor is always kept low enough
so that flux density in the core is well below satura¬
tion. Yet it is possible that distortion could be
introduced by the inductors even though the supply
voltage has a pure sine wave form. To investigate
this possibility, first an oscillator of very low distor¬
tion was used to supply the phase shifter “input,”
and distortion was measured at the “output” posts
for various phase angle settings, i.e., for different
numbers of x-sections in the “line.” The waveform
with phase shifter set on “0” i.e., no iron core
inductors connected contained 0.02 percent 2d
harmonic, 0.01 percent 3d harmonic, and 0.01 percent
of higher harmonics. As inductors were connected
all harmonics remained at about the same value
except the 3d which gradually increased to about
0.04 percent with all twelve 14.6° x-sections in
circuit. Thus for a nearly pure sine-wave input the
inductors in the x-sections slightly increase the 3d
harmonic distortion.
Similar tests were made using an oscillator with
somewhat greater distortion, i.e., about 0.03 percent
2d, 0.5 percent 3d, and 0.16 percent 4th. For this
input voltage the effect of adding x-section inductors
on the distortion was too small to be significant (less
than about 0.02 percent). In order to check for
possible effects of this distortion on measurements
involving only the fundamental component, the 180°
point was checked as described in section 6 using each
of the oscillators whose distortions have just been
given. The results using the oscillator with 0.5
percent 3d harmonic agreed with those using the
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nearly pure sine wave pscillator to within about
0.005°. Thus it was concluded that for accuracies
within 0.01° the total wave form distortion should
be less than 0.5 percent. It should be borne in
mind that in making these tests a highly selective,
feed-back tuned, amplifier was used in the detector
circuit.
Waveform may also have an effect on or may be
affected by the phase shifter or phasemeter being
calibrated. For testing another phase shifter of the
same design as the 7r-section standard the restrictions
on distortion should be the same as those given above.
For other types of phase shifters or phasemeters the
effects of wave-form distortion should be determined
by repeat tests using two oscillators of significantly
different waveform. From a limited number of such
tests it is believed that in general for all oscillators
with less than 0.5 percent total distortion the phaseangle test results would be the same to within
about 0.01°.
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Appendix 1. Computation of Characteris¬
tic Impedance of 7r-Section—Losses Con¬
sidered
A single terminated 7r-section with losses in both
inductor and capacitor considered, is shown schemat¬
ically in figure 7. To keep the derivation general, the

— ^3 R =0,

i2R"-{-i3d— iiR'=0,
~\~iif

^5£7=0,

'M7+ '^(■Zo+ g)=0,
where

b — R" -)-cyi’

C
JU-

A continuously variable, 0° to 180° phase shifter
for 400 cps has been described in detail. By using
a special procedure for matching the characteristic
impedance of the L-C 7r-sections used in this phase
shifter, a method for experimentally measuring the
phase shift of each section has been devised. This
phase shift has also been computed from measured
values of inductance for each 7r-section. The results
obtained by these two methods agree to within 0.01°.
These results indicate that this phase shifter can be
used as a master standard in calibrating other phase
shift devices.
Similar phase angle standards for higher audio¬
frequencies could be designed, but on the basis of
the experience gained it is thought that the upper
limit in frequency would be about 20 kc. At higher
frequencies, stray capacitance introduced by con¬
necting and switching leads might prove troublesome.
It might be feasible to use the same master standard
over a frequency range of about 2 to 1 by some
readjustments on the 7r-sections and termination for
each frequency.
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—
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8. Summary and Conclusions

l

two capacitor legs are not assumed to be equal.
R" represents the total losses in C"/2 expressed as
a parallel resistance and likewise R' for C/2. The
total losses in the inductor are represented by r, as
a series resistance. Five circuit equations may be
written by inspection of figure 7:

f=R'+—ir>
C’

d—R" YrJr R' Yj^L,

g

and

. C'
J lo-

Using these equations and putting 1/Z0= (l//?0) +

juC0, the following expression for input admittance
Fin is obtained:

Y in=ju

C",

(c°+f)I][1+1P+^"F7]

^l+ju>R0\

2

1

^1+jco^c!

M)]

(r+jcoA)

1

I

i 7?
* 4r 41 K\R’ 1 R'R" 1

R" 1 R'R" J
, J“L
4-i?0[i+ir
1 R' ]

(5)

To obtain a relation which requires the characteristic
impedance of the 7r-section to be R0/(l-\-juC0Ro)
equate the above value of Irln to (l/R0)-\-juC0.
This gives a complex equation from which two
equations involving circuit parameters only can be
formed. By equating the real parts of the complex
equation the following is obtained:
a,!B0rCS-b2i?0r(^-^V2<o!£]c„+io2£(’^

r

C"\
2D C’C"
r ,
—-^+m==0,

(6)

where
1
1

Figure 7. A terminated w-section with losses considered.
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R'
R"

r
rR'
r
R0 1 R0R" 1 R"

w2LR' /
R" \
^4)}

By equating the imaginary parts of the complex
equation the following is obtained:

Likewise eq (7) gives

y+y'-^(y-\")+u2Lc0
(v-x")
Kq
-co2zf (A' + A" + X'X")
0-T)]
co2Z(7q2

(7)

2r(702

Z2

£0<7 +A+7

w2LC n .
~2T

2n

(12)

where

71 /Ro = uL

/ l

1

\R'

R"

Ro \
R'R"J
-\-corR0

R'

R"

For (772= (7+2= (7/2 these two equations can be
used to solve for (7/2 and C0 when L, R0, r R', R" are
known. Equation (6) is used to solve for (70.
Putting (7/2= (L/2RI) (1+5) where 5+1, this equation
becomes:

^R„rCl + 2^LC„-r^~ (l+S)!~+m=0.

(8)

Solving it for (70 gives

r
2 co 2LR o (!+«)>

C0

(9)

Equations (11) and (12) can be used to compute
actual changes in C /2 and C"\2 that are made experi¬
mentally when adjusting the characteristic imped¬
ance of a given 7r-section to exactly match the ter¬
minating impedance (R0 and (70 in parallel). First
the values for (7/2 and (70 are computed using eqs (10)
and (9) by assuming average values for L, r, R' and
R". A value for R0 must also be chosen. Then if
these values of R0 and (70 are kept the same the effect
of small changes in r, R', and/or R" on values of
C" 12 and C’/2 can be computed using eqs (11) and
(12). The actual value of C'\2 can then be used to
accurately compute the phase shift for each indi¬
vidual 7r-section as indicated in appendix 2.
The above procedure may be best illustrated by
taking actual values for the 14.6° 7r-section:

L=100mh,
i?o=l,000

where
1+

C02L2

5A+

4 Rl

8

[

1+

cc2L2
4 Rl

>

64 +

"

2^ Rl [>

w2=6.31653X106.

Putting these values in eqs (9) and (10) gives
(70=0.002099X 10“6,
(7/2 = 0.050819, XIO"6.

• 3r2
4 c+A2

(

Solving for (7/2 gives

When these values are put in eqs (11) and (12) they
give X' = X" = 0 for the values of r, R', and R" given
above. For small changes in r, R', and R" these
equations give the corresponding values for X' and
X" required to- keep the characteristic impedance
the same.
First keep all values the same as above except
change r to 3.1 ohms. Putting values in eq (11)
gives

C02L2
(1+7)2+||(1+T)3+...]
2i?2[1+7+ 4 Rl

C
2

o>=2513.27,

R' = R" = 1X10+

(1+i)2+ m]-

An estimated value is used first for 5. The exact
value is determined later from eq (10) and a recom¬
putation made if necessary. Using this value for
C0 and (7'/2 =(7"/2 = (7/2, eq (7) becomes

_2+ A

r = 2.8Q,

(10)
where

0.99849 X' —1.00164 X" = 0.00952.

(13)

Putting values in eq (12) gives

3r2
T_4cc2L2

0.96613 X'+O+ege? X" = 0.000065.

(14)

X" gives

Now going back to eq (6) and putting (7'/2=(7/2
(1 + X') and 0"'/2 = <7/2 (1 = X"), where (7/2 is the
value from eq (10), it follows that

Solving eqs (13) and (14) for X' and

X'-X"+^T (X'-X")(X' + X" + X'X")

Next keep all values the same as assumed above
except put i?' = 108. Then eq (11) becomes:

=jrRpC rR{p\2
L 2
LC

r2_m2_
C ^JLRoC u2LC

X'= 0.00480

and

X" =-0.00472.

2(702

( U
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0.99864 X' —1.00148 X"=0.00275.

(15)

Equation (12) becomes

l

0.96643 X' + 0.96937 X" =-0.000137

r

(16)

Solvings eqs (15) and (16) for X' and X" gives:
X' = 0.00131

and

X" =-0.00144

If the same computation is made for R" changed
to 108 the values of X' and X" will be very nearly the
same because ra is the same and the effect of the
change in n is quite small.
Now keep all values as originally assumed except
R' = R" = 108. Then eq (11) becomes
0.99864 X'—1.00148 X" = 0.00544.

(17)

Equation (12) becomes
0.96643 X' + 0.96937 X" = 0.000040.

Figure 8.

A terminated tr-section without first capacitor leg.

where

A=^na(c„+cAjThe phase shift, 6, is then the angle of the vector
in the denominator, thus,

(18)

wL//?0TcoZr/R'-\-rco {f
ta nd=--7-yrv-

Solving (17) and (18) for X' and X" gives

(19)

l+r/2?o+r/^'-co2Z^o-Fy)
X'=0.00274

and

X" =-0.00270.

These values of X' and X" were worked out so that
they could be used to compute phase shift under
these particular assumed conditions, as will be done
in appendix 2.

Appendix 2. Computation of Phase Shift of
a 7r-Section From Value of Inductance
For computing phase shift the first capacitor leg
of the 7r-section need not be considered because it
is in parallel with the supply voltage or “Vin.”
Thus the circuit diagram is as shown in figure 8.
The purpose of this derivation is to obtain an
expression for the phase shift between Vin and F0lIt
when the complete ^-section (see fig. 7) has been
adjusted experimentally so that its impedance as
seen from the input end is equal to Z0.
Three circuit equations may be written by in-'
spection of figure 8:
—

^\R'

(R'~\
\

f3

For. the next set of values assumed in appendix 1,
i.e., Z=100 mh, R' = R"= 107f2, r=3.1 J2, Z0=1,000
fi, 6r0=0.002099 Mf, <772 = 0.051063 Mf (from X'
= 0.00480).
tan 0=0.25968.
For L= 100 mh, r=2.8 12, R0—1,000 12, C0
= 0.002099 pi, Z" = 10712, Z' = 10812, (772 = 0.05089
/if (from X' = 0.00131),
tan 0=0.25967.
For the same values as above, except Z"=108S2
and I?'=10712, C/2 still equals 0.05089 pf and

ii(R' -\-r-\-juL) i2R' = VlTI,
—

This equation can be used to compute tan 6 for
various values of L, r, C'/2, R', C0, and R0. First
using average values (L= 100 mh, r=2.8S2, R'=R" =
10712, and /?0=l,000tl) from eqs. (9) and (10), (7/2 =
672 = 0.0508191 Mf and C0=0.002099 Mf.
These
values give
tan 0=0.25968.

tan 0=0.25969.

(y=®’

Now for all values the same, except R'—R" = 10SQ,
giving (772 = 0.05095 pi (from X' = 0.00274) and
Co+(772=0.05305 pi

2 /

— V—J7> + ^3 / —^7 + Zo\=0-

H

V*2

tan 0=0.25968.

)

For Z0=R0/l+ju>C0R0, these equations give the
relation

Vput

_1_
i JL_|_ 1
wLA I JrA I
^Ro^R'
R0
Ro^ R'

i

I

J Ro

The changes in r, R'fi-R" as assumed above are
the maximum to be encountered among the twelve
14.6° sections, as found from actual measurements.
Since tan 0 is very nearly the same for all of these
assumed values, the average values based on the
actual measurements may be used, i.e., r=2.8 ohm,
R'=R"—107 ohm. For R0= 1,000 ohms these
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values give C/2 — 0.0508191 pf and (70=0.002099 pf.
When these values are put in eq (19) it reduces to
a constant times L and for/=400 cps this gives
tan 0=2.59678

The following circuit equation may be written by
inspection of figure 9:

h(h\ + 7?0)

L.

Thus for the actual inductors used, if the termi¬
nating impedance is held constant (R0= 1,000 ohms
and C0— 0.002099 /uf) and if the trimmers on each
capacitance leg are adjusted so that the impedance
looking into the line equals the terminating imped¬
ance (by the method explained in section 4.2), the
phase shift introduced by each section is equal to
a constant times its inductance.

^sRo=E,

h-Serb^3 ^-S0-bj^r ^=0.
These equations yield the following relation:

_
E

Appendix 3. Computation of Phase Shift of
the R-C Network
Figure 9 is a simplified circuit diagram of the R-C
network. Rx is a precision resistor accurately ad¬
justed to 4,000 ohms. (7, is a precision air capacitor
with a capacitance remove dial variable from 1,050
to 50 pf. The change in (7, can be read from the dial
setting to within 1 pf so that it can be used as a
fine control of phase shift.
S0 is the resistance
component of the ir-line input impedance (1,000
ohms). C-2 includes the capacitance component C0
of the 7r-line together with the decade capacitor
(ten steps of 0.44° each), the zero setting capacitor
and any lead capacitance. The purpose of the follow¬
ing derivation is to get an expression for phase shift
between voltages E and e in terms of the circuit
constants.

^2-^1

So_1+jttCiS,_
,/co/b 1C ~
1 ' Sj -)- RG (Cl+Cx)

S1-f-S0

(20)

By clearing the j term from denominator the fol¬
lowing expression for tan 6 is obtained where 6 is the
angle by which e leads E:

R\
tan

6=

_Eq

\

Rx-\-Ro
“ R\-\-Ro)
co2R\Ro
C1(C1+C2)

(21)

R: + Ro
For
7f1=4,000 ohms,

R0

f co=2513.27
= 1,000 ohms, and ]
[w2=6.31653X 106,
the expression becomes
2.01062X 106(4(7, — C2)
l + 20.213X1012(7,((71+(72)'
Using this expression, phase shifts, 6, were computed
for three values of (7, (200, 600, and 1,200 pf) and for
values of C2 from 0.004 >uf to 0.043 /if in steps of
0.0039 yuf. The results which were carried out to
0.0001° in order to show small changes are presented
in table 2.

Figure 9. Schematic diagram of the RC circuit in the phase

(Paper 64C3-41)

standard.
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STANDARD ELECTRODYNAMIC WATTMETER AND AC-DC
TRANSFER INSTRUMENT
By John H. Park and Arthur B. Lewis
abstract
A description is given of the design and construction of the standard instrument
used at the National Bureau of Standards in testing wattmeters and watthour
meters.
The investigation to determine the accuracy of this instrument for alternatingcurrent testing at frequencies up to 2,000 cycles per second is described and the
results are given.
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I. INTRODUCTION
The basic units for electrical measurements are maintained at the
National Bureau of Standards by the use of standard cells and stand¬
ard resistors. The corrections to be applied to the indications of
d-c measuring instruments can therefore be readily and accurately
determined by using secondary standards, which have been directly
compared with these primary standards, in conjunction with poten¬
tiometers and volt boxes. Since the primary standards are main¬
tained by means of d-c measurements, the determination of the
corrections to be applied to the indications of a-c instruments
must involve at some point the use of a secondary standard or trans¬
fer instrument. This transfer instrument must be such that its
reading or indication is the same with direct current as with alter¬
nating current, or differs by a known amount. The standard instru¬
ment is calibrated 1 on reversed direct current 2 and this calibration
is then transferred to its a-c indications, hence the name.
Such transfer instruments are used in two separate and distinct
kinds of tests: (1) in the transfer testing of a-c ammeters, voltmeters,
and wattmeters which are of types that can be used on either alternat¬
ing or direct current, and (2) in the straight testing with alternating
current of voltmeters, ammeters, wattmeters, and watthour meters of
types that are not suitable for use on direct current. In making the
transfer test, the instrument under test is first tested, or calibrated,
using the average of the reversed d-c values. The instrument under
test and the standard transfer instrument are then so connected as to
respond to the same current, voltage, or power. The current on both
instruments is then adjusted until the instrument under test comes to
the desired scale point and the standard instrument is read. A series
of readings, using alternately direct and alternating current, is ob¬
tained, and the difference between the mean of the readings obtained
with alternating current and that of those with direct current is com¬
puted from these data. This procedure very completely eliminates all
sources of error—such as heating, shift of zero, and reading error of
either instrument—and leaves in the net difference only those errors
which arise from sources such as inductance, capacitance, and eddy
currents, in which the effect on alternating current differs from that on
direct current. The transfer instruments have been carefully studied
and any such effects in them are small and definite and can readily be
allowed for, so that the net error of the instrument under test on alter¬
nating current relative to its performance on direct current is thus
determined.
In a straightforward test with alternating current the transfer instru¬
ment is calibrated by applying reversed direct current to it alone. It is
then used as a standard, and the readings of the instrument under test
are compared with it, using alternating current. The standard trans¬
fer instrument is calibrated on reversed direct current before and after
it is compared at any scale point with the instrument under test.
This procedure has to be used when the a-c instrument is of such nature

1 "Calibrate" as used In this paper means the determination of the relation between the indications of,
for example, a wattmeter and the true watts.
2 The expression "reversed direct current” is used to designate the regular procedure In the use of instru¬
ments of this kind on direct current In order to avoid error caused by the local magnotic field For example,
in using an electrodynamic wattmeter on direct current, two readings are taken, the direction of current
flow through the instrument being reversed before taking the second reading. The mean of the two readings
gives a result Independent of the local mggnetic field.
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that it does not respond to direct current, and with all instruments the
range of which exceeds the range (10 amp and 300 v) of the standard
transfer instruments. In this latter case instrument transformers
must be used to extend' the range of the transfer instrument. It may
be noted that any self-heating or shift of zero which occurs in the
instrument under test during the course of this straight a-c test will be
included in the final result, and the accuracy of a test of this type is
therefore definitely less than that of the transfer test.
The transfer instruments usually used at the National Bureau of
Standards are of the electrodynamic type. The voltmeter in use at
the present time has been described in a previous publication.3 The
present paper describes the wattmeter now being used. Although
designed primarily as a wattmeter, this instrument may also be used
as an ammeter if it is connected to measure the power consumed in an
external shunt.
II. DESIGN AND CONSTRUCTION
1. CRITERIA OF DESIGN

A transfer instrument to be satisfactory for the type of testing work
done at the National Bureau of Standards should possess, so far as
possible, the following desirable characteristics:
(1) The frame of the instrument should be made from a nonmag¬
netic, nonconducting material. This material should lend itself to a
sufficiently sturdy and permanent construction to avoid future diffi¬
culties resulting from warping of the instrument frame and consequent
sticking of the moving system.
(2) The zero drift of the instrument on steady deflection should be
as small as possible.
(3) The sensitivity of the instrument should be such that a change
of 0.01 percent of the total deflection can be detected readily and with
certainty on all ranges.
(4) The ac-dc differences of the instrument, that is, the differences
between the indications of the instrument on alternating current and
the average of its indications on reversed direct current, should be
negligible for power frequencies and as low as possible for somewhat
higher frequencies.
(5) The instrument should be astatic in construction.
(6) The damping of the moving system should be slightly less than
critical.
(7) The response time 4 of the instrument should be reasonably
short, preferably not greater than 10 sec.
(8) The two moving coils, the reflecting mirror, and the damping
vane should be rigidly interconnected in order to avoid forced vibra¬
tions of these parts with respect to each other.
(9) The indication of the instrument should be read easily and with
a minimum of eyestrain.
(10) The moving system should be suitable for use on voltages up to
300 v, and the fixed-coil system should have a primary current range
of 5 amp and such additional ranges as can be obtained without
undue difficulty.
3 F. K. Harris, A suppreseed-zero electrodynamic voltmeter, B8 J. Research 3, 446 (1629) RP106.
4 The response time of an instrument is the time required for the pointer of the Instrument to come to
apparent rest after a change In the value of the measured quantity.
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These desirable characteristics are listed in their approximate order
of relative importance as determined largely by the previous experience
of members of the staff in the construction and use of similar instru¬
ments. It was proposed to incorporate these characteristics in the
construction of the new instrument so far as was compatible with their
sometimes conflicting requirements.
2. GENERAL FEATURES OF DESIGN

Since pivot friction could seriously limit the sensitivity attainable,
pivots are not used but the moving system is suspended from top and
bottom on two phosphor-bronze ribbons. The deflection of the instru¬
ment is read on a ground-glass scale by means of a beam of light
reflected from a small mirror attached to the moving system. The
distance from mirror to scale is 2 m, giving the instrument an effective
scale length, at full-scale deflection, of about 4 m. The instrument is
made astatic by using two sets of moving and fixed coils, one placed
slightly above the other, the direction of winding of one set of coils
being reversed with respect to the direction of winding of the other.
Air damping is provided by mounting a rectangular damping vane on
the moving system and having it-rotate within a fixed damping box.
In order to obtain the most nearly linear relation between deflection
and power being measured, the moving coils are held near the position
of zero mutual inductance between the fixed and moving coils when
the moving coils are deflected to their full-scale position. This is
accomplished by resetting the series resistor in the voltage circuit for
each nominal value of watts being measured. The mechanical zero
of the instrument need not be disturbed, and the deflection of the
moving system is thus approximately the same, regardless of the
nominal value of watts being measured. The result is to minimize
the zero shift, on steady deflections, resulting from the inelastic
yielding of the spring and suspensions. This means, in turn, that it is
permissible to make less frequent calibrations of the instrument on
direct current when it is being used as a standard a-c wattmeter or
ammeter.
3. DETAILS OF DESIGN AND CONSTRUCTION
(a) SUPPORTING FRAMEWORK

One of the chief difficulties encountered with previous transfer
instruments has been warping of the supporting framework, which
resulted in sticking of the moving system. The difficulty of locating
and removing the causes of this misalinement, and the consequent
sticking, led to the conclusion that the framework of the new instru¬
ment, should be made of materials less subject to warping than wood
and which preferably allowed some degree of vision within the instru¬
ment. Since all metallic materials are out of the question because of
eddy-current or magnetic errors, the field of choice was very limited.
After some discussion it was decided to use glass for the supporting
framework, since it is nonwarping and nonmagnetic, permits a certain
amount of vision within the instrument, can be obtained readily in
slabs of almost any reasonable size, and can be readily worked if
care is used.
The fixed coils and the damping box are each split into two halves in
a vertical plane, each half being mounted in a rectangular glass panel.
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These glass panels are hinged to each other, one being stationary and
the other opening and closing like a door. In the closed position the
corresponding halves of the fixed coils and the two halves of the damp¬
ing box fit snugly together to form two complete fixed coils and one
damping box.
The difficulty of attaching hinges directly to the glass forced the use
of supporting frames of mahogany for the two glass panels. The
hinges are attached to these frames. These frames also allow the lack
of squareness of the comers of the glass panels to be corrected for and
concealed. The use of any wood at all is an undoubted disadvantage.
However, half of each fixed coil, half of the damping box, and the
entire moving system are supported entirely by the stationary glass
panel. The other half of the fixed-coil system and the other half of the
damping box are supported by the second glass panel, which is at¬
tached to the first panel by the hinges and the mahogany frame. Any
warping of the wooden frames can result only in a displacement of the
entire second panel with respect to the first panel. The possibility
of warping was reduced to a minimum by carefully varnishing the
mahogany inside and out.
In order to provide an immediate and visible check on any gross
misalinement of the two glass panels with respect to each other, two
groups of fiducial marks were etched on the panels. Those groups were
placed at widely separated intervals on the panels. Each group con¬
sists of a large cross etched on the rear surface of the rear panel, a
smaller cross on the rear surface of the front panel, and a still smaller
cross on the front surface of the front panel. With the instrument as
originally assembled, the panels properly alined and the moving
system free from sticking, the three crosses constituting each group lie
accurately on a straight line perpendicular to the face of the panels.
They may therefore be lined up by eye so as to fall one upon the other.
Any subsequent displacement of one of the panels with respect to the
other will be evident as a displacement of these fiducial marks from a
straight line. It will be possible to bring the panels back into their
original alinement by inserting suitable shims between the glass panels
and the wooden frames.
The glass panels were made of plate glass of rectangular shape,
1 in. thich and 8 in. wide by 44 in. long. The only machine work
required was to cut the glass to size and drill holes through it for
mounting the wattmeter parts. Round holes are readily put through
glass by using a tubular tool in a drill press with carborundum and
water as a grinding compound. Holes of other shapes can be made by
drilling a series of small round holes around the outline desired and
then smoothing down the edges with a flat brass tool worked by hand
with carborundum. The only prerequisite in working this glass was
found to be patience. The location and size of the holes drilled in the
glass panels are shown on the assembly drawing of the wattmeter in
figure 1.
The fixed coils were mounted on the glass panels by first embedding
them in bakelite holders which could be inserted into round holes in
the glass panels. An attempt was made to mold the fixed coils into
the Bakelite holders under heat and pressure by constructing a die
which was used in a vulcanizing press. The heat and pressure of the
press destroyed the insulation of the coils and the attempt had to be
abandoned. The die was remade for molding cylmdrically shaped
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coil holders closed at one end. The fixed coils were cemented into
these holders with sealing wax. Coils thus made have been in service
5 years now and still appear to be very solid. The coils in their holders
were fixed in the glass panels with fiber shims pressed and cemented in
place with a cellulose-acetate cement. The Bakelite holders were
slightly smaller than the holes, and the holes in the glass were slightly
conical to permit this construction. In constructing another instru¬
ment it might be desirable to make the holes even more conical de¬
liberately for this purpose.
The damping box was made of molded Bakelite. It was molded
in two pieces, the same die being used for each piece. Each half of the
damping box fits into an opening in the bottom of each glass panel,
as is shown in figure 1, and was fixed firmly in position by small
wedges cemented in place. An opening was also made in the upper
half of the movable glass panel to allow the free passage of a beam
of light to and from the mirror attached to the moving system. The
trim surrounding this opening was also made of molded Bakelite.
A thin piece of cover glass, cemented on the rear surface of this piece
of trim, allows the passage of light but protects the interior of the
instrument from the stray air currents of the room.
(b) FIXED COILS

To obtain a high sensitivity for the completed instrument, the
flux density at the moving coils, due to current flowing through the
fixed coils, should be as great as possible. This would require a
maximum number of ampere turns concentrated in a small space as a
fixed coil. A limit as to the size of wire for the fixed coils, and thus
to the allowable current flow through the instrument, is set by the
introduction of eddy currents and skin effects in the larger sizes of
wire. Number 16 copper wire, for which eddy currents and skin
effects are negligible at power frequencies, was used in winding the
fixed coils. A limit to the number of turns in the fixed coils is set by
the introduction of capacitance currents. To keep these capacitance
currents low, and to obtain some flexibility in current rating, four
No. 16 silk-enamel copper wires were formed into a cable. These
cables were then wound into tight coils (32 turns of cable per coil)
on a coil-winding machine. A piece of fiber tubing, turned to the
correct inside diameter, was slipped over the coil after completion of
the winding; the coil and tubing were lashed together and repeatedly
soaked in insulating varnish and baked. After the final baking, the
fiber tubing was stripped from the coil and the coil mounted in the
molded coil holders previously mentioned, with the aid of sealing wax.
These coil holders were in turn mounted in the glass panels as previ¬
ously indicated (see fig. 1).
Two different types of fixed coil were made (see fig. 2 for the shape
and dimensions of each style of coil). Tests on the completed watt¬
meter showed that style B gave the better performance, and coils of
this style are permanently mounted on the glass panels.
Four of these coils are required for the completed instrument, two
mounted in each glass panel in such a manner that with the panels
closed and face to face two complete fixed coils are formed, one above
the other. Sufficient space is left to allow a moving coil to be sus¬
pended in the center of each of the two fixed coils so formed. The
cables of the four individual coils were connected in series in such
a manner that the flux of the upper coil is in the direction opposite
374/550
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to the flux of the lower coil, thus giving astatic construction. The
two ends of the fixed-coil cable were brought out to a terminal board
located on the wall near the wattmeter. The terminal board is ar¬
ranged so that the four coils formed by the four wires in the fixed
coil cable can be connected in series, series-parallel, or parallel.

Figure 2.— The dimensions of the two styles of fixed
Style B coils wore permanently mounted in the wattmeter.

572772 0 - 61 - 25
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The current rating of the instrument is limited by the heating of
the fixed coils. Each wire of the fixed-coil cable has a resistance of
0.25 ohm. Experimental heating runs were made with the fixed
coils mounted in their working positions and with 2.5 amperes flowing
in each wire of the fixed-coil cable. Under these conditions the
fixed-coil system experienced a temperature rise of about 10°C when
the current had been flowing for about 2% hours. Previous expe¬
rience has indicated that the position of the moving coils becomes
uncertain, because of convection currents in the air, if the tempera¬
ture rise in the fixed coils is much more than 10°C. The current
rating of the fixed coils has therefore been set at 2.5 amp with the
four wires in series, 5 amp with the four wires in series-parallel, and
10 amp with the four wires in parallel. These current ratings are
conservative on a self-heating basis and might be exceeded by moder¬
ate amounts with some sacrifice in accuracy if necessary.
(c) MOVING SYSTEM

In order to provide a rigid connection between the various parts
of the moving system,5 6 all the components of the moving system are
mounted on a stiff Bakelite tube,
in. in outside diameter and 13y2
in. long. This tube is suspended in a vertical position by means of
two phosphor-bronze suspension ribbons. These ribbons, 1.5 mils
thick and 20 mils wide, are mechanically attached to the tube by
means of special brass and aluminum chucks fastened on the ends
of the tube. The shank of each chuck is so milled as to allow the
suspensions to come through under the shell. Thus the moving coil
can be soldered directly to the end of the ribbon to form a definite
electric contact, and the chuck jaws make a definite mechanical con¬
nection on a portion of the suspension which has not been softened
by heating with a soldering iron. This construction minimizes zero
shift and the failure of soldered joints in the moving system.
The upper suspension ribbon extends 12 in. above the chuck on
the top end of the Bakelite tube, and there it is fastened to a similar
chuck which is supported by an adjustable head attached to the top
of the stationary glass panel. This head is so built that the chuck
attached to it can be moved independently along any one of the
three coordinate axes and can also be rotated about the vertical
axis. The mechanism of this adjustable head is shown in figure 3.
The lower suspension ribbon extends 8 in. below the chuck on the
bottom end of the Bakelite tube, and there it is coupled by means of
a double-end chuck, similar to those already described, to the top
of a phosphor-bronze coil spring. The bottom of this coil spring is
attached to another chuck which is supported from the bottom of
the stationary glass panel by means of a machine screw that allows
a vertical adjustment for setting the tension on the suspension. This
tension is adjusted to about 230 g, but the wattmeter performance
is not greatly affected by changes in this value.
In order to make the mechanical zero of the instrument relatively
insensitive to small alterations in the leveling of the instrument, it is
5 If the entire moving system is not rigidly interconnected, it is possible, particularly at very low power
factors, for forced internal vibrations to take place between its component parts. The result is a broadening
of the reflected spot of light. Because of the varying scale law of the instrument, particularly if the moving
coils are not at the position of zero mutual, the true position of the spot of light will not correspond to the
midpoint of this broadened band of light. The apparent indication of the instrument will therefore be in
error.
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desirable to have the center of mass of the moving system coincide
with the line of suspension of the moving system. Weights for
balancing the moving system are therefore attached to the Bakelite
support rod by the use of a brass collar with three small threaded
rods (120 degrees apart) projecting from the collar. The balancing
weights consist of small thumb nuts fitting these threaded rods.
Two sizes of moving coils were made originally, one with a 13/16-in.
outside diameter to fit styled fixed coils, and the other with a 1
in. outside diameter to fit style B fixed coils. Because of the greater
sensitivity of the wattmeter with this latter combination, as explained
in section d, Preliminary Tests of Wattmeter, style B fixed coils and

Figure 3.—Details

of the movable head to which the upper end of the suspension
is attached.

the larger moving coils were chosen for permanent mounting in the
wattmeter.
The details and dimensions of the brass forms used for winding
these coils are given in figure 4. Each coil contains 100.5 turns of
No. 32 silk-enamel copper wire. After each layer of a coil was wound
(about 19 turns), a coat of thin shellac was applied and allowed to
dry. This served to hold the completed coil together after removing
the form. The completed coil was then dipped in thin insulating
varnish and baked at about 120°C for 24 hours. This procedure
was repeated four times to form a tough protective coating over the
coil and to give it rigidity. The coils were mounted on the moving
system by inserting the suspension tube through the two holes in the
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top and bottom of the coil. After the moving; coils were located on
the tube so as to fit into the hollow centers of the fixed coils and the
two moving coils were twisted into the same plane, they were lashed
to the tube with silk thread and shellac was applied to hold them
rigidly to the tube. The two moving coils were connected in series
in such a manner that the direction of winding on the upper coil is
reversed with respect to the direction of winding on the lower coil.
The two remaining free ends of the coils were then soldered to the
upper and lower suspensions.
The damping vane, iy2 in. high by 4 in. wide, is made of 10-mil
sheet aluminum with the edges rolled for stiffness. This damping
vane is riveted to the suspension tube at the proper distance below
the lower moving coil to fit into the damping box when the moving
system is in place.
Two mirrors are attached to the suspension tube above the upper
moving coil by tbe use of brass collars and spiders. One mirror (%
in. in diameter) is located so that with the moving coils in the position
of zero mutual inductance with the fixed coils it reflects a beam of
light from a straight filament lamp onto the center of a 50-cm groundglass scale located 2 m directly in. front of the wattmeter. The other
mirror (% in. in diameter) is located on the tube so that its plane makes
an angle of 60 degrees with the plane of the first mirror. The mechan¬
ical zero of the moving system is normally set so that the lightbeam
reflected from this smaller mirror falls on the center of the groundglass scale when the instrument circuits are open. This allows any
shifts in the mechanical zero to be readily detected.
(d) PRELIMINARY TESTS

Before designing a senes resistor for the voltage circuit of the watt¬
meter, it was necessary to know the maximum allowable moving-coil
current and the wattmeter sensitivity. The wattmeter was therefore
set up in its operating position and the optical system adjusted until
the spot of light from the %-in. mirror fell on the center of the groundglass scale when the moving coils were in their position of zero mutual
inductance with the fixed coils. The position of zero mutual induc¬
tance is readily determined by passing an alternating current through
the fixed coils and shorting across the moving-coil terminals. If the
moving coils are in the zero mutual position, there will be no deflection
of the moving system. If they are not at the position of zero mutual,
there will be an emf induced in them and a current will flow when their
terminals are shorted, causing a deflection towards the position of
zero mutual. This test can be made as sensitive as desired by increas¬
ing the frequency of the current in the fixed coils.
A preliminary value of the sensitivity of the wattmeter with the
moving coils in the position of zero mutual was determined by passing
rated direct current (2.5 amp per wire) through the fixed coils ana
measuring the direct current through the moving coils necessary to
obtain a deflection of about 10 cm with a scale distance of 2 m. The
sensitivity with style A fixed coils and the smaller moving coils was
found to be 34 cm/ma in the moving coil. The sensitivity for style B
fixed coils and the larger moving coils was found to be 125 cm/ma in
the moving coils. These latter were therefore permanently mounted
in the instrument. This latter sensitivity might alternatively be
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expressed as 2.4 milliradians per ampere turn in the fixed s}Tstem per
ampere turn in the moving system.
The maximum allowable current through the moving coils is limited
by the heating due to this current. A heating test was made with 2.5
amp through the fixed coils (all connected in series) and 0.1 amp
through the moving coils. Under these conditions the moving coils
showed a temperature rise of 9.5° C at the end of 2y2 hours. A current
of 0.1 amp is therefore considered a safe value for the moving system.
Higher current values might be used, but their use is not anticipated
at this time.
(e) SERIES RESISTOR

The resistors to be used with the moving coils of this instrument to
form the voltage circuit were designed to be adjustable over such a
range that by means of this adjustment the instrument deflection
could be brought to the same value for any nominal value of watts to
be measured. A total deflection of 400 cm was chosen, thus allowing
a change in deflection of 0.01 percent (0.4 mm) to be observed easily.
With a sensitivity of 125 cm/ma in the moving coils for rated current
in the fixed coils, a plain series resistor must have a maximum resist¬
ance of 337 ohms per volt; that is, about 100,000 ohms for the maxi¬
mum voltage range of 300 v. The minimum fixed-coil current (with
fixed coils connected in series) at which the wattmeter is expected to
be used is 0.25 amp (25-percent load on the 1-amp range of a watthour
meter). This requires a maximum moving-coil current of 0.03 amp
to obtain a deflection of 400 cm. It was decided to design the resistor
for a maximum current of 0.06 amp and to provide a circuit arrange¬
ment which would give a moving-coil current equivalent to that which
would be obtained if a plain series resistor were used with a maximum
resistance of 200,000 ohms.
The arrangement of resistors and their electric connections designed
to meet these requirements is shown in figure 5. A fixed resistance
of 985 ohms is connected in series with the wattmeter moving coil,
and a capacitance of 0.001 microfarad is connected across a 937-ohm
section of this resistor to compensate for the inductance of the moving
coils. The “series resistance” consists of nine 1-ohm, nine 10-ohm,
nine 100-olim, and nine 1,000-ohm coils connected to four 10-step
selector switches so that any resistance from zero to 9,999 ohms, in
1-ohm steps, may be connected. The “shunt resistance” is connected
in parallel with the moving coil and the 985-ohm resistor. The
value of this shunt resistance may be set at oo, 1,000, 400, 200, 100,
or 50 ohms by means of a 6-step selector switch. The purpose of the
shunt resistance is to decrease the current through the moving coil,
which, as regards voltage sensitivity, is the equivalent of increasing
the series resistance. This allows an effective series resistance of
200,000 ohms to be attained while the actual value of the series resistor
is kept below 10,000 ohms. The coils used in the shunt resistance
(1,000 ohms and lower) are much cheaper and less apt to give trouble
than the 10,000-ohm coils that would be needed in the series resistance
if a shunt resistance were not used. In addition the capacitance
errors of the 1,000-ohm coils will be much less than the capacitance
errors of 10,000-ohm coils.
A 1-juf paper capacitor can be connected across the 985-ohm resist¬
ance which is in series with the wattmeter moving coils by means of
the push-button switch marked “P. F. test.” When this capacitor is
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connected, the current through the moving coils is made to lead in
phase with respect to the supply voltage. Thus, if the current
supplied to the wattmeter fixed coils is lagging in phase with respect
to the supply voltage, pushing the “P. F. test” button will cause the

Figure

5.—Schematic

diagram of the wattmeter and multiplier connected for
measuring power, showing shield circuits.

wattmeter deflection to decrease; if the current is leading, pushing
this button will cause the wattmeter deflection to increase. Because
of the slight decrease in impedance of the wattmeter voltage circuit
when the 1-juf capacitor is connected, this “leading” or “lagging” test
is ambiguous when the power factor is greater than 0.9.
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The resistance units used in this multiplier are all of commercial
construction, except an 85-ohm section of the 985-ohm resistor con¬
nected in series with the moving coils. This 85-ohm resistor was
made in this laboratory. It is of bifilar construction in two sections,
allowing a tap to be brought out at the proper point for connecting
the 0.001-Aif compensating capacitor. The 1- and 10-ohm units are
also of bifilar construction. All other units were of a special “woven”
construction which reduces the time constant to the lowest value
attainable for precision resistors. They are mounted on porcelain
tubes % in. in diameter and 3% in. long and then dipped in “Ceresin”
wax. The units are all made of manganin wire, and with a current of
60 ma their maximum temperature rise was specified to be less than
25° C. In order to obtain this current rating, the 1,000-ohm units
are each made up of four 4,000-ohm windings mounted on separate
spools and connected in parallel.
All the component parts of the multiplier are mounted on a hardrubber panel % by 11 % by 20% in. This hard-rubber subpanel is
concealed from exposure to light by an aluminum panel %-in. thick
placed % in. in front of it and attached to it by brass screws and hardrubber spacers. The shafts of the selector switches and the binding
posts protrude through the aluminum panel without touching it.
These two panels are screwed to an aluminum base % by 5 by 20% in.
A one-piece brass cover is bent up to fit over the top, back, and two
sides. The completed multiplier box is fastened in an upright position
at the back of the observer’s table, the ground-glass scale being
located 5 in. in front and 3 in. above it.
(f) SHIELDING

In order to minimize the effect of capacitance currents between
the moving and fixed coils and to prevent the accumulation of elec¬
trostatic charges near the moving coils or damping vane, it is usual
to provide a conducting screen or shield between the fixed and moving
parts. In the present instrument conducting paint was used in
making this shield. Four %-in. stripes are painted along the axes of
great circles on the inside of the hemispherical depression in each
fixed coil so that they cross each other at the deepest point in the
depression. The inside surface of each half of the damping box is
coated with this paint, the glass windows being left clear except for
two %-in. stripes painted across them. All sections of the shield are
connected in series by a %-in. stripe of conducting paint, the connec¬
tion from the stationary glass panel to the hinged panel being made
by a spring contact between the two halves of the damping box.
One end of this series circuit is connected to the moving-coil lead
going to the bottom suspension (the damping vane is soldered to the
lead from this suspension to the lower moving coil). The other end
of the series circuit is brought out to a binding post on the mahogany
frame of the hinged panel. A measurement of the resistance between
this binding post and a moving-coil terminal thus serves as a check
on the continuity of the shield. This resistance as measured by a
1%-v ohmmeter is about 50,000 ohms.
A schematic diagram of the location and interconnection of the
shields used in the instrument is shown in figure 5. The wattmeter
moving coil is connected to the multiplier by a single-conductor
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shielded lead with rubber insulation over the shield (the capacitance
between conductor and shield being 710 g/if). At the wattmeter end.
the shield of this lead is connected through a binding post to the
lower moving-coil suspension, which is also tied to the wattmeter
shield. The central wire of this lead is connected through a binding
post to the upper moving-coil suspension. At the multiplier end,
the shield of this lead is connected to the lower moving-coil “MC”
binding post (the “±” supply voltage lead to which the electro¬
static tie between current and voltage circuits is attached is also
connected to this binding post). The central wire of the shielded
lead is connected to the upper moving-coil binding post. The multi¬
plier metal case is tied to the lower moving-coil binding post and
thus acts as a shield for the multiplier.
(g) WATTMETER CONSTANTS

(1) Fixed coils.
1. Connected in series (2.5 amp), resistance 0.848 ohm, self induct¬
ance 1,300 /ih.
2. Connected in series-parallel (5 amp), resistance 0.212 ohm, self
inductance 304 ;uh.
3. Connected in parallel (10 amp), resistance 0.053 ohm, self
inductance 72 juh.
4. Mutual inductance between any two of the four fixed coils,
85 Mh.
5. Average capacitance between two of the four fixed coils,
0.003 ni.
6. Capacitance from fixed coils to shield, 200 ;u^f.
7. Maximum heating of fixed coils with rated current, 10° C.
8. Flux density at moving coils with rated current flowing in
fixed coils, 110 gauss.
(2) Moving system.
1. Resistance of single moving coil, 5.3 ohms.
2. Resistance of entire moving system (between terminals on back
of wattmeter), 15.30 ohms.
3. Self inductance of moving system, 830 yh.
4. Mutual inductance between fixed coils (connected in seriesparallel) and moving coils at position of mechanical zero (58 degrees
from position of zero mutual inductance between fixed and moving
coils), 135 fjh.
5. Capacitance between moving system and shield, 52 wf.
6. Capacitance between moving system and fixed coils (with shield
at same potential as moving system),
7. Maximum heating of moving coils with 0.1 amp flowing through
them and rated current through fixed coils, 10° C.
8. Total weight of moving system, 18 g.
9. Period of moving system, 8 sec.
10. Torque required to deflect moving system from mechanical
zero to full scale (position of zero mutual), 30 dyne cm.
11. Stiffness of suspension, 0.5 dyne cm/deg.
12. Natural frequency of internal resonance; with direct current
on fixed coils and alternating current on moving coils maximum
vibration occurs at 80 c/s.
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III. PERFORMANCE TESTS
1. DIRECT-CURRENT ACCURACY

Before the ac-dc errors were determined, the accuracy of the in¬
strument assuming no ac-dc errors, that is d-c accuracy, was investi¬
gated. The factors effecting the d-c accuracy are (1) drift of de¬
flection with time for a constant value of power, (2) variation of
wattmeter sensitivity for small changes in deflection, and (3) imper¬
fection of astatic construction.
With a constant value of current in the fixed coils and a constant
voltage across the moving-coil circuit, the deflection of the wattmeter
was noted during a period of 2 hours. The drift in deflection was
found to be very nearly a linear function of time and equal to 0.1
mm/min. In ac-dc transfer tests the effect of this drift is cancelled
in the average a-c and d-c readings by the sequence in which the
readings are taken. When the instrument is used as a standard
wattmeter, it is calibrated on direct current before and after the a-c
readings are taken so that here also the effects of drift tend to cancel.
Even if the drift were not cancelled by the sequence of taking readings,
the maximum error caused by it would be only 0.025 percent in 10
minutes.
In an ac-dc transfer test of a wattmeter that is neither magnetically
shielded nor of astatic construction, the reading of the standard
instrument may be several percent different for one direction of
current and voltage than for the reversed direction; also, the a-c
reading may be slightly different from the d-c readings. Since the
scale of the standard instrument is uniform, if its sensitivity is differ¬
ent for the various readings of the standard instrument in one set of
data, an error will be introduced which may be as large as the per¬
centage difference in sensitivity.
The sensitivity of the wattmeter can be derived from the following
quantities:
G= torque on moving system in dyne-centimeters per milliampere in
the moving coils with rated current in the fixed coils.
a=angular deflection of moving system from the mechanical zero
position as measured by the travel in centimeters of the working
spot of light at a 2-m radius from the mirror.
Z7=restoring torque of suspension in dyne-centimeters per unit of
angular deflection, a.
i=moving-coil current in milliamperes.
Since the summation of the torques on the moving system is zero, for
any fixed position of the moving system
iG—aU— 0 or a~ijjy
that is, the wattmeter sensitivity as deflection in centimeters per
milliampere in the moving coils is G divided by TJ. From Hooke’s
Law TJ is constant but
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where M is the mutual inductance between the moving and fixed
coils. Thus sensitivity is a function of the position of the moving
coils with respect to the fixed coils but is independent of the mechanical
zero or total deflection of the moving system.
The true value of sensitivity is obtained by measuring a for a given
value of i and dividing a by i. In the present wattmeter with a 50-cm
scale and a total normal deflection from mechanical zero position of
400 cm, it is not feasible to obtain an accurate value of a at normal
deflection. However, the changes in a over the range of the 50-cm
scale can be accurately measured, and if the total deflection is known
to a fairly close approximation for one point on the scale, the changes
in sensitivity on the scale can be accurately determined.
The values of relative sensitivity (which are absolute values within
0.3 percent and which show changes in sensitivity over the scale range
within 0.01 percent) were obtained by holding rated current through
the fixed coils and measuring the moving-coil currents required to
deflect the moving system from the normal mechanical zero position
(beam of light from small mirror on center of scale) to various posi¬
tions of the working spot on the scale at 5-cm intervals. Since the
sensitivity is very nearly constant at the point of zero mutual in¬
ductance, a reference value of sensitivity at this point was computed
from the values of a and i at points 5 cm to the right and left of this
point, that is,
_Go.

_Go.

OCB—

°^L—

ZJ^L*

from which
ko_(Xg

U

iB

aL
ii,

and the total deflection at the point of zero mutual inductance is

°k)

__Gojj^o-

The total deflection at any other point on the scale was found by
adding the difference between the scale reading at this point and the
scale reading at the point of zero mutual to the total deflection at the
point of zero mutual. This gave total relative deflections for various
points on the scale which were as accurate as the scale could be read.
From these data the relative wattmeter sensitivity at any point on
the scale was computed by dividing the total deflection at the point
by the moving-coil current required to-deflect the wattmeter to this
point. The relative sensitivity this obtained is in deflection (in centi¬
meters) per milliampere in the moving coils with rated current in the
fixed coils. A plot of this sensitivity against scale reading is shown in
figure 6. This plot shows that there is a range of 10 cm near the point
of zero mutual within which the sensitivity is constant to within 0.01
percent. Thus no corrections for wattmeter sensitivity are required
for readings within this range. For readings outside this range cor¬
rections 6 can be applied.
As seen from the curve of figure 6, the point of zero mutual induct¬
ance between the fixed and moving coils (as indicated by the arrow)
6 For a computation of these corrections see appendix I.
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does not exactly coincide with the point of maximum sensitivity. If
the flux density due to the fixed coils were uniform throughout the
volume occupied by the moving coils, maximum sensitivity, that is
maximum dMjda, would1 come at the point where A/=0. The con-
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wattmeter sensitivity for various positions of working spot on
the ground-glass scale in centimeters of deflections per milliampere in the moving
coils with rated current in the fixed,coils.

Figure 6.—Relative

The absolute wattmeter sensitivity is equal to the relative sensitivity to within 0.3 percent.

elusion is that the flux density is not strictly uniform in the present
instrument, and this is probably the case in most instruments of this
type.

Imperfection of the astatic construction of the wattmeter results in
a small deflection of the moving system with direct current through the
moving coils only, because of interaction with the earth’s magnetic
field. This deflection was measured with 60 pia (the maximum value
to be used) through the moving coils for various positions of the mov¬
ing system near the point of zero mutual inductance between the fixed
and moving coils. These deflections as measured by the movement
of the light beam on the ground-glass scale were found to be +0.07
cm for one direction of moving-coil current and —0.07 cm for the other
direction, and they were the same for all positions of the light beam
on the scale within ±15 cm of the point of zero mutual inductance.
Thus in using the instrument for an ae-de transfer test, even though
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the two d-c readings are quite different, the small deflection due to
lack of astaticism will be cancelled out in the average d-c reading.
2. ANALYSIS OF AC-DC ERRORS

The present instrument was found to have ample sensitivity and
its errors on direct current, as explained above, were not greater than
0.01 percent. However, this instrument was intended for use as an
ac-dc transfer instrument and for this purpose its deflection for a given
value of power must be the same on alternating current as on direct
current. Before devising the actual tests for determining the ac-dc
errors, it is advisable to analyze the various sources of such errors.
They may be listed as follows:
1. Interaction between moving coils and other parts of the voltage
circuit.
2. Magnetic impurities in the moving system.
3. Induced and capacitance currents in the moving system.
4. Eddy current or skin effects in the fixed coils.
5. Capacitance current? in the fixed coils.
6. Phase defect in the voltage circuit.7
The average deflection of a wattmeter for direct and reversed
directions of a given direct voltage, Ed, across its moving-coil circuit
and a given direct current, Id, through its fixed coils may be expressed
as

oLd—KEdId.
If the direct current and voltage are replaced by an alternating cur¬
rent, Ia, and an alternating voltage, Ea, such that EaIa cos Q=EdId,
were Ea and Ia are simple sine functions of time and 0 is the angle of
lag of Ia with respect to Ea, and if the wattmeter is free of ac-dc errors,
the deflection on alternating current would be

aa=KEaIa cos

KEdId=o^.

However, as noted above, there are a number of possible sources of
ac-dc errors and these errors enter into the above equation as (1)
“Aw”, a percentage change in magnitude of EaIa> (2) “tw”, in effect,
a change in the angle 0, and (3) “Aa”, a change in aa, which is a func¬
tion of Ia or Ea but not of the product EaIa. When these three factors
are put into the equation, the deflection on alternating current becomes

a'a=KEaIa(l + Am) cos (0 + 0+Aa.
and the difference between the average d-c deflection and the a-c
deflection is

a'a— ota—AmKEaIa cos Q—KEaIa sin 0 sin tw-\- Aa

(1)

neglecting second-order terms.
The sources of ac-dc error listed above may now be separated into
three groups according to their entrance in eq 1 as “Am”, “r„”, or
7 In uncompensated electrodynamic instruments the largest source of this phase defect is the inductance
of the moving coils. In the present instrument this inductance is compensated by a capacitor connected
across a section of the series resistor. Thus, this phase defect (difference in phase between the moving-coil
current and the voltage across the voltage circuit) depends upon (1) the efficacy of the compensation, (2)
the small residual inductance or capacitance in the scries resistor, and (3) the small capacitance currents
between various sections of the series resistor or from any of these sections to the multiplier case.
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“Aa”. Those entering as “Aa” will be present either with voltage
only or with current only applied to the wattmeter, and by properly
choosing the experimental conditions each one of these errors can be
measured separately. The errors entering as “Am” may be measured
as a group by determining the ac-dc errors of the wattmeter at unity
power factor (making sin 9 = 0), and the errors entering as “t,” may
be measured as a group by determining the ac-dc errors of the watt¬
meter at zero power factor (making cos 0=0). The “Aa” errors will
also be present in measurements at unity and zero power factor; but
since the “Aa” errors can be determined independently, corrections
can be applied for them.
3.

ERRORS DEPENDING ON E OR / SEPARATELY—“Aa”
(a) INTERACTION BETWEEN PARTS OF VOLTAGE CIRCUIT

If there were appreciable interaction between the moving coils and
other parts of the voltage circuit, it would cause a deflection of the
moving system when voltage only (either alternating current or direct
current) is applied to the wattmeter. In order to detect this effect
if present, 100 volts alternating current (a d-c voltage would cause a
deflection by reaction with the earth’s magnetic field as explained
above) were applied to the voltage circuit.
No deflections were
observed for values of series resistor from 2,000 to 10,000 ohms, and
it was concluded that this interaction effect is negligible.
(b) MAGNETIC IMPURITIES IN THE MOVING SYSTEM

Although the utmost care was exercised in selecting materials for
and construction of the wattmeter moving system, there is a possibil¬
ity that the resulting system may contain magnetic impurities. If
the magnetic impurity is not symmetrically distributed around the
moving-system axis, it will cause the moving system to deflect with
current through the fixed coils only. With magnetic impurities, such
as “hard iron” filings, which are capable of retaining some magne¬
tism, the deflection of the moving system would not be the same for
alternating current in the fixed coils as for direct current and in the
case of direct current it would depend on the direction of the current.
With magnetic impurities of zero retentivity, the deflection of the
moving system would be the same for alternating current as for direct
current through the fixed coils but would vary as the square of the
magnitude of this current. In measuring a given value of watts, the
alternating current will be different from the direct current if (1) the
alternating and direct voltages are different or (2) the power factor is
other than unity. Thus, even though the magnetic impurities have
zero retentivity, the deflection caused by them will not necessarily be
the same for equal magnitudes of a-c and d-c watts being measured.
When the present wattmeter was first assembled, one of the tests
consisted in putting current through the fixed coils, the moving-coil
circuit being open, and noting the deflection of the moving system.
Deflections as large as 2 mm (0.05 percent of normal full-scale deflec¬
tion) were observed. The magnitude of these deflections varied with
the orientation of the moving system with respect to the fixed coils
but was independent of the frequency of the current through the fixed
coils, indicating that the deflections were caused by magnetic impur¬
ities in the moving system.
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The component parts of the moving system (1, moving coils; 2>
mirror; 3, collars and clamps for holding mirrors; 4, collar with
adjustable weights for balancing the system; 5, damping vane; and
6, Bakelite tube upon which all other parts were mounted) were all
made of materials that are normally considered to be nonmagnetic.
With the moving system assembled it was impracticable to determine
which of the component parts contained magnetic impurities. A new
moving system was constructed and each component part was tested
for magnetic impurities before assembly. This test consisted in
suspending the part, with a small mirror attached to it for reflecting
a beam of light onto a scale, in the field of a strong electromagnet and
noting the deflection of the beam of light when the coil of the electro¬
magnet was energized. These tests showed that a Bakelite tube,
obtained from the same source as the tube used in the first moving
system, contained considerable magnetic impurities which appeared
to be concentrated in a plane containing the central axis of the tube.
This would account for the results obtained with the first moving
system in the wattmeter. In searching for a substitute for this
tube, samples of glass, porcelain, clear Bakelite (no filler), and other
resins were tested for magnetic impurities. It was found that these
samples contained only very slight magnetic impurities in comparison
with a sample of the Bakelite tube used in constructing the first moving
system. Thus it was concluded that the filler used in making the
Bakelite tube and not the Bakelite itself contained the magnetic
impurity. Four samples of Bakelite tube were obtained from separate
sources and tested for magnetic impurities. Of these four, one was
chosen which contained about the same amount of magnetic impurity
as the glass or porcelain, and a new moving system was constructed
using a tube of this material for mounting the moving-system parts.
Before mounting each component part on the new moving system,
the system was suspended in the wattmeter and its deflection was
noted with current through the fixed coils only. At each stage of
construction this deflection was just barely noticeable with rated
current through the fixed coils. When the moving system was com¬
pleted, twice-rated current was passed through the fixed coils and
measurable deflections of the moving system were obtained. The
moving coils were then twisted around on the Bakelite tube until the
position of zero mutual inductance between the fixed and moving coils
(the position near which the moving coils are held when the wattmeter
is in use) coincided with the position for minimum deflection of the
moving system with current through the fixed coils only. The deflec¬
tion of the moving system at this position was found to be about 0.2
mm (0.005 percent of normal wattmeter deflection) with twice-rated
current through the fixed coils. Thus it was concluded that the error
due to magnetic impurities would be negligible with rated current
through the fixed coils.
c) INDUCED AND CAPACITANCE CURRENTS IN THE MOVING SYSTEM

The effects of induced and capacitance currents in the moving
system increase as the frequency of the fixed-coil current is increased,
and although they are entirely negligible at power frequencies (as
shown in the tests made to detect magnetic impurities in the moving
system) they may become measurable at frequencies above 1,000 c/s.
They may be detected by passing high-frequency current through the
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fixed coils with the moving coils open-circuited and noting any deflec¬
tion of the moving system. When rated current at a frequency of
2,000 c/s was passed through the fixed coils, deflections of the moving
system as large as 1 cm were obtained. These deflections are the
result of a combination of the following effects: (1) eddy currents
within the thickness of the wires forming the individual turns of the
moving coils, (2) eddy currents in other parts of the moving system,
such as the damping vane, and (3) capacitance currents flowing in
some of the moving-coil turns and through the capacitance existing
between the fixed and moving coils.
The summation of the torques produced by eddy currents in indi¬
vidual turns of the moving coils tends toward zero and would be
exactly zero with the moving coils in the position of zero mutual
inductance with the fixed coils if the fixed-coil flux were uniform
throughout the area occupied by the moving coils. Any torque pro¬
duced in the present wattmeter by the eddy currents in the moving
coils may be combined with the torques produced by eddy currents in
other moving parts of the wattmeter, since the torques due to all these
eddy currents are similar functions of the same variables.
The three effects causing the deflections noted above may now be
considered as two: (1) eddy currents in moving system, and (2)
capacitance currents flowing in some of the moving-coil turns. The
deflection due to eddy currents will (a) increase approximately as the
square of the frequency of the fixed-coil current, (b) increase as the
square of the current through the fixed coils; but it will be independent
of (a) the efficacy of the shield between the fixed and moving coils,
(b) the location of the electrostatic tie between the fixed and moving
coils, and (c) the connection of the fixed coils (series, series-parallel,
or parallel). The deflection due to capacitance currents will (a)
increase approximately as the square of the frequency of the fixedcoil current, (b) increase as the square of the current through the
fixed coils, (c) depend upon the efficacy of the shield between the
fixed and moving coils, (d) be approximately unchanged in magnitude
but reversed in direction when the electrostatic tie between fixed and
moving coils is changed from one terminal of the fixed coils to the
other terminal, and (e) depend upon the fixed-coil connections, being
largest for series and least for parallel. The total deflection caused by
eddy currents and capacitance currents may be separated into its
two components by use of relation (d). For a given magnitude and
frequency of fixed-coil current the deflection of the moving system
was noted with (1) the ± or b terminal of the moving coils connected
to terminal a (see fig. 5) of the fixed coils, (2) the 6 terminal of the
moving coils connected to terminal b of the fixed coils. The algebraic
mean of these two deflections is the deflection caused by eddy currents,
and one-half the algebraic difference between these two deflections is
the deflection caused by capacitance currents.
From tests performed on the wattmeter with rated current at a
frequency of 2,000 c/s through the fixed coils, the deflections due to
eddy currents in the moving system and capacity currents in the mov¬
ing coils were determined and the results are shown in table 1. These
tests were performed with the shield between the fixed and moving
coils tied to the ± side of the moving-coil circuit as shown in figure 5.
With this shield “floating,” the deflections due to capacitance currents
were found to be about three times those given in the table.
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1.—Wattmeter deflections due to eddy currents and capacity currents

[Moving-coil circuit opened.

Fixed coil-connections

Fixed-coil current frequency, 2,000 cycles.
terminal b.]

Ic

MC terminal b tied to

Total watt¬
meter de¬
flection

Series.

2.5

fFC a
\FC b

__
....

cm
0. 47
1.04

Series-parallel

5

fFC a _
\FC 6___

Parallel.

10

fFC a ...
\FC b...

amp

Shield tied to moving coil

Deflection
due to
eddy cur¬
rents

Deflection
due to
capaci¬
tance
currents

cm

cm

}

0.76

0.28

0. 50
.86

}

.68

.18

.66
.76

1

.66

.09

The deflection of about 0.70 cm given in table 1 as due to eddy
currents in (he moving system seemed quite large. In order to deter¬
mine which part of the moving system contained these eddy currents,
a coil was placed near the wattmeter in such a position that, with a
given value of current at 2,000 c/s passing through this coil, the mag¬
netic field strength at the damping vane would be about the same as
that produced by the wattmeter fixed coils at rated current and the
magnetic field strength at other parts of the moving system would be
low. With current flowing through this external coil and no current
through the wattmeter coils, the deflection of the moving system was
found to be about 0.50 cm. Thus it appears that most of the deflec¬
tion due to eddy currents in the movmg system is caused by eddy
currents in the damping vane. In constructing another wattmeter,
it would be advisable either to increase the distance between the
damping vane and wattmeter coils or to use as a damping vane some
nonconducting material, coated with a very thin conducting film to
eliminate accumulation of static charge.
Another possible source of induced currents in the moving system
is the mutual inductance between the fixed and moving coils. These
induced currents will flow only when the moving-coil circuit is closed
and when the position of the moving system is not at the point of
zero mutual inductance. With the moving system displaced 2 degrees
of arc (a deflection of
cm on the scale) from the point of zero
mutual inductance and with rated current at a frequency of 2,000 c/s
through the fixed coil a deflection of 0.50 cm was noted when the
moving-coil circuit was closed through an external resistance of 1,000
ohms (without a compensating capacitance).
With positions of the
moving system at which the wattmeter is generally used (within about
2 cm of the deflection at zero mutual inductance), no noticeable
deflection was obtained when the moving-coil circuit was closed
through a resistance of 1,000 ohms.
The only appreciable error, entering eq 1 as “Aa”, was found to be
that due to eddy currents in the moving system and capacitance
currents in the moving coils. The magnitude of this error was meas¬
ured at various frequencies up to 3,000 c/s with 5 amp through the
fixed coils connected in series-parallel and with the moving-coil
circuit open, the shield and moving-coil terminal b being tied to fixedcoil terminal b. The results of these measurements are shown by
the curve plotted in figure 8. By means of these results the “Aa”
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errors can be separated from the total ac-dc errors measured in the
experiments to be described.
4. ERRORS DEPENDING UPON El—TEST AT UNITY POWER-FACTOR
(a) METHOD

A simple and convenient way to obtain unity power-factor condi¬
tions on the wattmeter is to connect it for use as an ammeter, as
shown in figure 7. For these connections, the current in the moving

Figure 7.—Electric connections for comparing the wattmeter, connected as an
ammeter, with a hot-wire ammeter at unity power-factor.

coil may be considered to be in phase with the current through the
fixed coil. Any slight difference in phase (r) between these currents
will enter into the results as an error equal to 100 (1-cos r) in percent,
and the conditions to be fulfilled in order to make the error negligible
are easily attainable. Thus the only ac-dc errors entering this unity
power-factor test will be those designated as “Am” and “Aa” in eq 1,
and these errors will be equivalent to the errors of the wattmeter
when it is used to measure power at unity power-factor, provided
the moving-coil circuit is properly shielded.

572772 0 - 61 - 26
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The main reason for connecting the wattmeter as an ammeter to
measure its ac-dc errors at unity power-factor 8 was that a 5-amp
Hartman & Braun hot-wire ammeter, which was constructed for
the accurate measurement of radio-frequency currents, was readily
obtainable and convenient to use as a standard. It was assumed
that the ac-dc errors of the ammeter are negligible for frequencies
up to 3,000 c/s.
(b) PROCEDURE

The procedure consisted in adjusting the alternating- and directcurrent supplies independently, so that full-scale deflection of the
hot-wire ammeter was obtained for both positions of the ac-dc

1000

2000
FREQUENCY IN

Figure 8.—Wattmeter

3000

C/S

ac-dc errors at unity power-factor.

Fixed-coil current equals 6 amp. Moving-coil terminal b connected to fixed-coil terminal b (see fig. 5).
The curve is a plot of “Aa” errors only. The plotted points include “Aa” and “Am” errors.

switch (see fig. 7). The series resistor in the moving-coil circuit of
the wattmeter was adjusted to bring the wattmeter deflection to
normal full-scale position (this required about 1,300 ohms in the
moving-coil circuit), and the current was left on for one-half hour
to allow both instruments to come to temperature equilibrium. The
test data were taken in the following order: (1) with alternating
current of the desired frequency on, the value of current was adjusted
to give full-scale deflection on the hot-wire ammeter and the de¬
flection of the wattmeter was read;.(2) with direct current on and
adjusted to duplicate the setting on the hot-wire ammeter, the deflec¬
tion of the wattmeter was read; (3) with direct current reversed,
another reading of wattmeter deflection was obtained; and (4) with
alternating current on, the first step was repeated. The difference
between the average a-c (steps 1 and 4 above) and the average d-c
8 A quadrant electrometer connected to measure power could be used as a standard Instrument for this
purpose, but a considerable amount of time and patience would be required to set up and calibrate an instru¬
ment of this type so that the desired accuracy could be attained.
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(steps 2 and 3 above) wattmeter deflections is a measure of the
wattmeter ac-dc errors at unity power-factor.
The accuracy of the measurements is limited by the ability of the
observer to repeat settings on the hot-wire ammeter. By using an
instrument-reading camera focused directly on the pointer and ad¬
justing current until the image of the pointer edge coincides with a
fine line on the ground-glass screen of the camera, settings can be
repeated to within 0.025 of a scale division. Since each value of
ac-dc difference was the average of several sets of data, the accuracy
of these average values was considered to be within about 0.01 of a
scale division or 0.01 percent (settings were all made at the 100division point).
(c) RESULTS

For the purpose of comparison the results of these tests have been
entered in figure 8. As already noted, the curve in this figure is a
plot of the wattmeter deflection “Aa” against frequency, obtained
on a previous test with 5 amp through the wattmeter fixed coils con¬
nected in seiies-parallel and the moving-coil circuit open (this is
the deflection due to eddy currents in the moving system and capaci¬
tance currents in the moving coils). The plotted points on this
figure represent the values of ac-dc errors of the wattmeter at unity
power-factor obtained by the tests just described. The agreement
of the plotted points with the curve (with the fixed coils connected
in parallel only one-half of rated current was used and the ac-dc
error is correspondingly less) indicates that for frequencies up to
3,000 c/s the ac-dc errors of the wattmeter at unity power-factor
are due only to eddy currents in the moving system and capacitance
currents in the moving coils. These errors enter into eq 1 as the term
“Aa”. The error designated as “Am” in this equation is thus found
to be negligible (less than 0.01 percent) for frequencies up to 3,000 c/s.
5. ERRORS DEPENDING UPON PHASE ANGLE 0—TESTS AT ZERO
POWER-FACTOR

The ac-dc errors of the wattmeter entering eq 1 as a phase defect
“tw” will appear only when the wattmeter is used at power factors
other than unity, and their effect will be maximum at zero powerfactor. Possible sources of phase defect are (1) eddy current or skin
effects in the fixed coils, (2) capacitance currents in the fixed coils,
and (3) phase defect in the voltage circuit. Since the phase defect
introduced by these sources of error increases as the frequency in¬
creases, it was decided to determine the phase defect at several fre¬
quencies. Tests were made at 60 c/s using a quadrant electrometer
and at 500, 1,000, and 2,000 c/s using mica capacitors.
(a) AT 60 CYCLES PER SECOND, USING QUADRANT ELECTROMETER

(1) Method.
The source of current and voltage consisted of two alternafors
driven by a direct-current motor, the shafts of all these machines being
coupled together. The motor was supplied from storage batteries, and
the speed was adjusted to give a 60-cycle output from each generator.
The output voltage of each alternator and the phase angle between
their voltages could be varied independently. One alternator was
used to supply the voltage circuit of the standard wattmeter, and this
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same voltage was connected between the case and the needle of the
quadrant electrometer. The other alternator was used to supply the
current through the fixed coils of the wattmeter, and by also passing
this current through a shunt and then stepping-up the drop across
the shunt by means of a voltage transformer whose secondary was
connected to the quadrants of the electrometer, a voltage was applied
to the quadrants which bore a fixed relation to the current through
the wattmeter fixed coils.
The voltage, E, from one of the alternators and the current, I, from
the other alternator correspond to a value of power El cos 0 which

Figube 9.—Electric connections for comparing the wattmeter with a quadrant elec¬
trometer at zero power-factor.
i?=resistance of shunt.
£=inductance of shunt.
r-= resistance of shunt potential leads.
f?i=effective resistance of transformer
winding.

primary

ineffective inductance of transformer primary
winding.
h =transformer primary current.
Ei = transformer primary voltage,
Uo = transformer secondary voltage from a to c.
Eb=transformer secondary voltage from a to b.

can he measured independently by the wattmeter and by the electro¬
meter. The phase angle, 9, between the voltage and current was
adjusted until the electrometer indicated zero power. The wattmeter
would then be expected to indicate the power corresponding to 90
degrees minus the phase difference between the current through the
fixed coils of the wattmeter and the quadrant voltage of the electro¬
meter. A derivation of the value of this phase difference is given in
appendix II. Any discrepancy between the actual power indicated
by the wattmeter and the power computed from this phase difference
is considered to be caused by a phase defect in the wattmeter, and the
wattmeter phase-defect was computed on this basis.
(2) Procedure.
The wiring diagram in figure 9 was followed in connecting the watt¬
meter and electrometer for the test at zero power-factor. The voltage,
E, was set at 150 (within 0.2 of a volt) by adjusting the field of the
396/570

Standard Electrodynamic Wattmeter
alternator. The current, /, was set at 2.5, 5, or 10 amp (within 0.2
percent), depending upon whether the series, series-parallel, or parallel
connection, respectively, of the wattmeter fixed coils was being used.
The nominal value of the shunt corresponding to these currents was
0.8, 0.4, or 0.2 ohm, respectively, thus keeping the primary voltage of
the transformer 2 volts for all tests. The secondary voltage across
each half of the winding was approximately 25 volts. The connection
from the transformer secondary to the quadrant of the electrometer
was a two-conductor shielded lead, the shield being connected to the
transformer shield and the midpoint of the winding at one end and to
the electrometer case at the other end. The same leads were used in
measuring the ratio and phase angle of the transformer so that any
capacitance load imposed by the leads would be the same in both the
test and the use of this transformer. The phase angle, 9, between E
and I was adjusted to approximately 90 degrees by rotating the stator
of the alternator supplying the current. A fine control of this phase
angle was obtained by inserting a variable self-inductor in the current
circuit. The 25,000-ohm resistor in series with the lead to the elec¬
trometer needle was inserted to protect the needle suspension from
possible short circuits between needle and quadrant during preliminary
adjustments. For final readings this-resistor was shorted out to reduce
to a minimum any voltage drop in this lead due to capacitance cur¬
rents.
A switching arrangement was placed in the current and
voltage supply such that the alternating current and voltage could be
disconnected and a direct current and voltage substituted. The d-c
supply was used to calibrate the wattmeter.
The detailed procedure in checking the wattmeter against the
electrometer at zero power-factor will now be described m chrono¬
logical order. The electrometer was set on a stable platform with
the needle centrally located with respect to the quadrants, as indicated
in figure 9. A light source was located in such a position that the
beam reflected from the mirror mounted on the electrometer suspen¬
sion was focused on a ground-glass scale located about 2 m from the
electrometer. The leveling screws of the electrometer were adjusted
until the mechanical and electrical zeros of the electrometer coincided
(to within 2 mm), that is, with current off and a-c voltage adjusted to
150 v the electrometer reading did not change when switch Sx was
thrown from right to left. The zero readings of both the electrometer
and the wattmeter were recorded with no current flowing and E= 150
v a-c. The current supply was connected and current adjusted to
2.5, 5, or 10 amp a-c depending on the fixed-coil connections of the
wattmeter. Frequency was set to 60 c/s and voltage was reset if
necessary. The phase angle between E and I was adjusted until the
electrometer reading was the same as its zero, and the reading of the
wattmeter was recorded. The current supply was disconnected and
zero readings of electrometer and wattmeter were recorded. The
setting of the electrometer with current on should agree with the
average of the two electrometer zero readings (in the few cases where
this was not true the readings were discarded). The above procedure
was repeated with switch S2 in the reversed position. The a-c supply
was disconnected and the d-c supply was connected, the voltage being
adjusted to 150 v. The direct current was adjusted until the watt¬
meter reading was equal to the average of the two readings obtained
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with alternating current. The value of direct current was recorded,
direct voltage and current were reversed, and another value of direct
current was obtained and recorded. The entire procedure outlined
above was repeated with the alternating voltage supply connections
reversed. The average of the four values of direct current thus ob¬
tained divided by the alternating current gives cos 0, which should
equal K sin (25+/8C+/3&)9 if there is no phase defect in the wattmeter.
(3) Results.
Table 2.—Wattmeter

-phase defect at 60 c/s

[This table Is not a complete list of all data taken at 60 cycles. The values shown were chosen to indicate
the range of variation in r* The average value of all determinations of t„ at 60 cycles is 0.2 minute)

E ac

I,,

g

amp

Wattmeter fixed coils

Wattmeter mul¬ Electrom¬ 90° minus
tiplier
eter shunt
ec
Ohmt

Ohms

90° minus
0m

min
I

160

10

Parallel...

5,000 s.

0.2

6.78 {
l

min
7.04
7.03
7.08
6.99
6.81
6.78
6.77
Average_

160

10

_do..

/5,000 s.
\l,000p. }

-2

6.78

/
l

7.19
7.06
Average....

160

10

.do... 9,000 s

.

.2

/
6.78
\

7.19
7.00
Average....

160

6

Series-parallel. 6,000 s.

.4

7.22
7.22
7.14
7.07

7.17

Average_
f
160

2.5

Series__

6,000 s.

.8

8.71

1
l

8.70
8.74
8.58
8.58
Average....

•rw=
0«—*0 rri
min
0.26
.26
.30
.21
.03
.00
.01
0.16
0.41
.^
0.34
0.41
. 22
0.32
0.05
.05
-.03
-.10
-0.01
-0.01
-.03
—. 13
-.13
-0.06

* A positive value of rw indicates that the moving coil current leads the supply voltage.

The results of tests at zero power-factor comparing the wattmeter
with a quadrant electrometer are tabluated in table 2. The phase
defect of the wattmeter is indicated as the difference between two phase
angles (1) 0C which is 90 degrees minus the computed phase angle
between the current through the wattmeter fixed coils and the voltage
across the quadrants of the electrometer, and (2) 0TO which is the
power-factor angle measured with the wattmeter while the quadrant
electrometer indicated zero watts. The wattmeter phase defect, tw,
probably consists of two components (1) a phase displacement between
the moving-coil current and the voltage applied to the wattmeter
voltage circuit, and (2) a phase displacement between the magnetic
flux due to the fixed coils and the current supplied to the fixed coils.
For convenience in discussing the phase defect, the two components
are added and this total phase defect is treated as if it were a phase
displacement between the moving-coil current and the wattmeter
supply voltage; a positive value of tw indicates that the moving-coil
current leads the supply voltage. The computed phase angle, 0C,
s For the derivation of this relation see appendix II.
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was primarily dependent upon the phase angle of the potential trans¬
former. The phase angle of this transformer had an uncertainty of
±0.1 minute, probably due to magnetic instability of the core. The
experimental error in comparing the wattmeter and the electrometer
was ±0.1 minute. Thus the total uncertainty in tw was ±0.2
minute, which is sufficient to account for the variations of the phase
defect of the wattmeter as indicated in the last colunm of table 2.
The conclusion is that the phase defect of the wattmeter at a frequency
of 60 c/s is very probably less than 0.4 minute for any fixed-coil con¬
nection and for any arrangement of the multiplier circuit as normally
used.
(b) AT HIGH FREQUENCIES, USING CAPACITANCE LOAD

(1) Method and Procedure.
By passing current through the fixed coils of the wattmeter and a
capacitor, connected in series, and applying the voltage drop across
the capacitor to the voltage circuit of the wattmeter, the current and
voltage of the wattmeter will be very nearly 90 degrees out of phase
and the wattmeter deflection should be about zero. The small value
of watts indicated by the wattmeter will be due to (1) any phase
defect in the capacitor used as a load; (2) the current taken by the
voltage circuit of the wattmeter, which necessarily flows through the
wattmeter fixed coils; (3) the current taken by the voltmeter-used
to measure the drop across the capacitor; and (4) any phase defect
in the wattmeter. Since the total watts indicated by the wattmeter
can be determined and the first three of the above factors making up
the total watts can be computed or measured, the fourth factor
(wattmeter phase defect) can be deduced.
The capacitance used as a load on the wattmeter must have a
value such that with the normal wattmeter voltage across it (about
150 v), the current taken will be equal to the rated current of the
wattmeter fixed coils (2.5, 5, or 10 amp). It would be almost im¬
possible to build up enough capitance by using air capacitors. Paper
capacitors have losses too large and too unstable. Mica capacitors
were considered feasible for this work, and the largest capacitance
which could be built up from all of the mica capacitors readily avail¬
able was about 10 /uf. With these capacitors it was possible to test
the wattmeter at frequencies of 500 to 2,000 c/s. It was decided to
measure the phase defect of the wattmeter at 500, 1,000, and 2,000
c/s and then if possible to extrapolate the results back to lower
frequencies.
The wiring diagram for the equipment used in this test is shown in
figure 10. A Kelvin voltmeter of the multicellular electrostatic type
was used to measure the voltage across the wattmeter voltage
circuit, because the deflection of this type of voltmeter is independent
of frequency over a wide range. A resistance voltage divider was
used in conjunction with this voltmeter to extend its range, since the
maximum voltage which could be read on the voltmeter alone was
120 v. An attempt was made to extend the range of this voltmeter
by putting an air capacitor in series with it, but this plan had to be
abandoned because of an error introduced by dielectric losses in the
voltmeter.
With switch S2 (see fig. 10) thrown to the right-hand position the
wattmeter measures the power loss in capacitor C, the power consumed
in rm and r», and an additional quantity a>CE2 sin tw, where tw is
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the phase defect of the wattmeter. With switch S2 thrown to the
left-hand position the wattmeter measures the power consumed in
rm, r„, and R. Under these conditions the current through the watt¬
meter fixed coils is small in value compared to the large capacitance
current taken by C and is in phase with the voltage, E, across the
wattmeter voltage circuit, so that the effect of the wattmeter phase
defect is negligible. The procedure followed in measuring the watt¬
meter phase defect, tw, was first to set the supply frequency and
voltage with switch S2 in the right-hand position and read the watt¬
meter deflection, then to duplicate the setting of supply frequency

Figure 10.—Electric

connections for measuring wattmeter phase defect at high fre¬
quencies using a capacitance load.

C=mica capacitor.
i?=adjustable resistor.
rmresistance of wattmeter voltage circuit.

rv=resistance of voltage divider for electrostatlo
voltmeter.
E= voltage applied to wattmeter voltage circuit.

and voltage with S2 in the left-hand position and adjust the resistor,
R, until the wattmeter deflection was the same as just read. The
wattmeter phase defect can then be deduced from the value of the
resistor, R, capacitor, C, and phase defect, rc, of capacitor C.
(2) Derivation of Equation.
By referring to the wiring diagram in figure 10 and using the nota¬
tion indicated on the diagram, two equations for the quantity measured
by the wattmeter can be written. When the capacitor, C, is used as
a load on the wattmeter (switch S2 to the right) the quantity is
7?2
rr 2
Pc=wCE2 sin (re+0+—+—■
rm
rv

When the resistor, R, is used as a load on the wattmeter (switch S2
to the left), this quantity is
E2 , E2 , E2
Pb= T+T+TT
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During the tests, the voltage, E, and the deflection of the wattmeter
were held constant for the two loads on the wattmeter. Thus Pc= PR,
and the two equations give
wC sin (tc+t„,)=^;
and since

re

and tw are small angles,
sin rw

1
—sin rcRuC

(2)

(3) Results.
The results of these tests are shown in figure 11 as a plot of watt¬
meter phase defect against frequency. The error (Aa) due to induced
currents in the moving system and capacitance currents in the moving
coils is present in the results shown, but its magnitude (a maximum of
2 minutes at 2,000 c/s) was not sufficient to be taken into account.
The possible sources of this phase defect are (1) eddy current or skin
effects in the fixed coils, (2) phase defect in the voltage circuit, and (3)
capacitance currents between turns of the fixed coils and from fixed
coils to shield. Possible source of error (3) would cause a phase
defect proportional to the square of the frequency, but the results
show the phase defect to be directly proportional to frequency; also,
when performing the tests, a 0.005—yf capacitor connected across
the fixed coils was found to have no noticeable effect on the phase
defect. Therefore, it may be concluded that source of error (3) is
negligible for frequencies up to 2,000 c/s. Sources of error (1) and
(2) would cause a phase defect directly proportional to frequency.
Since the observed phase defect was found to vary in this manner (up
to 2,000 c/s), it may be concluded that it is the result of one or both
of these two effects.
A computation of the part of this phase defect caused by source (2),
based on the estimated values of capacitance between parts of the
voltage circuit, indicated that part of the wattmeter phase defect can
be accounted for by the capacitance currents in the series resistor.
The remainder of the wattmeter phase defect must be due to “skin
effects” in the fixed coils. The relative magnitude of these two
components of the total wattmeter phase defect cannot be definitely
stated.
Since the results shown in figure 11 indicate that the wattmeter
phase defect is directly proportional to frequency between 500 and
2,000 c/s, it is fairly safe to extend this curve to 60 c/s and obtain an
extrapolated value of phase defect of 0.38 minute. This extrapolated
value checks the actual value (0.2 minute) 10 obtained at 60 c/s,
using the quadrant electrometer, within the limits of accuracy (±0.2
minute) of the measured value.

IV. SUMMARY
The electrodynamic instrument described in this paper can be used
as a standard wattmeter or ammeter and as a standard ac-dc transfer
instrument in testing wattmeters or ammeters. The current range is
from 0.25 to 10 amp. The voltage range is from 25 to 300 v. The
10 This value is an average of all the data taken at 60 c/s.
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results obtained from this instrument are accurate within 0.01 percent
when it is used at power frequencies. The only correction which must
be applied to obtain this accuracy is the one due to the phase defect

FREQUENCY IN C/S
Figure 11.—Plot

of wattmeter phase defect against frequency.

Results obtained from tests using a capacitance load.

(0.38 minute at 60 c/s). This correction will be negligible for power
factors greater than 0.7. The instrument can also be used at frequen¬
cies up to 2,000 c/s, provided the necessary corrections as described
in this paper are applied.
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Almost all the construction of this transfer instrument was done by
E. A. Tibbals, one of the Bureau’s mechanicians, who is responsible
for many valuable suggestions relating to the design of important
details of the instrument.

V. APPENDIX I

Computation of the Effect of Variation in Wattmeter Sensitivity
The wattmeter deflection in terms of S, wattmeter sensitivity (equal to G/U as
defined on page 559); i, moving-coil current in milliamperes; and I, fixed-coil
current in amperes is

q;

I

a~blI (rated)The power being measured is proportional to Ii, and I (rated) is constant for
given connection of the fixed coils. Thus the deflection may be expressed as

a

where K is a constant and W is the power being measured. If aa, Sa, and Wa de¬
note values with alternating current and voltage; ady Sd, Wd denote values with
direct current and voltage; aT, S,, WT denote values with direct current and volt¬
age in the reverse direction
«a=KSaWay or Wa=gtJ
otd — KSdWd, or Wd=

ar = K'5rITr, or

’

=

The relation to be obtained is the ratio of^prarto the average d-c power in terms of
the a’s and S’s.
2Wa
.
Wg—j(Wd-\- Wr)

Wd+wr

T

\{Wd+WT)

Substituting values of a and S, 8 becomes
_ 1_/ad, aA

an

x_KSa

2K\SESr/[
1

( “dljoA

2 K\SE Sr)
Since Sd and Sr differ but slightly from Sa, by putting Sf=Sa+sd and Sr =
Sa + Sr the above equation simplifies to
, _aj + ar
5=

~~2~
Qd + Or

2
One hundred times the first term on the right side of the above equation gives the
percentage excess of a-c power over average d-c power as normally computed
assuming constant sensitivity. One hundred times the second term gives the
correction in percentage to be applied when the sensitivity for ad and aT are differ¬
ent from the sensitivity for <*„. Values of Sa, sr, and sd are obtained from the
curves of sensitivity against deflection in figure 6.
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VI. APPENDIX II

Phase Difference Between the Fixed-Coil Current and the Quadrant
Voltage on the Electrometer and the Relation of This Phase
Difference to 9, the Phase Angle Between E and I
The diagram in figure 9 shows the connections of the wattmeter and the electrom¬
eter for measuring the power El cos 9. The first step is to derive the relation
between 7 and Ee or Eb in terms of the known constants of the apparatus. By
inspection of the diagram and using the notation given under it, the following
equation can be written

I,{R,+jaLt) = -7,2r + (7-7,) (R+juL).

(3)

The currents in this equation are all complex quantities, but 7 may be assumed
to have no imaginary component. By equating the real and imaginary compo¬
nents of eq 3 and solving for the two components of 7,, these may be substituted in

Ei — ItiRt+juLt)
to obtain:
p,_t f (/?,72 — oPLiL) (RtRT 2r) T (ojLR,-ToiLtR) (o>L\ -)-o>L)
1
1
(Rt + R + 2r)*+(uL + uLt)2
-\-j [(w7/,7?TuLRt) (Rt-f-RT 2r) T (w2L,7/ — RiR) (coT/<4-coT,)] 1

(R t~\~R

2r)2 —H

(oiLiojLt)2

J

For the present work the approximate values of the constants in the above
equation are 12 = 0.4 ohm, 72,^400 ohms, r = 0.03 ohm, L = 30X10~fl h, u 7,,2r600
ohms.
Thus with sufficient accuracy the equation may be reduced to
Ex = 772^1 - (2r + R)

+ w2L2 ^+ J

+ j (R + 2r) ^ + J.J 5

and putting
g=(2r + R) _R,_
R i T to27i?
and
5

sm *[ R +(R + 2r^Ri + J2 J’
E, = IR(1 — g+j sin 6).

(4)

If the ratios and phase angles for the transformer are ne, 0C and nb, 0b for the ac
and ab coils respectively,
Ec=neEx(l+j sin 0C)
and
Eb=nbE,(l+j sin 0h).
Substituting the value of Ex given in eq 4 and neglecting the products of the sines
of the small angles 5, 0C, and 0b,
Ec = ncIR[l — g+j (sin 5 +sin 0C)1

(5)

Eb = nbIR[l — g+j (sin 5 +sin /36)]-

(6)

and

For the connections of the quadrant electrometer shown in figure 9, if Vn is the
voltage from the case to needle, Vc from case to quadrant c, and Vb from case to
quadrant b, the general equation for the torque is

T=\V'n+peV'c + pbVl+yeVnVe+ybVnVb+r1VeVb+vnVn-\- VcVcA VbVb-)- l>0,
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where X, pc> Pb»tc, 7i» v> vn» vc vb, and vb are constants of the electrometer. Take
the mechanical zero to be the reading when c, b, and n are all tied to the case, that
is, with current circuit open and »Sj to the right. This makes vo = 0. For a-c
work vn, ve, and vb can also be ignored, because the mean values of Vn, Ffl, and
Vb over any number of complete cycles is zero. The electrical zero is adjusted
by tilting or rotating the needle until no deflection occurs when <Sj is thrown to
the left. This makes X=0. With both current and voltage on, the torque then
becomes
T^pcVl+phVl+y'VnV'+yhVWb+vV'Vb.
The phase angle, 0, between the current and the voltage is adjusted until the
average torque becomes zero, that is, until the electrometer reading is the same
as its electrical zero, then
0=pcnlR2I2+pbn\R2I2 + ycnc EIR[cos (0—5 — pe) ]
— ybnbEIR [cos {Q—b— ^b)] — rrncnbR2I2

(7)

With switch S2 reversed, that is Ee and Eb reversed, 0 is again adjusted until the
average torque becomes zero. Then
0=pcn2cR2I2+pbnlR2I2 — yencEIR [cos (©' —5— /3C)]
-\-ybnbE!R [cos (©' — 5 — /3fc) — jjncni>JK2/2.

(8)

Subtract eq 8 from eq 7
0 = ycncEIR [cos (0 — 5 — /3C) + cos (0'—5 — /3C)]
— ybnbEIR[cos (0—5 —/St,) + cos (0'—5— /3b)].
Expanding the cosines in this equation and neglecting the departure from unity
of cos (6+flc), cos (5-r/3b), sin 0, and sin ©' since 5 + /3« or S + /3b <10 minutes
and 0 or 0' is within 10 minutes of v/2
ycnc [cos 0 + sin (5 + (3c) + cos 0' + sin (S+&)]
— ybnb [cos 0 + sin (5+ £(,) +cos 0' + sin (5 + /3fc)]
Since y0 very nearly equals —yb and n„ nearly equals nb, —ycne (l + /i) may be
substituted for ybnb; then
cos 0 + cos 0(1 + /i) + cos 0' + cos 0'(l + /i) = —2 sin (5+(3c) — 2 [sin (5 + (36)l(l + h),
and this reduces to
cos 0 + cos 0'=—[sin (5 + (3c)]^l——[sin (5+

1 + -^)’

Since f3e nearly equals pb the h terms cancel, and dividing by 2 to get the average
cos 0
cos 0 + cos O'
—sin (25 +/3C +/36).
(9)
2
This equation yields the average value of the cosine of the angle between current
I and voltage E, for the two positions of switch S2, in terms of the constants of
the apparatus in the electrometer circuit. The cosine of this angle can also be
obtained from the expression
W— El cos 0,
where W is the average power indicated by the wattmeter for the two positions
of switch S2. Any difference between the two values of cos O thus obtained is
considered to be caused by the wattmeter phase defect, tw.
Washington,

July 25, 1940.
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Precise Comparison Method of Testing AlternatingCurrent Watthour Meters
A. W. Spinks and T. L. Zapf
A brief description of the basic method of testing alternating current watthour meters
at the National Bureau of Standards is given, followed by a description of equipment for a
faster and less laborious method.
Equipment with several novel features has been assembled for making precise tests of
alternating-current watthour meters by a comparison method employing a group of carefully
selected alternating-current watthour meters, which serve as a secondary standard group.
One of this group, designated the “Standard Watthour Meter”, is used with multirange
instrument transformers as a reference standard to test other watthour meters with good
precision. The testing procedure is explained, and the formulas used in computing the
results of the tests are derived.
An analysis of the possible errors of measurement and data from numerous tests indicate
that the measurement of energy applied to a watthour meter under test can be relied upon
to better than 0.06 percent.

1. Introduction
For many years the National Bureau of Standards
has employed a method of testing alternating-current
watthour meters, which, although very precise and
accurate, is tedious and time consuming. By this
method, the energy indicated by the watthour meter
under test is compared with the true value of energy
as measured in terms of a constant and accurately
known power and an accurately determined time
interval. The power is held constant with the aid of
a standard electrodvnamic wattmeter 1 which is cali¬
brated on reversed direct current before and after
each run. For this test, a very stable, manually
controlled alternating-current source is required to
insure a steady value of power.
In the midthirties it was observed that repeated
tests on particular watthour meters showed remark¬
ably small deviations from the initial test values.
This suggested the possibility of using a group of
watthour meters of demonstrated good repeatability
as secondary standards. The register and gear
train could be removed from each meter to reduce
friction. Disk revolutions would be counted photoelectrically.
Four such meters were obtained, but unfortu¬
nately, work on this project was interrupted, and
construction of a permanent setup and the apparatus
for intercomparing the meters was delayed. In 1940
the paper of Goss and Hansen 2 describing the excel¬
lent performance of a group of watthour meters
caused a revival of interest in this project. Further
experimental work led to detailed plans, but actual
shop construction was interrupted by duties imposed
by World War II.
Work was resumed after the war, and the equip¬
ment, except for minor modifications, was con¬
structed as originally planned. This apparatus has
been under observation for several years, and its
reliable performance has been verified. The new
1 John H. Park and Arthur B. Lewis, Standard eleetrodynamic wattmeter and
ac-de transfer instrument, J. Research NBS 25, 545 (1940) RP1344.
2 J. H. Goss and A. Hansen, Jr., A precision rotating standard for the measure¬
ment of kilowatt hours, Trans. AIEE 59, 412 (1940).

equipment is now used at the National Bureau of
Standards in preference to the older equipment for
practically all of the testing of a-c watthour meters.
This paper describes the equipment, the procedures
followed in its calibration and use, and the results
obtained.

2. Equipment
Basically, the complete equipment consists of a
group of modified commercially available portable
watthour meters maintained at a constant tempera¬
ture, and the means for their calibration and inter¬
comparison with a high degree of precision. In order
to eliminate friction except at the top and bottom
bearings, the meters are not equipped with registers.
Instead, phototubes serve for counting revolutions
of these meters, which are operated continuously
during a test. For any direct intercomparison, some
means of reading the registration of at least one
meter of the group to a fraction of a revolution is
extremely desirable. This is accomplished by pro¬
viding a light-beam pointer and a special circular
phosphorescent scale for one of the meters. At the
beginning and again at the end of each run the light
source for the pointer (a mercury-vapor lamp) is
flashed, leaving spots on the phosphorescent scale
that persist for several seconds. The standard
meters are always operated at the same voltage and
current. Other ranges are provided by special volt¬
age and current transformers.
Originally it was intended to use four house-type
meters, one from each of four American manufac¬
turers. Each of the manufacturers was consulted,
and asked for advice in the selection of the meters.
Two of the manufacturers recommended their port¬
able standards rather than selected house-t}Tpe
meters. As a result, the original setup was designed
to accommodate two portable standards and two (or
more) house-type meters. More recently, however,
a different type of watthour meter has proved to be
so much more stable than the older house-type meters
originally procured, that the latter have been re¬
placed by two of the newer type.

406/95

The two original portable standard, meters were
individually housed in separate temperature-con¬
trolled enclosures, each enclosure consisting essen¬
tially of a Bakelite housing completely surrounding
the aluminum ease of the meter, a mercury thermoregulator to control the temperature, and four small
lamps distributed inside the aluminum case to serve
as heaters. The temperature is regulated at approxi¬
mately 35° C to better than ±0.2 cleg C. The upper
end of the meter shaft projects through the top of
the Bakelite enclosure. The mirror for the light beam pointer is attached to this end of the shaft at
an angle of 45° to the axis of the shaft. Each meter
enclosure is assembled on a brass base plate to make
a complete unit for interchangeable mounting in the
housing that holds the phosphorescent scale. The
particular portable watthour meter that is used with
the circular scale is referred to in this discussion as
the Standard Watthour Meter, as distinguished from
the Comparison Standard Watthour Meters.
The cast-aluminum base of the circular-scale
housing is equipped with leveling screws. The cir¬
cular scale, approximately 26 inches in diameter, is
assembled on brackets attached to the base of the
housing. The meter enclosure rests on screws for
leveling the meter and adjusting its height for proper
scale alinement. These screws, in turn, are mounted
on an adjustable centering plate, which permits
centering the axis of the meter shaft with respect to
the scale.
The mercury-vapor lamp is mounted on a hinged
arm above the meter. A diaphragm below the lamp
has a ji-mm aperture that serves as a point source
of light. Adjustments are provided for centering
the light beam. The light path is vertically down¬
ward from the aperture through a lens to the mirror
on the end of the meter shaft where it is reflected
horizontally to the circular scale, a curved brass strip
coated with phosphorescent paint. The dark-blue
component of light from the aperture is focused by
the lens to provide a well-defined image of 1-nun
diameter when a flash occurs. Flush with this strip
and directly below it is a circular strip of Lucite
engraved with 1,000 small divisions (about 2 mm per
division). Every tenth division is numbered. Effec¬
tive use of the phosphorescent scale requires that
the room be semidark; therefore, the Lucite scale is
provided with edge illumination by 12 small panel
lamps spaced at regular intervals. The zero mark
on the scale, which is also the 1,000 division mark,
is centered on the bracket supporting the mercury
lamp. There is a narrow slit cut through the scale
and bracket at this point. A phototube, which is
used with auxiliary apparatus for counting revolu¬
tions, is mounted directly behind this slit. Figure 1,
a photograph of the Standard Watthour Meter,
shows most of these features.
The temperature-controlled cabinet originally de¬
signed for the house-type meters is now being used
to house the newer type watthdur meters, which
serve as comparison standards. Its dimensions are
approximately 112 cm long, 37.5 cm wide, and 30
cm high. It consists of a wooden cabinet with a
removable glass top, a thermoregulator, electric
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Standard Watthour Meter with circular phosphorescenl scale used as a reference standard for the testing of
watthour meters by a comparison method.

The light beam “pointer” is produced by a mercury vapor lamp and lamp
combination located above the Standard Watthour Meter.
a, Mercury vapor lamp housing; b, lens box; c, mirror; d, Standard Watthour
Meter; e, phosphorescent scale; f, engraved plastic scale; g, lamps.

heating coil, and a small blower for circulating the
air within the cabinet. Temperature is maintained
at approximately 40° C to within ±1 deg C.
Tlie accessory electronic equipment performs three
functions. The first function, that of counting, is
accomplished by a relay pulse-counting circuit by
means of which either a predetermined length of time
or a predetermined number of revolutions of a watt¬
hour meter may be used to make or break electric
circuits. The counting circuit may be preset to
count seconds or revolutions from 1 to 999. When
calibrating the Standard Watthour Meter, using the
Standard Wattmeter to aid in maintaining constant
power, the counting circuit is operated by pulses
accurately spaced 1 second apart. These pulses, or
seconds signals, are derived from the quartz-crystalcontrolled frequency standards maintained at- the
National Bureau of Standards, and, as a basis for
timing, are reliable to better than a part in a million.
With the aid of phototubes the pulse counter can be
used for counting the revolutions of the disk of
either a comparison standard, the reference standard,
or a watthour meter under test.
The second function of the accessory electronic
equipment is that of flashing the mercury-vapor
lamp. The pulse counter completes a circuit for the
starting pulse to trigger a thyratron whose plate
circuit discharges a capacitor through the mercurvvapor lamp. The capacitor is charged to approxi¬
mately 1,000 v by means of a conventional highvoltage power supply.
The lamp is normally
supplied with a current of 0.7 amp from a 240-v
d-c power circuit.
Normal voltage provides sufficient
light intensity in the beam to trigger the phototube
each time it passes over the-slit in the scale. A large
choke prevents the capacitor discharge from entering
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the power circuit. Just before the end of the .preset
time interval (or preset number of revolutions of a
meter) the pulse counter again completes the circuit,
so that the last or stopping pulse fires the thyratron.
Thus the flashing is entirely automatic; the timing of
the flash depends on the signal pulse, which in the
case of the seconds signals is accurate to better than
a part in a million.
The third function of the accessory electronic
equipment is that of counting the disk revolutions
of the Standard Watthour Meter.
This, too, .is
automatic. During a run the constant light actuates
the- phototube behind the slit in the scale. This
operates an electromagnetic counter by means of an
amplifier and a small thyratron.
An electronic
switch opens the cathode circuit of the thyratron
tube to prevent counting except during the run.
The pulse that flashes the mercury lamp is also fed
to the grids of the electronic-switch tubes. The first,
or starting, pidse that flashes the lamp also enables
conduction in the counter thyratron and allows
counting to start. The second, or stopping, pulse
that flashes the lamp again at the end of the preset
timing or counting interval, disables the thyratron
and stops the counting.

3. Testing
The accuracy of a test of a watthour meter, using
the apparatus described is directly dependent upon
the latest previous calibration of the- reference
standard, the stability of which is substantiated by
more recent intercomparison tests. Phantom loading
is employed in all tests. Correct circuit connections
are made rapidly by means of links on an otherwise
permanently wired circuit board.
3.1. Calibration of the Standard Watthour Meter
The word “calibration” usually implies not only
a carefully made test, but also an initial careful
adjustment or marking of the apparatus under test.
For the purpose of this discussion, however, a
calibration of the Standard Watthour Meter implies a
test to determine accurately its percentage registra¬
tion and possibly, but not necessarily, an adjustment
of its mechanism in order to bring the percentage
registration within certain limits.
The Standard Watthour Meter is periodically
calibrated with 120 v, 5 amp applied, at unity power
factor, and at 0.5 power factor with the current
lagging the voltage. During calibration, a measured
value of a-c power is maintained constant for an
accurately determined time interval.
The testing circuit is shown in figure 2. In the
potential circuit it is important that the effective
terminals of the Standard Wattmeter be located
precisely at the Standard Watthour Meter terminals
on alternating current, and at the volt-box terminals
on direct current. Hence the lead resistance from
the a-c—d-c- switch to the Standard Watthour
Meter potential terminals and to the volt-box
terminals must be equal to prevent errors that would
otherwise be caused by a difference in IR drops in

the leads.
It is also important that the voltage
supplies be connected to these same terminals,
otherwise a phase-angle error in the watthour-mctcrpotential circuit might result from an IR drop in
the leads. Lead resistances arc chocked and adjusted,
if necessary, just before each calibration. Xote also
in figure 2 that the moving-coil side of the Standard
Wattmeter potential circuit is grounded, and that
the current circuit is connected to ground through a
rectifier-type voltmeter, a 300-v instrument having
a total resistance of 300,000 ohms. This serves as
an electrostatic tie to ground, which minimizes
electrostatic forces between fixed and moving coils
of the wattmeter, and provides an indication of the
presence of leakage current and its magnitude.
In calibrating the Standard Watthour Meter the
procedure is as follows.
First, temperature equi¬
librium of the entire equipment is established by
applying a-c power adjusted (in the case of the
wattmeter and wattliour-meter circuits) to approxi¬
mately the values required for the test and then
waiting for an hour or two before proceeding.
After temperature equilibrium has been attained,
the Standard Wattmeter is calibrated on reversed
ylirect current to indicate the desired value of power.
Alternating-current power is restored to the Standard
Wattmeter and Standard Watthour Meter circuits
and adjusted to give the same deflection of the
Standard Wattmeter as that obtained on direct
current.
The a-c power is held substantially
constant throughout the run.
The pulse-counting circuit is then energized. The
next seconds signal flashes the mercury-vapor lamp
and starts the run. The position of the spot on the
phosphorescent scale is recorded to the nearest divi¬
sion. At the end of the preset interval (usually
100 seconds) the final seconds pulse again flashes the
mercury-vapor lamp, thereby ending the run. The
position of this last spot is recorded as well as the
reading of the revolution counter, which indicates
the number of complete revolutions. Thus, the
number of revolutions of the Standard Watthour
Meter’s disk equals the reading of the revolution
counter plus the scale reading at the end of the run
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minus the scale reading at the beginning of the run.
For example, if the reading at the start of the run
were 872 divisions, and at the end of the run, 493
divisions, and the revolution counter read 10, the
number of revolutions would be 10 + 0.493 — 0.872 =
9.621. After the a-c run, two additional readings of
the Standard Wattmeter on reversed d-c power are
obtained in the same manner as at the start, giving
a total of four d-c readings. Care is taken to insure
a minimum of delay between the d-c readings and
the run with alternating current. If this is done,
any small linear drift that may be present in the
deflection of the Standard Wattmeter causes no
significant error in the result. The d-c readings are
averaged and a correction applied for the difference
between the a-c setting and the average d-c reading.
Corrections are also applied for known errors in the
resistance standard, volt box, wattmeter (phasedefect angle), and for deviations from normal of the
average frequency of the source, if significant.
The formula used in this calibration for computing
percentage registration is
^=100

'KRsn?A)()0 | Ddc Dac
. EpNvbEct + Ddc

cs

Cpb~\~Cf

Tw tan 0

]

(1)
where

ix = disk constant of the watthour meter, in
watt-hours per revolution.
7?s = nominal resistance of resistance standard,
in ohms.
ri=number of disk revolutions of watthour
meter.
Ep=potentiometer setting, in volts, when ad¬
justing the d-c voltage.
Nvb=nominal volt box ratio.
Ee = potentiometer setting, in volts, when ad¬
justing the d-c current.
/—time of run in seconds.
Ddc — average of the four deflections of the
Standard Wattmeter, in centimeters, ob¬
served during the d-c calibrations before
and after each run.
Dac — average deflection of Standard Wattmeter,
in centimeters, maintained during the
a-c run.
c,,=correction to the resistance standard, in
parts per unit.
cvb = correction to the volt box, in parts per unit.
C/=frequency correction to the Standard
Watthour Meter, determined from the
reading of the synchronous timer, the
tune duration of the run, and a frequency
correction factor obtained in a separate
test of the Standard Watthour Meter.
Tw= phase defect angle of the Standard Watt¬
meter, in radians, positive if the moving
coil current leads the supply voltage.
0 = power factor angle, which is the angular
phase difference between the voltage, E,
applied to the Standard Wattmeter, and
the current, I, in the Standard Watt¬
meter current coils, and is positive if the
.current lags the voltage.
572772 0-61-27

A complete derivation of this equation appears in
the appendix.
3.2. Tests of the Comparison Standard Watthour
Meters
The watthour meters used as Comparison Stand¬
ards are tested with 120 v and 5 amp applied, at
unity power factor, and at 0.5 power factor, with
the current lagging the voltage. The method of
testing a Comparison Standard Watthour Meter
involves a comparison with the Standard Watthour
Meter immediately following or during its calibration
and periodically between calibrations. Figure 3 is
a diagram of the circuit involved in the intercom¬
parison of the standard watthour meters.
The similarity between the circuit shown in figure
3 and the alternating-current portion of figure 2
should be noticed. When a calibration of the Stand¬
ard Watthour Meter is in progress the Comparison
Standard Watthour Meters shown in figure 3 are
incorporated in the circuit of figure 2, although in
the interest of simplicity, this modification is not
shown in the figure. With the circuit revised in
this manner, the Standard Watthour Meter, the
Comparison Standard Watthour Meters, and the
Standard Wattmeter are energized simultaneously,
and the calibration runs on the reference standard
can be performed alternately with intercomparison
test runs, thereby insuring nearly identical conditions
for both tests. Truly simultaneous testing of the
reference standard (having the circular phosphores¬
cent scale) and the comparison standards is possible
with the addition of more equipment, but it is be¬
lieved that any improvement that might accrue
from simultaneous testing would be too small to
detect with certainty.
There is a phototube-lamp combination as¬
sociated with each Comparison Standard, but only
one of these combinations is energized at a time.
The phototube produces a pulse for each revolution
of the disk of the Comparison Standard under test.
This pulse is amplified and used in conjunction with
the pulse-counting circuit to start and stop the run.
To start the run, a pulse from the phototube
associated with the Comparison Standard Watthour

Figure 3.
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Intercomparison of Standard Watthour Meters.

Meter is used to flash the mercury-vapor lamp and
a spot is left on the phosphorescent scale of the
Standard Watthour Meter. The position of this
spot is recorded on the data sheet. When the preset
number of turns have been completed, the mercuryvapor lamp again flashes; another spot is left, and
its position is recorded together with the reading of
the revolution counter. From these readings the
number of revolutions of the Standard Watthour
Meter’s disk is computed. The average percentage
registration of the Comparison Standard obtained
from several runs is taken as the most probable
value. The other Comparison Standard Watthour
Meters are tested in the same way.
The formula used in this test for computing the
percentage registration of the Comparison Standards
is

where

nc=number of disk revolutions of the Com¬
parison Standard Watthour Meter.

ns=number of disk revolutions of the Standard
Watthour Meter.

Ks=disk constant of the Standard Watthour
Meter, in watthours per revolution.
iif=disk constant of the Comparison Standard
Watthour Meter, in watthours per rev¬
olution.
(%s=percentage registration of the Standard
Watthour Meter.
A derivation of this equation appears in the
appendix.
3.3. Tests of Other Watthour Meters, Using the
Standard Watthour Meter
Alternating-current watthour meters that are
sent to the National Bureau of Standards for test
are compared with the Standard Watthour Meter in
the following manner. The current and potential
circuits of the Standard Watthour Meter are ener¬
gized from the secondaries of a current transformer
and a potential transformer having multiple ranges.
The primary windings of these transformers and the
watthour meter under test are excited by the a-c
power supplies, as shown in figure 4.
The resistance of the leads that connect the poten¬
tial circuit of the watthour meter under test to the
primary of the voltage transformer is made small
enough to render negligible the error in phase angle
caused by the voltage drop in the leads. A volt¬
meter, ammeter, and a wattmeter of good quality
are connected in the secondary circuit, and they en¬
able an observer to set the secondary voltage, cur¬
rent, and power factor.
A phototube-lamp combination is arranged to pro¬
duce a pulse at each revolution of the disk of the
watthour meter under test if this is conveniently
possible. The pulses are amplified, and, in conjunc¬
tion with the pulse counter, are used to determine the
duration of the run.
An alternative method of testing meters, particu¬

larly those that have no good means of operating a
phototube, is to let the duration of the run be deter¬
mined by the Standard Watthour Meter. This is
accomplished by connecting the pulse counter to the
output of the phototube located behind the slit in the
scale of the Standard Watthour Meter. The poten¬
tial circuit of the watthour meter under test is then
closed at the beginning of the run and opened at the
end by relays operated by the pulse counter. Con¬
tacts on one of the relays, when energized, close the
potential circuit; while normally closed, contacts on
the other relay, when energized, open the circuit.
The time lags in the operation of these relays are
carefully equalized to reduce timing errors to a
negligible amount.
As the percentage registration of the Standard
Watthour Meter is accurately known, the percentage
registration of the watthour meter under test can be
computed. Corrections are applied for the ratio and
phase-angle errors of the current and potential
transformers.
The procedure followed in making a test of this
sort is practically identical to that followed in testing
a Comparison Standard Watthour Meter.
The formula used in this test for computing the
percentage registration of the test watthour meter is

Tf 71 ^

®t=KsNjNc]ns+m[ce~Cct~Cpt]’

(3)

where
AT, = disk constant of the watthour meter under
test, in watthours per revolution.
nt=number of disk revolutions of the test wat t¬
hour meter.
&s = percentage registration of the Standard
Watthour Meter.
lvs = disk constant of the Standard Watthour
Meter, in watthours per revolution.
Npt=nominal potential transformer ratio,
nominal current transformer ratio.
ns=number of disk revolutions of Standard
Watthour Meter.
cet=correction for the current transformer
ratio (=ratio factor —1), in parts per
.unit.
c* = correction for the potential transformer
ratio ( = ratio factor —1), in parts per
unit.
cv=correction for the phase angle, in parts per
unit. It is equal to (/3—7) tan ds.
j8=phase angle of the current transformer, in
radians, considered positive when the
reversed secondary-current vector leads
the primary-current vector.
7=phase angle of the potential transformer,
in radians, considered positive when the
reversed secondary-voltage vector leads
the primary-voltage vector.
0S = power-factor angle at the Standard Watt¬
hour Meter, considered positive when
the current vector lags the voltage
vector.
A complete derivation of this equation appears in
the appendix.
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Figure 4.

Testing

watthour meters,
Watthour Meter.
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4. Calibration and Testing Schedule
The periodic primary calibrations of the Standard
Watthour Meter serve to accurately ascertain its
percentage registration. Primary calibrations per¬
formed at monthly intervals for a period of time have
indicated a long-time stability of the reference stand¬
ard that will permit an increase in the interval be¬
tween calibrations to 6 months or longer. A graphical
record is kept of the intercomparison tests, which are
performed at more frequent intervals, to detect any
appreciable drifts or erratic changes in registration of
any one of the group relative to the others, and pos¬
sibly, to form a basis for a revision of the registration
assigned to the Standard Watthour Meter if an ob¬
served change is not large enough to warrant a pri¬
mary calibration. When a revision of the registration
of reference standard is warranted on the basis of
intercomparison tests and the evidence does not indi¬
cate gross instability in any one particular meter, the
computation of registration is performed on the
assumption that the mean registration of all meters
remains unchanged between calibrations. With this
assumption, the entire group of meters is useful in
maintaining the unit of energy, although transfer of
the unit to a watthour meter under test is accom¬
plished through only one member of the group.

5. Precision and Accuracy Attainable
Both systematic and random errors limit the ac¬
curacy of test results obtained with the Standard
Watthour Meter and its associated apparatus. Sys¬
tematic errors, those which cannot be considered
accidental, can be further classified into several types.
First, there are the errors that have escaped the atten¬
tion of the observers. After a careful analysis of all
possible sources of error and the comparison of the
results of tests made by several methods, it is believed
that unknown systematic errors of magnitudes larger
than about 0.01 percent are highly improbable.
Second, there are residual errors from the applica¬
tion of imperfect corrections. These errors are sys¬

tematic in nature and have been minimized in the
present work by carefully calibrating each piece of
apparatus for which a correction must be applied in
terms of the National Electrical Standards, which
are readily available. The largest systematic errors
of this type result from the uncertainty in the ratio
and phase-angle corrections of the current and poten¬
tial transformers. Other residual errors of this type,
such as those associated with the standard cell,
potentiometer, and volt box, occur in the primary
calibrations of the Standard Watthour Meter, and
are rather small. The history of the components used
in the measurements -circuit is well known.
The
maximum net change in value of the components
between their periodic tests, for the last several years,
is listed in table 1.
The third type of systematic error is, in a sense,
similar to the second type, in that it arises from the
imperfect application of corrections, but in this case
the corrections are for the compensation of fluctu¬
ating errors. Such errors may vary with certain
parameters in a definite though unknown maimer.
On the other hand, the fact that an error exists and
that it is a function of a certain parameter may be
known, but its effect may be negligibly small (and a
1. Observed maximum net change in the value of the
comyo'nents necessary for the accurate standardization of the
Standard Electrodynamic Wattmeter

Table

Maximum net
change in value

Component

Standard cell..
.
_ ... . ..
Potentiometer_ .. .
. _ _
Volt box...
_ ....
Total.

. . .

Standard cell. __. .
Potentiometer
...
.. _
Resistance standard. .
__
Total__... . .
Grand total .

. _ . .. ..

.
_

_
...

ppm
10
10
11
31
10
10
6

....

26

__ _

57

correction impractical to apply) compared with that
of the other errors. Varying systematic errors are
evident in the Standard Watthour Meter as well as
the Comparison Standard Watthour Meters and, in
fact, sharply limit the accuracy of which any watt¬
hour meter is capable. Reference is here made to
the effect on the percentage registration of a watt¬
hour meter of such factors as incorrect magnitude of
applied voltage and current, incorrect phase angle,
incorrect frequency, or the presence of harmonics in
the applied voltage or current. Studies have been
made of the effect of each of these variables on the
meters used as standards. It has been found feasible
to use a good quality voltmeter, ammeter, and watt¬
meter, to facilitate setting the voltage, current,
and phase angle. The power supplies are electron¬
ical^ regulated to maintain the initial adjustment of
voltage and current, and are operated and loaded
in such a maimer as to minimize harmonics.
A third harmonic of as little as 1 percent of the
fundamental in the current circuit of a watthour
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meter may cause a registration error of several
hundredths of a percent if certain phase relation¬
ships exist. This error arises from the existence of a
third harmonic flux in the air gap of the electromagnet
even if a purely sinusoidal voltage is applied to the
potential coil. It is important to realize that even
if a watthour meter is tested using alternating current
of practically sine wave form it will register inac¬
curately if used in a circuit in which the wave form is
nonsinusoidal. Although it would be unfair to
impute errors due to nonsinusoidal wave form to
watthour meters, which are designed for use on a
sinusoidal waveform, the possibility of an appre¬
ciable error arising from this cause should not be
overlooked if accurate measurements are desired.
Odd harmonics which are present in the wave form
of the current and voltage supplied to the Standard
Watthour Meter and associated apparatus at the
time of this writing are, under most load conditions,
considerably less than 1 percent, much less than
usually found in commercial power sources.
During calibrations of the Standard Watthour
Meter, average frequency of the applied power during
a run is measured and a correction applied for any
deviation from 60 c/s. In most other tests a meas¬
urement of average frequency, and a correction for
errors therein, is not conveniently possible, and this
probably contributes the greatest share of systematic
errors that vary in a definite, but unknown, manner.
However, it has been determined that errors arising
from customarily observed deviations in frequency
are of the order of a few thousandths of a percent.
The effect of temperature changes on the watthour
meter standards is reduced to a small value by
keeping all meters in temperature-controlled en¬
closures. The standards are not removed from the
position in which they are calibrated. Throughout
all tests the Standard Watthour Meter is operated
continuously, thus eliminating those errors asso¬
ciated with starting and stopping the disk.
Since the scale of the Standard Watthour Meter is
marked with 1,000 small divisions, any small varia¬
tions in the angular speed of the disk which would be
undetectable in other meters may very likely be
easily discernible. To determine the nature and the
magnitude of errors due to angular speed variations,
the standard was centered as accurately as feasible
in its scale and carefully levelled. It was operated
at a reduced speed, and seconds pulses were used to
flash the mercury vapor lamp once every second.
The applied power was held constant at a value suffi¬
cient to cause successive spots from the mercuryvapor lamp to appear on the phosphorescent scale at
four points as the disk revolved. Scale readings
corresponding to spot positions indicated a regular
(nearly sinusoidal) variation of disk speed during
each revolution. The variations were such as to
cause a maximum shift in scale reading of about 0.005
revolution. A method was devised for aligning the
watthour meter in its scale to reduce this error to less
than 0.001 revolution, thereby partially compen¬
sating for the angular speed variations. An error of
0.001 revolution would cause a scale reading error of

only 0.001 percent if the watthour meter is operated
for 100 revolutions, as is usually done.
Some of the residual errors thus far discussed will
be positive, others will be negative, and the magni¬
tude of many of these systematic errors will appear to
vary in a random manner as more and more tests are
performed. To this must be added the truly random
errors, the distribution of which is entirely by chance,
and to which the theory of errors may be applied.
The values listed in table 2 include an estimate of the
standard deviation of random errors based upon
numerous test data, and half the maximum syste¬
matic error that it is believed may possibly be present
in .any one measurement of energy. It is recognized
that the errors listed do not represent truly random
variations, yet their individual contribution (some
being positive and some negative) to the final result
partakes of randomness and probably justifies the
computation of the total propagated error from the
square root of the sum of the squares of the com¬
ponent errors. There is one exception. The error
in the standard cell and the error in balancing the
potentiometer against the electromotive force of the
standard cell occur twice in a single measurement of
d-c power; hence, these component errors are not
independent, and the propagation of these errors is
by simple addition. The potentiometer error also
occurs twice, but these are independent, since differ¬
ent resistance sections of the potentiometer are used
for the measurement of voltage and current. The
total propagated error provides an estimate of ex¬
pected accuracy with which the applied energy is
known, when the Standard Watthour Meter and its
associated apparatus is used to test other meters. It
is not to be inferred that the other meters are capable
of calibration or maintaining their calibration to the
degree of accuracy indicated at the bottom of the table.
A test was made to determine the repeatability of
results in the comparison testing of the Comparison
Standard Watthour Meters against the Standard
Watthour Meter. Individual runs of about 100
seconds duration were made about 10 minutes apart
until a group of 10 runs had been made. This was
repeated the next day, and again 4 days later. The
relative percentage registrations of the two Compari¬
son Standards are shown in table 3. The values
listed are the means of the groups of 10 runs, and the
measure of precision is the standard deviation of a
single run of the group.
The precision indices listed in table 3 result from
a combination of random errors inherent to (1) the
Comparison Standard Watthour Meter being tested,
and (2) the Standard Watthour Meter, including ob¬
servational errors in reading its scale. If it is as¬
sumed that each meter contributes equally to the
total error, but that the contributions are random,
then an index of precision for each meter may be
computed. If the total error is considered as 0.012
percent, the individual errors which produce this
error are each 0.012/^/2=0.008 percent. From these
data it is estimated that the precision of each of the
watthour meters in the setup over a period of a few
hours is about 0.008 percent.
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Effect of residual errors on the test of a watthour meter

Table 2.

Estimated resi¬
dual error

Type of measurement and components

Measurement of d-c power with a potentiometer, volt
box, and resistance standard:
Error in standardizing potentiometerTwice the square root of the sum of the squares from
the above sources....
Potentiometer:
a. Measurement of voltage...
- --- b. Measurement of current---- -

%
0. 001
.002
0.005
.002
.002
.001
.001
.002

Resistance standardReading deflection of wattmeter on direct current..
Calibration of the Standard Watthour Meter:
Setting and holding deflection of Standard Wattmeter
on alternating current- -

UJ

002
.001
.001

Standard Watthour Meter scale errors.. . Errors in maintenance and use of the standard meters:
Maintenance of the unit of electric energy by the
Standard Watthour Meter and the Comparison
Standard Watthour Meters (long-time stability,

.012
Standard Watthour Meter registration variations
(short-time stability)__ . .-- --

.010

Test of a watthour meter at unity power factor in a com¬
parison test with the Standard Watthour Meter:
Transformer errors:
a. Current transformer ratio. .. ... -b. Potential transformer ratio. --...

.010
.010

Square root of sum of squared residual ernys
at unity power factor. Total propagated
error equals----

TIME , DAYS

Percentage registration deviations of the Standard
Watthour Meter and Comparison Standard Watthour Meters
over a period of several months.

FxnuRE 5.

0. 022

Test of a watthour meter at 0.5 power factor in a compar¬
ison test with the Standard Watthour Meter:
Transformer errors (additional errors due to uncer¬
tainty of transformer phase angles:
a. Current transformer . . . .. —
-

Connected points are results of intercomparison tests; isolated points are results
of calibrations of the Standard Watthour Meter.
0.010
.010

Square root of sum of squared residual errors
at 0.5 power factor. Total propagated
error equals __ — -

0. 026

3.
Short-time repeatability of inter comparison tests
on the Comparison Standard Watthour Meters against the
reference Standard Watthour Meter

Table

At 0.5 power factor, the current lagged the voltage.

Comparison Standard No. 2

Comparison Standard No. 1
1 power factor

0.5 power factor j

1 power factor

0.5 power factor

Group
Regis¬
tration

%
A... 100.067
B_. 100.085
C— 100. 056

Stand¬
ard
devia¬
tion

Regis¬
tration

Stand¬
ard
devia¬
tion

Regis¬
tration

Stand¬
ard
devia¬
tion

Regis¬
tration

Stand¬
ard
devia¬
tion

%
0.014
.001
.010

%
99. 923
99. 932
99. 936

%
0.012
.016
.016

%
100.140
100.160
100.135

%
0.011
.010
.015

%
100.068
100. 064
100.082

%
0. 007
.010
.018

Precision of intercomparison test results over a. period
of several months (from same data as figure 5)

Table 4.

At 0.5 power factor, the current lagged the voltage.

Standard deviation
Watthour meter

Standard Watthour MeterComparison Standard Watthour Meter No. 1 . - Comparison Standard Watthour Meter No. 2_ . . .

1.0 power factor

0.5 power factor

Percent
0.012

Percent
0.014

.008

.007

.007

.012

As these meters are used to maintain the unit
over much longer periods of time than were used in
the test described, it might be expected that the long¬
time stability of the meters should not be as good as
that for short intervals because of varying system¬
atic errors. On the other hand, the use of a multi¬
plicity of meters improves the over-all precision.
A measurement of the precision with which the unit
is maintained is obtained from the records of cali¬
bration and intercomparison tests.
Figure 5, for
example, shows the test results over a period of sev¬
eral months. The points connected by straight lines
represent the results of intercomparisons, and are
based on an assumed constant mean registration of
all three meters. The validity of this assumption is
proved by the proximity of the intercomparison test
results to the isolated points representing calibra¬
tions of the Standard Watthour Meter by the watt¬
meter method. The standard deviation for each of
the meters (assuming all deviations are normally
distributed and random) computed from the data
shown in figure 5 is given in table 4. From data such
as these it is estimated that the unit of the watthour
can be maintained over a period of several months
with precision represented by a standard deviation
of 0.012 percent or better. Many tests that have
been run in rapid succession, a few minutes apart,
indicate drifts in registration in one direction for a
period, then a reversal or rapid change of some sort.
Such drifts or changes have been very small (few
thousandths of a percent). However, an abnormal
distribution of this sort reveals the presence of those
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varying systematic errors, discussed previously,
which depend upon other parameters. A compari¬
son of tables 3 and 4 shows that the stability over
several months is very nearly the same magnitude
as that over a period of an hour or two. This implies
that any varying systematic errors that may exist
vary rapidly and in such a manner that their effect
on the mean of a number of observations of per¬
centage registration taken several hours or more
apart is negligibly small. Accordingly, when ■cali¬
brations of the Standard Watthour Meter are per¬
formed, the individual runs are taken at time inter¬
vals sufficient to extend the duration of the test to
several hours.
When the apparatus is used for testing other watthour meters it is believed that the measurement of
the energy applied to the test watthour meter is
valid and can be relied upon to better than 0.06
percent.

7. Appendix
The derivations of eq (1), (2), and (3) proceed
most easily from the definition of percentage regis¬
tration, which is the ratio of the indicated energy as
obtained from the reading of the watthour meter to
the true energy, expressed in percent.
J=100 located energy
true energy

In a test of the Standard Watthour Meter, using the
Standard Wattmeter, the indicated energy in watthours is Kn. The true energy is determined by the
readings and settings of the Standard Wattmeter.
Because this instrument is very nearly astatic, its
sensitivity, s, will be the same for both directions of
the direct current, and the average deflection is

Ddc — Slide,

6. Conclusion
At the National Bureau of Standards a set of sev¬
eral carefully selected and prepared watthour meters
has been arranged as a' standard group for testing
alternating-current watthour meters by a comparison
method.
Although the initial cost of designing, constructing,
and assembling this apparatus would ordinarily deter
the general adoption of such an elaborate system of
testing watthour meters, the use of the apparatus
described has yielded a definite saving in time and
labor, without significant loss of accuracy when com¬
pared with the primary method used in the past.
Accurate initial calibration of the apparatus is
accomplished by averaging the results of a number
of primary calibrations of the Standard Watthour
Meter, using (1) a transfer wattmeter and potenti¬
ometer for measurements in terms of the fundamental’
electrical units of electromotive force and resistance,
and (2) standard seconds signals for time measure¬
ments. Assurance of the continued accuracy of the
reference standard watthour meter is obtained by
intercornparison tests with other members of the
standard group. The reference standard, supple¬
mented by calibrated instrument transformers,
accurately measures the energy supplied to a watt¬
hour meter under test.

(5)

where Wdc is the true power impressed on the Stand¬
ard Wattmeter.4 The true power in terms of the
potentiometer settings and circuit constants is

Wm=E’!%*E’+c

(6)

where c represents the correction terms for the circuit
components. The average a-c deflection of the
Standard Wattmeter is

Dac=sEI cos(d+Tw),

(7)

where E is the a-c voltage between the Standard
Wattmeter potential terminals causing a potential
coil current, Ip, see figure 6. It is the magnetic field
from this current that reacts with the magnetic field
from the current, /, in the fixed coils of the Standard
Wattmeter to produce the deflection, Dac.
The wattmeter sensitivity, s, will be the same on
alternating current as on direct current provided all
readings are grouped closely on the Standard
Wattmeter’s scale.
Dividing (5) by (7)

E)dc_
s]Vdc
Dac~sEI cos (9ETW)'
Solving for

J. B. Dempsey initiated the early work in setting
up selected watthour meters for secondary standards.
F.
Silsbee proposed the light-beam pointer and
phosphorescent scale. F. J. Gross carried out the
developmental work and the original design of the
comparison apparatus. Most of the mechanical con¬
struction of this apparatus was done by C. H.
Hochgesang of the Bureau’s Instrument Shop.
Robert W. Balcom assembled most of the electronic
equipment and provided many valuable suggestions.
Thomas W. Cushing carried the project forward for
a time and designed and supervised the construction
of the constant-temperature cabinet for the com¬
parison standards.

(4)

/p\

K )

El
EI=Wdc

Dn
Ddc cos (d+T„)

(9)

The a-c power impressed on the Standard Watt¬
hour Meter is
Wae=EI cos 0
(10)
and substituting for

El from eq (9)

Wni.=Wdl

Dn,

cos

6

Ddc cos (d+Tw)

(ID

4 The symbols not specifically defined in the appendix have been previously
defined in the text.
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percentage registration of the Comparison Standard
Watthour Meter is
E
^c=ioo

IC.c'tl'S
True energy

(15)

and that of the Standard Watthour Meter is

Ksns
True energy

Vector relationships at the Standard Wattmeter
terminals during a calibration of the Standard Watthour
Meter.

Figure 6.

No scale is intended and the angles indicated are grossly exaggerated for clarity.

This can be rearranged m the form

“[i+trtl1

D
Wa

cos 6
cos (d-\-Tw)

cos (d-\-Tw)
cos (d-{-Tw)

cos 6—cos d cos T^+sin 6 sin
cos 6 cos Tw—sin d sin Tw
Enr

Tv
0

]

(12)

i-1 d c

Since, in this test, the true energy is identical for
both watthour meters, eq (15) and (16) can be
combined to yield eq (2), as shown in section ,3.2.
In the derivation of eq (3) the following additional
symbols will be used:
0=power factor angle at the test watthour
meter, considered positive when the
current vector lags the voltage vector.
It is equal to 0s-f-/3—7.
Ev—primary voltage applied to the test
watthour meter.
Ip=primary current applied to the test
watthour meter.
Ef=secondary voltage applied to the Standard
Watthour meter.
'/s=secondary current applied to the Standard
Watthour meter.
£=time of run, in seconds.
iV'pz=true
potential
transformer
ratio =

N'ct= true

cos d (1—cos TJ+sin d sin Tw~\
cos d cos Tw—sin d sin Tw J
and since Tw is a very small angle (116 microradians
at 60 c/s), sin Tw very nearly equals Tw in radians
and cos Tw is very nearly 1; therefore, the equation
can be simplified by neglecting the extremely small
terms.

current
transformer
ratio =
A^(l + cCJ).
The indicated energy of the watthour meter under
test is Ktnt. The true energy that should be
measured by the test watthour meter is EvIvt cos d,
or, if Ep and Iv are expressed in terms of secondary
voltage and secondary current, the true energy is
Es N'vlIsN'elt cos d. Substituting these factors in eq
(4), the percentage registration of the test watthour
meter is

^=100
[l+P|“D"‘*]

(16)

U + T, tan g]

tan

el

(17)

(13)

and since the second terms in both pairs of brackets
are much smaller than 1, the equation may be
further simplified by multipljung and then neglecting
the smaller second-order terms.

W„=Wic [l +D“d®“+Tw

Ktnt_
EsN'pt IsN’ett cos d

Now consider the energy measured by the Standard
Watthour Meter. Since the percentage registration
of the Standard Watthour Meter is known, and the
indicated energy is Ksns, then the true energy
measured by the Standard Watthour Meter is
100

(14)

When Wdc from eq (6) is substituted and the result
is multiplied by f/3600 to obtain energy in watthours,
the true energy thus obtained may be used in eq (4),
and the results, showing all corrections as correction
terms, is eq (1) shown in section 3.
The derivation of eq (2), which is used in intercomparison tests, follows logically from eq (4).
The indicated energy equals Kcnc. Hence the

EsIst cos ds

(18)

or
1

EsIst

__j%s cos ds
100 Ksiis

(19)

and substituting eq (19) in eq (17)
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1

Ktntf%s cos d$
KsN'vtN'ctns cosd'

(20)

In this equation cos ds/cos 6 is a correction factor for
the phase angles of the current and voltage trans¬
formers. To simplify this correction the denomina¬
tor may be expanded
cos 6S
_
cos (0s+/3—7) cos

ds

cos d.,
cos (|8—■7) —sin

ds sin (fi—r)
(21)

Dividing both numerator and denominator by cos
6S the correction factor becomes
-^—7-(22)
cos (|8—7)—sm (J3—7) tan ds
Since (J3—7) is a small angle, cos. (/3—7) is very
nearly 1 and sin (/3—7) is very nearly (/3—7), hence
the correction factor is

1
1 — (J3—7) tan

6S

(23)

and when the indicated division is performed,
neglecting the extremely small second-order terms,
the result is
1 + 03—7) tan

es.

(24)

Thus the correction term for the phase angle in
parts per unit is c^ = (/3—7) tan 6S, and when the
correction terms for the current transformer ratio,
potential transformer ratio, and phase angles are
shown, the final form of eq (20) is that of eq (3) in
part 3.3.
Washington, March 5, 1954.
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The Testing of Electrical Instruments
By FRANCIS L. HERMACH*

Abstract. This paper describes the basic
methods and procedures for testing elec¬
trical Instruments at power and audio fre¬
quencies, discusses the standards used and
their tests, and the power sources and con¬
trol consoles. It also outlines the facilities
and testing services of the National Bureau
of Standards to science and industry in
this field, and describes some new develop¬
ments which may be useful in instument
testing.

I

ncreasing demands for greater ac¬

These standard cells may be compared
with others by means of potentiometers,
and the unit of voltage may thus be
disseminated. Similarly, by means of
bridges, resistors may be intercompared,
potentiometers, and indeed bridges
themselves, standardized. The potenti¬
ometer, which serves the same purpose
for voltage comparisons as a chemist’s
balance serves for mass comparisons,
thus becomes the basic instrument for
making d-c measurements of voltage,
current and power and, therefore, for
testing d-c instruments.

deflection potentiometer, and the newer
forms of the portable potentiometer.
The general-purpose potentiometer is
more accurate than required for instru¬
ment testing and is somewhat slow and
cumbersome to use, but it is very stable,
flexible and reasonable in cost. Although
it is less flexible and stable, the deflec¬
tion potentiometer overcomes some of
these disadvantages and is well-suited
for instrument testing. However, it re¬
quires a special volt box and is not read¬
ily adapted for low-current or low-voltage measurements (such as for,'tests of
microammeters and milli voltmeters).
Inexpensive portable potentiometers of
0.05 to 0.1 per cent accuracy are now
commercially available. They do not re¬
quire external galvanometers, standard
cells, or storage batteries, and are very
convenient. It seems likely that slight
improvements may further increase
their usefulness, for instrument testing.

curacy of electrical measurements
in industrial and military development
VOLT BOX
and production are reflected in the in¬
creasing number of laboratory installa¬
tions in which electrical instruments are
tested or standardized. The equipment
Fig.la
Fig.lb
in each such installation depends on the
type, range and accuracy of the meas¬
urements to be made. It may include
potentiometers for testing laboratorystandard instruments of 0.1 per cent
accuracy-, or may consist only of multi¬
Comparison Tests
purpose instruments for testing elec¬
Well-designed and well-constructed
tronic or panel instruments of the 2 per
instruments may retain their calibration
cent and 3 per cent accuracy class. Cer¬
Fig. 1. Circuits for Testing Instruments
for months or even years. Such instru¬
With the Potentiometer
tain principles and methods underlie all
ments of suitable accuracy, which have
electrical instrument testing, however,
been properly tested, may be used as
and it is the purpose of this paper to
reference standards to test other instru¬
The Potentiometer Method
discuss the basic methods and equip¬
ments with greater speed and conven¬
The basic principle of the potentiom¬
ment for standardizing*1 instruments at
ience but more limited accuracy than
eter
is
well
known
and
will
not
be
dis¬
power and audio frequencies. The serv¬
potentiometer methods. Laboratory
cussed
here.1
The
elementary
diagrams
ices and equipment at the National Bu¬
standard instruments of 0.1 per cent
for the use of the potentiometer in test¬
reau of Standards, in this field, will also
accuracy are often used and are well
ing instruments are shown in Fig. 1.
be described.
suited for testing other instruments of
The test of a voltmeter of ranges less
lesser accuracy. However, they are
than that of the potentiometer (1.6
TESTS OF D-C
somewhat limited in range and compara¬
volts) is shown in Fig. la, the use of a
tively expensive so that multirange 0.25
INSTRUMENTS
volt box for tests of voltmeters of higher
or 0.5 per cent instruments are often
range in lb, and the use of a shunt for
The basic electrical standards are
chosen to supplement a potentiometer
tests
of
ammeters
in
lc.
In
each
case,
groups of standard cells and resistors
installation. The potentiometer is then
the d-c source is adjusted for the desired
maintained at NBS and corresponding
used for tests of instruments of 0.5 per
deflection
of
the
test
instrument;
and
standardizing laboratories in other
cent accuracy class or better and for
the true voltage or current is deter¬
large countries. Their values are deter¬
periodically testing the standard instru¬
mined
from
the
potentiometer
reading
mined in absolute volts and ohms by
ments.
and
the
volt-box
ratio
or
shunt
resist¬
measurement based upon the standards
ance.
For comparison tests, the instruments
of length, mass and time.
are connected in series if ammeters, and
Over a hundred years of development
in parallel if voltmeters; and the cur¬
have resulted in many forms and refine¬
•Electrical Engineer, Electrical Instruments
rent or voltage is adjusted for the de¬
ments of potentiometers; but in general,
Section, National Bureau of Standards.
sired deflection of the test instrument.
only three types are useful in instru¬
•'To standardize an instrument is to com¬
The standard is then read (preferably
ment
testing.
These
are
the
2or
3pare its indications with those of an instru¬
in divisions and tenths of a division)
range general-purpose potentiometer,
ment of known accuracy. To calibrate an in¬
strument is literally to mark its scale. In
and its multiplying factor and correc¬
the more convenient but more limited
each case this requires precise measure¬
tion applied to give the true voltage or
ments of the electrical quantity involved.
current corresponding to that indica¬
The special techniques that simplify the
'Superior number* refer to similarly num¬
tion. This is preferable to the alternate
factory calibration of instruments will not
bered references in the Bibliography at the
be discussed here.
procedure of setting tlic standard. It is
end of paper.
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desirable to specify two or three extra
scale divisions at the top of the scale
of each standard instrument; i.e., a 153volt instead of a 150-volt instrument.

TESTS OF A-C
INSTRUMENTS
Since the basic electrical standards
can be used only for direct-current meas¬
urements, all a-c measurements of volt¬
age, current, and power depend funda¬
mentally on certain types of instruments
which ideally have the same response on
alternating and
direct current. Such
instruments can be calibrated on direct
current and then used for alternatingcurrent measurements. There are three
basic types of such instruments: elec¬
trodynamic instruments, which depend
on the forces between current-carrying
conductors; electrostatic instruments,
which depend on the force between
charged conductors; and electrothermic
instruments, which depend on the heat¬
ing of a current-carrying conductor.
There are three distinct types of tests
of a-c instruments; an a-c test, a re¬
versed d-c test, and a transfer test. An
a-c test is a direct comparison of the
instrument with another a-c instrument
of known accuracy. Alternatively, in¬
struments of the types mentioned can
be tested on reversed direct current and
then given a transfer test to determine
their ac-dc difference. Since this dif¬
ference is relatively permanent and gen¬
erally small, a transfer test need ordi¬
narily be made only once for each in¬
strument. Thus, this latter proceduie
not only separates the errors but also
makes it feasible to confine subsequent
periodic tests to direct current. Moving
iron, rectifier and electronic instruments
must be tested on alternating current
only
A-C Tests
Comparison tests on alternating cur¬
rent are similar to those already dis¬
cussed for direct current. Ordinarily,
electro-dynamic instruments of the 0.1
or 0.25 per cent accuracy classes are
used as standards at power frequencies
and can now be compensated for fre¬
quencies up to about 2000 c/s. Multi¬
range current transformers of high ac¬
curacy can be obtained with primary
ranges from 0.25 to 100 amperes, and
special three-winding voltage tiansformers with ranges from 1.5 to 300
volts, so that one ammeter and one volt¬
meter can suffice for most measurements
at power frequencies.
For tests at higher frequencies, multi¬
range thermocouple instruments are
preferred. However, they have unusu¬
ally large temperature influences (fre¬
quently 0.2 per cent per deg. C) and are
not as stable as electrodynamic instru¬
ments.
If the ac-dc difference of the standard
instrument is known and the self-heat¬
ing error is negligible, an a-c test may
be made with greatly increased accuracy
by observing the response of the stand¬
ard under a low-power microscope,

switching only the standard to direct
current, adjusting the current or volt¬
age for the same deflection of the stand¬
ard and then measuring it with a d-c
potentiometer in the usual way/1 The
direct current should then be reversed,
reset and remeasured. The true value
of alternating voltage or current is
then simply Qac = Qjr(l+S„), where
Qdc is the average value of the meas¬
ured d-c voltage or current and So the
proportional ac-dc difference of the
standard at the frequency used.
Reversed D-C Tests
D-c tests of a-c instruments may be
made with the potentiometer as already
described, using the circuits of Fig. I
with the addition of a reversing switch
in the input leads to the potentiometer.
Two readings should be taken at each
scale point to be tested with the supply
voltage reversed between readings, and
the average of the potentiometer read¬
ings should be multiplied by the volt-box
ratio or shunt resistance to obtain the
true voltage or current. Such a reversed
d-c test greatly reduces effects, such as
residual magnetism in the shield of the
test instrument, which depend on the
direction of the current. Wattmeters
are tested on reversed direct current by
the circuit of Id. Here, the separate
sources for the voltage and current cir¬
cuits are independently adjustable and
need supply only the power taken by
the instruments, not the fictitious power
indicated by the wattmeter, if the
sources are stable, one potentiometer
may be used, as shown, to measure volt¬
age and current in succession. The indi¬
cated power is the product of the two,
and no correction for instrument losses
is necessary.
Transfer Tests
In a transfer test to directly deter¬
mine the ac-dc difference, the test instru¬
ment and a standard instrument of
known or negligible ac-dc difference at
the frequencies to be tested are con¬
nected in series or parallel to sec the
same quantity. They are then in rapid
succession connected to (a) alternating,
(b) direct, (c) reversed direct and (d)
alternating current, which is in each
case adjusted to give the same deflec¬
tion of the test instrument after which
the response of the standard is re¬
corded. From the difference between the
average of the a-c readings, Da<) and of
the d-c readings, D,u, of the standard,
the proportional or per-unit ac-dc dif¬
ference of the test instrument, S can be
computed by the formula:
Dac-Dae
S =- + So,

D„c

where So is the known proportional acdc difference of the standard.

TESTS OF STANDARDS
It is obvious that the standards used
in any instrument testing laboratory
should themselves be tested periodically
to guard against errors due to drifts as
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well as unsuspected changes due to
accidental misuse. Such tests are of two
types: frequent single-point checks and
intercomparisons to guard against
major change, and less-frequent, formal
tests which may in many cases have to
be performed in another laboratory. The
frequency with which such tests should
be made is difficult to specify,*2 since it
depends on the type of instruments, the
accuracy sought, and the skill and care
of the users." A fundamental rule, which
should not be violated, is that instru¬
ments which are used as standards
should not be used for general measure¬
ments or any other purpose.
Standard cells are usually purchased
with a factory or NBS certificate stating
their emf. They are readily susceptible
to abuse, so that 2 or preferably 3, cells
should be purchased. The working cell
should be compared with a reserve cell
weekly by connecting them in opposition
and to the low range of the potentiom¬
eter to measure their difference voltage,
which should agree with the calculated
value. One cell should be sent to a stand¬
ardizing laboratory yearly.
Shunts or resistors for current meas¬
urements are much less liable to abuse.
They can readily be intercompared in
the laboratory with the potentiometer
by connecting two, of adjacent ranges,
in series and measuring their voltage
drops in succession at a convenient
steady current. The potentiometer can
be checked at one point by balancing
its standard cell circuit in the usual
way and then connecting the cell, with¬
out moving it,*3 to the X terminals of
the potentiometer and measuring its
emf, which should agree with its certifi¬
cate value. Resistors and the potentiom¬
eter should be sent to a standardizing
laboratory perhaps every five years.
High-grade d-c instruments and elec¬
trodynamic a-c instruments, which are
used as standards, should be tested on
d-c with the potentiometer perhaps
every six months. If a potentiometer is
not available, a valuable partial check,
to verify that major changes have not
occurred, can be made by comparing the
full-scale deflection of the highest range
of each instrument with the resulting
deflection of the lowest range of the next
highest instrument (for example, the
5-ampere range of a 2.5/5-ampere am¬
meter with the 10-ampere range of a
10/20-ampere instrument). Additional
checks can be made by comparing the
a-c instruments with the d-c instru¬
ments of corresponding range. Such d-c
checks of thermocouple instruments
should be made frequently. If possible,
the ac-dc differences of all a-c standards
should be determined initially at a suit*2A suggested schedule lor testing stand¬
ards used primarily in a meter laboratory
is given in reference 2. Much valuable de¬
tailed information on setting up a stand¬
ardizing
laboratory and on
the potenti¬
ometer and oilier measuring apparatus is
given in this reference.
*sTho emf of a cell may be
porarily if the cell is moved.

changed

tem¬

ably equipped standardizing laboratory.
A recent- commercial development is
a line of self-checking d-c and thermo¬
couple instruments in which a single
point check and adjustment of the basic
dc or ac milliammeter in the instrument
can'readily be made in terms of an in¬
ternal standard cell each time the in¬
strument is used.
Instrument transformers are so stable
that a test at a standardizing laboratory
every five years should be sufficient.

SUPPLY AND CONTROL
EQUIPMENT
Special supply and control circuits are
usually required in instrument testing.
In order that measurements may be
made rapidly and conveniently, the
power sources must be free of erratic
fluctuations or rapid drifts, must be
adjustable in fine increments over wide
ranges, and for wattmeter testing, must
have two channels independently adjust¬
able in magnitude and phase.
Rectified and electronically stabilized
d-c sources can now, in many cases,
replace storage batteries for d-c volt¬
meter testing just as electronic alter¬
nating-voltage stabilizers have largely
replaced motor generator sets for a-c
testing. For testing instruments at
audio frequencies, an oscillator and
power amplifier followed by suitable
matching transformers can be used. An
important limitation that must be
checked is the waveform distortion of
each supply. For a d-c supply used for
reversed d-c tests of a-c instruments,
the residual ripple voltage must be low
enough.so that the form factor is unity
to the desired accuracy. For an a-c sup¬
ply used solely to test rms instruments,
rather large amounts of harmonics of
low order are permissible. However, if
electronic instruments (which respond
to the crest or average value but are
marked in rms units) are tested with
rms standards, the crest and form fac¬
tors must be equal to those of a sine
wave under all test conditions to the
desired accuracy.
A number of control consoles for in¬
strument testing have been described'6,
7,8 so that it should no longer be -neces¬
sary to begin a design from the ground
up. Some consoles feature simplicity and
convenience of controls, others empha¬
size safety features so that the instru¬
ments cannot ordinarly be overloaded.
An important precaution to observe
in any design or in the use of a testing
console is that the standard and test
instrument must always be connected to
see exactly the same quantity. Extra¬
ordinary care is required to insure that
voltage drops, leakage currents, and
electromagnetic fields in the console cir¬
cuits connecting the standard and test
instruments do not unwittingly violate
this principle.

SERVICES AND EQUIPMENT
AT THE NBS
One of the primary functions of the

Fig. 2. NBS Instrument Testing Console

Fig.

3.

NBS
Standard
Elcctrodymamle
Transfer Instrument

NBS is the establishment, maintenance
and dissemination of units and stand¬
ards of measurement. By careful inten¬
sive work, satisfactory electrical stand¬
ards have been established and are being
painstakingly maintained." Methods and
equipment have been developed for test¬
ing potentiometers, standard cells, re¬
sistors, bridges and volt boxes to ah
accuracy of 0.01 per cent or better; for
testing d-c and a-c instruments at fre¬
quencies up to 20 kc/s with an accuracy
of 0.03 per cent or better, and for accu¬
rately testing inductors and capacitors,
instrument transformers, and the prop¬
erties of magnetic materials.’" Tests of
standard cells and resistors serve to
physically transfer the units of voltage
and current from the Bureau to the lab¬
oratory using them and thus to dis¬
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Fig. 4. NBS Volt Ampere Converter

seminate the units with high accuracy.
Tests of electrical instruments serve the
same purpose with reduced accuracy.
Moderate fees are charged to cover the
actual cost of these tests.
Fig. 2 shows the main console used
for testing electrical instruments and
meters at the Bureau, and Fig. 3 shows
the basic electrodynamic transfer in¬
strument.11 Recent work at the Bureau
has shown that certain properly speci¬
fied and selected thermal converters
(thermocouples) can be used as transfer
standards of high accuracy, and meth-

ods have been developed for using1 them
to measure current or voltage over wide
ranges at audio frequencies.12
All instruments sent in to NBS for
standardization are tested with a null
potentiometer and its accessories, and
a-c tests are made with these transfer
instruments, which have ac-dc difference
of 0.01 per cent or less. The NBS in¬
struments do not have marked scales in
the usual sense and must be calibrated
with the potentiometer for every a-c
measurement. However, they are pri¬
marily designed and used for rapidly
and conveniently determining ac-dc dif¬
ferences of other instruments.

Fill. 6. Elementary Diagram of NBS 1/2%
Thermocouple Volt-Ammeter

a conventional 0.5 per cent thermocouple
instrument which can manually be com¬
pensated for temperature and other
changes.

NEW-INSTRUMENT
DEVELOPMENTS
Fig. 4 shows a portable, self-con¬
tained, multirange volt-ampere con¬
verter that has recently been developed
at the Bureau. This converter serves as
an accessory to the d-c potentiometer to
make possible a-c measurements of volt¬
age and current to an accuracy (with¬
out corrections) of 0.05 per cent at
frequencies up to 20 kc/s. Its basic prin¬
ciple is shown in Fig. 5. For voltage
measurements, as shown in 5a, a ther¬
mal converter of negligible ac-dc differ¬
ence is connected to a series resistor
(total resistance Rv), and the resulting
output emf of the thermocouple is bal¬
anced out by means of an adjustable
internal bucking circuit, B. The heater
of the converter is then switched to an
internal d-c circuit which is adjusted
for the same output emf and therefore
the same heater current. The voltage
drop across the resistor, R,, in this cir¬
cuit is then measured with an external
d-c null potentiometer and multiplied
by a factor, which, as the equations
show, depends on a ratio of resistances
and not on the characteristics of the
thermal converter. A corresponding ar¬
rangement, shown in Fig. 5b, is used for
current measurements; and the circuits
are combined in the actual instrument.
Repeated tests have shown that the de¬
sired accuracy of o.05%is easily main¬
tained.
The generally poor stability and high
temperature-coefficient of the conven¬
tional thermocouple instrument often
limit its sustained accuracy in service
and sometimes make a single-point
check at every use desirable. Ordinarily,

BIBLIOGRAPHY
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such a check is made by comparison with
a standard d-c instrument. A new 0.5
per cent thermocouple instrument has
been developed at the Bureau in which
the millivoltmeter in the instrument,
together with appropriate manganin re¬
sistors, serves as this standard. As
shown in Fig. 6, with the switch in the
A position, the millivoltmeter, M, is con¬
nected as a milliammeter of low tem¬
perature coefficient to measure the di¬
rect current through the heater from an
internal source. This is manually ad¬
justed by resistor A for full scale de¬
flection. In the B position of the switch,
the millivoltmeter is reconnected to the
thermocouple and is adjusted for the
same defle'ction by resistor B, thus com¬
pensating for any changes due to tem¬
perature influence or converter drift.
In the actual instrument, the circuits
are somewhat more complicated; be¬
cause the millivoltmeter is also used to
check the resistance of the heater of the
converter (which may be changed b.y
moderate overloads to cause errors when
shunted for current measurements).
These developments are mentioned be¬
cause they are particularly useful in
testing other instruments. The first in¬
strument makes accuracies possible over
wide ranges heretofore not obtainable
in a portable device, and the second is
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Testing Electrical Instruments
By F. D. WEAVER
National Bureau of Standards
Washington 25, I). C.

A few basic reference standards, circuit diagrams, and
testing procedures can be utilized by laboratories and
plants for standardizing electrical instruments and meters.

T

HIS article presents methods,
equipment, and simple circuits for
standardizing the usual ranges of
electrical instruments. All the units can
be compactly installed in one small
console.
The a-c. power service to the build¬
ing, which is the source of alternating
current and voltage, can be improved
by electronic voltage stabilizers. Either
a regulated and rectified alternating
voltage or a battery is suggested as the
supply for direct voltage. A storage
battery is the best source of direct
current. As a similar console was de¬
scribed in a published article (see ref¬
erence 9) this article discusses testing
procedures.

The testing of electrical instruments
and meters involves the comparison of
the indications of one instrument with
those of some suitable standard of bet¬
ter accuracy. For d-c. testing of elec¬
trical instruments, the basic standards
are standard cells and resistors; the
basic standard instrument is the po¬
tentiometer. The corrections for the
standards must be known and their cor¬
rections applied if measurements of the
highest accuracy are desired. A-c. in¬
struments are tested in terms of these
same basic d-c. standards by means of
transfer instruments. A transfer instru¬
ment must have the same response on
a-c. as on d-c., or any difference in its re¬
sponse must be known. Such an instru¬

ment can be calibrated on d-c. and then
used to check a-c. instruments. This in
effect transfers the d-c. units of meas¬
urement to the measurement of alter¬
nating current, voltage, and power.
High-grade electrodynamic and thermo¬
couple instruments serve best to make
this transfer from a-c. to d-c.
The wiring diagrams (Figs. 1 to 4)
indicate arrangements for testing elec¬
trical instruments and meters. Proper¬
ly selected sources and controls provide
for adjustments fine enough for incre¬
ments of pointer indication of 0.05 di¬
vision or less on most ranges of am¬
meters and voltmeters. The suggested
sources and controls are adequate to
cover (1) direct and alternating volt¬
ages from 0.1 to 300 volts, (2) alter¬
nating current from 0.01 to 100 am¬
peres, and (3) direct current from 0.01
to 50 amperes.
Reference Standards
D-c. Reference Instruments
A potentiometer with its accessory
equipment is desirable for direct-current and direct-voltage measurements.
A potentiometer having two ranges,
0-0.161 volt and 0-1.61 volts, is prefer¬
able to one having a single range. Its
dial readings should be correct within
0.0005 volts and it should be possible
to read the lowest adjustable dial with¬
in 0.0001 volt. A good portable potenti¬
ometer with a built-in galvanometer
that meets these requirements is satis¬
factory. A resistance voltage divider
(volt box) with ranges of 3, 7.5, 15, 30,
75, 150, and 300 to 1.5 volts, with ratio
errors of less than 0.04 percent, is rec¬
ommended for use with the potentiom¬
eter for testing d-c. voltmeters. Current
shunts having resistances from 0.002
ohm to 20'ohms are suggested as po¬
tentiometer accessories. These shunts
should have current ratings from 75
amperes to 0.075 ampere for testing
d-c. ammeters, and errors of less than
0.04 percent.
A-c. Reference Instruments
Two instruments of the electrody¬
namic type—(1) an a-c. and d-c. volt¬
meter with ranges of 75, 150, and 300
volts and (2) an a-c. and d-c. ammeter
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ever, for measurements of the highest
accuracy, it may be desirable to have
these differences determined in a stand¬
ardizing laboratory such as the Na¬
tional Bureau of Standards. Initially,
the instrument should be tested at each
of the cardinal points on the scale for
one range and at two of the cardinal
points on each of the other ranges.
Thereafter, an annual test at five of
the cardinal points on the base range
and at the same two cardinal points on
each of the other ranges is sufficient.

Fig. 2.

Arrangement

for testing

voltmeters

with 2.5- and 5-ampere ranges—of the
0.25-percent accuracy class, are sug¬
gested as reference instruments for
testing other a-c. voltmeters and am¬
meters. This type of instrument is pre¬
ferred because its indication is the same
on direct current as on alternating cur¬
rent. Each may be tested (corrections
accurately determined) on reversed d-c.
with the potentiometer and the abovementioned accessories, and then used
as a reference instrument for a-c. test¬
ing. In the selection of reference instru¬
ments the important consideration is
that they have the needed ranges and
accuracy. They are most likely to fulfill
these requirements if they conform to
the specifications outlined for their ac¬
curacy class in ASA C39.1—1961 (see
reference 1). If corrections are known
for each of the cardinal points on the
scale and the instrument is used on
only the upper third of its scale, then
the accuracy obtainable from a 0.25percent instrument (see reference 8)
is limited mainly by the ability of the
observer to read pointer indications.
A three-winding potential transform¬
er—with tapped windings for 1.6, 3,
7.6, 15, and 30 volts on one secondary, a
160-volt winding for the reference volt¬
meter on the other secondary, and a
120-volt primary winding—is available
for testing a-c. voltmeters for the lower
voltage ranges (see reference 6). This
type is recommended because losses as
a result of current in the supply wind¬
ing, which affect the accuracy of the
usual potential transformer, have no
effect on the ratios between the two
secondary windings that are compared
in the normal use of this transformer.
A multi-range current transformer—
with primary ranges of 0.25, 0.5, 1,
1.5, 2, 3, 4, 5, 10, 15, 20, 25, 30, 40, 50,
75, and 100 amperes and a 5-ampere
secondary to which the reference am¬
meter is connected—is satisfactory for
testing a-c. ammeters. The errors for
these two standard transformers on
any range for the burden imposed by
the usual instrument should be less
than 0.1 percent in ratio and 5 minutes
in phase angle. It is possible that errors
will be so small that corrections need
not be applied.

on

direct

voltage

and

reversed

direct

voltage.

Reference For Watthour Meters
A rotating standard watthour meter

having voltage ranges of 120 and 240
volts and current ranges of 1, 5, 12.5,
and 50 amperes serves as a useful
standard for energy measurements and
as a reference meter for testing other
watthour meters. Several meter manu¬
facturers make suitable standards. The
percentage registration errors for 0.5
and 1.0 power factors at 10, 50, 100,
and 150 percent rated current on any
range should be less than 0.5 percent.
Testing

Reference

Standards

A recommended schedule for testing
standards is given on page 295 of Elec¬
trical Metermen’s Handbook, Sixth Edi¬
tion, 1950 (see reference 6). The time
intervals elapsing between standard¬
izing tests depend on the type of instru¬
ment or equipment, the accuracy de¬
sired, the frequency of use, the care of
the instrument while in service, and
the stability of components. Ordinarily,
instruments and meters should be tested
at least once a year, and potentiometers,
shunts, volt boxes, and transformers at
less frequent intervals. The a-c. refer¬
ence instruments recommended here
may be tested on reversed d-c. as out¬
lined later in this article. The a-c. and
d-c. difference of this type is ordinarily
rather small at power frequencies. HowD-C Voltoge Supply

Transformers, potentiometers, shunts,
volt boxes, and reference watthour me¬
ters should be sent at intervals to a
standardizing laboratory for highly ac¬
curate tests. Shunts and volt boxes
should be initially tested at 10 percent
and 100 percent of rated current or
voltage; infrequent tests at 10-percent
load are ordinarily sufficient thereafter.
Ratio factor and phase-angle correc¬
tions should be determined for the
transformers. However, phase-angle
corrections are not necessary unless
the transformers are used as acces¬
sories in power and energy measure¬
ments.
Tests of D-c.

Ammeters

The diagram of Fig. 1 shows an ar¬
rangement for obtaining both fine and
coarse control for adjusting currents
in testing d-c. ammeters. The ammeter
to be tested is connected in series with
an appropriate section of the multi¬
range current shunt. The controls are
adjusted until the pointer of the am¬
meter under test is deflected to the de¬
sired position. The observer then meas¬
ures the JR drop across the shunt with
the potentiometer. The current neces¬
sary to deflect the pointer to the indi¬
cated position is determined by the
formula 1 = E/R, where E is the volt¬
age at the X terminals of the potenti¬
ometer and R is the actual shunt re¬
sistance.
If possible, a section of the multi¬
range current shunt that has a slightly
higher or the same current rating as
the ammeter range to be tested should
be chosen. For example, a 10- or 15ampere instrument will likely be tested
D-C Current Supply

Fig. 3. Arrangement for testing wattmeters on reversed d.c.
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0-120 V
Fig.

0-30 V
4.

Arrangement

for

0- 100 Amps

0- 150 V
alternating-voltage

with a 15-ampere 0.01-ohm or 15-am¬
pere 0.1-ohm section. Some commercially-available shunts have a drop of
0.15 volt and others of 1.5 volts between
the potential terminals when carrying
rated current. This is one of the rea¬
sons for selecting a two-range 0.161volt and 1.61-volt potentiometer.
As variable resistance at contacts
causes annoying fluctuations in lowvoltage, low-resistance, or high-current
circuits, it is essential that all electrical
contacts be kept clean and be of the
best grade of material.
Test of D-c. Voltmeters

A voltage ratio box (volt box) in
conjunction with a potentiometer is
necessary for testing d-c. voltmeters
having ranges higher than 1.5 volts.
A definite and known fraction of the
total voltage applied to the terminals
of the instrument is measured at the
low side of the volt box by means of
the potentiometer.
A suggested direct-voltage arrange¬
ment is shown in Fig. 2. Notice that
the high side of the volt box is con¬
nected in parallel with the instrument.
It is desirable to connect a voltmeter
under test having a range of 100 volts

and

alternating-current

5 Amp'
testing.

thermocouple types on reversed direct
current. In such a test, a reading is
taken for current in one direction and
is averaged with a second reading for
current in the opposite direction, there¬
by minimizing the effects of residual
and stray magnetic fields. The direction
of current in the instrument is reversed
after each reading by means of a re¬
versing switch. In general, this method
which makes use of a potentiometer
gives more accurate results than a sim¬
ple a-c. test.
A phantom-loading method is em¬
ployed in testing wattmeters on re¬
versed direct current. In this method
separate sources of voltage serve to
energize the voltage and current cir¬
cuits of the instrument (see Fig. 3).
Since the two sources are required to
supply only the losses in the instrument
and test equipment, they need not be
large sources of power. The voltage
coil of the instrument and the volt box
in parallel are connected to the directvoltage terminals. The current coil and
an appropriate range of the multi-range
shunt in series are connected to the
direct-current terminals. The potenti¬
ometer in conjunction with the volt
box and the voltage controls are used
to set the voltage to the desired value.
Then the current is adjusted by means
of the current controls to give the de¬
sired pointer deflection of the watt¬
meter, and the same potentiometer is
switched over to measure the 1R drop
across the shunt. If the wattmeter has
a compensating coil, the switch on the
instrument should be in the uncom¬
pensated position when the instrument
is tested. Care must be taken to prevent
overloading either the voltage or cur¬
rent coil. The precaution should be
taken to connect the voltage and
current terminals on the instrument
marked ± to the respective ± terminals
of the voltage and current supply as
shown in the diagram. To avoid the
errors caused by electrostatic effects
resulting from differences in poten¬
tial of the two circuits of a wattmeter
without a common connection, the ±
voltage terminal should be connected
through a voltmeter to the ± current
terminal.
Values of power for each test point
are determined by means of the follow¬
ing formula: W = /V EvEl/R, where
N is the actual ratio of the volt box,
R is the corrected resistance of the
sh: it, Ev is the voltage at low-side
terminals of the volt box and ET is the
voltage at the shunt potential termi¬
nals.

or one having a range of 150 volts in
parallel with the 150-volt range of the
volt box, so that at full-scale deflection
of the instrument pointer the potenti¬
ometer will read approximately 1.0 or
1.5 volts respectively. A correspond¬
ingly desirable selection should be made
for other instrument and volt-box
ranges. For each point tested the volt¬
age V indicated by the instrument point¬
er will be determined by the formula
V = NE, where N is the actual ratio
and E the voltage at the X terminals
of the potentiometer.
For voltage ranges less than 1.5
volts the instrument with its leads
and the X terminals of the potentiom¬
eter should be connected in parallel
Tests of A-c. Ammeters
across a low-voltage source. This source
To make a test of an a-c ammeter,
may be the voltage drop across a re¬
the ammeter to be tested is connected
sistor in which the current is con¬
to the terminals marked C T Primary
trolled by the direct-current controls
(see Fig. 4). It is then in series with
shown in Fig. 1. In this case V — E
the primary of the multi-range current
provided that no corrections need be
transformer. A primary range should
applied.
be selected that has the same current
Tests on Reversed Direct Current
rating as the ammeter to be tested.
The direct-current and direct-voltage The 5-ampere electrodynamic ammeter
circuits illustrated in Figs. 1, 2, and 3 mentioned previously is connected to
serve for testing ammeters, voltmeters, the C T Secondary terminals. The con¬
and wattmeters of electrodynamic or trols are then adjusted so that the point-
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er of the ammeter under test is de¬
flected to the desired scale mark. The
reference instrument is then read in
divisions. The current necessary to de¬
flect the pointer of the test instrument
to any test point is 7pri == /3ec xN X RF.
Corrections for the reference ammeter
and for the current transformer, if
significant, should be applied. /sec is
the corrected reading of the reference
ammeter, N is the marked ratio of the
current transformer and RF is the
ratio factor of the transformer.
Tests of A-c Voltmeters

The three-winding potential trans¬
former mentioned previously is con¬
venient for testing voltmeters of 30
volts or less. It also serves as a supply
transformer for voltages up to 300 volts
when all windings are connected in
series (see reference 6). This is ac¬
complished between terminal AV 1 and
AV 6 as illustrated in Fig. 4 by clos¬
ing the switch marked 0-300V SW.
A test voltmeter having ranges of
30 volts or less is connected to termi¬
nals marked AV 3 and 4, Fig. 4, with
the range switch on the appropriate tap
and the reference voltmeter is con¬
nected to terminals marked AV 5 and
6. The supply to the 120-volt primary
is controlled by the usual AV controls
on the panel. Voltmeters having ranges
greater than 30 volts are tested by
comparison with the reference volt¬
meter on the 75-, 150- or 300-volt range
using terminals AV 1 and 6. The volt¬
age for any given indication of the
instrument under test (ranges of 30
volts and less) is computed by multi¬
plying the corrected reading of the
reference instrument by the corrected
value of the transformer ratio for the
selected range.
If the instrument tested is of a
rectifier or electronic type, there is a
possibility of error unless the test volt¬
age has almost a pure sine-wave form.
The recommended reference instrument
responds to rms. values of voltage and
is not appreciably affected by wave¬
form distortion. The observer should
make sure that the output wave form
of the setup has a total harmonic dis¬
tortion of less than 2 percent.
Watthour Meter Testing

A watthour meter can be tested by
either of two methods: (1) using a
wattmeter, and (2) using a watthour
meter. In the first method, a wattmeter
is connected to respond to the same
value of power as seen by the watt¬
hour meter under test. The power
(average active power on a.c.) is held
at a constant value as indicated by the
pointer of a wattmeter for an ac¬
curately measured time interval, after
which the registration of the meter is
observed. The percentage registration
is computed as
registered energy
100 X-,
measured energy
where the measured energy is the prod¬
uct of the measured power and time.
In the second method, a meter of

known accuracy is connected to respond
to the same value of power as seen by
the watthour meter under test. The
registrations of the two are observed
for the same time interval. This is
generally a much simpler method than
(1) since power does not have to be held
constant and the time interval need not
be accurately known. Method (2) is
usually to be preferred because of its
simplicity. Standard watthour meters
of suitable accuracy and stability are
now commercially available. It is neces¬
sary, of course, to determine correc¬
tions for the standard at suitable in¬
tervals by either method (1) or (2)
or to have such corrections determined
at a standardizing laboratory.
If there are several rotating stand¬
ards in one laboratory, or in one lo¬
cality, it may be advisable to main¬
tain one or more of these as reference
meters to be used only in the testing
laboratory. This reference meter could
be sent to a standardizing laboratory
for accurate tests and then used only
in the laboratory for comparison tests
with other rotating standards. This
could be a cooperative project with
several companies in the same area
participating. Since stable and accurate
watthour meters are now available,
they would in this way be assured of
energy measurements of high accuracy.
Meter testing in accordance with the
proposed wiring diagram follows the
plan of method (2). The voltage circuit
of the standard is energized for a
time corresponding to a desired num¬
ber of revolutions of the test meter
(house type) as counted by visual ob¬
servation. Tests are made at unity
power factor, and 0.5 power factor,
current lagging the voltage, using
phantom loading. A 3-phase 3- or 4wire source is convenient for testing
at the two power factors mentioned.
Unity power factor is obtained by con¬
necting the voltage circuits of the two
meters to the same phase as that
energizing the current coils as illus¬
trated in Fig. 4. A resistance load in
the primary of the supply transformer
of the current circuit will tend to elimi¬
nate any phase difference between the
voltage and current circuits at near
unity power factor. A power factor
of closely 0.5, current lagging the volt¬
age, is obtained by connecting the volt¬
age coils to a selected other phase.
A wattmeter may conveniently be
used with a voltmeter and ammeter
to check the power factor in watthour
meter tests. If the wattmeter has a
double voltage range, 75 and 150 volts,
a capacitor may be used to determine
whether the load current leads or lags
the voltage. To check the phase of the
current with respect to the voltage with
the 150-volt range in the test circuit
of such a meter, a 1-microfarad capaci¬
tor of good quality is connected between
the 75- and 150-volt posts. If the
pointer of the wattmeter goes upscale
the load current is leading, if the
pointer goes downscale it is lagging.
Alternatively, a small inductance of low
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resistance in the wattmeter potential
circuit may be used as a power-factor
test.7
Once the phase that gives 0.5 power
factor, current lagging the voltage,
is determined, the external power leads
to the setup should remain fixed. The
selected leads may then be wired di¬
rectly to the test circuit and 0.5 power
factor can be obtained by shifting the
switch illustrated in the upper lefthand corner of Fig. 4. An adjustment
of the resistance in the primary of the
supply transformer mentioned above
may serve to give more nearly a 0.5
power factor.
Either a housetype or a portable
meter may be compared with the ro¬
tating standard. The potential termi¬
nals of the two are connected in parallel
to the AV terminals indicated in the
diagram. The current coil of the meter
under test is connected to the CT
Primary terminals and the standard
to the CT Secondary terminals. The
current transformer should be con¬
nected for the proper range. A volt¬
meter and ammeter are used with the
controls to set the voltage and current.
The two meters may be started and
stopped by use of the panel voltage
on-off switch indicated on Fig. 4. When
a correction is to be applied for the
readings of the standard, the percent¬
age registration of the test meter is
determined as follows:
Percentage Registration =
khX r X A/Kb X R

where r equals the revolutions of the
test meter, R equals revolutions of the
standard, kh equals the watthour con¬
stant of the test meter, Kh equals the
watthour constant of the standard and
A equals the percentage registration
of the standard.
If transformer corrections are to be
applied, formulae may be found in
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Scale and Reading Errors of

ELECTRICAL INDICATORS
Scale and reading errors limit the accuracy of even the best electrical
indicating instrument to about 0.1 percent. Sources of errors are
analyzed, and the NBS standard calibration methods are presented.

T

HE SCALE of an electrical in¬
strument is an important com¬
ponent; a poor or defective scale
can result in errors greater than that
claimed by the manufacturer.
An evenly divided scale is desirable.
However, if the same percentage ac¬
curacy of reading the measured quan¬
tity is desired at all points, the divi¬
sions should be wider at the beginning
than at the end of the scale.
As most types of instruments cannot
be designed to have operating and con¬
trol torques that balance to permit the
same percentage of accuracy of indica¬
tion at all points on the scale, it has be¬
come common practice to refer to per¬
cent of error and accuracy class in
terms of full-scale reading. This con¬
vention implies that the indication of
an instrument with 0.25-percent accu¬
racy and a 100-division scale may
deviate from the true value by 0.25 di¬
vision at any reading along the scale.
One of the prerequisites of a good
instrument is that its scale be cali¬
brated accurately—that is, the cardi¬
nal scale marks must be located cor¬
rectly and the intermediate division
marks must not be out of position by
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more than the desired accuracy. These
marks may be out of place because of
(1) errors in the reference instrument
used originally for calibrating the
scale, (2) random errors in locating
the cardinal points, (3) failure to sub¬
divide between cardinal marks in ac¬
cordance with the scale law, (4) erratic
spacing of the subdivision marks be¬
tween two adjacent cardinal points,
and (5) changes that have occurred in
components since the original cali¬
bration.
In order that the pointer indications
may be read accurately, a high-grade
instrument should have an anti-paral¬
lax mirror and a knife-edge pointer
with the knife-edge about equal to that
of the division lines, and preferably
not more than 1/10 that of the distance
between two successive scale division
marks. These scale division marks
should be at least 1 mm. apart.
For the better grades of portable in¬
struments with which this article is

concerned it is a customary practice
for the manufacturer to fit the scale to
each individual instrument. A blank
scale is put in place and cardinal points
are marked on it to correspond to val¬
ues determined with an accurate ref¬
erence standard. After the cardinal
marks are ruled on the scale the inter¬
mediate division marks between pairs
of cardinal marks are located by a me¬
chanical subdivision device. If an ac¬
curate dividing machine is not used
there may be a noticeable variation in
the spacing of subdivision marks. Some
instruments show errors of several
tenths of a percent because of careless¬
ness in spacing of the ruled subdivision
marks.

Scale Errors
Electrical instruments that come to
the National Bureau of Standards for
standardization tests are ordinarily
tested at five of the cardinal points on
the scale (20, 40, 60, 80, and 100
division points on a 100-division scale;
30, 60, 90, 120, and 150 division points
on a 150-division scale) and, upon re¬
quest, at each of the cardinal points.
Unless the customer uses the instru-
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Fig. 2. Enlarged portion of middle scale
Fig. 1.

of

ment at only the points tested the ques¬
tion arises as to the corrections for
the other scale points. In the absence
of further tests it is generally consid¬
ered that the best value for the other
scale points is obtained by linear in¬
terpolation (graphically) of the cor¬
rections for the live or ten points tested.
Then the question arises as to the
validity of the interpolated values—in
other words, how close is the interpo¬
lated value to the true value.
Some electrical instruments that are
sent to the laboratory reveal, upon a
visual inspection of the scale, a notice¬
able inequality in the spacing of adja¬
cent subdivision marks.
To study this a number of instru¬
ments of different manufacturers were
tested at each scale division throughout
the usable or upper part of the scale.
Both angular measurements and a test
at each division mark were made on a
number of instruments; 39 instruments
of 8 different manufacturers were in¬
cluded in tests. 01 these, 15 were of
the electrodynamic type, 4 of the mov¬
ing-iron and 20 of the p-m. m-c. types.
There were eight laboratory standards
(0.1-percent-accuracy class) and the
rest were in the 0.5-percent-accuracy
class or better. 01 these, 22 were tested
at each of the scale divisions over the
usable part of the scale. The p-m. m-c.
and electrodynamic types were tested
with a potentiometer and its acces¬
sories; the moving-iron type was tested
with a transfer instrument. It is be¬
lieved that for a good instrument with
a good scale the values obtained by
setting the pointer over a scale divi¬
sion mark in our usual testing pro¬
cedure are correct within about 0.02
division.

The magnitude of the irregularities
may in some instances be influenced by
the observers incorrect setting of the
pointer over the division mark, or by
pivot friction. However, it is believed
that errors from these two sources
have been held to a minimum.
No attempt will be made here to
identify the particular influencing fac¬
tors that cause the large errors indi¬
cated by some of the graphs. Self heat¬
ing errors probably have considerable
effect on the general shape of the cor¬
rection curves in those instruments
that are not well temperature-compen¬
sated.
Figs. 1 and 2 indicate that some of
the irregularities in the correction
graph of Fig. 3 are due to the irregu¬
lar spacing of the subdivision marks
on the scale of this particular instru¬
ment.
Note that Fig. 4 also shows the rela¬
tionship between divisions and degrees
of the instrument scale.

The illustrations show some of the
scale characteristics of some of the in¬
struments tested. Fig. 1 shows a scale
for one instrument. Fig. 2 is an en¬
largement of the upper portion of the
middle scale of the same instrument.
Fig. 3 gives the corrections that must
be applied to the several division marks
of the same voltmeter (150-volt range)
to give the true value for each of these
points. Fig. 4 is a correction graph for
another typical instrument. The broken
lines show the errors that result if the
common linear interpolating procedure
is followed after testing at five of the
cardinal points.
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Errors of Observation
Observational errors usually result
from (1) misreading the scale, (2)
failure to eliminate parallax on read¬
ing and (3) failure to estimate cor¬
rectly fractional divisions. The first
may be minimized by careful attention
on the part of an observer in taking
readings. The parallax error is effec¬
tively eliminated by the correct use of
anti-parallax mirrors and other optical
devices.
A number of studies have been made
on the accuracy of estimates of frac¬
tional divisions. A Swedish scientist,
Backstrom*, made one of the most
thorough studies on this subject. His
conclusions may be summarized as fol¬
lows: (1) the estimation of any par¬
ticular observer cannot be depended
upon to be accurate to the nearest tenth
of a division except at the division
* Backstrom H.

E.,

Zeit f.

Instrumentenkunde,

Tol. 50, p. 561-75, 609-624, 665-679, 1930, and
Vol. 52, p. 105-123 and 260-274, 1932

marks themselves and at the midpoint
of the division, (2) an individual will
make estimations of tenths of a divi¬
sion in much the same manner over
long time intervals. (3) the minimum
error occurred when the line width was
equal to the pointer width, and each
was roughly 0.1 that of a division
width, and (4) the average error of
estimation decreased with increasing
division width. There was little gain
in increasing the width beyond about
2 mm.
In the ordinary procedure of read¬
ing an instrument scale an observer
will estimate the pointer position to the
nearest 0.1 scale division. Backstronfs
study and our experience indicate that
the accuracy with which one is able to
estimate depends on a number of the
factors. It is assumed that the observer
lias normal vision, that the instrument
has a good scale and pointer, and that
the scale is well illuminated. The in¬
fluencing factors are then (1) width
of scale marks and width of pointer,
(2) distance between scale marks, (3)
the particular tenth which is being es¬
timated, (4) fatigue and physical con¬
dition of the observer, (5) color com¬
binations for scale, pointer and lines,
and (6) personal bias.
We tested the ability of our labora¬
tory personnel to estimate pointer posi¬
tions. A 100-v. d-c. voltmeter in the

0.5-percent-accuracy class, and an a-c.
and d-c. 150-v. voltmeter in ^-percentaccuracy class were selected for the
test. The interval between the 80 and
81 division marks on the d-c. voltmeter
and the 120 and 121 division marks on
the a-c. and d-c. voltmeter w'as selected
for the experiment. Each instrument
was carefully tested at its two chosen
reference division marks with a po¬
tentiometer. The obtained values then
were used as a basis for dividing the
intervening space into twenty equal in¬
tervals. An observer at the potentiom¬
eter adjusted the voltage to set the
pointer in random order to the various
tenths or twentieths of a division. Most
of the subjects had considerable pre¬
vious experience leading instruments.
As indicated in the table, each was
asked to estimate to the nearest tenth
(and in other tests to the nearest twen¬
tieth) of a division. The subject was
not aware of the setting being made
at the potentiometer nor was he told
how close his estimated values were to
the true values until the test was
finished.
In obtaining the data for the table,
the pointer was set to each 0.05 posi¬
tion and the observer was asked to
estimate to the nearest 0.1. For the
0.05, 0.15. 0.25, 0.35, and 0.45 posi¬
tions he most frequently estimated the
0.1 below the value set (for 0.45 he

Table.— Estimation of pointer position of a-c. and d-c.
voltmeter to nearest 0.1 division,
14 observers, no lens used.
Pointer Position

Set in Divisions

Estimations
-.25 -.20 -.15 -.10 -.05 Correct + .05

.05

9
4

.10
.15

1

.20

6

2

.35

8

1

2

1
1

.95

10

2
5
1

10

2

7

6

o

9

3

5

9
12

2

1

5

7

1

1
1

10

1
1

1

2

7

.90

121.00

5
9

1

.65

1

11

2

.60

.85

7

5

1

.50

8
10

2

.45

.80

7
8

4

.40

.75

+.20

5

6

.25

.70

+ .15

10

6

.30

.55

+ .10

14

120.00

14
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estimated 0.40), and for 0.55, 0.65.
0.75, 0.85, and 0.95 positions he most
frequently chose the 0.1 above the
value set (for 0.85 he estimated 0.90).
In further tests, a flat-field x2 lens.
1% inches in diameter, was used, and
each observer was asked to estimate to
the nearest l/20th of the scale interval.
For most observers, this lens materially
aided estimational accuracy.
The results indicate that an observer
generally can estimate on a good scale
to within 0.1 scale division. Out of 945
estimations only 25 were in error by
as much as 0.15 division, and 123
(about 13 percent) were in error by as
much as 0.1 division. The greatest un¬
certainty of estimation appears to be
in the area of 0.3 and 0.7 division.

Conclusion
The data indicate that some instru¬
ments in the better-accuracy class have
inaccurately marked scales. If these in¬
struments are tested at five of the cardi¬
nal points, values obtained by applying
corrections to the scale indications at
intermediate points may be expected
to be in error by several tenths of a
division when the corrections are ob¬
tained by linear interpolation between
values reported at the cardinal points.
It is possible to draw two conclu¬
sions: (I) If the corrections at five of
the cardinal points are plotted on a
graph, as in the figures, and the broken
line connecting all plotted points is
abnormally irregular, it is unlikely thai
interpolation between two adjacent
cardinal points will give correct values.
(2) If the spacings between adjacent
division marks when viewed with the
eye appear to be of unequal widths it
is also unlikely that an interpolation
value will be valid.
If an instrument is tested at every
five divisions on its scale and the sepa¬
ration of intermediate marks appear
normal the interpolation procedure
should give values that are reasonably
correct. Thereafter it should be neces¬
sary to test it only occasionally at five
of the cardinal points. If the scale does
not meet the necessary accuracy re¬
quirements (adjacent intermediate di¬
vision marks are irregularly spaced or
cardinal points are incorrectly placed)
it may be advisable to return the in¬
strument to the manufacturer for a
new scale.
The procedure of estimating tenths
of a division is not the weakest link
in electrical measurements. However,
this factor combined with a large num¬
ber of other possible sources of error
limit the accuracy of even the best in¬
strument under ideal conditions to
about 0.1 percent. If greater accuracy
is desired one should resort to potentiometric measurements.

Notes on the Care and Use of
Electrical Instruments
By FRANK D. WEAVER, Electrical Instruments Section, National Bureau of Standards, Washington, D. C.

This article presents notes on pre¬
cautions that should he observed by
users of electrical instruments to en¬
able them to achieve greater accuracy
in measurements and to extend the
useful life of their equipment.

F

I.

Introduction

ROM the performance and general
appearance of most electrical in¬
struments coming to the National
Bureau of Standards for standardizing
tests, it appears that their users gen¬
erally employ the best practices in
using and handling their measuring
equipment. However, instruments oc¬
casionally come to our laboratory with
bent pointers, damaged coils, dirty and
corroded contacts and other evidences
of abuse. Had certain precautions been
observed it is not likely that these
damages would have occurred.
The
following notes are given with the
express purpose of aiding personnel in
(1) achieving more accurate and pre¬
cise measurements, (2) increasing the
useful life of instruments, (3) decreas¬
ing the cost of maintenance, and (4)
promoting safety. The items included
are those that, as indicated by the
writer’s experience with laboratory per¬
sonnel and with instruments, are most
likely to be helpful to individuals who
use electrical measuring equipment.
II.

General

Precautions

Certain general precautions .should
be observed in every laboratory using
electrical equipment. These may be
roughly classified into two groups,
those pertaining to (a) the general
circuit, and (b) component instruments.
A. The Circuit
In making connections for a test,
see that contact surfaces are clean,
that nuts or binding posts are tightened
firmly, that wires or cables have suffi¬
cient cross-section for the current in
the circuit, and that insulation is ap¬
propriate for the voltage in use.
Sliding electrical contacts on appa¬
ratus such as bridges, resistance boxes
and potentiometers should be cleaned
occasionally with a dry cloth or a sol¬
vent such as varsol or benzol. If the
pressure between the contacting sur¬
faces is high, white vaseline may be
used as a lubricant to reduce wear and
oxidation at the contacts. For light-

pressure contacting surfaces a highgrade light oil, such as Marcol, may
be used with beneficial results if the
contacts are cleaned periodically and
only a small amount of oil is applied.
In case the contact pressures are so
high or edges so sharp that undue wear¬
ing is taking place at the contacting
surfaces, corrections or adjustments
should be made to alleviate this condi¬
tion.
The laboratory worker is reminded
that some of the common cleaning sol¬
vents such as benzol and carbon tetra¬
chloride are highly toxic. Such sol¬
vents should be used only in small
quantities and then in well-ventilated
areas. One should not inhale the fumes
or let the fluid come in contact with
the skin. Some chlorinated solvents,
such as carbon tetrachloride, contain
traces of free chlorine which, in the
presence of water, will form hydro¬
chloric acid. Such solvents in general
should not be used on electrical con¬
tacts because of the danger of subse¬
quent corrosion from this acid residue.
Only rosin or rosin-in-alcohol should
be used as flux for “tinning” and softsoldering parts and wires in circuits in
electrical instruments and apparatus.
Most of the prepared fluxes contain
acid or other corrosive ingredients that
are destructive when used on compo¬
nents of delicate instruments. Surfaces
to be soldered should be thoroughly
cleaned and heated. Silver solder should
be used when soldering manganin or
for joints in which a solder connection
is under stress.
Leads which are attached to instru¬
ments should never be left hanging
down over a table, stretched between
tables or across the floor where they
may be accidentally caught with the
hand or foot and the instrument pulled
to the floor. They should be twisted
in pairs to each instrument to reduce
the effects from magnetic fields pro¬
duced by current in the leads.
For measuring alternating currents
of 25 amperes or more, the use of a
current transformer with suitable pri¬
mary ranges and a 5-ampere ammeter
is generally preferable to a self-con¬
tained ammeter. This aids in keeping
heavy-current leads away from the
instrument and isolates the measuring
instrument from the possible high volt¬

age of the supply circuit. One multi¬
range current transformer with one
ammeter can be used to replace a num¬
ber of separate a-c. ammeters. The
transformer should be tested to deter¬
mine the ratio factor for its various
ranges with its ammeter as a burden
if the highest accuracy is desired.
There are multi-range a-c. ammeters
on the market with built-in current
transformers that have proved very
satisfactory. The primary of a current
transformer should never be energized
unless there is an ammeter or some
other low-resistance burden, such as a
shorting link, across the secondary.
Neither should the secondary be opened
while the primary is energized. Other¬
wise the secondary winding may have
sufficiently high voltage induced in it
to endanger insulation or the safety
of personnel. There is also the possi¬
bility that the magnetic condition of
the core will be changed and alter the
ratio and phase angle until the trans¬
former is thoroughly demagnetized.
This condition may also happen if di¬
rect current flows through the wind¬
ings. If the secondary is left open for
some time with the primary energized,
overheating due to the greatly in¬
creased iron loss in the core may dam¬
age the insulation.
A potential transformer with a volt¬
meter connected to its secondary should
be used for measuring alternating volt¬
ages in excess of a few hundred volts.
As a safety precaution the secondary
(115-volt winding) should be grounded
at one point. For highest accuracy
the transformer should be tested (ratio
and phase angle determined) with the
burden of its circuit.
An observer in doubt about a par¬
ticular setup or the use of a given
instrument should inquire until the
needed information is obtained. Before
a circuit is energized, check all com¬
ponents to make sure that connections
are properly made and that ranges are
high enough for the magnitude to be
measured. Protective resistors should
be inserted where necessary. If feas¬
ible, the voltage applied should have
a low initial value and then be in¬
creased gradually to the desired value.
When opening a circuit connected to
electrical equipment, it is generally
advisable, where possible, to reduce
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the supply voltage to a low value be¬
fore throwing the supply switch or
circuit breaker. Remove conductors or
leads to equipment one at a time, mak¬
ing the first break at the power source
terminal and next remove the end at¬
tached to the equipment. This latter
precaution applies when unplugging
from a distribution board to a sub¬
panel as well as when disconnecting an
instrument, such as a voltmeter, from
a line, or a standard cell from a poten¬
tiometer. The reverse steps should be
taken when placing equipment in a cir¬
cuit. Some careless observers, when
taking an instrument out of a circuit,
disconnect the leads at the instrument
terminals, remove the instrument, leave
the free ends of the two leads dangling
while the other two ends are connected
to a source of power. This is a danger¬
ous procedure. Power circuits are or¬
dinarily protected with fuses or cir¬
cuit breakers and switches, but these
protective devices do not guarantee
that instruments and other equipment
will not be damaged if the circuit is
shorted by the careless handling of
leads or switches.
Laboratory personnel should be par¬
ticularly careful when working with
equipment from which there is a chance
of electrical shocks. Currents as small
as 10 or 20 milliamperes can be dan¬
gerous to life, depending upon such
factors as the current path through
the body and physical condition of the
victim. The value of current will de¬
pend upon the resistance of the body
and the applied voltage. Under cer¬
tain conditions one may receive a fatal
shock from equipment that operates
from the usual 110-volt circuit. If the
hands or feet are damp when contact
is made, the body resistance may be
low enough (11,000 ohms or less) to
permit a dangerous or fatal current.
Such an electrical shock may be re¬
ceived if one touches two separate
metal components of a piece of equip¬
ment, or one metal component and a
grounded object so that a portion of
the body acts as a parallel path to the
electrical circuit. Exposed metal parts
should be insulated from the wiring
of a piece of electrical equipment
(motors, drills, soldering irons, etc.)
but sometimes, because of worn or de¬
fective insulation, the conductor comes
into electrical contact with the exposed
metal. The cases of some equipment
are provided with ground terminals
and if properly connected will protect
the operator from the hazards of elec¬
trical shock.
B.

The Instrument

Multi-range instruments are desir¬
able for some applications. Many such
instruments show up for repairs with
bent pointers and damaged coils be¬
cause users have not been careful to
set the range switch in the proper po¬
sition before closing the circuit. When
some circuits (for example a bank of
tungsten filament lamps) are initially

closed, the cold-state resistance may be
low and the initial surge of current
rather high. An ammeter placed in
such a circuit to measure the steadystate current may be overloaded by
these initial high currents and result
in a bent pointer. It may be advisable
to short out the ammeter during the
period of high initial currents.- In a
similar way the insulation of the coils
of a voltmeter may be damaged by
voltage surges or by distorted waves
that have a high peak value, say as
much as five times as great as the
rms. value to which the instrument
responds. This latter situation is es¬
pecially dangerous for electrostatic
voltmeters. A protective resistor should
be placed in series with the high side
of an electrostatic voltmeter to pre¬
vent “burning up” the instrument
spring in case of flashover between its
plates.
In the laboratory one frequently
uses a suspension-type d-c. galvanom¬
eter in connection with bridge and po¬
tentiometer measurements. Ordinarily
these sensitive instruments are used to
determine voltage balances between
the arms of a bridge or potentiometer
and do not directly measure electrical
magnitudes. Such an instrument should
have the sensitivity necessary for the
precision desired, should have a short
period, and should be slightly under¬
damped in its circuit. If its sensitivity
is higher or its period longer than nec¬
essary, time will be wasted in getting
balances.
Since
galvanometers
are
made of delicate parts they should be
handled with great care and be pro¬
tected in a circuit by suitable switches
and resistors.
Make it a practice to handle all in¬
struments with care; treat those used
as laboratory reference standards with
special respect.
Pivoted instruments
should never be placed or left where
they may be exposed to vibrations.
One severe shock, such as a hammer
blow on a bench or table where instru¬
ments are resting, can permanently
damage their pivots and jewels.
In making adjustments or repairs
on instruments, bear in mind that only
the manufacturer is really well quali¬
fied to make major repairs. If it is
necessary to open the case, it should
be done in a room where there is a
minimum of dust and in an area where
there are no iron filings.
When instruments are not in use,
they should be stored in cases or cabi¬
nets free from dust, acid fumes, ex¬
cessive heat, moisture and vibration.
Shorting the terminals of a galvan¬
ometer or microammeter by means of
a small conductor before such instru¬
ments are moved heavily damps the
motion of the moving parts and helps
to prevent damage. Locking devices
are sometimes provided for moving
systems to protect pivots and jewels
or suspensions from shock while the
instrument is in transit; make proper
use of them.
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Instruments that are being prepared
for shipment should first be wrapped
in heavy paper to exclude dust and
dirt, surrounded by a cushioning ma¬
terial such as several inches of excel¬
sior, and carefully and securely packed
in a strong, properly labelled box. The
top of a wooden packing box should
be fastened with screws (not nails) to
avoid damage resulting from blows
with a hammer or nail puller. It may
be advisable to invert the instrument
in the shipping container so that the
upper instead of the lower jewel and
pivot receive any damaging blows that
occur in shipment. If this is done, the
box should carry a “This Side Up”
label. These precautions aid in pro¬
tecting delicate lower jewels and pivots
from injurious mechanical shocks dur¬
ing transit.
Precautions should be taken to pre¬
vent marring or scratching the finish
of an instrument lid or case. Such
defacing may occur if an instrument
is placed near a hot rheostat or an
inverted lid is carelessly pulled along
a rough surface. An occasional clean¬
ing of the surface of an instrument
case is advisable in order to restore
good appearance, as the better the ap¬
pearance the more respect it is likely
to receive.
A relative humidity of less than 65
percent and a temperature of 25 C.
are desirable for the air of a room
where instruments are to be used. If
the air is too humid, moisture may
condense on insulating surfaces be¬
tween resistors and act as a highresistance shunt or in effect reduce
the total resistance of that part of
the circuit. This effect is ordinarily
more noticeable in high ohms-per-volt
instruments. For extremes of humidity,
moisture may be absorbed by or evap¬
orated from the insulating fibers sur¬
rounding fine resistance wire, causing
the threads to change dimensions, thus
exerting pressures and stresses on the
fine wire and altering the resistance.
It is a good practice to compare work¬
ing instruments against reference in¬
struments at least once a year. If high
precision of measurements is needed,
the instruments should be checked
against reliable reference standards or
sent to a measurements laboratory
where precision tests may be made.
Such tests will reveal changes in the
accuracy of instruments.
Most instrument companies occasion¬
ally issue instruction manuals, bulletins
and catalogs for the benefit of their
customers. These ordinarily give valu¬
able information about their instru¬
ments, with diagrams showing how to
connect them in a circuit. It is well
to consult such manuals in addition to
handbooks, textbooks and other useful
sources of information.
III. Sources of Error (Instruments
and Associated

Apparatus)

A knowledge of the common sources
of error in instruments and associated

apparatus may be helpful in eliminat¬
ing certain errors of measurement and
increasing the accuracy of results.
. Some of the conditions that may in¬
terfere with the normal turning of the
moving system of an instrument are:
a warped or loosened paper scale, thin
fibers projecting upward from a paper
scale, iron filings in the air gap, a
bent pointer, a bent damping vane, a
flat pivot, a broken jewel, or a moving
system too tight or too loose in its
jewels. Each of these possible sources
of error should be corrected and the
instrument retested where necessary
before use if highly accurate results
are desired. Obstructions can usually
be detected by a “jumping of the point¬
er” as current through the instrument
is slowly increased or decreased to de¬
flect the pointer .upscale or downscale.
Occasionally during this test, set the
pointer to a scale mark and tap the
case lightly:
pivot friction will be
revealed by a slight change in pointer
position.
Tapping the case of an instrument
while it is being read is usually un¬
necessary if the instrument is properly
constructed and in good condition. How¬
ever, when slight friction is present
from any cause, its effect can usually
be temporarily minimized by gently
tapping the case. Hard tapping may
result in damaged pivots and jewels.
Errors resulting from friction and
from mechanical unbalance may be
expected if a portable instrument, de¬
signed to be operated with the axis of
the moving coil in a vertical position,
is read while the instrument is so
placed that this axis is inclined from
the vertical or is in a horizontal posi¬
tion. In general it is good practice to
use an instrument with its movingcoil axis only in the position for which
it was designed.
Parts of moving systems, including
pointers of instruments, tend to vi-“
brate at certain frequencies where they
are mechanically resonant. Ordinarily,
at the frequency for which the instru¬
ment is designed, this should not be
expected as the maker tries to avoid
this in his design and construction.
This phenomenon is revealed by er¬
ratic pointer movements, pointer wid¬
ening or blurring, and sometimes by a
rattling noise. Errors should be ex¬
pected if the instrument is read under
these conditions. It is possible to change
the resonance frequency by changing
the balance weights and rebalancing
the moving system.
Some instruments show inherently
large zero shifts: After the moving
system is deflected up-scale for a few
minutes, the pointer does not return to
its initially set zero position when the
circuit is opened. The observed shift
may generally be explained on the basis
of inelastic yield in the springs. Such
shifts constitute a source of error for
which it is not practical to apply a
correction. The only remedy if the
shifts are large is to have the spring
replaced by the manufacturer.

Poor
electrical
contacts
at
the
switches or in any part of a measure¬
ment circuit are a source of consider¬
able annoyance to an observer. In in¬
stances where this condition cannot
be alleviated ' by cleaning and oiling
the contacts, it may be necessary to
have the contacting surfaces plated
with nickel, silver or gold. For rugged
service, where high currents and great¬
er wear due to higher contact pressures
are involved, a silver inlay in the con¬
tacting areas has proved highly satis¬
factory.
An electrical instrument may give
inaccurate values because of errors
in the original scale calibration. In
other words, the cardinal points on the
scale may have been improperly placed
by reason of uncorrected errors in the
test equipment or in procedures used
to locate lines on the scales. An in¬
spection of the scales of some instru¬
ments reveals a noticeable inequality
in the spacing of adjacent subdivision
marks. An observer should not place
much trust in the indications of an
instrument that has an erratic and
carelessly-drawn scale.
To provide the greatest reading ac¬
curacy, a portable instrument should
have a good scale, a knife-edge pointer
and an anti-parallax mirror. The knifeedge width should be about equal to
that of the scale division marks, and
not greater than one-tenth of the dis¬
tance between successive scale divi¬
sions. For such an instrument an ex¬
perienced observer should be able to
estimate the pointer indications to bet¬
ter than ±0.2 scale division. With a
laboratory standard having the major
scale divisions subdivided into fifths
by means of diagonal lines intersect¬
ing six concentric arcs, one would be
expected to estimate to about 0.05 of
the major divisions. Instruments that
do not have anti-parallax mirrors are
subject to rather large reading errors.
When a wattmeter is initially in¬
serted in a circuit for the measurement
of a-c. power, it is a good practice to
put an ammeter in series with the cur¬
rent coil and a voltmeter in parallel
with the voltage coil. This precaution
is advisable because it is possible for
either or both coils to be damaged by
overload and yet the pointer may not
indicate a full-scale reading since a
wattmeter measures watts (VI cos 6).
To avoid the errors caused by electro¬
static effects resulting from differences
in potential of the two circuits of a
wattmeter without a common connec¬
tion, the ± voltage terminal should be
connected through a voltmeter to the
± current terminal.
Errors may result from (1) electro¬
static forces, and (2) leakage currents,
if the moving system of an instrument
is at a different voltage from that of
its case or panel. Correct electrostatic
shielding will eliminate this source of
error. Static charges on the glass win¬
dow or case of an instrument may also
cause errors in pointer indications.
The effect of a static charge, such as
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one arising from rubbing the glass
with a cleaning cloth, may usually be
eliminated by blowing one’s breath on
the affected area. Trouble from the
accumulation of static charges will be
more frequent at low humidities be¬
cause of increased insulation resistance.
Insofar as possible, one should avoid
locating instruments in an area where
there is a strong magnetic field or
adjacent to large masses of metal.
Strong fields may be encountered near
current-carrying conductors, trans¬
formers, Variacs, and even other in¬
struments. Pointer indications of some
unshielded portable d-c. instruments
may be in error by as much as 2 per¬
cent when the instrument is read while
resting on a table having a sheet-iron
top. Errors resulting from stray fields,
eddy currents and the shunting effect
of nearby sheets of iron, are generally
much less for shielded instruments
than for unshielded ones.
A panelboard instrument should not
be inserted in a steel panel unless it
has been calibrated by the manufac¬
turer for use in such a panel.
There is a tendency for the magnets
of d-c. instruments to become weaker
with time if they have not been prop¬
erly aged or conditioned, thereby weak¬
ening the flux in the air gap. Such a
tendency is indicated when periodic
tests show that an increasing value of
the measured magnitude is required
to deflect the pointer to a given scale
mark, other factors remaining con¬
stant.
In making measurements with am¬
meters, voltmeters, and wattmeters, it
is well to remember that there may be
considerable power losses and voltage
drops in the instruments as well as in
their leads. These must be taken into
consideration in precise measurements.
Voltmeters requiring 0.1, 1, 10 and
100 milliamperes for full-scale deflec¬
tion are in common use. Before a volt¬
meter is placed in a circuit, one should
consider the effect of the current losses
of the instrument upon the circuit.
Voltmeters having current losses of
0.1 milliampere are desirable for some
applications; however, one that re¬
quires 10 milliamperes for full-scale
deflection is likely to have more rugged
components and therefore is preferable
where current loss is not an item of
importance.
When carrying rated current, shunts
and resistors in some instruments are
required to dissipate a considerable
amount of heat. Unless the resistance
material was properly annealed by.the
manufacturer and has a low tempera¬
ture coefficient of resistivity, changes
in resistance with use may be expected.
These changes, accelerated by heating
which occurs when the resistor carries
rated current, may produce significant
errors in instrument indication. Ade¬
quate provisions have not been made
in some instruments and equipment
for dissipating their large heat losses,
and this may result in excessively high
temperature when in use.

Some types of instruments not prop¬
erly compensated for changes in tem¬
perature may be in error by as much
as 0.4 percent per degree Centigrade.
An instrument will normally be at
least partly temperature compensated,
so the coefficient is more likely to be
0.1 percent or less per degree Centi¬
grade.
Since most instruments are
calibrated for use at 25 C., for precise
work it is best to allow them to reach
temperature equilibrium in a room
maintained at this temperature. This
is especially true for thermocouple in¬
struments because they have rather
large temperature coefficients. If this
precaution is taken, it will not be nec¬
essary to apply temperature correc¬
tions to pointer indications. It may
also insure against errors arising from
an unsuspected difference in tempera¬
ture of the components of an instru¬
ment.
Lamps used for scale illumination
radiate considerable heat and, if placed
too near the coil or spring, may in¬
crease the temperature of these com¬
ponents and thereby produce consider¬
able error in the pointer indication.
The values indicated by moving-iron
and rectifier-type instruments may be
in error by several percent if used on
direct current or if used on alternating
current at a frequency other than that
for which they were designed by the
manufacturer.
Rectifier
instruments
are generally calibrated for use on a
pure sine wave and their readings may
be considerably in error if used for
measurements in which the wave-form
is distorted.
Electrodynamic (except those having
iron cores or built-in transformers),
electrostatic, and thermocouple instru¬
ments are designed for use either on
direct current or on alternating cur¬
rent within specified frequency ranges.
The mean of values corresponding to
the two directions of current should
be used when measuring direct cur¬
rent with either of these three types.
When alternating current is measured,
the frequency should lie within the
range for which the scale was cali¬
brated. Ac.-dc. differences for these
three types are ordinarily rather small
at power frequencies. However, for
measurements of the highest accuracy,
it may be desirable to have these dif¬
ferences determined.
Switchboard shunts of large current
rating (1000 amperes or more) should
be tested in position with the current
and potential terminal connections nor¬
mally used. A test in any other posi¬
tion is not likely to duplicate the cur¬
rent distribution through or the heat¬
ing of the shunt encountered in normal
use and may give values of current
that differ from those for normal con¬
nection by as much as 2 percent.
Standard cells must be used with
care.
Unlike electrical
instruments
they give no visible signs of electrical
abuse. They are designed for use as
standards of emf. only and should be
properly connected to a potentiometer.

The unsaturated type of cells are gen¬
erally used in laboratories. Even a
small current drain for a short period
of time. (100 microamperes for 5 min¬
utes or more) ma^ temporarily impair
the usefulness of such cells. If used
in potentiometers where highly accur¬
ate measurements are desired the cells
should ^>e tested periodically. It is
sometimes advisable to enclose them in
thermally insulated boxes to eliminate
errors that arise from sudden changes
in temperature or differences in tem¬
perature "between the two legs of the
cell.
. A millivoltmeter in combination with
a pair of leads and an external shunt
(or a group of shunts to provide a
number of ampere ranges) is some¬
times used for measuring direct cur¬
rents. To get reliable results, it is nec¬
essary to use the particular leads (or
leads having equivalent resistance)
with which the millivoltmeter and its
shunts were tested. Since the milli¬
voltmeter may have a resistance of
only a few ohms, it is apparent that
a small change in resistance of the
leads or their contacts may cause an
appreciable error in measurement.
IV. Measurement Procedures
When making a test, record on the
data sheets all pertinent information
about the test and the equipment used.
A wiring diagram of the test setup,
date, humidity of air, room tempera¬
ture, duration of warm-up period,
makes, models, ranges and serial num¬
bers of instruments and equipment
used should be listed. Unusual tem¬
perature rises as well as defective or
unsatisfactory performance of any
equipment should be noted. The rec¬
ord should be sufficiently detailed to
permit an accurate appraisal of the
test results or a later duplication of
the setup to permit a satisfactory ex¬
perimental check. Test records should
be complete, in ink, and on a good grade
of paper so that they may be filed for
future reference. The records should
be made unless the observer is certain
that they will have no future use. In¬
adequate test data may be a source of
genuine embarrassment at some later
date.
Before an observer reads an instru¬
ment he should make sure that the
scale is properly illuminated. This is
of considerable importance for precise
readings or if errors resulting from
fatigue are to be minimized where
consecutive readings are to be made
over a period of time. A hand lens hav¬
ing a magnifying power of 5 is a help¬
ful aid in getting accurate pointer
readings.
It is a good practice for an observer
to read and record the pointer indi¬
cations of an instrument in divisions
estimated to tenths (on the appropriate
scale of a multi-range instrument)
rather than in measured units. The
correction table for a given instrument
should also be expressed in divisions.
There will be a minimum of confusion
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if the formula 1 + C = T (indicated
reading plus correction equals true
value) is used in applying corrections.
The true value (in divisions) may then
be converted to measured units.
Assuming that an observer can esti¬
mate a pointer deflection on a 100-di¬
vision scale to 0.2 division on any part
of the scale, a reading error of 0.2
division at the 100-division point will
be 0.2 percent of the measured magni¬
tude, whereas a reading error of 0.2
division at the midpoint of the scale
will be 0.4 percent of the measured
magnitude. On the same basis the error
at 20 divisions will be 1 percent of the
measured magnitude. It is apparent
then that if one is to minimize reading
errors, only about the upper half of
a scale should be used. For lower values
of the measured magnitude, one should
make use of a lower range instrument.
The laboratory and its equipment
should be restored to order after com¬
pletion of each job. Instruments and
other equipment should be returned
to their assigned cabinet or storage
space where they will be protected and
can be readily located by the next user.
An instrument that has been damaged
or found to be defective should be
properly labelled “To be repaired,”
and should not be returned to its usual
shelf space. The person in charge
should be notified and steps taken to
repair or replace the damaged part.
V.

Conclusion

In conclusion then, to get the most
out of an instrument one should take
advantage of the information in manu¬
facturers’ instruction manuals and any
other good sources. The proper connec¬
tions, correct applications and limita¬
tions should be known for each piece of
equipment. Such factors as frequency,
wave-form, temperature, and stray
fields, must be given careful considera¬
tion. The instruments should be tested
periodically, and when in use precau¬
tions should be taken to eliminate or
to correct for all possible sources of
error. The life of an instrument will
be materially increased if a little fore¬
thought and respect are given at all
times in its care and use.
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A CAMERA OBSCURA FOR INSTRUMENT READING
F. K. Harris and F. D. Weaver
Electrical Instruments Section
National Bureau of Standards
(Abridged from a Conference Paper presented at the Winter-General Meeting of
the American Institute of Electrical Engineers, January 1954)

1.

INTRODUCTION

An instrument reading camera,

or scale projector,

is used in the elec¬

trical instruments testing laboratory at the National Bureau of Standards as
an aid for the observer in accurately setting the pointer of a portable
instrument to selected division marks on an instrument scale.
The unit (lens
head and hood arrangement) makes use of a photographic objective lens system
and a front face mirror to project the enlarged image of a portion of the
scale of an instrument on a vertical ground glass screen where it may be con¬
veniently viewed by the observer„
Standardization testing of indicating
instruments requires that the pointer settings be accurately made; the camera
with its magnification of 5x, improves the accuracy with which pointer set¬
tings can be made.
The unit may also be used for accurately reading the
pointer indications of an instrument.
It is a common practice to use a hand lens as an aid in setting a
pointer to a given scale mark or in reading the pointer position on a scale.
A reading lens is often inconvenient to use and is conducive to eye strain
and physical fatigue.
This is especially true if a large number of obser¬
vations are to be made consecutively.
The arrangement described here elim¬
inates much of the eye strain and physical fatigue involved in reading
instrument scales.
This is in large part due to the fact that when using
the camera the observer sits in a normal restful position viewing the scale
on the ground glass screen with both eyes open.
Without the aid of a scale
projector (to convert binocular to monocular vision) the observer must line
up the pointer, the scale division mark and the image of the pointer in the
anti-parallax mirror with one eye closed.
This procedure requires the
observer to sit in an unrestful position and necessarily causes tiring of"
both the eyes and the body muscles.
2.

CONSIDERATIONS

In designing the instrument reading camera certain requirements were
set up as essential to its use in a standardizing laboratory.
These were
(1) adjustable focusing arrangement, (2) scale and pointer of the test
instrument must be clearly visible simultaneously, (3) sufficient scale
illumination without undue temperature changes in the instrument under test,
(4) moderate magnification, (5) ease of reading, to minimize eye strain and
physical fatigue, (6) ease of adjustment to accommodate portable instruments
of various depths and scale lengths, (7) adjustment so that the pointer can
be easily followed as it is deflected up or down scale, and (8) provision
for eliminating parallax errors.
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3.

THE CAMERA

All of these features were incorporated in the instrument reading
camera (scale projector) under consideration.
/Figure 1/
The optical system consists of a photographic objective lens (Goerz
Dogmar) having a focal length of 3-1/8 inches and an associated iris dia¬
phragm adjustable from f4.5 to f32, a front surface aluminized mirror and
a ground glass screen.
All of these components are encased in a lens head
and hood arrangement.
The hood is part of a cone 14" long with a diameter at the viewing
end of about 6-3/4"
The ground glass screen is located inside the hood
about 4" from the viewing end.
The distance from the scale to the lens is
about 4", lens to center of mirror 6", and from mirror to screen 12".
The instrument to be tested is placed below the lens head so that the
instrument scale faces away from the observer.
When the instrument is
placed properly for observations one sees on the vertical ground glass
screen an inverted and enlarged image of a portion of the instrument scale
and pointer.
The scale illuminating system consists of seven lamps, each 6 candle
power 6-8 volts, equally spaced around a circular ring, outside but
attached to the lens cone.
The reflectors are sections of ellipsoids of
revolution with the light source at one focal point, which focus the light
at a distance of about 6".
The illumination on the instrument scale is
concentrated in an area about equal to the field of view of the camera.
The lamp housings may be rotated through about 30 degrees in their mountings
about either of two mutually perpendicular axes.
This allows lateral adjust¬
ment of the spots of illumination from each lamp to provide uniform illum¬
ination of the part of the scale and pointer being viewed.
The illumination
on the instrument scale is of high intensity and is completely shadowless.
A heat-absorbing glass filter (Corning-Aklo), mounted in each lamp housing,
absorbs about 90 percent of the total energy in the light beam but transmits
more than 65 percent of the blue green where visibility is greatest; i.e.,
the visual brightness is decreased by only about 40 percent while the total
energy is only 10 percent of that in the unfiltered beam.
The temperature rise resulting from heat reaching an electrical instru¬
ment in position under the camera may be seen in Figure 2.
In this test the
illuminated spot was held fixed at about the mid-point of the scale.
Tem¬
perature rise is plotted against time for a number of locations on the face
of the instrument and, by means of a thermometer well, within the interior
of the case.
The latter temperature rise amounts to only 1.5°C after one
hour exposure.
This temperature change is not objectionable unless one is
testing instruments that are poorly temperature compensated.
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The arrangement of components is shown in Figure 3.
Note that in this
Figure only one of the 7 lamps is shown and that the hood is turned through
an angle of 180 degrees from its normal position.
All the machine work was
done in the shops at the National Bureau of Standards.
All the metal parts
are made of non-magnetic material: duralumin, brass or bronze.
The upright
post which supports the camera, and the other bulky metal parts are so
located that, when the test instrument is in its proper position, no eddycurrent error can be detected, even in an unshielded moving-iron instrument.
The central portion of the shaft on which the boom slides is threaded.
A threaded nut for focusing the lens on an instrument scale fits into an
opening in the boom frame.
By manually turning this nut the boom may be
raised or lowered to accommodate instruments of various heights.
The lens head is supported from a horizontal arm attached to the end
of the boom through a hinge joint.
The lens head may be moved along the
boom arm by a rack and pinion arrangement.
If the axis of the moving
element of an instrument is placed directly beneath the pivot of the boom
arm and the lens is directly above the instrument scale, it is possible to
follow the pointer over the scale by manually turning the boom arm on its
pivot.
The lens moves along the arc of the instrument scale.
By means of two knurled knobs it is possible to alter the plane of the
front-surface mirror in the optical train and shift the image of the scale
and pointer on the viewing screen.
The purpose of this adjustment is to
bring the "no-parallax" position of the pointer to the center of the screen.
If the adjustment is properly made, parallax will be minimized when the
pointer intersects the small circle at the center of the screen.
This is
shown in Figure 4.
Parallax errors will be eliminated for each setting if
the boom arm is adjusted until the image of the pointer on the screen coin¬
cides with the pointer image reflected from the anti-parallax mirror of the
instrument.
The optical system of the camera has sufficient depth of focus
that both of these images can be seen.
In testing electrical instruments the procedure which we usually follow
is to adjust the measured quantity until the instrument pointer is on a
chosen scale mark, and then to evaluate the quantity.
It is therefore per¬
tinent to inquire how closely an observer can set the pointer to a division
mark on an instrument scale.
Five of our laboratory people were asked to
make settings to a division mark on a voltmeter scale using (1) the unaided
eye and (2) the reading camera.
In each instance a second observer measured
the voltage set, using a potentiometer and volt box.
Each observer made a
group of five settings, and, an hour later, a second group.
The instrument,
a high quality d-c voltmeter having a 100 division scale 6.1 inches long,
was energized for an hour before the test was started, in order to eliminate
errors of spring fatigue and self heating.
The results are given in Table 1.
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It may be noted that the range of mean values determined by the various
observers, as well as the total spread in their individual observations is
about twice as large with the unaided eye as with the camera.
If we assume
that the true value of voltage corresponding to the chosen scale mark is 60.10
it may be concluded that the average for any of the observers will be within
0.01 division of the true value when the camera is used.
Using the unaided
eye, the average error in setting may be expected to be as much as 0.03
division.
4.

CONCLUSIONS

It is realized that the above sampling is too limited to serve as a
basis for general conclusions concerning the ability of observers to set
particular values on a scale.
Many other factors such as the relative
width of divisions, scale lines and pointer, uniformity of scale and its
overall quality would have to be considered before a general statement
could be made.
However, the data given here verify our laboratory exper¬
ience with the reading camera.
Its use is of material assistance in the
accurate setting or reading of an instrument scale.
Of equal or greater
importance is the fact that an observer can use it comfortably without eye
strain or undue fatigue when observations must be continued over a con¬
siderable time.
There are of course factors other than the nature and quality of the
scale that have to be considered when one is setting a pointer to a mark or
estimating pointer position on a scale.
Pivot friction, spring fatigue,
self heating, and mechanical unbalance are all possible sources of error
that the manufacturer attempts to eliminate through good design and work¬
manship.
Errors of observation can be minimized by the use of a reading
aid such as the one we have described.

Table 1

Observer

Unaided Eye
Mean Value
Maximum Deviation

Mean Value

Camera
Maximum Deviation

60.11
60.07

0.01
.03

60.10
60.10

0.02

2

60.11
60.11

.05
.02

60.11
60.10

.01
.02

3

60.09
60.07

.03
.05

60.10
60.09

.01
.02

4

60.11
60.11

.01
.01

60.11
60.11

.01
.01

5

60.12
60.11

.05
.03

60.09
60.09

.03
.02

1
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Table 1
Ratings of Components

Power Supply A

Component s
Voltage Stabilizer, VS-^ & VS2

190-230v,

Auto Transformer,

230v,

4a

230v,

2

A3

230v,

3a

230v,

2a*

A^ & A^

115v,

la

115v,

la

Auto Transformer,

A2,

Auto Transformer, A4,

240/24v,

Transformer T3
Transformers T^,

120/5v,

T^ & T^

lOOOva

Power Supply B

lOOva
25va

1500 ohm,

Load Resistors R-^ & R2

lOOw

190-230v,

250va

a*

240/24v,
120/5v,

25va
lOva

1500 ohm,

lOOw

’’'Smallest 230 volt unit available

Table 2
Stabilization and Regulation
1000
v-a Stabilizer, VS]

Input
Voltage
Volts
190

Output
Load
Percent

230
240

25
25
25
25
25
25

210

0

200
210
220

210

25
50

210

75

210

P.F.

Output
Voltage
Volts
230.525
.523
.513
.498
.478
.448

1.0
1.0
1.0
1.0
1.0
1.0

229.860
.860
.999
230.080

—

1.0
1.0
1.0
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Stabilization
Ratio
5000

1000
700
500
300

a

Fig.

2

Phase-Shifting Auto-Trans former

445/8

Fig.

5

Phase

Shift

Stabilizer,

446/9

in Output
VSj

Voltage

of

1000 v-a

October I960

List of Publications LP38

Electrical Units, Instruments, and Measurements
Publications by the Members of the Staff
of the National Bureau of Standards

1.

General Information

This list of publications is a selection which describes the
methods and equipment used in the establishment and maintenance of
the electrical units and the standards that have been developed at the
National Bureau of Standards for the calibration of measuring
apparatus.
It includes references to older publications of the Bureau
which describe basic principles and methods and are therefore still
useful. References to articles on electrical measurements at radio
and higher frequencies are not included.
Many inquiries sent to this Bureau can best be answered by
reference to a recognized national standard, or by reference to a
particular textbook or handbook.
Accordingly a few such standards
and books are listed that include the information on instruments and
measurements most frequently requested.
This Bureau makes no tests on motors, generators, or
transformers used for power or lighting service, and has no current
publications on their design or performance.
It cannot undertake to
answer questions concerning the design, construction, repair, or
rewinding of such apparatus in cases where the matter is not one of
general interest.
A number of pertinent references are listed in a
folder ’'Electric Motors and Generators, Basic Information Sources"
available on request from the Office of Publications, Department of
Commerce, Washington 25, D. C.
Some of the publications by Bureau authors have appeared in
the regular series of publications of this Bureau, and others in
various scientific and technical journals. Reprints of some of the
more recent papers may be available upon request from the authors.
NBS Circulars may be obtained by purchase, where the price is
stated, from the Superintendent of Documents, Government Printing
Office, Washington 25, D. C.
2.

Units and Absolute Electrical Measurements

By international agreement the absolute system of electrical
units was adopted to become effective on January 1, 1948.
The
following papers concern the measurements and values entailed in
the establishment of the values of standards in terms of absolute
units.
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.

1

A determination of the absolute ohmr using an improved self
inductor.
H. L. Curtis, C. Moon, and C. M. Sparks.
J.
Research NBS _21, 375
(1938) RP1137.

2.

An absolute determination of the ampere, using helical and
spiral coils. R. W. Curtis, R. L. Driscoll, and C. L.
Critchfield.
J. Research NBS 28, 133 (1942) RP1449.

3.

Review of recent absolute determinations of the ohm and the
ampere.
H. L. Curtis,
J. Research NBS 33, 235 (1944)
RP1606.
An absolute measurement of resistance by the Wenner method.
J. L. Thomas, C. Peterson, I. L. Cooter and F. R. Kotter.

4.

J. Research NBS 43, 291 (1949) RP2029.
5.

Establishment and maintenance of the electrical units.
F. B. Silsbee.
NBS Circ. 475, 38 p. (1949) 30 cents.

6.

Measurement of the proton moment in absolute units.
H. A.
Thomas, R. L. Driscoll, J. A. Hippie.
J. Research NBS
44,

569 (1950) RP2104.

7.

A new method for determining the value of the Faraday.
D. N. Craig, J. I. Hoffman.
Phys. Rev. 80, No. 3, 487
(1950).
—

8.

Standards for electrical measurement.
Today 4,

9.

F.

B. Silsbee.

Phys.

19 (1951).

Measure for measure: Some problems and paradoxes of pre¬
cision.
F. B. Silsbee.
J. Wash. Acad. Sci. 41, No. 7, 213
(1951).

10.

Fundamental units and standards.
26, 1520 (1953).

F. B. Silsbee.

Instruments

11.

Extension and dissemination of the electrical and magnetic units
by the National Bureau of Standards.
F. B. Silsbee.
NBS
Cir. 531, 33 p. (1952) 35 cents.

12.

Electrochemical constant.
NBS Circ.
This circular includes:

524 (1953) $2.00.

a Standard cells and the unit of electromotive force.
W. J. Hamer, L. H. Brickwedde, P. R. Robb, pp 103-118.
b Determination of the Faraday constant by the electrolytic
oxidation of oxalate ions.
D. N. Craig, J. I. Hoffman,
pp 13-20.
c The Far.aday and the omegatron.
H. Sommer, J. A. Hippie.
pp 21-26.

448/2

13.

Nuclear magnetic resonance and the measurement of magnetic
fields.
R. L. Driscoll.
Natl. Phys. Lab. Symp. of
Precision Electrical Measurements (1955).

14.

Measurement of current with a pellat-type electrodynamometer.
R. L. Driscoll.
J. Research NBS 60, 287 (1958)
RP2845.

15.

Measurement of current with the National Bureau of Standards
current balance. R. L. Driscoll and R. D. Cutkosky.
J. Research NBS 60, 297 (1958), RP2846.

16.

New apparatus at the National Bureau of Standards for absolute
capacitance measurement.
M. C. McGregor, J. F. Hersh,
R. D. Cutkosky, F. K. Harris, and F. R. Kotter.
IRE
Trans. Instrumentation, 1-7, No. 3-4, 253 (Dec. 1958).

17.

A free precession determination of the proton gyromagnetic
ratio.
P. L. Bender and R. L. Driscoll.
IRE Trans
Instrumentation, 1-7, No. 3-4, 176 (Dec. 1958).

18.

The ampere.
(May,

F.

B. Silsbee. Proc.

IRE

47, No.

5,

643

1959).

19.

Simplification of systems of units.
Symposium, 19 59.

20.

Some results on the cross capacitances per unit length of
cylindrical three-terminal capacitors with thin dielectric
films on their electrodes.
D. G. Lampard and R. D. Cutkosky.
Inst. Elec. Engs. (London) Mono. No. 351M, January I960.

21.

Determination of the value of the Faraday with a silverperchloric acid coulometer.
D. Norman Craig, C. A. Law,
J. I. Hoffman,and W. J. Hamer.
J. Research NBS 64A5,
381 (I960).
3.

1.

2.

F.

B.

Silsbee.

Standard Cells

Effect of service temperature conditions on the electromotive
force of unsaturated portable standard cells.
J. H. Park.
B.S. J. Research NBS I0_t 89 (1933) RP518.
Standard cells and the unit of electromotive force.
L. H. Brickwedde, and P. R. Robb.
NBS Circ.
p 103- 118 (1953) $2.00.
(-see Section 2).

3.

AAAS

W. J. Hamer,
524,

A temperature-control box for saturated standard cells.
E. F. Mueller and H. F. Stimson.
J. Research NBS 13,
699 (1934) RP739.
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4.

Standards of electromotive force.
G. W. Vinal, D. N. Craig,
and L. H. Brickwedde.
Trans. Electrochem. Soc. 68, 139
(1935).

—

5.

Metastability of cadmium sulfate and its effect on electromotive
force of saturated standard cells.
G. W. Vinal and L. H*
Brickwedde.
J. Research NBS 2i6, 455 (1941) RP1389.

6.

Standard cells and the change from international to absolute
electrical units.
G. W. Vinal.
J. Electrochem. Soc. 93,
95 (1948).
~

7.

New quartz container for standard cells at the National Bureau
of Standards.
G. W. Vinal, L. H. Brickwedde, and W. J.
Hamer.
Compt. Rendu. Sept. 5-10, 92 (1949).
4. Resistors

1.

The fbur-terminal conductor and the Thomson bridge.
Bui. BS 8, 559 (1912) S181.

2.

Adjustments of the Thomson bridge in the measurement of very
low resistances.
F. Wenner and E. Weibel.
Bui. BS 11,
65 (1915) S225.

3.

A study of the inductance of four-terminal resistance standards.
F. B. Silsbee.
Bui. BS _13, 375 (1916- 17) S281.

4.

Notes on the design of four-terminal resistance standards for
alternating currents.
F. B. Silsbee.
BS J. Research
4, 73 (1930) RP133.

5.

A method of adjusting the temperature coefficient and resistance
of low-valued resistance standards.
F. Wenner and J. L.
Thomas.

BS J. Research 12,

F. Wenner.

147 (1934) RP639.

6.

Methods, apparatus, and procedures for the comparison of
precision standard resistors.
F. Wenner.
J. Research NBS
25, 229 (1940) RP1323.

7.

Stability of double-walled manganin resistors.
J.

J.

L.

Thomas,

Research NBS 36, 107 (1946) RP1692.

8.

Precision resistors and their measurement.
NBS Circ. 470, 32 p.(1948) 30 cents.

9.

Best arrangement of resistors in a series group.
Rev. Sci. Instr. 21, No. 5, 491 (1950).

10. Measurement of multimegohm resistors.
Research NBS 50, 147 (1953) RP2402.
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A.

J.

H.

L.

Thomas.

H.

B.

Scott.

Brooks.

J.

11.

Alloys for precision resistors.
C. Peterson.
National Physical
Laboratory Symposium of Precision Electrical Measurements,
(1955).

12.

Rack for standard resistors.
P. H.
Instr. 30, 291-292 (April 1959).

13.

A method of controlling the effects of resistance in the link
circuit of the Thomson or Kelvin double bridge.
D. Ramaley.
J. Research NBS 64C4, 267 (I960).
5.

Lowrie, Jr.

Rev. Sci.

Inductors

(See also Section 2)
1.

Design of standards of inductance, and the proposed use of
models in the design of air-core and iron-core reactors.
H. B. Brooks.
BS J. Research 7, 289 (1931) RP342.

2.

Improved continuously variable self and mutual inductor.
H. B. Brooks and A. B. Lewis,
j. Research NBS 19, 493
(1937) RP1040.

3.

Formulas for computing capacitance and inductance.
NBS Circ. 544, 64 p. (1954) 40 cents.

4.

A study of absolute standards of mutual inductance and in
particular the three-section National Bureau of Standards
type.
F. W. Grover.
J. Research NBS 53, 297 (1954)
RP2548.

5.

Methods for measuring the Q of large reactors.
C. Peterson,
B. L. Dunfee, F. L. Hermach.
Am. Inst. Elec. Engrs.
Trans. Paper 56-87 (1956).

6.

Inductive efficiency of reactive coils.
Engr. (May 1956).
6.

H.

B.

Brooks.

C. Snow.

Elec.

Capacitors

(See also Section 2)
1.

Measurement of relative and true power factors of air
capacitors.
A. V. Astin.
J. Research NBS 21, 425 (1938)
RP1138.

2.

Nature of energy losses in air capacitors at low frequencies.
A. V.

Astin.

J. Research NBS 22,
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673 (1939) RP1212.

3.

Standards for low values of direct capacitance.
C. Moon and
C. M. Sparks.
J. Research NBS 41, 497 (1948) RP1935.

4.

A standard of small capacitance.
42,

C. Snow.

J. Research NBS

287 (1949) RP1970.

5.

Formulas for computing capacitance and inductance.
NBS Circ. 544, 69 p. (1954) 40 cents.

6.

Variable capacitor calibration with an inductive voltage divider
bridge.
T. L. Zapf.
NBS Tech. Note 57 (PB161558)
50 cents.
(Available only by purchase from the Office of
Technical Services, Department of Commerce, Washington
25,

D.

C.

Snow.

C.)

7.

Capacitor calibration by step-up methods.
(informal communication).

T.

L.

Zapf.

8.

New apparatus at the National Bureau of Standards for absolute
capacitance measurement.
M. C. McGregor, J. F. Hersh,
R. D. Cutkosky, F. K. Harris,and F. R. Kotter.
IRE Trans.
Instrumentation, 1-7, No. 3-4, 253 (Dec. 1958).
7.

Potentiometers, Volt Boxes, and Bridges

1.

Deflection potentiometers for current and voltage measurements.
H. B. Brooks.
Bui. BS 8, 395 (19 12) SI72.

2.

A multi-range potentiometer and its application to the measure¬
ment of small temperature differences.
H. B. Brooks and
A.

W. Spinks.

BS J. Research j>,

781 (1932)RP506.

3.

The standard-cell comparator, a specialized potentiometer.
H. B. Brooks.
BS J. Research 11, 211 (1933) RP586.

4.

The Waidner-Wolff and other adjustable electrical-resistance
elements. E. F. Mueller and F. Wenner.
J. Research
NBSF3, 477 (1935) RP842.

5.

Les Potentiometres.

H.

B.

Brooks.

Cong.

Ind. d'Elec. (Paris)

3, 275 (1932).
6.

Testing and performance of volt boxes.
F. J.

7.

Gross.

F. B. Silsbee and

J. Research NBS_27, 269 (1941) RP1419.

Portable potentiometer and thermostatted container for
standard cells.
A. W. Spinks, and F. L. Hermach.
Sci. Instr. 26, No. 8, 770 (1955).
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Rev.

8.

Lindeck potentiometer.
D.
No. 11, 1078 (1955).

W.

Oliver.

Rev. Sci.

Instr.

26,

9.

An a-c Kelvin bridge for the audio frequency range.
B. L.
Dunfee.
Am. Inst. Elec. Engrs. Trans. Paper 56-25
(1956).

10.

The use of an a-c bridge to measure core loss at high inductions.
I. L. Cooter, W. P. Harris.
Am. Inst. Elec. Engrs. Trans.
Paper 56-26 (1956).

11.

A low-cost microvolt potentiometer.
Instr. (1957).
8.

W. H.

Wood.

Rev.

Sci.

Instruments and Meters
and Their Testing

1.

Accuracy of commercial electrical measurements.
H. B.
Brooks.
Trans. Am. Inst. Elec. Engrs. 39, 495 (1920).

2.

A suppressed-zero electrodynamic voltmeter.

F. K.

Harris.

BS J. Research _3, 445 (1929) RP105.
3.

Composite-coil electrodynamic instruments.
BS J. Research 8, 217 (1932) RP411.

F.

B. Silsbee.

4.

Temperature compensation of millivoltmeters.
J. Research NBS 17, 497 (1936) RP926.

5.

Standard electrodynamic wattmeter and ac-dc transfer instru¬
ment.
J. H. Park and A. B. Lewis.
J. Research NBS 25,
545 (1940) RP1344.

6.

Basis of standardization of electrical instruments and meters.
F. B. Silsbee. Elec. World 130, No. 21, 90 (1948).

7.

Performance of portable electrical instruments in magnetic
fields.
A. E. Peterson.
Trans. Am. Inst. Elec*. Engrs.
_67, 1228 (1948).

8.

A precision electrothermic voltmeter for measurement between
20 and 20,000 cycles.
F. L. Hermach.
Trans. Am. Inst.
Elec. Engrs. 67, 1224 (1948).

9.

An easily assembled console for rapid testing of electrical
indicating instruments.
F. D. Weaver.
Instruments 22,

H.

B.

Brooks.

396 (1949).
10. Notes on the care and use of electrical instruments.
Weaver.
Instruments 23, No. 12, 1236 (1950).
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11.

Thermal converters as ac-dc transfer standards for current
and voltage measurements at audio frequencies.
F. L.
Hermach.
J. Research NBS 48, 121 (1952) RP2296.

12.

A-C measurements to 10,000 cps.
ments 25, No. 6, 757 (1952).

13.

D.

Weaver.

The testing of electrical instruments.
Instr. Soc. Am. 8, 18 (1953).

F.

L. Hermach.

14.

Testing electrical instruments.
No. 9, 1362 (1953).

Weaver.

15.

Electrical indicating instruments used in early Edison central
stations.
H. B. Brooks.
J. Franklin Inst. 256, No. 5,
401 (1953).
"

16.

Lead resistance errors in watthour meter tests.
F. L. Hermach
and T. L. Zapf. Elec. World 141, No. 16, 113 (1954).

17.

Multirange,

F.

F.

D.

Instru¬

Proc.

Instruments 26,
~

audiofrequency thermocouple instruments of high

accuracy.
F. L. Hermach and E. S.
NBS_52, 227 (1954) RP2494.

Williams.

J. Research

18.

Precise comparison method of testing alternating-current watthour meters.
A. W. Spinks and T. L. Zapf.
J. Research
NBS_53, 95 (1954) RP2521.

19.

Scale & reading errors of electrical indicators. F.
Instr. & Automation 27, No. 11 (Nov. 1954).

20.

Suggested practices for electrical standardizing laboratories,
F.

21.

B. Silsbee.

NBS Circ.

D.

Weaver.

578, 9 p. (1956) 15 cents.

Power supplies for 60-cycle tests of electrical instruments and
meters.
F. L. Hermach.
Paper No. 56-21-3 (1956).

Proc.

Instru.

Soc.

Am.

11,

22.

AC-DC transfer instruments for current and voltage measure¬
ments.
F. L. Hermach.
IRE Trans. Instrumentation. 1-8,
235 (1958).

23.

The definition and measurement of the time constant and response
time of thermal converters.
F. L. Hermach.
Trans. Am.
Inst. Elec. Engrs.

24.

77»

277 (1958).

A wide range volt-ampere converter for current and voltage
measurements.
F. L. Hermach and E. S. Williams.
Communications & Electronics, Am. Inst. Elec. Engrs.
Paper 59- 161 (1959).
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25.

Thermal voltage converters for accurate voltage measurements
to 30 megacycles.
F. L. Hermach and E. S. Williams.
Communications & Electronics, Am. Inst. Elec. Engrs. ,
Paper 60-135 (I960).
9. Transformers

1.

A method for testing current transformers.
Bui. BS_14,

F.

B. Silsbee.

317 (1918-19) S309.

2.

Lead resistance for current transformers.
Elec. World _81, 1082 (1923).

3.

Methods for testing current transformers.
F. B. Silsbee.
Trans. Am. Inst. Elec. Engrs. 43, 282 (1924).

4.

A shielded resistor for voltage transformer testing.
Silsbee.
BS Sci. Pap. 20, 489 (1924-26) S516.

5.

Equipment for testing current transformers.
F. B. Silsbee,
R. L. Smith, N. L. Forman, and J. H. Park.
BS J Research
JL_1, 93 (1933) RP580.

6.

Accuracy of high-range current transformers.
NBS J. Research _14, 367 (1935) RP775.

7.

Information for the amateur designer of transformers for 25- to
60-cycle circuits.
(1935).

H.

B. Brooks.

F. B. Silsbee.

F.

J. H.

B.

Park.

NBS Circ. 408, 25 p.

8.

Effect of wave form upon the performance of current trans¬
formers.
J. H. Park.
NBS J. Research 19, 517 (1937)
RP1041.

9.

Measurement of voltage ratio at audio frequencies.
W. C. Sze.
Communications & Electronics, Am. Inst. Elec. Engrs. ,
Paper 57-648 (1957).

10.

A standard transformer and calibration method--A basis for
establishing ratios of currents at audio frequencies.
B. L. Dunfee.
IRE Trans. Instrumentation (I960).

11.

The Precision measurement of transformer ratios.
R. D. Cutkosky and J. Q. Shields.
IRE Trans.
mentation (I960).

Instru¬

10. Galvanometers
1.

A theoretical and experimental study of the vibration galvanometer.
F.

Wenner.

Bui.

BS 6,

347 (1909-10) S134.
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2.

General design of critically damped galvanometers.
Bui.

3.

211 (1916-17) S273.

A study of electromagnet moving coil galvanometers for use in
alternating-current measurements.
E. Weibel.
Bui. BS
_14,

4.

BS_13,

F. Wenner.

23 (1918- 19) S297.

A new form of vibration galvanometer.
Pap. _16,

P.

G. Agnew.

BS Sci.

37 (1920) S370.

5.

Sensitivity of a galvanometer as a function of its resistance.
H. B. Brooks.
BS J. Research 4, 297 (1930) RP150.

6.

Galvanometer efficiency as a design parameter.
F. K. Harris.
Trans. Am. Inst. Elec. Engrs. 56-60 (1956).
11.

High-Voltage and Surge Measurements

1.

An experimental study of the corona voltmeter.
H. B. Brooks
and F. M. Defandorf.
BS J. Research 1, 589 (1928) RP21.

2.

Calculations of electrical surge-generator circuits.
J. Research NBS _17s

3.

A.

Lewis.

An absolute electrometer for the measurement of high alternating
voltages.
H. B. Brooks, F. M. Defandorf, and F.
Silsbee.
J. Research NBS 20, 253 (1938) RP1078.

4.

B.

585 (1936) RP929.

B.

A transformer method for measuring high alternating voltages
and its comparison with an absolute electrometer.
F. B.
Silsbee and F. M. Defandorf.
J. Research NBS 20, 317
(1938) RP1079.

5.

Shunts and inductors for surge-current measurements.
J. H.

6.

Sci.

2,

F.

M.

Defandorf.

J.

Wash.

33 (1948).

87 (1951) RP2231.

Surge voltage breakdown of air in a non-uniform field,
and H. N.

9.

38, No.

191 (1947) RP1823.

A fifty-fold momentary beam intensification for a high voltage
cold-cathode oscillograph.
J. H. Park.
J. Research NBS
47,

8.

J. Research NBS 39_,

The measurement of high voltage.
Acad.

7.

Park.

Cones.

J. Research NBS 56,

J. H.

Park

201 (1956) RP2669.

High voltage pulse generator and tests on an improved deflecting
system of a chid-cathode oscillograph.
H. N. Cones.
J.
Research NBS 57, 143 (1956) RP2704.
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12.

Dielectric Measurements
(See also Section 6)

1.

Edge correction in the determination of dielectric constant.
A. H. Scott and H. L. Curtis.
J. Research NBS 22, 747
(1939) RP1217.

~

2.

Dielectric constant, power factor and cor.ductivity of the system
rubber-calcium carbonate.
A. H. Scott and A. T. McPherson.
J. Research NBS 28, 279 (1942) RP1457.
(Describes
measurements by a three-terminal bridge).

3.

Measurements of dielectric properties at temperatures up to
500 °C.
A. H. Scott, P. Ehrlich and J, F. Richardson.
Symp. on Temperature Stability of Electrical Insulating
Materials, Am. Soc. Testing Materials Spec. Tech. Publ.
No. 161 (1954).

4.

Precise measurements of dielectric constant over a wide range
of frequencies and. temperatures.
A. H» Scott.
Proc. Instr.
Soc. Am. 11, Paper No. 56-8-2 (1956).
13.

1.

Magnetic Measurements

An apparatus for magnetic testing at magnetizing forces up to
5000 oesterds.
R. L. Sanford and E, G. Bennett.
J.
Research NBS_23, 415 (1939) RP1242.

2.

Permanent magnets.
(1944).

3.

Magnetic testing. R. L. Sanford.
NBS Circ. 456,
(1946) (Revision Scheduled for 1961).

4.

A permeameter for magnetic testing at magnetizing forces up to
300 oersteds.
R. L. Sanford and P. H. Winter.
J. Research
NBS 45,

R.

L.

Sanford.

NBS Circ. 448,

39 p.

39 p.

17 (1950) RP2109.

5.

The use of an AC bridge to measure core loss at high inductance.
I. L. Cooter and W. P. Harris.
Communications &
Electronics, Am. Inst. Elec. Engrs. (May 1956).

6.

Investigation of an alternating current bridge

for the measurement

of core losses in ferromagnetic materials at high flux
densities.
I. L. Cooter and W. P. Harris.
J. Research
NBS 57,
7.

103

(1956) RP2699.

Improved bridge method for the measurement of core losses on
ferromagnetic materials at high flux density
W. P. Harris
and I. L. Cooter.
J. Research NBS 60, 509 (1958) RP2865.
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8.

A feedback amplifier with negative output resistance for
magnetic measurements.
I. L. Cotter and W, P. Harris.
IRE Natl. Conv. Record, Pt. 5, 217 (1958).
14. Miscellaneous

1.

Accuracy tests for meggers.
973 (1925).

2.

Precautions against stray magnetic fields in measurements with
large alternating currents.
F. B. Silsbee.
Trans. Am.
Inst. Elec. Engrs. 48,

H.

B.

Brooks.

Elec. World 85,
“

1301 (1929).

3.

A new cathode-ray oscillograph and its application to the study
of power loss in dielectric materials.
F. K. Harris.
BS
J. Research 12, 87 (1934) RP636.

4.

Suggested practices for electrical standardizing laboratories.
F. B. Silsbee. NBS Circ. 578, 9 p. (1956) 15 cents.

5.

Copper wire tables.

6.

Measurement of the resistance-strain relation and Poisson's
ratio for copper wires.
T. E. Wells.
Proc. Instr. Soc.
Am. U (1956).

7.

Environment control of electronic .calibration laboratories.
W. F. Snyder,
(informal communication).

8.

Facilities and services of the electronic calibration center.
H. W. Lance and W. F. Snyder,
(informal communication).

9.

Electrical measurement in the core curriculum.
F. R. Kotter.
Proc. Am. Inst. Elec. Engrs, , Analog & Digital Instru¬
ment Conf.

NBS Circ.

31, 4th Ed.,

36 p.

(1956).

(April 1959).

10.

An analysis of the accumulated error in a hierarchy of calibration.
E. L. Crow.
IRE Trans. Instrumentation (1960).

11.

Phase angle master standard for 400 cycles per second.
J. H. Park and H. N. Cones.
J. Research NBS 64C3 , 229

(I960).
12.

The nation's electronic standardization program: Where do we
now stand? H. W. Lance.
IRE Trans. Instrumentation

(I960).
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15.

References to Books and Standards on
Electrical Instruments and Measurements

The National Bureau of Standards receives frequent inquiries for
information on electrical instruments and measurements which is not
specifically covered in its publications. To meet the needs of such
inquiries a list of books and standards is given below.
15.1 Textbooks
1. Electrical measurements, F. K. Harris.
New York, N. Y.).

(John Wiley & Sons,

2.

Electrical measuring instruments, Drysdale & Jolley - re¬
vised by Tagg (John Wiley
Sons, New York, N. Y.).

3.

Die technik elektrischer messgerate, George Keinath
(Oldenbourg).

4.

Alternating-current bridge methods, B. Hague.
Publishing Co., New York, N. Y.).

5.

Electrical measurements & measuring instruments, E. W.
Golding. (Pitman Publishing Co., New York, N. Y.).

6.

Electrical measurements, H. L. Curtis.
Book Co. , New York, N. Y.).

7.

Electrical measurements
their application, E. Frank.
(McGraw-Hill Book Co. , New York, N. Y. ).

8.

Elektrische messgerate und einrichtungen, A. Palm (Springer).

9.

Electronic measurements, F. E. Terman & J. M. Pettit.
(McGraw-Hill Book Co. , New York, N. Y. ).

(Pitman

(McGraw-Hill

10.

Principles of electronic instruments, G. R, Partridge
(Prentice Hall, Anglewood Cliffs, New Jersey).

11.

Basic electrical measurements, M. B. Stout.
Hall, Anglewood Cliffs, New Jersey).

12.

Electrical measurements, F. A. Laws (McGraw-Hill Book
Co., New York, N. Y.).

13.

Industrial instrumentation, D. P. Eckman.
Sons, New York, N. Y. ).

14.

Applied electrical measurements, I. F. Kinnard.
Wiley &: Sons, New York, N. Y. ).
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(Prentice

(John Wiley &:

(John

15 .

Principles of electrical measurements, H. Buckingham jk
E. M. Price (Philosophical Library).

16.

Primary batteries, G. W. Vinal.
York, N. Y. ).

17.

Electric power meeting, A. E. Knowlton.
Book Co. , New York, N. Y. ).

18.

Measurement of inductance, capacitance, and frequency,
A. Campbell and E. C. Childs. (D. Van Nostrand & Co. ,
Princeton, N. J. ).

19.

Inductance calculations, F. W. Grover (D. Van Nostrand &
Co. , Princeton, N. J. ).

20.

Instrument transformers, B. Hague.
Co., New York, N. Y. ).

21.

Die messwandler, I. Goldstein (Springer).

22.

Wechselstrom-leistungsmessungen, W. Skirl (Springer).

(John Wiley

Sons, New

(McGraw-Hill

(Pitman Publishing

15. 2 Standards and Handbooks
Standards and handbooks are frequently revised, and the current
edition should always be consulted.
1.

American standard for electrical indicating instruments.
(Am. Standards Association, 70 East 45th Street, New
York, N. Y. , C39. 1). (Supersedes AIEE Standard No. 33).

2.

American standard for instrument transformers.
Standards Assoc., New York City, C57.13).

3.

Code for electricity meters.
York, N. Y.).

4.

Standard handbook for electrical engineers.
Book Co. , New York, N. Y. ).

5.

Electrical engineers’ handbook.
York, N. Y.).

6.

Electrical metermen’s handbook.
New York City).

7.

Master test code for resistance measurements. (Am. Inst.
Elec. Engrs. , New York, N. Y. , AIEE publication No. 550).
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(McGraw-Hill

(John Wiley & Sons, New
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High-Frequency Standards of the Electronic
Calibration Center, NBSBL*
M. C. SELBYf

Introduction

In an effort to assist in the realization of a more com¬

HE equipment described below was developed by
personnel of the High-Frequency Electrical Stand¬
ards Section, Radio Standards Division of the
National Bureau of Standards. The purposes are to pro¬
vide a necessary link between the national standards,
maintained at the NBS Radio Standards Laboratory
and laboratories throughout the country, and to do this
at minimum possible cost to the public.
The reference standards and techniques to be used in
this link must meet two basic requirements. The first
is to retain the accuracy of the NBS primary standards
as closely as possible. The second is to reduce the time
necessary for accurate calibrations of “unknowns” to a
reasonable minimum. It is, of course, clear that the
major consideration in developing a primary standard
and technique for a certain quantity is the realization
of a magnitude as closely as possible to its true or “ab¬
solute” value. The time element, convenience to user,
and other considerations are of secondary importance
and are given weight only when choosing one of two
methods rendering equal basic accuracy and reliability.
That is why primary standards and associated tech¬
niques are, in many cases, not practical for calibrating
even limited numbers of reference standards. This is
particularly true as the radio frequency involved in¬
creases. At the time of initiation of this undertaking the
calibration, for example, of an RF voltmeter at points
up to several hundred megacycles was a job requiring
a number of weeks and at a nearly prohibitive cost; this
was particularly discouraging in view of the limited
ability of the “unknowns” to retain their calibrations
for a reasonable length of time. The new reference
standards and techniques incorporated, as described
below, permit calibration of the same voltmeter in a
matter of days with relatively little loss in accuracy as
compared directly with the previous calibration in
terms of the primary standard.
There seems to be little doubt that the ranges and
accuracies quoted below are inadequate to meet present
needs, in view of the considerable deterioration in ac¬
curacy from the initial calibrated instrument to the
final one because the equipment is calibrated through
several steps starting with the National Bureau of
Standards and ending with the working bench equip¬
ment. The present minimum NBS accuracy require¬
ments of many RF quantities are still largely unknown.
* Manuscript received by the PGI, August 7, 1958.
t Boulder Labs., National Bureau of Standards, Boulder, Colo.

plete national radio-electronic standardization pro¬
gram, one of the IRE Subcommittees (entitled “Basic
Standards and Calibration Methods”) has embarked on
a program, one of the objectives of which is to determine
and maintain an up-to-date list of the RF quantities
needed and the minimum required accuracies. It is be¬
lieved that these findings will be useful as a guide for
further development and improvement of the NBS
standardization equipment now available for RF power,
voltage, attenuation, and field strength and that equip¬
ment for other quantities may also be made available.
For example, pulse power, pulsed voltage, balanced
voltages, and balanced attenuation must be standard¬
ized, whereas the equipment and techniques developed
so far are generally applicable only to CW unbalanced
conditions. Other quantities such as current, peak
power, phase shift, thermal noise, modulation, antenna
gain, RF interference and, indeed, any measurable RF
quantity need standardization for the simple reason
that the “measurements” without a stated accuracy are
utterly useless.
Power Standards
At the time of this writing, three different types of
high-frequency power reference standards have been in¬
stalled at the Electronic Calibration Center: the lowlevel thermistor bridge, the dry static calorimeter, and
the liquid flow calorimeter. The first covers the approxi¬
mate range of 100 juw to 100 mw; the second, 20 mw to
12 watts; and the third, 10 to 350 watts. The dry static
calorimeter is fully described by Hudson and Allred1
and will, therefore, not be rnentioned further here.

Bolometer Bridge
The operation of the power-measuring bridge is con¬
ventional and is based on the equivalent heating effects
of dc power and RF power when each is in turn dissi¬
pated in a purely resistive load. A thermistor forms one
arm of a Wheatstone bridge circuit which is biased with
dc power until the bridge is balanced. When RF power
is fed into the thermistor simultaneously with the dc
bias power, the bridge becomes unbalanced because of
the change in the resistance of the thermistor; a change
in the dc power must then be made to restore the initial
balance. The quantity of dc power withdrawn is
equated to the RF power present (for the case of an
equal arm bridge) as follows:
1 P. A. Hudson and C. M. Allred, “A dry, static calorimeter for
RF power measurement,” this issue, pp. 292-296.
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(b)
Fig. 1-—Schematic diagram of power bolometer bridge, (a) Block
diagram of RF power-measuring thermistor bridge. Power range:
100 fj.w to 100 mw, dc accuracy: +(0.05 per cent+2 juw), equa¬
tion: Prf = 2?b (2/i — A/i)A/i/4. A similar bridge has been con¬
structed for use with the mount shown in (b). (b) Detail of mount
construction. Power range: 10 mw to 8 w, dc accuracy: (0.25 per
cent + 10 /xw), maximum VSWR of mount: 1.15 to 300 me.

Rrf = !Ui2 - Ii2)R = i(2/i - M)MR

(1)

where I\ and 12 are, respectively, the dc bias currents
before and after RF power is fed into the thermistor;

Fig. 2—Power bolometer bridge.

AI={I\ —12), and R is the bridge arm resistance at bal¬
ance.
Sometimes direct measurements ol
and I2 are made.
This results in large errors when the RF power level is

or better may be obtained using such a source with a
50-ohm single-thermistor bridge at power levels ranging

small because the above equation involves the difference
between two relatively large quantities, // and /22. To
alleviate this problem, it is the usual practice (an in¬

Excellent current regulation as well as stability is ob¬
tained in this new bridge by using a well-designed con¬
stant current source. The one in use (a special electroni¬

convenient one) to use several bolometer or thermistor
elements with various sensitivities to cover the power

cally regulated power supply) has a regulation of 1 part
in 105 for load variation from zero to 100 ohms and the

range from microwatts to milliwatts.
The approach used in the present bridge eliminates
this difficulty by measuring the difference, A I, directly

stability is + 1 part in 105 per hour. Stabilities of + 1
part in 106 have been observed over periods of from 5
to 10 minutes. With this source, RF power levels at the
thermistor from 100 mw down to as low as 100 juw were

and at the same time by making use of a very simple and
relatively foolproof circuit arrangement. The principle
is to use a fixed total amount of direct current, furnished
by a constant current source, and to divert a known
fraction of this current from the bolometer bridge into
a shunt resistor where it can be measured directly. By
using a highly stable and constant current source, a
greater accuracy can be achieved, especially at low
power levels, and thus the usable power range may be
increased. Fig. 1 shows a schematic diagram of this
arrangement.
A simple constant current source can be improvised
from a laboratory regulated dc power supply and a series
resistor whose value is about 100 times that of the bridge
resistance. The maximum change in the total current
due to load (bridge) impedance changes will then be only
about 1 per cent. Accuracies of the order of 5 per cent

from about 1 to 100 mw.

measured with accuracies ranging from 0.05 to 5 per
cent.
The design of this bridge circuit readily permits in¬
corporating a self-balancing feature by having the
amplified output of the bridge control the amount of
shunt current. The improvement over present-day
commercial bridges is about 10 to 1 in the power range
and as much as 100 to 1 in percentage accuracy, with
the greatest improvement at the lower levels. Fig. 2
shows a photograph of this equipment.
Liquid Flow Calorimetric RF Wattmeter
Power levels in the range 10 to 350 watts to be meas¬
ured in the Electronic Calibration Center will be done
with a liquid flow type calorimeter which employs sili¬
cone oil as the coolant. The RF power to be measured
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is dissipated in a cylindrical resistor of the evaporated
thin film type, which serves as the inner conductor in
a coaxial system. The outer conductor is a thin-walled
tractorial taper2 jacket made of copper. This load has a
VSWR of less than 1.15 at all frequencies from 0 to 2500
me.
Operation of the calorimeter may best be understood
by reference to the block diagram of the equipment
shown in Fig. 3. Oil is pumped from the constant tem¬
perature reservoir through a flow meter to an input con¬
nection on the load where it passes -through an outer
copper jacket surrounding the load. Inside the load
heat is transferred from the cylindrical resistor to the
oil which is returned to the reservoir. In the reservoir
means are provided to cool the oil to its initial tempera¬
ture. The temperature rise of the oil, caused by its pas¬
sage through the load, is measured by a 10-junction dif¬
ferential thermopile, the cold junctions of which are
located in the oil stream immediately ahead of the load.
The hot junctions are located at the point where the
oil leaves the load, and mixing orifices are inserted in
the line ahead of both sets of junctions to insure that the
true average temperature of the oil stream is the
quantity measured. The RF load and thermopile are
enclosed in a dewar flask to prevent heat interchange
with the surroundings. The oil bath temperature is kept
at or near ambient temperature.
In operation, RF power is fed into the load through
the type-N connector and the flow rate F is adjusted to
give a steady-state differential temperature AT of from
3°C to 6°C. When thermal steady state is reached in the
system, the values of AT and F are observed and the
power absorbed is calculated by means of

P = C X F X AT

(2)

where C is the specific heat of the oil and F is in units
of oil mass flow per second. Thus, the wattmeter does

Fig. 3—Block diagram of liquid flow type calorimetric RF power
meter. Frequency range: 0 to 2500 me, power range: 10 w to
350 w, RF accuracy: +1 per cent or better, maximum VSWR:
below 400 me—1.05, below 2500 me—1.16.

ranges from 5 to 10 minutes depending on the power
level. This relatively short-time constant is realized
because the oil enters the load at a fixed temperature.
Thus, only the load need reach equilibrium rather than
the entire system as would be the case were not the
reservoir temperature kept constant. Another advan¬
tage in using a constant reference temperature is obvi¬
ous from (2). The power is computed in terms of mass
flow, whereas the flow meter readings are given in terms
of volume flow. Since, for a fixed volume, the mass is a
function of density which is in turn a function of abso¬
lute temperature, computations are simplified by main¬
taining the reference temperature constant.
A photograph of the equipment is shown in Fig. 4.

of fundamental quantities and the known properties of
a material. The performance of the calorimeter has,

The upper half of the left-hand console houses the reser¬
voir and flowmeter while in the lower section is the
dewar flask containing the load. The right-hand console

however, been checked, using known values of dc or

houses the potentiometer used in determining AT.

not require calibration since power is measured in terms

low-frequency power.
Measurement accuracy of the wattmeter is limited
primarily by the accuracy of the flowmeter which is
+ 0.5 per cent over a dynamic range of 10 to 1. Higher
accuracies ( + 0.25 per cent) are obtainable if the range
of the flowmeter were limited to say 2 to 1. Some sacri¬
fice, however, would then be necessary in the dynamic
range of the wattmeter. The value of C is known to an

RF Voltage Standards
The purpose of the RF voltmeter consoles is to pro¬
vide as rapidly as possible means of calibrating all types
of voltmeters in discrete steps ranging from 30 kc to
700 me with the maximum accuracy available at the
present time. Two major steps made the above possible.
The first was the use of the AT voltmeters;3 the second

accuracy of +0.1 per cent while AT is measured to an
accuracy of +0.2 per cent. Thus the over-all accuracy
of the wattmeter is better than +1 per cent; this esti¬
mate has been checked and confirmed using dc power.
The time necessary for the calorimeter to reach
thermal equilibrium after the RF power is turned on

was the decision to calibrate at discrete frequencies. The
latter decision is justified because the frequency response

2 C. T. Kohn, ‘‘Radio frequency coaxial resistor using tractorial
jacket,” Proc. IRE, vol. 3, pp. 951-960; August, 1955.

3 “Stable radiofrequency voltmeters,” NBS Tech. News Bull., vol.
40, pp. 29-30; February, 1956.

curves for present-day RF voltmeters seldom have se¬
rious discontinuities. However, frequencies other than
those selected may be necessary. At the time of this
writing two of these consoles have been completed and
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Fig. 4—Liquid flow calorimeter.
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Fig. 6—Block diagram of RF high-voltage calibration console.

above the lights are in the dc power supply circuits to
monitor the operation of the RF sources. The millivoltmeters in the adjacent panels indicate the thermo¬
couple output from the AT voltmeters; and the line
charts, displayed in the windows of the storage drawers

Fig. 5—RF high-voltage calibration console.

beneath them, are used to convert these indications
quickly into the actual RF voltages applied. Controls
for operating the corresponding half of the console are

placed in service, one for 30, 100, 300, and 1000 kc and

located on a panel below each storage drawer. The con¬
trols in the center of the panel are for the adjustment
of the RF voltage level. Referring to Fig. 6, a seven-

the other for 5, 10, 30, and 100 me. The third partially

position switch, CSi, connects the RF source to the

finished unit will operate at 300, 400, 500, and 700 me.

appropriate reference standard and also connects the
millivoltmeter to its thermocouple output through

The placement of components and controls is essentially
the same for each of the consoles thus presenting a uni¬
form appearance to facilitate servicing and to provide
for their most efficient use.
Fig. 5 illustrates the arrangement of the controls and
indicators of one of the consoles. A specially designed
coupling plate for connecting the voltmeter under cali¬
bration in parallel with the reference standards is
mounted at the front of each of the two pedestals of the
console. The indicator lights in the narrow panels above
the pedestals are for the overload protective circuits, the
crystal oven heaters and the ac power lines. The meters

switch Si. The remaining control, switch S$, connects
the dc high voltage to the RF voltage source of the
appropriate frequency and, by means of a solenoidoperated coaxial switch, CS2, connects all the reference
standards to that RF voltage source. These controls and
the four crystal controlled RF voltage sources—two in
each half of the console—are permanently installed
together with low-pass RF filters, impedance matching
networks, and overload protective circuits. All of the RF
components are carefully shielded to eliminate stray
radiation.
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Rapid connection of the “unknown” voltmeter to a
reference standard is achieved with the RF voltmeter
coupling plate, Fig. 7. Reference standards, seven for
each half of a console, are mounted on the under side of
each plate. To connect the “unknown” in parallel with
a standard, th‘6 operator attaches a suitable adaptor
ring to the probe of the “unknown,” inserts this ring in a
sliding carriage on the top side of the plate, centers it
over the reference standard to be used and clamps it in
place. The “unknown” and the standard are now con¬
nected in parallel through a T connection of approxi¬
COAXIAL CABLE
FOR RF INPUT

mately i^-inch long, with the RF voltage applied mid¬
way between the two. Such a T exists at each of the
seven standards. The operator then rotates the sevenposition switch until the number below the index corre¬
sponds to the position of the standard in the plate and

Fig. 7 —Cross section of voltmeter coupling plate.
Note: carriage not sectioned.

closes the switch. The RF level is adjusted with the
manual level controls and the dc thermocouple output
in millivolts, as indicated on the panel meter, is con¬
verted immediately into actual applied RF voltage with
the aid of the line chart displayed in the window.
As already indicated above, fixed type AT voltmeters
have been chosen in preference to the adjustable type
used in the laboratory because of their simplicity and
superior stability. The mechanism required to operate
the piston of the continuously adjustable type increases
their complexity of construction and operation. Three
reference standards, having dissipative fixed attenuator
input pads, cover the voltage range 0.2 to 20 volts in
ranges of 0.2-1.0, 1.0-5.0, and 5.0-20 volts, respec¬
tively. These are used at both frequencies provided in
the part of the console in which they are located. The

Fig. 8—Block diagram of the duo-channel null
balance RF attenuation system.

voltage ranges of 20-100 and 100-500 volts at each fre¬
quency are covered by single-frequency standards using
fixed “capacitive” attenuators, bringing the total num¬
ber of reference standards in each half of a console to
seven. The series reactance of this type of “capacitive”
attenuator is many times larger than the resistance of
the thermoelement heater terminating the attenuator.
Therefore, in analyzing the effect of a change in heater
resistance with a given RF voltage input to the volt¬
meter on heater current, the attenuator can be repre¬
sented at its output terminals by a constant current
source. Changing the heater resistance even by as much
as 50 per cent has no effect on heater current.
Consequently, once an RF voltage calibration of a
given reference standard has been made, replacement
of its thermoelement does not necessitate an RF re¬
calibration. Only a dc calibration to determine the rela¬
tionship of heater current to dc millivolts output need
be made, and if the characteristics of the replaced couple
match those of the original closely enough, even this
calibration is unnecessary. When matching can be
achieved, the same calibration chart can remain in serv¬
ice. For the voltmeters using dissipative attenuators,
however, a complete recalibration of the voltmeter is
required when thermoelements are replaced. The over¬
all accuracy is + 3 per cent or better.

Attenuation Standards

The present plans call for 8 or 9 independent attenua¬
tion consoles, one each for 9 discrete frequencies. At
least 6 and possibly 7 will employ new precision, 3-inch
ID, waveguide-below-cutoff attenuators. The other 2,
for 30 and 100 kc, will probably employ dissipative at¬
tenuators. One ol these consoles, for 30 me, is approach¬
ing completion. The block diagram, Fig. 8, shows the
general method and basic equipment which will most
likely be used in all cases.
The system consists of a series substitution branch
where the standard and unknown attenuators are con¬
nected in the conventional way. This branch is shunted
by another branch incorporating an impedance phase
shifter. The vectoral sum of the outputs of the two
branches is detected by a common monitor or null de¬
tector. The procedure, as usual, is to adjust the attenu¬
ator and phase shifter for a null balance both before and
after inserting the unknown into the circuit. The differ¬
ence between the two positions of the attenuator and
phase shifter gives the results desired. For maximum
sensitivity and minimum noise it was found best to
work with output levels of each channel as high as pos¬
sible.
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Fig. 9—Constant current launching coil assembly.

Fig. 10—Launching and piston end assembly of a precision
waveguide-below-cutoff attenuator.
Fig. 11—Phase shifter and housing.

A serious difficulty in the construction of the phase
shifter was eliminated by the adoption of fixed fre¬
quency consoles. Use of a wide band and a high pre¬
cision requires phase shifters that have a constant char¬

ing of the attenuator, thus increasing the dynamic
range of the system.
Fig. 10 shows one end of a precision piston attenuator

acteristic impedance vs frequency, a feature difficult to
accomplish mechanically. At a single frequency the
system may be readily matched and the problem is
solved.

wherein the above launching coil is mounted. The
solenoidally wound large diameter coil is a solid alumi¬
num-shield semiflexible coaxial transmission line feed¬

Another interesting feature of the equipment is the
novel launching system which makes available a con¬

is seen at right angles to this main feed line and is used
to sample the launching coil current. The other tubes at

stant current in the launching coil essentially free from

right angles to the main line are for matching purposes
and to attenuate the wave reflected from the launching

effect of proximity of the pick-up coil in the standard
attenuator, thus reducing the initial insertion loss of'
the attenuator and improving the range and efficiency
of the setup. This feature is obtained by sampling the
launching signal and automatically compensating the
input level from the RF source.
The launching coil itself (shown in Fig. 9) is, to the
best of our knowledge, a new type and has important

ing RF power to the launching coil. A section of line

coil. Winding the main line into a solenoidal shape along
an axis parallel to the motion of the piston of the stand¬
ard attenuator is an important innovation, eliminating
the considerable interference with precision measure¬
ments caused by bending (and impedance variation)
of conventional flexible cables as the piston of the at¬

advantages. The coil is a combination-mode filter and
relatively high current carrying, low-loss conductor
which shorts the input line of the piston attenuator. It

tenuator is moved.
The phase shifter, housed in a closed rack (see Fig.
11) is motor driven and has a range of 20 inches, or 36°,
at 30 me. The coaxial attenuation, which will be

eliminates the need of a mode filter, allows the pick-up
coil to be in closer proximity to the launching coil and

mounted in another cabinet next to the one shown, will
have a 3-inch ID and a bore uniformity of +0.0001 inch

thus considerably reduces the initial insertion loss. It
also permits high current input without excessive heat¬

over a length of 20 inches. The piston will be motor
driven and its displacements measured by means of a
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in 6 inches.
The attenuation range of this console at 30 me, based

standard free-space quasi-static magnetic field produced
by a single-turn, unshielded, balanced, transmitting
loop of known radius and with a known current flowing

on preliminary measurements of provisional setups and
design analysis, is expected to be 0.0 to 80 db at an esti¬
mated accuracy of +(0.005 db + 0.03 per cent of the
indicated value in db). The maximum sensitivity of the

with a typical unit as shown in Fig. 13. The receiver loop
must, of course, either be shielded or balanced to ground
to eliminate pickup from the electric component of the
field. In calibrating a field-strength meter the setup is

experimental setup (for unknowns of up to 10 db) was
of the order of 0.00001 db.

made in a cleared space such that a distance of at least
two or three times the loop spacing, d, exists to the near¬

Field-Strength Standards

est sizable metallioobjects and to the ground.
The magnitude of the field strength produced by a

The National Bureau of Standards offers a calibra¬
tion service for radio field-strength meters employing

single-turn circular transmitting loop is given by (3) for
the case of coaxial transmitting and receiving loops as

loop-type antennas at frequencies from 30 c to 30 me
and for meters employing dipole-type antennas from 30
to 300 me. The calibration consists of measuring the

shown in Fig. 13. The actual value of the quasi-static
magnetic field, H, produced by the loop is expressed in

micrometer projector to an accuracy of +0.0001 inch

over-all linearity of the instrument at one or more fre¬
quencies and power levels, measuring the internal at¬
tenuator ratios at one or more frequencies and measur¬
ing the so-called antenna coefficient or correlation factor

terms of the equivalent electric component, E, that
would exist in a free-space radiation field. The relation¬
ship used is E = ZH, where Z is the impedance of free
space (Z = 376.7 ohms).

relating field strength to the output meter reading under

ages or currents.
The portions of the calibrations involving only RF
voltage ratios are made in terms of precision dissipative
step attenuators which comprise “Pi” or “T” coaxial
sections of evaporated or deposited metal film for fre¬

60trrxH
_

E

specified conditions of set gain at specified frequencies.
All measurements are made in terms of sinusoidal volt¬
where

E = equivalent free-space electric field strength in
rms volts per meter,
rx = radius of transmitting loop in meters,
r2 = radius of receiving loop in meters,

quencies up to 300 me.
Since the over-all linearity of a field-strength meter
will, in general, be a function of both frequency and RF

/ = transmitting loop current in rms amperes,

input level, it is necessary to determine this dependence.

X = free-space wavelength in meters.

Fortunately, this effect is usually limited to the highest
attenuator steps in those types of sets having inter¬
mediate-frequency attenuators only. The departure
from linearity has been found, in general, to be less than
2 per cent if the signal voltage applied to the mixer grid

d = axial spacing (meters) between coaxial loops
(make d > 7rx and d > 7r2).

The value of field strength used for calibration is of the
order of 0.1 v/m, (rx = 0.1 m, / = 0.1 a).
The “antenna coefficient,” K, is evaluated by the
relation

does not exceed about 5 per cent of the injected local
oscillator voltage. For practical and economical reasons
it is necessary to limit linearity checks on the attenuator
steps in question to one or two frequencies as specified
by the user.

(3)

_ (<72 + rx2 + r22)3/2

Ei
K = -X-■»
+x
M1

(4)

where

For those sets also employing RF attenuators in the
antenna input circuit it is necessary to insure that these
ratios are measured under actual operating conditions.

E\ = standard field given by (3) usually expressed in

Those RF attenuator steps which may be affected by
the changing source impedance of the antenna, or the

Mi = output meter reading corrected from linearity

changing input admittance of the first RF stage with
frequency, are measured with the antenna placed in a
field which can be attenuated in steps of known ratios.
The attenuation linearity is certified to an accuracy

microvolts per meter,
Ai = true attenuator ratio used,
data,
/= frequency, usually in kc or me.
In using the field-strength meter later for actual
measurements, the unknown field in microvolts per
meter is given by

of + (0.1 db + 0.3 per cent of ratio in db). Fig. 12 shows
the equipment installed for these measurements.
At the present time the National Bureau of Standards
certifies only field-strength meters using loop antennas
below about 30 me. The calibration is made in terms of a

KM2A2
E =-— >
where K is given by (4), and

469/268

(5)

1958

Selby: High-Frequency Standards of the Electronic Calibration Center, NBSBL

Fig. 12—Equipment to measure linearity and calibrate
attenuators of field-strength meters.

Fig. 14—Crystal voltmeter assembly with interchangeable dipoles
to determine field values for standardization of field-strength
meters at 30 to 300 me.
Fig. 13—“Standard-field” equipment assembly to determine
loop antenna coefficients.

impedance, greatly simplifying the problem and improv¬

= output meter reading corrected from linearity

ing the over-all accuracy of the measurement. Fig. 14
shows the voltmeter assembly to which dipoles of vari¬
ous lengths may be connected.

data,

A2 = true attenuator ratio used,
f= frequency in same units as used in (4).

Owing to the lack of selectivity in this method as
used, it does not lend itself to calibration work in the

The accuracy of antenna coefficients is usually certi¬
fied to + 3 per cent below 5 me and + 5 per cent between

vicinity of strong interfering fields that may often be
encountered.

5 and 30 me for sets using loop antennas.

While it is possible to use either the standard-field or
the standard-antenna method for determining the an¬

At the frequencies in the VHF band, the National
Bureau of Standards certifies only field-strength meters
using dipole antennas. The determination of antenna
coefficients is made in terms of a radiation field by the
standard-antenna method using half-wave dipoles and
horizontally polarized transmission.
The field strength of a locally generated field is de¬
termined by measuring directly the induced EMF in a
standard receiving dipole oriented for maximum re¬
sponse and calculated from the relation:

tenna coefficients, the latter method is used at the Na¬
tional Bureau of Standards at the present time. Field
tests have shown the excellent agreement possible be¬
tween the two methods throughout the VHF band. The
choice was largely one of convenience, as it was found
somewhat more convenient to provide an accurate cali¬
bration of the silicon crystal voltmeter than to insure an
accurate measurement of the transmitting antenna cur¬
rent throughout the VFIF band.

(6)

The “antenna coefficient” of the field-strength meter
under test is determined by placing its dipole antenna

e = induced EMF' in the receiving dipole in volts,
Iji = effective length of the dipole in meters, (la = \/ir

at a specified height, usually 10 feet, in the radiation
field previously measured using the standard receiving
dipole and the relationship given by (6). Use of the
meter at a later time at other antenna heights or over

| EI

= e/l.H,

where

meters for a half-wave dipole).
The EMF is measured directly by means of a relatively
high impedance silicon crystal voltmeter built into the

ground having appreciably different constants may re¬
quire corrections for heights less than about one wave¬
length.

gap at the center of the antenna. This eliminates the
necessity tor a separate measurement of the antenna

The accuracy of the antenna coefficients certified by
the National Bureau of Standards depends largely upon
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the quality of the individual meter under test. In gen¬
eral, the.se coefficients are certified at present to ± 10

jects.4-8 The individuals to be credited with the de¬
velopment, design, and construction of the equipment

per cent for frequencies between 30 and 150 me and to
+ 15 per cent for frequencies between 150 and 300 me.

are the project leaders, C. M. Allred, L. F. Behrent,
F. M. Greene, P. A. Hudson, A. H. Morgan, M. C. Selby,
and E. C. Wolzien, and every member of the High-

Conclusion

The equipment described above embodies techniques
and design features arrived at during the last several

Frequency Electrical Standards Section including those
assigned to the Electronic Calibration Center as well as
a number of machine shop personnel who contributed

years. Because requirements for better accuracy are
already in evidence, there is a strong likelihood that con¬

valuable ideas and skill throughout this activity.

siderable modifications in the above units may be intro¬

4 F. M. Greene, “Calibration of commercial radio field-strength
meters at the National Bureau of Standards,” NBS Circular 517;
December, 1951.
6 C. C. Cook, “Calibration of field-strength meters,” Tele-Tech.,
vol. 11, pp. 44-46, 96, 99-101; October, 1952.
6 F. M. Greene and M. Solow, “Development of very high-fre¬
quency field-intensity standards,” J. Res. NBS, vol. 44, pp. 527-547;
May, 1950. RP2100f
7 C. M. Allred, “Precision piston attenuators,” NBS Rep. 5078;
May 1, 1957.
8 M. C. Selby, L. F. Behrent, and F. X. Ries, “RF-voltage calibra¬
tion consoles,” 1958 IRE National Convention Record, pt. 5,
pp. 251-257.

duced and perhaps entire setups may be replaced within
the near future. The technical phase of the Electronic
Calibration Center should of necessity remain fluid in
order to keep services, as closely as possible, up to date.
Complete papers are expected to be published on indi¬
vidual equipments as soon as possible. However, addi¬
tional information may be obtained from previous Na¬
tional Bureau of Standards publications on these sub¬

Reprinted, from IRE TRANSACTIONS
ON IN ST RUM ENT A TION
Volume 1-7, Numbers 3 & 4, December, 1958
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National Standards of Time and
Frequency in the United States*
Time
Time is one of the independent quantities
chosen as a basis for the measuring system of
science. To establish a time scale, that is, to
specify a time coordinate, we must first
establish an origin and a constant unit of
time and lay off the unit at least as far as
all points of interest, in exact analogy to the
specification of position. The orbital motion
of the earth about the sun provides a time
scale, called Ephemeris Time (ET) which is
suitable in these respects, and also consti¬
tutes a standard from which the unit may
always be obtained. In October, 1956, the
International Committee on Weights and
Measures, with representation from the
United States, effectively adopted the sec¬
ond of ET as the fundamental unit of time
by resolving that “the second is the fraction
1/31,556,925.9747 of the tropical year for
January 0, 1900 at 12 hours Ephemeris
Time.”1 The tropical year for any given
epoch (or moment) is the interval, taken
symmetrically about that epoch, necessary
for the mean longitude of the sun to increase
by 360°, as measured along the ecliptic from
the vernal equinox. This definition of the
second has been one of many attempts to
define a unit of time 1) which remains con¬
stant with epoch, 2) which is physically
realizable to high precision, and 3) which is
permanently available for observation.
Ephemeris Time is obtained in practice
by observations on the position of the moon
and reference to tables giving this position
as a function of ET. As the fundamental unit,
the second of ET replaced the second of
Universal Time (UT), a time scale based
on the rotation of the earth. The delay in
the determination of UT from the astro¬
nomical observations is of the order of a
month; the delay in the determination of
ET to any useful degree of accuracy is of
the order of several years.
The maintaining of a national standard
of time consists of the process of determining
the time scale in the United States from the
international standard and making this in¬
formation available to the user. Often, how¬
ever, as with position, it is only time differ¬
ences or time intervals which are of interest.
This need for convenient interval deter¬
mination has led to the common use of other
time scales with easier realizability than ET.
Measurements often have been, and still
are, expressed in terms of time scales other
than ET. These other scales are all related
or relatable to ET and to each other through
conversion factors with various degrees of
precision as to size of unit at least, and in
* Received by the IRE, October 15, 1959.
1 Comite International des Poids et Mesures,
“Proces-Verbaux de Seances,” 1956 Session, Ser. 12,
vol. 25, Gauthier-Villars, Paris; 1957.

some cases as to origin also. The situation
is analogous to using a measuring rod of
different length than the standard rod but
of known calibration. For example, UTO is
the astronomically observed Universal Time
or mean solar time, uncorrected for polar
variation and annual fluctuation in the
earth’s speed of rotation; UTl is UTO cor¬
rected for polar variation; UT2 is UTl
corrected for annual variation. None of the
UT seconds is constant. They are variously
determined by several nations. Various other
nominal “seconds” are defined by the dura¬
tion of a specified number of periods of vari¬
ous oscillators or resonators, such as quartz
or atomic devices. These all have the out¬
standing characteristic that they are more
readily observable than ET. The atomic
time unit, furthermore, is assumed for the
present to be as constant as the unit of ET.
The United States Frequency
Standard

A national standard of frequency called
the United States Frequency Standard
(USFS) is maintained at the Boulder Lab¬
oratories, National Bureau of Standards,
for the purpose of making immediately and
continuously available, through the Stand¬
ard Frequency Broadcasts discussed below,
a provisional time scale with which to make
measurements. This provisional scale is suf¬
ficiently accurate for all civil and most
scientific uses. Nevertheless, for the highest
possible accuracy, this scale must be con¬
tinually corrected to or calibrated against
the national time scale as finally deter¬
mined, and it must be relatable to other fre¬
quency and time scales in common use.
The USFS in general consists of the
weighted value of the outputs (reduced of
course to a common basis) of several actual
oscillators and resonators maintained at the
Boulder Laboratories, these devices being
among the best available at any current
state of the frequency control art. In par¬
ticular, the LJSFS is presently stable to 2
parts in 1010 or better over intervals from
about 1 to 103 minutes; over longer inter¬
vals, its value has been maintained as con¬
stant as possible prior to October 9, 1957
with respect to the UT2 second as deter¬
mined by the U. S. Naval Observatory, and
since October 9, 1957 wdth respect to atomic
frequency standards. These atomic stand¬
ards have been compared with other atomic
standards via a network comparison. Such
atomic standards have been shown to be in
agreement and to remain constant with
respect to each other to 5 parts in 10'° or
better.2'3
2 Essen, Parry, Holloway, Mainburger, Reder, and
Winkler, “Comparison of cesium frequency standards
of different construction,” Nature, vol. 182, pp. 41-42;
July, 1958.
tMockler, Beehler, and Barnes, “An evaluation
of a cesium beam frequency standard,” Symposium
Record, Office of Naval Research Symposium on
Quantum Electronics, Bloomingburg, N. Y.; Sep¬
tember 14-16, 1959.
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Standard Frequency Broadcasts

The United States Frequency Standard
is distributed to interested users by means
of standard broadcasts of Radio Stations
WWV and WWVH. The frequencies of these
stations are kept in agreement with respect
to each other and have been maintained as
constant as possible with respect to the
United States Frequency Standard since De¬
cember 1, 1957. The nominal broadcast
frequencies should, for the purpose of highly
accurate scientific measurements, for estab¬
lishing high uniformity among frequencies,
or for removing unavoidable variations in the
broadcast frequencies, be corrected either
to the United States Frequency Standard,
as indicated in the monthly tables published
in the IRE,4 or to a particular time scale as
determined by the Naval Observatory, with
adequate limits assigned for propagation
errors.
Time Signals

Time signals, sufficiently accurate for all
civil and most scientific uses, are also carried
by the standard broadcasts. The WWV and
WWVH time signals are also kept in agree¬
ment with each other. They are locked to the
nominal frequency of the transmissions, and
consequently may depart continuously from
other time scales such as UT2. Corrections
expressed as the times of reception of the
WWV time signals on th$ UT2 scale are de¬
termined and distributed by the U. S. Naval
Observatory.5 Recently, the Observatory
has established a particular atomic time
scale, A.l, with unit determined by 9,192,631,770 periods of Cs at zero held and origin
coinciding with UT2 on January 1, 1958, and
has published times of reception of WWV on
this scale also.6 Agreement with time on the
UT2 scale, or simply agreement with UT2,
within + 30 msec at all times, has been main¬
tained by making step adjustments in time
of precisely plus or minus twenty millisec¬
onds on Wednesdays at 1900 UT when
necessary. Beginning January 1, 1960, the
broadcast frequencies will be offset from the
United States frequency standard by a dif¬
ferent amount than heretofore in order to
establish a unit in substantial agreement
with the current value of the unit of UT2.
Thus the time signals, locked to the broad¬
cast frequency, will require less frequent ad¬
justment than in the past.
Corrections of the USFS and the
Standard Frequency Broadcasts

The method of final correction of the
4 W. D. George, “WWV standard frequency trans¬
missions,” Proc. IRE, vo!. 46, pp. 910-911; May,
1958, and subsequent months.
5 “U. S. Naval Observatory Time Signals, I. Pre¬
liminary Times of Reception, UT2,” Bulletin B,
U. S. Naval Observatory, Washington, D. C. (un¬
published).
“U. S. Naval Observatory Time Signals, Final
Times of Reception, UT2,” Bulletin A, U. S. Naval
Observatory, Washington, D. C. (unpublished).
6 “Time Service Notice No. 6,” U. S. Naval Ob¬
servatory, Washington, D. C., January 1, 1959 (un¬
published).

USFS and the Standard Frequency Broad¬
casts to the national time scale has changed
over the years as improvements in the meas¬
urement of time and frequency have been
made.
Fig. 1 shows schematically the relation
between the frequencies {i.e., cycles per
common unit of time) of hypothetical oscil¬
lators which oscillate such as to mark off the
unit of the time scales indicated after ex¬
actly the same number of cycles in each
case. The frequencies are shown relative to
the value of the hypothetical oscillator
marking off the defined unit of ET. The
figure is equivalently interpreted as the re¬
ciprocal of the size of the units of the indi¬
cated time scale relative to the unit of ET.
The Standard Frequency Broadcasts and
Time Signals have been and are related to
the UT and A.l time scales as explained
above. From these observations, frequency
corrections of the Standard Frequency
Broadcasts to these scales are easily made;
and in addition, conversion from the UT
scale at a given epoch to the ET scale is
available after reduction of astronomical ob¬
servations.7-9
Prior to October 9, 1957, the final value
of the USFS was assigned retrospectively
on the UT scale from the determination of
the frequency of the Standard Frequency
Broadcasts on this scale and the known rela¬
tion between the Standard Frequency
Broadcasts and the USFS. These values
have not been published, but are a matter of
scientific record at the National Bureau of
Standards.
With improvement in stability and con¬
stancy realized in the maintenance of the
USFS by the availability of atomic fre¬
quency standards, monthly publications of
corrections of the Standard Frequency
Broadcasts to the USFS were made from
October 9, 1957, to realize the advantage of
rapid correction to a more constant fre¬
quency than that based on the unit of UT2.
It is thus also necessary to relate the
USFS and Standard Frequency Broadcasts
to frequencies provided by atomic frequency
standards such as cesium. Since the relation
of an atomic time unit defined by a given
number of periods, N, of an atomic oscillation
to the unit of ET has not yet been adopted
internationally, we are required to state ex¬
plicitly an assumed value of N when com¬
paring frequencies or times to an atomic
scale. In comparing the USFS to an atomic
time scale, the following equality was
adopted as of October 9, 1957, and holds to
a precision of 1 part in 1010; 100,000.000 . . .
periods of the USFS equals Ni periods of
the zero-field (4, 0)^(3, 0) Cs transition,
where AJ equals 9,192,631,838.
If No is the number of Cs oscillations per
unit of ET, then the ratio No/N\ may be
used to convert the USF'S to the ET scale
as soon as No is determined. Markowitz,
et al.8 have measured No to be 9,192,631,770
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+ 20 as the number of Cs oscillations per
unit of ET, providing the best and only
value expected for several years. Effective
January 1, 1960, the value of the USFS will
be corrected so that iVi equals 9,192,631,770,
and the published corrections to the Stand¬
ard Frequency Broadcasts will thus be given
with respect to the unit of ET as realized by
atomic standards to a precision of the inter¬
comparison of atomic standards (a few parts
in 1010) and to an accuracy determined by
the work of Markowitz, et al. (±22 parts
in 1010).
The final correction of the Standard Fre¬
quency Broadcasts, and hence the USFS, to
the national time scale, will be effected by
the Naval Observatory by the observation of
the times of reception as described.

ET ADOPTEO

In summary, to express a given time in¬
terval or frequency in terms of the inter¬
national standard, it must be referred to a
standard broadcast, or some atomic stand¬
ard with proper regard for the precision of
this comparison, and the latter standard
must be referred to the ephemeris second as
indicated herein with proper regard for the
uncertainties involved.
National Bureau of Standards
Boulder, Colo.
7 Essen, Parry, Markowitz, and Hall, “Variation
in the speed of rotation of the earth since June, 1955,”
Nature, vol. 181, p. 1054; April, 1958.
8 Markowitz, Hall, Essen, and Parry, “Frequency
of cesium in terms of Ephemeris Time,” Phys. Rev.
Letters, vol. 1, pp. 105-106; August, 1958.
9 Brouwer, “A study of the changes in the rate of
rotation of the earth,” Aslron. J., vol. 57, pp. 125146; September, 1952.

Cs DETERMINED

Fig. 1—Relative frequencies of oscillators keeping
the time scales indicated; or equivalently, recip¬
rocals of the lengths of unit intervals on the
indicated time scales. Width of Cs and USFS lines
indicates precision; cross hatching shows assigned
accuracy of Cs frequency. The UT2 scale is derived
from smoothed data.8 The UT2 unit is considerably
less precise than the other units. The WWV scale
is taken from a U. S. Naval Observatory Notice.6
Values of USFS and WWV transmissions will be
altered as indicated on January 1, 1960.
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Standard Frequencies and Time Signals From NBS
Stations WWV and WWVH
Detailed descriptions are given of six technical services broadcast by National Bureau
of Standards radio stations WWV and WWVH. The services include 1, standard radio
frequencies; 2, standard audio frequencies; 3, standard time intervals; 4, standard musical
pitch; 5, time signals; and 6, radio propagation forecasts. Other domestic and foreign
standard frequency and time signal broadcasts are tabulated.

1. Technical Services and Related Information
The National Bureau of Standards’ radio sta¬
tions WWV (in operation since 1923) and WWVH
(since 1948) broadcast six widely used technical
services: 1, Standard radio frequencies; 2, stand¬
ard audio frequencies; 3, standard time intervals;
4, standard musical pitch; 5, time signals; 6, radio
propagation forecasts.1 2
The radio stations are located as follows: WWV,
Beltsville, Maryland (Box 182, Route 2, Lanham,
Maryland); WWVH, Maui, Hawaii (Box 901,
Punnene, Maui). Coordinates of the stations are:
WWV (lat. 38°59'33" N, long. 76°50'52" W);
WWVH (lat. 20o46'02" N, long. 156°27'42" W).

1.1. Standard Radio Frequencies
(a) Program

Station WWV broadcasts on standard radio
frequencies of 2.5, 5, 10, 20, and 25 Me. The
broadcasts are continuous, night and day, except
WWV is interrupted for approximately 4 min each
hour. The silent period commences at 45 min
(plus 0 to 15 sec) after each hour.
(See fig. 1.)
Station WWVH broadcasts on standard radio
frequencies of 5, 10, and 15 Me. The broadcast
is interrupted for 3 min commencing on the hour
(plus 0 to 15 sec) and on each quarter hour there¬
after, and for periods of 34 min each day beginning
at 1900 UT (Universal Time, UT, is the same as
GMT and GCT).
(b) Accuracy

Since December 1, 1957, the standard radio
transmissions from stations WWV and WWVH
have been held as nearly constant as possible with
respect to the atomic frequency standards which
constitute the PTnited States Frequency Standard
(USFS), maintained and operated by the Radio
Standards Laboratory of the National Bureau of
Standards. Carefully made atomic standards
have been shown to realize the idealized Cs reso¬
nance frequency,/Ca, to a few parts in 1010 or bet¬
ter; and the present USFS is believed to realize
this resonance to 1.5 parts in 1011.
The fre¬
quency fCs has been measured in terms of the
second * to be/c.=9,192,631,770 ±20 cps. This
uncertainty of 2 parts in 109, with which frequency
can be expressed in terms of the second, has usually
been avoided in practice by provisionally taking
1 All inquiries concerning the technical radio broadcast services should be
addressed to: Radio Standards Laboratory, National Bureau of Standards,
Boulder, Colo.
2 Markowitz, Hall, Essen, and Parry, Frequency of cesium in terms of
ephemeris time, Phys. Rev. Letters 1, 105 (1958).

/cb exactly equal to the above number (or to some
other stated number before the above was avail¬
able).
On January 1, 1960, the LTSFS was brought into
agreement with fCs as quoted above by arbitrarily
increasing its assigned value by 74 parts in 1010.
Frequencies measured in terms of the USFS be¬
tween December 1, 1957 and January 1, 1960 may
be referred to the above value of fCs and to the
(Ephemeris) second by means of this relative
correction.3
The frequency of the transmissions from WWV
normally are held stable to 1 part in 109, at all
times. Deviations at WWV are normally less
than 2 parts in 1010 from day to day. When
necessary, frequency adjustments not exceeding
5 parts in 1010 are made at WWV at 1900 UT.
Frequency adjustments at WWVH do not exceed
3 parts in 109.
Changes in the propagation medium (causing
Doppler effect, etc.) result at times in fluctuations
in the carrier frequencies as received which can be
very much greater than the uncertainties de¬
scribed above.
(c) Corrections

All carrier and modulation frequencies at WWV
are derived from a common 2.5-Mc quartz oscilla¬
tor, the stability of which is described above.
In addition, since January 1, 1960, this oscillator
has been intentionally offset from the USFS by a
small but precisely known amount in order to
reduce departure between the time signals broad¬
cast and astronomical time LTT2. For example,
the offset for 1960 is about 150 parts in 1010, and
is low with respect to the USFS, since the unit
of UT2 is about this much longer than the (Ephe¬
meris) second. Although UT2 is subject to
unpredictable changes observable at this level of
precision, it is nevertheless expected that a par¬
ticular offset can be left unchanged throughout each
calendar year, thus providing as constant a
frequency as possible for the year.
For the above reasons, corrections to the actual
oscillator frequency are continuously determined
with respect to the USFS and are published in
the Proceedings of the IRE. These were begun in
May, 1958 with data extending back to December
1, 1957.4
3 National standards of time and frequency in the United States, Proc.
IRE 48, 105 (1960).
1 W. D. George, WWV standard frequency transmissions, Proc. IRE 46,
910 (1958) and subsequent issues.
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1.2. Standard Audio Frequencies

1.4. Standard Musical Pitch

(a) Program

Two standard audio frequencies, 440 cps and
600 cps, are broadcast on each radio carrier fre¬
quency. The audio frequencies are given alter¬
nately at 5-min intervals starting on the hour with
600 cps, as shown in figure 1. At WWV, the first
tone period (600 cps) of each hour is of 3-min
duration; the remaining periods are of 2-min
duration. At WWVH, all tone periods are of 3min duration.
(b) Accuracy

The accuracy of the audio frequencies, as
transmitted, is the same as for the carrier. The
frequency offset mentioned under 1.1(c) applies.
Changes in the propagation medium (causing
Doppler effect, etc.) result at times in fluctuations
in the audio frequencies as received.

1.3. Standard Time Intervals
(a) Program

Seconds pulses at precise intervals are derived
from the same oscillator which controls the radio
carrier frequencies, e.g., they commence at intervals
of 5,000,000 cycles of the nominal 5 Mc/s carrier.
They are given by means of double-sideband
amplitude-modulation on each radio carrier fre¬
quency. Intervals of 1 min are marked by omit¬
ting the pulse at the beginning of the last second
of every minute and by commencing each minute
with two pulses spaced by 0.1 sec; the first pulse is
used to mark the beginning of the minute. The
2-min, 3-min, and 5-min intervals are synchro¬
nized with the seconds pulses and are marked by
the beginning or ending of the periods when the
audio frequencies are off. The pulse duration is
0.005 sec. The pulse wave form is shown in
figure 2. At WWV each pulse consists of five
cycles of a 1,000-cps frequency. At WWVH
each pulse consists of six cycles of a 1,200-cps
frequency. The pulse spectrum is composed of
discrete frequency components at intervals of 1.0
cps. The components have maximum amplitudes
at approximately 995 cps and 1,194 cps for the
WWV and WWVH pulses, respectively. The
tone is interrupted 0.040 sec for each seconds
pulse. The pulse starts 0.010 sec after commence¬
ment of the interruption.
(b) Accuracy

The accuracy of the time intervals, as trans¬
mitted, is the same as for the carrier with an addi¬
tional limitation of ±1 /^sec. The frequency
offset mentioned under 1.1(c) applies.
(See note
concerning time adjustments under section 1.5(b),
Time Signals.)

The frequency 440 cps for the note A above
middle C is the standard in the music industry in
many countries and has been in the United States
since 1925. The radio broadcast of this standard
was commenced by the National Bureau of Stand¬
ards in 1937. The periods of transmission of 440
cps from WWV and WWVH are shown in figure 1.
With this broadcast the standard pitch is main¬
tained, and musical instruments are manufactured
and adjusted in terms of an unvarying standard.
Practically no instruments are manufactured
which cannot be tuned to 440 cps. Listeners of
music are benefited because there are fewer instru¬
ments not in tune.

1.5. Time Signals
(a) Program

The audio frequencies are interrupted at pre¬
cisely 3 min before each hour at WWV, and 2 min
before each hour at WWVH. They are resumed
on the hour at WWV and at 5- and 10-minute
intervals at both stations as shown in figure 1.
Universal Time (referenced to the zero meridian)
is announced in International Morse Code each 5
min from WWV and WWVH. This provides a
quick reference to correct time where a timepiece
may be in error by a few minutes. The 0-to-24-hr
system is used starting with 0000 at midnight at
longitude zero. The first two figures give the hour
and the last two figures give the number of minutes
past the hour when the tone returns. For example,
at 1655 UT, four figures (1, 6, 5, and 5) are broad¬
cast in code. The time announcement refers to
the end of an announcement interval, i.e., to the
time when the audio frequencies are resumed.
At station WWV a voice announcement of
Eastern Standard Time is given before and after
each International Morse Code announcement.
For example, at 9:10 a.m., EST, the voice an¬
nouncement in English is: “National Bureau of
Standards, WWV; when the tone returns, Eastern
Standard Time is 9:10 a.m.”
(b) Corrections

The time signals are kept in close agreement with
UT2 by making step adjustments of precisely 50
msec when necessary. Such adjustment will be
made on the first of the month following the month
in which the transmitted time departs from UT2
by more than 50 msec. Corrections to the time
signals are published periodically by the U.S.
Naval Observatory.

1.6. Radio Propagation Forecasts
A forecast of radio propagation conditions is
broadcast in International Morse Code on each of
the standard radio carrier frequencies; from WWV
at approximately 19.5 and 49.5 min past each hour,
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and from WWVH at approximately 9.4 and 39.4
min past each hour, as shown in figure 1. Propa¬
gation notices were first broadcast from WWV in
1946; the present type of announcement has been
broadcast from WWV since July, 1952, and from
WWVH since January, 1954.
The forecast announcement tells users the con¬
dition of the ionosphere at the regular time the
forecast is made and how good or bad communi¬
cation conditions are expected to be in the suc¬
ceeding six or more hours. The NBS forecasts
are based on information obtained from a world¬
wide network of geophysical and solar observa¬
tories, including radio soundings of the upper
atmosphere, short wave reception data, and similar
information. Trained forecasters digest the infor¬
mation and formulate the predictions.
From WWV the forecasts refer only to North
Atlantic radio paths, such as Washington to
London or New York to Berlin. The times of
issue are 0500, 1200 (1100 in summer), 1700, 2300
UT. These are the short-term forecasts prepared
by NBS-CRPL North Atlantic Radio Warning
Service, Box 178, Ft. Belvoir, Va.
From WWVH the forecasts are for North
Pacific radio paths, such as Seattle to Tokyo, or
Anchorage to San Francisco. As of March 1,
1959, the times of issue are 0600 and 1800 UT, and

the forecasts are first broadcast at 0639 and 1839
UT, respectively. These are the short-term fore¬
casts prepared by NBS-CRPL North Pacific
Radio Warning Service, Box 1119, Anchorage,
Alaska.
The forecast is broadcast as a letter and a digit.
The letter portion of the announcement identifies
the radio quality at the time the forecast is made.
The letters denoting quality are “N,” “U,” and
“W,” signifying that radio propagation conditions
are normal, unsettled, or disturbed.
The digit
portion is the forecast of the radio propagation
quality on a typical North Atlantic (from WWV)
or a typical North Pacific (from WWVH) trans¬
mission path during the 6 or more hours after the
forecast is made. Quality is graded in steps
ranging from 1 (useless) to 9 (excellent) as follows:
Disturbed,
grades (W)

Unsettled
grade (U)

1— useless
2— very poor
3— poor
4— poor-to-fair

Normal
grades (N)

5—fair

6— fair-to-good
7— good
8— very good
9— excellent

If, for example, propagation conditions at the time
the forecast is made are normal but are expected

CALL SIGN AND EST (VOICEI
IWDS WARNINGS

UT (CODE)

(COOE)3
WWV

j

111111111 j 11111

I |

I.I.I.I..

EST (VOICE)

11111111111111 [ 111.....IlH^A]
RADIO PROPAGATION

|

FORECAST (CODE)'
0

10

20

30

40

50

0

10

20

30

40

50

0

10

START OF TYPICAL INTERVAL

UT (CODE)

WITHOUT TONE

I
WWVH

j

I

20

30

40

50

I

I

60 SECONDS

IWDS WARNINGS

CALL SIGN (CODE)

(CODE)4

n n|n i< ....11111111111.1.linilHnliutlni.FliluuliMilHiiiHimlHHlii.il
RADIO PROPAGATION
FORECAST (CODE)2

1

19 5 AND 49 5

MINUTES

PAST

EACH

HOUR

3

2

9 4 AND 394 MINUTES

PAST

EACH

HOUR

4

43

AND

34.3

MINUTES

PAST

EACH

HOUR

14.4 AND 44 4 MINUTES PAST EACH HOUR

WWV

START
EACH
HOUR

WWVH

-ED

RADIATING

SILENT

Figure 1. Programs, WWV and WWVH.

478/5

to be only “poor-to-fair” within the next 6 or
more hours, the announcement would be broad¬
cast as N4 in International Morse code.
1.7. Geophysical Alerts
A symbol indicating the geophysical “state of
warning” as declared under the international pro¬
gram of the International Council of Scientific
Unions, is broadcast in very slow International
Morse Code on each of the standard radio carrier
frequencies; from WWV at approximately 4.5 and
34.5 min past each hour, and from WWVH at
approximately 14.4 and 44.4 min past each hour,
as shown in figure 1. Such notices were first
broadcast during the International Geophysical
Year 1957-58 and are continuing under the
similarly organized program, International World
Day Service (1WDS).
The “state of warning” symbol indicates to
experimenters in radio, geophysical, and solar
sciences the content of the IWDS Warning
Message issued at 1600 UT by the World Warning
Agency on days when outstanding geophysical
events have occurred in the preceding 24 hr.
The information in each such message is first
broadcast from WWV at 1604.5 UT and from
WWVH at 1714.4 UT.
If the IWDS Warning Message declares an

alert, the symbol AGI AAAA is broadcast for
24 hr. This means that a significant magnetic
storm has started, with A’-index reaching 5 or
higher at a midlatitude station. It can also mean
that an outstanding auroral display has been
reported (or inferred, because the /V-index has
reached at least 7) or that an outstanding increase
in cosmic ray flux has been observed. The IWDS
Warning Message itself, distributed through other
channels including the meteorological communi¬
cation networks coordinated by the World Mete¬
orological Organization, specifies whether the
alert is Magnetic Storm, Aurora, or Cosmic Ray;
the “state of warning” symbol broadcast from
WWV and WWVH does not make these distinc¬
tions at the present time.
A Special World Interval in progress is indicated
by the symbol AGI and three extra long dashes.
This means that an alert, as above, has been
declared and, further, that the geophysical
activity is of sufficient, interest to warrant special
attention and intensified observations by experi¬
menters throughout the world. A Special World
Interval will usually last two or three days. The
Interval is considered to extend until 2359 UT on
the final day even though the symbol “Special
World Interval in progress” is not broadcast after
1600 UT (WWV) or 1700 UT (WWVH).

FREQUENCY DEVIATION OF RADIO STATION WWV (WITH REFERENCE TO THE ATOMIC STANDARDS SINCE DEC.1,1957)
15
10

WWV AND WWVH SECONDS PULSES
THE SPECTRA ARE COMPOSED OF DISCRETE FREQUENCY
COMPONENTS AT INTERVALS OF 1.0 CpS. THE COMPONENTS AT
THE SPECTRAL MAXIMA HAVE AMPLITUDES OF 0.005 VOLT
FOR A PULSE AMPLITUDE OF 1.0 VOLT. THE WWV PULSE
CONSISTS OF FIVE CYCLES OF 1000 Cps. THE WWVH PULSE
CONSISTS OF SIX CYCLES OF 1200 Cps.

0

Figure

500

2.

1000
1500
FREQUENCY , CpS

2000
WWVH

Sample characteristics of time and frequency broadcasts from NBS stations WWV and WWVH.

479/4

When the “state of warning” is neither alert
nor Special World Interval in progress, the symbol
broadcast is AGI EEEEE.

(c) Modulation
v
1 he amplitude modulation, double sideband, is:

1.8. Radiated Power, Transmitting Antennas,
Modulation

Audio frequencies 440 or 600 cps—75 percent,
voice and seconds pulses, peak—100 percent.

(a) Radiated Power

At WWV, the tone frequency 440 or 600 cps,
except on 25 Me, is normally operated as a single
upper sideband with full carrier. Power output
from each sideband transmitter is about one-third
the carrier power. Single sideband tone modula¬
tion on 25 Me may be added at a later date.
Other signals (announcements and seconds pulses)
are
double sideband,
100-percent amplitude
modulation.

Frequency, Me
2. 5
5
10
15
20
25

Power, kw
WWV
1

Power, kw
WWVH
2
2
2

8
9
9

1
0. 1
(b) Transmitting Antennas

1.9. Other Standard Frequency and Radio Time
Signal Services

The broadcast on 2.5 Me from WWV and on
5 Me from WWVH is from a vertical quarter-wave
antenna. The broadcasts on all other frequencies
are from vertical half-wave dipoles. The antennas
are omnidirectional.

Call sign

Location

AT A
FFU
FI BN
I AM

(a) HF Broadcasts
New Delhi, India
Paris, France
Neuchatel, Switzerland
Rome, Italy
.

IBF
JJY
LOT
MSF

Turin, Italy..
_
Tokyo, Japan
Buenos Aires, Argentina
Rugby, England

OMA
ZLFS
ZUO

Prague, Czechoslovakia
Lower Hutt, New Zealand
Olifantsfontein, South Africa
Moscow, USSR

WWVL

Standard frequencies and time signals broadcast
include the stations indicated in the followingtable :

Carrier frequency

_

_
. _

.
. _

(b) VLF Broadcasts
Sunset, Colorado

Modulation

Me
10
2. 5, 5, 10
2. 5, 5
5

1,
1,
1,
1,

cps
1000
440. 1000
500
440, 600, 1000

5
2. 5, 5, 10, 15
2. 5, 5, 10, 15, 20, 25
2. 5, 5, 10

1, 440, 1000
1.1000
1, 440, 1000
1, 1000

2. 5
2. 5
5
10, 15

1,1000
1
1

Carrier
power

kw
1.
0. 3
0. 5
1.
0. 3
2.
2.
0. 5
1.
0. 03
4.
20.
0. 02

20 Kc

2. Stations Operating Outside the Exclusive Bands
2.1. LF and VLF

Call sign

WWVB >
DCF77
CIIU
OMA
GBR
MSF
NBA

Carrier frequency

Location

Boulder, Colorado
Federal German Republic
Ottawa, Canada
Czechoslovakia
Rugby, England
Rugby, England
....
U.S. Navy, Canal Zone
...

__

kc
60
77. 5
3330, 7335, 14670
50
16
60
18

Modulation

Carrier
power

cps

kw
0. 0015
12
0. 3, 3, 5
5
300
10
100

1,200, 440
1

1, 1000
1

1 National Bureau of Standards station WWVB (formerly KK2XEI) broadcasts continuously and the call letters are keyed approximately on the hour
and each 20 min thereafter. The frequency is normally controlled by an atomic standard. Present plans are to Increase the radiated power to about 3 kw as
soon as possible.
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2.2. Other Broadcasts
The U.S. Naval Observatory, Department of
the Navy, broadcasts time signals continuously
or at regular intervals from a number of stations
including NSS (Annapolis, Md.), NPG (Mare
Island, Calif.), NPM (Pearl Harbor, Hawaii),
and NBA (Balboa, C.Z.). Detailed information
may be obtained from the U.S. Naval Observa¬
tory, Washington 25, D.C.
A comprehensive list of United States and

Figure 3.

Figure 4.

foreign radio time signals is given in chapters 3
and 9 of Radio Navigational Aids, Hydrographic
Office Publication No. 117 (formerly H.O. Pub.
No. 205), for sale by local and foreign authorized
sales agents of the U.S. Navy Hydrographic
Office or direct from the U.S. Navy Hydrographic
Office, Washington 25, D.C. Price of the publi¬
cation, with a binder, is $5.00; contents only
(without binder), $3.50.
Boulder, Colo.

Station WWV.

Station WWVH.
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Adjustment of High-Precision Frequency
and Time Standards*
JOHN M. SHAULLf
Summary—High-precision frequency

and time

standards are becoming more and more widely used
in many technical fields. The basic equipment used by
the Central Radio Propagation Laboratory of the Na¬
tional Bureau of Standards in providing and broad¬
casting standard frequency and time signals is dis¬
cussed. Mention is made of the manner in which it is
adjusted and the corrections which may be applied
to make use of the ultimate accuracy that may be ex¬
pected in using these signals for measuring and cali¬
brating similar equipment. Several methods are given
for checking the frequency of precision oscillators and
precision clock performance. Suggestions are given as
to methods of recording and evaluating performance
data for such standards. Expected improvements in
constancy and accuracy and possible future changes
in the types of standards used in physical time meas¬
urements are considered.

H

Introduction

IGH-PRECISION
frequency and
time standards are becoming more
and more widely used in technical
■and scientific fields. Among their uses are:
control sources for standard-frequency and
time broadcasting: time standards for as¬
tronomical observatories; synchronization
of master and slave stations for pulse navi¬
gation systems; investigation of long-dis¬
tance radio transmission phenomena by
pulse techniques; as the heart of frequency
synthesizers in large communications sys¬
tems; and in physical research laboratories
for precise calibrations and measurements,
such as time-rate phenomena and microwave spectroscopy.
While this paper deals primarily with the
adjustment and performance of high-pre¬
cision frequency and time standards, many
of the principles involved and techniques dis¬
cussed should prove helpful to those using
the WWV frequencies or time signals in ad¬
justing or calibrating other high or medium
precision equipment.
The accuracies presently required by
some users of frequency and time services
are approximately as shown in Table I.
TABLE I

Service

Physical research
Astronomers
Monitoring stations
Survevors
Radio broadcasting
Astro-navigators
Commercial
communication
Musical instruments
Commercial power
distribution

Accu¬
racy
(fre¬
quency)

Sec/day
(time)

1X10"8

±0.001

lxio-7

±0.01

1 xio-6

±0.1

1X10-5
1 X10-4
1X10-3

Equipment and Methods in General Use

of the polyphase electrostatic or electro¬
magnetic type is desirable in the divider
chain, preferably at the 1,000-cycle stage,
to permit the clock or seconds signals to be
synchronized. This device also provides a
convenient means of measuring small daily
differences in time kept by different stand¬
ard-oscillator clocks, including time signals
received by radio. Measurements of time
differences may be made by adjusting the
phase shifter dial until the pulses coincide
on an oscilloscope screen when alternately or
simultaneously connected.
Other methods for measuring and record¬
ing time differences may employ a spark
chronograph, or a polyphase modulator and
integrating phasemeter.3
A harmonic generator and mixer unit
may be conveniently used in rapid fre¬
quency intercomparison. This device may be
provided with two inputs and means to con¬
trol the inputs which feed into the crystal
diode harmonic generators. The common
output is connected to a radio receiver for
counting the difference beats between two
local standards. Two frequency multiplier
units having outputs of 500 and 2,500 kc or
other convenient frequencies, are recom¬
mended to facilitate frequency measure¬
ments at higher harmonics.

A high-precision frequency standard may
be defined as one whose changes in frequency
are less than 1 part in 108 per day. This de¬
gree of precision now requires continuous
operation of the standard oscillator, with
the control unit and other critical elements
operating in a temperature-stabilized com¬
partment. Very careful shielding, filtering of
battery supply leads, and use of buffer am¬
plifier stages are also necessary, especially if
more than one oscillator unit is operated at
a single location. Such standards now gener¬
ally employ a GT-cut quartz-crystal1
operated' in a bridge-stabilized oscillator
circuit arrangement.2
A standard oscillator in wide use operates
at 100 kc and has a multiposition switch for
coarse frequency adjustments of approxi¬
mately 4 parts in 1011 per step. A precision
gear-driven capacitor with a drum dial ar¬
rangement of 5,000 dial divisions provides
for a control of frequency to approximately
1 part in 109 per division. A dial with such an
expanded scale is of great advantage in mak¬
ing precise frequency adjustments and inter¬
polations.
A minimum of three standard oscillators
is recommended for those installations re¬
quiring a reasonable maximum of reliability
and continuity of service. By intercomparing
three standards locally, either once daily or
continuously, short-time stability may be
determined to a much higher order than pos¬
sible through radio transmission compari¬
sons. The most reliable standard may thus
be determined and used to supply the de¬
sired need, with the other units available for
standby duty.
For checking frequencies by the timecomparison method, and for supplying the
desired audio frequencies and time intervals,
each standard oscillator should be operated
continuously, and two or more such oscil¬
lators should be provided with frequencydividing and synchronous-clock equipments.
The frequency dividers may be pulse count¬
ers, fractional frequency generators, locked
oscillators, or multivibrators. The choice
of type should be influenced by the number
of output frequencies and wave form de¬
sired, simplicity of adjustment, and reli¬
ability of operation required. If seconds in¬
tervals are desired for laboratory use, a
system similar to that used at WWV, where¬
in the pulse trains are generated electroni¬
cally and selected mechanically by a rotating
cam, offers certain advantages. An alternate
method is to divide the standard frequency
down to 1 cps by counter methods, employ¬
ing an all-electronic system.
A continuously adjustable phase shifter

Standard Frequency and Time Broadcasts
from WWV

1W. P. Mason, “A new quartz crystal plate,
designated the GT, which produces a very constant
frequency over a wide temperature range,” Proc.
I.R.E., vol. 28, pp. 220-223; May, 1940.
2 L. A. Meacham, “The bridge stabilized oscillator, ”
Proc. I.R.E.. vol. 26, pp. 1278-1294; October. 1938.

3 W. A. Marrison, “Evolution of quartz crystal
clock,” Bell Sys. Tech. Jour., vol. 27, pp. 510-588;
July, 1948.
4 “Technical radio broadcast services, radio station
WWV.” Letter circular LC886, obtainable from Na¬
tional Bureau of Standards, Washington 25, D. C.

The radio and audio frequencies as
transmitted from WWV, near Washington,
D. C.4 are accurate (with reference to mean
solar time) within 1 part in 50 million. The
time signals broadcast by WWV are main¬
tained in agreement with U. S. Naval Ob¬
servatory time within several hundredths of
a second. This is done by setting the WWV
control oscillator frequency slightly higher
or lower than exactly 100 kc by an amount
ordinarily not greater than 1 part in 108, to
advance or retard gradually the broadcast
time. For this reason the time broadcast by
WWV is uniform, changing by less than
0.001-second average or 0.002-second maxi¬
mum per day. Fig. 1 shows the frequency
and time deviations of the WWV transmis¬
sions for the years 1947 and 1948.
The present oscillators at WWV have a
gradual and fairly constant drift to a higher
frequency of from 0.6 to 1.2 parts in 109 per
day. The control standard at WWV was
adjusted on an average of every twelve days
during the past year. Adjustments are usu¬
ally to a lower frequency but are occasion¬
ally made to a higher frequency because of
slight discrepancies in the assessment of
average drift rate in terms of the Observa¬
tory’s time determinations. The adjustments

(±5)

* Decimal classification: R214. Original manu¬
script received by the Institute. September 27, 1949.
t National Bureau of Standards, Washington,
D. C.
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Fig. 1—Frequency and time deviations of WWV transmissions for 1947 and 1948.

are usuallyuoade on Fridays between 9 and
10 a.m. EST but may be made on any day
of the week.
A second standard-frequency station
WWVH, located in Maui, T. H., has been
operating experimentally since November,
1948. The purposes of this station are to
learn ways of improving coverage in areas
not well served by WWV and to determine
the feasibility of operating several standardfrequency stations in different parts of the

world on the same frequencies. At present,
WWVH provides transmissions on 5, 10,
and 15 Me with carrier powers of 400 watts
for each frequency. The carrier frequencies
and modulation components are derived
from primary frequency standards similar
to those at WWV. These oscillators are
maintained in agreement with the WWV
transmitted frequencies within 2 parts in 10s
by means of time comparisons over 6-day
periods.

The present primary standard of fre¬
quency consists of three precision frequency
standards located at the WWV transmitting
site near Greenbelt, Md., and five located at
the National Bureau of Standards in the
District of Columbia. These eight standards
are automatically compared with each other
and with Naval Observatory time deter¬
minations. The estimated or daily assigned
frequencies, accurate to about 1 part in 10s,
are determined by a weighted extrapolation
process in terms of the most reliable stand¬
ards Corrected frequencies are evaluated,
over 100-day intervals, in a manner ex¬
plained under “Interval-derived frequen¬
cies” and “Long-interval performance de¬
terminations” in terms of the Naval Ob¬
servatory time signals for three well-stabi¬
lized standard oscillators. The mean of these
corrected values applied through the daily
beat-frequency comparisons is adopted as
the final daily corrected or “absolute” fre¬
quency for each standard. This value is ob¬
tained some 60 days later and is used as a
guide in extrapolating the daily assigned
frequencies so as to keep their corrections as
small as possible. Agreement of the 100-day
corrected frequencies computed separately
iarerms of each of the three interval-derived
curves is generally within 2 parts in 109. The
principal limitation on the obtainable ac¬
curacy is thus evidently caused by the slight
wanderings in the determinations of the
earth’s mean rate of rotation.
Daily and short-time variations in the
individual primary frequency standards are
of the order of 1 or 2 parts in 109 and 1 or 2
parts in 1010, respectively. Fig. 2 is a 24-hour
chart recording of the beat frequencies a

o
o
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Fig, 2—Chart recording of the beat frequencies at 80 Me of the three WWV standard oscillators in terms
of the monitoring reference oscillator at CRPL.
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80 Me of the three VVWV oscillators in terms
of the monitoring reference standard, show¬
ing the order of these variations. Fig. 3 is a
chart recording showing short-time varia¬
tions in the beat frequency between two
standards, on different days, at 80 and
1,280 Me. The small variations of about 2
parts in 1010 are attributable to slight mu¬
tual coupling between the units and to
heater thermostat operations. Fig. 4 shows
chart plottings of the three WWV stand¬
ards, primary 25, primary Wl, primary 65,
and the two monitoring reference standards,
primary K15 and primary 35, for several
months.

Measurement of Precision Standard
Oscillators by Frequency
Comparisons with WWV
For direct frequency measurements, a
harmonic of the local frequency standard is
compared with the received WWV'signal to
determine the difference frequency. Where
several standard oscillators are available and
regularly intercompared, it is necessary to
check only one in terms of WWV. Har¬
monic power from the local standard to the
radio receiver should be adjusted to be about
equal to the received signal level so as to
obtain a maximum modulation or beat.
During severe fading, it may be necessary
to count beats that are suppressed but would
continue the natural rhythm of those ob¬
served. When reception is good, the best
results should be obtained by counting beats
over a 1- to 2-minute period. When fading is
severe, the averaging of a larger number of
successful counts of periods of from 10 to 20
seconds may prove most useful.

Fig. 4—Chart plottings of the three WWV standard oscillators and the
two monitoring reference oscillators.
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Fig. 3

Chart recording showing short-time variations in the beat frequency between two frequency standards at the
National Bureau of Standards, on different days, at 80 Me (top) and 1,280 Me (bottom).
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Fig. 5

Illustration of Doppler variation of the WWV received frequencies in terms of two frequency standards at Western
Electric’s Hawthorne, Chicago, Laboratory. Dotted points are WWV transmitted frequencies.

Experience has shown that it is often
quite difficult to adjust a local compared
oscillator directly to zero beat frequency

by taking the average of several counts of
beats at a single offset point at approxi¬
mately 1 part in 107 from the zero-beat

measurement period, which make the re¬
ceived frequency slightly lower or higher

with WWV at remote locations by either
aural or S-meter means. This is generally

point. The average of these counts in seconds

than that transmitted. This well-established
Doppler effect could be readily computed

per beat is converted to beats per second

for radio propagation if sufficient informa¬

caused by numerous rapid variations in
signal level, or by propagational flutter in

which represents the amount the oscillator is
then off zero beat at the standard frequency

tion on changes in the medium were avail¬
able. Its bearing on frequency measurements

the received frequency. Tests at the National

to which the receiver is tuned. This is then

may be outlined as follows. The ionospheric

Bureau of Standards where a ground-wave
signal from WWV prevails, showed no diffi¬
culty in reproducing zero-beat settings of an
oscillator dial to ± 1 part in 109.

converted to parts-in-109 deviation from zero
beat by dividing the beat in cycles per second
by the standard frequency in cycles per

reflecting layers vary in height considerably
with frequency, time of day, season, geo¬

the oscillator to zero beat it is only necessary
to advance or retard the dial the indicated

Midtiple-Setting Interpolation Method
Multiple-setting

interpolation

is

second and multiplying by 109. To return

best

carried out by setting the fine-frequency dial
of the compared oscillator slightly off fre¬
quency so as to obtain beats with WWV of

number of parts in 109 with allowance for
the incremental dial correction factor for the
region in which it is operating. The dial cor¬
rection factor (number of parts in 109 per
dial division) is most readily obtained by

from 0.1 to 2 beats per second. Several set¬

comparing the standard with a similar local

tings should be made on each side of zero
beat, choosing values which are readily dis¬

standard at several dial settings, and thus
avoiding radio transmission difficulties and
possible errors.

tinguished from fading, and a number of
beat periods measured by means of a stop
watch. Values thus obtained are then con¬
verted to beat frequencies in cycles per sec¬
ond and are plotted on rectangular co-or¬
dinate paper as ordinates with dial settings
as abscissa. By plotting the beat frequencies

This method has the advantage of re¬
quiring only one offset adjustment. With
either method the amount of offset should
be made small as any adjustments may
temporarily disturb the normal drift rate to

graphical location, and

phase of sunspot

cycle. Average conditions are predictable,
but conditions on a given day may depart
greatly from the mean. Changes in effec¬
tive layer height will cause the frequency
of a received carrier to differ from that
transmitted by a fractional amount equal
to the rate of change in equivalent path
length on kilometers per second divided
by the propagation velocity in kilometers
per second. For example, if one assumes
E2-layer propagation and that the virtual
height where reflections occur changes from
300 to 400 km in 2 hours, then for a “3-hop”
transmission front WWV, Washington, to
WWVH, Maui, (7,700-km surface distance)
an effective change in frequency of the re¬
ceived signal of -3.2 parts in 10s for each

obtained below zero beat negative and the

some extent, even though the dial is returned
to the original setting. If several units are

ones above zero beat positive, and drawing a

available in the frequency standard arrange¬

straight line through the average of these
points, an accurate zero beat dial setting will

ment, the oscillator which is off frequency
by a small amount and infrequently ad¬

be indicated where this line crosses the x axis.
For this method an adjustment dial having

justed may be used to make the comparison
with the transmitted frequency. The others

occur simultaneously at all reflection points
of the path considered; thus the error caused

good linearity, very little backlash and one
dial division equal to about 1 part in 109 is
required.

may then be evaluated in terms of this
standard so that no changes in the others are

by the Doppler effect will usually be less

Offset Method

sufficiently off-frequency so as to be certain
that it is higher or lower than the received
frequency.

necessary. The offset standard should be

The multiple-setting method is somewhat
cumbersome in that it requires a number of
separate settings of the dial and computa¬
tions and involves plotting the data, prefer¬
ably on rather large graph paper. As the dial
setting versus frequency is generally quite
linear over a small frequency range, the de¬
sired zero-beat setting may be more easily
obtained to about the same degree of accu¬
racy by using an offset method. This is done

hop can be computed. On a similar basis the
computation for “4-hop” transmission (at a
higher angle of departure) gives -3.7 parts
in 108 per hop so affected. Of course, it is
unlikely that changes of this magnitude will

than the above figures multiplied by the
number of hops.
The WWV frequencies as received at
Maui, T. H., in October, 1948, were gener¬
ally slightly

higher

in

the

morning and

slightly lower in the afternoon. Measure¬
Frequency Arising

ments based on reception at a time when
noon occurred about halfway between trans¬

The accuracy of any method using direct

mitter and receiver showed consistent agree¬
ment to about 1 part in 108, with occasional

comparison of a local frequency standard
with a received standard frequency will be

discrepancies as great as 2 or 3 parts in 108.

affected by fluctuations in transit time of the
received signals. This arises from changes in

15-Mc received frequencies in December,
1945, showed errors ranging from 2 to —7

the radio propagation medium during the

parts in 10s, w'ith an average variation of — 3

Variations in Received
from the Doppler Effect

485/9

Observations madein England on WWV’s

PROCEEDINGS OF THE I.R.E.
parts in 108 when compared with very stable
primary frequency standards.6 Similar meas¬
urements reported by Booth and Gregory
showed slightly greater variations.6 Fig. 5
shows the variation in WWV’s 5-Mc received

Interval-Derived Frequency Determinations

In order to determine the amount of time

by time comparisons may be explained by

a crystal clock will gain or lose over a long
period it is necessary to consider the effect

the following equations:

of the change in frequency (and thus the

CD

Chicago, Laboratory in terms of two pre¬
that high-accuracy

Clock Acceleration

The computation of average frequency

frequency at Western Electric’s Hawthorne,
cision frequency standards.

J- 2 ““ i 1

It is evident

measurements

of fre¬

where /o is the nominal frequency of the os¬
cillator, i.e., that frequency for which the

quency in terms of WWV should be made
when ionospheric layer heights are likely to

frequency division ratios were chosen; h, tz

be most stable, i.e., with noon or midnight

and Ti, Tz represent the time indicated by

prevailing at about halfway between trans¬

the clock, and the correct time represented

mitter and receiver locations. Long-distance

by the time signals respectively at the be¬
ginning and end of the period being averaged.

north-south transmission may be expected
to show greater variations in the morning
and afternoon where all of the reflection
points are subject to changing conditions at
the same time. Long-distance comparisons
should, in most cases, prove most reliable
when lower angles and fewer modes of propa¬
gation prevail. However, one should par¬
ticularly avoid use of a frequency and time
where a dominant mode of transmission is

January

Equation

(1)

is

usually

simplified

in

actual use by referring all measurements to
days

or

multiples

measured
crystal

errors

clock.

thereof and

in

time

by

using

indicated

by a

For example,

the average

frequency of a 100-kc standard oscillator
during interval T is

Ah - A/A

/

/av=106(l+ ---J,

(2)

change in rate of the clock) over the period.
For very long intervals it is even necessary
to consider the changein the drift rate of the
oscillator (change in the change of rate of
the clock).
The time a crystal clock will indicate at
some future time Tx at / days distant is:

T1 = To + / + at + bt2 + ct3

(3)

where at represents the “rate” term, bit the
acceleration term, and ct3 the change in ac¬
celeration term.
The terms T0 and t are always positive.
Coefficient ‘a

may be positive or negative,

and is the principal factor in determining
the overall rate of the clock over short pe¬
riods. Coefficient ‘b’ is generally positive, and
must be considered for periods of more than
a few days. Coefficient ‘c is very small and
is generally negative. It may be neglected in

very near the maximum usable frequency at
the propagation angle for any of the reflec¬

where Ah and A/2 are positive or negative

all but very long-time computations.

tion points, as the effective layer height

errors in time at beginning and end of the

changes very rapidly under these conditions.

measurement period.

The value obtained

understood if times T0, TXl Tt, etc., are con¬

The above equation may be more readily

It should be mentioned that errors other

represents the instantaneous frequency for

sidered as marking off an absolute, continu¬

than those attributed to the Doppler effect

the center of the period, if uniform drift is

were occasionally found possible.

assumed, or the value for the entire period

ous time scale, with the expression t-\-at-\bt2-\-ct3 marking off the distance covered by

Publications of the National Bureau of

if no change in frequency during the entire

the clock on this time scale in / days. This

Standards are available which are useful in

period is assumed. Instantaneous departures

may be recognized as the well-known equa¬

determining the optimum reception frequen¬

from the average values are generally deter¬

tion for linear motion. Usually t+at is com¬

cies at a given time and location.7'8

mined by daily comparisons with other os¬
cillators, involving an averaging based on

bined and considered as the velocity term,
but for horological purposes it is more con¬

Measurement of Precision Standard
Oscillators by Daily Time
Comparisons with

WWV

The average frequency of a standard
oscillator may be determined by successively
comparing the number of cycles generated
(time kept by its synchronously-operated
clock)

with

any sufficiently reliable time

signals. If the standard's drift rate or grad¬
ual change in frequency is assumed to be
constant, its average frequency during the
period will be the same as the instantaneous
frequency for the center of the period con¬
sidered. Departures from a constant or uni¬

their predicted daily drifts. This is justified

venient to keep these two terms separate.

by the probability that the average of the
drifts of a number of selected oscillators will

Horologists express the “rate” of a clock as
the seconds gained or lost per day.

be more nearly linear than the drift of any
one unit.

in time of a crystal clock for a uniform daily

Daily measurements of time differences

change in frequency of 1 part in 109 per day.

Fig. 6 shows the computed daily change

or errors between standard clocks and time

The clocks are usually set slightly fast in

signals may be accomplished by adjustment

such manner as to lose time, and become

of a calibrated phase shifter dial for pulse

slightly slow as the oscillator passes through

coincidence on an oscilloscope screen or by

correct frequency. As the oscillator becomes

use of calibrated circular or linear sweeps on

high in frequency, this time is regained to

the oscilloscope. A recording chronograph
may also be used to get a continuous record

approximately the original setting when the

of the time differences of several standard
clocks and time signals.

oscillator frequency is about 1 part in 107
high. The oscillator is then adjusted low
again and the cycle repeated, this adjust-

form frequency drift can be detected by this
FREQUENCY = 99,999.9900 +

method only by successive determinations

IXIO"9

of frequency, and only then if the reference

PER

DAY

time source is known to be extremely accu¬
rate. When using time signals transmitted
by radio over long distances (sky-wave prop¬
agation), slight errors will result because of

TIME = To +a t + bt

variations in the time of transmission of as

a = RATE

much as several milliseconds under adverse
b =

minations based on time comparisons of less
with

PER

AT

PERIOD
OF

DAY.

(ACCELERATION - FRACTIONAL
DAILY CHANGE
FREQENCY

H. V. Griffiths, “Doppler effect in propagation,”
Wireless Eng., vol. 24, pp. 162-167; June, 1947.
. i; ('. . Booth and G. Gregory, “The effect of Doppier's principle on the comparison of standard fre¬
quencies over a transatlantic radio path,” Post Office
Elec. Eng. Jour., vol. 40, pp. 153-158; January, 1948.
7 “ionospheric radio propagation,” Circular 462,
issued June 25. 1948. available from Superintendent
of Documents, Government Printing Office, Wash¬
ington 25, D. C. (price 51.00; foreign $1.25).
» “Basic radio propagation predictions,” CRPL-D
series (monthly, three months in advance) available on
subscription (price $1.00 yearly, foreign $1.25) from
Superintendent of Documents. Government Printing
Office, Washington 25. D. C.

OF

j ACCELERATION
CLOCK

than about two days may be in greater error
than direct-frequency comparisons
transmitted standard frequencies.

OF CLOCK

BEGINNING

conditions. For this reason frequency deter¬

PER

IN OSCILLATOR
DAY.)

Fig. 6—Frequency-time graphs showing clock acceleration for a daily
change of frequency of +1 part in 10 9
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ment being required about once or twice per
year to maintain frequency limits of ±1

number of beats counted
beat C/S =

partin JO7.

number of seconds X receiver frequency in Me X 106 t

Propagation Delay of Time Signals
Changes in the height of. the ionosphere
layers by which time signals or seconds
pulses are received, or propagation by dif¬
ferent layers or numbers of hops on succes¬
sive measurement periods will introduce vari¬
able delay in the time of reception. The
amount of time delay introduced by trans¬
mission time may be computed if the mode

When using the WWV or WWVH sec¬
onds pulses at locations where both stations
are received, one or the other signal should'
be selected when making time measurements
for frequency determination. This may be
done by using a directive receiving antenna
or by selecting the proper pulses when mak¬

Local Frequency Intercomparison by Use of
Oscilloscope
The beat frequency between two 100-kc
frequency standards may be readily ob¬
tained to a high degree of precision by ob¬
serving high-order Lissajous patterns on an

ing observations. Similarly, at certain loca¬

oscilloscope. This may be conveniently done
by connecting the output from a frequency

tions it is necessary to differentiate between
pulses received from both ways around the

multiplier controlled by one standard to the
vertical deflection plates or their wideband

ence in reception time for signals propagated

earth. For example, at Maui pulses are con¬
sistently received in the morning from WWV

amplifier input, and 100 kc from the other
standard through the horizontal amplifier

by various modes and going only one way
around the earth is seldom greater than a

on 15 and 20 Me by paths going both ways
around the earth, with delays of approxi¬

of transmission is known or assumed. This
delay is nearly 1 millisecond per 186 miles of
actual transmission path length. The differ¬

few milliseconds. By observing the earliest

mately 0.027 and 0.113 second. Quite often,

consistently received

for brief periods, the pulses received over
the longer path are stronger than those re¬

pulses over a short

period, this may be generally reduced to less
than 1 millisecond.
As an illustration of the relative delays
to be expected from various modes of
propagation, the time lags for a curved

ceived over the shorter path because of dif¬
ferences in absorption. When checking a wellstabilized standard clock, the expected time
of arrival will be known to a few millisec¬
onds, which helps to discriminate against

earth-ionosphere path for several propaga¬
tion conditions have been computed. These

undesired signals. As with the frequency

values for transmission from WWV, Wash¬

Comparisons, it is desirable to make these

ington,

to WWVH,

Phase changes, caused by any difference in
frequency, will cause the pattern to close
and open in continuous sequence. A point
near the center of the screen may be chosen
where the lines close and the time for an
even number of closures measured with a
stop watch.
The difference frequency in parts in 109
is;

Maui, a great-circle

ground-path length of about 7,700 km (4,800
mi) are as shown in Table I. Geometrical
one-hop

to the horizontal deflection plates. The hori¬
zontal pattern should be expanded to get
sufficient resolution of the multiple pattern.

transmission

over

this

path

500 X number of closures counted
Frequency difference =

is

time of count in seconds X highest frequency used in Me

impossible, and two-hop transmission would
be expected to occur less frequently than
transmission by the higher modes for this
TABLE I

F layer
(210 mi.)

No. of
hops

Ft layer
(267 mi.)

Milliseconds
Milliseconds
delay
delay
2
26,6
27.2
3
27.0
27.7
4
27.9
29.1
0 ground path equivalent lag
(for comparison purposes) is 25.7

conditions

A minimum of two closures or a minimum

are optimum and the ionosphere is stable.
Interval-derived frequency determina¬

counting time of at least two minutes should
be used for the desired accuracy. These ob¬

tions covering periods of 1 or 2 days may not

servations will not indicate which of the

prove much more accurate than those made

two frequencies is higher. However, by using

by direct frequency comparisons under op¬
timum conditions. However, if highly stable

the frequency from one oscillator to lock in
the linear-sweep oscillator in the oscillo¬

oscillators are considered, and the measure¬

scope, observation of the direction of the pat¬

ment period is increased to about 6 to 10
days, comparison accuracies of a few parts

tern drift will indicate which of the two fre¬
quencies is higher.

measurements

when

reception

in 109 may be obtained.
Intercomparison of Local Standards

When more than one frequency standard
path

length. If

El-layer

transmission

is

assumed the delay should be generally a
little

less

than

for

the

similar

mode.

These values assume

by

number

E2-layer

propagation

is available, it is generally desirable to check
each local standard at regular intervals or
continuously with the local reference oscil¬
lator (one checked in terms of WWV). The

and

beat frequencies between the reference and
each of the other oscillators are then deter¬

normal reflections at the indicated virtual
heights. Scattering, interlayer reflections,

mined for plotting purposes at the time
chosen for evaluating the reference oscillator.

a

of

geometrical

hops

ionospheric turbulence, and abnormal con¬
ditions are of frequent occurrence.

This may be done by one of the following
methods.

The average variations in delay of the
WWV seconds pulses as received at Maui,
Hawaii, over a number of one-hour observa¬

Local Frequency Intercomparison by Use of
Harmonic Mixer and Receiver

tion periods ranged from 0.1 to 0.2 milli¬

Other Precision Frequency Intercomparison
Methods
For a complete installation of standard
oscillators, some method should be provided
for continuously and automatically record¬
ing the difference or beat frequencies be¬
tween the reference oscillator and the others.
Several methods will be described, although
others may be employed. The direct-read¬
ing, or easily computable sensitivity, should
be 1 part in 109 or better. The maximum
deviation capability of the recorder need
not be greater than a few parts in 108. The
instrument should be capable of indicating
short-interval stability conforming to a
sampling or reading completed in a minute
or less time.

single fre¬

The harmonic mixer unit has already

quency, and 0.6 to 1.0 millisecond for ob¬

been mentioned in connection with WWV

servations on the several frequencies re¬
ceivable at a given time. These variations

frequency comparisons. Measurements are
made by adjusting the 100-kc input of each

uses a commercial power-frequency 60-cycle

represent the deviations in a number of log¬

source separately by means of the level con¬
trols to about S-4 on the radio receiver.

recorder to record the beat frequencies at

Both oscillators are then connected, and the

multipliers are used. A continuously adjust¬
able phase shifter of the rotating or electronic

second for observations on a

gings of the earliest pulses consistently re¬
ceived over short intervals and not the scat¬
ter of multiple pulses received at the same

beat counted on the S-meter at any conven¬

time or consecutively. Variation of trans¬

ient frequency multiple of 100 kc. To get
the desired accuracy the beats should be
counted using a stop watch for a minimum

mission delay time of about 2 milliseconds
has been reported on high-frequency time
signals over the North Atlantic path.9
5 C. F. Booth ard F. J. M. Laver. “A standard of
frequency and its E ^plications,” Jour. I EE, vol. 93,
part III, pp. 223-241; July. 1946.

One

very

satisfactory

but

somewhat

elaborate method, which is direct-reading
and unambiguous with respect to beat sign,

100 Me. Two 100-kc to 100-Mc frequency

type is used to subtract exactly 60 cps (ob¬
tained from the standard) from the output
of the reference multiplier at 100 Me. The
resultant frequency and the output from the

of 2 beats, or a convenient even number of
beats which can be counted in about 2 min¬
utes. The difference frequency in cycles per

and

second at 100 kc is then

mately 60 cps obtained. The difference fre-
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other multiplier are supplied to a converter
the difference frequency of approxi¬
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quency is amplified and supplied to the 58 to
62 cps frequency recorder so that the 60-

taking such data on a number of standards

ance. If continuity of service is only of mod¬

is to determine the most suitable one for

cycle point represents zero difference fre¬
quency. This gives a continuous record of

use, and to determine its short-time stability

erate importance, two equipments may be
infrequently adjusted and only the working

the difference frequency to a sensitivity of a
few .parts in 1010 with a range of ± 2 parts in
108. The other oscillators can be switched
on successively in rotation to record the

in terms of the other available standards.
When such a standard is used to control
standard-frequency
transmissions or to
make high-precision calibrations, it should

unit held within very precise limits. The os¬
cillator and time equipment least adjusted
should be generally used as the reference or
one by which frequency and time determina¬

be monitored continuously against one or

tions are made with respect to WWV. For

more similar standards.
As a result of experience gained in the
operation of frequency-standard oscillators

most purposes an adjustment of the working
standard so as to hold its frequency within
quency should prove satisfactory, with the

ards is to set the reference oscillator approxi¬

at the National Bureau of Standards and
in particular at the WWVH, Maui, T. H.,

mately 60 parts low in 100 million, which

transmitting station, it may be helpful to

gives

frequency

outline maintenance, procedures and tech¬

frequency tolerance of 1 part in 107.
Daily phase shifter (time) adjustments

without the use of the phase-shifting mech¬

niques that have been developed and found

may be made if time synchronization is de¬

anism. This method has the disadvantage of

useful in this work.

sired, and these daily changes used in com¬

deviation of each one in terms of the refer¬
ence oscillator.
A variation of this method which is cur¬
rently used at National Bureau of Stand¬

a

recordable

difference

putting the reference off frequency by an
amount making it unusable for many pur¬
poses.
The difference frequency between two

Logging and Plotting of Data
At the NBS it has been found necessary

1 or 2 parts in 108 of WWV’s average fre¬
standby and spare oscillators being held to a

puting interval-derived frequencies. Allow¬
ance should be made for transmission time
lag in setting or using the local time pulses,
if extremely precise time synchronization is
important.

accurately measuring the time required to

to keep a daily record which includes all
frequency and time readings and measure¬

complete one beat at the fundamental or a

ments, as well as the final results of all com¬

Short-Interval Performance

multiplied harmonic of each standard. A
method for doing this has been described

putations of frequency and time. Changes in

standard oscillators may be determined by

by H. B. Law, and is used by the British
Post Office and the National Physical Lab¬

control standard, methods, or equipment are
always noted. These data are conveniently

High-precision standard-frequency os¬
cillators now in use have short-period sta¬
bilities (intervals of one minute or so) rang¬

oratory for the comparison of precision fre¬

kept in a record book having a number of
ruled columns, or on specially prepared

quency standards.10 A balanced phase dis¬

mineographed sheets carrying the desired

ing from 1 part in 109 to 1 part in 1010. In
addition to the gradual ageing or drift,

criminator is supplied with two 100-kc fre¬
quencies and arranged to trigger a counter

notations for a particular installation.

various causes will contribute to these short-

chronometer at the beginning and ending of

oscillator are plotted on continuous cross-

one beat. The chronometer counts a conven¬

section paper in a manner as shown in Fig.

ient standard frequency (100 or 10 kc) and

4. These data are of considerable aid in

thus indicates the elapsed time of one beat.
The instrument accuracy under ideal con¬

studying the relative performance of the
individual standards, and in graphically

ditions is estimated to be 1 part in 10n.

extrapolating predicted values during peri¬

produces an immediate effect followed by

chronometers

ods when reception conditions do not permit

additional changes as thermal equilibrium is

may be used in a number of ways to obtain
accurate comparison data between standard

making the daily frequency or time checks.

restored. Changes in load impedance will
cause frequency variations unless proper

oscillators. A general method uses one in¬

odic

instrument readings which

decoupling is employed. Unless proper ther¬

strument to count the difference or beat
frequency between high harmonics of the

include the readings of all battery chargers
and power supplies, voltmeter readings on

partment cyclic operations of its heaters will
also cause variations in the output frequency.

Two

electronic

counter

The daily computed frequencies for each

It has been found desirable to keep peri¬
(weekly)

time

frequency

fluctuations.

Mechanical

shock may cause an instantaneous effect
through easing of stresses or displacements
in the crystal unit or associated components.
A slow recovery in frequency may or may
not take place. A change in supply voltage,

mal lagging is provided for the crystal com¬

two compared frequencies, while a second

each switch position for the frequency stand¬

instrument counts cycles of appropriate
standard frequency. One unit may be ad¬

ards and frequency dividers, temperature

The oscillator circuits must be protected

readings of each standard’s oven where ap¬

from

justed to serve as a predetermined counter

plicable, and room temperature at time of

direct

or

electromagnetic

mutual

to stop the other unit after a definite count

readings. These readings are useful in anti¬

coupling to better than 100 db to reduce
frequency “pulling” or tendency to syn¬

and thus increase the accuracy somewhat.

cipating tube or equipment failure in that

chronize. Other changes in frequency, often

This method of frequency measurement is

adjustment or repair can often be made be¬
fore complete breakdown occurs.

of unpredictable source, may be caused by

very" flexible and can be used to measure
frequencies which fall outside the limits of
other very sensitive measurement devices.
A very simple but accurate method of

Adjustments in Frequency and Time

recording low beat frequencies such as ob¬

Periodic adjustments in frequency and

tained from the harmonic mixer and receiver
comparison method is to use a recording

time of each standard oscillator and time

imperfect connections, faulty components
or erratic vacuum tubes. These causes of
poor frequency stability can generally be
eliminated only by a slow process of substi¬
tution and observation.
Where average frequencies are computed
for periods of more than a few days, the daily

milliammeter or recording oscillograph. The

equipment are required to keep within the
desired accuracy tolerance and to simplify

beats are then evaluated in terms of uniform

the measuring and plotting requirements.

the departure of the reference standard from

chart speed or time markers recorded simul¬

The frequency and range of these adjust¬

its average curve in terms of the other reli¬

taneously. This method offers comparative

ments are influenced considerably by the

simplicity for temporary or experimental
use, but is quite laborious where a number

type of service and standard. For greatest

able standards available. The daily values
for the other standards may then be deter¬

constancy of drift rate and greatest ease in
computation, frequency adjustments should

for each standard to the computed value for

of readings are required over a long period
of time.
Recording and Evaluation of Data

The amount of statistical data taken on
each standard should be kept to the mini¬
mum necessary to determine the probable
performance of each individual unit over a
continuous period. The chief reason for

mined by adding the daily beat frequencies

be held to a minimum. For many uses the

the reference. The mean values of relative

calculation of and allowance for the slight

frequencies
thus
obtained represent a
weighted extrapolation in terms of the se¬

error in frequency or time presents no great
difficulty. In other cases, where numerous
measurements are being made and services
given, it is helpful to establish high initial
accuracy so as to eliminate corrections.
Where the working standard (one used
or distributed) is held to very close accuracy
tolerance, the continuity of service required

10 H. B. Law, “An instrument for short-period fre¬
quency comparisons of great accuracy,” Jour. I EE
vol. 94, part III, pp. 38-41; January, 1947.

values may be determined by calculating

will determine if the second or standby
standard need be held to a similar close toler¬
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lected group of reliable standards. Consid¬
erations involving three independent reli¬
able standards should give a relative daily
accuracy within 2 parts in 10°. The inclusion
of six or more standards, as is done in the
CRPL primary standard of frequency, re¬
sults in a relative daily determination of
performance of each standard oscillator to
within 1 part in 109. Very-short period or
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“instantaneous" stability may be deter¬
mined by intercomparing pairs of standard
oscillators by high-precision automatic re¬
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Long-Interval Performance Determinations
«
The determination of deviations over
periods of months and years is complicated
and obscured by the fact that the earth's
mean rate of rotation (even after applica¬
tion of a number of established corrections)
is not uniform. Changes in the length of the
apparent day as large as 4 or 5 milliseconds,
equivalent to a frequency change of about
1 part in 20 million, are believed to have oc¬
curred on several occasions within the last
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half-century. These changes occur at rather
irregular intervals and in varying amounts
and are, as yet, unpredictable. They are
evidenced by an accumulation of error in
the earth’s observed angular position com¬
pared with theoretically predictable astro¬
nomical events.

.9960

//
//
/#
yy

.9920 —

Smaller variations, with periods of sev¬
eral weeks to slightly more than a year, are
noted when comparing the earth’s observed
time with high-precision crystal clocks. Un¬
tributed almost entirely to clock discrepan¬
cies. Agreement of a number of precision
clocks and technical improvements in meth¬
ods of observing and recording star transits

.9840

in terms of a number of star sights is believed
to be not greater than several milliseconds
and such errors are not cumulative. Some of
the^ time variations are caused by rather
irregular wanderings of the earth’s poles by
as much as 30 feet with a principal compo¬
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Fig. 7—Chart plottings illustrating graphical method of determining
final or absolute frequencies.

indicate that the earth’s rate of rotation is
subject to a number of more or less random
small variations which add up to as much as
several milliseconds per day at times. The
probable error of a single time determination

A

.9880

til very recently these variations were at¬

CHART PLOTTING, ILLUSTRATING METHOD
OF DETERMINING FINAL OR ABSOLUTE
FREQUENCIES

day/century, which amounts to an average
apparent increase in frequency of about 1
part in 108 per century for an absolutely
constant oscillator if measured in terms of
the earth's rate of rotation.
The GT wire-supported crystals of the
type widely used at present have initial

Fora 100-day averaging period the daily
assigned curves must thus be extrapolated or
guided on the basis of past performance for
about 60 days in advance of the established
average curves. For this reason, a temporary
20-day interval-derived curve is computed
as an aid in systematically determining the

nent having a period of slightly more than a
year. Observational errors, caused by this

drift rates of 2 to 4 parts in 10s per day for
unaged units, and 1 to 2 parts in 109 per day

daily assigned values. Users of the WWV

variation in longitude (which would be zero

for units a year old. The drift varies approxi¬
mately inversely with time for several years,

average frequency determinations thus have
the advantage of the long averaging period

and may thus be predicted and allowances

applied to the WWV frequency determina¬

made accordingly.
In the primary standard of frequency of

tions. They may, therefore, approach the
full limit of accuracy (1 part in 50 million)

the National Bureau of Standards,

by using these signals over intervals of 6 to

at the equator) amount to as much as +20
and 30 milliseconds at the Washington and
Greenwich observatories, respectively. These
variations may be corrected by applying re¬
sults of observations of latitude variation at
a number of locations and computing the
equivalent changes in longitude. The intri¬
cacies of time determination in terms of the
earth’s rate and the conversion from ob¬
served sidereal to mean solar time have been
discussed by H. Spencer Jones, British
Astronomer Royal.11
Another factor, although of no imme¬
diate concern in determining frequency, is
the gradual slowing down of the earth’s rate
of rotation, chiefly because of tidal friction.
This deceleration over the past 2,000 years

three

well-stabilized oscillators are evaluated over
100-day periods in terms of Naval Observa¬
tory time corrections. This is done as shown
in Fig. 7. The dotted points for each day re¬
present the departures from the average
curve in terms of the entire group of selected
standards as explained previously. The
dashed curve represents the average of 101
daily values including 50 before and 50 after
the day plotted. These are computed each
10 days and connected by a smooth curve.

time signal transmissions in the field for

10 days

to compute average frequencies

without knowledge of the time or extent of
WWV frequency adjustments. If these ad¬
justment data are known, accuracies several
times this order are generally possible.
The corrected daily frequency for the
reference oscillator is computed in terms of
each of these three oscillators so evaluated
by adding algebraically the respective daily
beat differences to their corrected values.
The mean of these computed frequencies is
then taken as the final or “absolute” value

averages about 0.0016 second per day per

The solid curve represents the 100-day inter¬
val-derived average frequency computed for

of the reference for each day. Should one of

century, which amounts to an accumulated
time difference of 29T2 seconds for a mean

each day. The final corrected frequency, for
this standard only, is then the daily plotted

the three, values disagree excessively with
the other two for explainable reasons, only

solar clock considered as having zero rate at

value of the interval derived (solid) curve

1900 A.D., where T is the number of centur¬
ies from 1900.12 At present the deceleration

plus the algebraic departure of the daily
assigned (dotted point) value from the daily

two values are averaged. The values so
computed generally agree within 1 or 2 parts
in 109, which represents the residual error in

is estimated at approximately 0.001 second/

average (dashed) curve. A displacement of

the graphical method and the unpredictable

more than 1 part in 108 between these two

random deviation of the daily assigned sam¬
pled values from the daily mean frequencies.

11 H. Spencer Jones, “The measurement of time.”
Endeavour, vol. 4, pp. 123-130; October, 1945.
12 G. M. Clemence. “On the system of astronomical
constants.” Astronomical Jour., vol. 53, pp. 169-179;
May. 1948.

curves indicates that the daily drift rates
should be reassessed and the dotted points
replotted

to bring

the

two curves

nearly into agreement.
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more

The daily “absolute” frequencies for each of
the other standards are obtained by alge¬
braically adding their daily beat differences
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resistance-bridge thermostats is planned for
use in several new standard oscillators. The
possibility of using magnetic amplifiers in
this application to eliminate tube failures is
being investigated.

■°S
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DRIVING

• •
ioo
CURRENT (p A)

Fig. 8—Graphs showing.variations of resonance frequency and series resistance at
resonance with changes in driving current for a 100-kc GT-cut quartz-crystal unit.

to the daily “absolute” frequency of the ref¬
erence standard.
No great difficulty has been experienced
in predicting the “absolute” value of fre¬
quency for the primary standard in terms of
the earth’s mean rate of rotation over 100day intervals to 1 part in 108. The mean solar
second, which is by definition the physical
standard of time, may be expected to change
occasionally by as much as ±4 parts in 108
in addition to a gradual average change of
about 1 part in 108 per century. Frequency
which is defined in terms of the mean solar
second will, of course, deviate from a con¬
stant value by a corresponding amount.
Prospective Improvements in Quartz-Crystal
Frequency Standards
Quartz-crystal units, measured as reso¬
nators in a balanced bridge network, have
been compared with the primary standard of
frequency with a precision of 1 part in 109.
in this manner, crystal units most suitable
for use in future standard oscillators are cur¬
rently selected and studied. The use of crys¬
tal-unit resonators as primary frequency ref¬
erence standards has been tried in this man¬
ner to some extent and is being further in¬
vestigated. This method of use eliminates
the variations arising from aging or detuning
of tubes and circuit components. It has been
found that the crystals generally drifted
about as rapidly in a nonoscillating condi¬
tion as they do in continuously oscillating
frequency standards. Fig. 8 shows the results
of bridge measurements on a typical GT-cut,
wire-mounted crystal-unit for variation in
excitation current. It may be noted that the
frequency decreases and the resistance in¬
creases slightly with increases in excitation
beyond about 100 microamperes through
the crystal-unit at resonance. All crystal
oscillator standards operating at present at
The National Bureau of Standards are work¬
ing at amplitudes of 500 microamperes or
more, which is slightly beyond the maximum

shown on the graph. Attempts to operate
with appreciably lower amplitudes, by ad¬
justing the bridge arms to closer limits, have
resulted in increased short-time instability
although the curves indicate greater stabil¬
ity should result. Extreme care in shielding,
decoupling, and attention to the reduction
of tube and circuit noise may be necessary
to gain improvement in this manner.
Ability to operate the amplifier-bridge
loop at a higher stable amplification ratio
may be made possible by supplying the
thermistor element for amplitude stabiliza¬
tion with direct current obtained from
rectified and filtered oscillator output. This
may also allow operation of the crystal unit
at nearer its natural Q value. The present
standards have crystal units with Q values
of about 200,000 and operating Q values of
about one-half this amount. This gives a
bandwidth between half-power points of
about 1 cps at 100 kc. The short-period sta¬
bility of about 1 part in 1010 obtained with
several of the standard oscillators means
that they hold the frequency constant to
about 1/100,000 of the half-power band¬
width. Current development work on im¬
proving crystal-units shows promise of
greatly reducing the initial aging or drifting
in frequency and of obtaining an operating
Q factor of one million or greater.
The use of direct polarizing voltage
across the crystal electrodes as a means of
fine frequency adjustment may be advan¬
tageous in certain cases. A change in fre¬
quency of about 1 part in 10s per volt occurs
for the present type 100-kc units. This
change in frequency is very linear over
ranges of several hundred volts of either
polarity without apparent loss of Q. It offers
an extremely sensitive control method for
interpolation or servo applications without
the problems that arise from backlash and
wear.
Improved temperature control of the
crystal inclosure over long periods is needed.
A temperature-control method using dual
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Absolute Frequency and Time Standards

It is now generally accepted that the
earth’s mean rotation period is neither ab¬
solutely constant nor is it predictable with
desirable accuracy over short or long periods.
Its long-time period is increasing by an
amount sufficient to be slightly disturbing to
both physicists and astronomers in this era
of high precision measurements.
Astronomers are using what is termed
Newtonian time.13 This time is consistent
with Newton’s laws of motion (with slight
modifications for relativity) when applied to
the movement of astronomical bodies. So far
as has been determined, intervals in New¬
tonian time are invariable.
The Newtonian second for astronomical
purposes has been defined as equal to a
mean solar second at 1900 a.d. Astronomical
events in the distant past are computable
in Newtonian time by applying the proper
corrections, based on the earth’s known vari¬
able rate through the period considered.
Future corrections, while not accurately
predictable, can be observed and adopted
as time progresses. The sidereal year (aver¬
age period of the earth’s revolution around
the sun) is believed by astronomers to
be a better unit of time. With present
techniques it is difficult to determine the
period of a single sidereal year to the de¬
sired accuracy. It has been estimated that
in an interval of 100 years a mean value
good to 1 part in 109 could be established.
To subdivide this long interval into useful
physical time units imposes extremely
stringent requirements on a standard clock.
Clocks have continued to be improved
since the discovery of the escapement mech¬
anism about 1360 a.d., reaching their
high degree of dependability in the presentday precision quartz clocks which permit a
predictable daily constancy of considerably
better than 0.001 second per day. They have
an attainable precision of about 10 times
that of the best mechanical clocks and are
the most precise timekeepers now available,
exceeding the constancy of the determina¬
tion of the earth’s rate for periods up to sev¬
eral months. The quartz clock, however,
must be set in terms of the earth’s mean rate,
as it in no way constitutes an absolute stand¬
ard in itself.
In recent years, aided by the rapid de¬
velopment of microwave techniques, con¬
siderable attention has been directed toward
use of atomic resonance effects at microwave
frequencies.13
The first atomic clock was built at the
National Bureau of Standards in 1948.14 This
clock makes use of the sharp absorption
line of ammonia gas at 23,870.1 Me to main¬
tain a 100-kc crystal oscillator at constant
frequency. This is done by means of an elec¬
tronic servosystem consisting of frequency
13 W. D. Hershberger and L. E. Norton, “Fre¬
quency stabilization with microwave spectral lines,’
RCA Rev., vol. 9. pp. 38-49; March. 1948.
14 “The atomic clock.” NBS Tech. News Bull., vol.
33, pp. 17-24; February, 1949.
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multipliers, auxiliary frequency-modulated
search oscillator, and pulse discriminator
circuits. The 100 kc is then divided down to
audio frequencies in conventional manner
and used to operate a synchronous-motor
clock as a time standard. A constancy in fre¬
quency of 5 parts in 10s has been obtained
for periods of several days with this experi¬
mental clock when compared with WWV
frequency standards. Improvement of this
type of standard and the development of
more constant types of atomic resonance
controlled oscillators are to be expected.
It is shown in the references cited that
the sharpness of resonance within individ¬
ual oscillating molecules is extremely great.
Because of collisions of molecules with each
other and with the gas cell walls, and the
Doppler broadening attributable to natural
thermal agitation, the practical working Q
of an ammonia gas absorption line ranges be¬
tween 50,000 and 500,000. This compares
favorably with the Q of quartz crystals used
in frequency standards which ranges from
100,000 to 1,000,000. It is thus reasonable to
hope that a constancy of 1 part in 108 to 1
part in 109 may be obtained by proper refine¬
ments in circuitry and technique. Whether
or not this degree of constancy of absolute
value can be maintained without or even
with precise temperature and pressure regu¬
lation remains to be investigated.
Civil time will, no doubt, continue to be
defined in terms of the mean solar second,
as would ordinary frequency designations.
After about 2,000 years, if the earth con¬
tinues to slow down at its present rate, the
mean solar second would be about 1 part in
3 million longer than at present and the ac¬
cumulated time difference between mean

solar time and Newtonian
amount to about three hours.

time

would

Conclusions

Frequency and time standards, using
high-precision quartz crystals, are now avail¬
able which are capable of supplying fre¬
quencies and time intervals constant to
considerably better than 1 part in 108 per
day. In order to achieve an accuracy ap¬
proaching this order, these standards must
be frequently checked in terms of standard
frequency or time broadcasts. An accuracy
of 1 part in 10s represents about the limit
obtainable in terms of the earth’s mean rate
of rotation over^ 100-day period. Longer
periods of averaging can not be expected to
give greatly improved accuracy, because of
the possibility of slight oscillator frequency
deviations and uncertainties in the uniform¬
ity of the determinations of the earth’s mean
rate.
By using ordinary zero beating methods,
a remote frequency standard may be ad¬
justed within 1 part in 107 to WWV’s re¬
ceived frequency. Special offset techniques
permit this setting error to be reduced to
less than 1 part in 108. Changes in the radio
propagation medium may cause the received
frequency to differ from that transmitted by
as much as several parts in 107. By averaging
a number of determinations made when
noon or midnight prevails about halfway be¬
tween transmitter and receiver, long-dis¬
tance frequency comparisons can generally
be made with a precision of better than 1
part in 108.
The intercomparison of two remote os¬
cillators, constant to 1 or 2 parts in 109 per
day, by means of transmitted time pulses

from one or both of the standards, is possible
to a precision of a few parts in 10s through
comparisons of average frequencies over
periods of 6 or more days.
The development of atomic or molecularresonance standards of high constancy and
absolute accuracy may greatly simplify the
maintenance of precise frequency and time
standards. The practical realization of such
standards, which seems reasonably probable
in the near future, will eliminate the neces¬
sity of making highly precise physical meas¬
urements in terms of the earth’s variable
rate of rotation. Such a standard would
supply a means of studying more precisely
the motions of the earth and other astro¬
nomical bodies.
Considerable work is being done to im¬
prove the constancy of quartz-crystal fre¬
quency standards, especially with regard to
aging or frequency drift and improved tem¬
perature control methods.
It is probable that frequency and time
standards, which have improved by a factor
of ten or more per decade in the last thirty
years, will continue to reach new orders of
accuracy and constancy. However, these im¬
provements in accuracy will probably be re¬
ferred to a new kind of standard, rather than
to the mean solar second.
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Accurate Microwave Wavemeters with Convenient Calibration Tables
H. E. Bussey and A. J. Estin
National Bureau of Standards, Boulder, Colorado
(Received December 3, 1959; and in final form, February 11, 1960)
Accurate and convenient microwave cavity wavemeters are described that are suitable for many precise physical
measurements. High Q’s were attained by refined construction techniques. At 9000 Me a precision of 0.02 Me was
obtained. The absolute accuracy also may be very high after strains in the metal have stabilized. A calibration
table containing 104 entries, easily formed by means of a high speed computer, makes the wavemeters convenient
to use. The curve fitting method, accurate to one in 10fi, is described.
I. INTRODUCTION

HE primary function of a wavemeter is to determine
the frequency of an electromagnetic wave. Its design
can range from that of a coarse search meter^to that de¬
scribed here, which is suitable for precise and accurate
physical measurements.1 The precise determination of fre¬
quency differences is of paramount importance in many
scientific experiments. For example, the present wave¬
meters have been used to observe dielectric, magnetic, and
other cavity perturbations, and they have been very valua¬
ble. They have conveniently replaced more complicated
methods of frequency measurements that use heterodyning
and frequency multiplication. The precision achieved with
the wavemeters is 1 or 2 parts in 106, as estimated both
from routine use and from the repeatability of settings
during original calibration. The absolute accuracy depends
of course on the long time mechanical stability, the atmos¬
pheric conditions, and the VSWR of the waveguide arms.
It was found, for example, that after a year one wavemeter
had changed frequency by 0.25 Me out of 9000 Me. This

The just-mentioned factors are concerned with the
cavity itself. The precision may, however, be limited by
noise rather than by the sharpness of the response (Q) or
the mechanical precision. A discussion of how signal-tonoise ratio limits the ultimate precision of a wavemeter is
an important factor in designing a wavemeter and in
choosing the coupling factor for optimum performance. An
investigation of this subject is in progress.
II. DESCRIPTION OF WAVEMETERS

A good choice for the mode of oscillation of a wavemeter
is the TEoin mode of a right circular cylinder, as was indi¬
cated by Wilson, Kinzer, and Schramm.2 The wavemeters
described here operate in the TE0n mode. All were trans¬
mission type cavities. Table I summarizes several char¬
acteristics of these wavemeters, designated as A, B, and C,
respectively. Figure 1 is representative of cavities A and B.
Figure 2 gives dimensions for cavity B, but the perturba¬
tion plunger was only used in A. Figure 3 shows cavity C.

change was probably due to the relief of strains. It is ex¬
pected that henceforth the accuracy will be a few parts per

Tuning was accomplished in the usual way by moving
one end plate with a micrometer movement. The microm¬
eter3 had a nonrotating spindle which by a small modifica¬

million, provided atmospheric corrections are made.
This paper summarizes the principles used in the design

tion could be keyed so as to be positively nonrotating. The
end plate in general is not quite normal to the micrometer

of these instruments. The chief features of an accurate
wavemeter are a fine micrometer for tuning, an accurate
calibration, a convenient and accurate calibration table,
a high Q, the temperature compensation scheme, and the
transmission or absorption coefficient. These will be
discussed.
Table I.

Cavity

Freq.
Me

Diam
in.

in.

A
B
C

8650-10 000
8500-9500
2800-3200

1.88
1.79
6.42

0.8-1.5
1.17-2.17
2.5-3.5

la
in.

R

0.2101' 81%
0.201h 85%
•• ■
83%

r
db

0/.

12
16
15

19 000
23 000
33 000

a Definitions: L is the length; 2a is the iris diameter; R is the ratio of the ob¬
served unloaded Q to the theoretical Q expected from silver with a resistivity of
1.63 X10-6 ohm cm; T is the transmission loss through the resonator. Ql is the
observed loaded Q.
b The thickness at the irises was 0.030 in.

1 For another paper on accurate wavemeters see J. C. Van Den
Bosch and F. Bruin, Physica 19, 705 (1953).

Fig. 1. Invar wavemeter (8.6 to 10 kMc) with a high quality mi¬
crometer to move end plate and an ordinary micrometer with needle
plunger for small frequency increments. Short waveguide sections
were added later to provide isolation from variable screw tension
during flange attachment.

21. G. Wilson, C. W. Schramm, and J. I1. Kinzer, Bell System
Tech. 1. 25, 408 (1946). They also give convenient tables and graphs
useful for cavity design.
3 Arizona Tool and Die Company, Tucson, Arizona.
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spindle, and therefore a rotation would cause variations in
the frequency. The micrometer head was mounted on the
bottom of cavity C so that gravity would assist the return
spring in holding the end plate against the micrometer.
The manufacturer’s specifications indicate .that the abso¬
lute accuracy of the micrometer is 1.5X10-5 in. With care
the scale may be read to 10~5 in. Ideally the precision of the
micrometer should just correspond to the inherent, or
theoretical precision of the resonator and its detection
system as determined by the Q and the signal-to-noise
ratio. It may be noted that the length of a cavity can be
increased in order to obtain more precision from a given
micrometer; a TE012 mode furnishes twice the micrometer
precision of a TE0n mode, keeping the same diameter. The
precision increases as U, keeping the same mode. However,
as the cavity is lengthened, the price paid is a reduced
tuning range.
A second way to obtain precision is to use a small per¬
turbation plunger4 in the other end of the cavity as illus¬
trated in Figs. 1 and 2. The diameter of the plunger was
0.05 in., and the length was centered at half the cavity
length. The tuning rate (approximately 0.9 Mc/'mm) was
calculated from perturbation theory.5 The result, Ecj. (4)
to follow, agreed with experiment to within 1%. With this
plunger good differential precision was obtained over a
useful range of 6 Me. Outside of this range the large mi¬
crometer again determined the precision. Still another way

W A VEMETERS

Fig.

3. VVavemeter for the range 2.8 to 3.2 kMc.

to obtain differential precision is to attach a long lever arm
to the main micrometer so that small rotations can be in¬
troduced and measured.
III. ERRORS CAUSED BY TEMPERATURE AND
OTHER SYSTEMATIC EFFECTS

The variation of the frequency / of a wavemeter with
temperature T may be expressed as
df/dT=g— du/dT,
where g represents metallic thermal expansion effects6 and
u is the refractive index7 of the dielectric. du/dT is usually
negative, which makes the contribution of the last term
positive. This term is zero if the cavity is sealed and con¬
tains either a nonpolar gas or a vacuum. The cylindrical
barrels of cavities A and B were of Invar which was very
pure and was heat treated8 9 in order to lower its thermal
expansion coefficient. The expansion of the reentrant part
of the micrometer shaft (l\ in Fig. 2) and the effect of
du/dT gives a temperature compensation. For example, at

STEEL

8500 Me where h was small the observed frequency change
was +0.1 ppm/°C. The wavemeter was not sealed, there¬
fore the contribution of the air was 1.3 ppm/°C, and the
effect g of the metal is found to be —1.2 ppm/°C. Thus,
the effect of unsealed air is very significant when good com¬
pensation is to be attained.
At higher frequencies l\ is longer, g becomes positive, and
the compensation is poorer. Compensation over a fre¬
quency band would require special techniques.9,1,6 Cavity
C, made of brass, with its large thermal expansion has to

Fig.

2. Schematic drawing with dimensions for cavity B
at about 9000 Me.

4 The use of fine plungers for precision has been reported by
G. Birnbaum, Rev. Sci. Instr. 21, 169 (1950).
6 H. A. Bethe and J. Schwinger, “Perturbation theory for resonant
cavities,” NDRC Rept. D1 117, March, 1943.

6 A discussion of thermal expansion effects and possible temperature
compensation is given in C. G. Montgomery (Ed.), Technique 0f
Microwave Measurements (McGraw-Hill Book Company, Inc., New
York, 1947), p. 384.
7 E. K. Smith and S. Weintraub, Proc. Inst. Radio Engrs. 41, 1035
(1953).
8B. S. Lement, B. L. Averback, and M. Cohen, Trans. Am. Soc.
Metals, 43. 1072 (1951).
9 T. S. Saad, IRE Trans, on Microwave Theory Tech. MTT-1,
25 (1953).
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be corrected for temperature and insulated to decrease the
temperature changes.
For absolute frequency determinations as in spectros¬
copy a wavemeter should be sealed. Convenient seals for
50-ohm coaxial leads to a cavity were described by Bussey
and Birnbaum,10 and seals for irises also were discussed.
For observations on unsealed resonant cavities perturbed
by dielectric or magnetic solid samples, however, the results
may be more accurate if the wavemeter is left open since
pressure changes will affect both cavities in the same way
and gradual humidity changes of the laboratory will diffuse
into the two cavities, and thus compensate. Corrections for
atmospheric changes can be applied.11
Recalibration of one of the Invar wavemeters after a
year indicated that the cavity dimensions had decreased
resulting in a frequency increase of 0.15 to 0.3 Me. The
reason for this change is not definitely known. A possible
cause is dimensional changes due to creep. Invar for meter
bars can exhibit a creep of 1 or more parts in 106/year.12
The heat treatment may enhance this effect.8 The room
was air conditioned which eliminated ambient conditions

AND

reduce such effects, nevertheless, when waveguide flanges
(perhaps distorted) were screwed very tightly to cavity A
(Fig. 1) a small frequency change was observed. Therefore

J.

ESTIN

(d) deposit 0.007 in. of silver, and (e) remove about 0.005in. silver with sharp diamond tool in a lathe adjusted for
best possible finish. Steps d and e may, however, be re¬
placed by simply depositing, say, 0.0004 in. of silver on a
base that is as smooth as possible.
The Q also depends on the precision of construction, i.e.,
the geometrical perfection of the shape. For example, a
tilted end plate or almost any distortion will couple the
TEon mode to its companion TMm mode which would
lower the Q. The gap around the moving end plate may
split this degeneracy sufficiently, but this depends on the
degree of imperfection present. A concave end plate can
introduce sufficient splitting to decouple the two modes
even in severe cases.13,10 The Q did not improve when con¬
cave end plates were tried, which proved that the construc¬
tion was sufficiently precise. While design with a concave
end plate might reduce machining tolerances, some in¬
crease in the labor of fitting the calibration would occur
because the frequency formula could become more
complicated.
V. COUPLING

as a significant factor.
There are other systematic errors. Small variable strains
are introduced by waveguide connections and by routine
handling. The Invar cavities had 0.5 in. wall thickness to

A.

The adjustable loops of cavity C provide a functional
design that allows the coupling to be adjusted easily to any
desired value, which is thereafter left fixed. The coupling
factor of an iris is given in reference 2. Starting with the
iris sizes given in Table I for A or B, changes in coupling
may be made on the basis that the power transmitted by

permanent waveguide sections were attached to cavities A
and B to provide mechanical isolation. After this no fre¬
quency change was observed due to loosening or tightening

each iris is proportional to the sixth power of the iris
diameter.

a flange. A bending moment on the waveguide of about
250 oz-in. changed the frequency by less than 0.01 Me.

VI. CALIBRATION TABLES

The strains are not so variable with cavity C because the
connecting cables are flexible. Thinner walls, such as the

After constructing a wavemeter which could resolve over
its range some 105 individual frequencies it was, for reasons
of economy, only calibrated14 at 21 equally spaced fre¬

|-in. walls used, are then satisfactory.

quency points over the band. (The needle plunger was held
stationary for this calibration.) In order to use the instru¬

IV. Q FACTOR

The percentages of theoretical unloaded Q, 81 to 85%,
indicated in Table I, are fairly high. A few auxiliary ex¬
periments at 9200 Me have shown that our particular silver
plating facility can furnish a deposit which attains up to
90% of the theoretical Q of bulk silver.
The Q or conductivity of the silver depends upon the
density of the deposit, which was beyond our control, and
the smoothness of the finish, which was here obtained by
means of a sharp diamond tool. The machining and finish¬
ing proceeds approximately as follows: (a) rough out to
within 0.01 in., (b) heat treat and anneal, (c) finish the
Invar by grinding and the brass with a diamond tool,
10 H. E. Bussey and G. Birnbaum, Rev. Sci. Instr. 30, 800 (1959).
nf\U\=fiU2 where / is frequency and u is refractive index, given,
for example, in footnote 7.
12 B. L. Page, J. Research NBS, 54, 1 (1955).

ment conveniently, however, it is necessary to construct a
calibration table containing, perhaps, some 104 points.
Such a table may be constructed easily with a high speed
computer from any expression which fits the calibration
points sufficiently closely.
. The fitting of the calibration points may proceed as
follows: The observed frequency f at any micrometer
reading M may be considered to be made up of several
contributions as follows,

f=Mb,L0,M)+XAf(M)+R(f)+S,

(1)

where /o is the theoretical frequency associated with the
13 A. Banos, “Design of an improved X-band echo box,” MIT RL
Rept. 631, December 7, 1944. See also footnote 10 for experience with
this method.
14 Calibration was performed by the Electronic Calibration Center
of the National Bureau of Standards, Boulder, Colorado.
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dimensions, "52 Af represents the sum of all known pertur¬
bations, R represents the residual deviations remaining
after/0 and A/ have been fitted, and 5 represents stochastic
deviations that remain unexplained. The theoretical ex¬
pression for /o as a function of length L and radius b for a
right circular cylinder is

(2tr fo/c)2 = 0mv/LY+ (rLm/bY,

(2)

where c is the velocity of light, n is the number of half
wavelength along the axis, and rLm is 3.8317 for TE0in
modes. The micrometer reading M enters from the fact
that L = L0+M where Z0 is the length when M is zero.
The residuals for cavities A and B could not be fitted to
high accuracy even with a high-degree polynomial when
perturbations were neglected. With perturbations taken
into account, however, a second-degree polynomial was
adequate for B and a small sine wave for A.
The perturbations considered were those due to the
irises, the perturbation plunger, the finite Q, and the gap
around the moving end plate. Based on perturbation
theory,5 the frequency shift due to one iris in the cylin¬
drical wall of a TEoi„ cavity should be
cisrLm2c2 sin2(w7rx0/L)
A/=-

(3)

3trWLf

where a is the iris radius and xq is the distance from the
stationary end plate to the center of the iris. This theo¬
retical result was multiplied by an empirical factor, of the
order of 0.8, which had been determined in other experi¬
ments. The contribution from Eq. (3) was then 1.7 to 2.1
Mc/iris for cavity A and 1.3 to 2 Me for cavity B. The
perturbation due to a small axial plunger that reaches into
the strong magnetic field is given quite accurately by

c2rLm2p2l
f
sin2mrl/L'
A/=- 1-*- ,
87r264L//02(rim)L

-MC/THOUS

F
2

3

2938.10
2937.77
2937.44

2938.06
2937.73
2937.41

2938.03
2937.70

2937.11
2936.78

2937.08
2936.75

2937.37
2937.04

2938.00
2937.67
2937.34
2937.01

2936.72

2936.68

2937.31
2936.98
2936.65
2936»
293'
29'
2‘
2

.3293
.3290

•
•
•
•
•

• 3280
.3277.
.3275
• 3272
• 3270

2936.45
2936.12
2935.80
2935.47
2935.14

2936.42
2936. 09
2935.76
2935.44
2935.11

2936.39
2936.06
2935.73
2935.40
2935.08

2936.35
2936.03
2935.70
2935.37
2935.04

• 665
• 686
• 687
• 688
>689

.3267
• 3264
.3262
.3259
• 3257

2934.82
2934.49
2934.16
2933.84

2934.78
2934.45
2934.13
2933.80
2933.48

2934.75
2934.42
2934.10
2933.77
2933.44

2934.72
2934.39
2934.r
293"*

• 690
• 691
• 692
.693
• 694

.3254
• 3251
.3249
• 3246
.3244

2933.18
2 932•86
2932,53
2932.21
2931.88

2933.15
2932. 83
2932.50
2932. I7

2933

• 695
• 696
• 697
• 696
• 699

.3241
.3239
• 3236
.3233
.3231

2931.56
2931.23
2930.91
2930,59
2930,2'

680
681
682
683
684

Fig.

£ 0 U
4

1

• 675
• 676
• 677
• 678
.679

• 3288
.3285
• 3283

R

0

2933.51

2937.97
2937.64

E

N C t
5

2937.r
2937
29'
2

2r

2°'

293129
7

4. Page from calibration table of cavity C containing an
entry for each 10-4-in. increment.

and b to/'—51 A/ at these two points using Eq. (2). The
residuals to be fitted are the values of/'— /0— 51 A/ at each
calibrated point. Because these residuals must be small, it
is valid to write R(f) rather than R{M) in Eq. (1) where

f is, say, /o+5Z^/- For example, in cavity A the residuals
from 8650 to 9650 Me formed roughly a sine wave with an
amplitude of 0.04 Me. With R as R(f) the data points are
usually equally spaced, which allows some very convenient
tables15 to be used for fitting a polynomial to R. The per¬
turbations for cavity C were evidently very small or very
smooth, and R was fitted without benefit of 5ZA/.
Figure 4 shows part of a page from the calibration table
of cavity C as run off on the computer. The first column
is M in units of inches, the second column is the first dif¬
ference in Mc/10-3 in., and the succeeding columns are
frequencies for each 10~4-in. increment.
ACKNOWLEDGMENTS

(4)

Imrl/L J

where p and l are, respectively, the radius and length of
the plunger. Perturbations due to the finite Q,(2Af=f/Q),
and the small gap around the end plate were unimportant.
The fitting procedure used was to calculate 51A/ (using
nominal values for Lo, b, and/) at two points about \ and
f of the way through the tuning range, and then to fit Lo

The authors are indebted to Dr. P. F. Wacker for his
guidance in the method of curve fitting by orthogonal
polynomials.
16 R. L. Anderson and E. E. Houseman, “Tables of orthogonal
polynominal values extended to N =104,” Agricultural Exptl. Station,
Iowa State College, Research Bull. 297 (1942). For background see
also R. A. Fisher and F. Yates, Statistical Tables for Biological,
Agricultural and Medical Research (Oliver and Boyd, Edinburgh,
1938).
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Short-Time Stability of a QuartzCrystal Oscillator as Measured with
an Ammonia Maser*
There are many applications, such as
that required with atomic standards, where
the very short time (second-to-second) sta¬
bility of a quartz oscillator is important.
Work at the National Bureau of Standards
Boulder Laboratories on a high-precision
oscillator, operated with the quartz crystal
immersed in liquid helium, gave the results
shown in Fig. 2. This may be compared with
the short-time stability (Fig. 1) of another
quartz oscillator with the crystal at about
40°C.
Temperature variations of the quartz
crystal immersed in the liquid helium are
reduced by controlling the pressure of the
helium gas above the liquid. Apparently—
compare Figs. 2 and 3—the regulator is ad¬
versely affecting the short-time stability of
the oscillator. The pressure regulator, how¬
ever, does provide satisfactory long-time
stability.
About one hour trace was taken like that
of Fig. 2, and about four hours like that of
Fig. 3. The results were very consistent. The
first run was made with the pressure regula¬
tor in operation for a period of over two
hours and showed a drift of less than ~2
parts in 10n. The following day, a trace was
made without the pressure regulator. After
about one hour of this recording, the pres¬
sure regulator was activated and the transi¬
tion from the stability illustrated by Fig. 2
to that in Fig. 3 was observed.
The larger frequency fluctuations when
the pressure regulator is used may be at¬
tributed to either the temperature change
associated with pressure fluctuations or to
mechanical vibrations introduced by the
regulator—crystals at very low temperatures
are rather microphonic.
The quartz crystal was enclosed in an
evacuated glass bulb and this was placed
inside a brass cylinder. Liquid helium was in
direct contact with the outside of the
cylinder. A double dewar was used, with
liquid nitrogen in the outer jacket and the
helium in the inner container. In this system
the pressure was regulated at about 650
mm of mercury.
* Received by the IRE, April 9, 1959.

Fig. 2—Helium oscillator vs maser
(no pressure control).

Fig. 3—Helium oscillator vs maser
(pressure control).

Fig. 4—Maser stabilized frequency-multiplier chain
(all frequencies are nominal).
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The scheme used in comparing the
helium-cooled oscillator with a maserstabilized multiplier chain is shown in Fig.
4. The traces, of which Figs. 2 and 3 are
samples, were derived from the analog out¬
put of the counter. The counter was set to
count for one second and display for one
second. Fluctuations at shorter time inter¬
vals—to 0.001 second1—could be observed
with this maser apparatus with a somewhat
different scheme of comparison. The mini¬
mum time interval in the above experiment
was limited to one second by the electronic
counter.
The authors wish to acknowledge the
contribution of Dr. R. C. Mockler, who
supervised the development of the maser,
and also the helpful assistance of P. A. Simp¬
son and J. B. Milton, who were responsible
for the cryostat development and the con¬
struction and operation of the oscillator.
A. H. Morgan
J. A. Barnes
National Bureau of Standards
Boulder, Colo.
1 0.001 second is the time constant of the maser
servo-system.

AN EVALUATION OF A CESIUM
BEAM FREQUENCY STANDARD
R. C. MOCKLER, R. E. BEEHLER, AND J. A. BARNES
National Bureau of Standards, Boulder, Colorado

A CESIUM atomic beam frequency standard constructed at the
National Bureau of Standards has been tested for reproducibility
and accuracy.

The estimated standard deviation of the frequency

measurements is 8.5 parts in 1011.

Measurements and control of

the various parameters affecting the measured frequency indicate
that the accuracy of the machine falls within the precision, i.e.,
within 8.5 x 10-11.
Comparisons

with other cesium standards have been made.

Agreement is satisfactory in view of the uncertainties incurred
by the method and circumstances of comparison.

Relative fre¬

quency excursions of several parts in 1010 between Atomichrons
introduce uncertainties in these comparisons.
An unsymmetrical power spectrum of the radiation exciting the
cesium transition would, in general, give a different frequency
measurement for a spectral line than would monochromatic ra¬
diation.

Power spectra of the multiplied frequencies of several

crystal oscillators were observed.
spectrum displayed large asymmetries.

In some cases the power
Furthermore, the spectral

asymmetry was observed to change in time for one particular
oscillator.

It seems essential—for a reliable standard—that

the exciting radiation be without frequency modulation, or—if
frequency modulation is needed for servo purposes — the modu¬
lating signal should be introduced into an otherwise clean spec¬
trum.

Multiple frequency modulating signals introduce asym¬

metrical character to the power spectrum.

THE EXPERIMENTAL APPARATUS
The NBS cesium beam frequency standard (hereafter referred
to as NBS-1) employs Ramsey type excitation, has a spectral
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line width of 300 cps (at 9192.631 Me), and provides a signalto-noise ratio in the range 100 to 400.

The atomic beam is pro¬

duced by heating pure cesium metal to 150°C and allowing it to
effuse from the oven through a channel 0.038 inch long with a
cross section of 0.003 x 0.100 inch2.
a surface ionization detector.

The beam is detected by

The hot wire is made of a plati¬

num-iridium alloy (80 percent Pt; 20 percent Ir).
rent is measured with an electrometer.

The ion cur¬

Typical values of the

undeflected beam current fall in the range 1 to 3 x 10“11 amperes.
The beam excitation is derived from a quartz crystal oscillator
(10.317... Me).

The output of this oscillator is multiplied in

frequency up to the cesium transition by the scheme shown sche¬
matically in Fig. 1. The exciting radiation is swept in frequency
over the width of the spectral line by tuning the 10.317... Me
crystal oscillator by means of voltage sensitive capacitors in
the crystal circuit.

The detected beam signal is applied to the

y-axis and the analog output of a frequency counter is applied
to the a>axis of a x-y plotter.
this manner is shown in Fig. 2.
axis is linear.

A Ramsey line shape plotted in
The frequency scale on the x-

This allows the position of the peak of the line

to be determined by taking the average of the frequency of two
points on opposite sides of the central peak, both points having
the same value of y.
each line trace.

Several averages of this sort are made for

The line is swept in both directions and a linear

interpolation is made.

This compensates for delays that occur

in the detecting circuit.
The Ramsey excitation structure consists of a long electroformed resonant cavity of rectangular cross section bent into
the shape of a U. The Q of this cavity is about 6000.

It is sym¬

metric about the coupling iris and operates in the TEj

^ mode.

The beam passes through the two ends of the cavity—which are
separated by 56 cm—and just grazes the end surfaces.

Fre¬

quency shifts incurred through frequency “pulling” of the cavity
are given approximately by

where SvR is the shift in the peak of the atomic resonance re-
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Block diagram of frequency measuring system

A CESIUM BEAM FREQUENCY STANDARD

*-1

* C^>
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Fig. 2.

Ramsey line shape of the (F = 4,

=0)

> (F = 3,

Mf = 0) transition
The trace was made on an x-y plotter.
rived

The a:-axis sweep is de¬

from the analog output of a frequency counter.

The step

variations in the curve occur because of the step behavior of the
counter output.

sponse, and \vc is the difference in frequency between the peak
of the cavity response and the peak of the atomic response.
^Hne is the Q
the atomic response. hvR is negligible for
this machine for reasonable values of Apc. Consequently, tem¬
perature variations which shift the cavity resonance only tend to
vary the intensity of the exciting radiation.

No measurable shift

is observable for variations in radiation intensity.
The “C” field is ordinarily adjusted to .080 oersted and is
produced by a brass strip parallel to the atomic beam through
which a current is passed.

The uniformity of the field is de¬

termined by measuring the low frequency transitions in the beam
(~28 kc) induced by small coils placed at different positions
along the “C” field. The measured uniformity is within ± .003 oer¬
sted.

The “C” field region is magnetically shielded from ex¬

ternal fields by a mu-metal shield.
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ACCURACY
The accuracy of the machine depends upon the precision to
which certain parameters can be controlled (and/or measured).
The uncertainty in the measured magnitude of the“C” field is
+ 0.003 oersted. This corresponds to an uncertainty in the microwave frequency measurements of 2 x 10~n—well within the pre¬
cision.
There is an uncertainty introduced in the measured frequency
if the phase relation between the two oscillating fields of the
Ramsey exciting structure is not precisely known.

In the ma¬

chine described here, a single resonant cavity is used.

Con¬

sequently, the phases are precisely the same at the two cavity
ends.

The beam passes through these two regions of identical

phase.

As further evidence of phase identity, the cavity can be

rotated 180° (except for the shorted ends) and the two measured
transition frequencies compared.

A lack of phase identity in the

two oscillating field regions can also be detected by observing
the symmetry of the line shape.

The absence of perfect line

symmetry implies unequal phases in the two regions. The degree
to which the inaccuracy can be determined by this kind of ob¬
servation is limited by the signal-to-noise ratio to a greater ex¬
tent than by comparing the frequencies for one orientation of the
waveguide structure and the inverted orientation.

However, if

the line breadth is 300 cps and the signal-to-noise ratio is 400,
this method permits the inaccuracy in the frequency to be speci¬
fied within about 1.4 x 10~10.

No asymmetry is observable in

the line traces.
Any frequency shift caused by electric fields has been shown
by Haum and Zacharias(1) to be negligible for magnitudes

of

the electric field intensity that would be expected in the “C"
field region.

They have found that the frequency shift in the

cesium line is
A vo = 1.89 x 10-6E2 cps,
where E is the electric field intensity in volts/cm.
The microwave frequency magnetic field is polarized parallel
to the static “C” field.

Under these circumstances, the most

important selection rule is A/WF = 0. There are seven transitions
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in cesium for which this selection rule applies. It can be shown
that these are sufficiently well resolved at .080 oersted so that
the resonant peak of interest is not shifted beyond the present
uncertainties in measurement by the overlapping of neighboring
lines.
Uncertainties

can be introduced by the exciting radiation.

If this radiation consists of more than one signal and if these
signals are not symmetrical in frequency and amplitude about
a frequency that is an integer multiple of the primary crystal
oscillator
frequencies
metric

driving

the

multiplier

will obtain.(2)

power

spectra

of

chain,

then

erroneous

line

It is not unusual to find unsymthis

sort

chains and large errors could result.

from

frequency multiplier

The square root of the

power spectrum of an oscillator identical to that used in NBS-1
is shown in Fig. 3.

Notice that the spectrum has no sidebands

and any asymmetry of the central peak will be of no consequence

Fig. 3.

VPW versus frequency for a 9.835 Me crystal oscillator

multiplied, in frequency 21^30 times
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since this peak is much narrower than the spectral line breadth.
Other tests were made on the NBS-1 oscillator to show that its
spectrum was similar to that of its twin (Fig. 3)—in particular,
no low-frequency sidebands were detected in the multiplier chain
output.

This spectral character will provide accurate frequency

comparisons.

The usual assumption that the median frequency

of a frequency multiplier is an exact integer multiple of the pri¬
mary oscillator is an accurate assumption for the sort of spec¬
trum displayed in Fig. 3.
Considering the various sources of inaccuracy and the results
of their study, we believe—with some confidence—that the ac¬
curacy of the machine falls within the precision or + 8.5 x 10-11.

THE MEASUREMENTS
The reproducibility of the cesium standard (NBS-1) was de¬
termined by comparison with a 10 Me quartz crystal oscillator in
which the quartz crystal and associated crystal circuit are im¬
mersed in liquid helium.

The stability of this oscillator over

periods of several days is 3 to 5 x 10-n*—a figure determined
from a continuous comparison with an Atomichron (106) during
periods of good behavior.

This Atomichron, even though large

excursions in frequency occur in short time intervals (Fig. 4b),
has excellent stability when averaged over time intervals of 1
minute or more.

Periods during which the helium-cooled oscil¬

lator and Atomichron (106) showed no significant variations rel¬
ative to each other were considered best to determine a repro¬
ducibility figure (precision) for NBS-1.
The helium oscillator has also been demonstrated to be stable
to 2-4 x 10-11 over periods of ~ sec to 6 hours by comparison
with a maser stabilized frequency multiplier chain (Fig. 4a).
In handling the data, the mean of a single day’s measurements
is considered one piece of data.

An estimate of the standard

deviation was obtained from successive differences.

L—i

i=

Let

n

1

*The aging rate of the helium-cooled oscillator appears to be less
than 1 X 10—1 1 per day.
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Fig. 4,.
(a) Maser stabilized chain compared with 10 Me helium-cooled
crystal oscillator. The recorder plots the analog output of a fre¬
quency counter versus time. The counting period is 1 sec and the
display time is 1 sec.
(b) Maser stabilized chain compared with 5 Me Atomichron crystal
oscillator.

In this trace, the difference signal is measured with

a frequency meter and not with a counter.
the meter is about ^ sec.

The time constant for

Note the change in frequency scale be¬

tween (a) and (b).

where x. is the frequency measurement for the ith day and xi+x
is the frequency measurement for the (i + 1) day; n is the total
number of data points (or days).

The estimate of the standard

deviation by successive differences is given by

(s) - Vr

For our set of data 8 = 1.1 cps and a(8) = 0.77 cps which is
8.5 x 10-11 of the cesium frequency.

Successive differences are

likely to be random even thorugh certain systematic changes may
occur.

These systematic changes are small when data is taken

on succeeding days but nevertheless still exist. It is impossible
to attribute these variations to the Atomichron, the helium-cooled
oscillator, or NBS-1, or to a combination when the variations
are small.

Actually the standard deviation estimated from suc-

f *R. H. Kent and J. VonNeumann have shown that ct2(S) = (a')2 where
o

is the true standard deviation.
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cessive differences is almost the same as that estimated in the
usual way.

In fact, this standard deviation,

is .5 cps or 8 x 10-11.
The data show Atomichron (106) to be lower than NBS-1 by
3.6 cps for the week of August 30.

The mean of all the data

taken over the months of July and August show about the same
difference.

Data of one day was deleted from the average be¬

cause the Atomichron (106) made a large excursion, 8 x 10-10,
just prior to a general retuning.

The excursion was verified by

NBS-1, the helium-cooled oscillator, the masers, and Cruft Lab¬
oratory data.
In addition to the tests carried on at the Boulder Laboratories
to

determine

precision and

accuracy,

frequency comparisons

were made between NBS-1 and other cesium standards in the
United States and England. The comparisons were made through
propagated signals between the different locations.
In the discussion that follows, the following designations will
be used to identify the various cesium standards:
Location

D esignation
NBS-1
106

Cesium resonator, NBS, Boulder, Colo.
Atomichron, NBS, Boulder, Colo.

109

Atomichron, Station WWV, Beltsville, Md.

110

Atomichron, Naval Research Laboratories,

112

Atomichron, Cruft Laboratory, Cambridge, Mass.

M4

The mean of 106, 109, 110, 112

NPL

British cesium resonator, Teddington, England

Washington, D. C.

Table 1. (1 unit = 1 x 10 10)
1. (NBS-1) - 106 = +3.9*,

mean over July and August, 1959

2. M4 - 106 = +4.2,

6-month mean for the period

3. M4 - (NBS-1) = +0.3
4. NPL-M4 = + 1.5,
5. NPL-(NBS-l) = + 1.8

Sept. 1958 to March 1, 1959
6-month mean for the period
Sept. 1958 to March 1, 1959

*A positive sign means that the first standard is higher in frequency
than the second.

572772 0-61-33
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It should be emphasized that this comparison assumed that 106
had the same mean frequency during July and August 1959 as it
had during the 6-month period September, 1958, to March, 1959.
The accumulated data over the past two years indicate that the
Atomichrons tend to wander in frequency.

In fact, Atomichrons

112, 106, 110 were in rather good agreement during March 1959—
differing by probably less than 2 x 10“10.

This comparison was

made by a single Atomichron transported by air to each of the
locations to provide a more direct comparison between the dif¬
ferent units.* The relative frequencies of Atomichrons 112, 106,
110, 109 have changed considerably between March and July ac¬
cording to the propagation data of July.

During the month of

July, 1959, 112 differed from 106 by about 1 x 10“9 and it dif¬
fered from 110 by several parts in 1010.
nature

Other variations of this

are evident from the various data including the direct

comparison data made at Boulder between 106, NBS-1, and the
helium-cooled oscillator.
Table 2.
Date
July 8
July 9

(NBS-1)- 106
+4.5
+2.5

(1 unit = 1 x 10~10)

112 - 106
+8.6
+9.3

112 - 109
+4
+5

112 - 110

(NBS-1)-M4

+7.6
+8.4

+0.9
-1.1

The link between Boulder and Cruft Laboratory is through the
60 kc transmission of station KK2XEI at Boulder.

This trans¬

mission is reported to be very weak, and comparison with it dif¬
ficult.

Recently, new alternatives for comparison through radio

signals have come into being.

The Navy VLF stations in San

Diego and Hawaii are now transmitting signals of high power
and of suitable stability measurements.

These strong signals

measured at Boulder and at Cruft are expected to provide a more
satisfactory comparison between standards at the Boulder Labo¬
ratories and the east coast.
THE POWER SPECTRUM OF THE EXCITATION RADIATION—
ITS EFFECT ON THE MEASURED FREQUENCY
For the purpose of understanding the detailed nature of ex¬
tremely precise microwave frequency measurements, it is neces*The experiment was performed under the auspices of the U.S. Sig¬
nal Corps by Dr. J. H. Holloway from the National Company.
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sary to investigate the power spectra of the radiation from fre¬
quency multiplier chains used in such measurements.
especially

important in atomic

frequency

This is

standards where a

quartz oscillator is compared with an atomic resonance through
a frequency multiplication process.

The multiplier chain meas¬

ured output frequency would be some sort of average—depending
upon the method of measurement.

If the power spectrum were

unsymmetric, this average would not be an exact integral multi¬
ple of the primary crystal oscillator frequency.
In the method of observing the power spectrum used here, the
output signal of the multiplier chain to be investigated is mixed
with an essentially monochromatic signal.

This relatively pure

signal is obtained from an ammonia maser stabilized chain (Fig.
11).

In this fashion the power spectrum is shifted to low fre¬

quencies—in fact, audio frequencies—where it can be conven¬
iently

examined with a variable frequency narrow band filter

Fig. 5. VpT^T versus frequency for a 10 Me helium-cooled
crystal oscillator multiplied in frequency 11^58 times
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Fig. 6. v/pT^T versus frequency for a 10 Me helium-cooled
crystal oscillator multiplied in frequency 11^58 times
(amplifier).

In the experiments, 100 kc, 10 Me, and 5 Me crystal

oscillators—and chains—were investigated (Figs. 3,5, 6, 7, 8,
9, 10).

The frequency multiplication factors used were 1458 for

the 10 Me oscillators, 2916 for the 5 Me oscillators, and 145,800
for the 100 kc oscillators.

Direct multiplication of these oscil¬

lators by these factors would give the frequency 14,580 Me. The
most prominent features of the observed power spectra are the
60 cps (the commercial power frequency) and the harmonics of
60 cps sidebands.
cantly

These sidebands are enhanced very signifi¬

by the multiplication process—in fact, by a factor of

roughly the frequency multiplication.

These sidebands are ap¬

parently introduced through frequency modulation in the crystal
oscillator, buffer amplifiers, and the first stages of frequency
multiplication.

The existence of limiters in the frequency multi¬

pliers removes practically all of the amplitude modulation.

One

would expect the 60 cps (and harmonics of 60 cps) sidebands of
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an amplitude-modulated signal to be symmetric in their amplitude
about the central peak.

This is not necessarily true of frequency-

modulated signals—provided that the primary signal is modulated
with two or more modulating signals.

Thus unsymmetric power

spectra are expected—under certain circumstances—when fre¬
quency modulation occurs in frequency multipliers. Suppose that
the output frequency of such a frequency-modulated chain were
measured.

Suppose this is done by beating it with a known and

relatively monochromatic signal, and the beat note is measured
with a counter.

The counter would measure the center of gravity

of the power spectrum and this frequency will not be an integer
multiple of the basic quartz oscillator (unless the power spec¬
trum is symmetric).

Furthermore, if this radiation were used to

excite the atomic transition in an atomic beam frequency stand¬
ard, the measured frequency of the spectral line would be dif¬
ferent than that measured if the multiplier chain output were
monochromatic.

In general, the frequency measured by the spec¬

tral line will be different than that measured by the counter under

Fig. 7.

5 Me helium-cooled crystal oscillator fovoer spectrum

Multiplication factor = 2916.
The detector band pass ~ 4 cps.
The individual peaks in the spectrum have a width less than 1 cps.
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the unfavorable—but not unusual—conditions discussed above.
Elimination of the sidebands and the reduction in the frequency
multiplying factor is the best cure—and also a possible cure for
these difficulties.*

If the power spectrum is symmetric, regard¬

less of whether the frequency is measured by a spectral line or
a counter, the measured frequencies will be the same so long
as the receiver amplifier is not extremely narrow banded.

Fig. 8. The power spectrum of a 5 Me helium-cooled quartz
crystal oscillator multiplied in frequency 2916 times
The prominent sidebands are due to frequency modulation of 60.
cps and harmonics of 60 cps.
metric.

Note that the spectrum is unsym-

The center of gravity of the spectrum has been shifted 41

cps in the multiplication process from the values it would have
had, had there been no sidebands.

In the investigations described here, power spectra for the 5
Me

helium-cooled quartz crystal oscillator, taken at different

times, showed large changes in appearance and symmetry for no
known reason. See Figs. 7 and 8—notice that one of the sidebands
is missing in Fig. 8.

This particular oscillator has been shown to

*See Fig. 3.
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have a maximum deviation in frequency of about
a

2 x 10“11

over

six-hour interval (by comparison with the maser stabilized

chain) during periods of a fixed power spectrum.
this

Variations of

sort in the power spectrum would undoubtedly produce a

corresponding change in the “fixed” frequency of an atomic fre¬
quency standard.

Fig. 9.

100 kc GT crystal oscillator

Multiplication factor = 145,800.
upper trace was obtained

The two traces differ in that the

1 hour after the multiplier chain was

switched on,- and the lower trace was obtained 6 hours after the
chain was switched on.

The extremely sharp spectrum (1 cps or less at 14,580 Me)
shown by the 5 Me crystal oscillator—disregarding the 60 cps
sidebands—suggests that the high stability feature of quartz
crystal

oscillators has not been completely exploited.

The

width of the peaks in the spectrum of the 5 Me helium-cooled
oscillators is not perceptible with the dispersion used in our
experiments.

However, the width is observable in the square

root of the power spectrum of the 9.835 Me oscillator shown in

511/141

R. C. MOCK.LER, R

Fig. 10.

E. BEEHLER, AND J. A. BARNES

Power spectrum of the 5 Me crystal oscillator of

an Atomichron (multiplied by 2916)
Fig. 3 in which the crystal circuit is maintained at 46°C.

Per¬

haps this suggests that this width is due to fundamental noise
in the quartz crystal and crystal circuit. The extremely narrow
spectrum

of a helium-cooled oscillator (< 1 cps) implies that

crystal oscillators could be used in atomic beam frequency stand¬
ards for line widths less than 10 cps. Evidently, when the breadth
of a spectral line is less than the breadth of the power spectrum
of the exciting radiation, a plotted resonance curve will have a
width determined primarily by the breadth of the radiation spec¬
trum.

Fig. 9 shows the square root of the power spectrum for a

100 kc oscillator and multipler chain. If this spectrum were used
to excite the transition in NBS-1) (line breadth = 300 cps), the
Ramsey pattern would be completely obliterated leaving only the
broad Rabi line shape. This’has actually been observed to occur.(3)
It is for this reason that higher frequency oscillators are used
in atomic standards.

As a matter of interest, this 100 kc oscil¬

lator has a frequency stability of 1-2 x 10“10 per day.

Figs. 5

and 6 display the square root of the power spectrum of the 10 Me
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helium-cooled crystal oscillator used in the frequency compari¬
son with NBS-1.
unsymmetric.

The spectrum is quite complex and is also

It provides a superb signal for frequency com¬

parisons (Fig. 4a) but would not be useful as a signal source to
induce the atomic transition.(4) The square root of the power
spectrum of the 5 Me oscillator belonging to the NBS Atomichron (106) is shown in Fig. 10.

The spectrum is symmetric.

In spite of its complex character it provides a uniform averaged
frequency over long periods of time.
In establishing the performance of an atomic standard it is
important to know the spectral character of the excitation.

A

clean spectrum is likely to give the most reliable behavior.
CONCLUSION
The agreement between the NBS cesium atomic standard fre¬
quency and a mean frequency of four Atomichrons (M4) is rather
good—within ±1 x 10-10.

This, agreement may be fortuitous,

however, because there is considerable disagreement among the
Atomichrons used in determining the mean frequency M-4.

The

comparison between the NBS atomic standard and that of England
[NPL-(NBS-l) = +1.8] may be more meaningful.
The variations between atomic standards seem to be quite
real and remain unexplained.

The source of disagreement can

only be determined by test experiments on the individual ma¬
chines.
At the present time a new cesium resonator is being put into
operation at the Boulder Laboratories.

This machine will have

a line breadth of 90-100 cps.
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PRECISE TIME SYNCHRONIZATION
OF WIDELY SEPARATED CLOCKS

SUMMARY
In many fields of science, such as in astronautics, missiles,
astronomy, etc. , which are being intensely investigated, the needs for
new orders of magnitude of timing precisions have grown.

For instance,

the need has been greatly increased for more precise determination of
the time of initiation and termination of certain events, which may
•occur several hundred miles apart.

Or, in the location of bodies in

space flight, the precise determination of their transit time at known
sites is of major importance.
This paper describes known precise methods of setting a
group of widely separated clocks to precisely the same time and keeping
them in close agreement indefinitely; most of the proposed methods
are now available.
given.

An estimate of the accuracies of each method are

Also, there is some discussion of high frequency radio propa¬

gation theory pertinent to two of the methods and a few sets of measure¬
ments of the propagation delay time of high frequency signals from
WWV to WWVH are given.

Several graphs and tables are included to

simplify some of the calculations.

Published as NBS Technical Note ZZ.
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Precise Time Synchronization
Of Widely Separated Clocks
Alvin H.

I.

Morgan

INTRODUCTION

The need for higher precision of synchronization of highly accu¬
rate clocks,

which are widely spaced from each other,

in many fields of science such as physics,
etc.

astronomy,

has increased
astronautics,

Only a few years ago the highest precision required was of the

order of 10 milliseconds for most physical experiments.

Today,

the

need for a precision of better than 100 microseconds is fairly common,
and in a few instances a precision of 1 to 10 microseconds has been
required.
At the present time quartz crystal clocks are the best working
time standards for purposes such as those mentioned above.

Atomic

and molecular resonances are useful as frequency standards but not
directly as time standards because instruments utilizing them are not
able to run reliably for long periods of time.

However,

they are in¬

valuable in maintaining the crystal clocks at a highly uniform rate and
thus in effect making '’atomic-time" available.
The problem we are concerned with here is not how to obtain
uniform astronomical or atomic time,

but how to precisely set widely

spaced clocks to the same time and keep them in very close agreement,
indefinitely.

Of course,

this requires very accurate and reliable clock

and a method of setting and continuously checking them relative to each
other.
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II.

METHODS OF SYNCHRONIZING
WIDELY SEPARATED CLOCKS

There are several known methods whereby it is possible to ad¬
just the time of several clocks to a certain degree of agreement even
when they are widely separated.

However, most of these methods are

not able to render the required accuracy when it is necessary to set
the clocks to agree to better than one or two hundred microseconds.
One-precise method is to transport a very accurate master
clock around to each of the slave clocks, and set each one to it, in
turn.

The master clock would, of necessity, have to be controlled

during the experiment by some very stable oscillations in order to
achieve the required accuracy.

A second method, which requires con¬

siderable apparatus, would be to transmit by radio a high resolution
timing signal from the master clock to each slave clock and they in
turn would immediately retransmit the timing signal back to the master
clock.

This would enable one to determine very accurately the signal

propagation time and the great circle distance to each clock, without
prior knowledge of the path lengths.

A third method., which is less

precise but which involves considerably less apparatus than either of
the first two methods, is to transmit high resolution timing signals
from the master to each slave clock.

It requires knowledge of their

exact longitude and latitude and that of the master clock, and the calcu¬
lation of the great circle distance to each from the master clock.

Using

this information calculations are made of the delay time of the signal
from the master to each slave clock, which is used to determine their
corrections.
signals.

This system may employ either ground wave or sky wave

Each is considered separately.
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III.

TRANSPORTING A MASTER
TO EACH SLAVE CLOCK

a.

General
This method of synchronizing widely separated clocks is limited

now to clocks at rest on or near the surface of the earth.

However,

when space travel becomes a reality it may be possible to adapt it to
use in outer space.

The method at present requires considerable appa¬

ratus and is cumbersome, time consuming, and expensive.

However,

it appears to be the most accurate method of setting clocks,

especially

when really portable long running atomic clocks become available.
An appreciable period of time generally will elapse between the
time the master clock is initially calibrated and the time it is used to
correct the time of each of the slave clocks.

Unless the master clock

keeps time over long intervals to a precision better than that desired
in the synchronization of the slave clocks,

some corrections must be

applied to it at the time of the setting of each clock.

In order to do

this, the initial rate of the master clock must be known to a high preci¬
sion and it must be constant or predictable during the whole measuring
interval, i. e. , from the setting of the first to the last slave clock.
b.

Clock Errors
The error observed in the master clock in psec, at the end of a

time interval P, in days, in terms of quantities observed at a previous
time T , is approximated by:

^ + AP

where: e

o

r

o

=

error in clock at t = T , usee, fast or slow
o

=

rate of clock at t = T , usee/ day.
o
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(1)

OC

=

accel. of clock, psec/day/day.

Ae

=

error made by observer in reading clock, psec.

AP

=

error made in determining P, psec.

Unless P is a very long interval of time,
zero in really high precision clocks,
clocks.

oc may be considered to be

such as present-day quartz crystal

In case an atomically controlled clock were used as the master

clock, both the r
to zero,

o

and oc terms would (so far as is known now) be equal

regardless of the length of the time interval.
For quartz clocks, in present day high precision units,

term is of the order of 10

-

10

the r

o

per day (or less) which, in time incre¬

ments, is around ± 10 psec/day.

Some special crystal units have been

developed which have a relative rate,

r , of 1 psec/day, or less.

When

a high quality master clock is used, in many timing applications a
period of from 10 to 30 hours may elapse between the setting of the
first and the last slave clocks without the necessity of making any time
corrections to the master clock.
c.

Time Kept by a Clock
The time shown by a clock, at a time (T), may be expressed in

terms of its rate r

at T , acceleration oc, change in acceleration f3,
o
o
elapsed time P, and the clock reading A at a time T , as:
o
o

T = A

o

+ P + r P +
o

Z

4-

In high precision quartz crystal clocks,

o

(2)

r

is generally positive
o
because of the aging characteristics of quartz crystals, although it may
sometimes be negative; oc may be either positive or negative; and,
which is usually negative,
time intervals,

p,

may be neglected in all but very, very long

such as years.
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IV.
a.

TWO-WAY TRANSMISSION OF TIME SIGNALS

HF Timing Signals
This method of synchronization has two attractive features in¬

herent in it that may, in some instances, outweigh its disadvantages.
First, because time signals are transmitted both ways over the given
path, the one-way propagation time may be quite accurately determined
without prior knowledge of the precise length of the path.

Second, from

this measured propagation time, it is then possible to calculate the
great circle distance with quite high accuracy.
In Appendix C,

it is shown that the propagation time,

t , from

the master clock to a given slave clock, is given, in terms of two
measurements At and 6t, thus:

t

At - 6t

=

(3)

P

where:

5t is the delay time a time pulse undergoes from its reception at

the slave clock until its retransmission, and At is the delay time,
measured at the master clock, between a transmitted pulse and its
return to the master clock.

From this,

d

= t
P

where:

d

the path length is, obviously:

c

(4)

P

is the apparent path length, at the time of the measurement,

from the master to the slave clock, and c is the velocity of light.
it may be easily shown,

Also,

Equation (13), Appendix B, that the great circle

distance, d , for an n-'hop mode, is given in terms of d , as:
g
P

d

=

(5)

g

sin <9/^'W(i
(1 + 7)
e/2

572772 0 - 61 - 34
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Z s in 9 / 2

V

J

where:

the symbols are as defined in Appendix B.

Obviously, it is not

precisely known a priori what the mode of propagation will be at the
time of a given measurement.

For a given great circle distance and a

given ionospheric layer height there is, in general, a definite minimum
number of hops possible and a practical maximum number that would
furnish a usable signal.

In practice, the most consistently received

pulse with the least delay time, as observed on an oscilloscope or
similar timing device, would be the mode to use in the measurements
indicated above.

A brief discussion of ionospheric propagation is given

below.
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V.
a.

ONE-WAY TRANSMISSION OF TIME SIGNALS

Ground Wave Timing Signals
There are at present some LF radio navigation systems which

use sharp pulses and, therefore, have very good time resolution.

Thes

systems transmit ground wave as well as sky wave propagated signals,
but they can be used to obtain very stable timing signals.

By gating to

accept the ground wave part of the signal at the receiving end, it is
possible to synchronize clocks to a high precision, even when they are
separated by distances of several hundred miles.
Figure 1, Section XV, may be used to determine the ground
wave propagation delay time.

Of course, it is necessary to know,

precisely, the distances from the master to each slave clock.

quite

This

may be obtained as shown in Appendix A.
Usually, only one-way propagation of the ground wave signals
would be necessary because their path length is very nearly constant.
However, if higher accuracies are desired, two-way propagation of the
signals would be necessary,
b.

Ground Wave Propagation Delay
Although it is relatively easy to calculate the ground wave prop¬

agation delay time for a given great circle distance, a chart is included
(Fig. 1) to simplify this work.
The distance is given, for convenience, in paralleled scales in
miles and kilometers versus propagation delay time.
c.

HF Propagation
This method of synchronizing widely separated clocks requires

a precise knowledge of the signal path lengths between the master and
each slave clock, which may be calculated from other known data.

The

longitude and latitude at the master and each slave clock must be accu¬
rately known along with the average ionospheric layer height at the
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time of day at which the calculation is to be made.

In addition, the

mode of the signal being propagated between the master and each slave
clock is required.
This method first requires a calculation of the great circle
distance between the two points on the earth for which the signal prop¬
agation time is desired.

Although the calculations are,

in principle,

rather simple they are quite lengthy, and are best explained by means
of an example.

This is done in Appendix A.

After the great circle

distance,

d , between the master and each slave clock is calculated,
g
the propagation time for a ground wave signal may then be easily

determined from Figure 1 or by the well-known relationship:

t

= d
g

where:

/ c
g/

(6)

d

is the great circle distance and c is the velocity of the
g
ground wave and may be taken equal to that of light.
The next step is
to calculate the difference in propagation times between a given mode
sky wave signal and a ground wave signal over the path in question.

In

Appendix B, this is shown to be given by the expression:

(1+7) +

At =

2 sin 0/2

(?)

d
where:

0 =

£

and

y = h'/r.

This may be further simplified (e. g. ,

Appendix B) to:

At =

(8)
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sirt 0/2

where:

0/2

,

7

h = (1 f 7) and p

2 sin 0/2 J

Either equation (7) or (8) would normally be evaluated for the given path
in terms of various ionospheric layer heights, h®, and angles (0/2), and
the mode of the signal, n.

This involves considerable calculations for

even one path.
To reduce this labor, a set of curves,

Figures 10 through 15,

are included in Section XV, from which values of At may be taken
directly.

Each chart has a given fixed layer height, h®, and the curves

are in terms of the great circle distances,

d ,

g

the modes of propagation,

from n = 1 to n = 4, and the differential propagation time,
After the differential time,

At.

At, is determined from the charts

in Figs. 10-15, for a given path and mode, it is added to the ground
wave propagation time, t ,
S
the path.

VI.
a.

to obtain the total propagation time, t , for
P

ACCURACY OF METHODS GIVEN

Transporting a Master Clock
The limits of the accuracy of this method lie in two factors:

(a) long term stability or constancy of the master clock, and
lution of the system

,

1 2

(b) reso-

used to compare the master and slave clocks.

If the master clock is controlled by atomic or molecular resonances,
the error due to the long term clock stability is negligible.

In case the

master clock is controlled by a quartz oscillator of high quality, the
error would be quite small:

from 10 to 100 psec/day is easily attainable.

The resolution of the time comparison system can be made very
good:

from 0.001 psec to 0.01 psec is not too difficult to achieve with

good signal-to-noise ratio.
Thus, the overall accuracy of this method would be from 0. 001
psec to 0. 1 psec, depending on the clocks and the time comparison
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system used.

With care and very high quality apparatus and rapid

transportation of the master or reference clock, it is conceivable that
the accuracy could be extended one to two orders better.
b.

Transmission of Time Signals (one- and two-way)
(1)

General

The systems of synchronizing clocks by either one- or two-way
transmission of timing signals is not as accurate as the one described
above, but they are obviously more convenient,
clocks are many thousands of miles apart.

especially when the

Because of the different

nature of the problems, the hi and the ground wave timing signals will
be considered separately.
(2)

HF Timing Signals
(a)

One Way Transmissions

Results of measurements,

described in Appendix D, indi¬

cate that the stability of the HF delay time is dependent on several
factors.

Among these the following are susceptible to control by the

observer:

(a) time of day that the measurements are made,

(b) method

of observing the received timing signals, i. e. , whether a zero crossing
or a’ peak of the signal is used,

(c) the extent to which the antenna

pattern favors the optimum mode of propagation,

(d) whether or not

the propagation mode with the least delay time is used,

(e) whether or

not the measurements are related to a precise slave clock at the re¬
ceiving site so that advantage may be taken of the average (over several
days),

(f) the actual frequency used, i. e. , in general, the higher the

frequency (but still below the MUF) the more stable the delay time, and
(g) accuracy of knowledge of path lengths involved.
Other factors which may affect the stability of the relative delay
times of the signals are:

(h) epoch of the sunspot cycle;

(i) whether or

not the radio path passes near or through one of the auroral zones,
(j) whether or not the path is all in darkness or all in daylight at the
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time of the measurement,
site,

and

(k) signal-to~noise ratio at the receiving

(1) number of hops involved in the propagation of the signal.

Ideally, the following should prevail:
Ideal Condition

Factor
(a)

time of day for observation

near noon or midnight at the center
of the path.

(b)

part of signal to measure

zero crossing time of the least de¬
layed pulses-

(c)

directivity of antenna

favorable to mode with the least
delay time.

(d)

propagation mode to use

the one with Jeast,

consistent delay

time.
(e)

measurem ents

be relative to a very precise slave
clock at the receiving site.

(f)

choice of frequency

highest available at which a consistent signal can be obtained at the
time of the measurements (see item
(a) above).

(g)

accuracy of knowledge of

as accurate as possible.

path lengths
(b)

epoch of sunspot cycle

near minimum.

(i)

location of radio path

well away from both auroral zones

(j)

length of longest ideal path

short enough to be at least 2 hours
all in daylight or all in darkness.

(k)

signal-to-noise

as high as possible.

(1)

number of hops of path

equal to next integer greater than
the quotient of the length of the
great circle path expressed in km
divided by 4000.

The accuracy of the synchronization of the slave clock using
this method obviously then depends on how near to ideal conditions the
actual conditions are.

Under conditions approaching the ideal,

accuracy may be better than ±0.1 millisecond,
however,

the

even for very long paths;

it will usually be less than this by a factor of from 2 to 5,

more.
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or

At the other extreme,
through an auroral zone,
ness or all daylight,
seconds,

for example if the path passed near or

or was so long that it was never in all dark¬

etc. ,

the accuracy might be only about

±

10 milli¬

or worse.

More definite statements of accuracy are not possible at this
time,

but it is hoped that further measurements in the future will make

this possible.
Further data on this may be obtained by reference to Appendix D.

(b)

Two-Way Transmissions

If a transponder,
clock,

or similar device,

is used at the slave

it is possible to:
1)

determine the apparent length of the path,

the

long term average of which may be quite precise.
2)

increase the knowledge of the accuracy of each

measurement over that obtained with one-way transmissions.
The method of calculating the path delay time from the measure¬
ment data is given in Fig. 4.

From this,

and other considerations,

it is

quite apparent that the actual conditions of the measurements will not
need to be as near the ideal,
quite good results.

as in one-way transmissions,

to produce

This is also apparent from the data given in Appen¬

dix D.
Using this method,

and under quite favorable conditions,

fined in paragraph (a) above,
slave clocks,

as de¬

an accuracy of time synchronization of

at distances approaching half-way around the world,

be about 10 microseconds; however,

might

a more conservative estimate

would be from 0. 1 to 1 millisecond.
(3)

Ground-Wave Timing Signals
(a)

One-Way

Because the delay times of ground wave signals are rela¬
tively constant,

it is possible to achieve,

with them,
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a high accuracy in

synchronization of widely separated clocks.

Within the distance range

wherein the signal-to-noise ratio is sufficiently good,
from 0,0 1 to 0. 1 psec, is possible.
ceiver,

This requires a narrow-band re¬

gating circuits to accept the ground wave component of the

timing pulses,

and associated circuitry to permit pulse-locking of a

highly precise local oscillator,
ized.

an accuracy of

It is assumed,

which drives the clock to be synchron¬

of course,

that the timing pulses are sufficiently

sharp to meet the accuracy quoted.

(b)

Two- Way

One distinct advantage of using a transponder,
device,

or similar

with ground wave timing signals is that it is possible to deter¬

mine the great circle path length between the master and slave clock to
better than 10 feet up to distances of several thousand miles by using
the results of the measurements.

This fact may be of considerable

importance in geodetic or similar work and in missile tracking systems.
Of course the above implies: (1) a method of signal gating so as
to receive only the ground-wave component of the timing pulses; (Z) pre¬
cise measurements of the signal delay in the transponder; and (3) use of
timing signals with very fast rise-time to permit (1) above.
The accuracy of this method of time synchronization of the slave
clocks using the latest techniques,

appears to be limited only by the

signal-to-noise ratio in the receiving systems.

VII.
a.

MODES OF PROPAGATION OF HF SIGNALS

Introduction
High frequency signals are propagated between two points on

the earth's surface by means of one or more reflections from one of
the ionospheric layers and the surface of the earth.
from the ionosphere is called a one-hop mode,
single reflection from the earth's surface,
and so forth.
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One reflection

two reflections,

with a

is called a two-hop mode,

Only two of the reflecting layers will be considered here,
F-2 and E-layers,

the

because other layers (F~l and Es) may usually be

neglected in considering the propagation of hf timing signals over long
periods of time.

Signals reflected by the F-2 or E-layer are called F-2

and E-layer modes,

b.

respectively.

Maximum Usable Frequencies (MUF)
In the hf range,

reflection,

where signals are propagated by ionospheric

there is an upper limit of frequency which may be trans¬

mitted over a path of a given length.

At frequencies above this limit,

which is called the "maximum usable frequency" (MUF),
said to "skip,"

c.

the wave is

or pass over the receiving end of the path.

One-Hop Modes
Over relatively short distances,

sky wave signals are propagated

by means of a single reflection from an ionosphere layer; either F-2
or E-layer.

Remembering that both the earth's surface and the iono¬

sphere are curved,

it is quite clear that there will be a limiting dis¬

tance for a one-hop mode.

For frequencies equal to,

the MUF (explained above) for the path,

or lower than,

the limiting distance may range

from 3500 to 5000 km (2200 to 3000 mi. ) for the F-2 layer mode,
pending on the reflecting layer height,

de¬

and is an approximately constant

distance of about 2400 km (1500 mi. ) for the E-layer mode.

However,

it has been found in practice that the average limiting distance for the
F-2 layer mode is about 4000 km (2500 mi. ),

which will be the value

used here.
Thus,

for distances less than 4000 km (2500 mi. ) but greater

than 2400 km (1500 mi. ),
dominant.
could exist,

the F-2 layer single-hop mode would be pre¬

For shorter distances,

either the E- or F-2 layer mode

if the frequency used were equal to,

for that layer.
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or below,

the MUF

d.

Multihop Modes
For great circle paths longer than about 4000 km,

it is obvious

that more than one reflection from the ionospheric layer usually must
occur.

The minimum number of hops is approximately the next integer

greater than the quotient of the total great circle distance expressed in
kilometers divided by 4000.

This mode will be observed during the

time the signal frequency is below the MUF for the path.
As an example,

assume the path length is 9, 000 km (6800 mi. ).

It is quite obvious that two hops of maximum limit (4000 km each),
end-to-end,

would not cover this distance.

Therefore,

laid

the simple geo¬

metric picture of the minimum mode of propagation would be threehops,
e.

each of 3000 km length,

laid end-to-end.

Control Points (see Fig. 9)
Over very long paths,

the MUF for the signal may be estimated

by considering the condition of the reflecting layer at only two reflecting
or control points,
it point "a",

i. e. ,

one a distance "d" from the transmitter,

and the other a distance nd" from the receiver,

be called point nk,(.

call

which will

The distance "d" is one-half the limiting distance

for a one-hop mode (i. e. ,
for F-2 propagation.

one-half of 4000 km),

or 2000 km (1250 mi. )

The MUF for the path is taken to be the lower of

the 4000-km MUF*s for the points "a" and "k".
Unfortunately,
from hour-to-hour,

the MUF for a given path of any length,

day-to-day and year-to-year.

varies

Diurnal variations

in the reflecting layers ar e a consequence of the rotation of the earth,
and seasonal variations are associated with the movement of the earth
in its orbit around the sun.

In addition,

there are longer period vari¬

ations that have been correlated quite well with the sunspot cycle.
Further information on the above may be found in standard
treatises in the subject,

such as Reference 5,
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Section XIII.

VIII.

a.

VARIATIONS IN PROPAGATION DELAY OF HF SIGNALS

Introduction
The propagation delay time of hf timing signals over a given

path are not constant from hour-to-hour or day-to-day,
some variationsdiscussion,

In many timing problems,

but undergo

such as the ones under

it is necessary either to measure the variations or deter¬

mine the maximum variations that are likely to occur at the given time
over the given path.
b.

Factors Affecting the Propagation Delay
This subject can only be very sketchily treated here because of

its relatively complex nature.

Among the many factors affecting the

velocity of propagation of an hf signal,

only one will be discussed here.

This is the variation in the virtual height of the F-2 ionospheric layer.
Besides its quite regular diurnal and seasonal variations,

the F-2 layer

also under go es severe changes during magnetic or ionospheric disturb¬
ances.

The ion density of the F-2 layer usually decreases and then

slowly returns to normal over a period of 1 to 3 days.

The virtual

height (h'F ) suffers rapid changes during such periods,

sometimes by

a factor of nearly two.
This,

of course,

will introduce unknown but relatively large

variations in the propagation time of the signals and thus seriously
affect high precision work.
viously,
here,

Data taken during such periods are,

ob¬

useless in the precision timing problems under consideration

and should be discarded; only data taken during normal conditions

should be used.

c.

Estimation of Effect of Normal Variations of Virtual Height
The effect of diurnal changes in the virtual height of the F-2

layer may be minimized by:
same time every day,
whole path,

(a) measuring the timing signals at the

and (b) selecting this time of day so that the

from the master clock to the slave clock,
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is all in daylight

or all in darkness.

In other words,

neither the sunrise nor sunset

period should occur anywhere over the path during the time the measure¬
ments are being made.

On fairly short paths,

for instance,

the meas¬

uring period should be selected when it is approximately noon at the
center of the path.
There remains,

however,

some small and irregular changes in

the F-2 layer height which are unpredictable.

To obtain an accurate

value for these changes would require some detailed measurements of
the ionospheric height versus time at the reflecting points of the given
path.

This is obviously not a practical undertaking for those engaged

in timing problems.
Alternatively,

a knowledge of the effect of changes of the

virtual height on the propagation delay time,
useful.

for a given path,

F-Z

might be

To make this information available in an easily usable form,

Fig. 5 was devised.
(At/n) (p sec),

This is a plot of virtual height,

h',

(in km) versus

(where n is the number of hops in the path in question),

along with a third parameter which is the great circle path length,

d

&
divided by n.
plotted; 500,

To simplify its use,
1000,

1500,

only five discrete path lengths are

2000 and 3000 km; the latter curve being

suitable also for the 4000 km path.
To use the chart,

determine the desired stability,

5t,

in prop¬

agation delay time (At) and the nominal virtual height (h1 ) for the path.
For example,

say h1

stability (At/n) is

is 300 km,

10 psec. ,

the desired propagation delay time

the great circle path length (d

/n) is 3000
©

km and n = 1 (one-hop mode) (see Fig. 5).
variations in virtual height,

6h’,

Then from the curve,

must be less than 5 km.
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the

IX.

CHART FOR DETERMINING TOTAL
KF PROPAGATION DELAY

a.

Introduction
In many timing problems,

the use of the detailed curves given

in Fig. 10 through Fig. 15 along with the chart in Fig. 1 is not necessary,
if a lower precision than given in these charts is acceptable.
case,
b.

In this

the chart given in Fig. 6 may be used.

Use of Chart
This chart gives the total propagation delay time, per hop, for a

given path.

That is, the delay time in Fig. 6 includes the ground wave-

delay titne in Fig. 1 plus the additional delay time in Figs. 10-15 caused
by one reflection of the signal from the ionospheric layer.
It is assumed,

in preparing the chart,

that the total propagation

time was that of one hop multiplied by the number of hops.
distance is given as (d

Thus, the

/n), where n is the number of hops, and the

path delay time as (t /n).
Jr

For example,

if the great circle distance,

then assuming a three-hop path,

d , is 9, 900 km,

(d^/n) would be 3300 km, and the path

delay time, as read on the chart, assuming a layer height of 350 km,
would be (tp/n) = 11.5 ms, which when multiplied by n = 3, is 34. 5 ms.

X.
a.

ASTRONOMICAL AND "ATOMIC" TIME

Introduction
Until very recently the only unit of time available was that de¬

rived from the movements of the earth and it was called solar time.
This is the time obtained by an observer on a given meridian marking
the passages of the sun.
day" throughout the year,

Because of variations in the length of a "solar
the mean solar day was used as the time

standard; it is the mean of all the solar days throughout a given solar
year.
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In 1955 a more uniform astronomical time was adopted as the
international time standard and is called Ephemeris Time.

It is defined

by the orbital motion of the earth about the sun but in practice it is
determined from the orbital motion of the moon about the earth.
The latest uniform time, as yet officially undefined, is based on
the motions of the atoms or molecules subject to electrical and nuclear
forces.

Several standards are now in use employing either the cesium

atom or the ammonia molecule.
Definitions of a few quantities of interest to those using time
signals or engaged in timing problems are given below.

g
b.

Mean Solar Time
(1)

Mean Solar Second

The unit of mean solar time is the mean solar second and it is
defined as the (1/86, 400) part of a mean solar day.
(Z)

Mean Solar Day

A mean solar day is defined as the mean of all the solar days in
a solar year; there are 365 solar days in one solar year.
(3)

Uniform Solar Time UT
(a)

UT-0

This was the same as mean solar time; it was uncorrected
for perturbations that are known to occur from year to year.
(b)

UT- 1

Is mean solar time corrected for polar variations.
(c)

UT-2

Is mean solar time corrected for polar variations and
estimated annual fluctuations.
c.

,

Ephemeris Time

8

The Ephemeris Second is defined as the fraction 1/31, 556, 925. 9747
of the tropical year for 1900 January 0 at 1200 hours Ephemeris Time.
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d.

Atomic Time
The atomic second is at present not defined.

However,

if one

maintains a frequency standard whose frequency is derived from the
atom,

then a properly geared clock driven by some submultiple of this

frequency would keep "atomic time",

e.

its main merit being its uniformity.

Standard HF Time Signals
There are at present many nations broadcasting hf standard time

signals,

including the two USA stations (WWV,

WWVH,

Maui,

Hawaii),

All known stations,

JJY (Tokyo,

Japan),

Washington,

D. C. ,

and MSF (Rugby,

and

England).

as listed by the CCIR are given in Appendix E.

XI.

USE OF TIME SIGNALS FROM
MORE THAN ONE STATION

If all the world's hf standard time signals,
precisely synchronized,

as broadcast,

were

it would be possible to use any one of them in

any timing problems and then when necessary switch to another one
without loss of timing accuracy.
present.

Unfortunately,

6

Except for WWV and WWVH,

this is not the case at

none of the transmitted standard

hf time signals are synchronized.
This should be taken into account,

for instance,

tracking and timing problem arises wherein,

say,

when a missile

the time signals from

WWVH are used initially and then later a switch is made to the JJY
standard time signals.
in this case,

Errors up to several milliseconds may occur,

if suitable corrections are not made.
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APPENDICES

APPENDIX A
GREAT CIRCLE DISTANCE CALCULATIONS

Data Given (see Fig. 7)
Site

Latitude

Longitude

B

38° 59. 33. 16" N.

76° 50' 52. 35" W.

A

34° 56' 43. 19" N.

117° 55* 01. 57" W.

4
Great Circle Distance (Z) Calculations
a.

Equations Used

cot (c/Z)

tan

y + x

2

cot (c/2)

sin
tan

tan
sin

Angle C

y + x

Z
y - x
2

longitude A - longitude B
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/ L«

.
c (
b. Calculation oi

- L

\

L
lb - la

Sites

4° 02' 49, 97"

B , A

/ JL

+ L

B
A ]
, (
B
A
---J and \---

B

- L

L

r L
+ L
v
B
A

A

2° 01* 24, 98"

73° 56'

16.35"

2° 01.416*

B

+ La
A

36° 58' 08. 17"
36° 58. 14'

c. Determining Angle (c) and (c/2) and cot (c/2)
Sites
B,

c /-

A

41

o

04' 09. 22"

20

o

cot c/2

32*04,61"

2. 6698*

20° 32. 077*
d. Tabulation of Trigonometric Functions Needed
cos

Angles

B

1 = 2° 01. 416*

0.99931

0.03531

( --—— ) = 36° 58. 14*

0.79896

0. 60138

/ L

e.

A

sin

tan

0.03531

+ LA

Calculation of (Z) in degrees

tan

2

y - x

sin I

tan l

) =2-6699 () = <°- 11799>
= tan” 1 (0. 11799) = 6° 43. 76*

X

(5)

(6)

) = sin 6° 43. 76* = 0. 117 18

(7)

= 2. 6699 (

(8)
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0. 60138

^ = 4. 436

•B

tan"

= sin 77

sm

tan

(4.4369) = 77° 17. 93'

0. 03533

tan

- 1

17. 93* = 0.9755

0. 9755Z
0. 11703

(0. 29429) =

= 0.2942

16° 23. 6'

(11)

(12)

Converting (Z)° to (Z) kilometers (or miles)

Z,
= Z° X 111. 195 km/deg = 32. 79 X 111. 195 = 3642 km
km
=======
Z

g.

(10)

(13)

Z° = 32° 47. 2' = 32. 79°

f.

(9)

. = 0. 62 14 mi/km X km = 0. 6214 X 3642 = 2262 mi.

(14)

(15)

Determining the Mode of Propagation
For a great circle distance of 3650 miles,

of propagation would be one-hop,

i. e. ,

the distance is less than the max¬

imum of 4000 kms for the one-hop mode.
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the minimum mode

APPENDIX

B

HIGH FREQUENCY PROPAGATION DELAY TIMES
1.

Definitions (Figure
(a)
(b)
(c)
(d)

2.

d®
g
d
g
d®
P
d
P

8)

= ac = ce,

great circle distance of one-hop path.

= nd® = aceg , . . , great circle distance of n-hop path.
g
= abc = cde, sky wave distance of one-hop path.
= nd* = abcde,
P

.

.

. ,

sky wave distance of n-hop path.

Sky Wave Propagation Time (Based on Geometric Paths)
From Figure

8, it is easily shown that, for path abc,

d® =
P

2 n/ 2r (r + h®) (1 - cos 9) + (h®)^

For simplification,

h'/r =

Then,

(1)

let:

7, and 2(1- cos 9) = (2 sin 9/2)^

using (2) in (1),

(2)

and factoring:

Y
d® = 4r sin (9/2) s] (1 + y) + ( —
.
.
p
V 2 sm 0/2

n/71

Then,

the propagation delay time,
d®

f = -e =
p
P

Now,
distance,

cc

for the path d® ,

iLjom Vd + 7) a 2
c

Y
sin

0/2

(3)

is:

(4)

the ground wave propagation delay time for the great circle

d® = ac,
g

is:

t®
g

d®
_g
c

541/27

(5)

Now, from trigonometry, we know that:

d» = 2r 0
g

(6)

t- = 212
g
c

(7)

so,

Then, using (7) in (4), we get:

t'
P

J (1 + 7) +

sin 0/2
0/2 "

2 sin 0/2

(8)

7

This is the sky wave propagation delay time in terms of the
great circle distance delay time.

For more than one hop,

say n-hops

both sides of equation (8) are multiplied by n.
3.

Difference in Sky Wave and Ground Wave Propagation Times
From (8) and (2):

/ sin 0/2

At =

lg\

e/2

4

(1 + 7) +

7
2 sin 0/2

-1

(9)

If we let:

(1 + 7) = h,

(2

j / sin 0/2 \
sin 0/2

= p- and ( -072“ ) = y’

(10)

we may write (9) as:

At=t
8

(

y vhl pu -1

542/28

(id

4.

Great Circle Distance Determined from Path Distance
Multiply equation (8) by n, and solve for tg:

t

(0/2)
P

t

(12)

g
sin

(1 + 7) +

y
sin 0/2

from which it is obvious that:

5.

Tables for Use with Equations (9) and (11)

TABLE I
(See Fig. 2)

d
g versus
n

(ir) km

(0/2) deg.

(0/2) rad.

444.4

1

0. 01745

888. 9

2

0.03491

1333.3

3

0.05236

1777.8

4

0.06981

2222.2

5

0.08727

2666. 7

6

0. 10472

3111. 5

7

0. 12217

3555. 5

8

0. 13963

4000.0

9

0. 15708

543/29

TABLE II
(y versus 0/2)

(9/2)°

(0/2) rad.

sin 0/2

X

1

0. 01745

0.01745

1. 0000

3

0. 05236

0.05234

0.99962

6

0. 10472

0- 10453

0.99818

9

0. 15708

0. 15643

0.99586

where:
sin 0/2
y=

9/2 =

TABLE III
(See Fig. 3)

(h versus h1)

h*

X

h

where:

100

0. 0157

1. 0157

h = (1 + r)

150

0.0236

1. 0236

200

0. 0314

1. 0314

250

0.0392

1. 0392

300

0. 0471

1. 0471

350

0.0550

1. 0550

400

0.0628

1. 0628
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h5

r = 6368 km
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APPENDIX C
TWO-WAY TRANSMISSION OF TIME SIGNALS

1.

Definition of Symbols Used (Fig. 9)
(a)

d

=

great circle path, A bd . . . B.

g
(b)

d

=

n-hop path, Aabcd . . . kB.

(c)

P
6t

=

delay time signal suffers, at clock B, from its
reception to its retransmission.

(d)

At

=

time difference between a transmitted and received
pulse at A.

(e)

t

(f)

b

=

*2

=

*3
t
P

=

(g)
(h)
(i)

time first pulse leaves A.

o

time first pulse arrives at B.
time retransmitted pulse leaves B.
time retransmitted pulse reaches A.
apparent path length.

Now
t

o

+

= t

o

+ t

p

and:
t

2

= t, + 6t = t

1

+ 2+

op

+ 6t

so:
At = t_ - t

-5

o

= t

o

+ 2t

p

+ 6t - t

Therefore:
t
P

(

)

a nd:
d
P

= ct
P

545/32

o

= 2t

p

+ 6t

APPENDIX D
MEASUREMENT OF HF TIMING SIGNALS
1.

A Note on the Measurements
(a)

Acknowledgments

The measurements of the propagation delay time of the hf signals

6

from WWV to WWVH and return, and at Boulder, Colorado, were made
by personnel of the National Bureau of Standards Boulder Laboratories
at Maui, Hawaii, and Boulder, Colorado, of the Naval Research Labora3
tory, and of the U. S. Naval Observatory. In all cases, the measure¬
ment precision was at least 0. 1 millisecond for each individual observa¬
tion.
(b)

Definitions of Symbols Used in Appendix D
d

=

great circle path length.

f
g
r

=

propagation delay time of a signal over a given d .
g
mean radius of earth; taken as 6368 km.

c

-

velocity of light in free space; taken as 300, 000
km/sec.

d

=

length of path of sky wave (ionospherically reflected)

g

=

signal.
t

=

propagation delay time of a signal over a given d

tr

=

standard deviation of a single observation.

h*

=

virtual height of the reflecting ionospheric layer.

n

-

number of hops (mode) of the signal propagated over

p

P

a given d .
2.

Measurement of Propagation Delay Times
(a)

Data on Following Paths
d

mm.
g

n

d /r
g

t
g

(1)

WWV to WWVH

7687 1cm

25. 62 ms

2

1. 205

(2)

WWV to Boulder

2430 km

8. 10 ms

1

0. 382

(3)

WWVH to

5270 km

17. 56 ms

2

0. 825

Boulder
546/34

(b)

Calculated Propagation Delay Times (on above paths)
versus Number of Hops (n)

(c)

(1)

Figure 16 - WWV to WWVH

(2)

Figure 17 - WWV to Boulder

(3)

Figure 18 - WWVH to Boulder

Measurements Made on Above Paths (September 1955)

Signals
(1)

(2)

WWV vs.

WWVH vs.

WWVH

WWV

Meas.

F req.

Made at

Me

*p
ms
27. 77

0. 26

27. 32

15
ave.

27. 13

0. 24
0. 22

27. 40

0. 22
«...

5

Wash. D. C.

27. 16

0. 19
—

27. 16

0. 19

10. 95
11.31

0. 27

11. 67
11. 31

0. 37
0. 31

15
ave.
WWV vs.

WWVH

Boulder

5
10
15
ave.

(4)

Actual Propagation Delay Time,

ms

5
10

Maui

10

(3)

O'

0. 28

Based

on a and b, above (round trip)

Path
WWV to WWVH
(or vice versa)

5
10

Z7. 24

0. 20

(at 10 Me)

15

27. 24

0. 20

547/35

(5)

Calculations of Actual Propagation Delay Times,
Based on Above Measurements, at 10 Me
t , ms
P

Freq. , Me

Path
WWV to Boulder

10

8. 14

WWVH to Boulder

10

WWV to WWVH

10

19. 10
27. 24

(6)

Use of Charts in Figure 16, 17 and 1 8 (with h9 = 350 km)
to Determine Propagation Delay of Signals on
d

Path
WWV to WWVH
WWV to Boulder
WWVH to Boulder

(7)

g

7687

25. 62

2430

8. 10

5270

P
ms

t

17. 57

n

27. 19
8. 63

3

19. 00

3

1

Summary of Above Data at 10 Me

Path
WWV to WWVH
WWV to Boulder
WWVH to Boulder

(d)

t

g
km

Meas.

Calc.

t , ms
P

t , ms
P

27. 24

27. 19
8. 63

0. 49

I

19. 00

0. 10

3

8. 14
19. 10

Difference
ms

n

0. 05

3

Second-to-Second Measurements, at 10 Me,
Times of Path,

of Actual Delay

WWV to WWVH (Based on Round Trip)

(1)

Figure 20- WWV to WWVH,

December 19,

1956

(2)

Figure 19- WWV to WWVH, December 21,

1956

(3)

Summary of Above
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UT

No.

1

27. 10

0. 10

0. 3

27.45

0. 15

0. 5

27. 00

0. 15

27. 50

0.4

27. 20

0. 17

18

27. 30

0. 2

27. 10

0 11

33

27. 25

0. 3

27. 05

0. 10

27. 41

0. 5

27. 00

0. 17

T ime

Observ.

20

12-19

0200
0500
1100

t

p, ms

ms

6

27. 50

0

30

27. 70

92

27.40

0200

26

0500
0800
Significant Values

(4)
Ave. of
ave. t , ms
P
27.41

(e)

Signals

.

Conclusions Based on Above and Figure 16
Min.

cr, ms

t , ms
P

Probabl e
n

0. 17

27. 00

3

Max.

WWVH

Measurements,

Ave.

Probable

V

h«. km

8223

350

June 20

Meas.

UT

No.

Ave.

cr

made at

Time

Observ.

Diff. , ms

ms

Wash.

0600
0900

16

29. 01
28. 72

0.43
0. 24

29. 15

0. 21

26. 43

0. 13

27. 08

0. 15

D. C.

1200
WWVH vs.

.

Hourly Measurements , at 10 Me, on Path WWV to
WWVH , June 1956
(1)

WWV vs.

Min.
<r

Date

12-20

from ave. ,

t , ms
P

Fig.

21

Max. dev.

Ave.

WWV

Maui

0600
0900
1200

549/37

9
8
8
10
~ -

(2)

Average, Actual Propagation Delay Times (June 20)
Ave.

UT

Ave.

Pa th

Time

t j ms
P

WWV to WWVH

0600

27. 72

0. 28

27. 90

0. 22

27. 81

0. 25

0900

cr, ms

1200
Average Values

(3)

Measurements, June 22

Signals

WWV vs.

WWVH vs.

Meas.
made at

UT
T ime

No.

Ave.

Observ .

Diff. , ms

cr
ms

Wash.

0600

1 1

27. 83

0. 25

D. C.

0900
1200

20
4

28. 09
28. 68

0. 32
0. 53

0600

10

26. 94

0. 21

0900

10

27. 12

1200

9

27. 22

0. 10
0. 10

WWVH

WWV

Maui

Average Actual Propagation Delay Times (June 22)

(4)

Ave.

UT
Path

Time

WWV to WWVH

0600
0900
1200

Average Values

(5)

Ave.

t , ms
P

cr, ms

27. 38
27. 60
27. 95

0. 23
0. 21

27. 64

0. 25

0. 31

Summary of Above (Based on Round Trip Measurements)

(3 hour)

(3 hour)
(3 hour)

ave.path

Ave. cr, ms

length, km

Day

Path

Ave. t , ms
P

June 20

WWV to WWVH

27 .81

0. 25

8343

June 22

WWV to WWVH

27 .64

0. 25

8292

550/38

(6)

Conclusions from Above and Figure 16

Ave.

Ave.

t , ms
P

Ave.

Probable

c, ms

n

d , km
P

27. 75

0. 25

4

8317

(b)

Approx,
h', km
350

Daily Meaisured Values of Actual Delay Times on Path WWV
to WWVH,
(1)

1958

Figu re 21 - January 1958 to September 1958 (Based on
Round Trip)

(2)

Summary of Figure 21 (WWV to WWVH)

Min.

Ave.

Max.

t , ms
P

t , ms
P

t , ms
p

27. 52

Feb.

27. 20
26. 85

27. 24

Mar.

27. 10

Apr.
May
Jun.

No. days

Ave.

Observ.

d , km
P

27.90
27.80

17
11

8256
8172

27.46

27. 85

18

8238

27. 35

27. 63

27. 90

9

27. 25

28. 12

28.85

12

8289
8436

27.45

27. 85

27. 20

27. 65

9
14

8355

Jul.

28.75
28. 10

Aug.

27. 20

27. 85

16

8277

Sep.

27. 30

27. 59
27. 67

28. 10

11

8291

Month
Jan.

(3)

8295

Considerations from Above and Figure 16
a)

Min.

Estimated Values of n and h®
Ave.

Prob.

Approx,

n

h', km

t , ms
p

_
.
Prob.

Approx,

n

h*, km

Month

t , ms
P

Jan.

27. 20

3

350

27. 52

4

325

Feb.

26. 85
27. 10

2

400

3

335

27. 24
27.46

3
3

355
380

27. 35

3

365

27. 63

4

330

May

27. 25

3

355

28. 12

4

375

Jun.

27.45
27. 20

3

380

27. 85

4

350

Jul.

3

350

27. 65

4

330

Aug.

27. 20

3

350

27. 59

4

330

Sep.

27. 30

3

360

27. 67

4

330

Mar.
Apr.

551/39

b)

,

Min.

Max.

Ave.
t

Summary of Data (Over a 9-Month Period)

Ave.

Ave.

t , ms
P

from Ave. , ms

n

h', km

d , km
_

28. 85

26.85

1. 22

4

345

8289

JP_

P

27. 63

Prob.

, ms

t

ms

Max. Dev.

c)

Conclusions (10 Me)
1) The actual delay time variations from day-

to-day (data taken same time every day) were taken about the average,
about 1 millisecond or less.
2)

In general,

the mode of propagation was

3)

Average virtual height of the layer was

4 hops.

near 350 km.

(g)

Summary of Above (Items c through f)
Ave.

Min.

Item

t , ms
P

t

, ms

(c)

27. 24

(d)

27.41

(e)

27. 75

<f)

27. 63

26. 85

Ave rage

27. 50

26. 92

p

27. 00

Prob.

Ave.

Ave. or Prob.

Ave.

h', km

o-

n

d , km
P

3

8172

350

3

8223

350

0. 17

4

83 17

350

0. 25

8289

345

---

8250

350

0. 21

4
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DAILY SCHEDULES
1.

Weekdays.

2.

From 11. 00 to 12.00, from 14. 00 to 15.00, from 17. 00 to 18.00,
from 20. 00 to 21. 00, and from 23. 00 to 24. 00 U. T.

3.

Pulses of 5 cycles of 1000 c/s tone; no 59th pulse of each minute.

4.

Alternately 440 or 1000 c/s.

5.

Interruptions from minute 0 to minute 4, and from minute 30 to
minute 34 of each hour, as well as from 19. 00 to 19. 34 U. T.

6.

Pulses of 6 cycles of 1200 c/s tone; no 59th pulse of each minute.

7.

Alternately 440 and 600 c/s.

8.

Adjustments are made on Wednesdays at 19. 00 U. T. when neces¬
sary.

9.
10.
11.

Maximum radiation N - S.
Interruption from 06. 30 to 07. 00 U. T.
Pulses of 10 cycles of 1000 c/s tone; the first pulse of each min¬
ute is prolonged (500 ms).

12.

If required, the first Monday of each month.

13.

Tuesdays.

14.

From 01. 00 to 04. 00 U. T.

15.

From 07. 15 to 07. 45 U. T.

16.

Even days.

17.

Odd days.

18.

Signals A1 keyed.

Duration of each signal 100 ms; the first signal

of each minute is prolonged.
19.

From 07. 15 to 07. 18, and from 07. 43 to 07. 45 U. T.

20.

Interruption from minute 15 to minute 20 of each hour.

21.

Pulses of 5 cycles of 1000 c/s tone; the first pulse of each minute
is prolonged (100 ms).

22.

Relative to an atomic standard.

23.

Adjustments are made the first day of the month, when necessary.

554/43

24.

Two half-wave dipoles on 1 5 Mc/s; one half-dipole on 2. 5 and
5 Mc/s.

25.

See (26) to (29).

26.

From 07. 00 to 23. 00 U. T. ; interruption from minute 29 to minute
39 of each hour.

27.

Mondays.

Interruption from minute 9 to minute 19, from minute

29 to minute 39, and from minute 49 to minute 59 of each hour.
28.

Wednesdays.

29.

From 21.00 to 11.00 U. T.

30.

Interruptions as for (27).
Interruptions as for (26).

Transmission suspended for 20 ms; the suppression before
second 0 lasts 200 ms.

31.

Maximum radiation NW-SE.

32.

From 07. 00 to 07. 30 and from 1 1. 00 to 11. 30 U. T.

33.

Pulses of 5 cycles of 1000 c/s tone; the first pulse of each minute
is repeated 7 times at intervals of 10 ms.

34.

Interruptions from 11. 30 to 12. 30, and from 20. 30 to 2 1. 30 U. T.

35.

Interruption from minute 45 to minute 49 of each hour.

36.

Pulses of 5 cycles of 1000 c/s tone; no 59th pulse of each minute.
The first pulse of each minute is repeated 100 ms later.
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ILLUSTRATION OF DELAY TIMES,
WWV AND WWVH

T

= delay time of signal from WWV to WWVH

T

= delay time of signal from WWVH to WWV

T
T

H
v

= delay time introduced into pulses transmitted from WWVH
= delay time measured at WWV of received WWVH time
signals

Then:
(1)

<T. - T
+ T ) = T ,
1
H
2
v

(2)

T

and
1

+ T

therefore,

(3)

T

=

2

= T

v

Tl + T2

T
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T
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+ T
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TECHNICAL NOTE NO. 22
Precise Time Synchronization
Of Widely Separated Clocks

1.

Page 8.

Equation 9:

Braces should be used to make factor tg be

multiplied by all rest of rhs of equation including term

-1.

.

2

Page 9.

Last line:

Units should be milliseconds (msec), not

microseconds (psec).
3.

Page 13. Line 4, paragraph (b):

should read *'100 feet" not

M10 feet."
4.

Page 23.

Last line:

5.

Page 28. Equation 9:

should be "Angle c" not "Angle C."
should have braces as indicated in item 1

above.

.

6

Page 30.

7.

Page 39. Fifth line:

.

8

Table III, right column:

Fig. 10-15.

should read "h = (1 + y)."

should be paragraphed as "(f)" not "(b)."

The "At" is the time interval between arrival of

ground-wave and arrival of sky-wave signals after n
hops.
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A UHF and Microwave Matching Termination*
ROBERT C. ELLENWOODf,

awd

Summary—Coaxial transmission line and waveguide termina¬
tions are described which employ a double-slug transformer and a
lossy dielectric load to provide an impedance match. Electromag¬
netic waves reflected from the load are canceled out by adjusting the
positions of the two dielectric transformer slugs relative to the load,
by means of bakelite rods which extend axially through the end of
the termination. The terminations can be matched over wide fre¬
quency ranges; they are simple in operation and construction, hav¬
ing no critical dimensions.

WILLIAM E. RYANJ,

I

I.

associate, ire

Introduction

N ULTRA-HIGH-FREQUENCY (uhf) and microwave measurements, transmission-line termina¬
tions are needed which can be adjusted to match

the impedance of the line or to provide a given voltage¬
standing-wave ratio (vswr) in the line. These loads are
useful, for example, in the evaluation of discontinuities
in transmission-line components, such as connectors or
slotted-line standing-wave machines. Other applications

* Decimal classification: R117.3XR310. Original manuscript re¬
ceived by the Institute, February 4, 1952; revised manuscript re¬
ceived September 11, 1952.
f Bureau of Ships, Navy Dept., Washington, D. C. Formerly with
Central Radio Propagation Laboratory.
t Central Radio Propagation Laboratory, National Bureau of
Standards, Washington, D. C.

of these adjustable terminations are power and attenua¬
tion measurements and the calibration of probes under
matched-load conditions.
This paper describes a simple termination composed
of two low-loss dielectric slugs and one lossy dielectric,
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which are moved back and forth in a waveguide or
coaxial line by means of bakelite rods parallel to the
axis of the guide.1 The two low-loss dielectrics operate
together as a double-slug transformer to cancel out the
multiple reflections, and the lossy dielectric which is
backed by a brass short absorbs the electromagnetic
energy. The termination (used with a fixdd probe) is
adjusted for an impedance match by varying the
distances between the three dielectrics with the rods
which extend out the end of the guide. A match is indi¬
cated if no standing wave is observed as the three di¬
electrics are slid back and forth together with the spac¬

dielectric load but also the complete termination after
the transformer has been tuned. A brass slug beyond
the'end of the conductors (not shown in Fig. 1) with
holes through which the rods may slide and screws to
tighten on the rods, was used to fix the relative positions
of the slugs once the transformer was tuned. The other
two pairs of rods, which must be dielectric (bakelite
was chosen for mechanical strength), extend through

ing between them fixed.
The dimensions of the components of the termination
are not critical and most of them were chosen arbitrarily.
The major requirement is that both transformer slugs
be a quarter wavelength long at some suitable fre¬

Because of the presence of these bakelite drive rods
and the loose fit of the slugs in the transmission line,
accurate calculations of the electrical properties of the
load are impractical. It is simpler and more accurate to
determine the vswr or reflection coefficient of the termi¬
nation by direct measurement. The general approxima¬
tion for the attenuation of a lossy dielectric in a coaxial
transmission line is2

quency, as is explained later.
II.

Coaxial Termination

holes in the load and screw into their respective trans¬
former slugs. The pair of rods attached to the slug furth¬
est from the load passes also through 0.125-inch di¬
ameter holes in the other transformer slug.

This design was adopted especially for a 7/8-inch
coaxial termination (Fig. 1) for use in the uhf range
from 300 to 3,000 me. The 7/8-inch coaxial model is

&.686ir\/e tan <5
a = —-db per inch,
X

where X is the wavelength in air in inches, e the real
part of the complex dielectric constant relative to air,
and tan d the loss tangent, or ratio of the imaginary to
the real component of the complex dielectric constant.
A plastic, Catalin (700 base), was chosen as the lossy
dielectric because of its high loss-tangent and excellent
machinability. Its loss tangent is 0.15 to 0.20 and its
dielectric constant approximately 5. This results in an
attenuation of about ^ to 3 db per inch in the uhf range.
After the measurement of the vswr of various lengths
of Catalin loads, a 13-inch length was chosen as a suit¬
able compromise for a load with a small reflection coeffi¬
cient and a reasonably short length. VSWR of Catalin
load is shown as a function of frequency in Fig. 2(a).
Fig. 1—Cutaway view of j-inch coaxial-line termination.

built of 4-foot conductors from ordinary machine brass
stock, a type which has nominal tolerances of 0.003 to
0.005 inch. To ensure free movement of the dielectric
cylinders, about 0.008-inch clearance was allowed be¬
tween them and the conductors.
The brass short attached to the end of the lossy di¬
electric has bronze fingers with a spring fit in order to
prevent leakage, help to center the inner conductor,
and maintain a fairly constant short circuit as the slugs
are slid back and forth in the line. Three pairs of long
rods of 0.113-inch diameter extending through 0.125inch holes in the short are used to position the three
dielectric slugs as it was found that two rods were
necessary for proper mechanical control of each slug.
One pair of rods, made of brass, is screwed through the
short into the lossy dielectric load in order to fasten
them together, and is used to position not only the lossy
1 R. E. Grantham, in “A reflectionless waveguide termination,”
Rev. Sci. Instr., vol. 22, pp. 828-834; November, 1951, describes an¬
other matching termination of somewhat different design.

Fig. 2—(a) at the top. Measured vswr before matching of 13-inch
length of Catalin in J-inch coaxial-line termination, together with
curves showing theoretical matching capabilities of transformer
slugs with dielectric constants of 2.5 and 3.0. (b) at the bottom.
VSWR after matching using « = 2.5 transformer slugs.
2 T. Moreno, “Microwave Transmission Design Data,” McGrawHill Book Co., Inc., New York, N. Y. first ed., p. 65; 1948.
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The vswr’s can be matched to the transmission line
by a double-slug transformer, a type which is effective
over wide frequency ranges for fairly large vswr’s. This
transformer can match any impedance whose vswr does
not exceed e2 for the dielectric of which the slugs are
made. Though the transformer will match a vswr of this
magnitude only at frequencies for which the slugs are
an odd number of quarter-wavelengths long, it is suffi¬
ciently “broad-band” to match any vswr approaching
this values at other frequencies according to the follow¬
ing equation,3
b

VSWTmax

/

b2

V

4

where
b =

1/2

(-t)
+

With this coaxial termination it is possible to obtain a
vswr measured with a differential vacuum-tube volt¬
meter less than 1.004 (reflection coefficient <0.002)
without any difficulty. This small limitation in making
a perfect match is apparently caused by a slight warp¬
ing of the conductors so that, as the load moves along
the line, the conductors go in and out of concentric posi¬
tions, thus changing the characteristic impedance of the
line.
At the lower frequencies the lossy termination results
in larger vswr’s. In order to match a vswr of the order of
6 to 10, it is necessary to use slugs of such material as
bakelite or Dielectene, which have dielectric constants of
3 or more. The more critical adjustment of these high
dielectric-constant slugs is partially compensated for

= 14-b \/ b 42

January

by the fact that in this case they are being employed at
the longer wavelengths. Of course, some decrease in the
vswr at low frequencies can be obtained by the use of
longer pieces of Catalin.

(1 — cos 2Pah) COS (30k

As the first set of polystyrene slugs could not match
any appreciable vswr’s near 2,000 me, a second pair

0-t)-sin 2(3ak sin (30k

was made which was a quarter wavelength at 2,000 me

and

to cover that frequency range. Thus, with two or three
pairs of transformer slugs the entire uhf band can be
covered. With only one pair a match can be obtained

PJa = electrical length of each slug,
do/o = electrical distance between the slugs,
e = dielectric constant of the slugs.

over most of the range. In order that the sets may be

The curves marked e = 2.5 and e = 3.0 in Fig. 2(a) are
plots of the above equation for slugs a quarter-wavelength long at 1,000 me and indicate the maximum

easily changed, the slugs have threaded holes into
which their respective drive rods may be screwed.
III. Waveguide Models

vswr’s that can be matched at each frequency with
slugs having these dielectric constants. It can be seen

Though this termination was designed primarily for

that, if the vswr’s are not large, there is little increase in
the matching band to be gained by using transformer

use with coaxial transmission lines, waveguide models
were also built for the purpose of determining their

slugs of large dielectric constant. Moreover, high di¬

performance

electric-constant slugs were found to be more difficult
to adjust for match than low dielectric-constant slugs,

i£-band (18,000-26,500 me).

at

W-band

(8,200-12,400

me)

and

at

such as polystyrene, whose dielectric-constant is about
2.5. Transformer slugs of polystyrene are capable of
matching the vswr of the Catalin termination over all
but the lower end of the uhf range. The measured vswr
of the 13-inch Catalin termination is also shown in
Fig. 2(a).
The experimental performance of the adjustable
coaxial termination is shown in Fig. 2(b). With the
polystyrene slugs (e = 2.5) of Fig. 2(a) which were 1.87
inches long it was possible to obtain a match over more
than 80 per cent of the uhf range. It is seen that the fre¬
quencies at which one could not obtain a match with
this set of slugs (that is, where the vswr of the Catalin
load exceeds the vswr matching capability of the trans¬
former) are somewhat lower than the curves of Fig. 2(a)
predict. This is probably caused by an effective increase
in the dielectric constant of the transformer slugs due to
the presence of the bakelite rods, so that the slugs were
a quarter wavelength long at a frequency somewhat less
than 1,000 me.
’ R. C. Ellenwood and E. C. Hurlburt, “The determination of
impedance with a double-slug transformer,” to be published in a
forthcoming issue of the Proc. I.R.E.

The waveguide model which is shown in Fig. 3 uses
2-inch lengths of Catalin for the lossy terminations in
both the 0.900- by 0.400-inch AT-band guide and the
0.420- by 0.170-inch iCband guide. These lengths are
sufficiently lossy to reduce the vswr in the waveguide
to a value less than three. At these frequencies this
vswr is due mostly to the impedance mismatch at the
air-Catalin interface. The Catalin in the waveguide is
fastened to a 1.5-inch sliding brass block which serves

580/106

1953

Ellenwood and Ryan: UIJF and Microwave Matching Termination

as a short circuit and as a centering device. The slugs
and two 0.113-inch diameter drive rods in both wave¬
guide models are made of polystyrene. In the V-band
model the slugs are 0.675 inch long, three-quarters
wavelength at 9,380 me, and in the iv-band model
0.475 inch long, five-quarters wavelength at 23,000
me, in order to improve their rigidity and stability
within the guide. The two thumb screws shown in Fig.
3 are tightened on the drive rods to anchor the slugs in
position once they have been properly adjusted. In the
waveguides a single drive rod was sufficient for mechan¬
ical control of each transformer slug. With each wave¬
guide termination it was found that a match could be
obtained toavswrof 1.01 (reflection coefficient <0.005).
IV. Conclusion
This instrument is capable of covering wide frequency
ranges. The coaxial termination will provide a match

to a vswr of 1.004 with two pair of slugs over the entire
uhf range. Similarly waveguide models will provide
matches to 1.01 over their particular frequency ranges.
Not only can these terminations provide a match, but
they may also be adjusted to given values of vswr of the
order of one to ten when for various reasons such a
vswr is desired.
The outstanding features of this termination are its
simplicity of construction and ease of tuning. There are
no critical dimensions and the essential requirements
are three dielectric slugs (one lossy) to fit loosely within
a transmission line and the rods by which they may be
moved. It takes but a short time to reduce the vswr to
less than 1.01. The vswr could be reduced still further if
closer tolerances and more refined components were
used, such as a gearing arrangement to adjust the posi¬
tion of the slugs, with a sacrifice, of course, of some of the
simplicity of construction.

581/107

National Bureau of Standards Circular 481
Issued September 1, 1949

High-Frequency Voltage Measurements
By Myron C. Selby
The paper presents an up-to-date account of fundamental principles and techniques
used for voltage measurements primarily for frequencies in the upper audio- and radio¬
frequency ranges and including part of the ultrahigh frequency range. Subject matter is
limited to principles and methods that have met with some degree of success for both high
and moderate precision, emphasizing those developed and applied for primary standard
work in this frequency range at the National Bureau of Standards. This paper is intended
to give professional workers and graduate students a more comprehensive picture of the
methods employed with regard to this subject than is presently available in textbooks and
handbooks.

I. Introduction
Standard procedures of r-f voltage measure¬
ments are at the present time based upon
direct-voltage calibrations with the voltage of a
standard cell as the primary reference. For
maximum accuracy, direct substitution is made of
d-c for r-f voltage having negligible harmonic
components. Reliability is insured by cross¬
checking results with one or more independent
calibration methods based on different principles.
In the light of present-day experience at these
frequencies, measurements to accuracies of approx¬
imately ± 1 percent may be considered of high
precision, whereas accuracies of the order of ±5
percent are of moderate precision.
Direct voltage
measurements are readily made to 0.1 percent so
that transfer jnethods, employing measurements
made directly in terms of direct voltage without
needing corrections for frequency, may be called
primary-standard methods. Reproducibility of
results, as well as agreement between individual
primary-standard methods, is expected to be
within ± 1 percent or better. In this paper,
methods that in terms of primary-standard tech¬
niques are only reproducible to ±5 percent will
be referred to as “moderate” precision methods of
measurement. At this point one should differen¬
tiate between accuracy and precision. An accu¬
racy of ± 1 percent implies that the value of the
quantity measured is within ± 1 percent of its
true or absolute value. Precision on the other
hand refers primarily to sensitivity and repeata¬
bility incidental to relative measurements. Thus
precise repeatable indications that can be obtained
using different instruments may be extremely
useful in making circuit adjustments and for
experimental purposes, but they need not agree
among themselves to the extent of being indi¬
vidually accurate. Accuracy implies ample sensi¬
tivity and precision of measurement to establish
the extent of agreement with accepted theory or
standards.

The most suitable primary-standard r-f voltage
measurement methods seem to be those em¬
ploying:
(a) Power substitution.
(b) Measurement of current through a known
resistance.
(c) Deflection of cathode-ray beam.
(d) The electrostatic voltmeter.
Not suitable for d-c calibration are methods
employing:
(e) Vacuum tube voltmeters.
(f) Rectifiers (nonthermionic).

1. High-Precision Methods Based on
D-C Measurements
(a)

Power Substitution

In this method bolometers are made use of with
the assumption that the same temperature or
heating effect is produced by an equal amount of
power whether produced by radio frequency or
by direct current, and that the resistance of the
bolorimetric element is independent of frequency
and is reliably dependent upon its temperature.
Thermistor and Wollaston type bolometers are
in general use. A thermistor is a semiconductor,
such as uranium oxide (U308), or a mixture of
nickel oxide (NiO), having a large negative
resistance-temperature coefficient [1, 2], A Wol¬
laston wire is a platinum wire of the order of 0.001
mm in diameter drawn inside a silver wire; this
silver coat is removed over a small section by
etching with a solution of nitric acid (HN03); the
exposed platinum core constitutes the active
section of the bolometer. Typical thermistors
have a resistance versus temperature sensitivity
approximately 10 times larger than Wollaston
wire, will carry considerably higher overloads, are
superior in mechanical ruggedness, have a larger
thermal time constant [53], and seem more adapt-
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able for voltage measurements because of their
relatively small physical dimensions. Precautions
must be observed in mounting the bolometer so
that the voltmeter under calibration is connected
directly across an r-f current-carrying circuit
element having negligible series reactance, since a
fundamental assumption of this method is that
the r-f resistance of a particular bolometer is equal
to its d-c resistance.
Figure 1 shows an elementary circuit diagram
of a bridge employing two thermistors. In order
to determine the value of a radio-frequency

The general expression for the r-f voltage is

E=
Rt

(RrERb) (1 + a)
(i)
and for thermistors matched to have identical
resistances and characteristics,

R

e=2irEw)
(2)

E— the root-mean-square value of the r-f volt¬
age across the two thermistors in parallel; V
designates d-c voltages with the proper subscript.
Vo, the voltage across the battery, is assumed
constant with load variations.
Subscripts 1 and 2 = respective values before and
after the r-f voltage is applied.
(#a#c)/(#a+#f) = load presented to the r-f
source.
Ra and Rc=individual thermistor resistances.
a = Ra/Rc=Va/Vc. For matched thermistors
a= 1.
Rr^RaERcVa and TV=the d-c individual thermistor volt¬
age drops with switch S (fig 1) closed.
C, (7' = d-c blocking condensers.
When unmatched thermistors are used it is
necessary to provide a d-c path through the r-f
source (or in shunt with it) to measure Va and Vc
with the r-f voltage applied to the thermistors.
The following special cases are of practical
significance:
1. Matched bolometers (Ra=Rc), unequal-arm
bridge (Rb^RT), relatively low V0) (#1 = 0):
Figure 1.

General bolometer-bridge circuit employing two
thermistors.

voltage, E, the bridge is first balanced using only
the direct voltage source, Vq, which for a selected
value of Ri establishes a definite supply of power
to the two thermistors and their corresponding
values of resistance, Ra and Rb. The r-f voltage
E, is then applied and the bridge is restored to
balance by adjusting Ri to a new value R2. In
this manner radio-frequency power is substituted
for a portion of the power initially entirely supplied
to the thermistors from the battery source.
Since Ra and Rb are effectively the same for both
balances, the following equations arising from the
bridge constants for the two balanced conditions
permit an evaluation of E. This method is
applicable to several hundred and possibly to
1,000 Me over an approximate range of 0.02 to
1.5 v.

This seems to be the most convenient arrange¬
ment for the following reasons: It makes it un¬
necessary to measure a; no decoupling chokes
(to keep r-f power out of the bridge) are required;
greater accuracy is obtained by measuring TV,
alone (as compared with measuring a small differ¬
ence between two relatively large voltages),
especially when E is low in magnitude.

m[v^~v^T

*=2?

(3)

2. Matched bolometers, unequal-arm bridge, rela¬
tively high Vo¬

lt is sometimes advisable to maintain bridgearm resistances of the same order of magnitude,
thereby assuring high bridge sensitivity. V0 is
usually not continuously adjustable. R\^0. In
this case, eq 2 may be used.
3. Single bolometer (#c=0,
bridge, Rx = 0:

C' = 0); unequal-arm

National Bureau of Standards Circular 1^81
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This arrangement eliminates the necessity of
matching bolometers and removes the possibility
of only one of the two carrying the entire r-f load.
This could occur, for example, when operation
takes place over a negative resistance portion of
thermistor characteristics. Means are required,
however, to keep the r-f power out of the d-c
bridge.

E

RT

(RrERb)

(4)

4. Single bolometer, equal-arm bridge:
E= 1/2

V^pVo-

(5)

The major advantage of having Rb^RT arises
when a relatively small value of (Uff,,— Fr ), as
compared with VR , has to be measured, as is the
case at very low values of E. Other modifications
may occasionally be desirable, such as a single¬
bolometer unequal-arm bridge with high Un,
(Ri^O), or an unmatched two-bolometer bridge
when Ra and Rc are known individually and are ex¬
pected to remain stable in either equal- or unequalarm bridges. When unmatched thermistors are
used, the degree of departure of Ra from Rc may
increase considerably with increasing r-f power
fed to the two in parallel as a result of their
negative resistance vs. temperature coefficient [62],
To obtain maximum accuracy, precision potenti¬
ometers and a galvanometer of proper sensitivity
are desirable. Among the precautionary require¬
ments of this method, especially in measuring
small voltages, are the following: Constant am¬
bient temperature, stable U0, stability of the
resistances in the circuit and accurate deter¬
mination of their values, an r-f voltage source
relatively free from harmonics.

Thermoelements (heater with thermocouple for
current indication) may be used in series with
special resistors [3, 4) up to a frequency of several
megacycles to measure voltage ranging from
several millivolts to approximately 50 v. Errors
at high frequencies are likely to be introduced by
stray capacitances associated with either the
resistor or thermocouple circuit and by stray
fields coupling with thermocouple circuit. Cur¬
rents induced in the thermocouple circuit whose
resistance is low in comparison with that of the r-f
current-carrying heater element may introduce
spurious heating effects not present during cali¬
bration of the thermoelement on direct current
[5] and be a large source of error. When the
couple is not insulated from the heater, calibration
of the thermoelement is usually made on reversed
direct current to reduce error caused by the
section of the conductor common to both elements.
Instead of using a thermoelement, a heater
element alone may be used, depending on other
means of correlating the heating effect of r-f
current through the heater with a suitable indi¬
cating device. An arrangement, applicable to
approximately 30 Me [4], utilizes a photoelectric
calibration of the glow from the current-carrying
heater element. Under conditions of use the
impedance across the heater terminals must be
known as a function of voltage and should be
essentially resistive.
Skin effect, inductance, and power dissipation
limit both the frequency and voltage ranges.

(c) Cathode-ray beam deflection
This method makes use of the deflection of an
electron beam by an electric field. An elementary
circuit arrangement is shown in fig. 2.
The deflection is
D=Emax Ap

(b) Resistor in series with current measuring
device
In employing this method to obtain accuracies
of about 1 percent, the d-c calibration of the
current indicating device and the value of the
series resistor must be known to 0.5 percent.
Either changes in current indication or resistance
depending on frequency should be negligible, or
they should be small and known, so that correc¬
tions may be applied. The physical design and
arrangement of components must insure that all
of and only the current entering one end of the
resistor passes out the other end and through the
current measuring element [62], Unless the im¬
pedance of the current-measuring element is
negligible, it must be taken into account and
should, in any event, be preferably resistive if the
voltage drop across it is part of the total voltage
being measured.
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(6)

where Va is the accelerating potential of the beam,
is the effective length of the deflecting field,
y is the effective length of the beam between this
field and screen, and d is the distance between the
deflection plates.
The procedure in measuring an r-f voltage E
(fig. 2) is to adjust first the zero spot position by
setting Vi with U=0 and E= 0. The r-f voltage
is then applied and the position of either end of
the deflection trace on the screen is restored to the
original position of the spot by applying the proper
value of V; this value of U is then equal to E
peak, provided the transit time and other fre¬
quency errors are negligible. For maximum
accuracy at low voltage levels it is best to line
up the edge of the spot against a fine hair-line
with a low-power microscope.
As a result of transit-time effect, the voltage and

l
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Figure 2.

Essential components of r-f voltage-measuring circuit arrangement employing deflection of cathode-ray beam.

frequency ranges are limited and are interdepend¬
ent. This effect takes place when the phase of
the deflecting voltage begins to reverse before the
electrons in the beam have sufficient time to cross
the deflecting field. The transit time thus reduces
the magnitude of the deflection unless it is smaller

<7=

V

2(1 —cos .)+.2

2. sin

than a half-period of the highest frequency
to be used. The error caused by this effect is
usually expressed as a ratio, C, of dynamic to
static sensitivity, the sensitivity being the linear
deflection per volt. This ratio is expressed as
[6, 7, 8]

.T

2." -j

—

1 -f- i (1

cos.)]
(7)

where

o}=2irj

w0=5.97X 107VFa=beam velocity

(9)

V0=d-c voltage accelerating the beam within
the deflection field for Fa^10,000v.
For higher values of Va, Einstein’s
correction for the increase in mass of
the electron must be applied.
Equation 7 takes into account the beam dis¬
placement parallel to the axis. This displacement
is usually negligible for large ratios of the L/l,
where L is the effective distance between the
screen and the deflection field as shown in figure
2. In the latter case, for sinusoidal input,
sin ./2

(10)

0.01

o.i

I

io

100

0/2
Figure 3 shows C as a function of ./2, given by
eq 10 [9, 10].

Figure 3.
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Effect of electron transit time on sensitivity of
cathode-ray tube [5].

National Bureau of Standards Circular 481

Another source of error is the effect on the
deflection field of the lead inductance and deflec¬
tion plate capacity.
The voltage between the
plates is larger than the voltage applied to the
outside terminals of the cathode-ray tube (where
the voltmeter under calibration is connected), as
given by the following expression [5]:
El=E

1
1 -Lf/fr)2’

(ID

where
E1 — deflecting voltage
E— applied voltage
f— operating frequency
jr— plate and lead series resonance frequency.

deflecting plates of an oscillosope by a section of
a two-wire transmission line (in a plane normal
to the axis of the tube) extending through the
tube [11], The beam passing through the spacing
between the conductors is deflected in proportion
to the voltage at this point of the line. The
voltmeter under calibration is placed either as
close as possible to the tube or a distance X/2
away along the extended transmission line, where
the' voltage across the line is the same as at the
cathode ray. This method is shown in figure 4.
The deflection angle 6 is given by

EmSLX

TV

2Va cosh'1 (d/2r)

(12a)

For large values of djr
The design and construction of present-day
commercially available cathode-ray tubes is such
that they may be used with negligible frequency
error up to 75 Me for voltages ranging from 5 to
several hundred volts.
Their suitability and
range is dependent upon electrode and lead
arrangement, spacing, and insulation.
Deflection sensitivity may be increased by
reducing accelerating voltage as is evident from
eq 6, permitting satisfactory measurements at
less than 5v radio frequency but only at the ex¬
pense of a reduction of the upper limit of frequency,
and an increase in spurious effects from magnetic
fields and normally minor voltage fluctuations.
Similarly, the upper frequency limit of satisfac¬
tory response may be increased by increasing the
accelerating voltage (within its rated limits) at
the expense of a reduction in deflection sensitivity.
Modified designs of oscilloscope tubes, with
proper precautions in circuit connections, may be
used for frequencies above 75 Me. One modi¬
fication is the replacement of the conventional

E

e^ 2Va

7r
Inidjr)'

(12b)

where d and r are the separation and wire radius,
respectively.
The effective deflecting field is largely concen¬
trated within a space between the wires approxi¬
mately equal in width to the wire separation; the
distance responsible for a transit time error is
therefore approximately equal to the wire separa¬
tion.
A line having a 3-mm wire diameter and a
6-mm center-to-center separation results in a
sensitivity of 0.3 mm/v for Va= 1,000 v at a
screen distance of 25 cm; this may be compared
with a sensitivity of approximately 0.63 mm
under the same conditions with deflecting plates
having a transit time distance nearly five times
as large.
Experimental work, now in progress at the
National Bureau of Standards, with these types
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of tubes resulted in precision measurements of
voltages up-to 150 Me.
Another modification consists of a specially
constructed cathode-ray tube employing a short
focus lens and very small deflecting plates [6, 9].
Figure 5 shows a diagram of this device referred
to as a “micro” oscillograph. The initial cross
section of the beam is reduced to a degree result¬
ing in a spot size of 10~2 to 10-3 mm in diameter.
The beam passes through the deflecting plates
and into the short-focus electrostatic lens. This
oscillograph depends on optical magnification for
increased initial deflection. Using a 50X optical
magnifier and Va= 10,000 v, an effective deflec¬
tion sensitivity of approximately 0.5 mm/v is
obtained; the plate length and separation are
about 0.2 inch, and the transit time effect is
negligible at 1,500 Me.
These two modified
applications of the cathode-ray tube seem to
indicate that this method can be used for pre¬
cision wide-range voltage measurements to at
least 300 Me and perhaps to much higher fre¬
quencies simply by further reduction in size of
cathode-ray tube elements.
SHORT-FOCUS

The voltage range of present-day commercial
electrostatic voltmeters is approximately 20 to
50,000 v.

2. Moderate precision methods
(a) Vacuum-tube voltmeters
The first vacuum-tube (v-t) voltmeter was
patented by R. A. Heising in 1917 [36], For a
number of years prior to that date and up to the
present time, v-t voltmeters have been universally
used to measure r-f voltages of the order of one
millivolt to several kilovolts. Vacuum-tube volt¬
meters are made in a variety of forms and in
various voltage ranges.
The useful frequency
range in each basic design is limited primarily by
the adapted circuit arrangement and characteris¬
tics of such components as tubes, amplifiers,
voltage dividers, etc. The v-t voltmeter is not
satisfactory as a high-precision standard, because
it is difficult to determine precisely the law of its
voltage-current characteristic as well as to main¬
tain its operation sufficiently constant over a

ELECTROSTATIC

(d) Electrostatic voltmeter
Electrometers and electrostatic voltmeters make
use of the force existing between charged conduc¬
tors. These instruments are essentially capacitors
with the rotor, either fiber suspended or jewelpivoted. One set of the conductors is usually
fixed in position and the other one (the set cor¬
responding to the rotor of a variable capacitor) is
fiber-suspended or jewel-pivoted, and so restrained
by the suspension or a coiled spring that its dis¬
placement is indicative of the voltage applied.
Commercial electrostatic voltmeters have a scale
(usually nonlinear unless the plates are especially
shaped) that is graduated to read rms values of
voltage, and have a high input resistance and low
power consumption at frequencies up to approxi¬
mately 5 Me [12].
The major disadvantages of this type of volt¬
meter are low sensitivity and high input capacity
(a few micromicrofarads to several hundred
micromicrofarads), with the capacity a function of
the instrument deflection. Thus certain difficul¬
ties and limitations are introduced when the
instrument is connected across a tuned circuit.

reasonable length of time. In addition, in the
case of voltmeters employing the usual form of
grid-leak-condenser diode circuits, the analytically
derived output contains factors depending upon
the nature of the impedance across which the
voltage is being measured.
Finally the input
impedance of the voltmeter is a function of the
voltage applied to it [13].
Tubes with more than three electrodes are
seldom used for voltages above 0.5 v. Pentodes
connected as triodes are desirable for some voltage
and frequency ranges as a result of spacing and
shielding of the electrodes. Triodes connected as
diodes are used for higher voltages.
Vacuum-tube voltmeters are usually calibrated
at all frequencies using one of the above standard
methods. They may also be calibrated in terms
of power or audio-frequency standard instruments,
in which case freedom from frequency correction
should be verified.
For higher accuracy, cali¬
bration at the operating frequency is preferred.
The major performance desiderata of a v-t volt¬
meter for freuencies up
to several hundred
megacycles are:
1. Low-input capacitance.
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Table 1. Elementary circuits and characteristics of vacuum-tube voltmeters

TYPE

PRINCIPLE

CIRCUITS

I Diode Detection

4

r k4

i

(a)

OF OPERATION

In circuits (a) and (b) C charges
to E peak. R acts to discharge C.
13.15,16,17.48,49,
In circuit (b), R‘ and C1 act as a
filter to keep r-f out of the d-c
measuring .circuit.

APPROXIMATE

BASIC FORMULAE

INPUT

For linear diode characteristics
V(jc = KE peak. Equivalent input
resistance =
R
_
R
IpR
2
2r~
peak

c

approximately unity as R
and E increase.
For square-law type diode
is a function of E. I_3, [5.

E r

IMPEDANCE

In general it is a function of R
and amplitude of E. There is a
value of R at which the input
impedance is practically indepenaent of E. The order of magni¬
tude is the equivalent of 1 to
25 megohms resistance shunted
with an input capacity of 3-10

OUTPUT
COMPLEX

OF

WAVEFORM

E peak

MM f

I05 ohms at
possible. [3

300 Me. is

High resistance volt-\
meter or amplifier—'

(b)

2. Diode Rectification

rl
Input

^

p

note:
Numbers refer to list of refer¬
ences .

NOTE
See list of nomenclature

RP = 0 by assumption
Ip0 = 0 by assumption

For

RL lave = average voltage
positive half cycle

a

sinusoidal

input

2Rl

E ave

1-1
p
ip" 7TRl tmax

of the

43, 56, 57,58,59.

3. Plate Detection
Full wave, square law

Approximate parabolic lower
curved portion of Ip-Ec charac¬
teristic is used Average plate
current is higher than the
quiescent plate current. Biased
for ip>o throughout the cycle.
Rl (except of current meter) is
usually omitted 60.

Alp — K(E ,2 + e| +e|+ ---.) to a
first approximation

Same

Same as above except tube is
biased to cutoff. For large RL
and C=0, i.p is nearly propor¬
tional to eg during positive
half cycles

For relatively large values of.
Rl and E, IP^KEave.For small
r-f voltages and low values of RLl
Lp = k(e?+e|+e|+ •••.)

Same

Tube is biased appreciably be¬
yond cutoff.

lc
E,r

4. Plate Detection
Half wave, square law.

5 Plate Detection
Peak

K

t ,,4

-

AT

p

1

(99mYr2a.

4Mogm0 (rP + RL)^EgAE|
+ El + E|+

•.)

40

Approximately I07 ohms resis¬
tive at frequencies up to a few
me shunted by (Cgp +Cgc) May
drop to I04 or I03 at 300 Me.
depending on the tube. 5
R

9

Ip =. KEpeah

1
KgmfZ7Z

±!,35,6i.

Same as above

At negligible transit
fect R g — Jp. 41.44.

(E? + El + El+---.)

Eave if plate current
characteristic is linear.
Erms if plate current
characteristic is parabolic.

time ef¬

Not recommended. Error
might be appreciable.

Cg = (Cgp + Ggc )

6. Grid-detection

■±£3>
or

Operation takes place along
the lower curved portion of the
grid-current grid-voltage charac¬
teristic and over the straight or
the curved portions of the Ip Eg characteristic. XC«R.

AIp = gmRAIg over the linear
portion of the Ip-Eg character¬
istic.

Relatively low

Erms or Eoeak depen¬
ding on input level and
operating voltages.

°c —1

D-C

7. Slide Back
V0V,^

A

nftf T <k

8

Inverted Triode

bias adjusted to obtain

same plate current with r. f. as
was obtained without r. f. (i e
with input terminals shorted)
Ip = Ip0=a few microamperes
34

Ig is reduced when an r-f
voltage is applied to the input
terminals. Vp is negative 38

The peak of the positive half
cycle = Ema)<= K(V,-V0). K approaches unity as E increases
and as the sharpness of cutoff
increases. It may be as low as
0.2 and lower depending on the
tube characteristic and on the
magnitude of E.
V0 = d-c voltage at E=0
Vi = d-c voltages at other values
of E.

Epeak—VP required to produce
the same I g
Amplification factor^ -p-

" Yp* "

'See footnotes at end of this paper.
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1
C°(cgp *cgc)
Input resistance is approaching
ieakage resistance across input
terminals. 34, 6[

Resistance of the order of
1000 megohms shunted by
Cep + Cpg . 38

E peak
cycle.

of positive half

E peak

Table 1. Elementary circuits and characteristics of vacuum-tube voltmeters - continued

TYPE

EFFECT

OF

APPROXIMATE

WAVEFORM

VOLTAGE
I

Diode Detection

The

source

impedance

be negligible
and the
must

be

low

of

harmonics

otherwise

large

as

The upper limit

must

at all harmonics,

level

error

may be

as

centage

harmonics present. [3

the

per¬

tube

RANGE

depends on

plifier

the

fraction

higher

be

d-c

is

a

put

is affected by:

L and C

ode

r-f

anode

voltage ^

the

the range; correction
applied.

2% for
tube

a

at

type
100

100 Me

therefore
tage

tend

to

teminals

the

case

of

wave-form

A

turnover. 45

is caused

by re¬
even in

unsymetrical

consisting only of

fraction

few

hundred

er

depending

of

Rl and

of a

volt

to

volts

and

high¬

on

tube

the

a

value

voltage

rat¬

ings

may

with

3. Plate

Detection

Fult wave, square law.

In
to

practice

some

form

turnover.
has

Alp

degree

Phase

will depend

upon wave

Theoretically

there is no

of harmonic

Fraction
limit
of

of a

within

tube

volt

square

(a few

commercial

to

for

tubes)

no effect.

Detection

Subject

to turnover and phase

Fraction
value
rent

5. Plate

Detection

Peak

6. Grid-detection

Subject
phase

of

Error

to

turnover

and

harmonics.

may

be

of

Subject

to

Emax
flow

Fraction

turnover.

volts

Froction

of

1 Me

made

for

Large
on

the

apparent

nected

as

input

voltage

at the

frequency
harmonics
high

diodes

more

than

the

voltages, triodes
or power

fun¬
con¬

rectifiers

are

used.

With

ex¬
±

at

-

range

low-frequency

will

5-10%

hold

20 or 30 Me.

frequencies

at

vary

from

100,000 .fl, error

of

static

tube

0 to 1

caused

megohm.

by

characteristic

is

slight

For

RL

curvature

negligible. 5L

up

present commercial

tubes , a

to

R(_ may

Same

Me.

calibration

each

to values

of

a volt

to

receiving

within
At

Poor
tube

as

a

result of

ageing

ations

in

Noise

output

can be

it from total

corrected

and

vari¬

ting

d-c

volt¬

i.e. A Ix = A Ijoial ~ A I^oise

the

for by

subtrac¬

output, 40

ages .

calibra¬

frequency

is

39

Same

Same

Same

Same

a

Approximately

to

Very

10 Me.

When

poor.

tion

type

of a volt to a few

especially

below

tube

a

is

Approximately
20 Me

to

depending

10 or

on

input

capacity.

for

given

should

inde¬

Possibly

put
tal

to 10 Me.Theo¬

limited

capacity
data

by the

in¬

No experimen¬

available.

'See footnotes at end of this paper.
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a

Sharp
connected
the

voltage vari¬

be

retically

at

pendant of ageing and

Ip.

voltages, depending
design.

Good . Practically

plate

to grid

operating
ations.

approximately

10 volts; calibration

to turnover

tube

and higher.

useful

to a

volts. Calibration

voltages

Subject

100

effect

to the

of grid currents.

with

indispensible

Inverted Triode

Increase

zero

hundred

8.

input

vol¬

tubes.

7. Slide Back

at least

frequency. The
the

E causing grid cur¬

From

few

equal

of
of

flow

causing

appreciable.

of a volt

should

value

resonance

fundamental

in the neighbor¬

several

higher

of harmonics.

RC

lowest

most suit¬

range

16, J5.

frequency

necessary.

4. Plate

type

discrimination ,

without

calibrated

hood

tion

Half wave, square law.

be used to

be

used

type

a self-biased d c ampli¬

prefered

frequency

to:

is

operating

when

top

law range

volts

is

955

Range

forE>0.5v.

Should
the

to

series

damental. For

range. Overall

Probable

fundamental and its harmonics.)

the

the

low-frequency

product of

at

(1)

is obtainable

correction

input

vacuum

eliminate

of

error =

a function of

the

12%

error

the

be

widest

applied. Correction

curves

subject

To

yearly cali¬

to

the

(2) Emphasize;

"acorn" at IOv.

Not

require

A s/E peak

3% at

versing

for

K da

V

(i.e. no

seems

able

and

Me.
time

circuit, followed by

fier

emission

May

955

This

the

filament

voltage

E^t)2

AV _

Rectification

Good. Depends on
constancy of

brations .

the

(2) Transit

2. Diode

of in¬

to cath¬

Range

frequency;
frequency,

REMARKS

STABILITY

ERROR

(1) Series resonance

am¬

limit

volt.

on
the

narrower

with

lower

of a

depends

may

or

AND

Upper limit

rating. With sensitive

d-cvoltmeter

CALIBRATION

FREQUENCY

RANGE

Probably
experimental
able.

good. No
data

avail¬

rectification
rectification,

certain

cut off

control

as

level

takes
Alp

of

E

is obtained

triodes

element.

with
37

place
may

in

addi¬

equal

5_l

with

screen

pentodes
grid

used

as

2. High-input resistance.
3. Short-input terminals.
4. High series-resonance frequency of inputlead inductance and capacity.
5. Freedom from transit-time correction.
6. Calibration must not be affected by ordinary
line-voltage variations, aging and temperature
and humidity changes, and must have negligible
zero-setting drift. Vacuum-tube voltmeters must
not generate disturbing voltages and must give
steady indications.
7. Calibration must hold over a reasonable
length of time and shall not be affected by tube
replacement.
8. Maximum voltage range with minimum
auxiliary equipment like amplifiers and voltage
dividers.
9. Peak voltage calibration for nonsinusoidal
waves; rms for sinusoidal waves.
10. Linear scale or large number of overlapping
scales for square-law indications.
Some relative merits of triodes versus diodes for
voltmeter applications are listed below.
Triodes are preferable at frequencies below
approximately 20 Me.
1. For high sensitivity to small applied voltages,
2. For lower loading effect on circuit being
measured,
3. For greater reliability of calibration at a
power frequency.
Their major disadvantages are:
1. Input voltage is usually limited to values low
enough to keep the grid from going positive.
2. The d-c plate current has to be stably bal¬
anced out to obtain maximum sensitivity.
3. Null point shifts as a result of supply voltage
variations, aging and warm-up period required.
4. Triodes may have a shorter life and may
require more frequent calibrations as compared
with diodes.
5. The input resistance at frequencies of about
100 Me is lower than that of a diode by a factor of
10 [5],
6. It is difficult to construct a triode having the
small interelectrode spacing required to keep
transit time and resonance errors to a minimum
[5, 15, 23],
A special diode construction was reported em¬
ploying an indirectly heated cathode having the
shape of a cylinder with a sealed-off end. A similar
indirectly heated sealed-off cylinder is used as an
anode. Both cylinders are lined up end-to-end in
such a manner that the two sealed ends face each
other, and the gap between them forms the electron
transit distance from cathode to anode. The
width of this gap, and consequently the transit
time, is controlled and is held at a minimum by
varying the heating current fed to the anode,
thereb}T causing its expansion or contraction [54].
Diodes were recently developed with an interelectrode spacing and element structure permitting
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their application without frequency correction for
frequencies well above several hundred mega¬
cycles.
Table 1 lists fundamental detecting circuit ele¬
ments of vacuum-tube voltmeters and their major
functional characteristics. Associated circuits in¬
cluding regular and feedback amplifiers, current
balancing circuits, voltage dividers, voltage stab¬
ilizing elements,, etc., are equally important in
determining sensitivity, linearity, stability, and
range of the meter [14, 16, 17, 18, 19]. Voltage
dividers, specially constructed to fit given mechan¬
ical and electrical requirements, may be used to
measure high voltages at high frequencies. One
arrangement is shown in figure 6 [20].

Voltage divider for high r-f voltage measure¬
ments
C is the terminal connected to a calibrated low voltage meter. The high
voltage is coupled through the capacity between parts B and C. Various
sizes of part C are provided to obtain different voltage ratios.
Figure 6.
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(b) Nonthermionic rectifiers
In addition to thermionic diodes, other rectifiers
are used as r-f voltmeter diode elements. These
may be broadly subdivided into two classes,
copper-oxide or selenium rectifiers and crystal
diodes.
Copper-oxide and selenium rectifiers have good
overload characteristics and ruggedness. They
are, however, affected by temperature and aging,
have a relatively large shunt capacitance and
high forward resistance. The approximate equiv¬
alent circuit is given in figure 7 [21, 22], The
capacitance is approximately 0.02 /if/cm2 of con¬
tact surface. i?i^2 ohms for 1 cm,2 and R2 with
polarity connections for maximum resistance (that
is, backward resistance) is approximately 11,000
ohms for 1 cm 2 at applied voltages of —0.25 to
— 3: this holds over a frequency range of 50 kc
to 5 Me. The forward resistance is several ohms
per square centimeter at 26° C and decreases
slightly with increasing temperature. Backward
resistance is considerably affected by temperature
changes. Figure 8 shows direct-current charac¬
teristics of some of these rectifiers [22], The
rectified current depends on temperature, load
resistance, frequency, and current density. This
type of rectifier is manufactured in all sizes down
to a small fraction of an inch in cross-sectional
area for currents of a few milliamperes.
Copper-oxide rectifiers are preferable to sele¬
nium types for instrument application because of
their lower resistance. Selenium types may be
operated up to about 10 v per element as against
about 2 v for copper oxide.
A/Wv\AA-

R,

AAAAAA-

Figure 7.

of the voltage source exceeds 1 w and a high im¬
pedance instrument is not necessary it is prefer¬
able to employ an instrument having a higher in¬
herent order of accuracy than that of the rectifiertype voltmeter [22].
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Figure 8.

Direct-current characteristics
rectifiers.

of

copper-oxide

A, 0.200 disk; B, 0.130 disk; C, 0.008 disk.

Whereas copper-oxide rectifiers are applicable
as voltage indicators only at the lowest frequencies
considered here, modern crystal rectifiers are useful
up to 300 Me and higher.
The crystals most commonly used at present arc
silicon and germanium.
Table 2 shows the chemical constituents of some
of these crystals [26]. Other useful crystals are
galena, iron-pyrites and carborundum. In meas¬
urement applications involving present-day dry
rectifiers, one should recognize the following dif¬
ference in design: the contact area, and thus
power-handling capacity, of crystal diodes is much
smaller than for copper-oxide rectifiers.

Approximate equivalent circuit of copper-oxide
rectifier in the 50 kc to 5 Me range.

Table 2.

Composition of crystal rectifiers

B\ represents the resistance of the body of the oxide. i?2 represents the
resistance of the oxide-copper interface and is a function of applied voltage.
Impurities added

Copper-oxide-rectifier-type voltmeters are avail¬
able for frequencies to approximately 30 kc and
can be designed up to 1 Me [22], The major fre¬
quency-limiting element is the shunt capacitance,
C. The effect of the wave form of the applied
voltage is appreciable; the error in the indicated
output, calibrated in terms of voltage free of har¬
monics, may approach in magnitude the percent¬
age of harmonic content of the voltage measured.
These rectifiers are used in series with resistors in
1,000-olim/v instruments. They are very much
higher in sensitivity and draw considerably less
current from the source than the iron-vane or
thermocouple type instruments.
When the power

Bulk material
High-back voltage
crystals

Low-frequency
rectifiers

Aluminum
Boron

Germanium
Also
Ni
Sn
Bi
Ca

Aluminum
Boron
Germanium
Also
Mo
Ta
Zr
Co
W
Re
Be
Fe

Antimony
Also
P
Fe

Tin
Also
Ca
Ni
Sr
Bi
N

Antimony
Tin

High-frequency
mixer crystals
Silicon.

_

Germanium ..
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Figure 9 shows the mechanical construction of a
modern crystal diode; figure 10 shows typical
static characteristics for three germanium diodes,
and figure 11 shows the rectification-efficiency
characteristic of a germanium diode for different
loads and frequencies; figure 12 shows the rectifi¬
cation efficiency of an iron-pyrites rectifier
[24, 25, 26, 27]
Figure 13 shows the equivalent circuit of a
crystal diode where Be and Cb are the nonlinear
resistance and shunt capacity of the barrier layer,
and Bs is the resistance of the body of the semi¬
conductor [27, 28].
Relative merits of crystal versus thermionic
diodes for r-f voltage measurements are listed as
follows.
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11.

Rectification-efficiency
characteristics
germanium crystal.
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Components of a 1N84 germanium crystal.

Figure 9.

The wire “whisker” points toward the small germanium block mounted
on the lower threaded terminal.
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Individual static characteristics of three small
germanium diodes A, B, and C.
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Figure

13.

Equivalent circuit of a crystal rectifier.

Relative advantages of crystal diodes:
1. Transit-time effect is negligible. For com¬
parison the rectification efficiency in acorn-type
thermionic diodes as a result of transit-time effect
begins to drop off at 30 Me for voltage levels of
0.5 v. This reduction is 30 percent at 500 Me.
2. The crystal has smaller physical dimensions
and therefore a higher input resonant frequency.
This is approximately 3,500 Me as against 1,500
Me for the smallest commercial thermionic diode
and 2,800 Me claimed for the latest special type
diode (Eimac type 2-OlC).
3. The cathode does not have to be maintained
at constant temperature, an added requirement
in the case of thermionic tubes to insure constant
emission.
4. Crystals are useful in rectifying lower volt¬
ages than vaceum diodes.
Relative disadvantages of crystals:
1. They have poorer stability, are less rugged,
and show greater variation in characteristics for
units of the same type.
2. They are frequency-sensitive partly for the
following reasons: the capacity Cb (fig. 13) (Cb
ranged from 0.2 to 0.0 p.p{ for good commercial
units) shunts the “reverse” resistance of the
barrier; this produces a drop in rectification effi¬
ciency. The effective resistance and capacity of
the barrier layer are functions of the voltage
applied across this barrier [25, 281; the magnitude
of this voltage is in turn a function of C\, Re, and
Rs acting as a voltage divider; Rs varies between
5 to 100 ohms for different types of crystals.
Th is effect is negligible, however, for some units
at frequencies below 500 Me in circuits having
relatively high crystal-load resistance. Figures
11 and 12 show typical frequency characteristics
of two commercial types of crystals.
3. Reverse rectification at the contact between
the crystal and its supporting electrode and the
relatively large shunting capacity at this contact
introduces another error. In the particular case
of an iron-pyrites crystal this error amounts to
a 50-percent increase in the total output at 10
Me as compared with the output at 1 Me [27].
This takes place because the r-f voltage across
these contacts is a function of the ratio of the
contact resistance to the capacitive reactance
shunting it; at 10 Me the r-f voltage rectified in
the reverse direction is therefore lower than that
of 1 Me; consequently the total rectified output at
10 M c is higher. Plating or fusing the crystal in
place largely eliminates this effect.
4. The input impedance of crystal and probe is
comparable with that of a thermionic diode and
its probe at ultrahigh frequencies. At lower fre¬
quencies the v-t diode has a higher input resistance
than the crystal.
5. The voltage range of corpmercially. available
crystal units designed for high back voltage and for
frequencies up to 100 Me is limited to a maximum

of approximately 30 v rms. Those recommended
for higher frequencies have a maximum rating of
approximated}7 1 v rms [25, 26]. Overloading
causes a change in characteristics or permanent
damage to the contacts.
6. Resistance and sensitivity vary with temper¬
ature as shown in figure 14 [26].
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14.
Rectified current through a 1,000-ohm load
on a high-back-voltage silicon-crystal rectifier as a f unction
of input voltage at 20° and 90° C.

Figure

A crystal-type voltage indicator was recently
placed on the market [28]. It lias a range of 0.1
to 1 v with a ±5 percent claimed accuracy from
10 to 300 Me. The “forward” resistance of the
crystal is of the order of a few hundred ohms; in
the “reverse” direction it is 15,000 to 100,000
ohms. The crystal is used in a peak-reading
circuit. The input resistance of the meter is
approximately one-third of the “reverse” resist¬
ance. An improved construction of a germanium
crystal was announced having an optically polished
face of specially processed germanium and a
platinum “whisker” point welded to that plane;
stability and constancy of performance superior
to that employing pressure-type contact is claimed
[29].

3. Pulse-peak voltage measurement
(a) Cathode-ray beam deflection
The most accurate method of measuring peaks
of voltage-pulses employs a cathode-ray oscillo¬
scope. Proper synchronization of the sweep
circuit of an oscilloscope with the pulse source
facilitates detailed measurement of the pulse shape
including the evaluation of the crest voltage of the
pulse. Deflections can be measured directly on
the screen, or a d-c voltage slide-back circuit
arrangement similar to the one shown in figure 2
may be used. Resistance or capacitance di¬
viders are frequently used with oscilloscopes in
making high peak measurements. The design of
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the divider should be such that in reducing the
relative magnitude of the voltage pulse it does
not alter the shape of the pulse applied to the
oscilloscope.

(b) Diode peak voltmeters
Diode peak voltmeters are generally used as
convenient moderate-precision indicators [30, 31].
However, the discrepancy between the voltmeter
reading and true peak value may be very large.
Figure 15 shows the response of a diode-type
vacuum-tube voltmeter as a function of pulserepetition frequency for a rectangular pulse shape
and pulse duration of 3.5 microseconds.
An
approximate expression is given by Easton [30]
for the rectangular pulse peak in terms of the d-c
diode output as follows:

4. Miscellaneous Methods
The following voltage-measuring methods are
of interest as relatively independent and useful
for certain applications.

(a) Heterodyne Method of Extending
Voltage Range [32]
This principle is illustrated in figure 16,

the

A

e0^Edc^l+-(13)
where
Figure

e0 = the peak voltage of a rectangular pulse
Edc=the d-c voltage across R2
T=the duration, of the discharging interval
h = the duration of the charging interval
i?i = the total resistance during charging
R2 = the total resistance during discharging.
One of the curves of figure 15 shows values
computed on the basis of this expression.
The
effective input impedance of this type of voltmeter
for pulse voltages may be very low. The directvoltage output (measured across R2) decreases
with increasing rate of pulse repetition, with in¬
creasing values of R2 and with decreasing values
of B\. Rl is a function of the combined source and
diode resistances at the particular operating con¬
ditions. Improved performance may be obtained
by means of auxiliary circuits like cathode follow¬
ers [30] and automatic slideback arrangements
[31].

15.
Response of a diode-type FTVM as a function
of pulse-repetition frequency for a charging-interval dura¬
tion of 3.5 microseconds and a peak of 26 v.

Figure
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16.

Heterodyne principle of calibrating r-f volt¬
meters.

linear diode frequency changer, D, mixes voltages,
E0, supplied from an auxiliary source, with ElX, a
fraction of the unknown voltage Ex used to cali¬
brate the voltmeter. The intermediate-frequency
output voltage is directly proportional to Ex for
large ratios of E0/ExX. This proportionality holds for
values of Exl not exceeding the order of magnitude
of 1 volt. The capacitor, C, is therefore indicated
as an element of a linear voltage dividing network
used to maintain Exl considerably below Ex. The
interelectrode capacity of the diode, shunted by
other circuit capacities (not shown in the figure),
constitutes the second element of the voltage
divider. One can thus use a single calibration
point of the same voltmeter determined at a low
voltage (for example, 1 volt obtained by means of
the bolometer or any of the other standard meth¬
ods listed above) and proceed with calibrating it
at higher voltages. The advantage of this method
is that it can be used to calibrate high voltage
levels at high frequencies in terms of a standard
attenuator used at a relatively low intermediate
frequency. Let, for example, C be chosen at such
a value that Ex.t, corresponding to the calibrated
Exi (of, let us say, 1 volt), is some small value
(say Xx mv). Ex is then increased until a new
value of E[.i (say X2 mv) is obtained; the new
higher value of Ex is then equal the previous times
the ratio of these i-f voltages (that is, Ex2 —
(X2/Xi)Exi volts). This latter ratio can be
accurately determined with a standard attenuator
placed in series with the i-f output terminals.
The use of a low transit-time diode may eliminate
the transit time error at frequencies up to several
hundred megacycles.
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(b) Spark-gap method
Spark gaps may be used to measure peak volt¬
ages of the order of 1 to 30 kv at all frequencies up
to about 100 kc [33]. The sphere spark gap is
preferred to other electrodes because the break¬
down voltage changes little up to about 25 kc.
For a symmetrical sphere-gap voltmeter the peak
voltage is given approximately by

E=^l2e~,
m

(14)

where
' e=19.3p[l + 0.76/y^]kv/cm
p=3.92_p/2r,=relative air density
D=sphere diameter in centimeters
1=maximum gap-length in centimeters at
which spark-over may take place
p—atmospheric pressure in centimeters of a
mercury column
T— (273 + N°C) = absolute temperature in deg
K, and
_
ra = 0.25[2//£>+1 + V (21/D+1)2+8],
Actual voltages at 100 kc are 10 percent lower
than corresponding power frequency voltages
normally used to calibrate the gap voltmeter.

(c) Glow-discharge voltmeter
A method applicable for peak voltages up to
about. 15 kv and frequencies up to 1 Me makes
use of a glow tube as shown in figure 17 [33]. The

value of C is continuously decreased until the peak
value of the voltage across it is just equal to a
predetermined critical value Ec that is causing
the tube to glow. The value of Ex may then be
computed from known values, of C, C\, and C2,
where C2 is the tube and distributed input lead
capacity.

(d) Electrometer employing miniature openwire line
An electrometer consisting of a short platinum
open parallel-wire line is reported applicable for
measurement accuracies of 1.5 percent over a
frequency range of 30 to 100 Me and voltage range
of 10 to 70 volts effective [42], The wire diameter
is 0.01 mm, line separation 1 mm, and line length
approximately 5 cm. One of the lines is tightly
mounted whereas the other is kept under relatively

low tension. The deflection of the latter is ob¬
served under a microscope and calibrated at 100
kc and at direct current, the two calibrations
yielding identical results. Varying the tension
of the wire under observation provides a control
of the voltage range that could be increased to
300-v effective value. A major advantage of this
method is claimed to be the high input impedance,
the capacity of the electrometer being less than
0.5 mmf. The maximum reduction in line sepa¬
ration (with a consequent effect on the character¬
istic impedance and voltage distribution) is 10
percent; this contributes an error of less than 0.1
percent to the voltage measurements at all fre¬
quencies up to 100 Me.

(e) Electrometer employing suspended wire
An electrostatic voltmeter employing a sus¬
pended wire described by Peterson [55] may be
used for frequencies up to 1,000 Me or higher.
It consists of a 3.5-cm-long, 0.0013-cm-diameter
platinum wire suspended inside a 2.5 by 1.1-cm
opening of a brass block. The wire is spaced
0.16 cm from the 1.1-cm side and the deflection of
its free end is measured when the r-f voltage is
applied' between the insulated wire-suspension
terminal and the brass block. A deflection of
about 2 cm may be obtained for lOv when the
shadow of the wire is projected optically on a
screen with an effective deflection magnification
of 1,000. The deflection is increased by about
3 percent at 300 Me and 33 percent at 1,000 Me
as compared with that of direct current. The
top value of the voltage range is limited by the
corresponding charging current that might cause
the fine platinum wire to fuse.
The listed difficulties encountered with this
•voltmeter were:
1. A darkened room may be required.
2. The electrometer is very sensitive to motions
of the building and should preferably be used in
the dead of night.
3. The heat from the projector lamp causes a
drift of the wire position.
4. It cannot be used at low frequencies where
the low inertia of the wire is insufficient to pre¬
vent wire vibration.
5. The input capacity is a function of the volt¬
age applied, which may sometimes be objection¬
able.
The author welcomes an opportunity to express
his appreciation of the large amount of careful
work covered by the references cited in this
paper and for the kind permission of some of those
authors to quote and include data and reproduce
some of their curves and drawings and acknowleges helpful suggestions of some of his colleagues
at the National Bureau of Standards during the
course of preparation of this paper.
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^=values determined at a given quiescent point corresponding to E9o and IPo
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= amplitudes of harmonic components of a complex periodic wave.
= instantaneous plate current
= instantaneous grid voltage
= instantaneous voltage
= maximum value of r-f voltage
= rms value
= rms grid voltage
= average voltage over half-cycle of a periodic wave
Eave =0.637 Ernaz = 0.mE
— frequency in cycles per second
=resonance frequency
= a constant
= distance between anode and cathode of a vacuum tube
= rectification efficiency
= wavelength
=electron transit time.
Wherever the term “sinusoidal voltage” is used, a voltage of negligible harmoni
content is assumed.
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RF VOLTMETER CALIBRATING CONSOLES
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Boulder Laboratories
Boulder,

Consoles to calibrate rf voltmeters for sci¬
ence and industry were developed at the National

Colorado

weeks and a nearly prohibitive cost; this was
particularly discouraging in view of the limited

Bureau of Standards Boulder Laboratories. Very

ability of the "unknowns" to retain their calibra¬

accurate calibrations will be performed in a frac¬

tion for a reasonable length of time.

tion of the time heretofore required at the Bureau

reference standards and techniques incorporated

The new

at any practical voltage level starting with 0.2

in the consoles described below enable calibra¬

volt at twelve discrete frequencies between 30 kc

tion of the same voltmeter in a matter of days

and 700 Me.

with relatively little loss in accuracy as com¬

New type AT voltmeters, the most

stable xf-voltage reference standards known to

pared with a calibration directly in terms of pri¬

date are used.

mary standards.

These voltmeters can reproduce

calibration data to ± 1% or better over a period
of one year or longer.

The major components,

in addition to the reference voltmeters,
tremely stable rf sources,

NBS Primary Standards

are ex¬

automatic and manual

level controls and protective and indicating

The NBS primary standards of rf voltages
for levels currently used with popular commercial

circuits.

voltmeters are a cathode-ray tube

in a "slide-

back" gystem and a special rf-voltage thermistor
bridge

Introduction
Since 1952 the National Bureau of Standards
has been engaged in planning and installation of a

.

The cathode-ray tube is used at frequencies
from 30 kc to 40 Me for all voltage levels between

Calibration Center to house at one location elec¬

5 and 300 volts.

trical measurement standards covering the range

connected directly across the vertical deflection

from dc to the millimeter wave region.

plates; the cathode ray is used as a balance indica¬

The pur¬

pose is to provide a necessary link between the

The voltmeter under test is

tor having equal deflection sensitivity to dc and rf

national standards, maintained at the NBS, and

within the frequency limits specified.

the laboratories throughout the country, and to

tion,

In opera¬

a fixed edge of the fluorescent spot is first

do this at a minimum possible cost to the public.

set to a reference point on the screen with the aid

The reference standards and techniques to be

of a microscope.

used in this link must meet two basic require¬

imately the desired amplitude is then applied to

ments.

the plates and one end of the resulting trace is

The first is to retain the accuracy of the

NBS primary standards as closely as possible.

Sinusoidal rf voltage of approx¬

returned to the same reference point with a dc

The second is to reduce the time necessary for

"slide-back" voltage.

accurate calibrations of "unknowns" to a reason¬

with a potentiometer in terms of a standard cell,

able minimum.

its magnitude being equal to the peak value of the

It is, of course, clear that the

major consideration in developing a primary
standard and technique for a certain quantity is

The dc voltage is measured

rf applied in the absence of resonance or transit¬
time effects.

the realization of a magnitude as closely as possi¬
ble to its true or "absolute" value.
ment,

Time ele¬

The other primary voltage standard, the

convenience and other considerations are

of-secondary importance and are given weight

bolometer bridge

, uses two matched thermistors

as bolometer elements in one arm of the bridge.

only when comparing two methods rendering

The voltmeter under test is connected across

equal basic accuracy and reliability.

these thermistors in a special mount, illustrated

That is

why primary standards and associated techniques

in

are in many cases not practical for calibrating

measured by dc power substitution.

even limited numbers of reference standards.

the small physical dimensions and the special

This is increasingly the case as the radio fre¬

manner of mounting the thermistors their rf

quency involved increases.

It thus turned out at

figure 1, and the rf power applied to them is
Because of

resistances are essentially equal to their dc

the time of initiation of this undertaking, that the

values and the series reactances are negligible at

calibration of an rf voltmeter to several hundred

^•11 frequencies to 1000 Me.

megacycles was a job requiring a number of

ances shunting the thermistors do not affect the
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Any other imped¬

value of the voltage appearing across the therm¬

All AT voltmeters used as reference standards

istors.

with the rf consoles described below are of the

Consequently, knowing the rf power and

the resistance of the thermistors, the rf voltage

high and low impedance "fixed" type because

may be calculated.

these are rendering highest efficiency of operation

In this manner voltage levels

from about 20 millivolts to 1.5 volts can be ob¬

and maximum calibration stability.

tained at all frequencies from dc up to 1000 Me.
The voltage range is extended to higher levels by

Description of the Consoles

inserting accurately known amounts of rf attenua¬
tion between the voltmeter under test and the

The purpose of the rf-voltmeter calibrating

bridge.

consoles is to provide means of calibrating all
types of voltmeters from 30 kc to 700 Me and

The accuracy of the voltages obtained direct¬
ly with the cathode-ray tube and the bridge as

higher frequencies with maximum accuracy avail¬
able at present and in the shortest possible time.

checked in terms of each other and several inde¬

Two major steps made this possible; the first

pendent methods is ± 1% or better.

was the application of the AT voltmeters; the

The attenua¬

tor is introducing another possible error of ± 1%

second was the decision to calibrate the meters

or le s s .

at discrete frequencies.

The latter decision is

justified because the frequency response curves
Reference Standards

for present day rf voltmeters seldom have seri¬
ous discontinuities.

To make efficient use of the above primary

However, frequencies other

than those selected may be necessary.

At the

standards it was necessary to develop a reference

time of this writing two of these consoles have

instrument capable of fairly quick response in

been completed and placed in service, one for 30,

indicating a given value of voltage and above all,

100,

capable of reproducing the same indication over

and 100 Me.

long periods of time.

The latter critical quality

300 and 1000 kc and the other for 5,

10,

30

The third partially finished unit will

operate at 300, 400,

500 and 700 Me.

The place¬

may be referred to as "calibration stability".

ment of components and controls is essentially

After a long search for suitable components,

the same for all consoles to present a uniform

waveguide below-cutoff attenuators operating in

appearance, to facilitate servicing and for effi¬

the TM

cient operation.

mode and capacitive type attenuators in

combination with thermoelements proved most
promising.
meters

Attenuator-thermoelement (AT) volt¬

are, therefore, currently being used as

rf voltage reference standards.

After calibration

Figure 3 illustrates the arrangement of the
controls and indicators of one of the consoles.

A

specially designed coupling plate for connecting

in terms of the primary standards, they retain

the voltmeter under calibration in parallel with

their calibrations to ± 1% for more than a year.

the reference standards is mounted at the front of
each of the two pedestals of the console.

There are two general types of AT voltmeters,

The

indicator lights, in the narrow panels above the

"fixed" types having voltage ranges of about 5 to 1

pedestals,

and adjustable types.

cuits, the crystal oven heaters and the ac power

Figure 2 illustrates the

are for the overload protective cir¬

basic configuration of the adjustable types, having

lines.

continuously adjustable attenuators.

power supply circuits to monitor the operation of

Two such

The meters above the lights are in the dc

voltmeters were developed at the NBS for voltages

the rf sources.

from 20 to 1000 volts at frequencies between 0. 1

cent panels indicate the thermocouple output from

and 1000 Me.

the AT voltmeters,

One of them is using a wave-guide-

The millivoltmeters in the adja¬
and the line charts, displayed

below-cutoff capacitive type attenuator with disk

in the windows of the storage drawers beneath

electrodes for frequencies from 10 to 1000 Me.

them, are used to convert these indications quick¬

The other, having conical electrodes as the ad¬

ly into the actual rf voltages applied.

justable elements in a capacitive voltage divider,

for operating the corresponding half of the console

covers the low-frequency end of the range.

are located on a panel below each storage drawer.

An¬

Controls

other type employs a fixed attenuator of high input

The controls in the center of the panel,

impedance.

are for the adjustment of the rf voltage level.

Voltages between 0.2 and 20 volts at

figure 3,

all frequencies are measured with a third "fixed"

Referring to

type,

CSj, connects the rf source to the appropriate

50 ohm AT voltmeter; fixed interchangeable

figure 4, a seven position switch,

attenuation pads are used to obtain voltage ranges

reference standard and also connects the milli¬

of 0.2 -1.0,

voltmeter to its thermocouple output through

tively.

1.0 -5.0,

and 5-20 volts,

respec¬

The adjustable AT voltmeters have input

switch Sj .

The remaining control,

switch S^,

impedances comparable to that of vacuum-tube

connects the dc high voltage to the rf voltage

voltmeter s.

source
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of

the

appropriate

frequency

and by means of a solenoid-operated coaxial

sole in which they are located.

switch, CS ,

ranges of 20 - 100 and 100 - 500 volts at each

connects all the reference stand¬

ards to tha£ rf voltage source.

The voltage

frequency are covered by single-frequency stand¬

These controls

and the four crystal controlled rf voltage sources

ards using fixed "capacitive" attenuators, bring¬

--two in each half of the console--are perman¬

ing the total number of reference standards in

ently installed together with low-pass rf filters,

each half of a console to seven.

impedance matching networks and overload pro¬

reactance of this type of "capacitive" attenuator

tective circuits.

The series

is many times larger than the resistance of the

All of the rf components are

thermoelement heater terminating the attenuator.

carefully shielded to eliminate stray radiation.

Therefore, in analyzing the effect on heater
Each half of a console may be operated inde¬

current of a change in heater resistance with a

pendently of the other, permitting the simultane¬

given rf voltage input to the voltmeter, the attenu¬

ous calibration of rf voltmeters at two frequen¬

ator can be represented at its output terminals by

cies per console.

a constant current source.

In this manner a large volume

Changing the heater

resistance even by as much as 50% has no effect

of calibration work can be accomodated.

on heater current.
The time required to calibrate a voltmeter,
Consequently,

including every step in performing the calibration

once an rf voltage calibration

of a voltage point on a typical rf voltmeter, has

of a given reference standard has been made,

been analyzed.

replacement of its thermoelement does not neces¬

Then the components and their

arrangement in the consoles were designed to

sitate an rf recalibration.

reduce the time wherever possible.

to determine the relationship of heater current to

Rapid con¬

Only a dc calibration

nection of the "unknown" voltmeter to a reference

dc millivolts output, need be made,

standard is achieved with the RF Voltmeter

characteristics of the replaced couple match

Coupling Plate,
standards,

figures 5 and 6.

those of the original closely enough, even this

Reference

seven for each half of a console,

mounted on the under side of each plate.

and if the

are

To con¬

calibration is unnecessary.

When matching can

be achieved, the same calibration chare can re¬

nect the "unknown" in parallel with a standard,

main in service.

the operator attaches a suitable adaptor ring to

pative attenuators, however, a complete recali¬

the probe of the "unknown", inserts this ring in a

bration of the voltmeter is required when thermo¬

sliding carriage on the top side of the plate,

elements are replaced.

cen¬

For the voltmeters using dissi¬

ters it over the reference standard to be used and
clamps it in place.

The "unknown" and the stand¬

The designing of special labor saving equip¬

ard are now connected in parallel through a "T"

ment and the streamlining of procedures to re¬

connection of approximately 3/16 inch length,

duce time is of little value if the amplitude of the

with the rf voltage applied midway between the

applied rf voltage does not remain stable to at

two.

least ± 0. 1% during the course of a measurement.

Such a "T" exists at each of the seven

standards.

The operator then rotates the seven-

position switch until the number below the index

It was found, from experimental tests, that
regulation of the dc screen and plate voltages

corresponds to the position of the standard in the

applied to the rf voltage sources produces suffi¬

plate,

cient output-amplitude stability,

and closes the switch.

The rf level is ad¬

justed with the manual level controls and the dc

except in the

case of the 100 M'c source, where additional

thermocouple output in millivolts indicated on the

stabilization has been provided through an auto¬

panel meter is converted immediately into actual

matic amplitude stabilizing circuit

.

applied rf voltage with the line chart displayed in

shows one of the circuits used.

is a tempera¬

the window.

ture limited diode.

Figure 7

Its plate current is very

sensitive to cathode temperature variations.
As already indicated above, fixed type AT

Raising the temperature of the cathode increases

voltmeters have been chosen in preference to the

the plate current,

adjustable type used in the laboratory because of

increase and reducing the dc voltage at the diode

their simplicity and superior stability.

plate.

The

causing the drop through R^ to

As this voltage decreases, the positive

mechanism required to operate the piston of the

voltage on the grid of

continuously adjustable type increases their com¬

an increased voltage drop through V^.

plexity of construction and operation.

age drop across

Three

decreases,

resulting in
The volt¬

added to the constant voltage

reference standards having dissipative fixed

drop through

attenuator input pads cover the voltage range 0.2

the final stage of the rf source.

to 20 volts in ranges of 0.2 -1.0,

sample of the rf output power is fed to the diode,

5.0-20 volts,

respectively.

1.0 -5.0 and

These are used at

both frequencies provided in the part of the con¬

determines the screen voltage on
Therefore, if a

an increase in the rf output level causes an auto¬
matic decrease in the screen voltage of the final
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rf stage which i^i turn reduces rf output.

With an

heat or "hot spots" which might adversely effect

open circuit gain of approximately 2000, the rf

components or cause thermal emfs to appear in

voltage amplitude stability is considerably im¬

metering circuits,

proved.

tubes, which generate heat, has been carefully

The setting of C

of the rf output level.

determines the value

equipment containing vacuum-

located where there is adequate ventilation.

is adjusted during

installation of the equipment so that at any opera¬
ting level, i.e. at any setting of C^, the diode is
never extinguished.

Accuracy

From experimental observa¬
Since in most cases,

tions, the amplitude remains stable to better than

rf voltmeters calibra¬

0. 1% for a period much longer than is required

ted by means of these consoles are to be used as

to make a measurement.

primary standards in a laboratory outside the
NBS, it is imperative that the error in measure¬

For the 100 Me circuit,

ments be as low as possible.

smooth manual ad¬

With the calibra¬

tion of the AT standards good to ± 1 or 2%, the

justment of the rf voltage amplitude is obtained
by varying an element in the circuit of the auto¬

other factors effecting measurement accuracy

matic amplitude stabilizing circuit, described

have to be very carefully studied.

below, and by varying the plate and screen volt¬

elements are used in the AT voltmeters, the dc

ages on the rf signal source.

As the thermo¬

output from the thermocouples range approxi¬

Final adjustment

of rf voltage level is made by using the dc voltage

mately from 200 pv to 7 millivolts.

control as the vernier element.

small amount of thermal emf in the circuit from

frequencies,

For the other

Even a

the couple to the millivoltmeter introduces error.

all manual adjustment of rf voltage

level is achieved simply by varying the dc plate

Consequently,

and screen voltages.

is located well away from heat sources and junc¬

all wiring of the metering circuits

tions of dissimilar metals have been eliminated
Any of the reference standards might acciden¬

wherever possible.

tally be subjected to voltages considerably beyond
The millivoltmeter selected to indicate the

its maximum rating, damaging the standard and
necessitating its removal for repair and recali¬

thermocouple output has an internal resistance of

bration.

the same magnitude as the junction of the thermo¬

Protective circuits, therefore, were

incorporated.

Figure 8 shows, in block diagram

form, the method of protection used.

A crystal

couple itself (10 ohms) to eliminate sluggishness
in the meter due to overdamping and to get maxi¬

diode associated with each standard (except the

mum meter deflection.

one for the top voltage levels) monitors the rf

is calibrated individually,

voltage applied.

seem to be more important than the accuracy of

When the level reaches 120% of

a standard's maximum rated level,

relays are

Since each AT voltmeter
reproducability may

the thermocouple output indication.

However, in

activated to remove the high dc voltage from the

case of replacing a thermoelement or if it is

rf voltage source, thus, instantaneously reducing

more expedient to check an AT voltmeter with a

the rf voltage at the voltmeter to zero.

millivoltmeter other than the one used in the

Returning

the manual level control to zero operates a reset

console, accuracy is as important as reproduci¬

switch, which restores the relays to their original

bility.

condition.

indicates thermocouple output in two ranges.

Attenuator sections A

A^» A^* A

,

, A

, A^q,

and A^ are used to enable

Using a multiplier, the millivoltmeter
The

calibration of actual applied rf voltage at the input

operation of the rf sources within certain mini¬

to the AT voltmeter vs, the millivoltmeter indica¬

mum and maximum levels with maximum stability

tion for both ranges is presented on separate line

and at safe plate dissipations of the rf-source

charts mounted back to back in the same slide

output tubes.

holder.

Since the output is reduced by

Splitting each of these charts,

a total

dropping the plate and screen operating voltages,

scale length of 24 inches is obtained which ena¬

the latter must be kept above a certain minimum

bles expansion of the scales for more precise

value; operation at lower values introduces insta¬

reading.

bilities in the frequency and amplitude.
Conclusion
In addition to protection against overload
damage to the reference standards, every possi¬

The development of the consoles has resulted

ble precaution has been taken in designing the

in reduction in the time to calibrate rf voltmeters

system to minimize the man-hours required to

to a fraction of that previously required at the

keep the consoles functioning properly.

All com¬

NBS.

RF voltmeters have been calibrated using

ponents and equipment used in a console are

both the consoles and primary standards; the

operated well within the ratings specified by the

agreement between the calibrations ranged from

manufacturers.

1 to 3%.
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To prevent the accumulation of
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If the workload should increase to the

point where the system needs to be expanded, the

2. M. C. Selby and L. F. Behrent, A bolom¬

proper solution would be to duplicate the present

eter bridge for standardizing radio-frequency

consoles.

voltmeters,

Some improvement in measurement

accuracy may be possible by substituting a more

(Jan.

J. Research, NBS 44, pp.

15 - 30,

1950).

accurate instrument such as a potentiometer for
the panel millivoltmeters .

However, this may

result in a sacrifice in efficiency.

3. Stable radiofrequency voltmeters, NBS
Tech. News Bui. 40,

No. 2,

29 - 30,

(Feb. 1956).

Reference s
1. M. C. Selby, High-frequency voltage
measurements, NBS Circular 481,

Fig. 1

(1949).

4. Patent pending.

Publication pending by

C. M. Allred and P. A. Hudson.

Thermistor mount for standard rf voltage bridge showing
the heart of the bridge, the core of the mount and location
of the thermistor beads R^ and R^. A dashed outline is
shown of a typical VTVM probe in position for calibration.
RF power is fed into fitting N.
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(FOR CALIBRATION ONLY)

MN - MATCHING NETWORK
OL - OVERLOAD CIRCUIT
OA - OSCILLATOR-AMPLIFIER,

STANDARD
RF VOLTAGE
INDICATOR

RF SOURCE
OLR - OVERLOAD RELAY

Vx - VOLTMETER UNDER
CALIBRATION
S

- SWITCH

CS - COAX SWITCH
AT- ATTENUATOR - THERMO-

THERMOCOUPLE

Fig. 2

Schematic diagram of adjustable AT volt¬
meters .

Fig. 3

RF voltage calibration console.

Fig. 5

Fig. 4

Block diagram of half of rf voltage console.

Top view of voltmeter coupling plate and
sliding carriage.
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COAXIAL CABLE
FOR RF INPUT
V, - MAY

BE

KALOTRON

SUPERIOR

NOTE :

CARRIAGE NOT SECTIONED

TEMP
V2 - VR

Fig. 6

ELEC.

LIMITED

2ASI5
TYPE

OR

2SMI5

OR

I236C

DIODE

TUBE

Cross section of rf voltmeter coupling plate.
Fig. 7 Automatic amplitude stabilizing circuit.
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A Bolometer Bridge for Standardizing Radio-Frequency
Voltmeters
By Myron C. Selby and Lewis F. Behrent
In the course of work on r-f standardization projects of the National Bureau of Standards,
practical equipment and techniques were developed for measurement of 20 millivolts to
1.9 volts at radio frequencies below 700 megacycles, with further broadening of these ranges
still in progress.

The devices employed do not require frequency corrections, so that

results are based on direct-current measurements, which can be made quite accurately.
Reproducibility and agreement with independent methods was found to be ±1 percent or
better.

The primary function of the equipment is to make available a standard voltage

of any desired value and frequency within the above range that would be required for a
highly accurate and at the same time practical voltmeter-calibration procedure.

In addi¬

tion, the equipment may be used for direct measurement of r-f generator voltages; as a
known standard of r-f impedance; and for accurate power measurements of 20 microwatts
to 100 milliwatts.

An analytical study of the range-limiting factors of this technique is

presented, appropriate curves and illustrations are shown, and major steps of procedure
are listed.
An independent method and appropriately designed equipment for accurate r-f voltage
determinations based on measurements of direct current and of linear dimensions along a
transmission line of known characteristic impedance are also described.

I. Introduction
In searching for voltage standardization metnods, at frequencies from 10 kc to 300 Me,1 promis¬
ing results were obtained in the early part of 1946
by using the bolometer bridge. This eventually
led to the development of the equipment and
technique described herein. To meet require¬
ments the methods and equipment were to be
practical, reliable, of high precision, and were to
approach an accuracy of 1 percent. Reliability
was to be assured by cross-checking results of two
or more independent methods. Individual meth¬
ods and techniques were to be adapted for regular
use on the basis of accuracy, speed of measure¬
ment, and of their individual maximum ranges of
voltage and frequency.
In the light of present experience, measurements
at radio frequencies to accuracies of 1 percent
1 M. C. Selby, High-frequency voltage measurements, NBS Circular
C481. Central Radio Propagation Laboratory Report CRPL-8-2 issued
April 14, 1948.
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were considered of high precision. Reproduci¬
bility of results, as well as agreement between
individual primary methods, was to be within
± 1 percent, or better. Frequency errors were to
be negligible. Herein “precision” is used in refer¬
ence to sensitivity, incidental variations, scalereading facilities, and other errors of observation;
“accuracy” refers to the true value of the quantity
measured. Results may thus be precise and not
accurate, but not vice versa, i. e., once a value
is stated to be accurate to a certain degree it is
necessary that measurements be precise to the
same degree. The term “systematic error” is
frequently used in place of “accuracy” as defined
here, and “accidental error” is used in place of
“precision.”
Among the devices suitable for primary measure¬
ments of r-f voltages in the sense stated above,
the most practical operating principles employed
were: the bolometer-bridge using the substitution
of r-f for d-c power, measurement of current
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through a known resistance, cathode-ray beam
deflection, and the electrometer. Each of these
principles is useful over a considerable range of
voltage and frequency. The bolometer bridge
method and the extent of its agreement with
other methods will be described here.

II. Basic Principle
The principle of r-f power measurement by
means of a bolometer bridge is widely known.
It consists briefly of balancing a d-c wlieatstone
bridge, having a bolometer (a device the resist¬
ance of which is a function of the power dissipated
in it) in one of its arms, and of rebalancing it
again after some of the d-c power in the bolometer
is replaced by r-f power. Under these two con¬
ditions the difference in the d-c power consumed
by the bridge gives a precise indication of r-f
power applied. An elementary circuit diagram
of such a bridge is shown in figure 1. As used
here, the term “ bolometer” refers to r-f power
detectors having resistance elements of high
temperature coefficient of resistivity.
The fundamental difference between r-f power
bolometer-bridges and those for r-f voltage rests
in the fact that the reactive component of the
bolometer impedance has no great bearing on the

accuracy of the power measured, whereas it is of
prime importance for voltage measurements. For
the present purpose, the bolometer impedance con¬
figuration must meet the condition that the d-c
voltage across it be practically equal to the rms
value at all frequencies considered. This condi¬
tion can be met only if the bolometer admittance
consists essentially of a pure conductance shunted
by any value of positive or negative susceptance.
Appropriate types of bolometers were therefore
chosen, and a mounting for them was designed to
meet the above condition over a wide frequency
range. The equivalent circuit of the assembly is
shown in figure 2. It is evident that XT — coLr

BOLOMETER

Figure

2.

Equivalent

circuit

of

a

bolometer

assembly

applicable for r-f voltage measurements.
Rm and L„, the incidental series resistance and inductance of the bolometer
mount and Lt, the series inductance of the bolometer are assumed to be
negligible. Rt is the bolometer resistance.

and Xm ( = wZm) must he negligible, although the
value of C is of no direct significance except when
the bolometer assembly is used for power output
measurements, in which case it may be tuned out.
Rm may have a finite value, but it should be negli¬
gible as compared with RT because of its variation
with frequency as a result of skin effect.

III. Technique and Its Limitations
1. Bolometers and Bridge Circuity

Figure

.

1

Elementary

circuit
bridge.

diagram

of

a

bolornete

The choice of the type of bolometer and the de¬
sign of its mount seemed to be the most critical
features in establishing r-f voltages of known val¬
ue. Two types were available for consideration,
namely, the thermistor and the wollaston-wire (or
“little-fuse”) unit. A glance at figure 3 will show
that the physical dimensions of the former were
more adaptable for the purpose, whereas the series
inductance and size of the available wollaston-wire
units limited their usefulness only to relatively low
frequencies. Other advantages of the thermistor
are indicated below.
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tivity is reduced when mounted close to bodies
having good heat conductivity.
Schematic circuit diagrams of a single-and twothermistor bridge are shown in figures 4 and 5.
The single thermistor bridge (fig. 4) requires
chokes to keep r-f current out of the d-c circuit,
whereas in the two-thermistor bridge (fig. 5) the
d-c circuit has no r-f potential across it, thus
eliminating the need for chokes.
The general expression for the mis voltage V,
for the two-thermistor bridge, as derived in ap¬
pendix I, is:

R
(Rr~\~Rb) (1 + a)
[“(G/J2

"Fri) (21/)

b R2

VHi) ]2,

(1)

where
Figuke

3.

Two thermistor beads and a barretter in its

a—RTi/RT2=constant ratio of the individual
thermistor resistances when the bridge is
balanced with or without r-f applied to it.

mount.

A thermistor 2 is a semiconductor such as ura¬
nium oxide (U308), or a mixture of nickel oxide
(NiO) and manganese oxide (Mn203), having a
large negative 'resistance-temperature coefficient.
The beads used in this work are glass-coated and
differ in diameter depending on characteristics de¬
sired. The smallest applied in this case had an
approximate over-all outside diameter of 0.015 in.
with platinum connecting-lead diameter of 0.001
in. and a single lead length of several thousandths
in. A wollaston-wire is a platinum wire of the
order of 0.0004 in. in diameter drawn inside a sil¬
ver wire; this silver coat is removed over a small
section by etching with a solution of nitric acid
(HN03); the exposed platinum core constitutes
the active section of the bolometer and may be
0.1 in. long.
With mounting provisions the final
over-all dimensions are usually greater than those
of thermistors and consequently prove less desir¬
able for some applications. Greater overload
handling capacity is a major factor in favor of the
thermistor. The power sensitivity of a commer¬
cial unit wollaston-wire type bolometer (such as
the Sperry type' barretter )3 is approximately 5
ohms/mw (for 200-olim initial condition at 25° C).
A corresponding figure for the unmounted ther¬
mistor mentioned is approximately 15 ohms/mw.
It will be shown later that the thermistor sensi¬
2 J. A. Becker, C. B. Green, and G. L. Pearson, Properties and uses of
thermistors—thermally sensitive resistors. Trans. AIEE 65, No. 11, p. 711
(Nov. 1946).
3 Sperry Gyroscope Co., Great Neck, N. Y., Model 821 barretter.

Voltages for r-f Standardization

RT=RTiJrRT2‘, Rti, Rt2, and Rb are as shown in
-figure 5.
Gri = voltage drop across the resistor in series with
the battery at initial d-c bridge balance
(switch S open).
1^2=voltage drop across that resistor at second
balance (switch S closed)
T/=battery voltage, which is assumed to remain
constant with load variation.

Rt=thermistor resistance; B0==resistance-ratio arms; iN=resistance cf
r-f chokes in bridge arms.
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Equation 2 is further simplified when Ri can be
made negligibly small as compared with R2. In
this case:

F=2(M3 tV-,(2F.-V«)]».

(3)

If, in addition, Rb=RT, the simplest case of an
equal-arm bridge is obtained and
V=\[VR2(2V«-VRi)]K

Figure 5.

Schematic diagram of two-thermistor bridge.

Rt\ and Rt2 are individual thermistor resistances.

Condensers C and C' prevent direct current
flowing to or from the r-f source or device con¬
nected to the measurement terminals. C and C'
are chosen large enough so that the effective load
presented to the r-f source is essentially the d-c
resistance of the two thermistors connected in
parallel.
For the single-thermistor bridge, and for the
two-thermistor bridge when RT\~Rt2 the r-f volt¬
age is:

y=2(Rt+R>)

W-Vm-V*.)]*. (2)

R-f chokes in the single-thermistor bridge reduce
errors caused bj7 incidental rectification of r-f
voltages entering the d-c circuit. They also reduce
the loading effect of the bridge on the r-f source.
A choke in series with each of the Rb arms is shown
in figure 4. This simplifies operation and computa¬
tion when the chokes are matched. The chokes
must be shielded, properly installed, and must
have stable resistance and a sufficiently high im¬
pedance over the entire frequency range of applica¬
tion. Difficulties in meeting these requirements
make the two-thermistor bridge preferable.

(4)

Typical thermistor characteristic curves (see
footnote 2), one of which is illustrated in figure 15,
show that there are two possible values of ther¬
mistor current for each value of voltage across it
over part of the range. The voltage maximum
will be referred to as the “turning point.” In
order to assure operation over the high temper¬
ature coefficient portion of the curve (low RT
values), V0 must be equal to or larger than the
turning-point voltage. If V0 is lower than the
turning-point voltage, other means, such as ap¬
plication of external heat, of r-f or a-f power,
may be used to obtain an initial bridge balance
at the desired RT value. However, this procedure
is unsatisfactory, because RT may assume a high
value during the process of rebalancing the bridge
for a measurement; this instability may neces¬
sitate several time-consuming balancing attempts.
Another difficulty may be encountered with
parallel operation of thermistors as a result of the
presence of two possible values of thermistor
resistance for every value of applied volt¬
age. It is conceivable (and this was observed in
practice) that one of the two thermistors will
operate in its high-resistance region, whereas the
other will be in its low-resistance region and will
therefore carry most of the r-f current. This
may take place when the thermistors have widely
different values of turning-point voltages and
resistance-temperature coefficients. It can be
avoided by approximately matching the thermis¬
tors and by choosing operating values reasonably
removed from the turning point. The reader
may at this point wonder how it is at all possible
to obtain stable operation with negative temper¬
ature-coefficient resistors connected in parallel
to the same power source, because a slight decrease
in the resistance of one of them would cause con¬
secutive reactions decreasing its resistance further,
and reducing the current in the other shunt ele-
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ments.' The answer is that the above reaction
may in fact take place up to a certain equilibrium
point at which the voltage drop in the source
impedance reduces the voltage applied to the
thermistors to a value necessary to maintain the
thermistor resistances constant. The difference
in operation of negative temperature-resistancecoefficient elements as against zero or positive
temperature-resistance units is that the former
cannot be indiscriminately connected to a power
source of insufficient internal (or series external
current-limiting) impedance without damaging
either the load or the power source, or both.
As will be shown later, batteries are preferable
to rectified a-c power sources for wide voltagerange and accuracy. Once batteries are chosen,
V0 cannot be readily varied except in steps of
single cells. This feature makes it difficult to
use an equal-arm bridge at a negligible value of
Bi. One might mention here the desirability of
having RT as low as possible. A lower BT cor¬
responds to a higher thermistor temperature with
a lower consequent interference from ambient
temperature variations.
The error in V as a result of thermistor mis¬
match (i. e., the error caused by assuming a=l)
is given by
^=l-2a»(l + a)-1.

(5)

Appendix II gives the derivation of this error,
and figure 6 shows its magnitude versus a. Here,
and throughout the discussion below, A designates
a relatively small finite increment of a quantity.
There is, however, no difficulty in measuring a,
as will be shown in the discussion of the final
equipment. It may be seen from figure 6 that a
mismatch of about 5 percent can be safely neg¬
lected, because the error in V will thereby not
exceed 0.1 percent. Equation 1 must therefore
be used for values of a larger than 1.05, whereas
for values of a closer to 1, eq 3 (or its equivalent
when Ri7±0) is sufficient. Factors contributing
individually an error of 0.1 percent in V may be
neglected on the assumption that the total accumu¬
lated error will not exceed 1 percent.
The accuracy with which a must be determined,
to not exceed a 0.1-percent error in V, is derived
in appendix III and is shown in figure 6. A lower
value of a requires less accuracy in its determina¬
tion.
Voltages for r-f Standardization
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(A) Permissible error in determining a for a
0.1-percent error in the r-f voltage, V. Broken-line section
represents eq 27, appendix III. Broken line,

Figure 6.
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(B) Error in V when mis¬

match between the thermistors of a two-thermistor bridge is
neglected.
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it is assumed throughout the text that a
remains constant for all values of d-c and r-f
voltages within the working limits of the bridge.
Experimental evidence indicated this to be essen¬
tially true for the great majority of individual
pairs of thermistors of the type used when their
lead lengths and position in the gap of the mount
were closely alike. The variation of a in these
cases did not exceed 1.1 and the agreement with
independent methods was well within ± 1 percent.4
In some cases, however, (as shown in fig. 16) a
increased considerably with applied r-f voltage.
For these cases eq 1 does not hold. It is therefore
advisable to make sure that a remains constant to
at least 10 percent within the working voltage
range required. This is in fact a requirement of
matching the resistance, versus power functions of
the thermistors under operating conditions and
can be accomplished by comparing the value of
a without r-f voltage to that with maximum r-f
voltage at any low frequency, e. g., 100 kc or
lower. The potential error from this source
increases with V.
4 Equation 10 on page 92 of the Technique of microwave measurements

,

11 Radiation Laboratory Series (McGraw-Hill Book Co., New York, N. Y.,

1947), gives the thermistor resistance as a function of power dissipated in it.
Computations made after the original manuscript was written indicate that
this equation closely represents the characteristics of the thermistors in the
mount described. The initial a of a pair of thermistors was computed and
measured to be 1.04. It increased to about 1.1 at an r-f voltage of 1.5 v. The
potential error in this case was computed to be about 0.04%.
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The required precision of bridge resistors must
be of the same order of magnitude as that desired
for V, because as shown in appendix IV,

ARr ARh
Rt ~ Rb

Ab

(Rr-\-Rb)
Rb
’

accuracy of TV, (d) thermal voltages and incidental
voltage drops in circuit leads and connections, and
(e) ambient temperature stability.

. .
w

The factor (RT-\-Rb)/Rb is fixed by the operating
thermistor characteristics and as used was around
1.7.
2. Factors Limiting High End of Voltage Range
The top value of the standard r-f voltage that
can be determined with either the single- or the
two-thermistor bridge is limited by the thermistor
characteristics in a specific mount. With the
smallest thermistors having dimensions mentioned
above, this value was between 1.3 and 1.9 v,
depending upon the temperature of components
to which the bridge was connected. With ther¬
mistor beads having a diameter of about Ke in.,
voltages as high as 10 v may be obtained. When
proper capacity-type voltage dividers arc em¬
ployed, considerably higher voltages may be
determined. These dividers will not be dealt
with here.
3. Factors Limiting Low End of Voltage Range
The low limit of r-f voltages is of major import¬
ance. The lower it is, the more accurately volt¬
ages at the critically needed microvolt levels can
be determined with the help of standard attenu¬
ators. Because of imperfections of standard at¬
tenuators, especially in the VHF and UHF regions,
a considerably more accurate microvolt may be
realized by using, for example, a standard millivolt
and a 60-db attenuator, rather than a standard volt
and a 120-db attenuator.
This was the primary
reason why considerable efforts were made to ob¬
tain as low a known voltage as possible1. In doing
so, another important objective was attained,
namely, the opportunity of measuring the attenu¬
ation of standard attenuators directly in terms of
voltage ratios. This is especially desirable where
the permissible input power into an attenuator is
limited.
The low end of the von age range is limited by
(a) the sensitivity of the thermistors and of the d-c
bridge, (b) the ease with which low values of VR2
can be adjusted and the accuracy with which
VR2 and Vm can be measured, (c) stability and

(a) Thermistor and Bridge Sensitivity

The bridge sensitivity is proportional to the
sensitivity of the thermistor arm to r-f inputvoltage changes. For the single-thermistor bridge,
this sensitivity (as indicated in the characteristic
curves of fig. 16) is about 0.18 ohm/mv for oper¬
ating values of thermistor resistances of from 50
to 100 ohms. For the matched two-thermistor
bridge, the thermistor arm sensitivity is twice the
single-thermistor sensitivity, i. e., 0.36 ohm/mv,
because the same r-f voltage will cause an equal
resistance increment in each thermistor.
The characteristics of the small-bead thermistors
are such that an RT of 200 ohms and Rb of about
300 ohms were found most suitable for a twothermistor bridge arrangement. With the bridge
and galvanometer used, changes in RT of the order
of 0.01 ohm in 200 ohms could readily be detected.
For the stated two-thermistor bridge sensitivity of
0.36 ohm/mv, an r-f voltage change of 14 mv can
be detected. The resulting uncertainty is there¬
fore 0.1 percent for an applied voltage of 14 mv
and, of course, correspondingly less for higher ap¬
plied voltages.
(b) Accuracy of Vm and V/i2

As already mentioned, a perfect voltage regula¬
tion of the source F0 was assumed. A storage
battery does approach this requirement, although
any other monitored source could be applied if it
meets stability requirements. One must keep in
'mind two difficulties when batteries are used.
The first is the one stated before, namely, that Fq
cannot be conveniently adjusted except in approxi¬
mate 2-v steps. The second is the poor accuracy
obtainable in trying to determine a small quantity
when this small quantity is the difference between
two measured relatively large quantities. This
would be the case when both TV2 and TVi were
large. These two difficulties may be largely
eliminated (as was done in this case) by the use
of an unequal arm bridge. The initial bridge bal¬
ance was obtained by varying Rb with the adjusta¬
ble resistor (Ru R2) shorted.
TTi is therefore the
voltage drop across the shorting switch. It can
thereby be kept at a minimum and for relatively
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Figure 7.

Values of VR2 corresponding to various values
of V.

Vo=10 volts; Vr\=25 microvolts; Rt=200 ohms;
Rt

V~ iRr+R,)

b=300 ohms; a = 1.0

1

(i+a)Wy«- ™

'

large measured voltages may be assumed equal to
zero. As used, Vm was of the order of 25 pv.
Figure 7 shows nominal d-c voltages (VR2) that
one must measure for the entire r-f range at a
given set of values of the bridge circuit. The
curve is only nominal because Rb is in practice
somewhat different from the value chosen for this
curve, depending on the characteristics of the
particular thermistors in use. The case presented
here is in many respects only typical. Modifica¬
tions are possible in order to extend the low range;
for example, a mount employing a large number
of thermistors, all of them connected in series for
direct current and in parallel for r-f current, may
be used, which would considerably increase the
ratio of RT to the equivalent r-f load resistance;
lower values of V may then be obtained for corre¬
sponding VR2 values. The greater part of the
curve of figure 7 is linear on log-log paper. This
may be expected from the interrelation (eq 2)
when 1 Tm0 and 2V0f>y>VR2. Under these con¬
ditions the expression assumes the form

The effect of inaccuracy in measuring VR2 is
shown in appendix V. An error of 0.1 percent in
V is assumed, and the corresponding “permissible
error” in determining VR2 is derived and plotted
in figure 8 for values of V from several millivolts
to 1.5 v. The “potential error” is shown in figure
8 for values of V from several millivolts to 1.5 v.
The potential error shown in figure 8 is based on
the performance of the particular potentiometer
on hand with the present equipment. It was
capable of measuring VR2 to 1 pv or to 0.015 per¬
cent, whichever is greater. 'The intersection
point of the two curves in figure 8 indicates that
the minimum value of V obtainable to 0.1 percent
because of inaccuracy in measuring VRe is ap¬
proximately 20 mv. Lower levels of F may no
doubt be measured to the same accuracy with
other potentiometers. The low limit may in
that case be computed in a similar manner.
It is shown in appendix VI that, with the present
equipment, a value of V of 20 mv can be meas¬
ured to within 0.1 percent as a result of the in¬
accuracy in determining a voltage VR, of the order
of 25 mv.
Difficulties in adjusting VRs will be discussed
in the next section where the equipment compon¬
ents are described.

V=K(2VR2 Uof=K, (VR2f,
or by
log U=log FCj + l log

VR2.

(7)

Figure

8.

Required VR2 accuracy for V accuracy of 0.1
percent.

The degree of departure of V from linearity
below about 10 mv is a function of the magnitude
of

Va.

Voltages for r-f Standardization

Solid curve shows permissible error for AVIV equal 0.1 percent. Broken
line shows potential error in measurement of Vrj as a result of limitations in
d-c measuring equipment. Vo=10 volts; Vri=25 microvolts; jf?r=200 ohms;
i?t=300 ohms.
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(c) Accuracy and Stability of V

It can be shown that the accuracy with which
F0 must be measured for a desirable accuracy in
F is expressed by
AFo

Fo -

where

v

Ay

2

V KVo(VR-VRl)

K=[RT/2(RT-\-Rb)].

w

For the present case

of AV/V—10—3 and K—O.Oi, the required accu¬
racy of F0 is 0.17 to 0.20 percent over the voltage
range of about 1.5 v to 20 mv, respectively. This
accuracy is well within the limits of the equip¬
ment used.
The discharge rate of the storage batteries
interferes with obtaining a bridge balance when
the galvanometer circuit is adjusted for the high
sensitivity required at low-voltage measurements.

Figure 9.

0.1 percent error in F is close to 0.2 percent or
about 1.1 mv. The time allowed for a drift of
not more than 1.1 mv is therefore about 40 sec.
Experimental observations indicate that common
storage batteries have a drift of 5 to 10 times
larger than the batteries used in our case. In
addition they are considerably less stable.
(The
rate of voltage drop with time varied about 10
to 1 over a short time of observation.) It would
thus be necessary to measure VR2 for a F of 20 mv
in a fraction of a second. The importance of
using low-discharge batteries of high stability and
low internal resistance for very low voltage meas¬
urements is therefore apparent.
Summarizing the errors affecting the low limit
of F, it is seen that a conservative estimate of the
total possible error for all values down to 20 mv
caused by the determination of a, RT, Rb, VRX,
VR2, Fo, and by limited bridge sensitivity and
instability of F0 will not exceed 0.8 percent assum¬
ing the individual 0.1 percent errors to be all posi¬
tive or all negative. It is shown in section IV
that errors contributed by incidental thermal
voltages, connecting-lead voltage-drops, and am¬
bient temperature variations of ±1° F. are negli¬
gible in comparison with others. An extension
of F below- 20 mv without sacrificing accuracy
will require first further improvement of F0
stability and, second, the improvement of the
accuracy of measuring Vm and VR2.

IV. Measuring Equipment and Results

Drop in terminal voltage with time of special

batteries under a constant

load of 45 milliamperes.

1. Description of Equipment

Figure 9 shows the drift of F0 (under the present
load) to be approximately 0.001 percent per hour.
To evaluate this quantitatively one may assume
that the drift is equivalent to a readjustment of
Fr2 required to restore bridge balance during a
time interval of a single r-f voltage measurement.
The application of a special r-f and d-c switch
(described in the next section) reduces this interval
essentially to the time required for a measurement
of VR2. It may be seen from the curves given
and the indicated drift that VR2 for a F of 20 mv
will have to be determined in about 40 sec if the
drift is to be neglected. The steps leading to this
value are as follows: The actual drift in F0=10 v
is 100 pv/hr (fig. 9). From figure 7 a voltage
Fr2 of about 550 pv corresponds to a F of 20 mv.
The permissible error in this value of VR2 for a

The complete arrangement of the two-thermis¬
tor bridge is shown in figures 10 and 11. Figure 10
is a view of the experimental setup including a
vacuum-tube voltmeter under calibration. A
final working arrangement could no doubt be
consolidated to a great extent. Figure 11 is a
combination schematic and block diagram in
which the designations of the components corre¬
spond with those of figure 10. The source of r-f
voltage consisting of a generator, filter, and match¬
ing networks is not shown in figure 10.
The major components of the equipment were:
(a) Resistance boxes comprising the legs RT
and Rb of the bridge.
(b) Resistance boxes and a helical type singlewire adjustable resistance comprising the
resistance R in series with the battery
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GALVANOMEltR FOR DC POTENTIOMETER

BRIDGE
galvanometer

SHORTING RELAY

■

R

SLIDE-WIRE ELEMENT

UNBALANCE
METERS
STANDARD CELL

VTVM

DC POTENTIOMETER

PROBE

Rb VERNIER BOXES■1111 H
INTERLOCKED RF'DG
COAXIAL SWITCH
Figure 10.

THERMISTOR MOUNT
Radio-frequency voltage thermistor-bridge equipment.

V0 used to vary the voltage applied to
the bridge. Voltage drops Vm and VR2
(used in eq 1, 2, 3, and 4) are measured
across this resistance.
(c) D-c potentiometer, associated resistors, Rn
and RP2 to increase its voltage range, a
plug box used for conveniently connecting
the potentiometer for measurement of
V0, VR1, VR2, and of (V0— TV) when de¬
sirable, and a standard cell.
(d) An interlocked, r-f, d-c switch used to re¬
place instantaneously the r-f power fed
to the bridge by its equivalent d-c power
or vice versa without upsetting the bridge
balance.
(e) A shorting relay controlled by the inter¬
locked r-f, d-c switch, mentioned in item
(d); this relay shorts, the resistor R in
series with the bridge battery, thereby
increasing the voltage applied to the
Voltages for r-f Standardization
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bridge while the r-f power is removed
from the bridge.
(f) The thermistor mount.
(g) High-resistance d-c voltmeters to indicate
the ratio of RT1 to RT2.
(li) Switch S0 used to connect the battery V0 to
the bridge.
(i) Switch SD used to connect a standby load
Rd to the battery V0 in place of the bridge.
This load was necessary to prevent a
slight increase in battery voltage when
standing idle for several hours. On
connecting a load to an idle battery the
rate at which the terminal voltage de¬
creases is relatively high during the ini¬
tial discharging period.
The operational procedure was briefly as follows.
Referring to figures 10 and 11, with no voltage
applied to the bridge, RT and both Rb arms were
set to predetermined values that would approx-
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D. C. VOLTMETER ' —/■

INTERLOCKED R — F
AND D — C SWITCH
Fictjre 11.

Operational schematic and block diagram of the r-f voltage thermistor-bridge equipment.

C,C'=mica 0.01 microfarad condensers; Rt, i?t=bridge ratio arms; i?=series dropping resistors; Rpi, Rp2=d-c voltage divider used with d-c potenti¬
ometer; Uo=galvanometer sensitivity control; *So=galvanometer switch.

imatcly balance the bridge at the specific d-c
voltage to be applied. With the shorting relay
closed, the interlocked r-f, d-c switch in position
B (fig. 11), and the sensitivity of the galvanometer
reduced, switch £0 was closed. Both Bb arms
were adjusted simultaneously until a rough
balance was obtained.
After increasing galva¬
nometer sensitivity by reducing Rg, further adjust¬
ments in Bb were made until a satisfactory balance
resulted. R-f was then applied in small increments
after closing the coaxial switch and equilibrium
restored by increasing the value of B. Several
operations of the interlock switch were necessary
until a desirable balance was observed. In cali¬
brating a vacuum-tube voltmeter, the amount of
r-f applied depended upon the meter deflection
desired. The amount of d-c voltage removed
from the bridge to restore balance was then
measured by the potentiometer.

Cross sections of the thermistor mount arc shown
figures 12 and 13. The plate, A, and the pin, L
(fig. 12) are removable, as is illustrated in figure 14,
to permit means of connecting various probes of
voltmeters under calibration to the mount. The
line drawing in the lower corner of figure 14 is an
enlargement of the gap in which the thermistors

Figure 12.
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Cross-sectional drawing showing the construc¬
tion of the thermistor mount.
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of an assembly of the mica blocking condensers C
and C' shown in figures 5 and 11. One thermistor
is connected to parts D and O-M (fig. 12); the
other to D and C-F. Parts B, F, and G and B, M,
and G, figure 12, comprise the condensers C and C'
of about 0.01 p{ each. At low frequencies where
the reactance of C and C becomes appreciable,
•additional external capaetance was added in
parallel with them.
The r-f admittance of the thermistor bridge was
measured in the VHF range employing a slotted
coaxial transmission line. The input conductance
was found to equal the d-c value of the two therm¬
istors in parallel within the limits of accuracy of the
measuring equipment.
Figure 15 illustrates the effect the large metal
mass of the mount had on the thermistor character¬
istics. The broken line curve is a typical

Figure 13.

Cross-sectional drawing of the core of the mount

showing the location of the thermistors and their proximity
to the point where external connections are made for calibra¬
tion purposes.
A dashed outline is shown of a typical VTVM probe in position for cali¬
bration. R-f power is fed into fitting N.

are mounted, whereas the part in the upper right
corner (fig. 14) shows the other side of the core
assembly. The remainder of the mount consists

icr4

io 3

io 2

io 1

i.c

THERMISTOR CURRENT, AMPERES
Figure 15.

Thermistor characteristic curves.

A, thermistor unmounted (manufacturers data); B. thermistor mounted
close to large heat-conducting surfaces of mount (fig. 14).

rnfstMtsiOR

Figure 14.

Thermistor mount partly disassembled.
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characteristic of the thermistor, unmounted, at
25° C. whereas the solid curve is that obtained
with the thermistors in the mount. The difference
was tlue to the large heat dissipation of the metal
plates to which the thermistors were connected.
The decrease in sensitivity that resulted was more
than compensated for by a saving of about 80
percent of the time required to obtain thermal
equilibrium of the thermistors during initial
balance adjustments.
It was found experimentally that a increased as
the r-f voltage level was increased (a^l).
Figure
16 shows RT\ and RT2 at different values of V for
an appreciably mismatched pair of thermistors.
This effect was found to be independent of fre¬
quency. As was previously explained, individual
pairs of thermistors were chosen having charac¬
teristics sufficiently similar to eliminate large
615/25

values of a requiring high-precision d-c voltmeters,
as well as large ratios of a2/au where cu is the ratio
of the two thermistor resistances without r-f
applied to the bridge, and a2 is the ratio with r-f
applied. For a2/«i of 2.0, an error in V of 4 per¬
cent resulted. Two precautions were necessary
in connection with the use of these voltmeters for
measuring a. The first was that the d-c resistance
of these instruments be large compared with
Rti and RT2 so as not to introduce an appreciable
error in the thermistor resistance values.
The
second was that there be a constant low-resistance
d-c path through the r-f source if the d-c instru¬
ments were to measure the drop across RT1 and RT2.
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ohms (fig. 11).

The voltage VR2 was controlled by varying the
resistance R (fig. 11) in series with the bridge
(fig. 10). The greatest difficulty occurred at low
values of V, where the resistance R was of the
order of 1 ohm or less. As shown in figure 11, a
low-resistance slide-wire in parallel with a resist¬
ance box of high value was used, the box serving
as a vernier on the slide-wire.
The shorting relay (fig. 1.1) is a special relay
with mirror-smooth silver-plated contact surfaces.
Such construction was necessary to insure a low,
constant voltage drop when the relay was closed;
otherwise measurement of VRi would have been
necessary each time the relay was operated. The
value of VRl for typical, bridge-operating condi¬
tions (7?r=200 ohms; Rb=300 ohms) was found
to be about 25 pv and remained stable to within
the measuring accuracy of the potentiometer used.
The voltages V0, VR2, and VRX were measured
by the d-c potentiometer, P, in terms of the
standard cell (fig. 11) at points x, y, and 2. To
reduce the resistance of leads, wherever advisable,
wide low-resistance straps were employed for

Voltage measurements by independent methods,
including the use of a single-thermistor bridge,
were used as a check on the two-thermistor bridge.
The results obtained are presented in table 1.
The principles involved in methods 1 and 2 of
table 1 are indicated by their titles in the table
and have been described in previous literature
(see footnote 1).
The agreement between the
two-thermistor and the single-thermistor bridges
Table 1.

Method

Agreement with the
thermistor bridge

cn
2
o

interconnecting the resistance arms of the bridge.
The average resistance contributed to any arm by
the leads was no more than 0.005 ohm, which was
negligible compared with 200 to 300 ohms. With
the present setup, it was found that the internal
resistance of the battery and the resistance of the
leads used to connect the battery to the bridge
totaled less than 0.05 ohm and justified the as¬
sumption of negligible voltage regulation for the
loads used.
The equipment was installed in an air-condi¬
tioned room with the temperature controlled to
within 1 deg C. This precaution served the dual
purpose of, first, eliminating the effect of ambient
temperature variations on the thermistors, and,
second, reducing variations of V0 and thermal
voltages within the circuit. To reduce further the
effect of thermal emf’s, every effort was made to
remove contacts of dissimilar metals.

Frequency range
Range-extension devices
of agreement

Per¬
cent
1

100 kc to 200 Me.

Capacity-type voltage
dividers of about
10:1, and r-f trans¬
formers.

Measurement of cur¬
rent through a
known resistance.

1

100 kc to 30 Me..

None.

Transmission-line
voltage-distribu¬
tion.

1

100 Me to 600 Me..

Do.

Single-thermistor
bridge.

1

100 kc to 30 Me..

Do.

Deflection of cathoderay beam.
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was.verified to 30 Me. The difficulties encountered
with the single-thermistor bridge for frequencies
above 30 Me were previously pointed out in
section III.
(a) Transmission-Line-Voltage-Distribution Method

The third listed independent method is based
upon the interrelation between the r-f power prop¬
agated along a transmission line (having a known
characteristic impedance and negligible attenua¬
tion) and the voltage distribution along this line.
A slotted transmission line is used, and the voltage
ratios at any two given points are accurately
determined by moving a probe along the slot.
The conventional way to determine the ratios is
either by using a standard attenuator or a cali¬
brated probe-output detector. A more direct,
and therefore a more accurate, way is to determine
these voltage ratios from measurements of line
distances translated in turn by computation into
equivalent electrical lengths. Thus absolute values
of voltages at a given point along the line may be
computed from: (a) the characteristic impedance
of the line, (b) power, determined by d-c measure¬
ments, and (c) distances measured along the line.
The interfering factor in this otherwise potentially
highly accurate method is the nonavailability of
slotted transmission lines with sufficiently uni¬
formly distributed constants. The frequency range
is limited at the low end by the physical length of
the line.

Figure 17.

Thermistor mount connected to a slotted trans¬

mission line for measurement of agreement between two
independent

methods

of voltage

measurements

standard impedance measurements.
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and for

For purposes of comparison with the bridge
measurements, the thermistor mount was con¬
nected to a slotted transmission line as illustrated
in figure 17. A line extension designed for use
with the line was so connected to the mount that
the uniform line was carried to within 0.003 in.
of the core of the mount. Therefore the voltage
at the end of the line was essentially the same as
that at the thermistors.
The measurement procedure was as follows:
(1) The thermistor mount, having been in¬
ternally shorted where the thermistors connect,
was placed directly at the end of the slotted
transmission line, and the position A/2 from the
load determined (step A, fig. 18).
(2) With the short removed, the thermistor
bridge was used as an r-f load and power meter.
The voltage standing-wave ratio (Vmax/J^mln= p),
the voltage ratio (VA/Vm&x—Kt), and the power
delivered to the load, were measured (steps B
and C, fig. 18).
The magnitude of the standard voltage, V, was
calculated from eq 9.
(See derivation in appendix
VII).
V=K1(Z0PRFp)h,
(9)
where K: = VA/Vmax, the ratio of the voltage A/2
from the load to the maximum voltage in the line.
Z0—characteristic impedance of the line.
p = ratio of maximum to minimum voltage in
the line.
Prf=i'-f power transmitted to the load = bridged-c power decrement.
The agreement between the two methods up to
600 Me was 1 percent or better, whereas up to
700 Me it was better than 2 percent (fig. 19).
The transmission-line voltage-distribution meth¬
od was the only one used to verify the accuracy of
the bridge at frequencies above 200 Me. Because
the transmission line used was known to have an
insufficiently uniform distribution of constants,
the bridge measurements were considered the
more reliable of the two. One may apply the
transmission-line method for direct calibration of
voltmeters with some sacrifice in accuracy using
an arrangement similar to that illustrated in
figure 20. The probe of the voltmeter under
calibration is connected at the end of the slotted
line in place of the thermistor mount. In parallel
with this probe and physically as close as possible
to it, a cable is connected to feed the r-f power
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tor bridge at frequencies considerably above 800
Me with accuracies equal to those at the lower
frequencies.
A

B

C
Figure

18.

Block

diagram

of equipment

and

steps

to

ascertain agreement between bridge method and voltagedistribution-in-a-slotted-line

method of voltage

measure¬

ments.
VTVM—probe connected to the slotted trans¬

Figure 20.

from the line to any available accurate r-f power¬
measuring device. In figure 20 the thermistor
bridge is shown as such a device. The procedure
and computations may be the same as described
above. One must correct for possible power
losses in the voltmeter probe if these are
appreciable.

mission

line for

calibration

using

power

and voltage-

distribution technique.

Figure 21.

Calibration curve of a vacuum-tube voltmeter
obtained with the bridge.

Appendix I. General Expression for Bo¬
lometer Bridge r-f Voltage
O

100

200

300

400

500

600

700

800

Wi =

FREQUENCY .MEGACYCLES
Figure 19.

Deviation in percentage of Vvfrom VT-

VP=V obtained from power and voltage-distribution
Vt=V obtained with bridge measurement.

VIRt
(RtVRb)2

(10)

= d-c power dissipated in the thermistors with no r-f applied.

measurement;

(See fig, 5 and definition of terms below eq 1 of text).

VhRr
[],2~(RT+Rb)2

3. Standardization of a V-T Voltmeter

Tir

A calibration curve of a V-T voltmeter obtained
with the bridge from 100 kc to 800 Me is shown
in figure 21. The applied standard voltage re¬
quired to obtain a fixed deflection of the voltmeter
had to be increased in the frequency range of
about 50 to 400 Me as a result of the transit-time
effect in the VTVM probe diode. At higher
frequencies the standard voltage had to be de¬
creased because of the natural resonance of the
diode and input terminals of the probe.
In conclusion, we feel confident that standard
voltages could be obtained with this two-tliermis-

(H)

= d-c power dissipated in the thermistors with r-f applied,
where Vb2— Vq — F® and Vbi=V0— F«i
Substituting for Vb2 and Vb\ in eq 10 and 11.
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W\

1

R

T
(Vo -vmy
(Rr+Rt)2
R T

W2 = (RtV Rb
If

. r„

(Vo-vR2y.

F2

,

1

(13)
(14)

W=W1-W2,

and W= -r, where
Li L
Kl

(12)

Rt

—tt ,
iiT\ttT2

(15)

Journal of Research

substituting for TFj and W2 in eq 14 and solving for F

culated value of the r-f voltage when a > 1 for the condi¬

yields:

tion wdiere AF/F=10-3.
RT-\-Rb

Vm)(2Vn— VR2 — F/n).

(lb)

Let Rti — oiRt2, where a> 1 and remains constant for all
values of applied r-f voltage.
It can be shown that eq 14

1 = 10-3.

(24)

Substituting for F and V\ in terms of a

holds in this case.

OL1

( 1 -j-

^

--1 = 10-3.
Then Rr = [<x/ (1 -f-c*)]/??^ or Rl— [a/(l

Reducing to a common denominator and substituting:

Substituting in equation eq 16

Rt

V=

"\j<x(VH2

(Rt^T Rb)( 1 + Oc)

Appendix II.

(25)

(a-|-Aa')I(l-[-a-|-Aa) 1

Ir«i) (2F0 — V R2 — Fft]).

(-+1^ = 0- and — = y.

\a

(17)

Error in V When a — RTl/RT2
Is Neglected

a

/

(26)

Then -ferr^ = 1.002.
Solving for y in terms of a

In eq 1 let

- 1,002a2)

(2a

±

V(2cr - 1,002a2)2 + 0.008a-

y=-

(27)

ry [( Vr2— L/n) (2 Vo— V R2— F/u)]1 — R,

(Rr~\-Rb)

Appendix IV. Accuracy of V as a func¬
tion of accuracy of RT and Rb

then
F= Ka5 (1 -)-a)-1.

(18)
In eq 1 let the factor in the square bracket=A and

Let also F for a=l be designated as (F)i

a=l, then
V— \K Rt(Rt~\~ Rb)~l,

(28)

and

then
(19)

AV=ART=hK [(RT+Rb)~i-RT(RT + Rb)-*].

and

(29)

Therefore
&V _{V)i-V _\K-Ka'( l + a)-\
F
,K
(F),

l-2a’(l + o)-1.

aRt _AV Rt~\- Rb
Rr
V
Rb
'

(20)

-om
(dU)

Similarly
Substituting values of a from 1 to 2, the error in percent

ARb

of F is computed and is shown in figure 6.

Rb

Appendix III. Error in Measured V as a
Result of Inaccuracy in Measuring a

AF Rx-^-Rb
V
Rb

(31)

For the apparatus presently in use, (RT-\-Rb)lRb is approxi¬
mately 5/3, Rt=200 ohms and

= 300 ohms.

Dropping the minus sign as of no significance (errors will
be added),

ARt = ARb
X? = 1. 7-AF

From eq 18, appendix II,

Rt
AF
V

A

r

l-«

AQL2a(l +

1

«)J

Rb

V

(32)

(21)

Appendix V. Derivation of A V R2/ VR2 in

which holds for AarfEO.02

terms of V
From eq 1

Thus

Aa_AF 2(1-}-a)
~a~~V

1—a

V2=K(2FU- Vm- VRl) (VR2-FS1),

’

(33)

where

- Rr
T
K = fL2(i2r
+ R„) J

and for an error of 0.1 percent in F caused by an inaccuracy in measuring a this becomes

2(Rt~{- Rb).

when a= 1,

F51 = K (Vu—F R2)S V k>-

Aa

-°°01 [f^}

(22)
Ar«- = A F —f = A V K(Vo_v-) '■

(34)

which is plotted in figure 6 versus a.
A VR2
F«

For larger values of a, the deferential approach is incor¬
rect.
From eq 18, appendix II

F=IvaT(l-)-a)
As a increases, F decreases.

!.

(23)

Figure 8 (solid line) is a plot of this equation for

F
^>1, where Fi = thecalv

^=0.1%.

1

Voltages for r-f Standardization

V2
AV
F KVR2(Vo-FR2)
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(35)

= ratio of the voltage X/2 from the load to the maximum

Appendix VI. Error in V Caused by

voltage in the line.

Inaccuracy of Measuring VR1

Then

From eq 33
P

-

RF
AVR1=AV ~^p = AV

K^y^-yoy

(36)

V*2

(43)

KJpZ0'

and

VA = K7ZaPRFP)i
AF

AVri

V2

VR1 ~ V KVR1(VR1-V0)'

(37)

(44)

The ratio ymax/VA was determined in two steps.

First,

when the line was loaded, the probe on the line was located

In the case under consideration VqS>VRi, because y0==10
v and Vrfl1 = 25X10-6 v.
VRX can be measured to 1 p\ or
AVR1/VR1=±1!25
AFS1 .

AV
V2
v 10kvr1'

vR\ ~

where the voltage was a maximum.
Dm was recorded.

position corresponding to X/2 from the load,
probe output DA was noted.

(38)

and the

The line was then shorted

and the probe moved to where the voltage was a maximum
in the line.

Neglecting the minus sign because the error can be posi¬
tive or negative and assuming Ay/y=10-3 we have

The probe output

The probe was then moved to the

The r-f level was adjusted until a y,Smax corre¬

sponding to the maximum indication, Dm, was reproduced
(Vs

designates

shorted

line

conditions).

Then

two

positions were found on the line that produced the indi¬
cation Da, and the distance in centimeters between these

1
i /wi
V2
25 = 1° 3 10/v X25X 10-6’

points

(both on the same side of the maximum)

recorded.

K = 0.04

This

distance was called As.

was

The distance

between a maximum and a minimum corresponded to
A/4 (tt/2 radians).

y = 2 X 10_2v = 20mv

Since the voltage distribution in the

line on short circuit was very nearly sinusoidal, DA = DM

Appendix VII. Relation of the R-F Load

cos 6, where 6 was the angle in radians between DM and DA.
But 2#/7T=Z/(A/4), where l is the distance in centimeters

Voltage to the Power and VSWR in a

from Irgmax t° Fa on the line.

Slotted Transmission Line

Substituting and solving for 6 yields

I also equaled (A/4—As/2).
d=ir (0.5—As/A).

Therefore

Equation 9 is derived as follows:

Ki=„Ya =cos 6=cos fo.5 —
'max

3

y

y .5

_ v max * min

RF —-7}->

(39)

\

TA

(45)

/

The VSWR is determined in a similar manner, i. e., by
reproducing the probe outputs corresponding to Vm&x and

y„

p—V

■

(40)

ymin at two positions, one of them at a voltage maximum
of the probe with the line shorted.

y min

The distance between

these two positions in electrical degrees is then the angle,

Substituting for ymin in eq 39 yields

the cosine of which is equal to p.

Sequence of steps

suitable for various standing-wave ratios, as well as a

pZ o

(41)

general analysis

of this

method of measuring

voltage

ratios along a transmission line is presented by Winzemer.6

Let

_Va = A’i
vma

(42)

6 A. M. Winzemer, Method lor obtaining the voltage standing-wave
ratio on transmission lines independently of the detector characteristics.
Thesis presented to the Polytechnic Institute of Brooklyn (May 1948).

! Principles of radar, by the staff of the MIT Kadar School, pp. 8 to 45
(The Technology Press, Massachusetts Institute of Technology, Cambridge,
Mass., 1944).
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APPLICATION OF RF MICROPOTENTIOMETERS
FOR
CALIBRATION OF SIGNAL GENERATORS TO 1000 Me
by
L.

F. Behrent

SUMMARY

With the RF Micropotentiometer, signal generator output
voltage can be calibrated to 1000 Me simply and accurately if the
procedures outlined in this paper are carefully followed.

The sources

of error are discussed and methods for minimizing or eliminating
them are described.

Topics discussed include:

rf shielding,

selection of a suitable rf detector, impedance matching and the
proper selection of voltage reference planes.
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APPLICATION OF RF MICROPOTENTIOMETERS FOR CALIBRATION
OF SIGNAL GENERATORS TO 1000 Me

L.

1.

F. Behrent

INTRODUCTION

The RF Micropotentiometer

1

is a simple and accurate standard

for calibrating the rf voltage output of signal generators.

However,

from the inquiries received it seems that some precautions basic to
high-frequency measurements are being overlooked or given insuf¬
ficient consideration*

By discussing in detail some difficulties which

have been brought to the attention of the RF Voltage Measurement
Standards Group at the National Bureau of Standards, and describing
the necessary corrective measures, it is hoped that this material will
help improve techniques so that higher accuracies will be obtained.

2.

CALIBRATION PROCEDURE

The block diagram of Figure i illustrates how the RF Micro¬
potentiometer is used.

G

is the rf generator to be calibrated (the
2.

unknown);

G

potentiometer

energizes the reference standard
S

-

and

D

-

the RF Micro-

is the detector, usually a sensitive

receiver, for comparing the rf output voltage of the unknown with the
reference standard.
The usual procedure in calibrating the unknown is to preset its
output level to an arbitrary indicated value.

This output is compared

with the standard by switching the detector alternately between them.
622/1

The level of the standard is adiusted until the detector shows its
amplitude is equal to the unknown.

Since the rf resistance of the

RF Micropotentiometer output is known from previous comparison
with the Primary Standard, and the rf current flowing in it can be
determined from a d-c calibration of the thermoelement, the magni¬
tude of the rf voltage may now be calculated.
One possible combination of thermoelements and RF Micro¬
potentiometer resistance elements which will provide standardized rf
microvoltages at any level between 1 and 100,000 microvolts is pre¬
sented in Appendix I.

This combination of units permits a ready

check of each RF Micropotentiometer against those covering adjacent
ranges.

3.

PRECAUTIONS

Stray radiation is the most serious source of error in low
level measurements and the most difficult to eliminate.

Even at rf

levels as high as 10 kpv errors greater than 100 percent have been
traced to this cause, with even greater errors at lower rf levels.

In

the circuit illustrated in Figure 1 there are several possible sources
of radiation.

Between the rf input and output of the RF Micropoten¬

tiometer there is sometimes as much as 100 db of attenuation.

There¬

fore, the metal box containing the reference standard must be well
constructed to prevent leakage.

One very satisfactory and economical

design is illustrated in Figures 2 and 3.

Heavy-walled construction

is used to provide large contact surfaces between the box and the
removable cover, the body of the coaxial rf input connector, and the
outer electrode of the RF Micropotentiometer resistance element.
The most effective by-passing of the thermoelement's d-c leads can
623/2

be obtained by mounting button type mica capacitors in recesses in the
heavy side wall of the box.

(See Figure 3. )

How extensively the signal generators and the detector must
be shielded can best be determined by connecting an antenna to the
detector and probing the system for radiation.

Often it is necessary

to place each of these pieces of equipment into individual doublescreened boxes (Figure 4).
Commercial double-screened cabinets can be used to shield
each of the signal generators and the rf detector.

The shielding will

be most effective if the inner screened box is grounded to the outer
only where the coaxial rf cable connecting the rf equipment in the
screened cabinet to the outside circuitry passes through the side of
the screened boxes.

All other connections into the cabinets required

for energizing and controlling the enclosed equipment must be properly
filtered to prevent rf leakage.

There is ample published literature on

Z

this phase of the shielding problem .

The rf input cable to the detec¬

tor and the cable connecting signal generator

G

to the standard

S

L*

should be double-shielded coaxial cables, preferably with an additional
external shielding braid.

With the equipment arranged as shown in

Figure 4, the most effective shielding against rf leakage was obtained
when external braid was placed over each of the rf cables, with the
braid connected to the internal shield by clamping it tightly to the rf
connectors at the cable ends with adjustable metal hose clamps.
For some calibration work a crystal rectifier and microam¬
meter or an electronic rf millivoltmeter will be an adequate detector,
but in most instances a radio receiver sensitive to 1 microvolt or
less will be required.

In any case, there must be enough sensitivity

to resolve incremental changes in the rf input of 1 percent or less.
624/3

Any receiver so used should be tested to determine the optimum oper¬
ating conditions and maximum rf input level for which maximum
resolution is obtained.

For rf voltages above this, the receiver must

be decoupled to prevent loss of sensitivity due to receiver overloading.
The amplitude of the voltage output from an rf source depends
upon how the external load impedance, whether an rf voltmeter,
receiver or other impedance,

is connected to it.

radio

With a perfect trans¬

mission line terminated in its characteristic impedance connected to
the output, the amplitude of the rf voltage would be the same at all
points along the line and it would be immaterial how long a line section
was used.

However, because of imperfections in practical rf cables

and connectors,

discontinuities will exist which will introduce voltage

variations along the line.

At very-high and ultra-high frequencies

large changes in the amplitude of the output voltages may result from
changing the length of the coaxial connection between the output and
the load even by a fraction of an inch.

The plane through the rf con¬

nection at which the voltage output is measured should be properly
identified.

In using the rf source as a reference standard, the mag¬

nitude of the voltage is accurately known only at this Voltage Refer¬
ence Plane.

The ideal reference plane for the RF Micropotentiometer

would be the plane in which the resistive annular ring lies,
Figure 3.

a-a

However, because it was necessary to provide a coaxial

output connection, the best practical reference plane is essentially at
b-b Figure 3.

The rf voltage at b-b is compared with the Primary

Voltage Standard at all frequencies when determining dc-rf character¬
istics of the RF Micropotentiometer.
The output voltage of a signal generator should be measured at
the output connector provided.

Where this connector is similar to

that of the RF Micropotentiometer,

the recommended voltage reference
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plane would pass through the connector essentially at the tip of the
female center pin (b-b Figure 5).

Where other types of output con¬

nectors are found on the generator output,

an adaptor should be used

which henceforth should be considered a part of the generator.
The output of the unknown must be terminated with an accur¬
ately known rf impedance connected at the voltage reference plane.
The detector can be used as the termination by adjusting its input
impedance with a suitable matching network.
ever,

(See Figure 6)

How¬

it is not safe to assume that impedance measurements of the

input to the detector made with an impedance bridge will be valid at
low rf levels.

Such bridges impress from 0. 1 to 1 volt or more

across the unknown impedance.

For a radio receiver,

would result in complete saturation,

such a level

causing the input impedance to

change greatly from what it would be at relatively low levels.
over,

More¬

the impedance is a function of the tuning of the receiver.

One

method of adjusting a receiver*s input impedance to 50 ohms with a
matching network is to connect the input of the matching network to an
rf source through a 20 db,

50 ohm pad of high quality.

few microvolts applied to the receiver input,
to the source frequency,
output indication.

and the receiver tuned

adjust the network for maximum receiver

Once the matching is completed,

tuning must not be changed.
permits,

With only a

the receiver

Where the sensitivity of the detector

a high quality attenuator pad may be used in place of the

matching network, thus terminating the unknown in an impedance
essentially that of the attenuator pad.
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4.

CONCLUSIONS

Observance of the precautions described in the text cannot be
overemphasized.

In a recent case brought to the attention of the RF

Voltage Standards Group, insufficient attention to these details resulted
in measurement errors of approximately 14 db at 1000 Me.
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APPENDIX I

Typi cal Values of RF Micropotentiometer Components for the Range of
1 to 100,000 Microvolts

Thermoelement
rating,

ma

Resistance

Standardized

(RF Micropotentiometer),

rf voltage,

milliohms

microvolts

5

1

1 - 5

25

1

5-25

100

1

20 - 100

50

10

100 - 500

50

50

500 - 2500

50

100

1000 - 5000

25

1000

5000 - 25000

100

1000

20000 - 100000
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the rf generator to be calibrated.
S

is the transfer standard,

C2

is the signal generator energizing the RF Micro¬
potentiometer.

D

is the rf detector.

Figure 1

628/7

the RF Micropotentiometer.

Figure 2

629/8

a-a is the plane in which the standardized reference voltage exists.
b-b is the plane in which the rf voltage is compared with the primary
rf voltage standard.
Figure 3
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Figure
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Accurate Radio-Frequency Microvoltages
MYRON C. SELBY

General Description of the
Micropotentiometer

NONMEMBER AIEE

Synopsis: The questionable accuracy of
radio-frequency microvoltages has been of
great concern to the radio field for many
years. There is an urgent need for a simple,
yet reliable, source of microvolts for meas¬
urements in general and for radio receiver
sensitivity determinations in particular.
Extremely simple devices, which seem to
satisfy that need most adequately, were re¬
cently developed. They are sources of
potential drop obtained across a known
resistance through which known currents
flow.
These devices provide constant
voltage sources of accurate microvolts over
a range of 1 to 105 and wider, at all fre¬
quencies to 300 megacycles and higher.
They are adaptable for balanced as well as
for unbalanced sources. Their electrical
constants are simply determined by using
known direct voltages and currents. Basic
principles, design features, and applications
are discussed.

T

HE RADIO and electronics field has
been facing the problem of accuracy
of radio-frequency (r-f) microvoltages
since sensitivity of radio receivers came
into prominence as a competitive index
of performance. The reasons for the
continued existence of this problem are too
well known. There is no need to discuss
them other than perhaps to indicate the
major ones: namely, 1. the uncertainty
in voltage source and load (receiver input)
impedance values, 2. the uncertainty in
performance of attenuators over wide
frequency ranges and attenuations of up
to 100 decibels and in many cases of
higher values, and 3. the uncertainty in

referred to, for want of a better name, as
“Micropotentiometers,”1 are described
later.

the accuracy and stability of devices
monitoring the input voltages to the
attenuators.
Considerable progress was apparently
made as time went on, and a large sec¬
tion of the field has managed to attain
high accuracies despite these difficulties.
A recent poll of the field, instigated by
the National Bureau of Standards in
1951 to determine the urgency of this
problem, revealed the following status.
Of about 70 standard voltage-generator
manufacturing and applying laboratories
(six of them in United Kingdom and
France) about one-half believed they had
available 1 microvolt at frequencies to
1,000 megacycles with an absolute ac¬
curacy of 30 per cent or better. The
indicated accuracy was naturally better
at lower frequencies. The other half
was uncertain of their values in various
degrees, in many cases exceeding 100 and
in some 200 per cent. About one-half
of them desired absolute accuracies of
0.5 to 6 per cent for all frequencies to
1,000 megacycles; the rest desired ac¬
curacies of 50 per cent or better.
The critical need of reliable tools to
supply or measure microvolts accurately
was therefore still very much in evidence.
Devices apparently fulfilling this need
most satisfactorily were recently devel¬
oped. They seem to meet the most
persistently demanded feature of a stand¬
ard of microvolts, namely, extreme
simplicity and reliability. These devices,
634/1

Basic Requirements and Principle
Operation

In searching for a source of accurate
and reliable r-f microvolts the following
basic requirements seemed indispensable
or highly desirable:
1. The output voltages of the source had
to be known irrespective of loading condi¬
tions, that is, a constant voltage source was
necessary.
2. Freedom from frequency corrections was
essential at least over reasonable frequency
ranges.
3. A reliable, simple, and rugged physical
construction with a very minimum of com¬
ponent parts was most desirable.
4. The simplest and a very minimum of
calibration requirements were essential.
All of these requirements seem to be
satisfactorily achieved with the Micro¬
potentiometer. In basic principle it is a
source of potential drops obtained across
a known resistance through which known
currents flow. These resistances are of
the order of milliohms (for microvolt
levels), and therefore constitute an essen¬
tially zero source impedance (constant
voltage source) for all practical presentday needs. A cardinal requirement of
Paper 53-22, recommended by the AIEE Instru¬
ments and Measurements Committee and approved
by the AIEE Committee on Technical Operations
for presentation at the AIEE Winter General
Meeting, New York, N. Y., January 19-23, 1953.
Manuscript submitted August 29, 1952;
made
available for printing November 10, 1952.
Myron C. Selby is with the National
of Standards. Washington, D. C.
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Figure 1 (left). Equi¬

OUTPUT COAXIAL
TRANSMISSION LINE

INPUT COAXIAL
TRANSMISSION LINE

valent circuit diagram
of system employing
a

Micropotentiom¬
eter
TO SOURCE

Figure

2

(right).

Section

of

Micro¬

OF R-F
ENERGY

potentiometer show¬
ing

position

annular
a

of

element in

low

dielectric

coaxial line
OF THICKNESS

d (.l-l/a)
Let em, Mm,

this impedance, as previously implied,

and -qm designate re¬

was that its reactive component be negli¬

spectively the permittivity, permeability,

gible compared with its resistive com¬

conductivity, and intrinsic impedance of

ponent.

an infinite metallic medium.

This

suggested

the

annular

type of resistance element construction.
The equivalent circuit of the

and output circuits is that of a coaxial
line shunted by a conductive film in a
plane normal to the axis of the line, as
Figure

1.

A source of r-f

energy supplies current to the Micro¬
potentiometer

section

of

die

system

through a coaxial line and the voltage

input current 7i by

where

Ii

Vr =

w = 2wj

oi6ffl= 0.17

and the transfer impedance is

mhos per meter

as against

7

= 5.7X10?

Zq

vr

1
1
— cosh

mhos per meter

zT

L

product of the input line current entering
the annulus and the d-c resistance of the
annulus.
To show that this is true the transfer

^=(1 +J)\I~

medium is

<2)

The general

impedance

of

a

propagation medium is

treats the solid metallic disk (or annulus)
trinsic impedance corresponding to that
of theparticular metallic medium.

Under

or taking the first three terms of the ex¬

Vrn ~
Ztt

i
d2
7 d<
= Rm 1 —j-- T
352
90 54
The absolute value

1
Zo

in -=(i+i)
r2

(coAm)1/2
2<rm

of

(ID

the

transfer

impedance is therefore equal to the d-c
resistance of the annulus to better than
(3)

where r\ and r2 are respectively the large
and small radii of the conductors.
The d-c resistance of the annulus of
thickness d is

Rm = -

(4)

n2wd

and the depth of penetration is

(5)

field-theory approach2-3

as a section of a coaxial line with an in¬

(101

pansion4
characteristic

coaxial line with a solid conductor as a

4. The coaxial line terminating impedance
(that is, the receiver input impedance) is of
such a value that the impedances along the
line, beyond the film, remain fairly high,
that is, 1 ohm or higher.

for all practical purposes

Zm = Rm{l -\-j){d/b) csch [(l+j)d/S]

7m=(l+j)-W——

tions:

3. The diameter values of the coaxial lines
are very small compared with a wave length

(9)

In this application Zr»Rm, therefore

The propagation constant in the same

The

2. The bridging film has a finite high con¬
ductivity approaching that of silver, copper,
platinum, and so forth. Perfect contact is
assumed between the film and the coaxial
conductors.

(1+/)<*/«

(1)

1 2<rm

be considered under the following assump¬

1. The characteristic impedance of the
coaxial lines is of practical magnitude, for
example, any value between 20 and 200
ohms.

sinh [(1 +j)d/8]

1

~Fm

impedance of a thin conducting film placed
as already indicated (see Figure 2) will

<f|
1+j); +
sj

Therefore3

To a very good approxima¬

tion the output voltage V is simply the

(8)

— cosh 77+— sinh yd,

ZT

For copper at 1,000 megacycles

available across the annulus, is fed to the
output line.

the output voltage V of a line section
an impedance Z, is given in terms of the

OJ€m<^.<C(TTn

output V, from the Micropotentiometer,
receiver either directly or through an

Using well-known transmision line theory,
equivalent to the annulus terminated by

preceding assumptions

Micro¬

potentiometer together with the input

shown in

Under the

Therefore

Zo=(l-\-j)Rm -

(6)

5

the preceding assumptions the fields in
all the coaxial line sections are that of

and

the dominant transverse electromagnetic
(TEM) plane wave mode of propagation.

Ym=(l+7);

(7)

o
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Figure

3.

Radial

conductor

structure

proaching that of a solid annular ring

ap¬

Figure 4 (left). Inductance of a system
of tin (Sn) radial filaments short-circuit¬
ing the output end of a coaxial trans¬
mission line

Figure

6

(right.)

interchangeable
resistance
black

Cross

sections

of

Micropotentiometer

element

assemblies.

Solid

line indicates the metallic film,

part of which is the annular resistor
A.

Reversible unit using ceramic insul¬

ator.

(When used with resistance film

on the outside of the Micropotentio¬
meter

housing,

assured.

maximum

accuracy

is

When reversed, type N con¬
nector is applicable)

B.

1 per cent for d/5 < 0.5, and
|

VT\ =Ii\Zn\=I\Rm

(12)

That this is true can also be shown in a
simpler

but

less

rigorous

manner,

as

Unit using glass bushing as insulator

ble value of the ring inductance evaluated

inductance of all the elements in parallel,

by computing the effective inductance

or it may be considerably less than this

of the system of radial conductors. Figure

value because of the additional parallel

3 shows four of these radial conductors

elements not accounted for, which com¬

starting at the periphery of the center

plete the solid annular ring.

conductor and ending at the outer con¬

follows.
The input impedance Zm' of the line
section (Figure 1) having a metal as a
dielectric and

terminated

in an open

circuit or in an impedance Zr»Z0 is
Zo

tgh [(l+i)d/5l

(13)

radial elements and therefore have no
mutual

inductance

with

them.

For sufficiently small values of d/5

(14)

La^~

2irr

La'-\-Maa1)

(16)

(

The self-inductance of a square bar is5

The

La'

0.0021 log

is assumed far enough away to avoid any
influence on the radial elements.

therefore

Zm’=Rn

The coaxial

conductors are at right angles to the

return path for the current in the annulus

_ Rm(l+j)d/s

m — tgh ymd

ductor of a coaxial line.

Thus

d

2/
0.447c?

0.447d
2 _|/
microhenrys

Com¬

(17)

plete penetration of the current, that is,

where d = thickness of the square bar in

uniform current density in these elements

centimeters and / = its length in centi¬

is assumed at all frequencies.

meters.

Conse¬

quently all deductions based on low-

The mutual inductance between ele¬

Since for small values of d/5 the current

frequency analysis may be used at the

ments a and a\ will have a negative sign,

in the annulus is uniform over its thick¬

higher frequencies at which current den¬

because

ness to better than 1 per cent, the annulus

sity remains essentially uniform.

bucking, and is given by6

can be treated as a resistance element is

Each radial element has self-inductance

ordinarily treated at direct current, and

and mutual inductance with all the other

the voltage drop across it is simply the

elements.

product of its d-c resistance and h.

elements, for each element b on one side

As was already mentioned, the success

of a given element a there is another
element b\ located at an angular symmetry

requirement of negligible reactance in the

which will cancel the mutual effect of

annulus.

b with a.

Therefore all possible substan¬

tiating evidence was investigated both
analytically and experimentally.
In

applying

the

lumped-circuit

ap¬

proach, the top limiting value of the induc¬

Thus the effective inductance

where Lal is the self-inductance of ele¬

radial conductors of finite length and
thickness, all connected in parallel.

A

between element a and m located dia¬
metrically opposite a.
Let d be the thickness of the element,
and r be the radius of the inner coaxial

square cross section may be chosen for

conductor.

Then the total inductance

these conductors and a maximum possi¬

of the annulus, La, will be equal to the

(18)

Computations for a typical annular
milliohm, having

La = La' Mab~\- MaC-\- ■ ■ ■ + ^061 +
M ar, T ■ • • T-I/aa, = La' Alaa,

ment a and Maax is the mutual inductance

series

ring for resistances of the order of one

7 = 0.1 centimeter

(15)

in

log 2r — 2(/+2r) log (/+2r)]
microhenrys

d =2.5X 10-4 centimeters

tance of an annular conductor carrying
The annular ring can be looked upon as

connected

of a will be

radial currents was derived as follows.
consisting of a large number of equal

are

Maai = ~ 0.002 [(2/+2r) log (2/+2A+2-- X

Assuming an even number of

or failure of this device depended on the

they

r = 0.5 centimeter, result in
Z,a=0.45 millimicrohenry
Maa,=8 micromicrohenrys
La is0.035 micromicrohenry
The series reactance of this inductance
is about 22 microhms at 100 megacycles
which seems entirely negligible even at
considerably higher frequencies, it being
in quadrature with the resistive compo¬
nent.

The actual series inductive reac¬

tance may be much lower, as already
indicated, and seems still less important
VOLTMETER Vg

as the annular resistance is increased.
The

Rr> to vr
Figure 5.
R-F SOURCE

tion

of

Schematic representa¬
"coaxial"

type

potentiometer
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Micro¬

validity

approach

was

of

the

verified

lumped

circuit

experimentally

Equations similar to 16, 17, and 18 were
used

to

compute

the

inductances

of

symmetrical systems of radial tin (Sn)

ances desired to a given top frequency.

continuous contact with the outside and

foil filaments of a centimeter in length

One might call attention to the fact that

inside

and approximate width and

the resistance is a function of diameter

mechanically rugged and stable.

ratios and not of diameter values.

requirements are of the ordinary variety

thickness

of 0.11 centimeter and 10 microns re¬

Thus

conductors

and

must

remain
Other

spectively, shorting the output end of a

annular resistances of a fraction of a

which can be readily met.

slotted measuring transmission line.

The

milliohm to 1 ohm and even higher may

requirements concerns the proximity of

inductances were measured at 200 and

be used over very wide frequency ranges.

the current monitoring element to the

The voltage range of a given resistance

annulus and is not critical because there

400

megacycles.

Figure

4

shows

a

One of these

fairly good agreement between computed

element is clearly a function of the power

is a current loop at the annulus;

and measured values of inductances of

it can dissipate in a particular physical

current falls off as a cosine function with
distance

However, the power levels

the

these conductors, with a tendency of the

arrangement.

measured values to diminish somewhat

in question are generally of such a low

faster than the computed, with increas¬

level and the annular films are in such

to equalize the current distribution along

ing number of filaments.

close proximity to large and efficient heat

heaters of thermoelements as well, and

towards

the

(or r-f power source).

current monitor
This feature tends

The only conclusive experimental evi¬

conductors that the voltage range of a

thus extends the frequency range.

dence verifying the preceding analytical

Micropotentiometer with a given resist¬

example, a distance of 2 centimeters from

predictions was obtained by comparing

ance element seems limited at the pres¬

the resistive film to the current indicator

voltage drops across annular elements

ent

may cause a

with those of a voltage standardization

elements rather than by power dissipa¬

megacycles.

tion of the resistance films.

rent monitors this question seems of no

bolometer bridge.7

These results will be

time by

the

current

monitoring
No appre¬

1-per-cent
With

error at

For

300

thermistors as cur¬

Some further support¬

ciable resistance changes were observed

consequence, even over the entire ultra¬

ing evidence was found in the apparent

on 1- to 10-milliohm silver elements for

high-frequency

failure to detect inductance in shorting

currents up to an ampere.

beads having diameters of 15 mils can be

discussed later.

disks

of precision slotted transmission

Any means to indicate current accu¬

lines.

None seemed to have been re¬

rately and independently of frequency are

placed right at the annulus.
Another noncritical requirement con¬

of slotted lines, resonance lines, nor in

provided they can be physically located

connector of

coaxial resonant cavities.

However the

in such a manner that the same current is

This connector may be considered an

impedance values here under considera¬

passing through the annular resistor as

integral part of the feeder supplying the

tion require a precision of measurement

through the current monitor.

of

dition becomes more difficult to fulfill

any other monitor.

as

However,

annular resistance film should be placed

cision was hardly available to anyone to

the fact that the annular resistances are

in the output plane of the Micropotenti¬

date.

very low renders the application of con¬

ometer and the connectors to the monitor

ventional

and to the equipment being calibrated

of

the

order of a micron or better; such a pre¬

Ranges

of

Voltage

and

Frequency

The general conclusion that can be
drawn from the preceding is that annular
resistance elements of the type described
can be used without frequency corrections
over the entire ultrahigh-frequency range
and higher, and indeed up to the fre¬
quency for which the metal-film

thick¬

ness required is insufficient to maintain a
homogeneous, continous metallic medium.
This limit (about 0.05 of a micron) indi¬
cates that the top frequency of the Micro¬
potentiometer

application

is

dictated

by the current indicators and higher
modes of propagation rather than by the
resistance elements.
At any frequency the resistance of the
annulus will remain the same as at direct
current to within 1 per cent or better as

frequency

is

r-f

Micropotentiometers

thermistor

usable

displacements

the

since

ported in the past anywhere in the field

voltage-node

with

range

increased.

current

This con¬

indicators

con¬

cerns the length of the output coaxial

in

tion with high resistance elements.

Thus

should

thermoelements

were

case this cannot be done, then the annular

and

thermistors

terms

of

be

the

Micropotentiometers

mechanically

matched.

In

successfully used, as will be shown later,

resistance film should be placed as close

and other bolometer type and thermo¬

as possible to the output plane.

electric elements are applicable for fre¬

accuracy will then depend on the length

The

quencies approaching 1,000 megacycles

of

and perhaps higher.

and the input impedance to the monitor¬

The low limit of the voltage range is
controlled

by

the

smallest

practical

the

Micropotentiometer

ing feeder.

connectors

To be more specific,

the

output of the Micropotentiometer may be

diameter ratios of the annular elements,

affected in two ways.

by

the conductivity of the materials,

actual increase of the shunt admittance

The first is the

by the accuracy with which low d-c resist¬

across the annulus; since the resistance

ance values can be determined as well

of the latter is very low the probability

as by the accuracy with which low cur¬

of trouble from this cause is remote.

rent

For

The second is the transformation action

frequencies up to the very-high-frequency

of the short connector from the resistance

values

can

be

measured.

range the low limit to date seemed of the

film to the physical output plane which

order of 0.1 of a microvolt;

may contribute an error of several per

for higher

cent in the

film does not exceed one-half the depth

depending

of penetration at that frequency for a

pedance.

If the film thickness is equal to the full

For best results the

siderably less critical than in their applica¬

frequencies it was of the order of 1 micro¬

thick conductor of the same material.

Micropotentiometers.

standardizing voltage to a receiver or

volt.

long as the thickness of the conductive

the

ultrahigh-frequency range,
on

the

monitor-feeder

impedance is infinite,

General Design Features

In designing assemblies of components

im¬

In the extreme case, if that

cosinusoidal

reduction

there will be a
of

the

voltage

depth of penetration, there may be an

and

Micropotentiometers

along the short connector as one travels

error of about 3 per cent in the r-f output

only one somewhat critical requirement

from the output plane towards the annular

voltage.

has to be fulfilled.

It is necessary to select mate¬

housing

of

The resistance films

film;

for example, at 300 megacycles a

rials of proper conductivity and choose

comprising the annular elements

and

connector 1.5 centimeters in length will

annular diameters of proper ratios and

having various thicknesses down to a

have a voltage about 1 per cent higher

practical values to obtain various resist¬

micron and lower have to be in perfect

at the output plane as compared with
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Figure 7 (left).

Cross

section of interchange¬
able

Micropotentiom¬

eter resistance element
assembly.

Solid black

line indicates resistance
ring

clamped

between

electrodes

Figure 9 (right).

Micro¬

potentiometer employ¬
ing a thermoelement as

the

standardizing

annulus.

voltage

across

the

a current indicator

SSaBS&lSSSSi

As the monitoring-feeder input

impedance decreases, this error will be
reduced and will be zero when this im¬
pedance is equal to the characteristic

applications as well as to unbalanced.

couples require either r-f chokes or d-c

impedance of the connector.

Since development work, so far, has been

blocking condensers, and in some cases,

limited to unbalanced requirements, only

both.

One might point out here a practical
advantage of these devices for universal

One type, radically departing from the

the latter are discussed here.

standardization purposes. A known resis¬

The only other classification of these

tor of reliable r-f characteristics may be

devices as to general type, aside from the

features, is a Micropotentiometer using a

used as the coaxial center conductor of

preceding, is based on current measuring

reliable voltmeter instead of a current

the output terminal.

This would form a

methods.

indicator.

well-defined

reproducible

cal

readily

im¬

These affect the basic physi¬

structure of the units.

All units

preceding

tion

and

having

some

desirable

Figure 5 shows this modifica¬

schematically.

R-f power is fed

pedance of the source of standardizing

using thermoelements may be essentially

into a section of an air or solid dielectric

r-f voltages when reliable voltage genera¬

of the same construction and may have

coaxial transmission line having negli¬

tors

interchangeable

gible losses.

are

with

given

required.

output

impedances

Conventional

standard

annular

indicating elements

to

and

current

cover a wider

“dummy antennas” may of course be

voltage range.

used instead,

elements preferably should be used.

with full certainty

that

Insulated-type thermo¬
In

line measures the input voltage.

the source impedance in this case is that

this

the thermocouple output terminals in

of

one-half

addition to r-f input and output ter¬

at

the

minals.

Then,

Types of Micropotentiometers

The basic principle of the Micropoten¬
tiometers lends itself to balanced circuit

the structure requires

On the other hand, types em¬

ploying bolometers
mistors)

only

or

(for example ther¬

directly

heated

thermo¬

The

output end of the line is terminated in a

of the dummy antenna only.

type

A calibrated vacuum-tube

voltmeter connected at the input to the

solid metallic disk containing an annulus
the

highest

penetration
frequency

to a very

of

thickness
interest.

good approximation

Vs = ItZq sin 6ol

(19)

and

Vr = IrRr = Ve Rvl esc 0J
= VsKt esc Kif

(20)

where

Figure 8.

Micropotentiometer

interchangeable resistance as¬
semblies

A, B. Units using glass or
ceramic bushings and evapo¬
rated and plated or fired-on
films
C. Unit using clamped car¬
bon disk
638/5

7? = the resistance of the annulus, ohms
VT and Fs = the output and input voltages
respectively, volts
Ir = the current in the short circuit, amperes
Zo = the characteristic impedance of the line,
ohms
X0 = the wave length in the line, meters
/3o = 2ir/X0 = phase constant of the line
/ = length of the line in meters
/= frequency in cycles per second
Since Ki and K2 are both constants

for a given air or solid dielectric line,

(depositedon bakelite) disks were clamped

one can compute and plot Vr versus fre¬

in a solid coaxial assembly; silver painted

quency for Vs = 1 volt to facilitate the

rings were used as conducting electrodes

determination of Vr over wide frequency

for the disk at the clamped surfaces.

and voltage ranges.

A further simplifi¬

One modification of the low resistance

cation is obtained by using check fre¬

elements made use of commercial Kovar-

quencies for which the line length is an

glass sealed' terminals; metallic films fired

odd multiple of X0/4, in which case

on, or evaporated and plated over one
side of the terminals formed the resist¬

Vr=^Vs

(21)

ance elements; the terminals were then
soldered

into

an

appropriate housing.

vary the internal impedance of these sources
for various requirements with a high degree
of certainty in the values of this impedance.
A compact assembly incorporating an
oscillator and Micropotentiometer may be
constructed as a standard voltage (signal)
generator.
3. Calibration of attenuators directly in
terms of voltage ratios.
4. Determination of performance of cur¬
rent indicators, such as of various types of
thermoelements.

F,v = 0.1

Once a Micropotentiometer is assem¬

volt and interchangeable Rr elements of

bled, all that is necessary in order to deter¬

5. Determination of output impedances of
r-f sources.
Resistance elements of the
Micropotentiometers may be used to shortcircuit the output of a source; the voltage
output of these elements is then a measure
of the short-circuited current of the source
and consequently of its internal impedance.

0.5 to 100 milliohms, one can obtain Vr

mine its voltage output is to measure the

6.

values of 1 to 200 microvolts.

d-c resistance of the annular film and to

It can be shown that equation 21 holds

Figures 6, 7, and 8 show cross-sectional

for any value of Rr, thus a wide range of

and photographic views of these elements

voltages is available at the output of

and Figure 9 shows an assembled unit

this

employing a thermoelement.

type

of

example,

Micropotentiometer;

with

Z0 = 50

ohms,

for

calibrate the current indicating element

Practical Micropotentiometers and
Verification of Performance

on direct current.

However, in the up-to-

date stages of this development, it was
necessary to verify the results in terms

The ideal Micropotentiometer should
have a construction whereby the annular

of

other

independent

frequencies.

methods

Reliability

of

new

at

all

units

resistance element constitutes an inte¬

can, of course, in the future be checked

gral part of the inner or outer surface of

against older units with little difficulty.

the relatively heavy metallic enclosure.

Agreement tests were conducted against

There are numerous ways to approach

the

voltage

standardizing

bolometer

this ideal and many of them were tried

bridge, mentioned previously7 and pre¬

with various degrees of success.

Details

cision wave guide below cutoff attenua¬

of construction and fabrication processes

tors. These tests indicated agreement well

are beyond the scope of this discussion.

within over-all experimental errors, that

However,

satisfactory

is ± 1 per cent to about 50 megacycles and

methods will be indicated on the basis of

± 3 per cent to 300 megacycles. Measure¬

up-to-date

three

different

resistance

ments at higher frequencies have been

elements, of the order of 0.2 to several

conducted so far only on the clamped 1-

hundred

ohm units and resulted in agreements of

experience.
milliohms,

in one of two ways.

Low

were

constructed

First, ceramic or

± 5 per cent to 900 megacycles.

glass cylinders were sealed as insulators
between the two concentric conductors.
gold)

were fired on

7. Applications where voltages in the
microvolt range are desired without the
usual Johnson noise of higher impedance
sources present.

8.

Applications where constant voltage
sources are required, for example for Qmeasurement circuitry.

9. Applications where a single device to
cover the entire frequency range from zero
to 300 megacycles and higher is essential.
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Discussion
Donald M. Hill (Boonton Radio Corpora¬
tion, Boonton, N. J.): The micropotenti-

ometer appears to be a worth-while contri¬
bution. Some time after the micropotenti¬
ometer was announced we had an applica¬
tion for it as the coupling impedance in a
Q meter. After conferring with Mr. Selby
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concerning the methods of construction, we
constructed a number of the resistors by
firing a platinum-gold alloy on ceramic discs.
These were tested over the frequency range
from zero to 50 megacycles and found to be

suitably free of inductance.
The temperature coefficient of the com¬
bination of an annular resistor and a thermo¬
couple was found to be 0.11 per cent per
degree centigrade
One point which has perhaps not been
sufficiently emphasized by Mr. Selby is that
in order for the inductance to be negligibly
low the resistive film must have complete
axial symmetry.
Until a manufacturing

method can be devised which insures perfect
symmetry, it will be necessary to test each
resistor individually.

Myron C. Selby: The author wishes to
thank Dr. Hill for his encouraging discus¬
sion. One can hardly question Dr. Hill’s
emphasis of the axial symmetry of the re¬
sistive film because it is a basic requirement
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of this development. Unfortunately we at
the National Bureau of Standards have had
no opportunity as yet to correlate degree of
departure from symmetry with accuracy.
Annular elements of superior symmetry
were fabricated by means of evaporation
and plating. However, there was no evi¬
dence to date that this fabrication resulted
in units of higher average accuracy com¬
pared with others.
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Development

of Very-High-Frequency Field-Intensity
Standards*
By Frank M. Greene and Max Solow

A description is given of the development of two very-high-frequency field-intensity
standards, which are being used at this Bureau for the calibration of commercial fieldintensity sets in the range 30 to 300 megacycles.

These standards are employed to establish

known values of field intensity by either of two methods: (a) the standard-antenna method
in which the open-circuit voltage at the center of a receiving dipole is measured directly; (b)
the standard-field method in which the current at the center of a transmitting dipole is
accurately known.

The techniques used for determining the antenna current and voltage

are described.
The current distribution on the antenna is determined theoretically, using Schelkunoff’s
method, which gives the effective length.

These values are compared with those obtained

by measurement.
Results of field tests at 100 megacycles are presented in which the above two methods
were directly mtercompared using horizontal polarization.

Their accuracy and limitations

are discussed.

I. Introduction
For a number of years the National Bureau of
Standards lias maintained among its other public
services, the calibration of commercial field-inten¬
sity meters. These instruments are largely used
by engineering consultants and broadcast engi¬
neers, in order to determine a radio station’s
antenna efficiency and coverage area, acceptable
values of which are specified by the Federal
Communications Commission.
The frequency
range of this calibration service has in the past
extended to approximately 30 Me and is main¬
tained by the Bureau’s Central Radio Propagation
Laboratory.
More recently, as a result of the greatly increased
use of the very-high-frequency (VHF) band (30
to 300 Me) for frequency-modulation and tele¬
vision broadcasting and other communication pur¬
poses, the Central Radio Propagation Laboratory
has undertaken to extend the frequency range of
this calibration service to include these frequencies.

This necessitated the development of accurate
field-intensity standards for calibration purposes.
Such standards are usually employed to determine
a value of field intensity in terms of either a known
voltage or current in an antenna, together with
certain geometrical relationships involved, such as
the antenna length, distance of separation, etc.
The standards developed are similar in principle
to those already in use at the lower frequencies.
However, it was necessary to modify the tech¬
niques employed for the measurement of antenna
current and voltage as well as the over-all tech¬
nique in the use of the standards in order to adapt
them to use at the higher frequencies.
In many instances the accuracy with which the
value of a physical quantity may be determined
increases with the simplicity of the method used
to make the determination. Such measurements
usually involve a theoretical calculation, or an
experimental observation, or both. In establishing
the field-intensity standards discussed herein, the
methods adopted for current and voltage measure-

*A summary of this paper was presented at the joint meeting of the Inter ational Scientific Radio Union and the Institute of Radio Engineers at Washington, D. C , on May 2. 1949.
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mcnt were purposely made as . elementary as
possible for this reason. It is believed that this
enables the achievement of the maximum accuracy"
possible or practicable at the present time. This
of necessity results in some limitation of the range
of measurement and flexibility of use, but the
premium paid results in increased accuracy.
The standards or methods used to establish
accurately known values of YHF field-intensity
are (a) the standard-antenna method and (b) the
standard-field method.
It is the purpose of this paper to describe two
such experimental standards in some detail, the
techniques involved for measuring the antenna
voltage or current, as well as the propagation
tests made to intercompare the field-intensity
values obtained by both methods. The accuracy
and limitations of the two methods are also
discussed.
This work done by the authors represents one
phase of a program for the development of accurate
VIIF field-intensity calibration standards. Al¬
though these standards were developed to cover
the entire VHF band, the initial propagation
tests described herein were made at a frequency
of 100 Me, using horizontal polarization only;
and the standard antennas were horizontal half¬
wave self-resonant dipoles in all cases.
No claims are made as to the originality of the
individual methods or techniques used, as most
of these have been reported elsewhere. However,
the standards discussed here arc novel at least
in their simplicity and in the accuracy obtainable.
Practical rationalized inks units are used through¬
out this paper.

II. Standard-Antenna Method
1. Relation Between Field-Intensity and Induced
Voltage
The magnitude of the electric component of
VHF field-intensity existing at a given point in
space may be determined in terms of the voltage,
Voc, induced in a standard receiving dipole immersed
in the field, together with the antenna geometry.
It will be assumed in the following that the
antenna is a horizontal half-wave dipole oriented
for maximum response, and that the voltage is
referred to the center terminals. In case the
antenna is not open-circuited, the voltage meas¬
ured, VL, is of course not the induced voltage

but is related to it by the voltage-transfer ratio,

_\VL\_\

ZL

\

"-iKrfcw

(1)

where ZL is the load impedance, in ohms, connected
to the antenna terminals, and ZA the antenna
input impedance in ohms.
The magnitude of the electric component of
field-intensity (in volts per meter) is related to
the induced voltage by

|ei=V‘.

(2)

lH

where lH is the effective length of the antenna in
meters.1
2. Effective Length of the Antenna
Assuming a sinusoidal current distribution on
the antenna, the effective length (in meters) is

Ih—~

tan

(3)

where X is the wavelength in meters, and
antenna half-length in meters.
For a half-wave dipole
(in meters) reduces to

l the

the effective length

As is known, the current distribution on an
antenna is not exactly sinusoidal except for an
infinitely thin filament. For cylindrical antennas
of radius a and half-length l, the departure from
a sinusoidal distribution becomes progressively
greater as the ratio 2l/a decreases (i. e., as the
antenna gets fatter).
An approximate solution for the free-space cur¬
rent distribution on a cylindrical transmitting
antenna 2 has been obtained by Schelkunoff [1] 3
among others, and is given by the sum of cq 34
and 35 in the appendix. The relative distribution
1 It Is assumed here (and our results seem to indicate) that the relative
current distribution and hence the effective length is not (to a first approxi¬
mation) a function of either the height of the antenna above the ground or
the terminating impedance, Zi„
2 How this is handled in the case of the receiving antenna has not been made
too clear in the literature, but the difference between the two cases is appar¬
ently small for moderately thin antennas. The reader is referred, for instance,
to J. C. Slater, Microwave transmission, pp. 219 to 230 (McGraw-Hill Book
Co., Inc., New York, N. Y., 1942).
Figures in brackets indicate the literature references at the end of this
paper.

2
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at the end of the antenna, r/l—1.0. The contri¬
bution from the neglected terms in this series is
appreciable only near the ends of the antenna, so
that this approximation does not appreciably
affect our results here.
The effective length of the antenna (in meters)
may be determined from the relative current
distribution by the relation

la^f- i

I
Figure 1.

Theoretical free-space relative current distribu¬

tions on a cylindrical half-wave dipole as determined from
Schelkunoff’s analysis.
The relative current 7(r)//(0) is shown versus the fractional half-length r// for
several values of the average characteristic impedance, JTo>=120[log.(2//a)—1],
as determined from the sum of eq. 34 and 35 in the appendix.

is a function of both the phase length 2/3f, and
the ratio 2Z/a, and may be represented by

W)=m,K°)’

m
[7(b)

dr

(6)

The magnitude of the sum of eq 34 and 35 may
be substituted in eq 6 and the integration per¬
formed either mathematically or mechanically.
We preferred the latter as being less involved.
In this manner a number of values of effective
length, lH, were determined for various values of
the average characteristic impedance, K0, between
400 and 1,200 ohms. The percentage increase in
lH over that of an infinitely thin filament, K0= 00,
is shown versus K0 in figure 2 for half-wave
dipoles.4
The agreement between calculated and observed
values of lH for the antenna used will be discussed
in section IV.

(5)

where

I(r) = current in amperes at a distance r
meters from the center of the antenna
7(0) = current in amperes at the center of the
antenna (r=0)

age characteristic impedance
the half-length l
P=2ir!\.

over

The relative current distributions as determined
from the magnitude of the sum of eq 34 and 35
are shown in figure 1 for half-wave dipoles for
several values of K0. Because of the increasing
complexity of the higher order Bessel functions
in the infinite series of eq 35, only the first two
terms of this series were evaluated. This ac¬
counts for the fact that the current as shown in
figure 1 does not reduce quite to zero as it should
Field-Intensity Standards

K0,OHMS

Figure

2.

Percentage

increase

in

effective

length

of a

cylindrical half-wave dipole (over that of an infinitely thin
filament) versus the average characteristic impedance, K0,
as determined by substituting the sum of eq 34 and 35 in 6.
4 The percentage increase in In for the case of thin self-resonant dipple
antennas was found to be very nearly the same as that for full half-wave
dipoles for the values of A'« usually encountered.
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In order to operate a lialf-wave dipole at selfresonance it is necessary, as is known, to shorten
its length somewhat from a full lialf-wavelength.
Schelkunoff [2] and King [3] have obtained inde¬
pendent approximate solutions yielding the re¬
quired shortening for self-resonant operation of
thin cylindrical antennas. Although obtained by
radically different methods, the value of the
required shortening as determined from Sclielkunoff’s solution is in substantial agreement with
that obtained from King’s second-order solution,
and is given by

4/

,

x

1

X

where Si(x)

=

j

60/Si (2tt)
TT

7tA0

,

1

27.08
TS'

A0

(sin t/t)dt and Si(2ir)

1

=

\

0

1.41815.

o
Values of the percentage shortening determined
from eq 7 are shown versus the average character¬
istic impedance of the antenna K0, in figure 3.
400

600

800

0

3. Antenna Voltmeter

K

The standard receiving antenna used was a self¬
resonant (half-wave) dipole shortened approxi¬
mately 4 percent from a full half-wavelength (J=
100.0 Me) (as determined from fig. 3) to make it
self-resonant. Dural tubing
in. in diameter
was used, giving a ratio 2 l/a^600, and an average
characteristic impedance A0=120 [loge(2Z/a) — 1]
^650 ohms. The induced voltage referred to the
center terminals of the antenna was measured
directly by means of a relatively high-impedance
balanced voltmeter connected across the gap at
the center. In this manner the necessity for a
separate measurement of the antenna input im¬
pedance was eliminated, which greatly simplified,
the problem. The voltmeter consisted of a modi¬
fied type 1N28 silicon-crystal rectifier built into
the gap as shown in figure 4. The crystal output
was filtered by means of a balanced resistancecapacitance network, and the d-c output voltage
was measured directly against a standard cell on
a special precision slide-wire potentiometer. The
central portion of an experimental receiving
antenna assembly minus the antenna rods is
shown in figure 5. The input impedance of the
resistance-capacitance filter was approximately
10,000 ohms in shunt with 0.05 ppi.
Highfrequency resistors were employed, which were
available commercially.

Figure 3.

dipole

1000

1200

, OHMS

Percentage shortening of a cylindrical half-wcn c

required

for

self-resonant

operation

versus

the

average characteristic impedance, Ko, as determined from
cq 7.

The effective shunt capacity of the crystal
diode was less than 0.75 ppi. However, since the
resulting reactance of some 2,000 ohms was in
quadrature with the radiation resistance of the
antenna, the resulting shunting error from this
source was a small fraction of 1 percent.
In selecting the crystal rectifier it was necessary
to consider both its r-f (input) resistance and its

A

B

a:
c

Figure 4.

Method used to mount the type 1N28 silicon

crystal rectifier in the gap at the center of the half-wave
standard receiving antenna.
A, Western Electric 1X28 silicon crystal rectifier; B, 1X28 as modified; C,
modified 1X28 as mounted in the antenna gap.
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Figure 5.

View of the central portion of an experimental

standard receiving antenna minus the antenna rods showing
the crystal rectifier and resistance-capacity filter network.
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where Ac = a small change in the d-c balancing
voltage of the slidewire potentiometer and Ai=
the resulting change in the d-c current in the
output circuit. If Ae is kept smaller than about
5 mv, when measuring Ri, either a positive or a
negative value of Ae will result in very nearly the
same value of Rt.

/

(internal) d-c-output resistance.
Both are a
function of the applied r-f-voltage level, decreasing
with increasing level, although not necessarily at
the same rate.
In order to limit the shunting caused by the
presence of the crystal voltmeter in determining
the open-circuit antenna voltage, it was necessary
to select a crystal having as high a value of r-f
resistance as possible.
On the other hand, to
maintain as high a sensitivity as possible in
measuring the d-c-output voltage of the crystal,
it was necessary to select a crystal with a relatively
low value of d-c-output resistance.
A satisfactory compromise was obtained by
selecting a crystal having an r-f resistance between
8,000 and 10,000 ohms when measured at an r-f
level of 0.1 v and self-biased. This resulted in a
shunting error of less than 2 percent in determin¬
ing the induced antenna voltage. It was found in
general that the type 1X28 crystals came closest
to meeting these requirements.
The variation of both the r-f resistance and the
d-c-output resistance versus applied r-f voltage at
100 Me is shown in figure 6 for the 1X28 crystal
selected when operated self-biased. These crystal
characteristics are not representative of the 1X28

crystals in general, as it was possible to find many
with considerably higher or lower values of r-f
and d-c resistance than the values shown. The
variation among other crystals of types 1N21 to
1X27 was found to be even greater.
The r-f input resistance of the 1X28 crystal was
measured by a resistance-variation method [4]
using several high-frequency resistors having
widely separated values as cross checks in deter¬
mining each value of crystal resistance.
The
crystal was connected in series with a 200-g.pi de¬
blocking condenser across an antiresonant circuit
during these measurements. The d-c-output volt¬
age acting as self-bias on the crystal was developed
across this condenser.
The d-c-output resistance of the crystal is the
equivalent internal dynamic source resistance of
the d-c-output circuit. This is sometimes referred
to as the d-c, or video, impedance [5] and may be
defined (in ohms) as
Ae
Ri =
(8)
Ax’
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Variation of the r-f input resistance and dynamic

d-c output resistance as a function of the applied r-f
voltage level for a selected type IN28 silicon crystal rectifier.
The measurements were made at 100 Me with full self d-c bias applied to
the crystal. These curves are not representative of the type 1N28 crystals in
general. O, d-c output resistance; #, r-f resistance.
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The cl-c output resistance of the crystal was
determined in this manner for a number of r-f
voltage levels. The crystal was removed from the
antenna and placed in a coaxial mount fed by a
25-ohm r-f source. The d-c output voltage was
measured across a 200- nfjf blocking condenser in
the ground-return circuit.
As the d-c output voltage of the crystal was
measured on a precision slidewire potentiometer,
it is necessary to define the sensitivity of this
instrument. This determined the useful range
of d-c output voltages that could be measured, and
hence the resulting range of applied r-f voltages
that could be determined.
The voltage sensitivity of the potentiometer (in

range of r-f input voltage to the crystal of roughly
0.02 to 1.0 v as will be shown.
The silicon crystal voltmeter was calibrated
in terms of a standard voltmeter. One type
used at 100 Me comprised a quarter-wavelength
balanced transmission line of accurately known
characteristic impedance terminated in a pre¬
viously calibrated VHF vacuum thermocouple.5
As is known, the magnitude of the transfer im¬
pedance of a quarter-wave length uniform lowloss transmission line is equal to its characteristic
impedance [6], i. e.,

volts) is

where

Ae~RAi

(9)

where
Ac = smallest change in the balancing voltage
that can be set on the slidewire dial of
the potentiometer.
Ai=smallest unbalance current readable on
the galvanometer.
R= total series d-c resistance of the measur¬
ing circuit and crystal.
The potentiometer used in these experiments
was a commercially available portable type, weigh¬
ing approximately 15 lb. It housed a standard
cell, dry cells for comparison purposes, and a
sensitive light-beam galvanometer, together with
the slidewire dial and standard resistors all in a
portable carrying case. The instrument had a
useful measuring range of 0.5 to 161 mv. Other
instruments were available having a range up
to 1.6 v.
The most sensitive portable light-beam galva¬
nometer available was used for measuring the out¬
put voltage of the crystal. Its sensitivity was
approximately 0.03 ^a per scale division (1 mm).
Assuming that one could detect a change of cur¬
rent, Ai, of 0.1 division, and that the total series
d-c resistance of the crystal, filter, and potenti¬
ometer was approximately 20,000 ohms, the volt¬
age sensitivity was Ae — RAi=2'X 104X3X 10-9 =
60X10-6 v. Thus, neglecting the other errors in
the instrument, which were small, d-c output
voltages of the crystal could be determined to an
accuracy of better than 2 percent from something
less than 3 mv to over 1 v (the safe upper voltage
limit of the crystal). This corresponded to a

Z7

\Yi

\Ir

. 7
■ '-'Ot

(10)

T(s=sending-end voltage
/«=receiving-end current
Z0=characteristic impedance.
Thus the sending-end voltage may be determined
in terms of the receiving-end current and the
characteristic impedance of the transmission line.
This relationship is independent of the magnitude
or phase-angle of the terminating impedance (in
this case the heater of the VHF vacuum thermo¬
couple) . The line losses involved were found to be
small enough so as not to appreciably affect the
results.
The frequency error of the thermocouple was
determined in terms of small bead-type thermistors
used as current standards. These are known to
maintain their d-c value of resistance up to
frequencies well above the VHF band when biased
to low values of resistance. The circuit used
to determine the frequency error is shown in figure
7. The bridge circuit measured the d-c resistance
of the series combination of the thermistors and
thermocouple heater biased with either d-c or
r-f current. A measure of the r-f current was
thus provided in terms of a known d-c current.
A negligibly small d-c measuring current was used
in the presence of the r-f current so as not to
appreciably alter the thermistor resistance. Two
matched thermistors were used to preserve the
symmetry, as the frequency correction of the
thermocouple will in general be considerably
different if used in an unbalanced circuit.
The desired value of direct current was first
established in the thermocouple heater. Resist5 The VHF thermocouple referred to herein has a separate heater insulated
from the couple by means of a small glass bead.
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Probably one of the most accurate methods
of determining the characteristic impedance of the
balanced low-loss transmission line used in this
voltage standard is from the relation

Zo=y^c”

(11)

where
Z0=characteristic impedance in ohms,

Vp=velocity of propagation in meters per
second, and

C—mutual capacity between conductors in
farads per meter.

merits when used in a balanced circuit arrangement.
L=^Mh; C^200wf(f=100Mc).

ance Rs was then adjusted to balance the bridge,
at the same time maintaining the value of current
by readjusting the battery voltage if necessary.
After measuring the d-c. voltage output of the
themocouple, the direct current was reduced in
value to 5 percent or less. The r-f voltage of
desired frequency was then applied, adjusted in
value until the bridge was rebalanced, and the
d-c voltage output of the thermocouple measured.
The r-f voltage was then removed and the value
of direct current determined to reproduce this
value of thermocouple output. The frequency
correction was obtained from the two values of
direct current. With sufficient sensitivity in the
bridge and associated controls, it was found
possible to reproduce these frequency corrections
to a small fraction of a percent.
Generally speaking, for a given accuracy, a
current standard is somewhat easier to provide
at these frequencies than is a voltage standard.
Fortunately, the relation given by eq 10 enables
one to provide an r-f voltage standard having an
accuracy approximating that of the current
standard used. The difficulty, however, in this
case is in the restricted frequency range over which
the standard may be used. Normally a contin¬
uous voltage calibration is not required over the
frequency range of the standard antenna. A
number of individual calibrations spaced at fre¬
quency intervals of approximately 25 or 50 percent
over the desired range is usually sufficient when
the response is broadband.
Field-Intensity Standards

The type of transmission line used was com¬
mercially available unshielded twin-lead having
a nominal characteristic impedance of 75 ohms.
The velocity of propagation was determined to
an accuracy of better than 0.25 percent at 100 Me
by measuring the resonant frequency of a half¬
wavelength section of line short circuited at
both ends. The length of the short circuit used
was such as to introduce a negligible error in the
measurement. The calculated effect of the line
loss on the velocity of propagation was also found
to be negligible. The balanced mutual capacity,
C, per unit length was determined on a special
precision Schering bridge at a frequency of 1,000
cycles to the same order of accuracy. There is
no reason to suspect that the capacity per unit
length should change with frequency, at least up to
frequencies of several hundred megacycles. Thus
the characteristic impedance was probably deter¬
mined to better than 0.5 percent. The charac¬
teristic impedance of a number of samples 1 m
in length cut from the same piece of twin-lead
varied less than ±0.1 percent from the average
value of the lot. This would seem to indicate
the exceedingly small departure from uniformity
existing within a given sample of the line. The
average value of Z0 for the lengths measured was
83.0 ohms. The variations between samples of
different production-runs of twin-lead was quite
large, being as high as 10 to 15 percent, as might
be expected. The aging of the twin-lead seems to
be negligible if not exposed to the weather or
undue stress. This was indicated by having a
value of the velocity of propagation of a particular
sample repeat to within 0.1 percent after several
months.
647/533

Another type of balanced voltage standard
used consisted simply of a sensitive thermocouple
previously calibrated in a manner similar to that
already described and shown in figure 7. How¬
ever, in this case a single thermistor was used in
shunt with the thermocouple heater. A 1,000ppi ceramic disk condenser was used in series with
each thermocouple heater lead to provide dc
isolation and preserve the symmetry. The
leads were kept as short as physically possible

(% in. in most cases).
The voltage standards described above were
used at only one voltage level (approximately
1 v), that corresponding to the rated current
through the terminating thermocouple. The volt¬
age range was extended downward by means of a
precision piston (mutual inductance) attenuator
[6a] having an accuracy better than 0.1 db (ap¬
proximately 1.0%) over a range of 60 db. The
total rms harmonic content of the r-f generator
output was less than 1 percent, so that any result¬
ing error in the voltage standard from this cause
was negligible. Pi matching networks were used
in both the input and output circuits of the stand¬
ard attenuator to decrease the insertion loss.
Figure 8 is a block diagram showing the
equipment and its arrangement for one of the
methods used to calibrate the balanced crystal
voltmeter. The antenna rods were removed dur¬
ing calibration. A broadband balun [7] was used
to transform from the unbalanced output of the
standard attenuator to the balanced circuit of

Figure 9.

Typical calibration curves of the crystal volt¬

meter, showing the variation in d-c output voltage versus
applied r-f voltage for the circuit shown.
Calibrations “A” and “B” were made 2 days apart at approximately the
same ambient temperature.
, Calibration A; O, calibration B. /-100 Me.

Figure 8.

Diagram showing the equipment and method

used to calibrate the balanced crystal voltmeter used in the
standard receiving antenna.

the antenna and voltmeter. The “Pi” matching
networks are not shown. Two 200 -p pi d-c
blocking condensers were used to prevent shortcircuiting the d-c output of the antenna crystal.
Typical calibration curves of the antenna volt¬
meter made at 100 Me are shown in figure 9. The
usable range of r-f input voltage was from 0.02 to
1.0 v and the probably accuracy about ±2 per¬
cent over most of the range. The solid points
and curve joining them represent the first of two
calibrations. The circles represent a repeat cali¬
bration 2 days later at a temperature 1 deg C
lower.
The data of figure 9 show the order of reproduci¬
bility possible with such a crystal voltmeter under
partially controlled temperature conditions. The
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diameter of the individual points represents ap¬
proximately 5 percent of the voltage, so that any
point touching the curve is in agreement to within
i 2/2 percent.
It was usually possible to repeat a crystal cali¬
bration to within 1 percent if made within a few
hours at the same ambient temperature. In no
case was the calibration relied on for more than a
day.
In making the field-intensity measurements de¬
scribed in section IV, using this standard-antenna,
the crystal voltmeter was always calibrated in the
field within an hour of the time the tests were
completed. A record of the temperature was kept
and usually did not vary more than 2 deg C during
any test. Thus all that was required of the crystal
voltmeter was a good short-time stability.
Although the effect of variations in temperature
and the accompanying hysteresis are known to
contribute largely to the instability in a crystal
voltmeter, no data were accumulated on the exact
magnitude of these effects. We have so far avoided
this by operating under as small a temperature
variation as possible. Thus it would probably
not be feasible to calibrate the crystal in a labora¬
tory and use it for measurements outside at a
temperature as much as 10 or 15 deg C different.
The response of the antenna crystal voltmeter
was found to be essentially independent of fre¬
quency up to 200 Me with a rising response beyond
(output indication high) due to series resonance
within the crystal and mount. The series-resonant
frequency for this voltmeter was of the order of
2,000 Me,

somewhat and for the accuracy desired are quite
justified. This range of distances is usually of
little interest to the propagationist, at these fre¬
quencies, and many of the transmission vagaries
of concern to him are ignored here. At these
smaller separations a more exact knowledge of the
actual angle of incidence and ground reflection
coefficient is usually needed in order to produce
the required degree of accuracy in predicting the
actual value of field intensity existing. The
geometry of the transmission system is shown in
figure 10.
The root-mean-square value of the electric
component of field intensity produced by a hori¬
zontal transmitting dipole at distances greater
than about 2\ over plane homogeneous earth is
[8, 9, 10] (in volts per meter)

. 6O7rlHI

E^—j

Direct
wave

in which

lH = effective length

of the antenna

in

meters
\=wavelength in meters
Ri = direct-ray path length in meters
/?2=ground-reflected-ray path-length in
meters
T = pe~J,p = complex
plane-wave reflec¬
tion coefficient (horizontal polar¬
ization)
A(R) = complex surface-wave attenuation
factor
I—rms current in amperes at the center
of the transmitting antenna

1. Theory

k = 2irj\

A predetermined value of field intensity may be
established at a given point in space in terms of
the current distribution in a transmitting antenna,
the effect of the ground, and the geometry in¬
volved.
In the development of the standards being
reported here, only horizontally polarized trans¬
mission over plane homogeneous earth having
finite values of relative dielectric constant, eT, and
conductivity, a, was considered. The distance of
separation used between the transmitting and
receiving antennas was from 2 to 20 wavelengths.
These conditions simplify the resulting formulas

j= V—i

572772 0 - 61 - 42

Surface
wave

(12)

III. Standard-Field Method

Field-Intensity Standards

Groundreflected
wave

The first term of eq 12 represents the field
intensity that would exist if the transmitting and
receiving antennas were located in free space.
The remaining terms take into account the pres¬
ence of the earth. The second term represents the
ground-reflected wave which, when added vectorially to the first term of eq 12, comprises the
space wave. The third term of eq 12 represents
the surface wave associated with the r-f currents
actually flowing in the ground.
The total field given by eq 12 is usually referred
to as the ground wave. Propagation via the
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ground may be treated as low-loss dielectrics over
a large portion of the VHF band as far as their
reflecting properties are concerned. This is par¬
ticularly true at the higher frequencies above 50
or 75 Me.
In this case the phase shift on reflection <f>, is
very nearly 180° for horizontal polarization, so
that the value of the reflection coefficient is given
approximately hv
r=s—p.

(14)

Ignoring the surface wave altogether, the magni¬
tude of eq 12 may be written (in volts per meter)
Figure

10.

Fay-path diagram

showing:

(a)

direct

60irlHI 1 . Te
2 i?i)|
---\E\ = X
R^
R2

ray

along R\; (6) ground-reflected ray along R2 making an

(15)

angle 0 = tan_1 (hi-{-hi)Id with the earth.
Heights of the transmitting and receiving antennas are h\ and hi, respec¬
tively, and d is the horizontal distance of separation.

ionosphere or troposphere, which is subject to
changing solar or meteorological conditions is
being ignored here.
The magnitude of the surface wave is usually
negligibly small for horizontally polarized trans¬
mission at these frequencies [11], and in the re¬
maining formulas used herein we shall neglect its
presence entirely.
The complex reflection coefficient of the ground,
T, may be expressed in terms of the angle \p —
tan-1 (hi-\-h2)/d and a complex dielectric constant
<o, as follows, for horizontal polarization [12],
_sin \p— ^e0—cos2 \p
sin 0 + Veo — cos2 \p

(13)

where

Equation 15 may he expanded without further
approximation, giving (in volts per meter)

where p is the magnitude of the reflection co¬
efficient, T, and </> is its phase lag in radians.
Equation 16 is in a form somewhat more suitable
for computation, since no loss of accuracy is
involved as a result of the taking of small differ¬
ences between large computed quantities.
In case the approximation given by eq 14 applies,
eq 16 may be written (in volts per meter)
QQttIhI (/ 1
\E\^ ~r~\\Rl

p V ,
R

)

4p
• 2pk(R2—R\)
+j?,«!sin

L

1/2

J)'
(17)

fn

= «r ( 1—

=

j60Xo-

«r =relative dielectric constant of the ground
(referred to free space as unity)
€ = eveT, where er is the permittivity of evac¬
uated free space

The quantity [(1 //?i)—(p/7?2)]2 within the radical
becomes negligibly small when di>(hlJrh2), since
Rl-^>R2^d, 0—> 1, and R2—Ri^2hih2/d.
Under
these conditions, eq 17 becomes (in volts per meter)

ti=7Tn—X10 9 farad per meter

1

36f

0-=ground

(18)

conductivity, in mhos per meter

oj = 2tt/
X=wavelengtli, in meters
/= frequency, in cycles per second
Values of the magnitude of eq 13, p, are shown
versus tan 0 = (hifl-h2)/d in figure 11 for various
values of the relative dielectric constant, er, for
low-loss dielectrics (ajeu<d).
Many types of

Equation 18 is obviously not valid in the
vicinity of the zeros of the sine term, since the
first term of eq 17 is not then negligible. There¬
fore use of eq 18 should preferably be restricted to
values of hlh2/'hd-<(0.5. If either the wavelength,
X, or the distance, d, is increased, eq 18 will reach
its last maximum value whenhih2/\d = 0.3229 . . .,
after which it will steadily decrease. If the antenna
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Variation of the magitude, p, of the complex plane-wave reflection coefficient, F, versus tan f — (hi — h>) /d for
several values of relative dielectric constant, er.
The curves apply to low-loss dielectrics, (<r/«.u <30), and horizontal polarization only and were determined from eq 13.

heights hi or h2 above are varied, this maximum
will occur when hih2/\d—0.25.
When 2w hjijhd^1/4 the field intensity i^ given
(in volts per meter) to within 1 percent by
i jp\

1J&I=

2407rdjjl f hihf\

(/-

Field-Intensity Standards

V x- /

(19)

since sin 9^9 to within the stated accuracy for

6< 1/4 radian.
When attempting to establish values of standard
field intensity, however, one should rely on eq 16
or 17 until the assumptions applying to eq 18 and
19 are found to be fully justified.
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2. Description of the Standard Transmitting
Antenna

TRANSMITTING

The transmitting antenna used was similar in
many respects to the standard receiving antenna
described in section II. A horizontal half-wave
dipole was used shortened 4 percent for selfresonant operation at 100.0 Me. Dural tubing
%6 in. in diameter was used, giving a ratio
2Z/as600 and an average characteristic impedance
K0= 120 [loge (21/a) — 1] ^650 ohms.
The current at the center of the antenna was
measured by means of a previously calibrated
VHF vacuum thermocouple and a section of bal¬
anced twin-lead transmission line one-lialf wave¬
length long. The antenna and thermocouple
terminated the transmission line at opposite ends,
and a balanced feed-line from the r-f generator
was tapped in at the midpoint. Thus the cur¬
rents flowing at the opposite ends of the half-wave
line were identical in value. The magnitude of
the antenna current was thus indicated by the
thermocouple A/2 distant and was entirely inde¬
pendent of the magnitude and phase angle of the
terminations, namely, the antenna input imped¬
ance, and the impedance of the thermocouple
heater. A broadband balun [7] was used to
transform the unbalanced output of the r-f gen¬
erator to the balanced transmission system. A
block diagram of the equipment and its arrange¬
ment are shown in figure 12. The thermocouple
was calibrated in a similar manner to that de¬
scribed earlier for the receiving antenna volt¬
meter, and was found to have a frequency error
of 0.5 percent at 100 Me.

IV. Propagation Tests
1. General
In order to determine the probable accuracy of
the VHF field-intensity determinations made by
the standard-antenna and standard-field methods
previously described, actual propagation tests
were made at a frequency of 100.0 Me, using
horizontal polarization only. The purpose was
to actually intercompare values of field-intensity
determined with the two standards.
For instance, a predetermined value of field in¬
tensity was established by means of the standardfield method, and simultaneously measured using
the standard (receiving)-antenna method, and the
results compared. However, instead of relying on

Figure 12.

DIPOLE

Diagram showing the method used for deter¬

mining the r-f current at the center of the transmitting
dipole.

isolated pairs of such measurements to determine
the probable accuracy of the two methods, more
or less complete propagation runs were made in¬
volving some 15 or 20 pairs of determinations in
each, in order to determine the trend with varying
antenna height or distance of separation. In this
manner it was possible to determine the lange of
antenna heights and distances of separation be¬
tween the antennas over which the previous as¬
sumptions applying to the earth were valid, and
to what extent we were dealing with a uniform
field.
Three general types of tests were made as fol¬
lows :
(a) Vertical-incidence standing-wave measure¬
ments, in which the standard field beneath the
horizontal transmitting antenna was probed ver¬
tically using the standard (receiving) antenna.
(b) Variable-height runs, in which the heights of
the transmitting and receiving antennas were
varied separately for a fixed horizontal distance
of separation.
(c) Variable-distance runs, in which the hori¬
zontal distance between the transmitting and
receiving antennas was varied for several fixed
antenna heights.
In order to conduct these tests it was necessary
to select a special site. The usual requirements
specify that the location be relatively flat and free
of such reflecting objects as trees, buildings, wires,
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etc. in order to approximate the conditions as¬
sumed to exist in deriving the standard field
formulas in section III.
A site of approximately 100 acres was made
available at the Beltsville, Md. Airport for these
tests. The land had been cleared and graded and
met the above requirements. Interference from
aircraft was negligible, inasmuch as the airport
was officially closed and used only for emergency
landings.
One other requirement, dictated by the lack of
selectivity in the standard antenna, made it neces¬
sary to conduct such tests at a location where the
field intensity of frequency-modulation and tele¬
vision broadcast stations was negligible compared
to the standard field being used. Such interfer¬
ence was further minimized (since the test site
vvas sufficiently free of reflecting objects) by prop¬
erly orienting the two antennas. This was possible
in our case since the interfering stations, some 20
miles distant, were all approximately in the same
direction from the test site.
2. Vertical-Incidence

Standing-Wave
ments

Measure¬

This run was originally intended to be used for
determining the reflection coefficient and hence
the apparent dielectric constant, and conductivity
of the ground at the test site. However, it was
also found to be useful later in determining the
effective length of the transmitting and receiving
antennas, as will be shown.
For this test the horizontal transmitting dipole
was located at the top of an all-wood ladder-mast
at a fixed height /q = 9.27 m. The balanced un¬
shielded 75-ohm r-f transmission line ran at right
angles to the antenna and approximately 10 deg
belo-w the horizontal. The unshielded balanced
d-c output lead from the thermocouple paralleled
the r-f line and was spaced approximately 3 ft
with negligible r-f pickup. The r-f power gen¬
erator and associated equipment were located on
the ground approximately 200 ft distant. The
transmit ting-antenna current was cont inuously
monitored by an operator at the generator and
was held constant to within ±0.1 percent. The
d-c output of the thermocouple was measured on
a portable precision potentiometer. The prob¬
able accuracy of the antenna-current measurement
was about 1 percent. The frequency of the r-f
generator was also continuously monitored by
Field-Intensity Standards

means of a calibrated heterodyne frequency meter,
and held to 100.0 Me ±0.1 percent.
The standard (receiving) antenna (oriented
parallel to the transmitting antenna), was mounted
on a movable carriage on the same mast, and was
readily adjustable in height by means of a contin¬
uous rope passing through nonmetallic pulleys at
the base and top of the mast. Certain predeter¬
mined heights were marked directly on the side
of the mast and read by a second operator located
at some distance off the end of the antenna in a
null. The actual height of the antenna above
ground could be thus measured to better than 0.5
cm. The balanced d-c output of the receiving
antenna crystal-rectifier was carried over rubbercovered lamp cord, which passed vertically down
the mast to the ground. From this point the d-c
line went directly to the operator’s position where
the voltage was measured on the precision slidewire potentiometer previously mentioned. Tests
were made for r-f pickup on the d-c line, and in
the resistance-capacitance filter at the antenna,
with the antenna rods removed, but was found to
be negligible even with the d-c line running the
entire height of the mast.
Tests were made for stray radiation from the
transmit t ing system caused by any slight unbalance
in the feed line to the antenna or by leakage. The
transmitting antenna rods were removed and a
65-ohm high-frequency resistor substituted to
terminate the transmission line. With the normal
r-f current of 0.1 amp flowing, the resulting field
was too small to be measured for any height of
the receiving antenna. The vertical component
of field existing at the receiving antenna was more
than 40 db below the main field, with the hori¬
zontal transmitting antenna excited.
Returning to the description of the verticalincidence measurements, the resulting interference
between the direct and ground-reflected waves,
set up a standing-wave in the space beneath the
transmitting antenna, as shown in figure 13. The
standard (receiving) antenna was moved vertically
up or down the mast to measure the resulting
value of field intensity. The reflection coefficient
was accurately determined from the standingwave ratio, as will be shown. Once this was
known, the expressions for the field intensity for
the standard-antenna and standard-field methods,
eq 2 and 15, were equated and solved for the re¬
maining unknown, the effective length of the
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antennas.
This was deemed permissible since
both antennas were physically identical.
The field intensity as determined by the stand¬
ard-field method was obtained by substituting
Rl—hi — h2, jR2=h1-\-h2, d=0 in eq 15, giving (in
volts per meter)

|£|~ 60'WI
l£,|=

X

l_ + re^|
A,-A,+ A,+A,|

•

'

If h{^>h2, the value of field intensity given by
eq 20 will have a maximum value if (2M2+0)=2/(7t,
and a minimum value if (2&A2+0) = (2n— \)ir,
where n—l, 2, 3, ... . The magnitude of the
ratio of the maximum to minimum values of field
intensity is then
P

1

SWR =

I1E
ijma x:1

/( ] -

ho max

-y=7-1

I

In

j

1

h\

Figure 13.

h l ± h 2 max
P

(21)

d\-\-h2m[a

^2 min

Variation of the observed and calculated values

of electric field intensity, \E\ in volts per meter, versus the
height, h2, in rneters, of the standard receiving antenna.
The transmitting antenna was located above and parallel to the receiving
antenna at a fixed height, /ii = 9.‘27 m, = 0, /=100.0 Me, 7=0.100 amp.
O, observed, -, calculated.

d

The magnitude, p, of the complex reflection
coefficient, T, of the ground may be determined
from the SWR and the heights, h2, of the receiving
antenna corresponding to the maximum and the
minimum values of field intensity measured plus
the height of the transmitting antenna, thus

SWR
hi' fl2mln
p= SWR '
h\ ±^2mln

1
h1

h2m&x

1

(22)

h \ “f" /i'2ma x

The angle of phase lag, 0, of the reflection co¬
efficient may be determined from the shift in the
positions of the maxima or minima from the posi¬
tions corresponding to 0 = 0. For the maxima
this gives
</’ = 2

-

(n

1) 7r],

(23)

where n= 1, 2, 3, . . .is the number of the maxi¬
mum used to calculate 0, counting from the ground
upward.
In using the minima to determine 0, the expres¬
sion is
0=2

- 2^2mlnl,

(24)

and /i2max are the actual heights, in meters,
at which the particular minimum or maximum
occurs.
In determining the value of the reflection Co¬
/(2min

efficient of the ground at the test site, the heights,
ho, of the various maxima and minima were care¬
fully measured. It was found possible to deter¬
mine these to within ±1.0 cm. To within this
accuracy the positions corresponded to a phase
shift, 0, on reflection of 180 deg. The possible
error in determining 0 thus amounts to approxi¬
mately 2 deg. It is interesting to note that the
calculated phase shift, 0, for average ground (eT=
15, <t = 5x10~3 mho per meter) at 100 Me is very
nearly 179 deg at normal incidence. An error
of 2 deg in determining 0 usually has a negligible
effect on the magnitude, p, of the reflection co¬
efficient, and on the resulting value of field in¬
tensity calculated.
Although the standing-wave method cannot he
used to determine even approximately the ground
conductivity at these frequencies, such informa¬
tion is usually not required if the reflection co¬
efficient can be accurately determined.
An example will be given of the method of
determining the magnitude, p, of the reflection
coefficient, and the dielectric constant, eT, of the
ground from the observed data presented in figure
13. Three different values of standing-wave ratio
were determined from the three maxima and the
three succeeding minima. The minimum occur¬
ring at the ground (h2=0) was ignored because
of its questionable value.

654/540

Journal of Research

The value of p corresponding to each SWR was
then determined from eq 22, and the resulting
value of the relative dielectric constant er deter¬
mined from the relation

which was obtained from eq 13 by substituting
and T=-- — p and solving for eT, (a/eco<Cl).
The residts are given in table 1.

\f/=Tr/2,

Table

1.

the ground constants themselves may vary with
depth. Since the skin depth in turn varies with
frequency and angle of incidence (among other
factors), the (apparent) values determined for
these constants may also depend on these param¬
eters.
If desired, the reflection coefficient of the ground
for vertical incidence may be calculated from eq
13 upon substituting f/ = T/2, giving

'■

Values of p and er, as determined from standingwave measurements

SWR

2. 67
1. 85
1. 42

€r

p

0. 648
. 635
. 636

21. 9
20. 1
20. 2

640

20. 7

Average_

The values ‘of p and eT measured are determined
largely by the moisture content of the ground.
Consequently, their values fluctuate somewhat
from day to day with changing moisture content.
Four values of eT obtained in a similar manner over
a period of a few months are shown in figure 14,
together with values of daily rainfall. It can be
seen that the variation in the dielectric constant
is quite large. Normally, this is not of much con¬
cern to the propagationist, who is usually inter¬
ested in grazing incidence, but it is apt to affect the
accuracy of standard-field measurements at very
short distances if the incident angle is large. Near
the surface the moisture content and consequently

JULY
Figure

14.

AUGUST

h C)

(26)

Values of the magnitude of eq 26 are plotted
versus er in figure 15 for low-loss dielectrics,
(a/e co<Cl), remembering that
p for this
condition.
Determining the value of the reflection coeffi¬
cient, T, of the ground from the observed data of
figure 13 actually required only relative values of
the measured field intensity. With the value of
T now accurately determined, the only remaining
unknown in eq 20 is the effective length, lH, of
the transmitting antenna. Since the standard
transmitting and receiving antennas used are
geometrically identical, the assumption is made
that their effective lengths are equal. There has
been some indication in the works of King [13]
that such is not excatly the case, and further that
the value of lH is also somewhat dependent upon
the antenna termination. However, it is shown
that for self-resonant antennas these differences
are small. Shelkunoff does not elaborate on
these points, but our experimental values of

SEPTEMBER

OCTOBER

Chart showing four measured values of the apparent relative dielectric

constant, eT, of the ground at one particular site, as affected by rainfall.
•, Dielectic constant; |, daily rainfall.
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f= 100.0 Me.

effective length agree well with those calculated
from his analysis of cylindrical antennas, as will
be shown. The value of the effective length, lH,
may be determined by equating eq 2 and 20, and
solving for lH.
The data shown in figure 13 provide 19 separate
determinations of lH (ignoring the observed value
corresponding to h2= 0 because of its question¬
able value). The average of these gives a meas¬
ured value of lH=0.960 m for the self-resonant
antennas used.
Figure 16 shows the percentage difference
between each pair of determinations as presented
in figure 13, versus the height, h2, of the receiving
antenna. In this information is included experi¬
mental error, differences caused by changes in the
receiving antenna current distribution due to the
presence of the ground, and differences caused by
the proximity of the transmitting and receiving
antennas, of which the latter should be small in
view of the fact that the receiving antenna was
operated open-circuited.
These differences, in
general, are less than 3 percent, and give a good
indication of the agreement possible between the
standard-antenna and standard-field methods at
least for the case of normal incidence where the
reflection coefficient of the ground could be
accurately determined.
It is also indicated that any varying effect (with
antenna height) of the presence of the ground on

Figure

16.

Variation of the percentage difference between

the observed and calculated values of field intensity of
figure 13, with height, h2, of the receiving antenna.

the receiving antenna current distribution and
hence upon its effective length is negligible, at
least for the present purpose for antenna heights in
excess of 0.1 wavelength.
The calculated value of the effective length is
obtained from the product of the following values:
(a) the classical value of effective length for a
half-wave dipole given by eq 4; (b) the percentage
shortening for self-resonant operation from figure
3; and (c) the percentage increase for cylindrical
antennas from figure 2. The resulting value is
~X/7rX0.96X1.06^0.97 m for operation at 100
Me, and agrees to within about 1 percent with the
above measured value.
3. Variable Height Runs

1.0

2.0

50

10

20

50

100

RELATIVE DIELECTRIC CONSTANT

Figure

15.

Calculated variation of the magnitude,

p,

of the

complex plane-wave reflection coefficient of the ground r,
versus the relative dielectric constant, er, for vertical inci¬
dence, \p = irf2.
The curve applies to low-loss dielectrics only (o'l(w<<Cl), and was deter¬
mined from eq 26.

656/542

The purpose of the tests described in this section
was to determine the probable measurement error
existing in the two field-intensity standards under
discussion.
Determinations made by the two
standards were directly intercompared, the maxi¬
mum probable error (in the absence of other
reference standards) being evaluated as one-half
the percentage difference between the two mea¬
surements.
Parallel
horizontal
self-resonant
dipoles were used at a frequency of 100.0 Me.
Values of field intensity established by means of
the standard-field method were measured using the
standard (receiving)-antenna method and the
results compared.
These runs consisted of varying separately the
heights of either the receiving or transmitting
antennas for a fixed height of the other antenna,
and for a fixed distance of separation.
Journal of Research

\E\&

607djjl (/I

4p

I

“x

R.R.

V/?!

Sill"

(17)
where
lH — 0.96 m
/= 0.100 amp
X=3.00 m

k = 2ir/\

R,=[{hx-h2y+d^
R2—[ (^i 4“ ^2)2 T d“]1 / 2 •
Values of the magnitude, p, of the reflection
coefficient were determined by taking the mag¬
nitude of eq 13, assuming low-loss dielectrics,
(afeu><Cl).
Values of p may also be taken from
figure 11.
It was not found practical to measure the di¬
electric constant of the ground before each run
because of the special setup required and the time
consumed. Previous measurements showed that
on the average the dielectric constant had a value
around 15, except after a rain or after a prolonged
dry spell. This value of er was therefore used in
calculating p from eq 13.
Figure

17.

View of the various pieces of equipment used in

obtaining the measured data of figures 13, If, 18, 19, and

20.
In the background and insert are shown the ladder mast and carriage for
the receiving dipole. The transmitting antenna, r-f generating equipment,
and an engine-driven alternator are shown in the foreground. The location is
the Beltsville (Md.) Airport.

In the first two runs the receiving antenna was
varied in height, h2, from 0.265 to 9.0 m, using the
ladder-mast assembly shown in figure 17. The
heights, hi, of the transmitting antenna were 1.58
and 3.05 m, respectively, and the horizontal dis¬
tance of separation, d, was 30.5 m. The measured
value of the effective length of the antennas deter¬
mined in the standing-wave test was used, namely,
lH = 0.96 m.
The results are shown in figure 18. In deter¬
mining the field by the standard-antenna method,
eq 2 was used (in volts per meter)
I E\=V±,

(2)

Figure

18.

Variation of the magnitude of the electric com¬

ponent of field intensity, \E\ in volts per meter as deter¬
mined

where Voc is the measured value of open-circuit
voltage.
The value of field determined by the standardfield method was obtained (in volts per meter)
from eq 17,
Field-Intensity Standards

by

the

standard-antenna

and

standard-field

methods vs the height, h2 in meters, of the standard receiv¬
ing antenna.
Fixed heights fti=1.58 m (A), and 3.05 m (B) of the transmitting antenna
were used, and d =30.5 m. /=100.0Mc,/=0.100amp, €.=l5,(r=0. Horizontal
self-resonant half-wave dipoles were used having effective lengths of 0.960 m.
O. Standard-antenna method;-, standard-field method.
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The diameter of the circles representing the
standard-antenna data in figure 18 is approxi¬
mately 5 percent of the value of field intensity.
Thus the difference is 2.5 percent or less for those
points that touch the solid curves. Over most
of the range of heights, h2, the agreement is within
about 5 percent.
A similar run is shown in figure 19, except that
the height of the transmitting antenna was varied
for a fixed height of the receiving antenna. The
antenna current, I, was maintained constant at
0.100 amp. The other conditions are the same
as those applying to figure 18. The agreement
between the two standards is about the same as
in the two previous runs.
4. Variable-Distance Runs
In these last tests the field intensity versus
the horizontal distance of separation, d, was
determined for fixed heights of the transmitting
and receiving antennas.
The receiving antenna was maintained at a
fixed height A2=3.05 m, and the distance, d,
varied from 6 to' 60 m for each of two heights of

DISTANCE d , METERS
Figure

20.

Variation of the magnitude of the electric com¬

ponent of field intensity, \E\ in volts per meter, as deter¬
mined

by

the

Standard-Antenna

and

Standard-Field

methods versus the horizontal distance of separation, d in
meters, between the antennas.
Fixed heights of the transmitting antenna fti=1.58 m (A), and 3.05 m (B),
and a fixed height of the receiving antenna, h2=3.05 m were used. The
remaining conditions are identical to those applying to figure 18. O. Stand¬
ard-antenna method; —, standard-field method.

the transmitting antenna Aj = 1.58 and 3.05 m,

Figure

19.

Variation of the magnitude of the electric com¬

ponent of field intensity, \E\ in volts per meter, as deter¬
mined

by

the

Standard-Antenna

and

Standard-Field

methods versus the height, hi in meters, of the transmitting
antenna.
A fixed, height, h2=3.05 in, of the receiving antenna was used. The re¬
maining conditions are identical to those applying to figure 18.‘O, Standardantenna method; —, standard-field method.

respectively.
Horizontal self-resonant half-wave dipoles were
used as before. The field intensity was deter¬
mined for various distances of separation using
both the standard-antenna and standard-field
methods. The remaining conditions are the same
as those in the previous section. The results arc
shown in figure 20.
The values of field intensity determined by both
the standard-antenna and standard-field methods
(figs. 13, 18, 19, and 20) seem to be in fairly good
agreement over most of the range of antenna
heights or distance of separation involved. It is
reasonable to assume that the effective length Of
both antennas remains fixed throughout the entire
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range. The larger disagreements noted are there¬
fore probably a result of errors in calculating the
standard field because of the accuracy with which
the actual ground constants are known for the
various incident angles involved.

V. Conclusions
A description has been given of two standard
methods of establishing known values of VHF
field intensity used at the National Bureau of
Standards for the calibration of commercial fieldintensity meters. Methods and techniques used
to calibrate and verify the accuracy of the stand¬
ards were described. Values of standard field
intensity can be established in the range from 20
mv/m to lv/m at 100 Me. This range can be
considerably increased by varying the transmitting-antenna current in known amounts by
means of the standard attenuator previously
mentioned. The propagation tests described in¬
dicate that the*probable accuracy of the standards
is about 5 percent under most of the conditions
used.
The limitations in the use of the standards lie
in the somewhat restricted range of field intensity
available, the temperature effect of the crystal
rectifier, and for some uses the lack of selectivity
in the standard receiving antenna. However, for
the purposes reported here and under the condi¬
tions used these factors presented little difficulty
The initial work described in this report was
confined to the use of horizontal polarization at a
frequency of 100 Me. Further tests are in progress
to verify the accuracy of these calibration stand¬
ards at frequencies up to 000 Me under conditions
normally used in the field. The additional use of
vertical as well as circular polarization will be
included in this program.
Under most conditions normally employed for
calibrating VHF field-intensity meters, the value
of the antenna constant6 as determined by means
of horizontally polarized transmission would prob¬
ably be substantially the same if vertical polariza¬
tion were employed. This would be approxi¬
mately true provided the antenna were immersed
in a uniform field in both instances, and that its
8 The antenna constant may be defined as AT=l/?j 1
transfer ratio defined by eq 1.
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where 77 is the voltage-

height above ground was greater than about a
half wavelength. The antenna constant can be
shown to be influenced by the effect of the pres¬
ence of the ground on the current distribution
along the antenna, as well as on its input imped¬
ance. Although, these effects are different for
horizontal polarization than for vertical, they are
probably relatively small for antenna heights
above approximately a half wavelength.
Results presented herein indicate that for the
case of horizontal polarization any possible effect
of the ground on the antenna current distribution
probably results in less than about a 2-percent
change in the antenna constant for antenna
heights greater than 0.1 wavelength.
The effect of the presence of the ground on the
antenna constant as caused by changes in the
antenna input impedance has been shown to be
less than about 5 percent for antenna heights
greater than 0.65 wavelength above average
ground (€,= 15, o-=5X10~3 mho/m) [14],
In the calibration of commercial VHF fieldintensity meters the accuracy of calibration as
certified by this Bureau at the present time would
probably be from twice to several times the ac¬
curacy of the standards described, depending
upon the merits of the individual meter under test.

VI. Appendix.
A Summary of Schelkunoff's Analysis of the Current Distribu¬
tion on a Thin Cylindrical Antenna
Schelkunoff [1] obtained an approximate solution for
the free-spaee current distribution on a hollow cylindrical
antenna by analogy with a thin biconical antenna, to¬
gether with the theory of the nonuniform transmission
line.
The antenna region and the space beyond are considered
as two multiple transmission lines or waveguides in tan¬
dem, each with its own distinct set of transmission modes.
In the antenna region (that space within a geometrical
boundary sphere passing through the ends of the antenna)
the field is composed of a principal or dominant mode plus
a complementary set of an infinite number of higher order
modes. The principal mode or wave, is that usually as
sociated with a two-conductor transmission line. The
complementary waves are generated in order to match the
field (at the boundary sphere) to the field in the external
region where no principal mode of transmission exists.
Because of the nonexistence of physical conductors in the
external region, the field consists solely of an infinite set
of higher-order transmission modes. While these sets
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are distinct in their respective regions, ,they approach

stant intensity terminating at the two points.

equality at the boundary, thus preserving the continuity

drical doublet may be compared to such a nonuniform

of the field.

transmission line.

Associated with the principal and complementary waves

The cylin¬

L and C usually vary only slowly with

r in such a line, and by analogy to a thin biconical antenna

in the antenna region are the principal current 70(r), and

with

the complementary current flowing on the antenna given

impedance as a function of r can be expressed approxi¬

by

mately as
l(r) = h(r)+h(r) + h(r) . . . ,

slowly

varying

cone

angle,

ip,

the

characteristic

(27)
2v(r)^120 loge —■ (r»o).

(32)

where the even-order modes vanish because of the sym¬
metry involved.

The average characteristic impedance over length Z is

At the ends of the hollow cylindrical doublet antenna
(r=l) the total current is essentially zero or

K(r)dr^l2o(loge™-

7(0= 7o(ZH 7(0=0.

(33)

(28)
From the theory of the nonuniform transmission line,

Therefore,

the relative distribution of the principal current is given
7o(Z)= — 1 (/) .

(29)

Since it can be shown that the total voltage associated

for the case ip which the variation in K(r) is small
IJr)

1(0)

with any complementary wave is zero,
V(r) = Vo(r).

(30)

[cos /3r —

M (r)
K0

=#®rsm
iVo

L

cos /Sr-J-

+

N(r)
7y'0

sin /3r

A-o

]

Ao

J

(34)

It can be seen that the presence of the complementary
waves affect the amplitudes of the principal waves as

where

would an impedance

/3 = 27t/A, and

Z(0)

is the input impedance of

the antenna
Z'=W

<31)

terminating the antenna.

M(r) =Pj() [Iy'o — K(r)] sin 2/3r dr

As far as the principal waves are concerned, then, the
antenna may be considered as a nonuniform transmission
line terminated by an impedance Zt= Rt-\-jXt.

= 60(1—cos 2/3r) [log* (Z/r) —1] + 60 (loge 2,3r

The real

-Ci2/3r + 0

part, Rt, is the radiation resistance of outer space as seen
from the ends of the antenna, and the imaginary part,

N(r) = /3 f [K0 — 7v(r)] cos 2/Sr dr

A^t, represents the reactive field associated with the com¬
plementary waves.

These two components represent the

end

associated

effect

usually

with

radiation

from

an

= 6o[log^ —1^ sin 2/3r + 60SZ 2/3r,

antenna.
The current distribution on the antenna is therefore
Si(x) = (*«¥*

determined by the actual distribution of L and C along

J0

*

the antenna and by the presence of the complementary

aw"J'CJr‘"

currents generated by reflection at the ends.
In a uniform parallel-wire transmission line, L and C
per unit length, and consequently Z0, are constant through¬
out.

C=0.5772 . . . (Euler’s constant).

In a transmission line composed of a straight wire

of length 21, driven at the center, L and C vary contin¬
uously along its length.

The potential difference between

The relative

complementary

current for a biconical

any two points equidistant from the center is simply the

antenna and to a second approximation for any thin

integral of the electric field intensity along a line of con-

antenna is given by

7 (r)
70

60

Ko,ms
=0

4m+ 3

(m+ 1) (2m+ 1)

[772m + l (^Z)
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-\- jj2m+\(&l)]J2m + \(Pr) ■

(35)
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70 is the principal current amplitude on the transmission
line, and m is an integer.

[6a] R. E. Grantham, and J. J. Freeman, A Standard of

For (2n + l) A/2 doublets in
(where n=0,

which we are interested

1,

2,

3,

Attenuation for Microwave Measurements, Trans.
A. I. E. E„ 67, p. 535, 1948.

. . .),

/o=/(0).
J2m+i(.fll) and N2m+i(Pl) are special functions
related to J and N Bessel functions of order n + 1/2

[7] Nathand

Marchand,

Transmission-line

conversion

[1, P- 52],
The total relative current on the antenna is given by

[8] K. A. Norton, The propagation of radio waves over

transformers, Electronics p. 142 to 145 (Dec. 1944).

the earth and in the upper atmosphere, Proc. IRE

25, 1217 (Sept. 1937).

the sum of eq 34 and 35.

For an antenna composed of

an infinitely thin filament

(A'o=c°) the relative current

[9] K. A. Norton, The calculation of ground-wave field

distribution reduces to cos /3r, as is usually assumed for

intensity over a finitely-conducting spherical earth,

such a case.

Proc. IRE 29, 623 to 639 (Dec. 1941).
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Influence of the Ground on the Calibration and Use of
VHF Field-Intensity Meters
By Frank M. Greene
One type of error known to be present in VHF field-intensity meters (30 to 300 Me) is
caused by the influence of the ground on the value of the antenna voltage-transfer ratio.

This

is a result of fluctuation of the receiving-antenna input impedance with height and changing
ground conditions.

An approximate method is presented for calculating the input impedance of

horizontal dipole antennas over earth having finite values of dielectric constant and con¬
ductivity.

The effect of both changes in ground conditions and antenna terminating im¬

pedance on the above error is calculated as a function of the antenna height.

Measured

values are presented in support of the above method, and the results are discussed.

I. Introduction
As is known, VHF field-intensity measurements
will be generally,in error if made at antenna heights
other than that for which the antenna constant was
determined when the field-intensity meter was cal¬
ibrated. An error will likewise exist if the ground
constants at the site chosen to make measurements
are appreciably different from those existing at the
time or place of calibration.
At present most VHF field-intensity meters use
a doublet receiving antenna, which is usually ter¬
minated at its center terminals in an impedance
roughly equal in value to its free-space input im¬
pedance. The error referred to exists because of
the change of the antenna-input impedance with
height above ground or with changing ground con¬
ditions1. This results in a corresponding fluctua¬
tion in the 'proportion of the induced voltage that
appears across the terminals at the center of the
antenna. Consequently the value of the antenna
constant determined at the time of the calibration
is in general not the same if the height or ground
conditions are altered.
An approximate expression for the input im¬
pedance at various heights above a finitely con¬
ducting ground may be easily obtained for the case
of a horizontal antenna. The ground is assumed
1 It is assumed here that the field-intensity meter is calibrated and used at
suoh locations that the distances to the nearest reflecting objects such as trees
or buildings are very much greater than the heights ol the receiving antenna
above the ground.

to be plane, homogeneous, and with finite values
of the relative dielectric constant er, and conduc¬
tivity a. Once the antenna-input impedance is
known, the effect of the earth on the antenna
constant may be determined.
Although the solution attempted here is not
rigorous, it can be shown to yield the limiting
value of the input impedance of a horizontal an¬
tenna if its height above ground is increased suf¬
ficiently. The results, however, are useful in ob¬
taining approximate values of the input impedance
corresponding to antenna heights of a fraction of
a wavelength.
Theoretical values of the measurement error are
reasonably well supported by measurement at one
particular site for antenna heights down to onetenth wavelength at 100 Me. The effect both of
changes in ground conditions and of the value of
the antenna terminating impedance upon this
error are determined. Practical rationalized mks
units arc used throughout.

II. Theory
In formulating the following solution, the usual
system will be considered, comprising a trans¬
mitting and receiving antenna at heights /q and
h2) respectively, above ground. The ground is
assumed to be plane, homogeneous, and of infinite
extent, having finite values of relative dielectric
constant e, and conductivitjr a. Although the
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method is applicable to horizontal antennas of
any length, the results will be evaluated only for
the case of parallel horizontal half-wave dipoles.
Their locations and the geometry involved are
shown in figure 1.
TRANSMITTING
ANTENNA

k'—Ii(Zu

Z12) -p/3 {Z13 'Z14)A

0—7i(Z31

Z32) +73(Z33

Z34),)

0)

where V is the impressed einf at the center of t he
transmitting antenna, and 74, and 73, are the re¬
spective currents at the centers of the transmitting
and receiving antennas. The terms Zn and Z33
are the free-space self impedances, respectively,
of the transmitting and receiving antennas referred
to the center terminals. Also
7
'Jmn

_7
___
—
r.m
~

V
v run
T

/q\

>

\6)

*n

where Zmn is the mutual impedance between
antennas m and n, and Vmn is the emf induced in
antenna m (referred to the center terminals) by the
current, 7„, at the center of antenna n.
2. Finitely Conducting Ground

Figure

1.

Ray-path diagram showing: direct ray along

R\; ground-reflected ray along R2; rays from both horizontal
transmitting and receiving antennas reflected at normal
incidence from the ground back to the antenna.
Heights of the transmitting and receiving antennas are fa and fa respec¬
tively, and d is the horizontal distance of separation.

In addition to the direct and ground-reflected
rays along R1 and R2, respectively, a ray will be
considered that leaves each antenna and is re¬
flected at normal incidence from the ground back
to the antenna.
1. Perfectly Conducting Ground
Perfectly conducting ground will be considered
first. Its effect may be simulated in the usual
manner by postulating the image antennas (2)
and (4), each located at a distance below the
perfect reflecting plane equal to the height of the
actual antenna. The two antennas and their
images may be treated as four coupled antennas.
The resulting voltage-current relationship will
have exactly the same form as would exist in a
linear four-mesh network. For this case2 the
resulting four equations reduce to the following
two:
2 P. R. Karr, The influence of the ground upon the voltage induced in a
receiving antenna, Report 0D-2-348R (NBS) (July 23, 1947).

In considering the case involving a finite earth,
the equations for meshes (2) and (4) of the
previous system become meaningless. However,
by benefit of analogy with eq 1 and with the aid
of experimental evidence, one may write a similar
set of equations involving antennas (1) and (3)
and the ground, which under certain conditions,
describe this transmission system to a first ap¬
proximation at least. The equations are:

V=Ii (Zu + r,Z12) +73(Zi3+r2Z14),)
O—ii (Z31+r2z32)

+73(Z33-(-r1Z34),)

(3)

where
=
complex plane-wave reflection
coefficient for vertical incidence; T2 = p2e~Ui—
complex plane-wave reflection coefficient (horizon¬
tal polarization) for the angle ^=tan_1 (hi-\-h2)/d
made with the earth by the principal groundreflected ray (along R2).
The reflection coefficient, r2, may be expressed
in terms of the angle ip and a complex dielectric
constant «0 as follows3 (for horizontal polari na¬
tion) :
z, _sin \fr— Veo—cos2!/'
■
r~j t^~
,7
sin
Veo — cos-^

12

where

(4)

e0=eT ( 1 — j — )>
V
eco/

—— er'

j 60 Act,

3 J. A. Stratton, Electromagnetic theory, p. 493 (McGraw-Hill Book Co.,
Inc., Xew York, N. Y„ 1941).
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ef -relative dielectric constant of the ground
(referred to frce-space as unity),
e— e^r, where e„ is the permittivity of evacu¬
ated free-space,
,y,, X10-9 farads/meter,

O07T

<7=ground conductivity is mhos/meter,
co

27rf,

X

wave length in meters,

j= V— i.

Values of eq 5 are shown plotted in figures 11 and
12 of the reference given in footnote 5 for spacings
from 0 to 7.5 wavelengths.
It is possible to derive a more simple expression
than eq 5, valid for distances of separation in
excess of about 2X.
At this distance from an
antenna, only the radiation component of the
electric field-intensity usually need be considered.
For a half-wave transmitting dipole in free-space,
oriented normal to a line from its center to the
point of observation, the field intensity is (in volts/
meter)
■;27tR

Equations 3 will reduce to eq 1 if the ground con¬
ductivity a is allowed to increase without limit,
since in this case r1 = r2= — 1 for all angles of in¬
cidence, as can be seen from eq 4.

El

V jf e

I -current in amperes at the center of the
antenna.
The voltage (referred to the center terminals) in¬
duced in a half-wave dipole placed in the field
given by eq 6 and oriented parallel to the trans¬
mitting antenna is (in volts)
;2 irR

V

ElH ^

. 60X/

where lH = effective length of the dipole in meters,
Ih=^U meters for a half-wave dipole assum¬
ing sinusoidal current distribution.
From eq 7 and 2 the mutual impedance between
the two parallel half-wave dipole antennas is (in
ohms)
jlirbi

Z=-

(5)

where /“antenna length in meters,
R

(7)

~3 irR 6

Z = 30{2Ei (—jkR) -Ei[-jk (A/F+/2+1)}
-Ei\-jkaip+e-i)]},

(6)

where R=distance in meters,

3. Evaluating the Self and Mutual Impedances
Before practical use can be made of eq 3,
the various self and mutual impedances must be
evaluated. Schelkunoff 4 has determined the freespace input impedance of cylindrical antennas in
general. Values may be obtained graphically from
figs. 11.21 and 11.22 of this reference for antennas
of several length-to-diamcter ratios. A value of
73.2-f-j 42.5 (ohms) may be used if desired, cor¬
responding lo a thin X/2 dipole in free-space,
without substantially affecting the resulting value
of the measurement error. Carter 5 has evaluated
the mutual impedance between antennas of various
configurations. For the ease of parallel half-wave
dipoles in free-space the mutual impedance in
ohms is:

. 60/

distance between antennas in meters,

Ei (— jx) = Ci (x) —jSl (x),
Ci(j') = — j’ co*t (It,

si(i)= ,/ur-x
<
k = 27t/X.
4 S. A. Schelkunoff, Electromagnetic waves, pp. 441 to 479 (D. Van Nostrand CVi., New York, N. Y., 194:!).
51\ P. Carter, Circuit relations in radiating system^ and applications to
antenna problems, Free. IRE 20, pp. 1004 to 1041 (June 1932).

. 60X
e
J ttR

X

(8)

It can be shown that eq 8 is the limiting value
of eq 5 for sufficiently large values of the distance
of separation, R. In fact, for separations in excess
of about 2 X, the value of mutual impedance given
by eq 8 is sufficiently accurate for many purposes 6
and will cause less than 0.1-percent error in the
final results in which we are interested here. For
smaller values of separations between the antennas
than 2 X, eq 5, or figures 11 and 12 of the reference
given in footnote 5 must be used to evaluate the
mutual impedance.
6 Kosmo J. Affanasiev, Simplifications in the consideration of mutual
effects between half wave dipoles, Proc. IRE 34, pp. 635 to 638 (Sept. 1946).
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III. Relations Existing in the Receiving
Antenna

the higher frequencies above 50 or 75 Me. Under
these conditions the phase shift on reflection, <p, is
very nearly 180°, so that
px.

1. Antenna Current
3. Voltage Relations
Equations 3 may now be solved for the current
/3 at the center of the receiving antenna. The
problem will be simplified if it is assumed that the
distance between transmitting and receiving an¬
tennas is sufficiently large that the presence of the
receiving antenna does not measurably affect the
current flowing in the transmitting antenna. This
is usually the case in practice, and the assumption
is certainly justified if the spacing is at least several
wavelengths. In this case the current in the re¬
ceiving antenna terminated at its center in a load
impedance ZL is, from eq 3:
j

(Z3i+r2Z32)/i

/q\

The terminal voltage of the receiving antenna
terminated in an impedance ZL is, from eq. 9
T7-

(^3i T r2Z32) ZLIX

.

.

(Zl + Zss + ^Zs,)’
and the open-circuit voltage is, letting ZL—> °°,

u0C=-(Z31+r2z32)/1.

(13)

If the receiving antenna is sufficiently high above
the ground, Z34 may be considered negligible com¬
pared to (ZL-j-Z33), in which case the terminal
voltage will be, from eq 12,

ZL T Z33 -f- r4 Z34
t/-_(Z3i t r2Z32)ZLIX
'l
y i 7
'

2. Input Impedance
The numerator of eq 9 is the induced emf in
the receiving antenna, and the denominator is the
input impedance (in the presence of the ground)
plus the terminating impedance ZL connected at
the center, the input impedance being

Z*=Z33-f-r,1Z34.

,

.

^33

(10)

The effect of the ground in the immediate
vicinity of the receiving antenna is accounted for
by the second term on the right of eq 10, r1Z34.
Zu is the mutual impedance that would exist
between the receiving antenna and its image if
the ground were perfectly conducting, and is
given by eq 5 or eq. 8 upon substituting R=2h2.
Tj is of course the actual reflection coefficient of
the ground for normal incidence obtained from
eq. 4 by placing ^=7r/2, which gives

The "true value of the electric component of
field intensity at any antenna height, h2, above
the ground is, from eq 7 and 13:

7

?

_Voc.

l~ U ~

(Z3i+r2Z32)/i
In

The value of field intensity that would be indi¬
cated by a field-intensity meter previously cali¬
brated in the presence of the ground is, from eq 12:

Ei=KVL=

K (Z,1 T r 2Z32) ZJX
33

(•^l+z +r,z34)

(10)

K may be defined as the antenna constant and
may be evaluated at any desired height of the
receiving antenna. If a height h2 is chosen such
that Z34 <C (ZL+Z33), K might then be termed
the free-space antenna constant and in such a
case its value would be

r.(-£r>
Values of the magnitude of eq. 11, p1; are shown
plotted vs er in figure 2 for low-loss dielectrics,
(a/ew<(<Cl). Many types of ground may be
treated as low-loss dielectrics over a large portion
of the VHF band as far as their reflecting proper¬
ties are concerned. This is particularly true at

(15)

(17)

since Et ^ Et at this height. The antenna con¬
stant is seen to be the reciprocal of the product
of the effective length, lH, and the voltage-transfer
ratio, TV/Voc=ZL/ (ZL+Z33).
The assumption is made here that the relative
current distribution and hence the effective length
of the half-wave receiving dipole is not (to a
Journal o£ Research
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in the case of low-loss dielectrics, from figure 2,
since F, ^ — pt.

first approximation) a function of either the ter¬
minating impedance, ZL, or the height of the
antenna above ground. Although a complete
solution to the general problem of the receiving
antenna has unfortunately not yet been achieved,
this assumption is supported by a number of om
measurements.7

IV. Evaluation of the Measurement
Error
The difference between the true value of field
intensity existing at some antenna height h2, and
that indicated by a field-intensity meter with a
previously determined antenna constant is (in
percent)
XI00.

1.0

(18)

2.0

5.0

10

20

50

100

RELATIVE DIELECTRIC CONSTANT

For the case in which the antenna constant, K,
was determined at a sufficient antenna height that
it may be considered to have a free-space value,
the above difference, or measurement error, may
be obtained by substituting eq 15, 16, and 17 in
eq 18, giving (in percent)
r

/1
ZL-\-Zzz
\\ZL+ZM+T,ZZi

(19)

ZL = load impedance connected to the center ter¬
minals of the receiving antenna.
Z33 = input impedance (in free space) of the receiv¬
ing antenna. Z33 may be evaluated from
figures 11.21 and 11.22 of the reference given
in footnote 4 or if desired may be taken as
73.2+^42.5 (oluns) corresponding to a thin
A/2 dipole in free-space, without substan¬
tially affecting the resulting value of the
measurement error.
Z34 may be evaluated from eq 5, or from figures
11 and 12 of the reference given in footnote 5.
For heights of the receiving antenna A2 = +
Z34 may be evaluated from eq 8, placing
R—2h■2. This gives (in ohms)

v

• 30X

z™=3

Vh,e

-)

X

(20)

1\ = plane-wave reflection coefficient for normal
incidence. I\ may be evaluated from eq 11, or
7 Further details are contained in a forthcoming Bureau paper entitled.
“Development of VHF field-intensity standards”, by F. M. Greene and
M. So low.

Figure 2.

Pi

(at

Magnitude of the plane-wave reflection coefficient,
normal

incidence)

vs

the

relative

dielectric

constant, er.
Low-loss dielectrics are assumed (<r/eai<< 1).

rj= —p,.

V. Discussion of Results
The measurement error to be discussed is that
existing in a field-intensity meter whose antenna
constant was determined under free-space con¬
ditions. This error or difference (as calculated)
is given by eq 19 and is shown in figures 3 and 4
vs h2/\ for various values of the parameters Tj
and ZL. Measured values of the error determined
at one particular site as well as the corresponding
calculated values (J—100.0 Me) are shown in
figure 5.
Figure 3 shows the effect of changes in the
ground constants on the measurement error cal¬
culated for an antenna terminated in an imped¬
ance ZL=73JrjO ohms. The self-impedance of
the antenna was assumed to be 73.2+j 42.5 ohms.
Curves are shown for (A) <r= °°, (B) er=30.
(C) er=15, and (D) er = 9. Low-loss dielectrics
were assumed in the last three cases.
The high and low values of the relative dielec¬
tric constant chosen represent the approximate
extremes measured at one particular site (J—100.0
Me) during the summer of 1948 (see footnote 7).
The value, er=15, is usually assigned to average
ground, along with a value of conductivity
cr = 5x10 3 mhos/meter. Values of conductivity
of this order of magnitude can be ignored, at
least for frequencies above 50 Me as far as the

Effect of Ground on VHF Field-Intensity Meters

666/127

0

1.0
2.0
ANTENNA HEIGHT, WAVELENGTHS

Figure 3.—Calculated percentage difference

3JO

(Zl—73J2) calibrated under free-space conditions
may indicate values of field intensity that are in
error by as much as 10 percent for values of h2/\
near 0.3, and 7.5 percent for values of h2/\ near
0.6. If this error is to be held to values less than
5 percent, antenna heights greater than about 0.65
wavelength should be used for field-intensity
measurements under these conditions.
It is somewhat doubtful at the present state of
the art just what maximum values of measurement
error of this type should be permitted. One
method of reducing the error, obviously, is to
increase the value of the antenna terminating
impedance, ZL.

(\Ei/Et\ — l)X

100 vs receiving antenna height, h2/\, in wavelengths.
Ei is the true value of field intensity, and Ei is the value indicated by a
field-intensity meter with a previously determined free space value of antenna
constant (horizontal polarization). Curves are shown for four values of
ground constants: (A) <r=
(B) t,=30; (C) €, = 15; and (D) &=9 (for low-loss
dielectrics cr/ea><<l). Antenna length Z=X/2. The free-space antenna input
impedance is taken as £33=73.2+.?42.5, and the terminating impedance
Zt — Ti+j 0 ohms.

effect on the reflection coefficient (\p=ir/2) is
concerned.
Apparently the usual changes in the ground
constants experienced (due to changing moisture
content) have but little effect upon the measure¬
ment error as presented here. The total variation
from average ground conditions (cr=15) does not
exceed 1.5 percent, except for values of h2/\
<0.15.
As shown by figure 3, a field-intensity meter

0

1.0
2.0
ANTENNA HEIGHT, WAVELENGTHS

3.0

Figure 5.—Calculated percentage difference in field intensity

{horizontal polarization)

{\EJEL\ — 1) X100

vs

receiving

antenna height, h2/\, in wavelengths over average ground,

er=15,

<r/eu<f<fl, for both a half-wavelength dipole and

a self-resonant dipole {l~h/2).
The measured points were determined at 100.0 Me and were obtained from
the data presented in figure 7
, self-resonant dipole;_, X/2
dipole; O.observed for self-resonant dipole.

. _

ANTENNA HEIGHT, WAVELENGTHS

Figure 4.

Calculated percentage difference in field intensity

{horizontal polarization)

(\Ei/Et\ — 1) X 100

vs

receiving

antenna height, h2/\, in wavelengths for three valves of
antenna terminating impedance.
(A) £z = 73; (B) 150, and (C) 300 ohms, over average ground e, = 15,
<r/ew<<l. Z=X/2, Z« = 73.2+;f2.5

Figure 4 shows the calculated measurement
error vs h2/\ for values of Zz,=73, 150, and 300
ohms for average ground, er=15, (o- = 0). For the
case of ZL=73 ohms, the error does not exceed 10
percent for heights of the receiving antenna in
excess of 0.15 wavelength. If ZL is increased to
150, and 300 ohms, this error is reduced to 7 and 4
percent, respectively, and approaches zero as
ZL approaches infinity.
Figure 5 shows the computed measurement error
for both a X/2 dipole and a self-resonant dipole, as
well as measured values for the latter case (/=
ICO Me). In the case of the X/2 dipole, Z33=73.2
-\-/ 42,5 ohms, and Zj—--73+.7 0 ohms. For the
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polarization) is shown vs height, h2, in meters over
ground having a measured relative dielectric
constant er^15, (o-/eco<!<Cl) for: (A) antenna
“open-circuited”; and (B) antenna terminated in
Zl=62 f-j 0 ohms. The measured percentage dif¬
ference shown in the upper curve of figure 7 was
determined from the data with the aid of eq 18
which, upon substituting eq 15 and 16, gives
(in percent)

-l)xi00.

5=

(21)
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View of the various -pieces of transmitting and,

receiving equipment used in obtaining the measured data

/
/

/

/

of figure 7.

/

In the background is shown the ladder-mast and carriage for the receiving
dipole. The location is the Beltsville, Md., airport.

self-resonant dipole, Z33=65Tj 0 ohms, and
Zz,= 62+j 0 ohms.
The latter values were chosen as representing
the approximate impedances of the self-resonant
antenna actually used for obtaining the measured
points of figure 5. The terminating impedance,
Z£, = 62+j 0 ohms, was the closest value to 65
ohms available at the time the measurements
were made. As might be expected, there is no
substantial difference between the calculated
values of the measurement error for the full X/2
dipole and for the self-resonant dipole. The
measured points support the theory reasonably
well. The difference does not exceed 3 percent
for antenna heights above 0.1 wavelength. Vari¬
ous pieces of the transmitting and receivingequipment used in making these measurements
are shown in figure 6.
The measured values of figure 5 were obtained
from the data presented in figure 7. In the latter,
the receiving antenna terminal voltage (horizontal
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Figure 7.—Measured values of receiving antenna terminal-

voltage (horizontal polarization) vs height
ground

having

a

€r== 15,

(<r/eco<[<C 1)

measured
for: (A)

relative
antenna

in

meters over

dielectric

constant

“open-circuited

and (B) antenna terminated in Zi = 62+i 0 ohms
The measured percentage difference was determined with the aid of eq 21,
&=(KIhVl/Voc—1)X100. The free space value of the factor KIb = (Zl+Zm)
IZl = Vo c/Vl (see eq 17) was estimated from the data, and is the reciprocal of
the voltage-transfer ratio. /=100.0 Me, d=30.5 m, Ai=3.05 m, 7=0.100
amp.
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The free-space value of the factor, Kla=(ZL-\from the
data, and is the reciprocal of the voltage-transfer
ratio previously mentioned.
For the open-circuited condition referred to
above, the receiving antenna was actually ter¬
minated in a special balanced voltmeter of the
silicon crystal-rectifier type. This crystal rectifier,
together with the balanced RC network used to
take off the direct-current output voltage, pre¬
sented a resistance of approximately 4,000 ohms
in shunt with 0.75 ju^f across the gap at the center
of the antenna. This accounts for the slight oscil¬
lation of the points around the averaging curve,
but introduced an error of less than 1 percent in
the final results, as the shunting was present dur¬
ing both the open-circuited and terminated runs.
Zzz)lZL= VoJVl, used, was estimated

VI. Conclusions
An approximate method has been presented for
determining the effect of finitely conducting ground
beneath a horizontal receiving dipole on the value
of the antenna constant as used for measuring
VHF field intensity. Three variables are mainly
involved in this effect: (a) the antenna height, in
wavelengths, A2/X, (b) the ground constants er and
a; (c) the antenna terminating impedance ZL.
Changes in antenna height probably have the
greatest effect on the antenna constant, as can be
seen from figure 3, and are of primary concern here.
Normal variations in the ground constants en¬
countered in practice apparently have only a minor
effect. Under most conditions and to within the
probable accuracy of this method, these variations
can probably be neglected.

This error8 in measurement caused by the
ground may be reduced by increasing the value of
ZL. The error vs height is shown in figure 4 for
three values of ZL, viz, 73, 150, and 300 ohms.
The error approaches zero as ZL approaches
infinity.
In figure 5, measured values of the error are
compared with theoretical values calculated as
previously described. The agreement is reason¬
ably good for antenna heights above 0.1 wave¬
length.
In view of the approximations involved it is felt
that the curves shown in figures 3, 4, and 5 prob¬
ably should not be used for actually applying
corrections
to
field-intensity
measurements.
Rather they might be used to estimate the maxi¬
mum probable error (due to ground effect) existing
in measurements made below a given antenna
height.
Figure 3 shows the variations in the error with
antenna height occurring over perfectly conducting
ground.9 The error is appreciably larger in this
case than for finitely conducting ground. This
would seem to indicate the inadvisability of using
or calibrating a VHF field-intensity meter over a
perfectly conducting plane unless the antenna
heights were carefully chosen so as to result in a
low value of error.
8 The error, as previously defined, is the percentage-difference between the
true value of field intensity existing at a given antenna height, in wavelengths,
hi/X and that indicated by a field-intensity meter whose antenna constant
was determined’ under free-space conditions.
9 Perfectly conducting ground and a solid metallic ground plane would have
essentially the same reflecting properties for the present purpose.

Washington,

October 18, 1949.
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Calibration of Commercial Radio Field-Strength
Meters at the National Bureau of Standards
By Frank M. Greene
A brief description is given of the standards and methods used in the calibration of
commercial radio field-strength meters at the National Bureau of Standards in the frequency
range 10 kc to 300 Me.
A calibration consists in part of measuring the over-all linearity
of the field-strength meter at one or more frequencies and radio-frequency input voltage
levels, and in measuring the internal attenuator ratios at one or more frequencies in terms
of precision disSipative-type step attenuators, as well as precision mutual-inductance attenu¬
ators, depending upon the frequency being used.
The remainder of the calibration consists
in determining the so-called antenna coefficient or correlation factor of the set relating field
strength to the output meter reading.
Below about 30 Me this is done only for sets using
loop antennas in terms of a quasi-static magnetic field produced by a single-turn balanced
transmitting loop.
Above this frequency for sets using only dipole antennas a locally
generated radiation field is used and is evaluated in terms of the electromotive force mduced
in a horizontal receiving dipole.
The accuracies of the various parts of the calibration are
discussed for different portions of the above frequency range.

1. General
The National Bureau of Standards offers a
calibration service1 for certain types of radio
field-strength meters in the frequency range 10 kc
to 300 Me. The calibration consists in measuring
the over-all linearity of the instrument at one or
more frequencies and radio-frequency (r-f) levels,
measuring the internal attenuator ratios at one or
more frequencies, and measuring the so-called
antenna coefficient or correlation factor relating
field strength to the output meter reading under

specified conditions of set gain at specified fre¬
quencies. All measurements are made in terms
of sinusoidal voltages or currents.
In developing the equations used in this paper
for determining field strength, the practical
rationalized inks units have been used. This is
in agreement with recent international action.
i For further information and calibration fees, write to Director, National
Bureau of Standards, Washington 25, D. C.

2. Measurement of Linearity and Attenuator Ratios
Those quantities involving only r-f voltage ratios
are measured in terms of precision dissipative step
attenuators or precision mutual-inductance (waveguide-below-cutoff) attenuators, depending on
frequency. Use is made of two types of dissipa¬
tive attenuators comprising “Pi” or “T” sections,
one employing wire-wound resistance elements for
frequencies below 1 or 2 Me, the other usingcoaxial sections of evaporated or deposited metal
film for frequencies up to 300 Me. These step
attenuators are standardized on direct current and
their ratios determined to within 0.1 percent.
Frequency corrections are determined by compar¬
ing one standard attenuator used at signal fre¬
quency against another used at the intermediate
frequency in a receiver. Cross checks are made
against the standard mutual-inductance attenua¬
tor at frequencies above about five megacycles.

This type of attenuator2 serves as a primary
reference standard, since the attenuation is a func¬
tion only of its linear dimensions which can be
precisely determined. The TE x,i mode of excita¬
tion is used, the higher order unwanted modes
being reduced by means of a strip filter'. Errors
resulting from the finite conductivity of the
cylinder wall, and from the proximity of the op¬
erating frequency to the cut-off frequency are less
than 0.1 db in a 60-db range in the HF band
(3 to 30 Me) and the VHF band (30 to 300 Me) and
can usually be neglected.
Since the over-all linearity of a field-strength
meter will in general be a function of both fre¬
quency and r-f input level, it is necessary to de¬
termine this dependence. Fortunately, this effect
sr.E. Grantham and J. J. Freeman, A standard of attenuation for microwave measurements, Trans. AIEE 67, 535 (1948).
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frequency attenuators only. The departure from
linearity has been found in general to be less than
2 percent if the signal voltage applied to the mixer
grid does not exceed about 5 percent of the in¬
jected local oscillator voltage. For practical and
economical reasons it is necessary to limit line¬
arity checks on the attenuator steps in question
to one or two frequencies as specified by the use)-.
For those sets also employing r-f attenuators in
the antenna input circuit it is necessary to ensure
that these ratios are measured under actual
operating conditions. Those r-f attenuator steps
which may be affected by the changing source
impedance of the antenna, or the changing input
admittance of the first r-f stage with frequency,
are measured with the antenna placed in a field
which can be attenuated in known ratios.
1.
Calibration of the internal attenuators
lineaiity of a commercial field-strength meter.

Figure

and

is usually limited to the highest attenuator steps
in those types of sets having intermediate-

The voltage linearity and attenuator ratio
measurements made on field-strength meters are
usually certified to ±2 percent. The equipment
used is shown in figure 1.

3. Measurement of Antenna Coefficients From 10 kc to 30 Me
At the present time the National Bureau of
Standards certifies only field-strength meters using
loop antennas below about 30 Me. The calibra¬
tion is made in terms of a standard free-space
quasi-static magnetic field produced by a single¬
turn, unshielded, balanced, transmitting loop of
known radius and with a known current flowing.
The current is measured by means of a vacuum
thermocouple3 at the loop center, which was
previously standardized on direct current, the
d-c output of the thermocouple being measured by
means of a precision slide-wire potentiometer.
The frequency error of the type of thermocouple
used for this purpose has been found to be less
than 1 percent at frequencies even as high as 100
Me when used in a balanced circuit with the
thermocouple at essentially ground potential.
The magnitude of the field strength produced
by a single-turn circular transmitting loop is
given by eq (1) for the case of coaxial transmitting
and receiving loops as shown in figure 2. The
actual value of tne quasi-static magnetic field,
77, produced by the loop is expressed in terms of
the equivalent electric component, E, that would
exist in a free-space radiation field. The relation¬
ship used is E=ZH, where Z is the impedance of
free space (Z=376.7 ohms).

\E\^

GOtI'II
/t , /2trd\2
(rf2+
+r*+rf)3/2V +V X /

r2=radius of receiving loop, meters. If re¬
ceiving loop is rectangular use equiva¬
lent radius of circle having same area
d= axial spacing (meters) between coaxial
loops (make 7j>7/*i and cfj>7r2)
1= transmit ting loop current, rms amperes
X=free-space wavelength in meters.
The value of field given by eq (1) is essentially
independent of frequency up to about 5 Me, above
which the frequency correction term under the
radical (the induction-field component) begins to
become appreciable for the spacing used in the
NBS standard (7^? 1.25 m). The value of field
strength used for calibration is of the order of 0.1
v/m, (/’j=0.1 m, 7=0.1 amp).
The magnitude of the field, \E\, predicted by eq
(1) was verified at several frequencies up to 30 Me
by measuring the electromotive force, e, induced
in a single-turn untuned balanced receiving loop
immersed in the field. The relationship used was

!E|=T'

(2)

L

where lL is the effective length of the single-turn
loop in meters.

(1)
’

where
7?= equivalent free-space electric field strength
in rms volts per meter
/’i—radius of transmitting loop, meters. To
keep a uniform current in the transmit¬
ting loop make 27rr1<(X/8
3 This refers to a four-terminal unit having an r-f heater electrically insulated
from the thermocouple.
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2ttA

(3)

where A is the loop area in square meters, and X is
the operating wavelength in meters. Agreements
were obtained between these two methods of de¬
termining the field to within 3 percent.
It is known that the case of the field-strength
meter will distort the field being measured. There,
is reason to believe that this distortion will not be
the same when the instrument is placed in the
above quasi-static field (E’ocl/d3) as when placed
near the ground in a radiation field, (2?ocl/dJ),
where usually l<r<2 for plane earth depending
upon frequency, distance, and the ground con¬
stants.4 It is believed that this difference is
probably not great. Previous comparisons of
instruments calibrated in both types of fields have
agreed to within considerably better than 5 per¬
cent at broadcast frequencies. However, orienta¬
tion of the receiving loop antenna relative to the
instrument case must be specified since if later
used in other positions an error of as much as 5 to
10 percent may be introduced into subsequent
measurements depending upon the height of the
loop above the case.5 This error is usually negli¬
gible if this height is greater than the loop diam¬
eter. It does not appear feasible to attempt to
establish standard radiation fields using the
standard-field method at frequencies much below
30 Me because of the difficulties in accurately
taking into account the ground effects.
In calibrating a field-strength meter by means
of eq (1), the setup is made in a cleared space as
shown in figure 3 such that a distance of at least
two or three times the loop spacing, d, exists to
the nearest sizable metallic objects and to the
ground. Their effect in distorting the field can be
estimated by moving up metal objects of similar
size and noting the effect on the value of the
received field. For the above distance and
spacing the effect of small objects on the value of
field was usually found to be less than 1 percent.
ft may be found necessary to shield thoroughly
the r-f generator and transmission line to the loop
to reduce leakage fields, also to correct the current
calibration of the thermocouple for harmonics in
the r-f supply. It is preferable that the r-f gen¬
erator output be balanced to ground at least for
frequencies above 1 or 2 Me.
The “antenna coefficient,” K, is evaluated by
the relation

Ex * /

Ax XM/

(4)

where
£’i = standard field given by eq (1) usually
expressed in microvolts per meter
* K. A. Norton, The calculation of ground-wave field intensity over a
finitely-conducting spherical earth, Proc. IRE 29, 623 to 639 (Dec. 1941).
6 H. Diamond, K. A. Norton, E. G. Lapham, On the accuracy of radio
field-intensity measurement at broadcast frequencies, .1. Research NBS 21,
795 (1938) RP1156.

1

Figure

3.

Determining the loop-antenna coefficient of a
commercial field-strength meter.

Hi = true attenuator ratio used
Mi=output meter reading corrected from
linearity data
/= frequency, usually in kc or Me. This
frequency factor is introduced arbi¬
trarily as a convenience to make K
(theoretically) independent of fre¬
quency, since Mx Sc/In using the field-strength meter later for actual
measurements, the unknown field in microvolts
per meter is given by
77-

KM2A2

...
(5)

where K is given by eq (4), and
M2=output meter reading corrected from
linearity data
H2 = true attenuator ratio used
/^frequency in same units as used in eq (4).
While the instrument actually measures the mag¬
netic component, II, of the unknown field, the
indication is given in terms of the electric com¬
ponent, E, that would exist if the measurement
were being made in free space, from the relation¬
ship, E=ZII, previously given. When the meter is
used to measure field strength near the ground,however, this relationship is in general no longer
valid. Consequently, the indicated value for the
electric component may be subject to question in
some cases unless the effect of the ground at the
measurement site is considered; the magnetic field
is however always correctly given by converting
the electric field strength reading by the above
simple free-space relation.
The accuracy of antenna coefficients is usually
certified to ±3 percent below 5 Me and ±5 percent
between 5 and 30 Me for sets using loop antennas.
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4. Measurement of Antenna Coefficients From 30 to 300 Me
At the frequencies in the VHF band, the Na¬
tional Bureau of Standards certifies only fieldstrength meters using dipole antennas. The de¬
termination of antenna coefficients is made in
terms of a radiation field by either the standardfield method or the standard-antenna method
using half-wave dipoles and horizontally polarized
transmission in either case. These two methods
were intercompared and excellent agreement was
obtained over most of the range of antenna heights
and distances of separation used between trans¬
mitting and receiving antennas.* 6
In using the VHF standard-field method it was
necessary to select a flat graded site free of any
reflecting objects such as trees, buildings or wires
within a radius of at least several hundred feet
around the transmitting and receiving antennas.
With these conditions approaching the ideal, the
absolute magnitude of the field at the receiving
antenna was accurately computed at these fre¬
quencies by considering only the direct and
ground-reflected waves from the transmitting
antenna, as indicated in figure 4. Both horizontal
half-wave dipoles are assumed oriented normal to
a line joining their centers, and spaced a horizontal
distance, d, greater than 2\. The resulting rms
field strength 7 in volts per meter at the receiving
antenna is
\E\=*

Q0tIhI
4p

r,r2

sin2

^k(R2-Rl) + ^

J

(6)

where

iH = effective length of antenna in meters
^\/tt meters for a half-wave dipole
\ = wavelength in meters
Ri — [(hi — A2)2+(i2]I=direct-ray path-length in

portion of the VHF band.
may be written

In this case, eq (6)

Unless (h1Jrh2)/d<^0.05, it may be necessary to
determine accurately the actual dielectric constant
or reflection coefficient of the ground. For
instance, if (hi-{-h2)/d=0.2, the magnitude of the
reflection coefficient may have any value in the
range 0.85 to 0.93, depending upon the moisture
content of the top layers of the soil at the measure¬
ment site. If (hiJrho)!d=0.1, this range may be
roughly 0.93 to 0.96.
For (/il-\-h2)/d<^'0.05,
the reflection coefficient will usually be greater
than 0.96. For this condition, and if further
2ttM2/VK1/4, eq (7) will reduce to

meters

240trlHI

fhih2\

d2

V X2 /

(8)

R2—[(hi-\-h2)2+d2]i=ground -reflected - ray'

hi

path-length in meters
d=horizontal
distance
of
separation,
meters
and h2— the heights in meters above ground of
the transmitting and receiving an¬
tennas, respectively
p=magnitude of the plane-wave reflection
coefficient of the ground (horizontal
polarization), and <t> is the angle of
phase lag on reflection
I— rms current in amperes at the center
of the transmitting antenna

giving the field to within ±2 percent of the value
obtained from eq (7) for these conditions.
In using the standard-antenna method the
field strength of a locally generated field is deter¬
mined by measuring directly the induced emf
in a standard receiving dipole oriented for maxi¬
mum response from the relation

\E\=e/lH,

e=induced emf in the receiving dipole in
volts

lH =effective length of the dipole, meters,
lH = ^l7T meters for a half-wave dipole.

k=

The phase shift on reflection, 0, is very nearly
180 degrees for many types of ground over a large
8 F. M. Greene and M. Solow, Development of very high-frequency fieldintensity standards, J. Research NBS 44, 527 (1950) RP2100.
7 Based on equation derived from reference 4 in mks units.

(9)

where

The emf is measured directly by means of a
relatively high impedance silicon crystal voltmeter
built into the gap at the center of the antenna.
This eliminates the necessity for a separate meas-
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u remold, of the antenna impedanee, which greatly
simplifies (lie problem, improving the over-all
accuracy of the measurement.
Owing to the lack of selectivity in this method as
used, il does not lend itself to calibration work in the
vicinity of strong interfering fields that may
often be encountered. The site used for VHF
calibration work at the National Bureau of
Standards is in a partially' shielded valley some
15 miles from the nearest interfering station.
While it is possible to use either the standardfield or the standard-antenna method for determin¬
ing the antenna coefficients, the latter method is
used at the National Bureau of Standards at the
present time. Field tests have shown the excel¬
lent agreement possible between the two methods
throughout the VHF band. The choice was
largely one of convenience, as it was found some¬
what more convenient to provide an accurate
calibration of the silicon crystal voltmeter than
to ensure an accurate measurement of the trans¬
mitting antenna current throughout the VHF
band.

The “antenna coefficient” of the field-strength
meter under test is determined by placing its
dipole antenna at a specified height, usually 10
feet, in the radiation field previously measured
using the standard receiving dipole and the rela¬
tionship given by eq (9). Equations (4) and (5)
are used as at lower frequencies, except that the
frequency term,/, is usually omitted.
Esc of the
meter later at other antenna heights or over
ground having appreciably different constants
may require corrections for heights less than about
one wavelength.8
The accuracy of the antenna coefficients certi¬
fied by the National Bureau of Standards depends
largely upon the merits of the individual meter
under test. In general, these coefficients are
certified at present to ±10 percent for frequencies
between 30 and 150 Me. and to ±15 percent for
frequencies between 150 and 300 Me.
Washington,

May 9, 1951.

8 F. 3U. Greene, Influence of the ground on the calibration and use of VHF
field-intensity meters, J. Research NBS 44,123-130 (1950) RI’2062.
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High-Frequency Impedance Standards at the
National Bureau of Standards*
R. C. POWELLf, R. M. JICKLINGf,

I

and

A. E. HESSf

MPEDANCE can be defined either passively as a

made larger until it reaches about 3X10-14 farad, where

geometrical configuration of materials whose mag¬

the accuracy is limited by the accuracy of free space

nitude depends only on a length and the electro¬

permittivity which is defined as the reciprocal of the

magnetic properties of free space, or actively as the

product of the permeability of free space and the square

ratio of potential and current at a given point.

of the speed of light, and hence limited by the accuracy

The highest two-terminal impedance that could be

to which the speed of light is known.

constructed would be a capacitor, the magnitude of its

If the capacitance is calculated in electrostatic units,

impedance being inversely proportional to its physical

the accuracy could be improved to about a part in 100

size, and its value approaching infinity as frequency ap¬

million as the capacitor is made larger until it reaches

proaches zero. How high an impedance can be made and

about 30 cm, where the accuracy is limited by the ac¬

still be evaluated depends only on how short a length

curacy to which length can be measured. Therefore, the

can be measured. If we assume l/200th of a wavelength

only present advantage in making a standard capacitor

of visible light, or about 3X10-9 meter, to be the limit

larger than about 3X10-14 farad in mks units or 30 cm

to which a length can presently be measured, we can see

in electrostatic units would be to increase the ease of

that our small capacitor could be no smaller than the

measurement both electrically and mechanically. This

permittivity of free space times this small length, or

increase in ease, however, is offset by a decrease in the

about 3X10~20 farad. Actively, this capacitance repre¬

maximum frequency to which it can be used, this maxi¬

sents the charge of one electron at a potential of about

mum frequency being determined roughly as that fre¬

5 volts. Since this capacitance can be determined to

quency at which the impedance of the associated induct¬

only + 100 per cent, a capacitor 10 times as large could

ance becomes about 10 per cent of that of the capaci¬

be determined to +10 per cent and the accuracy im¬

tor. At this point errors in the calculated values of in¬

proved to about a part per million as the capacitor is

ductance and resistance reduce any accuracy gained by
increasing physical dimensions.

* Manuscript received by the PGI, August 14, 1958.
t Boulder Labs., National Bureau of Standards, Boulder, Colo.

The lowest two-terminal

impedance

may similarly

be determined to be an inductor with a value in the
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order of the permeability of free space times our small¬
est increment of length, or about 4X10-15 henry. The
largest inductor that can be made without loss of ac-'
curacy is not limited by the free space permeability,
which is an implicitly defined quantity, but rather by
the longest length which can be measured tq the ac¬
curacy of l/200th of a wavelength of visible light. Since
this length is on the order of 3X10-1 meter, the induct¬
ance would be about 4X10~7 henry for a possible part
per 100 million accuracy or two orders of magnitude less
if free space permittivity rather than the permeability is
defined. Therefore, a standard of impedance must be
between the limits of 4X10~7 henry and 3X10-12 farad
for a part in 100 million accuracy as shown in Fig. 1.
It is interesting to note that these values converge at
about 100 me to a value approximately equal to the
characteristic impedance of free space. This is, of course,
true since this value is the square root of the ratio of the
free space permeability and permittivity, and both have
been multiplied by the same factor in determining our

MAXIMUM

limits of L and C. This is important in that it shows that
a part per 100 million accuracy in impedance can be

-MAXIMUM

ANO

AND

MINIMUM

MINIMUM

MEASURABLE IMPEDANCE

DETERMINED

BY THE

SMALLEST

MEASURABLE INCREMENT OF LENGTH

IMPEDANCE

MEASURABLE TO A PART IN

A

MILLION DETERMINED BY ACCURACY OF THE SPEED OF LIGHT
.MAXIMUM

attained to about 108 cps and at this frequency only

ANO

100

with an impedance equal to the characteristic imped¬

MINIMUM

MILLION

IMPEDANCE

RANCE: OF COMMERCIAL 0.1%

ance of free space. Above' this frequency the maximum
possible accuracy decreases until about 10.16 cps in the

MEASURABLE

DETERMINED BY
TWO

TO A

PART

IN

ACCURACY OF LENGTH MEASUREMENTS

TERMINAL INSTRUMENTS

Fig. 1—Range of impedance standards.

ultraviolet where 3X10-9 meter can no longer be con¬
sidered small compared to a wavelength.
Now that the limits of impedances that can be con¬

Thompson and Lampard type three-terminal standard

structed to maximum accuracy have been determined,

capacitors. Also, its high-frequency characteristics may
be checked by using microwave coaxial measuring tech¬

the next problem is to choose a single impedance to

niques. Such an impedance is only useful in calibrat¬

which all the other values can be related most effectively

ing other impedances which are exact multiples of its
value; to provide calibrations of intermediate values,
an incremental coaxial capacitor with a range of 10-12

at radio frequencies. At our maximum frequency of
about 108 cps at which maximum accuracy can still be
obtained, there are only three choices: a 3X10~12 farad
capacitor, a 4X10-7 henry inductor, or a 377-ohm re¬
sistor. Of these three, an air capacitor has many ad¬
vantages. Since most of its energy is stored in free
space, the material properties have little effect, so the
capacitance can be calculated simply and directly in
terms of length and free space permittivity only. To
calculate the impedance of a resistor, its material prop¬
erties must be known to the same accuracy as its im¬
pedance. Since the current in an inductor does not flow
only on the surface, the material properties come in
again to a second order correction which at best re¬
quires an approximation. We have chosen for a derived
impedance standard at radio frequencies to 300 me a
capacitor with about 10~12 farad. This value allows

farad is also required. It is so constructed that its
capacitance change can be calculated, and hence can
be used for interpolation. This capacitor and a model of
a 10-12 coaxial fixed capacitor are shown in Fig. 2. Sup¬
plementing these is a series of stable incremental and
decade capacitors whose impedances cannot be accu¬
rately calculated but which are calibrated by substitu¬
tion techniques, thus giving capacitive impedances of all
practical values over the radio frequency spectra. These
capacitors are then used to calibrate the equipment of
the high-frequency impedance measurements group in
the Electronic Calibration Center.
A similar analysis can be made of the impedance in¬
struments and standards which are to be calibrated at

capacitor need consist simply of a short section of co¬

the Center. Of these, only the large number of commer¬
cially constructed devices presents a problem, since the
very accurate custom-made devices are few enough in
number to be specially handled. If we assume the aver¬

axial line made sufficiently uniform for its dimensions
to be accurately measured. Not only can the impedance
added to a matching coaxial line due to the addition

age effective part of the device to be on the order of one
inch in dimensions and made with a tolerance of onethousandth of an inch, we would calculate the maximum

of such a coaxial capacitor be accurately derived from
its shape and dimensions, but with an appropriate
adapter it can be intercompared with the low-frequency

accuracy to be about 0.1 per cent with a maximum
range from 3X10-8 henry to 2X10~13 farad. An addi¬

lengths to be determined more surely while the induct¬
ance correction at 109 cps is only 10 per cent. Such a

tional restriction need also be made since it is difficult
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Fig. 3—Calibration mounts.

ONE - PICOFARAD
INCREMENTAL CAPACITOR
Fig. 2—Derived impedance standards.

to reduce the contact resistance of a two-terminal de¬
vice much below 10~3 ohm. Therefore, 1 ohm becomes
the minimum two-terminal impedance which can be
calibrated to 0.1 per cent when 1 ohm exceeds the im¬
pedance of 3X10-8 henry below about 5 me. This range
is also shown in Fig. 1. To efficiently calibrate these in¬
struments and standards, the Center is now being
equipped with four sets of working standards of im¬
pedance, each covering the range from 1 ohm or 10-8
henry to 10~13 farad. Each set consists of about 60
standards composed of resistors, capacitors, and induc¬
tors which are stable to better than 0.1 per cent per
year. Their nominal values are in decimal multiples of
1, 2, and 5. Each is calibrated over a frequency range
within which its value does not deviate by more than 10
per cent from nominal. These, together with special
mounts as outlined in Fig. 3 for combining standards,
yield the values of complex impedance necessary to
calibrate nearly all radio frequency impedance measur¬
ing instruments made today. Two systems are used for
calibrating these standards. The first is a resonance
method for calibrating the high-<2 components. The
working standard inductors are resonated on a special
mount with the standard incremental capacitors which
were calibrated against the derived standards. This
mount consists of one and one-half inches of coaxial line
in which current and voltage probes are symmetrically
arranged to excite and detect resonance. The working
standard capacitors are calibrated on the same mount

Fig. 4—Calibration sequence.

tenuator or a calibrated thermoelement to determine the
shape of the resonant curve as a function of frequency or
capacitance in order to determine the relative power loss
and, hence, the resistance. Using these methods the re¬
quired 0.1 per cent accuracy can be obtained on all the
standards at radio frequencies.
These standards can then be intercompared on the
same mounts to increase the accuracy at certain points
and to detect possible calibration errors. The system is
diagrammed in Fig. 4 and illustrated in Figs. 5-7.
It should be noted here that when accuracy is given
for complex impedance, it refers to error in the absolute
magnitude of impedance rather than to the separate

by substitution still using the resonance technique. The

components of R, L, and C. While some measuring
methods allow high precision on the resistive or reactive
components individually, careful analysis will show that

low-<2 components and resistors are calibrated on a simi¬
lar mount with the standard incremental capacitors

the absolute accuracy on these components is not justi¬
fied beyond that implied in the accuracy of \Z\.

using a susceptance variation method. Both of these
methods require the use of either a standard piston at-

When an impedance measuring instrument is sub¬
mitted to the Center for calibration, sufficient combina-
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Fig. 5—Derived standards.

Fig. 7—Calibration of a working standard against
an incremental capacitor.

Fig 6—Calibration

of incremental capacitor
using a derived standard.
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Fig. 8—Bridge calibration charts.

tions of the working standards are measured on the in¬
strument so that the error in each dial reading of the in¬
strument can be plotted as a function of the readings of
all dials on the instrument as shown in Fig. 8. This
method makes it unnecessary for the calibration per¬
sonnel to completely understand the construction of all
models of all instruments made and also gives the opera¬
tor a set of calibration charts which can be quickly used
with a minimum of calculation.
For comparing standards submitted for calibration,
the Center is being equipped with an admittance and an
impedance bridge at each of nine fixed frequencies.
These 18 bridges are adjusted to be direct reading to
0.1 per cent so that comparison with the working stand¬
ards can be done with minimum loss of accuracy. Such
adjustment is possible since each bridge is operated in
conjunction with a crystal-controlled generator and
receiver so that the frequency does not deviate more
than one part per million from nominal.
With such a system nearly every existing radio fre¬
quency impedance instrument or standard can be cali¬
brated efficiently to better than its rated accuracy. Still,
each piece of equipment presents its own individual
problems which are too numerous to detail in this paper.
The most important of these, however, is the matter of

terminals. There are hundreds of different types of
terminals in use today and it would be impractical to
maintain impedance standards with each type; there¬
fore, all equipment in this group is constructed with a
terminal that will allow the highest accuracy of the pri¬
mary standard while giving the least loss of accuracy in
transfer to calibrated instruments. This terminal is a
50-ohm air dielectric coaxial line with an outer conduc¬
tor inside diameter of f inch, the faces being flat and
perpendicular to the axis. In order to accommodate all
types of terminals, adapters are designed and calibrated
to give minimum loss of accuracy to a defined plane in
the commercial connectors.
All of the dozens of instruments and hundreds of
standards used in this system are newly constructed,
and it will not be possible to certify maximum accuracy
until a certain amount of history is obtained on each
unit.
Since high accuracy in radio frequency impedance
measurements is relatively new, and much technique is
required to utilize it effectively, there is still much work
to be done, and we hope that the limits we have placed
on possible impedances and accuracies as a guide for
designing the iacilities in the Center will serve as a chal¬
lenge rather than the barrier it is implied to be.
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Recently Developed Microwave Impedance Standards
and Methods of Measurement*
R. W. BEATTYf

and

D. M. KERNSf

guide walls at the flange. Electroforming techniques

Introduction

the Boulder Laboratories of the National Bureau

have been used in order to obtain great mechanical ac¬
curacy and freedom from working of the interior sur¬

of Standards in the field of microwave impedance
standards and measurements will be briefly described.

faces. The VSWR (cre) of a short-circuited quarter wave¬
length section of waveguide operating in its dominant

N the following, some of the recent developments at

The majority of the experimental work has been done
in WR-90 (A-band) rectangular waveguide systems al¬

TEi.o mode can be shown to be approximated closely by

1
VSWR «-=-—

though the results are applicable to any size of wave¬
guide and with increased difficulty, perhaps, to coaxial

sVt4t)

systems.
These developments cannot be described in detail in
a paper of this length, but it is expected that the details
will be published elsewhere in separate papers.

(1)

where /x and nm are, respectively, the permeabilities of
the medium within the waveguide and the metal of
which the waveguide is constructed. 5 is the skin depth
in the metal; Ag is the guide wavelength; a is the attenu¬

Standards of Impedance for

ation4 per unit length of the waveguide.
For example, such a short-circuited section of WR-90

Rectangular Waveguide

Fixed impedance, or reflection, standards consist of
terminated waveguides,1 having practically no reflec¬
tion; short-circuits, having almost total reflection; and
discontinuities2,3 of fairly simple geometry, having a
reflection calculable from the essential dimensions and
wavelength.
An adjustable sliding termination, having a VSWR

(A-band) copper waveguide has a calculated VSWR at
10 kmc of approximately 5680 corresponding to a volt¬
age reflection coefficient having a magnitude of approxi¬
mately 0.99965.
Even though the effective conductivity may not be
known to great accuracy, the difference between the
actual and calculated reflection coefficient magnitude

(voltage standing-wave ratio) of less than 1.0002, or a

will probably show up only in the 4th or 5th significant

return loss greater than 80 db, has been constructed
using a well-known principle.1 In order to provide fine

figure. This will cause errors of less than 0.01 per cent

adjustment and minimum variation in reflection as the
termination is slid, a number of refinements were neces¬
sary. These included construction of a uniform wave¬
guide section with a dimensional tolerance of approxi¬
mately 0.0001 inch in the cross-sectional dimensions, a
spring-loaded ball bearing alignment plunger, a resistive
strip tapered from both sides toward the center of the
waveguide, and independent fine controls for the re¬
quired mechanical movements.
Short-circuited sections of waveguide have been con¬
structed in which the input flange is a quarter wave¬
length from the short circuit. Flange losses are mini¬
mized since there is no longitudinal current in the wave* Manuscript received by the PGI, September 5, 1958.
f Natl. Bur. of Standards Boulder Labs., Boulder, Colo.
1 R. W. Beatty, “An adjustable sliding termination for rectangu¬
lar waveguide,” IRE Trans, on Microwave Theory and Tech¬
niques, vol. MTT-5, pp. 192-194; July, 1957.
2 N. Marcuvitz (ed.), “Waveguide Handbook,” M.I.T. Rad. Lab.
Ser., McGraw-Hill Book Co., Inc., New York, N.Y., vol. 10; 1951.
3 D. M. Kerns, “Half-round inductive obstacles in rectangular
waveguide as standards of impedance,” (in preparation).

in measured reflection coefficient magnitudes when the
short-circuited section is used as a reference.
Inductive half-round obstacles have been investi¬
gated for use as impedance standards in rectangular
waveguide. These obstacles consist of either one or two
opposed semicircular cylindrical indentations extending
across the narrow sides of the waveguide. Standards
employing half-round obstacles may be fabricated
by electroforming or by machining, do not require un¬
duly close tolerances, and avoid a change in the wave¬
guide cross section. They seem especially suitable for
use as independent, absolute standards of reflection or
waveguide impedance. Accurate values have been cal¬
culated for the lowest-mode lumped-element represen¬
tation using well-known methods to obtain stationary
expressions for the desired reactance elements as func¬
tionals of the obstacle currents. The Rayleigh-Ritz
process with one-term, two-term, and three-term kourier
expansions for the obstacle current as an “extremaliz4 See, e.g., E. C. Jordan, “Electromagnetic Waves and Radiating
Systems,” Prentice-Hall, Inc., New York, N. Y., p. 290; 1950.
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ing” sequence yields rapidly convergent numerical re¬
sults. Accuracy of the results is estimated at five figures
or better for VSWR’s up to three. Tables were calcu¬
lated of VSWR and reflection coefficient. Values are ob¬
tained for 15 obstacle sizes and for 41 frequencies within
the recommended operating range of 'the waveguide.
The results are based upon normalized parameters and
are applicable to any size of rectangular waveguide.
Further theoretical and numerical work is being done
to enable corrections to be made for finite conductivity
and for dimensional imperfections in the half-round
standards. These corrections must be adequately known
in order to give the half-round obstacles full status as
standards and to enable assessment of the significance
of the agreement between calculated and measured
values.

denotes the reflection coefficient6 corresponding to the
internal impedance of the equivalent generator con¬
nected directly to the load.
In impedance measuring systems such as the slotted
line, it is approximately true that \ K\ =1 and r2i = 0.
For these systems,
| Z>3-|

actual standard. It is necessary to use measurement
techniques in order to obtain the reflection of an un¬
known termination in terms of an impedance standard.
In the following, some methods for the accurate de¬
termination of VSWR will be discussed.
A number of measuring systems can be represented
by a three-arm junction with arms connected to a gen¬
erator, detector, and the unknown.
The variation in detector signal (square root of detec¬
tor power) as one changes the relative phase of the re¬
flection coefficient of the unknown is called the response
of the system. One can obtain different types of response
by choosing junctions having certain properties to be
discussed. A careful analysis5 of this type of measuring
system reveals that the amplitude 63 of the output of the
third arm (connected to the detector) may be expressed
in the form

^3 I max

1 ~f~

I rL

^3 Jmin

1

|

&L, the VSWR.

It is possible to construct a “lossless” junction for
which |Af| «1 and |r2,-| ~1. This can yield a squared
VSWR response; for as the phase of Tl varies,

Sz2T0

(I-S33IT)

bz — bG

SAIT

SziT0

(I-S33IT)

I

\1

bz

I min

(6)

| Tx | /

It is necessary to tune the junction in order to obtain
the correct phase relationship between K and r2j. This
response is not only a curiosity, but may find applica¬
tions in measuring techniques.
Of more promise is the class of junctions for which
|ik|»l, r2j~0. Inspection of (2) and (3) reveals that
| K\

may be approximated closely by

| SA/S^i | , the

directivity ratio of a directional coupler.
It is well known7 that the effective directivity of a
given directional coupler may be increased (or de¬
creased) by adjustment of a tuner connected to the
coupler output. By this means, one can adjust j K\ to
any desired value. Then another tuner connected to the
coupler input may be adjusted to make r2i = 0. This
yields a response similar to that of (4) except that Tz, is
multiplied by K. Since \K\ may be greater than unity,
this can be called a magnified response.
One technique for impedance measurement consists
of connecting the unknown (Tz, = Ff7), tuning for bz = 0,
(AT*7= —1), then tuning for T2i = 0. If the unknown is

(i-it-it)

| bz\

i-r2trL

Vs
= C 1-

(7)

If a variable standard were available, one could ad¬
just it until bz = 0, then Fc/ = r,s. If only fixed standards
(3)

are available, the following procedure may be used to
obtain the magnitude of IT.
(1 — 5nrc) Sn

where terms of the form Sm,n are the scattering coef¬
ficients of the junction, and the voltage reflection co¬
_

efficients of the generator, detector, and load are repre¬
sented by rG, Td, and Tl, respectively. The term r2i
5 For background material, see A. C. Macpherson and D. M.
Kerns, “A new technique for the measurement of microwave stand¬
ing-wave ratios,” Proc. IRE, vol. 44, pp. 1024-1030; August, 1956.

S13C1)

ShTg

S22

SuTg

S32

I (1 — ^uTg)
I

572772 0 - 61 - 44

—

response is

1 + KIV

(1—SAIT)

/I ~F I rz.[\2

(2)

or
Sz\

| bz |max

la

SAIT

(5)

^L

Ph

(l-SnrG)

(4)

removed and a standard (Fz, = r,s) is connected, the

it+st

bz — bc

| ,

and as the phase \J/l of Tl varies,

Measurement Techniques
It is useful to measure the reflection from carefully
constructed impedance standards and compare with the
calculated results. The degree of agreement is an over¬
all indication of measurement errors and errors in the

= C | 1 + | IT |

S31IV

SmTd

(1 — ShTd) I
SuTd

I

(I — •SWEd) I

7 E. F. Barnett, “More about the hp precision directional cou
piers,” Hewlett-Packard J., vol. 4, no. 5-6; January/Februa'
1953.
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If one varies the phase of Ts (a line stretcher, not
necessarily of the constant impedance type, may be
used), the ratio of maximum to minimum response is

alternately connects the unknown and the standard to
the output. In this case
\ b3 \U

b3

max

IV

+

Ts

b3

min

IV

—

Ts

1-1I b3 |s

This type of response is very sensitive to small dif¬
ferences in \Tu\ and |
| . One can choose a suitable
half-round inductive obstacle impedance standard so

IV

= 1-r

It is especially interesting to consider the response
when the tuners are adjusted8 for the conditions r2i = 0,
and | K| = oo (or 631 = 0). Eq. (2) becomes
1

I

\ b3\

621632
=

ba

1

---•

.

IV

.

.

= r I rs I .

(10)

(20log,„hv)
is measured directly.
Other systems for the measurement of microwave im¬
pedance can be represented by four-, five-, and six-arm
junctions. The consideration of the accuracy with which
impedance measurements can be made with these sys¬
tems has been partially deferred pending the investi¬
gation of simpler systems.

1
IT

Acknowledgment

(9)

With this type of response it is not necessary to vary
the phase of Tz,, but merely to observe |&3| when one
8 G. F. Engen, private communication.

or

can easily be arranged so that return loss

(1 - 6nr0)(l - 633IV)
= C' I Tl I .

r,

Any standard of known reflection coefficient [Ts| , such
as the ones previously mentioned (except IV = 0), may
be used. If a short circuit is used, the measuring system

that | Ts| is close to | Fez|. (It is interesting to note that
the attenuation of a short section of waveguide con¬
nected to an impedance standard could be determined
by this technique.) If a short circuit is used as the
standard |Ts| ~1, the ratio of (8) very nearly equals
the VSWR of the unknown. Variations of these tech¬
niques based upon (8) are possible.

| Tg |

,
~
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Coaxial Radio-Frequency Connectors and
Their Electrical Quality
M. C. Selby, E. C. Wolzien, and R. M. Jickling
The widely accepted manner of evaluating the quality of coaxial radio-frequency
connectors was in the past limited to a single case, namely, to the condition when the load
terminating the system was equal to the characteristic impedance of the line on the output
end of i he connector. The quality was expressed as the voltage standing-wave ratio in
t he input line.
To broaden this method of evaluation a “connector” is redefined, and several methods
an* given to find the corrections of various types of connectors with any termination.
Typical results of measurements made by these methods are given for frequencies from 100
to 900 megacycles. Application of these methods are also indicated in determining the
quality of transmission lines in general.

1. Introduction
The accuracy of impedance measurement depends,
among other things, upon the frequency at which it
is to be measured. It is generally admitted that
the frequency range of 30 to about 1,000 Mc/s,
which is under consideration throughout this paper,
happens to be one of the more difficult ranges from
the standpoint of impedance measurements. This
is the transition range where components cease to
act as lumped-constant elements. Dimensions and
distributed constants must be considered, particu¬
larly when optimum accuracies are desired. Un¬
fortunately, it is difficult to specify quantitatively
the accuracy sought because the accuracy of an
impedance measurement is generally a function of
both the magnitude and phase angle of the unknown.
One may however indicate its order of magnitude
as 1 percent or better for “matched” conditions.
In searching for reliable measurement techniques
and equipment for this frequency range to meet the
needs of tin* National Bureau of Standards, the wellknown slotled-line method was found the most
promising. After considerable effort, slotted lint's
having the highest available mechanical and elec¬
trical precision wore realized. Those lines, usable
down to 30 Mc/s, had a uniformity of probe-voltage
output of 0.25 percent or better over tin* entire
working range at all useful frequencies, and a poten¬
tial accuracy considerably higher than any other
available equipment. To make use of that potential
accuracy, it was necessary to minimize the errors
introduced by various connectors required between
unknown impedances and the uniform section of the
precision slotted line. Those errors, usually negli¬
gible with equipment of lower accuracy, could no
longer be disregarded for full utilization of the
quality of the new lines. This led. loan investigation
of methods of determining connector quality in
general with results presented below.
The. determination of errors introduced by con¬
necting elements has boon a problem for a number of

years, particularly when used with measuring or
controlling equipment, e. g., attenuators, terminating
loads, matching indicators, power monitors, bridges,
etc. In most cases these connecting elements con¬
sist of rigid coaxial structures, referred to as “con¬
nectors,” with or without a short solid-dielectric
cable or air-dielectric rigid transmission line. The
characteristic impedances of the components of
these connecting elements usually differ from each
other by several percent. In addition, the connectors
may have a nonuniform internal structure and dis¬
continuities of their own. The losses are usually
negligible and are assumed to be so throughout this
treatment.

2. Definition of Connector and of Its Quality
The tendency has been to interpret a “connector”
as the physical body of a connecting element, such
as an adapter, a balun, a taper, a jack, or a plug, by
itself or in combinations without regard to discon¬
tinuities located immediately at the terminating
planes. Thus, some indefinitely located plane be¬
tween a type X plug and jack was taken as a reference
plane for all purposes, e. g., the plane where a short
circuit was to be located, the plane where the un¬
known impedance, voltage, or current was to be
measured, etc. When accurate knowledge of im¬
pedance is desired, this interpretation of a connector
is not always acceptable, because for TEM propaga¬
tion (considered here) impedance is basically defined
and treated as the ratio of voltage to current or of
electric to magnetic fields in a cross sectional plane
of a uniform distributed-constant system. There'
are no known commercial connectors meeting the
requirements of such a system; all have appreciable
discontinuities affecting the field distribution in a
manner difficult to compute, predict, or measure.
The term “connector” as used here includes all
lossless circuit arrangements used to interconnect
two transmission lines of any configuration and
characteristic impedance.
An example of such a
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Figure 1.

Typical

connector showing
planes.

one

of terminating

ratio (VSWR) introduced on a uniform transmission
line feeding the connector when the latter is termi¬
nated in a load equal to the characteristic impedance
of the line. This convention can only be used to
estimate the maximum error in a measured VSWR
caused by connector reflections. It does not furnish
necessary corrections for all impedance values.
The approach in this paper is to treat the connector
as a component part of a transformer; the figures
of merit of this transformer are two transformation
corrections for the components of its terminating
impedances. The problem is to establish relation¬
ships between the connector input and output
impedances or admittances. Admittance relation¬
ships prove to be more convenient for computation
simplicity.
Let, in figure 2, a uniform transmission line
having a characteristic impedance Z01 be joined
with another uniform line, Z02, by means of a con¬
nector terminated in the planes A', at its input end,
and S0, at its output end. Also, let T0 be the location
of a voltage node when a short circuit is placed at Sa¬
lt can be shown [2] that simple expressions inter¬
relate admittances on opposite side of the con¬
nector, e. g., the admittances YA = GA-\-jBA and
YA. — GA>-\-jBA. at planes A and A', where A and
A' are effectively an integral number of half wave¬
lengths apart. Two planes in a transmission-line
system are effectively an integral number of half wave¬
lengths apart when a voltage node placed in one of
these planes (closer to the load) will cause a voltage
node to appear in the other plane irrespective of
what the physical distance is between them. A sup¬
plementary line section, l-2, is added to fulfill the
above requirement.
The relationships of these
admittance components (fig. 2), as shown by Oliver
[2], are given by

G( — a?Gi

(1)

Bi^afBi+aX,

(2)

and
To

Figure 2.

Sq

Representation of connector and connecting trans¬
formers.

connector is shown in figure 1. The transmission
lines are assumed to have uniform distributed
constants up to the connector. To complete the
definition of a connector, it is necessary to fix the
minimum allowable distance between its terminating
planes and its adjacent discontinuities (e. g., h, fig. 2).
This distance depends on the particular configuration
of the transmission lines and the attenuation rate of
the higher modes generated at the discontinuities.
For coaxial lines, h (fig. 2) should be equal to or
larger than the diameter of the outer conductor [l].1
When used in this sense, connectors can be readily
treated as four-terminal networks and their constants
defined and measured.
Another accepted convention is to indicate the
quality of a connector by the voltage standing-wave
1 Figures in brackets indicate the literature references at the end of this paper.

where a2 is a dimensionless constant, and axbx is an
additive constant in mhos. Similarly,

G'A=a*GA

(3)

B'A^a2BAYaAbA.

(4)

and

If desired, one can treat the connector shown in
figure 2 between A' and S0 (minus the supplementary
line section 4) as a transformer by expressing the
input admittance in terms of the output admittance.
From well-known interrelations

9'

^(1+COt2 flaZa)

m

(cot fok-bAy+gi

w

_ bA cot2 /S24+(l — gl— bA) cot 132l2—bA
(cot M-bA)'+gl
’

.
W

where: /S2 is the phase constant and the admittance
components are normalized with respect to Y^.
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The termination admittance of the connector may
also be obtained, using various charts and diagrams
and thus avoiding computation of eq (5) and (6).
However, there is no great advantage in knowing
the admittance at the plane S0 in preference to that
at any other plane. The additional computation
work involved is therefore seldom justified.
The definition of a “connecting transformer” may
here be introduced as follows:
A connecting transformer is any linear bilateral
passive four-terminal lossless network terminated at
both ends in uniform line sections; the latter are
electrically and mechanically identical to the corres¬
ponding adjacent lines of the system. When a short
circuit is placed at either end of the connecting trans¬
former, a voltage node appears at its other end.

Thus the connecting transformer consists of the
connector and 1 or 2 supplementary line sections.
However, there is generally no practical advantage
of having more than one supplementary section; the
disadvantage is, of course, the need of two (instead
of one) admittance transformations when one is
interested in the actual input and output admittance
of the connector. A connecting transformer, as
defined above, therefore consists of the connector
proper and one supplementary line section at its
output or at its input end. In figure 2, lx is the
input-end supplementary line section of the con¬
necting transformer correlating Y[ and Yx through
a set of corrections a\ and axb‘i. If the output
supplementary line section l2 is chosen, a set of cor¬
rections, aA and aAb'A, is required, and the correla¬
tion between Y'A and YA is established. It is con¬
venient to use l2 in preference to lx when the quality
of connectors is studied. On the other hand, lx is
used when the connector is an integral part of an
admittance measuring system used to determine Yx
with optimum accuracy. The justification for these
-preferences will be further clarified below when the
methods of obtaining the transformation corrections
are discussed. Special problems may indicate a
different choice of supplementary sections and may
justify the use of two sections simultaneously (i. e.,
one at the input, the other at the output). How¬
ever, the two major groups of problems anticipated
at present are impedance and connector measure¬
ments; therefore the discussion below will be limited
to connecting transformers using either lx or l2.
The interpretation of a2 and ah' in the case of
impedance measurements is straightforward. For
connector measurements the interpretation is as
follows: With a perfect connector (referring to fig. 2)
normalized admittance YA/Y01 will always be equal
to the normalized YA/Y02; otherwise the values of
a2 and ab' will indicate the errors introduced by the
connector discontinuities, i. e., the relative quality of
various connectors for all values of admittances.
For a connector mounted on the panel of an enclosed
network like an attenuator, voltage generator, etc.,
one may simply consider the connector as a part of
the enclosed network with the reference plane at
A'. Otherwise, required reference impedance-planes
like S0 and A may be assumed inside the network.

To summarize, the definitions of connector, con¬
necting transformer, and connector quality, as
applied here, are as follows: (a) A connector is a
lossless linear bilateral passive four-terminal net¬
work terminated at each end in a uniform line section
of a minimum length required to attenuate higher
modes likely to appear at these ends. These line
sections are identical electrically and mechanically
to the respective lines of the interconnected system,
(b) A connecting transformer is a connector as
defined in (a), terminated at one end in a supple¬
mentary lossless line section. This supplementary
line section is less than half a wavelength long and is
identical electrically and mechanically to that at the
connector end. When a short circuit is placed at
either end of a connecting transformer (with r-f
power fed from the opposite end), a voltage node
will appear at the other end of the transformer.
With perfect connectors a connecting transformer
is an ideal transformer; the normalized input admit¬
tance components of this transformer are equal to
its normalized output admittance components.
(Normalization is with reference to input and output
lines, respectively.) (c) With imperfect connectors
one must apply corrections to obtain accurate
termination admittances. These “transformation
corrections” a2 and ab' indicate the quality of the
connectors. The simplest form of the corrections
are given in eq (1) to (4). These transformation
corrections hold only for the chosen combination of
connector and supplementary line section.

3. Determination of Connector Quality
3.1. Analytical Background
The inadequacy of specifying the VSWR of a
“matched” connector as its quality index has been
pointed out above. For systems of equal char¬
acteristic impedances the effective characteristic
impedance of the connector is frequently taken as the
square root of the product of the measured open and
shorted input impedances (i. e., Z0=-v/ZocZsc). This
yields, strictly speaking, an inaccurate parameter,
because the approach assumes infinite and zero
impedances at open- and short-circuited conditions,
respectively, and uniformly distributed constants,
none of which are true in practice. In addition, this
approach neglects likely discontinuities at the
termination planes of the connector as the latter is
conventionally referred to. Therefore, the value
of Z0 so obtained cannot be used as a simple trans¬
formation factor. A reliable way to find quantitative
values of the transformation corrections of connectors
is the one employing the node-shift method [2, 3, 4, 5].
Frequency-variation methods can be used only to
find qualitative data.
The node-shift (n-s) method is well described in
the references cited and consists briefly in measuring
corresponding shifts of voltage-minima at both ends
of the connecting transformer. The original appli¬
cation of this method involved a less efficient and
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less accurate handling of measurement data, re¬
quiring the determination of tangents to curves of
uncertain regularity. An improvement, introduced
by Oliver, largely eliminated this difficulty, because
the transformation corrections are obtained from a
curve that is analytically shown to be a straight
line; measurement errors can be readily detected
in the plot of a straight line. Techniques developed
for the practical application of this method in systems
employing equal or unequal characteristic impedances
are described in section 3.3 Several variations in
these techniques may be used, depending on condi¬
tions and requirements.
The essential analytical steps underlying this
method of approach are as follows: Let a, b, c, d
represent, at one frequency, linear parameters [2]
of a four-terminal network equivalent to either one
of the two connecting transformers shown in figure
2. As the elements of the network are assumed
passive and linear, and a zero termination impedance
is transformed into a zero input imedpance,
II

t-H

1

e

(7)

c= 0

(8)

Z\
A2 + abZl

(9)

Y\ = a2Y1+ab.

(10)

y
1

In the last two expressions a and b are the parameters
of the transformer between Y\ and Y1 (i. e., between
planes T0 and S0).
As pointed out above, a voltage node at S0 will
cause a voltage node at T0. The plane T0 may be
located at the input.to the connecting transformer or
at any other plane an integral number of half wave¬
lengths away from it. Let the voltage node now be
moved a distance s from S0 by means of a movable
short circuit. This is equivalent to varying the re¬
actance of Z, by a given amount. The node at T0
will therefore shift in turn by some distance t, not
necessarily equal to s, as shown in figure 3. Here the
transformer input plane is shown at K and Y'0 is
chosen a half wavelength away from K; this is neees-

Fioure 3.

Basic arrangement to measure quality of a con¬
necting transformer.

sarv to permit measurements along a uniform line
section. With the nodes in these positions,

(3d

(ID

Z, =jZ02 tan fts

(12)

Z/=jZ01 tan

where
lines.

(3=2t/\ is the phase constant of the respective

Using eq (9),

Z02

tan

,3,1= 2
az-\-jabZ02 tan (32s

(13)

since the network is lossless, b is an imaginary quan¬
tity [2] and one may substitute —b' iov jb. Rewrit¬
ing the terms,
cot

Z,

(3d=y— (a2 cot (32s — ab'Z02).

(14)

^02

therefore,
cot

13d—cot (32s —

cot

(32s — ab'Z0l.

(15)

One can thus obtain a number of cot (3d values
corresponding to chosen cot (32s values and the plot
of (cot (3d~cot (32s) versus cot (32s will be a straight
line with f(Z0i/Z02)a2—1J as its slope and (—ab'Z01)
as its intercept on the (cot (3d~cot (32s) axis. As
Z01 and Z02 are assumed to be known, a2 and ab' can
be determined for use in eq (1) to (4). In addition,
relationships for impedance components can be
derived to show how the load impedance, R-\~jX, of
a slotted line, for example, is determined from its
measured value, R'-\~jX', when the transformation
corrections of its connecting transformer are known.
Thus, from eq (9), again writing —b'=jb,

R+jX

aW+jX')
1 —jab'(R'+jX')

(16)

or

R

a2R'
1+2 aYXXfla b')2(R'2+X,2j

a2[X' + ab'(R'2+X'2)]
1 + 2ab'X' + (a b')2(R'2+X’*)

(17)

(18)

It may be of interest to note at this point the inter¬
relation between the parameters of the same connect¬
ing transformer in the forward and reversed direc¬
tions. A case may arise where it is necessary to
reverse the transformer end for end. For example,
because of external structural irregularities, one may
wish to connect the transformer into a circuit in a
direction opposite to that used for the measurement of
its constants.
The termination impedances must
then be corrected by a new set of parameters, because
the system is not necessarily symmetrical. There is
a simple correlation between the “forward” and
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"reversed” sets of corrections, obviating the necessity
of additional measurements. It can be shown [6]
that
af=-

(19)

K=b’r=b',

(20)

ar

and

where the subscripts f and r refer to the forward
and reversed conditions, respectively.
Let the intercept of the straiglit-line plot measured
in the forward direction be n; then

afb' =

Figure 4.

Representation of two connecting transformers in
tandem.

(21)

Let also the slope obtained in the forward direction
be m; then
a/—~y^ (m + !)•

(22)

For a reversed system

b arb
—n
arb =—— ■J-r=
. -rar
aj
Z02(m +1)

(23)

Equations (22) and (23) may be used to compute
the output impedance of a connecting transformer.
The impedance at the input end of the connecting
transformer is assumed to be known.
Fractional error in measured shunt reactance
versus shunt capacitive reactance terminating the connecting
transformer.

Figure 5.

3.2. Connectors in Tandem
There is frequently the need of measuring the
quality of two connectors in tandem in order to
obtain the quality of one of them. A typical
example is as follows: Precision slotted lines of
special mechanical and electrical design are fre¬
quently constructed at a considerable cost; special
diameters are chosen to obtain optimum quality of
the slotted line. It is therefore necessary to employ
adapters, tapers, etc. to connect this line to conven¬
tional connectors of various diameters. There is a
simple relationship between the transformation
corrections of a connecting transformer composed of
two transformers in tandem and the corrections of
the individual transformers.
In figure 4 let a precision slotted line be connected
through connector ] and connector 2 to an unknown
load in plane S02 at the end of connecting transformer
2. The supplementary line section of transformer 1 is
/1, a section of the precision slotted line. From the
eq (1) to (4),

ai2b(2=a\a2bo-\-a1b(,

Tlio values in miCTomicrofmads are the equivalent shunt capacities at 300
Me/s. Shunt capacitive reactances equal to (—1 tab’) ohms are used as one of
the parameters to be consistent with the values used along the axes.

It is thus seen that one can obtain the individual
transformation corrections of transformer 2 from
the corrections of the combined transformer 1-2.
This is a great advantage, as it allows the use of
slotted lines of the highest precision to accurately
measure connector quality and unknown impedance,
even when the latter do not match the line mechan¬
ically or electrically.
The significance of the magnitudes of the trans¬
formation corrections a2 and ab' may be demonstrated
as follows: Equation (1) indicates that the error in a
measured conductance is a function of a2, whereas eq
(2) shows that the error in a measured susceptance
is a function of a, b', and of the magnitude of that
susceptance. From eq (2) the fractional error in
this susceptance is

(24)

where subscripts 1, 2, and 12 correspond, respectively,
to connecting transformers 1, 2, and 1-2, and where
planes S0i and T02 coincide.
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B-B'
ab'
= (l-a2)~B
B
ab'x + (a2-l),

(25)

(26)

where B= — lfx, B' = — l/x'; x and x' are the respec¬
tive equivalent shunt reactances of the unknown and
measured impedances at the ends of the connecting
transformer.
Equation (26) thus gives the errors in the measured
shunt reactances, which can be plotted versus x as
straight lines with shunt capacitive reactances
equivalent to (—ah') mhos as slopes, and (a2—1) as
intercepts. Representative values usually encoun¬
tered in practice at frequencies to 1,000 Me/s are
shown in figure 5.

3.3. Techniques and Procedures
The node-shift method of connector-quality deter¬
mination may utilize one of the following reactors,
depending on the problem and facilities at hand: (a)
An adjustable stub, (b) fixed line sections, (c) a
slotted line, or (d) a perforated line. Steps of pro¬
cedure and precautions that are common to the use
of all of these reactors will first be discussed; then
features of each device and its associated technique
will be described individually.
a. Equipment

^ In general, the equipment requirements are these:
The known reactor, connected as shown in figure 3
at S0 (the end of the unknown connecting trans¬
former) must be lossless, uniform, and adjustable or
variable over at least half a wavelength. The junc¬
tion at S0 must be free of discontinuities; thus, for
best results, the cross-sectional dimensions and di¬
electric material of the reactor and the connecting
transformer must be the same at this plane: In
addition, this uniformity must be maintained on the
input side of S0 for an axial distance equal to at least
the diameter of the outer conductor. Sometimes,
as mentioned in section g, a small amount of mis¬
match may be tolerated without invalidating the
measured data. Good mechanical alinement and
contact at this plane are essential. All discontinui¬
ties should lie between So and K, the latter being a
plane of reference on the measuring line, effectively
an integral number of half wavelengths from S0.
b. General Procedure

The measurement procedure consists in first plac¬
ing a short circuit at S0 and locating T0, a position on
the measuring line where a voltage node occurs, one
or more half wavelengths from K. Whenever pos¬
sible, the first To beyond K should be used so as not
to introduce extra losses into the measuring system.
As the short circuit is moved from SQ to S, a distance
s, the voltage node on the measuring line moves from
Tq to T, a distance t. From 5 to 10 corresponding
positions of S' and T are recorded. This number of
points has been found desirable to identify any ir¬
regularities in the data. Values of s are chosen so

that the distribution of cot 02s will be fairly evenly
spaced from —2 to +2. These limits are selected
because usable data, for the rapidly changing cotan¬
gent function outside this interval, require equipment
precision which is usually beyond practical achieve¬
ment. When the magnitude of the s values is lim¬
ited by the usable length of the reactor, lengths of s
corresponding to cot /32s values from 0 to +2 may be
adequate. Each of the S and T nodes are located by
determining the midpoint between two positions of
equal detector response one on each side of the mini¬
mum. However, when structural defects in the
slotted line produce nonuniformity in the voltage
distribution along the line, errors may be caused in
the determination of the nodal positions. To mini¬
mize these errors, it has been shown [7] that the opti¬
mum equal-response voltage in the determination of
a nodal position should be approximately 3 db
(within ±0.5 db) above the minimum voltage when
the VSWR is above 7. In addition to structural
defects, the presence of losses in the measuring sys¬
tem may introduce errors in making accurate nodal
measurements. When such is the case, one may
minimize these errors by following the procedure
outlined later in section g.
The difference, cot dd—cot d2s, is then plotted
versus cot /S2s and the resulting straight line inter¬
preted as shown in section 3.1. The values of a2
and ah' thus obtained are the transformation correc¬
tions of the unknown connecting transformer at the
test frequency.
As the magnitudes of a2 and ah' are functions of
the relative positions of the discontinuities in the
connecting transformer, and as these positions are
scattered and unknown, the effect of these discon¬
tinuities may cancel at some frequencies and increase
at others. Therefore, the number of frequencies at
which measurements must be made in order to find
the quality of a connector over a given frequency
range will be determined by the extent of the fre¬
quency range and the accuracy desired. Measure¬
ments indicated that the transformation corrections
for commercial connectors varied rather slowly with
frequency up to 1,000 Mc/s, and that measurements
at 100-Mc/s intervals in this range would be sufficient
to determine the frequency characteristics of a given
connector.

Ii
T0,
T

i
K

I
S0,

I
S02

I
S

Toi

Figure 6.
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Basic arrangement to measure quality of two con¬
necting transformers in tandem.

c. Connectors in Tandem

When the measuring line does not match the un¬
known connector in size or characteristic impedance,
or both, an adapter is required between them.. Then
it is necessary to separate the corrections of the
unknown connector from those of the adapter ac¬
cording to the procedure described above in section
3.2. In this situation S02 (see fig. 6) must be so
placed that a voltage node appears at S0i- This
condition can be met by first placing a short circuit
at Soi, the output end of connecting transformer No.
1, and by locating a corresponding T0i on the meas¬
uring line. Then the short circuit is replaced by the
unknown connector and adjustable reactor, and the
latter is varied until a voltage node again appears at
Toi. Thus a voltage node is also assured at Nm. The
values of s and t are then obtained as described
previously. In some cases the voltage node at S02
cannot be moved continuously because of the type
of variable reactor being employed or because con¬
necting transformer No. 2 has a fixed length. The
procedure to place a voltage node at N01 under such
conditions will be described in section li.

To determine values of s, relative stub positions
may be measured with the required precision by
means of large vernier calipers, gage blocks, or a
carefully engraved scale attached to the adjustable
stub. An advantage of this type of reactor is that
one stub of sufficient length can be used to obtain
convenient values of s over a wide frequency range.
In the construction of the stub it is essential to
use the least amount of solid support for the center
conductor near the input end. Whatever support
may be required should be small in mass and have
the lowest possible dielectric constant. When it is
possible to support the center conductor by the con¬
nector being measured, the omission of any additional
support is desirable. Another critical construction
feature is that the movable shorting device should
locate a nearly lossless short circuit in positively
defined planes. For small-sized connectors it is very
difficult to build a stub long enough for use in lowfrequency n-s measurements without an objection¬
able sag in the center conductor. An adjustable
stub is unsuitable for measurements of solid-dielectric
connectors, because of unavoidable discontinuities
of the junction of the two dielectric media.

d. Curvature in Plot of Data
f. Use of Fixed-Line Sections as Reactors

It was occasionally observed that the plot of meas¬
urement data substituted in eq. (15) resulted in a
curve rather than a straight line. The following
precautions were found to prevent such curvature.
(1) The phase constants of the measuring line and the
reactor must be known to an accuracy of ±0.01percent. This required that the corresponding fre¬
quency stability be maintained to an accuracy of at
least ±0.01 percent.
(2) The positions of No and T0
should be measured, for example, to ±0.1 mm at 300
Mc/s for lines with dielectrics having constants of 1
to 3. The presence of any appreciable discontinuity
at these planes, such as a poor contact at N0, may
cause an excessive error. (3) When the voltage
distribution near a node is nonsymmetrical because
of losses in the measuring system, proper precautions
must be taken to locate the positions of N and T cor¬
rectly. These precautions are described in section g..
(4) The accuracy of finding voltage-node positions
may be improved by keeping the input voltage high
and the probe penetration deep (for low input volt¬
ages), probe reflections being negligible near voltage
nodes, by filtering out harmonics from the input
voltage, and by operating probe output indicators
at the most sensitive positions of the meters and cir¬
cuit action. Means of minimizing errors caused by
structural defects in slotted lines were indicated
under section b.
e. Use of an Adjustable Stub as a Reactor

This type -of reactor is the most obvious one to
select for use in n-s measurements of air-dielectric
elements and is quite simple to operate. A 5-ft 50ohm stub of this type was found particularly useful
in measuring %-in. connectors in the VHF range.

The use of accurately constructed line sections for
reactors simplifies n s measurements. First, a short
circuit is placed at N0; this is then replaced by
shorted fixed-line sections of different lengths corre¬
sponding to selected s values. Alternatively, sec¬
tions of equal length open at both ends may be con¬
nected in tandem; a short circuit is then placed at
the output end of the combination. In both cases
it is essential that a good mechanical contact exist
at N0 and that no discontinuities be introduced in
this plane. In using combined sections, these condi¬
tions must also be maintained at the junctions.
Otherwise, a curvature or excessive random scatter
will result in the final plot of the data.
Although the procedure followed with this type of
reactor is simple, a number of disadvantages are
involved. First, the careful matching and alinement
referred to above requires precision machining.
Thus when n-s measurements are to be made over
a wide frequency range, numerous costly precision
sections are required. Second, if an adapter is
required between the unknown connector and the
measuring line, it may be awkward to use fixed
sections as reactors (particularly at low frequencies)
because of the requirement that the ends of the
unknown connecting transformer be an effective half
wavelength apart (see section 3.2). Third, although
reactors of this type can be constructed to match
any present-day air-dielectric connector, this can not
easily be done for solid-dielectric components because
it is difficult to determine with sufficient accuracy
the phase constant of solid-dielectric sections. In
coaxial lines having solid insulation the phase con¬
stant is very closely equal to 27r/(&)1/2/(2.998X108)
radians/meter, where k is the dielectric constant of
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the insulation. Variations from 1 to 3 percent may
be found in the dielectric constants of commonly
used insulators, depending on the batch or manufac¬
turer. In addition, these constants may be affected
by a change in volume (i. e., density) caused during
STRETCHER
fabrication steps and by the application of excessive
heat. The phase-constant accuracy is also limited
Figure 7.
System for node-shift measurements using a slotted
line as a reactor.
by the accuracy (±0.1 percent) to which the capacity
of line sections can be measured, by effects of fre¬
quency on the dielectric constant, and by dimensional
as that described in section b. It is not essential
tolerances of the conductors. Thus it appears that
that the voltage node be moved to the exact S’
the best prospect of obtaining the required accuracy
location previously selected; it is possible to locate
of ±0.01 percent in the phase constant is to measure
the position of the voltage minimum very accurately
the electrical lengths directly in the finished line
and thus know the corresponding value of s.
sections. For example, a section of line can be
At higher frequencies the presence of losses in
resonated by varying the frequency within the range
the
measuring system may make accurate measure¬
in question and observing the output of a fixed probe
ments of S and T more difficult. As the voltage
located at a precisely known distance approximately
curve in the region of a minimum closely approaches
a half wavelength from the shorted end. Assuming
a parabola, the voltage nodes may be located ac¬
that the dielectric and dimensional uniformity was
curately bv joining the midpoints of three horiziontal
maintained, this line section can then be cut into a
chords through each selected trough of the voltage
number of short sections. This fixed probe method
standing-wave [8]. However, this procedure is
suggests the application of a perforated solid-dielec¬
quite tedious; in most cases the following simpler
tric line; it also suggests an accurate way to measure
method may be employed, with results of sufficient
the dielectric constant of a coaxially fabricated
accuracy; (a) place a short circuit at S0 and find the
material.
true T0; (b) connect the slotted-line reactor at S0;
A type of reactor combining the features of the
this will introduce losses (especially when a solidadjustable shorting stub and fixed-line sections
dielectric line is used), reducing the VSWR and
might be used to alleviate some of the disadvantages
upsetting the symmetry of the voltage distribution
mentioned above. First, an air-dielectric stub is
in the measuring line particularly; (c) locate a node
required, in which the shorting device can be removed
at T0 as follows: Adjust the auxiliary variable reactor
from the coaxial line. Coaxial sections of any de¬
to obtain a node near T0, using a voltage increment,
sired solid insulator are then inserted in the coaxial
AE,, about 3 db above the minimum; readjust the
line, and the shorting device is replaced so as to
variable reactor to move the node toward the desired
produce a short circuit at the end of the newly
location; repeat these steps until a node is obtained
formed solid-dielectric coaxial line. It is necessary
exactly at the true T0; (d) then locate the correspond¬
that each of the insulator sections be accurately
ing minimum for S'0 (an effective half wavelength
machined to fit the coaxial line and to have end
from S0 toward the short circuit). Use a certain
planes perpendicular to its axis. The lengths of
AEs approximately 3 db above the voltage minimum,
these sections depend on the desired values of cot
(e) Finally, locate the selected S and corresponding
jS2s. Advantages of this type of reactor are (a)
T positions, using the same AEs and AEt in each case,
the conductors are not broken; (b) numerous s
as was used to locate the Sr0 and T0, respectively.
values are readily available, because it is simpler
Relative merits of this technique are: (a) This
to machine any desired number of insulators rather
type of reactor is useful wherever a slotted line is
than to construct an equal number of individual
available to match the connector being measured.
line sections; (c) the terminiating plane of the
The technique was found particularly applicable in
unknown connecting transformer (solid-dielectric
determining the quality of %-in. connectors, the size
type) can easily bo placed at any approximate point
in which solid-dielectric slotted fines of fairly good
in the reactor, when required; (d) any number of
precision have been made, (b) Only one slotted line
different dielectric materials may be used with the
is needed as a reactor for n-s measurements over a
same air stub for various desired Z02 values; (e) the
wide frequency range, e. g., from 100 to 1,000
phase constants may be determined with an auxiliary
Mc/s.
(c) Because of the precision with which
fixed probe, as described above.
voltage nodes can be located, the velocity of propaga¬
tion, and hence the phase constant of this type of
g. Use of a Slotted Line as a Variable Reactor
reactor, can be very accurately determined, (d) The
use of this reactor is more convenient than the others
In employing a slotted line as a known reactor, an
for the. n-s measurement of connectors in tandem,
auxiliary line stretcher or adjustable stub is connected
because of the ease with which S02 can be located
at the output end of the slotted line to move a voltage
whenever it must be placed in the reactor to meet
minimum along the slotted line where it is detected
the
half-wavelength
requirement
referred
to
by a probe (see fig. 7). The method recommended
for accurately locating this voltage node is the same
previously.
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Ill turn, this technique possesses a few disad¬
vantages. Measuring the s values in a slotted line
is somewhat more time consuming that adjusting
them, as described in the previous methods. A
slotted line is considerably more expensive than
reactors of the other types for use over the same
frequency range. Because of the slot, it is impossible
to match perfectly a slotted line to a closed line, a
compromise necessarily being required either in the
conductor dimensions or in the characteristic im¬
pedances. However, the use of a slotted line as a
reactor is practical if the resulting discontinuity at
the junction of the line and the unknown connector
is kept as small as possible. For example, satis¬
factory data were obtained by using such a slotted
line to measure the quality of adapters on precision
slotted lines.
h. Use of a Perforated Line as a Variable Reactor

Figure 8.

Although applicable to making n-s measurements
of connectors in all sizes, this technique is especially
recommended for use in determining the quality of
large-sized connectors because of the economy made
possible in the construction of the variable reactor.
As an example, a 50-ohm 3}8-in. perforated airdielectric line, shown in figure 8, was constructed for
the quality measurements of connectors and lines
having that diameter and characteristic impedance.
The line consisted of a 4-ft brass outer conductor
with a duralumin center conductor supported at the
output end by a Teflon disc % in. thick. At the
input end no disc was used; the center conductor was
supported bv the connector being measured so as to
minimize the discontinuity at the junction of the
connector and reactor. Stock tubing was used for
the conductors. Probe holes, % in. in diameter,
spaced 1 in. apart, were bored in the outer conductor.
This spacing permitted the choice of convenient s
values over a wide frequency range. Surrounding
each hole was a milled “flat” to help center the probe.
The probe was a stiff copper wire. 0.020 in. in diam¬
eter, soldered to a BNC connector, and was shielded
by a short cylinder that fitted the probe hole. An
external adjustable stub was used to tune the probe
(see fig. 9). As with the slotted line, a short-

circuited line stretcher was used at the output end to
move the voltage node along the perforated line. To
facilitate placing the voltage node at a preselected
hole, a line stretcher that can be moved by very
small increments in a positive fashion is desirable. If
difficulty is experienced in this operation (as indi¬
cated by a lack of reproducibility), the following
method may be used: (a) Shift the voltage node
slightly to one side of the selected hole. Let the
probe output voltage at this hole be Vx and the
position of a corresponding voltage node on the
measuring line be Tx.
(b) Move the voltage node to
the other side of the selected hole so that the new
probe voltage V2 equals Vx. Let the position of the
corresponding voltage node on the measuring line be
T2. (c) Then the true T for a voltage node placed
at the desired hole will be midway between Tx and
T2. This procedure assumes that the voltage curves
at S and T are not distorted by excessive losses.
This is not always true at T. If such is the case, the
precautions discussed in section g must be observed
in finding T. In all cases, when the movable short
circuit is being adjusted, it is advisable to have the
source impedance equal to Z0 of the line connected

Figure 9.

Details of a perforated line used as a variable
reac*or in node-shift measurements.

Perforated line used as a variable reactor to measure the corrections of a transformer.
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to it; this assures a constancy of voltage amplitudes
along the system.
When it is necessary to use an adapter between the
unknown connector and the measuring line, the
corrections of the two connectors must be separated,
as previously explained. Because of the fixed probe
positions of the perforated line, a special step must
usually be employed here to determine the exact
frequency at which the unknown connecting trans¬
former is effectively equal to a half wavelength. A
short circuit is first placed at the end of the adapter
to the measuring line, and three values of T0l are
found for three different frequencies around the
estimated frequency at which the unknown connect¬
ing transformer meets the length requirement.
Then the short circuit is removed, and the unknown
connector and perforated line are attached, the probe
of the perforated line is placed in a selected hole, and
three values at T02 are found for three similar fre¬
quencies. With these data two curves of frequency
versus T0 are plotted. The intersection of these
curves determines the desired frequency. If the
effective discontinuity of the adapter is small (so
that the transformation corrections remain essen¬
tially the same for small displacements of S01), it is
permissible to. use an approximate frequency, e. g.,
the integral number of megacycles per second
nearest the intersection of the above curves. Then
the original corrections of the adapter, predetermined
at a slightly different frequency, can still be used in the
separation procedure. When it is necessary to know
the desired frequency more precisely, the above pro¬
cedure is repeated over a more narrow frequency
range bracketing the frequency located above. The
frequency used in this technique must be known and
kept stable to 0.01 percent. The corrections of the
measuring-line adapter may, of course, be remeasured
at the new exact frequency if optimum accuracy is
to be assured.
Table

1.

4. Typical Measurement Results
In all the techniques described above, a precision
slotted line has been used to measure the input
reactance variations of the connecting transformer
corresponding to known output-reactance variations.
Obviously, impedance-measuring devices other than
slotted lines may be used for this purpose; e. g.,
bridges, Q-meters, instruments employing directional
couplers, admittance comparators, etc. However,
present experience indicates a need of precision in
measuring input-reactance variations considerably
greater than that provided by currently available
commercial instruments other than slotted lines.
Also, when these other impedance-measuring devices
are employed for this purpose, the steps of proce¬
dure in the n-s method must be modified. A dis¬
cussion of the use of such devices is reserved for
another treatment of the subject.
The results of some n-s measurements of typical
connecting transformers, using a precision slotted
line as the measuring instrument, are compiled in
table 1. The transformation corrections given do
not necessarily represent average values for the
particular types of commercial units listed, but
rather demonstrate the typical magnitudes of these
corrections. Each connecting transformer, of course,
terminates in uniform line sections and, when re¬
quired, includes mating connectors. For type N
connectors and adapters the mating connectors are
assembled from UG-21B/U plugs and UG-23B/U
jacks, combined with 1%-in. uniform sections of 50ohm Teflon-dielectric rigid line. For a particular
connector the transformation corrections vary, de¬
pending on the position of the connector along the
transmission-line type of transformer. The cor¬
rections for the cable connectors and adapters, Nos.
3 to 11, in table 1 represent the parameters of each
transformer, with the test unit placed at the input

Transformation corrections of typical connecting transformers

Connecting transformer
Frequency
Number

Components

1

M6-in.-diam line; taper to 2H-in.-diam solid-dielectric precision slotted
line.

2

He-in.-diam line; taper to l^i-in.-diam solid-dielectric slotted line...

a2

ah'

Mcjs
300
600

1.010
1.028

Micromhos
-410
-260

300
600
900

0.998
.991
.992

-60
-430
-360

.982
1.014
1.004
0.988
1.026
0. 981
.981
.991
1.005

-160
110
50
-130
0
-250
-20
-50
-680

I
\
l

1.054
1.032
1.005

-90
-500
100

/
\

0.996
.999

130
70

3
4
5
6
7
8
9
10
11

Adapter UG-57/U a_
_. .
Adapter UG-57B/U a_. _ _ . ...
Adapter UG-29/U a__. . ...
Adapter U G-29A/U a_
.. ... .
Adapter UG-27/U_ ... ..
Adapter UG-27/AU a_
Adapter Two GR-874-QNP a_ ... .
Connectors UG-21B/U, UG-23B/U_
UG-21B/U, 20 cm. RG-9/U, UG-21B/U_

300

12
13
14

Step adapter type N to %-in. diam.t>_ _
_ . .
1
J6-in.-diam, 140-cm partial-air-dielectric line_ . .. \
Js-in.-diam, 150-cm Teflon-bead line... _ ... _ .

100

15
16

S'/i-in.-diam, 140-cm partial-air-dielectric line.
3}4-in.-diam, 150-cm air-dielectric line... _

1

. _
__ ... 1
_ _

a UG-21B/U, UG-23B/U mating connectors were used; h = 1.5 in.
k UG-21B/U mating connector at input end.
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Variable reactor

He-in.-dium solid-dielectric slotted line.
Zo=49.9 ohms.

J6-in.-diam air-dielectric
stub. Zo=50.0 ohms.

adjustable

lSJ-S-in.-diam air-dielectric
/ line. Zo=50.9 ohms.

perforated

-2X>

-1.5

-1.0

-0.5

0

0.5

IjD

L5

2.0

cot^2s

Figure

10.

Measurement results.

Plots of equation (15) for connecting transformers listed in table 1: A, trans¬
former 1; B, transformer 7 in tandem with transformer 1; and C, transformer 8 in
tandem with transformer 1.

end. The magnitude of correction that can be
produced by a given transformer may be estimated
by considering, for example, transformer 8; a2=0.981,
ab'= — 250 micromhos. Using eq (17) and (18), it
can be shown that a measured impedance of
300— jlO.O ohms at the input end of this connecting
transformer corresponds to an actual load impedance
of 291— 7*31.5 ohms at its output end. Thus the
error in the resistive component is 3 percent, and the
reactive component is in error by 3 to 1.
The accuracy with which the values of a2 and ab'
can be determined depends first on the absence of
curvature in the plot of eq (15) as represented in
figure 10. With no observable curvature, the prer
cision with which the straight line can be drawn
depends on the scatter of the plotted points. The
scatter, in turn depends on the accuracy with which
the s and t values are .measured. The accuracy of
the transformation corrections was ±0.5 percent or
better for a2, and ± (5 percent + 0.01 micromicrofarad) for ab'.

5. Measurement of the Quality of Slotted
Lines
The n-s method may advantageously be applied
to determine the uniformity of a slotted line and
thus indicate the order of its utility, either as a
measuring line or as a variable reactor. The aux¬
iliary equipment required in performing this quality
measurement is an adjustable stub or a short-cir¬
cuited line stretcher connected to the output end of
the slotted line. This stub need not be of high ac¬
curacy; its purpose is only to move a voltage node
along the slotted line. The procedure follows the
general, n-s technique. At a half wavelength from
input and output ends of slotted line, voltage nodes
are selected to represent, respectively, S0 and T0.
It is desirable that the measurement frequency be
high enough so that most of the line lies between S0

and T0. The movable short circuit is then used to
place a voltage node at selected S' locations, and
the corresponding values of s and t are accurately
measured. The data are then plotted and the values
of a2 and ab' calculated, by the usual procedure.
These resulting corrections represent the total
transformation produced by all discontinuities be¬
tween S0 and T0. Usually it is found that the mag¬
nitude of these corrections is less than would be de¬
duced from the nonuniformity of the probe output
voltage, indicated as the probe is moved along the
perfectly terminated line. The choice of whether
to use the n-s technique or the voltage uniformity
method to determine the quality of a slotted line
depends on the information desired. Variations in
probe coupling do not necessarily affect the accuracy
with which nodal positions can be located, but do
result in probe output irregularities along the line.
Hence, the n-s method (depending only on accurate
nodal measurements) determines rather accurately
the electrical uniformity of a slotted line, and voltage
uniformity measurements (depending on line quality
and probe coupling) determine the combined effect
of probe penetration variations and electrical nonuniformity and establish the error limitations of
complete impedance measurements. -Thus, the n-s
method offers means of separating the two major
causes of slotted-line errors. It also follows that
slotted lines, which are poor as impedance-measuring
instruments, often may serve satisfactorily as vari¬
able reactors.
A way in which the uniformity of a slotted line
can be qualitatively evaluated is by using it as a
variable reactor in the n-s measurement of some
discontinuity placed outside this line. Fixed dis¬
continuities in the line, which change the electrical
lengths of the s values, will cause curvature in the
plotted results; when no curvature is obtained, the
line is free from serious discontinuities.

6. Conclusions
The work described above was limited to lossless
connectors. Transmission-line sections may also be
considered connectors as long as their losses are
negligible. A long lossless line may, of course, be
looked upon as consisting of several connecting trans¬
formers in tandem; one can then obtain the trans¬
formation corrections of representative sections and
calculate the transformations likely to result from
the long line.
The measurements were made on connectors
having ideal junctions with uniform rigid-line sec¬
tions; therefore, some of the transformation cor¬
rections cited are probably better than those for
connectors joined to commercial cables having
braided outer conductors. One may, of course,
measure a number of the latter samples and get
comparative data for various types and makes of
connectors, cables, and adapters, as well as for any
combinations of these. The transformation cor¬
rections are obtained for discrete frequencies; it is
pointed out, however, that in cases of rather small
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distributed discontinuities these corrections do not
vary sharply with frequency. Thus, measurements
at several well-selected frequencies may be sufficient
to cover a wide frequency range.
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The following graph and tables pertain to four half-round inductive
obstacle impedance standards for WR-90 (X-band) rectangular waveguide.
They were prepared primarily for the use of the NBS Electronic
Calibration Center, Boulder, Colorado and represent the first information
available on this type of standard.

It is expected that complete information

will be published later in a forthcoming paper by D. M. Kerns.
Two of the standards employ single half-round obstacles of radii
0.0720 inch and 0. 1080 inch.

The other two standards each use two half-

round obstacles as shown in the sketch below.

The radii of these pairs

are 0. 0900 inch and 0. 1080 inch.
Although not all of the standards give useful reflections at all X-band
frequencies, this combination of standards will give at least two well¬
spaced values of VSWR between 1. 05 and 1. 5 at each X-band frequency.
Errors in these values will be due to finite conductivity, mechanical
tolerances, and approximations in the original calculation.

The error in

the calculations is probably beyond the 5th significant figure in both VSWR
and |F | .

Corrections for dimensional perturbations and finite conductivity

are in the process of calculation at this time (August,

1958).

The accur¬

acy of the corrected jr| may be as good as 0.01%.
The personnel responsible for the preparation of these tables are the
following:
Theory and Calculations by:

D. M. Kerns, D.F. Wait, P.F. Wacker,
W.W. Longley, Jr., and D. Payne.

Tables by:

R.W. Beatty, R. H. Manka, and W.E. Boulton.
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RECTANGULAR

WAVEGUIDE

OBSTACLE IMPEDANCE STANDARDS FOR

WR90(X-BAND)

INDUCTIVE

FREQUENCY DEPENDENCE OF VSWR OF HALF-ROUND

o

FREQUENCY (KMC/SEC)

o
CO

SINGLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR 90 RECTANGULAR WAVEGUIDE
Radius = 0.0720 inch
'requency (f)
(KMc/s)

|r

o

| =

Is

VSWR ( <r )
s

— / df

8.2421
8.3464
8.4508
8.5551
8.6594
8.7638
8.8681
8.9724

0.07883
0.07592
0.07324
0.07075
0.06843
0.06626
0.06423
0.06232

1.
1.
1.
1.
1.
1.
1.
1.

17115
16432
15805
15227
14692
14193
13728
13292

9.0768
9. 1811
9.2854
9.3897
9.4941
9.5984
9.7027
9.8071
9.9114

0.06051
0.05880
0.05718
0.05564
0. 05417
0.05276
0. 05141
0.05012
0.04888

1.
1.
1.
1.
1.
1.
1.
1.
1.

12882
12496
12130
11783
11453
11139
10840
10553
10278

10. 0157
10.1201
10.2244
10.3287
10.4330
10.5374
10.6417
10.7460
10.8504
10.9547

0.04768
0.04653
0.04 54 1
0.04433
0.04328
0.04227
0.04128
0.0403 1
0.03937
0.03845

1. 10013
1.09759
1. 09514
1.09278
1.09049
1.08827
1.08611
1.08402
1.08197
1.07998

0. 226

11.0590
11. 1634
11.2677
1 1. 3720
11.4764
11.5807
1 1.6850
11.7893
11.8937
11.9980

0.03755
0.03666
0.03579
0.03492
0.03407
0.03322
0.03237
0.03152
0.03067
0.02980

1.07803
1.07611
I.07423
1.07237
1. 07054
1.06872
I.06691
1. 06509
1.06327
1.06143

0. 190

12. 1023

0.02891

1. 05955
698/4

0.450
0. 395
0. 360
0. 320

0. 292
0. 272
0. 254
0. 239

0.215
0. 208
0. 199
0. 194

0. 188
0. 188
0. 190
0. 196

SINGLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR 90 RECTANGULAR WAVEGUIDE
Radius = 0.1080 inch
'requency (f)
(KMc/s)

lrJ

=

VSWR ( o- )
s

lsnl

- /

U1

V T

8.242 1
8.3464
8.4508
8.5551
8.6594
8.7638
8.8681
8.9724

0. 173 12
0. 16619
0.15977
0.15378
0.14817
0. 14291
0.13794
0.13325

1.4 1873
1.39864
1.38030
1. 36345
1.34789
1. 33347
1.32003
1.30747

9.0768
9. 1811
9. 28 54
9.3897
9.4941
9.5984
9.7027
9.8071
9.9114

0. 12880
0. 12457
0. 12054
0.11669
0.11300
0. 10947
0.10607
0. 10279
0.09964

1.29569
1.28459
1. 27412
1.26421
1. 25480
1. 24 584
1.23730
1.22914
1. 22132

10.0157
10.1201
10.2244
10.3287
10.4330
10.5374
10. 6417
10.7460
10.8504
10.9547

0.09658
0.09363
0.09076
0.08798
0.08527
0.08262
0.08004
0.07752
0.07505
0.07262

1. 21382
1.20660
1. 19964
1. 19292
1. 18643
1. 18013
1.17402
1.16807
1. 16227
1. 15661

0. 582

1 1.0590
11. 1634
11.2677
11.3720
1 1.4764
11.5807
11.6850
11.7893
11.8937
11.9980

0.07023
0.06787
0.06554
0.06323
0.06094
0.05865
0.05635
0.05405
0.05172
0.04936

1. 15107
1. 14563
1. 14028
1.13500
1. 12978
1. 12460
1.11944
1. 11428
1. 10909
1.10384

0. 506

12. 1023

0.04694

1.09850
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1. 098
0. 976
0. 878
0. 800

0. 738
0. 686
0. 646
0. 612
/

0. 558
0. 540
0. 522
0. 512

0. 504
0. 506
0. 516
0. 536

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR 90 RECTANGULAR WAVEGUIDE
Radius = 0. 0900 inch
Frequency (f)
(KMc/s)

'Ll

VSWR ( a- )
s

= !sii'

8.242 1
8.3464
8.4508
8.5551
8.6594
8.7638
8.8681
8.9724

0.26561
0. 25630
0.24764
0.23957
0.23203
0.22494
0.2 1826
0.21196

1.72336
1.68924
1.6583 1
1.63011
1.60425
1. 58044
1. 55841
1.53795

9.0768
9. 1811
9. 2854
9.3897
9.4941
9. 5984
9. 7027
9. 8071
9.9114

0.20600
0.20034
0.19496
0.18983
0.18494
0.18026
0.17578
0. 17149
0.16737

1.51888
1.50106
1.48434
1.46862
1.45381
1.43981
L 42655
1.41397
1.40201

10. 0157
10. 1201
10.2244
10.3287
10.4330
10.5374
10.6417
10.7460
10.8504
10.9547

0. 16340
0.15958
0.15590
0.15235
0.14892
0. 14560
0. 14239
0. 13927
0. 13626
0. 13333

1.39063
1.37976
1. 36939
1. 35946
1.34994
1.34082
1. 33205
1.32362
1.31550
1. 30768

11.0590
11. 1634
11.2677
11.3720
11.4764
11.5807
i 1.6850
11.7893
11.8937
11.9980

0. 13048
0. 12772
0. 12503
0. 12242
0.11987
0. 11738
0.11496
0. 11260
0.11029
0.10804

1. 30013
1.29284
1.28580
1.27898
1.27238
1. 26599
1.25979
1. 25377
1.24793
1.24225

12. 1023

0. 10584

1.23672
700/6

1. 54
1. 36
1.21
1. 11

1.01
0. 935
0. 872
0. 804

0. 768
0. 726
0. 690
0. 652
0. 629

0. 605
0. 581
0. 562
0. 543
0. 526

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR 90 RECTANGULAR WAVEGUIDE
Radius = 0. 1080 inch
Frequency (f)
(KMc/s)

|r

| = |S
s

|

VSWR { a )
s

II

8.2421
8.3464
8.4508
8.5551
8.6594
8.7638
8.8681
8.9724
^ X

9.0768
9. 1811
9. 2854
9.3897
9.494 1
9. 5984
9. 7027
9.807 1
9.9114

l/aL

/

DOUBLE

SINGLE
HALF-ROUND

INDUCTIVE

10.0157
10. 1201
10.2244
10.3287
10.4330
10.5374
10.6417
10.7460
10. 8504
10.9547

0.22021
0.21492
0.20979
0. 20482
0. 19999
0.19529
0.19073

1.56481
1. 547 52
1. 53099
1.51515
1.49996
1.48538
1.47137

11.0590
11. 1634
11. 2677
1 1. 3720
11.4764
11.5807
11.6850
11.7893
11.8937
11.9980

0. 18629
0.18197
0.17776
0.17366
o.16966
0.16575
0.16194
0.15822
0. 15458
0. 15102

1.45789
1.44490
1.43238
1.42030
1.40864
1.39737
1.38646
1.37591
1.36568
1.35577

12. 1023

0. 14754

1.34616
701/7

OBSTACLES

1.093
1. 044
i. 000

0. 962
0. 927
0. 896
0.865
0. 841
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The following graph and tables describe the reflections from four
half-round inductive obstacle impedance standards for WR-284 (S-band)
rectangular waveguide.

These values correspond to those for WR-90

waveguide given in NBS Memorandum Report of 11 August,

1958 titled

"Tables of Frequency, VSWR, and | F j for Selected Half-Round Inductive
Obstacle Impedance Standards in WR-90 (X-Band) Rectangular Waveguide".
These calculations are based on ideal conditions and the only correc¬
tions made were in the index of refraction of air using 23°C,
humidity, and 625 mm Hg barometric pressure.

50% relative

Errors will be due to

finite conductivity, mechanical tolerances, and approximations in the
calculating process.

The error in the calculating process is probably

beyond the 5th significant figure in both VSWR and jrj .

Corrections for

dimensional perturbations and finite conductivity are in the process of
calculation at this time (December,

1958).

The accuracy of the corrected

| F j may be as good as 0.01%.
The personnel responsible for the preparation of these tables are the
following:
Theory and Calculations by:

D. M. Kerns, D.F.

Wait, P.F. Wacker,

W.W. Longley, Jr., and D. Nash.
Tables by:

R.W. Beatty, R. H. Manka, Ed Niesen, and W.J. Anson.
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^ x

DOUBLE

SINGLE
HALF-ROUND

INDUCTIVE
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OBSTACLES

FREQUENCY

<x>

<*— dMS A
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DEPENDENCE

OF VSWR

OF HALF-ROUND INDUCTIVE OBSTACLE
WAVEGUIDE
WR- 284

IMPEDANCE

STANDARDS

FOR

RECTANGULAR

SINGLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR-284 RECTANGULAR WAVEGUIDE
Radius = 0.22720 inch

requency (£)
(KMc/s)

|r 1 = Is
's’

VSWR (a )
s

1

2.6119
2.6450

0.07883

1. 17115

0.07592

1. 16432

2.6781

0.07324

1.15805

2.7111

0.07075

1. 15227

2.7442

0.06843

1. 14692

2.7773

0.06626
0.06423

1. 1419
1. 13728

0. 360

2*. 8103
2.8434

0.06232

1. 13292

0. 320

2.8764

0.06051

1. 12882

2.9095

0.05880

1. 12496

0.450
0. 395

0. 292

2.9426

0.05718

1. 12130

2.9756

0.05564

1. 11783

3.0087

0.05417

1. 11453

3. 0418
3.0748

0.05276

1. 11139
1. 10840

0. 254

0. 05141

3. 1079

0.05012

1.10553

0. 239

3.1409
3.1740

0. 04888

1. 10278

0. 04768

1. 10013

0. 226
0.215

0. 272

3.2071

0.04653

3.2401

0. 04 541

1. 09759
1.09514

3.2732

0.04433

1.09278

3.3063

0.04328

3.3393

0.04227

3.3724

0.04128

1. 09049
1.08827
1.08611

3.4054

0.04031

1.08402

3.4385

0.03937

1.08197

3.4716

0.03845

1.07998

3.5046

0.03755
0.03666

1.07803
1.07611

0. 190

3.5377
3.5708

0.03579
0.03492

1.07423

0. 188

3.6038
3.6369

0.03407

1.07054

3.6699
3.7030

0.03322

1.06872

0.03237

1.06691

0. 190

3.7361

0.03152

3.7691
3.8022

0.03067

1.06509
1.06327

0. 196

0.02980

1.06143

3.8353

0.02891

1.05955

0. 208
0. 199
0. 194

1.07237
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0. 188

SINGLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR-284 RECTANGULAR WAVEGUIDE
Radius = 0. 34080 inch

requency (f)
(KMc/s)

|r
1 = Is
1
s
0. 173 12

1.41873

2.6781

0. 16619
0. 15977

1.38030

2.7111

0.15378

1.36345

0. 976

2.7442

0. 14817

2.7773

1.34789
1.33347

0. 878

2.8103

0. 14291
0. 13794

1.32003

2.8434

0. 13325

1.30747

2.8764

0. 12880

1.29569

2.9095

0.12457
0.12054

1.28459
1. 27412

0. 738

2.9426
2.9756

0. 11669

1. 26421

0. 686

3.0087

0. 11300

1.25480

3.0418

0. 10947

1.24 584

2.6119
2.6450

1.39864

3.0748

0. 10607

1.23730

3.1079

0. 10279
0.09964

1.22914

0.09658

1.21382

0.09363

1.20660

3.2401

0.09076

1. 19964

3.2732

0.08798

1. 19292

3.3063

0.08527

1. 18643

3.3393

1. 18013

3.3724

0.08262
0.08004

3.4054

0.07752

1. 16807

3.4385
3.4716

0.07505

1. 16227

0.07262

1.15661

3.5046

0.07023

r. 15107

3. 5377

0.06787

1. 14563

3.5708

0.06554

1. 14028

3.6038

0.06323

1. 13500

3.6369

0.06094

1. 12978

3.6699
3.7030

0.05865

1. 12460

0.05635

1.11944

3.7361

0.05405

1. 11428

3.7691
3.8022

0.05172
0.04936

1. 10909
1.10384

3.8353

0.04694

1.09850

3.1409
3.1740
3.2071

1. 098

0. 800

0. 646
0. 612

1.22 132

1.17402

707/6

0. 582
0. 558
0. 540
0. 522
0. 512

0. 506
0. 504
0. 506
0. 516
0. 536

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR-284 RECTANGULAR WAVEGUIDE

kJ ft.

Radius = 0.28400 inch

VSWR (a )
s

Frequency (f)
(KMc/s)
2.6119
2.6450
2.6781
2.7111
2.7442
2.7773
2.8103
2.8434
2.8764
2.9095
2.9426
2.9756

0.26561
0.25630
0.24764
0.23957
0.23203
0.22494
0.2 1826
0.21196
0.20600
0.20034
0. 19496
0.18983

1.72336
1.68924
1. 6583 1
1.6301 1
1.60425
1.58044
1.55841
1.53795
1.51888
1.50106
1.48434
I.46862

3.0087
3.0418
3.0748
3.1079
3. 1409
3.1740
3.2071
3.2401
3.2732
3.3063
3. 3393
3.3724
3.4054
3.4385
3.4716

0. 18494
0. 18026
0.17578
0. 17149
0. 16737
0. 16340
0.15958
0.15590
0.15235
0.14892
0.14560
0. 14239
0. 13927
0. 13626
0. 13333

1.45381
1.43981
1.42655
1.41397
1.40201
1.39063
1.37976
1. 36939
1. 35946
1.34994
1.34082
1.33205
1.32362
1.31550
1.30768

3.5046
3.5377
3.5708
3.6038
3.6369
3.6699
3.7030
3.7361
3.7691
3.8022
3.8353

0. 13048
0. 12772
0.12503
0.12242
0.11987
0. 11738
0. 11496
0.11260
0. 11029
0. 10804
0.10584

1.30013
1.29284
1.28580
1.27898
1.27238
1.26599
1. 25979
1. 25377
1.24793
1. 24225
1.23672
708/7

1. 54
1.36
1.21
1. 11
1.01
0. 935

0. 872
0. 804
0.768
0. 726
0. 690
0. 652
0. 629

0. 605
0. 581
0. 562
0. 543
0. 526

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR-Z84 RECTANGULAR WAVEGUIDE
Radius = 0.34080 inch
‘requency (f)
(KMc/s)

|r s'I

=

Is

1

2.6119
2. 6450
2.6781
2.7111
2.7442
2.7773
2.8103
2.8434
2.8764
2.9095
2.9426
2.9756

0.38621
0.37326
0.36111
0.34967
0.33889
0.32869
0.31901
0.30982
0.30107
0.29272
0.28474
0.27710

2.25846
2. 19110
2. 13041
2.07538
2.02520
1.97923
1.93691
1.89779
1.86150
1.82772
1.79617
1.76662

3.0087
3.0418
3.0748
3.1079
3.1409
3. 1740
3.2071
3.2401
3.2732
3.3063
3.3393
3.3724
3.4054
3.4385
3.4716

0.26977
0.26274
0.25599
0.24948
0.24321
0. 23717
0.23132
0.22568
0.22021
0.21492
0.20979
0.20482
0.19999
0.19529
0.19073

1.73888
1.71276
1.68812
1.66482
1. 64275
1.62180
1.60188
1.58291
1.56481
1.54752
1.53099
1.51515
1.49996
1.48538
1.47137

3. 5046
3.5377
3. 5708
3.6038
3.6369
3.6699
3.7030
3.7361
3.7691
3.8022
3.8353

0.18629
0.18197
0.17776
0.17366
0.16966
0.16575
0. 16194
0. 15822
0. 15458
0. 15102
0.14754

1.45789
1.44490
1.43238
1.42030
1.40864
1.39737
1.38646
1. 37591
1.36568
1.35577
1.34616
709/8

2. 333
2.076
1.872
1.707
1.572
1.459

1.362
1.281
1.209
1.118
1.093
1.044
1.000

0.962
0.927
0.896
0. 865
0.841

December 17, 1958

TABLES OF
FREQUENCY, VSWR, AND |r|
FOR SELECTED HALF-ROUND INDUCTIVE OBSTACLE
IMPEDANCE STANDARDS IN WR-187
RECTANGULAR WAVEGUIDE

by

Members of the Microwave Impedance
Standards Project and Consultants

710/1

The following graph and tables describe the reflections from four
half-round inductive obstacle impedance standards for WR-187 rectan¬
gular waveguide.

These values correspond to those for WR-90 wave¬

guide given in NBS Memorandum Report of 11 August,

1958 titled

"Tables of Frequency, VSWR, and Jr| for Selected Half-Round Inductive
Obstacle Impedance Standards in WR-90 (X-Band) Rectangular Waveguide".
These calculations are based on ideal conditions and the only correco
tions made were for the index of refraction of air using 23 C, 50% rela¬
tive humidity, and 625 mm Hg barometric pressure.

Errors will be due

to finite conductivity, mechanical tolerances, and approximations in the
calculating process.

The error in the calculating process is probably

beyond the 5th significant figure in both VSWR and | rj .

Corrections for

dimensional perturbations and finite conductivity are in the process of
calculation at this time (December,

1958).

The accuracy of the corrected

| F j may be as good as 0.01%.
The personnel responsible for the preparation of these tables are the
following:
Theory and Calculations by:

D. M. Kerns, D. F. Wait, P.F. Wacker,
W. W. Longley, Jr. , and D. Nash.

Tables by:

R.W. Beatty, R. H. Manka, Ed Niesen, and W.J. Anson.
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IZZZIZZZV
DOUBLE

SINGLE
HALF-ROUND

INDUCTIVE

712/3

OBSTACLES

<x>

572772 O - 61 - 46

ir~>

"3-

ro

— UMSA
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FREQUENCY

OJ

DEPENDENCE

OF VSWR

OF HALF-ROUND INDUCTIVE OBSTACLE
WAVEGUIDE WR- 187

IMPEDANCE

STANDARDS

FOR

RECTANGULAR

SINGLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR- 187 RECTANGULAR WAVEGUIDE
requency (f)
(KMc/s)

mJ CL

Radius = 0.14976 inch
VSWR (a )
s

|r | = |S.J
s'
1 111

1

3.9626

0.07883

1. 17115

4.0127
4.0629
4. 1130
4. 1632
4.2134
4.2635
4.3137
4.3638
4.4140
4.4642

0.07592
0.07324
0.07075
0.06843

0.450

0.06423
0.06232
0.06051
0.05880
0.05718

1. 16432
1.15805
1.15227
1. 14692
1.14193
1.13728
1. 13292
. 12882
1. 12496
1. 12130

4.5143
4.5645
4.6146
4.6648
4.7149
4.7651
4.8153
4.8654
4.9156
4.9657

0.05564
0. 05417
0.05276
0.05141
0.05012
0.04888
0.04768
0.04653
0. 04 541
0.04433

1. 11783
1. 11453
. 11139
1.10840
1.10553
1. 10278
1. 10013
1.09759
1.09514
1.09278

0. 272

5.0159
5. 0661
5. 1162
5.1664
5.2165
5.2667
5. 3169
5. 3670
5.4172
5.4673

0.04328
0.04227
0.04128
0.04031
0.03937
0.03845
0.03755
0.03666
0.03579
0.03492

1.09049
1.08827
1.08611
1.08402
1.08197
1.07998
1. 07803
1. 07611
1.07423
1.07237

5.5175
5.5676
5.6178
5.6680
5.7181
5.7683
5.8184

0.03407
0.03322
0.03237
0.03152
0.03067

1.07054
1.06872
1.06691
1. 06509
1.06327
1.06143
1.05955

0.06626

0. 395
0. 360
0. 320

1

1

0.02980

.02891

0

714/5

. 292

0

0.2 54
. 239

0

0. 226
0.215

. 208

0

. 199

0

0. 194
0. 190
. 188

0

. 188

0

0. 190
0. 196

SINGLE-HALF ROUND INDUCTIVE OBSTACLE
IN WR- 187 RECTANGULAR WAVEGUIDE
Radius = 0.22464 inch
'requency (£)
(KMc/s)

VSWR (a )

lrJ = lsnl

c
o

-

A

3.9626

0. 17312

1.41873

4.0127
4.0629
4. 1130
4.1632
4.2134
4.2635
4.3137
4.3638
4.4140
4.4642

0. 16619
0.15977
0. 15378
0. 14817
0.14291
0.13794
0. 13325
0.12880
0.12457
0.12054

1.39864
1.38030
1. 36345
1.34789
1.33347
1.32003
1.30747
1. 29569
1. 28459
1.27412

4.5143
4.5645
4.6146
4.6648
4.7149
4.7651
4.8153
4.8654
4.9156
4.9657

0.11669
0.11300
0. 10947
0. 10607
0. 10279
0.09964
0.09658
0.09363
0.09076
0.08798

1. 26421
1.25480
1.24584
1.23730
1.22914
1.22132
1. 21382
1.20660
1. 19964
1. 19292

0. 686

5.0159
5. 0661
5. 1162
5.1664
5. 2165
5.2667
5.3169
5.3670
5.4172
5.4673

0.08527
0.08262
0.08004
0.07752
0.07505
0.07262
0.07023
0.06787
0.06554
0.06323

1. 18643
1. 18013
1. 17402
1.16807
1. 16227
1.15661
1. 15107
1. 14563
1. 14028
1. 13500

0. 540

5. 5175
5.5676
5.6178
5. 6680
5.7181
5.7683
5.8184

0.06094
0.05865
0.05635
0. 05405
0.05172
0.04936
0.04694

1. 12978
1. 12460
1. 11944
1. 11428
1.10909
1.10384
1.09850

0. 506

715/6

1. 098
0. 976
0.878
0. 800
0.738

0. 646
0. 612
0. 582
0. 558

0. 522
0. 512
0. 506
0. 504

0. 516
0. 536

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR- 187 RECTANGULAR WAVEGUIDE
Radius = 0. 18720 inch
requency (f)
(KMc/s)

1r

s

| = |s 11 |

VSWR (o- )
s

V

3.9626

0. 26561

1.72336

4.0127
4.0629
4.1130
4.1632
4.2134
4.2635
4.3137
4.3638
4.4140
4.4642

0. 25630
0.24764
0. 23957
0. 23203
0.22494
0.21826
0.21196
0.20600
0.20034
0. 19496

1.68924
1.65831
1.6301 1
1.60425
1.58044
1. 55841
1.53795
1.51888
1.50106
1.48434

1. 54

4.5143
4.5645
4.6146
4.6648
4.7149
4.7651
4.8153
4.8654
4.9156
4.9657

0. 18983
0. 18494
0. 18026
0. 17578
0. 17149
0.16737
0.16340
0.15958
0.15590
0.15235

1.46862
1.45381
1.43981
1.42655
1.41397
1.40201
1.39063
1.37976
1.36939
1. 35946

0. 935

5.0159
5.0661
5.1162
5.1664
5. 2165
5.2667
5.3169
5.3670
5.4172
5.4673

0.14892
0.14560
0. 14239
0. 13927
0. 13626
0. 13333
0. 13048
0. 12772
0. 12503
0. 12242

1.34994
1.34082
1.33205
1.32362
1.31550
1. 30768
1.30013
1.29284
1. 28580
1.27898

0. 690

5. 5175
5.5676
5.6178
5.6680
5. 7181
5.7683
5.8184

0. 11987
0. 11738
0. 11496

1.27238
1.26599
1. 25979
1.25377
1.24793
1.24225
1.23672

0. 562

0. 11260
0. 11029
0.10804
0.10584
716/7

1.36
1.21
1. 11
1.01

0. 872
0. 804
0. 768
0. 726

0. 652
0. 629
0.605
0. 581

0. 543
0. 526

DOUBLE HALF-ROUND INDUCTIVE OBSTACLE
IN WR- 187 RECTANGULAR WAVEGUIDE

requency (f)
(KMc/s)

VSWR (0- )
s

l1r s'1 = |s.
J
1 11'

3.9626

0.38621

2.25846

4.0127
4.0629
4. 1130
4. 1632
4.2134
4.2635
4.3137
4.3638
4.4140
4.4642

0.37326
0.36111
0.34967
0.23889
0.32869
0.31901
0.30982
0.30107
0.29272
0.28474

2.19110
2.13041
2.07538
2.02520
1.97923
1.93691
1.89779
1.86150
1.82772
1.79617

4.5143
4.5645
4.6146
4.6648
4. 7149
4. 7651
4.8153
4.8654
4.9156
4. 9657

0.27710
0.26977
0.26274
0.25599
0.24948
0.24321
0.23717
0.23132
0.22568
0.22021

1.76662
1.73888
1. 71276
1.68812
1.66482
1. 64275
1.62180
1.60188
1.58291
1.56481

5. 0159
5. 0661
5.1162
5.1664
5. 2165
5.2667
5.3169
5.3670
5.4172
5.4673

0.21492
0.20979
0.20482
0.19999
0.19529
0.19073
0.18629
0.18197
0. 17776
0.17366

1. 54752
1.53099
1.51515
1.49996
1.48538
1.47137
1.45789
1.44490
1.43238
1.42030

5.5175
5. 5676
5.6178
5.6680
5.7181
5.7683
5.8184

0. 16966
0. 16575
0. 16194
0. 15822
0. 154 58
0.15102
0. 14754

1.40864
1.39737
1.38646
1. 37591
1.36568
1. 35577
1.34616
717/8

a /

►-Jo.

Radius = 0.22464 inch

2. 333
2. 076
1. 872
1. 707
1. 572

1.459
1. 362
1.281
1.209
1. 118

1.093
1. 044
1.000
0. 962
0. 927

0.896
0.865
0. 841
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Half-Round Inductive Obstacles in Rectangular
Waveguide
D. M. Kerns
(January 30, 1960)
Formulas are derived for the accurate calculation of the Jowest-mode, lumped-element
representation of perfectly conducting half-round inductive obstacles in rectangular wave¬
guide. These obstacles consist of either one or two opposed semicircular cylindrical indenta¬
tions extending across the narrow sides of the waveguide. They seem especially suitable for
use as precise calculable standards of reflection or impedance in waveguide. Schwinger’s
integral equation approach [1,2] 1 is used to obtain stationary expressions for the desired
parameters as functionals of the surface currents on the obstacles. Upper bounds are ob¬
tained for one of the two parameters. Explicit formulas are derived for the values of the parameters
under the assumption of n-term Fourier sine-series expansions for the obstacle currents. Rapid
convergence is indicated by numerical evaluations for n=l, 2, and 3. In the process of
obtaining expressions suitable for numerical calculation, an expansion (believed to be new)
of the Green’s function of the problem is obtained and the sums of certain infinite series of
Bessel’s functions occurring in this expansion are expressed in terms of definite integrals.
A brief numerical table of these sums, sufficient for the evaluation of the n = 1 approximation,
is included.

1. Introduction
In this paper formulas are derived for the accurate calculation of lowest-mode, lumpedclement parameters for what may be identified as "single half-round” and "double half-round”
inductive obstacles in rectangular waveguide. As shown in figure 1, the obstacles consist of
semicircular cylindrical indentations extending across the narrow sides of the waveguides.
The particular geometry considered seems especially suitable for obstacles to be used as
calculable standards of reflection or impedance in waveguide. The geometry is well suited to
electroforming, so that obstacles may be fabricated by this process as well as by machining.
For obstacles producing standing-wave ratios of moderate values, the obstacle radius is large
compared to high-standard machining tolerances, so that unduly close tolerances are not
required. A change in waveguide cross section before and after the obstacle is avoided, elim¬
inating the need for waveguide components in odd sizes and permitting maximum flexibility
of interconnection.
In the present work the obstacle and waveguide surfaces are assumed perfectly conducting.
The Waveguide Handbook [3] contains approximate formulas for semi-elliptical obstacles,2
which can be specialized to apply to the present problem. However, for the contemplated use
in standards work, formulas with very much greater accuracy (103 or 104 times greater) are
wanted.
Brief descriptions of the present and some related work have been given previously [4].

2. Formulation of Problem
We employ the customary complex electric and magnetic field vectors E—E(r), H=H(r),
which satisfy Maxwell’s equations in the form

VXE=-junH,

(2.1)

V X H=ju>eE-\- J,
1 Figures in brackets indicate the literature references at the end of this paper.
2 The pertinent formulas are afflicted with a number of misprints; correct forms of these results for half-round obstacles are given later in this
paper.
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under the assumption of time-dependence represented by the (omitted) factor exp (jut). Here
t is the time, co/(27t) is the frequency, j is the imaginary unit, J is the complex current-density
vector, and n and e are respectively the permeability and the permittivity of the homogeneous,
isotropic, nondissipative medium in the waveguide. The MKS system of units is employed.
As shown in figure 1, we choose a rectangular coordinate system Oxyz such that the in¬
terior of the waveguide is the space 0<fx<ja, 0<jy<fb, — co<2<^co and the surfaces of the
obstacles are given by the loci
R2=x2+z2,

0<x<R,

R2=(a—x)2-\-z2,

-

- r

(2.2)

0<a—x<Rj

in the double half-round case and by
Rz=x2-\-z2,

0 <x<R

(2.3)

in the single half-round case.

Figure

1.

Single and double half-round inductive obstacles
in rectangular waveguide.

The fields incident on the obstacles are, by hypothesis, to be in the TEi0 mode,
wave forms for this mode may be written
E±=sin (ttx/a)e^zev,

^

Traveling-

(2.4)

H±=[zfr] sin (Trx/a)exJrj'rr(una)~1 cos (-7rx/a)eJc=F^z'j
The upper and lower signs refer respectively to waves going in the positive and the negative
2-directions; the phase constant 13 is equal to [^2— (7r/a)2]1/2, where k = co(jue)1/2; the wave-ad¬
mittance r/=)8/(coiu); and ex, ev, ez are the unit vectors of the system Oxyz. It is assumed that
Tv<fka<C2ir, so that the TEi0 mode, but no higher mode of the type TE„0, will have real propaga¬
tion.
We define “voltage” and “current” vm(zm),im(zm) for the TE]0 mode by means of the
equations
EmV=vm(zm) sin (irx/a),

j
m—1,2

(2.6)

Hmx=(—)mim(zm)ri sin (irx/a). j
Here the indices m=l,2 refer respectively to the “left-hand” side (zx<f — R) and the “righthand”. (z2^>R) of the obstacle considered, and Emv, Hmx are components (identified by the
subscripts) of the TEi0-mode part of whatever total electromagnetic field may be present in
the waveguide at z=zm. From (2.6) and (2.4) it follows that the waveguide characteristic
impedance, defined as the value of vm(zm)/im(zm) for a pure traveling wave incident on the side
m of the obstacle, is equal to unity for m=l,2.
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The desired lowest-mode, lumped-element description of an obstacle is contained in its
impedance matrix Z, which characterizes the linear relations
t\—Znii-\-Zx2i2,

V2—Z2iii~\~Z22i2

(2./)

imposed by the obstacle on the terminal variables vm,im. The values of the Zmn depend upon
the location of the terminal planes z—zx and z=z2; in the present problem it turns out to be
convenient to extrapolate these planes to z1 = z2 = 0.
Now, the equality Zn = Z22 follows from the structural symmetry (and the symmetrical
disposition of the terminal planes) with respect to the plane ~=0; Z12 = Z21 is assured by both
symmetry and reciprocity; and, since losslessness has been assumed, Z is pure imaginary.
Thus Z is of the form

and there are only two independent parameters to be determined.
We do not obtain formulas for Xu and A"12 directly; but rather, to exploit the symmetry
of the problem more fully, we consider the impedances obtaining under modes of excitation in
which the electromagnetic field is either symmetric or antisymmetric with respect to the plane
z — 0. Thus in the symmetric case, r,(0) = e2(0), h(0)=f2(0), and the impedance may be
written
Zee=i\,e(0) fii,e(0),
(2.9a)
where we have added a subscript distinguishing the “even” case.
In tin' antisymmetric
(“odd”) case, r,(0) = — r2(0), q(0) = — ?‘2(0), and the impedance may be written
Zoo=«i,o(0)Ai,o(0),
again adding a distinguishing subscript.

(2.9I>)

The relations

-j Xxx = Zfc-\- Zoo,

2jXX2=Zee

Zoo

(2.10)

follow directly from (2.7), (2.8), and (2.9).
(it may be noted that the symmetric and anti¬
symmetric field distributions correspond to the eigenvectors of the matrix (2.8) and the quanti¬
ties Zee and Z00 are the eigenvalues of this matrix.)
An equivalent network for the obstacles is of interest and is presented here for convenient
reference. For a T-network, using the sign conventions shown in figure 2, we find
Z\

Z0o,

2 Z2=Zee

Z0o,

(2.11)

where Zx and Z2 are respectively the series anti the shunt elements of the symmetrical T.
It
may be remarked that the obstacles considered are called “inductive” because for small radii
the important element, Z_>, is a positive reactance.

Figure 2.

Equivalent network.
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3. Analysis
3.1. Reduction to Scalar Form
Maxwell's equations directly imply the general differential equation for E,
VXVXF=k~E —joi/dJ,

(3.1)

w hich must be specialized appropriately for the present problem. E is moreover subject to
the boundary condition that its tangential components vanish on perfectly conducting surfaces.
Iu the present problem both the exciting field and the waveguide-obstacle structure are
independent of y in the range 0<//<6, and it follows that the whole field, secondary as well as
primary, will be independent of y in the same range. Further, since the x- and '•-components
of E must vanish in particular on the y—0 surface of the waveguide, these components must
vanish for all values of y involved. Thus the electric field is of the form E=(f)(x, z)eif; eq (3.1)
(with J=0) reduces to
V'd + Fd = d
in S,
and tin' boundary condition becomes
</> = 0

on

C,

whore S is the cross section and C is the boundary of the structure in a plane //^constant (fig. 3).

x

0
Figure 3.

z

Relevant geometry and coordinates for the single
and double half-round problems.

The magnetic field corresponding to E of the above form is

The surface current K= Hffn on C is thus given by

K=-(ju}p.)~1n-\/(t>ey
evaluated on ('. where n is
ponent and may be written
Inasmuch as the whole
sentially a two-dimensional
simply as ‘‘the field”

(3.2b)

the outward normal unit vector on (\ Thus K has only a //-com¬
as K(x,z)ey.
problem can be dealt with in terms of </> and K, the problem is es¬
scalar one. In what follows it will be convenient to refer to 4>
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3.2. Integral Equation Formulation

We now introduce a Green’s function r=T(x, 2, x', z') such that T is the field that would
be produced in the unperturbed waveguide at the point (x, z) by a unit current filament par¬
allel to ey at the point (x', z'). As a function of (x, z), T satisfies the differential equation

v2r+fc2r=jun 8(x—x') 8(z—z')

(3.3)

obtained from (3.1) with J=8(x—x') 8(z—z')ey, where 8 denotes the Dirac delta-function.
T further satisfies the boundary condition r = 0 for x=0, a and represents outgoing waves
for jz—z'\—>00 . An explicit form for r is [5]
r(x, z, x',z') = —oj/i(j8a)_1 sin (irx/a) sin (irx'la)e~m~z’]
co

*

sin (nirx/a) sin (mrx' /a)e~anlz~z(3.4)

—
n=2

where an=-\] (mr/a)2—k2 for n>2 and the other symbols are as already defined.
It is convenient to put

T=—ap(F+jG),
where F and G are real.

(3.5)

We observe that F can be written in the form

F=(fia) ^(x, z) $e(x', z') + \fs0(x, z) f0(x', z')],

(3.6a)

with the definitions

\pe(x, 2) = cos 02 sin(7rar/a),
(3.6b)
\p0(x, 2) = sin 02 sm(irx/a).
The functions \f/e and \J/Q are respectively symmetric and antisymmetric with respect to re¬
flection in the plane 2=0.
With the aid of the Green’s function we can set up the fundamental equations of the prob¬
lem in integral-equation form. Let \f/=^(x, 2) denote the exciting field—j.e., the field, due to
remote sources, that would exist in the absence of obstacles. Then, with an obstacle present,
the total field 4> can be written as the sum of the exciting field and the secondary field due to
the current on the obstacle:
<i>(x,z)=\p(x,z)-\-

f

Jc0

T(x,z,x',z')K(x',z')dC',

(3.7)

where K is the surface current on the obstacle and the integral is a line integral going over the
contour C0 of the obstacle (C0 consists o.f two parts in the case of the double half-rounds). If
the point (x, 2) is taken on C0, 0 must vanish and we have
0=0(2:,2)+ f T(x,z,x',z')K(x',z') dC',

Jc0

(x,z)

on C0.

(3.8)

This is an inhomogeneous integral equation of the first kind determining K for a given 0. The
equation reduces to slightly different forms in the symmetric and antisymmetric cases, which
we now consider.
a. Symmetric Case

Let the exciting field be A\J/e(x, 2), where A is an arbitrary amplitude and 0e, as defined in
(3.6), is a symmetric function of 2. The surface current on the obstacle will then also be a
symmetric function of 2; we denote it by Ke. We now examine (3.7) for z<^<^z', say, to find
the lowest-mode component and thus to find vx,e(z) and ii,e(z). For 2<<V, (3.7) becomes
0(2:,2)=A cos 02 sin (7rx/a) —(0a)_1wM sin (irxla)eiffz
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J Co

\f/eKe dC,

(3.9)

since integrals of the type

\poKe dC vanish because of the mutual orthogonality of symJ co
metric and antisymmetric functions. By comparison with (2.6) it is seen that
Vi.e(z)=A cos 02 — (d«) W e^z [ ^eKe dC.

J Co

(3.10)

Using (3.2a) to obtain the z-component of the magnetic field associated with (3.9) and again
referring to (2.6) one finds
h,e(z)=—jA sin 02 +(0a,)-1 «/* e^z

f

J

teKe dC.

(3.11a)

C0

Equations (3.10) and (3.11a) hold directly from the definitions for 2+ —i? and by extrapolation
for 2=0. In particular (3.11a) yields
b,e(0) = (0a)-1

\ rpeKe dC.
J C0

(3.11b)

Next, in the integral eq (3.8), we separate the Green’s function into real and imaginary parts as
in (3.5), use the orthogonality property of even and odd functions, and thus find
1Pe(x,z) Vhe(0)=jw

f

' G(x,z,x'z') Ke(x',z') dC’.
J C0

(3.12)

This equation and (3.11b) together furnish a definitive mathematical statement of the sym¬
metric part of our problem.
b. Antisymmetric Case

In this case we let the exciting field be A\f/0(x, z), where A is again an arbitrary constant and
i/'o, defined in (3.6), is an antisymmetric function of 2. The current, K0, on the obstacle will
then also be antisymmetric with respect to 2. In the same manner as in the symmetric case
one finds, for 2<0,
Vi,o(z)=A sin 02 +(0a)

\poK(]d C.

(3.14a)

Gr\

In particular,

?+o(O) = (0a) Y'co/x

Jc0

ioKvdC.

(3.14b)

F urther,
h.o{z)=jA cos 02 —(0a)

J

ypoKvflC.

(3.15)

co
and the integral equation becomes
Mx,z)h,o(0) = — coyu f G(x,z,x',z')K0(x',z')dC'.
Jc0

(3.16)

This equation and (3.14b) together furnish a definitive statement of the antisymmetric cases
of our problem.
3.3. Summary of all Cases
In the case of the double half-rounds the above integrations go over a two-part contour
consisting of an upper semicircle Cu and a lower semicircle CY An equivalent problem involving
only one of the parts of the contours, say Ch can be formulated using the fact that the exciting
field as well as the structure is symmetric with respect to the plane x=a/2, so that the current
on the obstacles must also be symmetric with respect to this plane. This symmetry is quite
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independent of the symmetries with respect1 to 2 = 0 distinguished by the subscripts
“o,” and so these subscripts will be dropped for the moment. Thus, it is clear that
J

tKdC=Jc tKdC+jc *KdC= 2

j'c \pK dC.

“e” and

(3.18)

F urther,
f

G{x,z,x\z') K(xf,s') dC' = f G(2)(x,z,x',z') K(x',z') dC',

JCo

where

(3.19)

J cl

Gi2) is defined by
G™(x,z,x',z')=G(x,z,x',z')+G(x,z,a-x',z').

Equations (3.IS) and (3.19) enable the desired restatement of the double half-round problems.
In what follows, superscripts 1,2 will be used when it is desired to distinguish quantities
associated with the single and the double half-round problems, respectively (this means in
particular G=Gil)). Integrals will be indicated by means of the convenient scalar product
notation, e.g.,

(G, K) =[\pK dC,

(3,20a)

and by the operator notation

GK=

f

J ci

G(x,z,x',z') K(x',z') dC'.

As indicated, all such integrals are to be taken over Gh the lower semicircle.
notational convenience, we introduce the “normalized” surface currents,

Ie=junKe M.e(0),

Io= — u)nKo/iliO(0),

for both the single and the double problems.
Our results thus far may now be summarized as follows.

*e=G(h)Ie,

(3.20b)
As a further

(3.21)

For the symmetric cases we have

llX£=hU,e,I,)im

(3.22)

X(0ho ——h(\J/0,I0)/((3a),

(3.23)

and for the antisymmetric cases

i0=GwI0r

where h= 1 or 2 for the single or the double half-rounds, respectively, and Xee, Xo0 are the
reactances corresponding to the (pure imaginary) impedances Zee, Z00 defined in (2.9).

4. Solution for the Reactances
4.1. Application of Rayleigh-Ritz Method
In each of the problems specified by (3.22) and (3.23), an unknown reactance or susceptance is proportional to a scalar product

M=(ip,-I),
where the function / is determined

(4.1a)

by an integral equation,
GI=\p,

in which ^ and G are given and G is symmetric.
struct the “stationary representation” [1, 2]

(4.1b)
From these equations one may easily con¬

M=(i, I)2/(I, GI)
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(4.2)

for M. This constitutes the starting point for the method of Rayleigh and Ritz [6], which
we wish to use to obtain an approximate expression for M. One assumes in (4.2) an approxi¬
mation for the surface current in the form
In = Xifi,

(4.3)

where the a, are coefficients to be determined, the/, are members of a suitable set of basis
functions (to be chosen explicitly), and summation from 1 to n over repeated indices i,j, , . .,
is understood. Expression (4.2) becomes an ordinary function of tlie xt and is to be subjected
to the conditions of stationarity dM/dx,=0, i— 1, 2, . . ., n. This leads to the system of
equations
GijXj

{x kC k j 1V[ n~) C i

where
Ci=WJt),

Qu^Ut, Of.)),

and Mn denotes the now-determinate approximate value for
of the Xj is chosen so that xkck=Mn, then

M.

(4.4)
If the arbitrary normalization

(6?
where (G~1)ij denotes an element of the inverse of the nXft matrix of the
follows that

Gi}, and it immediately

Mn=(G~l)ijcicj.
Finally, we write this quadratic form as a ratio of determinants,

. . .

0

Cl

Cl

Gn

■ ■ ■

Gn 1

. . .

Gn
Gnl

• •

Cn

Gm
n
^ 71 n

Gm

■ •

Thus Mn is expressed in terms of the known quantities (4.4); if the objective is only to calculate
the reactances, it is not necessary to calculate the xt.
4.2. Definiteness of G; Upper Bounds for X00
Although in our problem G is not a definite kernel, it does have definite character with
respect to a suitably restricted class of admissible functions. In fact, G is positive definite
with respect to functions that are antisymmetric with respect to 2 and vanish for ]^>Xg/4,
where A^=27r/f3 is the “guide wavelength” of the single propagating mode.3 In terms of the
integrals of interest here, this means that if 70 is any assumed surface current distribution,
continuous, not identically equal to zero, and antisymmetric with respect to 2, then
do, GIq) >0,
provided

(4.6)

4.

Now, for a positive definite kernel it is well known that the right-hand side of (4.2) is not
only stationary, but also a maximum for the true I. For this result we offer the following
brief proof based directly on the Schwarz inequality.4 Assuming G to be positive definite,
we wish to compare the approximate value for M given by

_

M=d +ml gi),

3 This result is suggested by qualitative physical considerations and has been verified analytically by the author.
that G is not definite with respect to functions symmetric with respect to 2.

It has also been verified

4 Proofs of this result in the literature known to the author, e.g., [1,2], employ the so-called bilinear expansion for the. kernel involved and do
not yield the “only if’’ part of the result (4.7).
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where / is an admissible approximation for the surface current, with the true value given by

7

7

(4.1a) (as well as by (4.2)) when
satisfies (4.1b). From (4.1b) it follows that ( , \f/) = (l, GI);
the Schwarz inequality for positive-definite symmetric transformations [7] gives

7

( .

Giy<(l, GI) (/, GI).

Since (I, GI) = (I,\J/)=M, we have the result
M<M.

(4.7)

Moreover the sign of equality holds in the Schwarz inequality and hence in this result if and
only if I is proportional to /.
Clearly, (4.7) is applicable when G is merely positive definite with respect to all functions
that need be admitted; by (4.6) this will be the case in the antisymmetric parts of our problem
provided R<C\S/4. Hence, subject to this inequality, in the antisymmetric cases we shall have
Mn<CM (we do not anticipate an exact result for finite n); this in turn implies that numerical
values for A"00 will be (algebraic) upper bounds for the true values—assuming, of course, that
numerical evaluations involved are sufficiently precise.
Unfortunately one can not obtain a bound for Xee in this simple manner. Furthermore,
derived quantities of practical interest (such as (4.17)) will usually depend upon both Xee and
W00. Thus in general no bounds for such derived quantities are determined.

4.3. Basis Functions
We introduce plane polar coordinates r,6 such that
x—r sin 6,

z=r cos 6.

(4.8)

The path of integration Of is then given parametrically by
x=R sin 6,

z=R cos 9,

(4.9)

where R is the obstacle radius and O<0<7r.
On this path the surface current I=I(R sin 9,
R cos 9) becomes a function of 9, which we denote simply by 1(6).
We observe that sym¬
metries with respect to 2=0 are equivalent to symmetries with respect to 9= -k/2.
As basis functions we take

ji—2(irR) 1 sin (2i—1)6

(4.10)

for the symmetric cases (expansion of L), and

ii=2(tvR)~l sin 2id

(4.11)

for the antisymmetric cases (expansion of /0). The two sets of functions are complete for the
expansion of symmetric and antisymmetric functions, respectively, in the interval (0,7r). The
completeness gives good assurance that for sufficiently large n, Mn will approach arbitrarily
close to the true M. For practical numerical calculation it is vital that the convergence of Mn
be rapid. In the present instance rapid convergence might be anticipated on the grounds that
the true Ie and /0 may be expected to be smooth (possibly infinitely smooth) functions of 6
vanishing at 0 and 7r, so that their Fourier sine series should converge rapidly.5

5 The points (R, 0) and (R, ir) are the vertices of the corners formed where the half-round centered at 0 meets the waveguide wall. The van¬
ishing of the surface current in these vertices is equivalent, by (3.2), to the vanishing of the components of the surface magnetic field normal to
the vertices. That these field components should vanish in the limit as a vertex is approached follows from properties of Sommerfeld’s solution
[14] of the problem of diffraction by a wedge of arbitrary angle.
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4.4. Evaluation of Integrals
Integrals of the type (ip,ft) may be obtained relatively easily with the aid of the well-known
expansion [8]
eJSaln a=1tjn($)eina,
71 —

oo

wherein Jn is the nth order Bessel function of the first kind. In this expansion we put £ — kR
and a=±0—x+(7t/2), with k sin x=W®> k cos x=j3, and employ (4.9). The expansion

ejpz

sin (irx/a)=2y^,jn~1J„(kR) sin

n9

sin

nX

(4.12)

71 = 1

is then easily obtained.
one obtains

The integrations yielding the desired quantities are now elementary;

ct=2( —)(p 1)72 Jp(kR) sin px,

p=2i—l,

(4.13a)

for the symmetric cases, and
t‘i =

2( — )(p_2)/2 Jp(kR) sin px,

for the antisymmetric cases.
increasing index.)

P

= 2i,

(4.13b)

(It is encouraging that these quantities decrease rapidly with

The evaluation of the integrals of the tj^pe (Ju GfJ) = Gij is considerably more complicated
than the evaluation of the cu and the task has been relegated to the appendix
The results
obtained may be summarized conveniently in the following form, which comprehends four
cases:
QW
w 1Q

_L_

CiCj

4 sp.sa

(4.14)

[p P(kR)8ptY Gpl (ka)\

Here sp = sin px 5 pp(kR) = Yp(kR)/Jp(kR); in the symmetric cases, p = 2i — 1 and q=2j— 1; in
the antisymmetric cases, p = 2i and cp=2j;' the functions aPg are defined in the appendix (and
tabulated briefly in table 2); Yp denotes the Bessel function of the second kind; and all other
symbols involved have been defined previously.

4.S. Results
The value of a reactance element corresponding to an w-term expansion (4.3) will be
called an “nth approximation” and will be written simply X™ or AT’od) without special notation
indicating the value of n being considered. An explicit expression, in determinantal form, for
XeV in the 7ith approximation may be obtained by combining (3.22), (4.5), and (4.14); viz,

j8a

Pid_0'n)

•

•

G\h2n-\

■

■

4h 0
•h

$2 n- 1

Si

CTih)
al,2n-l

Pin — l

&2n

- 1. 2n - 1

•

•

S 2n-l

•

•

P2rc-lT02n-l. 2«-l

piY^iV

Guin-l
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(4.15)

(In this and in the following equation the arguments kR arid ka are understood.)
(3.23), (4.5), and (4.14) yield
0

s2

■

■

S2n

s2

P2~\~^(lV

•

•

02(2 n

■

■

°t\n

•s2n
P‘2~\~

&22

1

•

•

•

P2V X

V-’n'.Zn

Similarly,

(4.16)

<T(h)
°2, 2n

/A
1
P'2n "I

_(/?)
0 2 n, 2 n

The determinantal form of these expressions seems convenient enough for practical calcula¬
tions with n at least as large as 3. However, it may be remarked that, because of the special
form of the diagonal elements, the determinants can be expanded in the same way as certain
determinants occurring in the Fredholm theory of integral equations. This expansion may
be convenient for the consideration of arbitrarily large n, but is not needed here.
Once the reactances Xee and -,Y00 are determined, other quantities or parameters associated
with the representation of an obstacle are of course also determined. In particular, the “volt¬
age” standing-wave ratio seen on one side of an obstacle when the other side is terminated
in a matched (reflectionless) load is a familiar quantity having immediate physical significance,
and it is convenient to discuss some of the results in terms of this quantity. Recalling that
waveguide characteristic impedances were chosen equal to unity and referring to the equivalent
network, figure 2, it is easily found that the standing-wave ratio in question is given by
v = (1+ I$| )/(l— |&I),

(4.17a)

where \S\, the magnitude of the associated reflection coefficient, is
(4.17b)
In order to get some idea of the behavior of the sequence of approximations, the reactance
elements and the related VSWR (4.17) have been calculated for n — 1, 2, and 3 and for a range
of values of ka and kR. Table 1 presents more or less typical results in terms of the values
of T'S'IlTf. The convergence of the sequence of approximations, judged on the basis of
numerical results exemplified in the table, appears to be very rapid; by the same token, the
first approximation furnishes a rather good result for VSWR’s up to about 2.
Thus far it has not proved feasible to determine the manner of convergence of the sequence
of approximations by theoretical means. In view of the character of the particular problem
at hand, it seems probable that the numerical evidence may be relied upon.
Table 1.

Convergence of t3Srir.R
ka = i.5

Approxi¬
mation

VSWR,
Single halfround

(

1

1

3

1.0370008
1.0370970
1. 0370970

1.0776492
1.0776499
1.0770499

|
1

1
2
3

1.4547068
1.4554655
1. 4554055

2. 8411581
2.8416266
2.8416268

I
1
1

1
2
3

2. 1070625
2. 1125072
2. 1125112

kR

0. 2

U 7

1.0

VSWR,
Double halfround

15. 900750
16. 009131
16. 009479

Xote: Maximum computational inaccuracy in
the above figures is estimated to be approximately
±1 in the sixth significant figure; eight figures, as
given, may be significant in indicating the behavior
of successive approximations.
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Further calculations have been made regarding ka and R/a as independent variables.
This choice of variables corresponds to the practical situation where one has a given obstacle
(having a given value of R/a) that is to be operated at various frequencies. Figures 4 and 5
show the matched-termination VSWR (4.17) resulting for various values of R/a and jjfc,
where f is the operating frequency and jc is the cut-off frequency for the TEi() mode (and
Mc = kalx). (Precise tables (based on the third approximations) giving basic parameters and
possibly some derived quantities are being prepared for separate publication.)
The first approximations appear to be of useful accuracy for some purposes and represent
an appreciable extension of previously available results.
Consequently, a brief tabulation
of the cr-functions, sufficient for the calculation of first approximations, is presented as table 2.
For convenience of reference we write down (4.15) and (4.16) for the special case n— 1,

X',V=-~\pAkB)+<\ka)],

(4.18)

4h
WW + 'fftf*)]-1,

(4-19)

VSWR

and note that s1 = ir/(ka) and s2 = 2Tr(3/(k2a).

Table 2.

X

1.2

1.4

1.6

1.8

"fc
Figure 4.

VSWR versus f/fc for single half-rounds.

<dV(z)

.
VSWR

1.4

Figure 5.

1.6

18

VSWR versus fIfc for double half-rounds.

o-uW

o-SjI’fx)

-2. 544410
-2.215670
-1.912736
-1.633535

. 09356160
.1720644
. 2424036
. 3052036

3.564510
3.472757
3.383659
3. 297087

-1.376168
-1.138910
-0.9201812
-.7185580

1.464400
1.395414
1.327159
1.259533

. 3610476
. 4104564
. 4539056
.4918312

3.212923
3.131048
3.051353
2.973735

-.5327088
-.3614372
-. 2036444
-. 05831720

1.192430
1.125746
1.059372
0.9931968

.5246272
. 5526568
. 5762488
. 5956964

2.898094
2.824341
2.752387
2.682146

. 07546600
. 1985600
. 3117472
.4157360

60
65
70
75

.9271072
. 8609836
. 7946988
. 7281208

.6112796
. 6232416
.6318024
.6371680

2.613542
2.546500
2.480946
2. 416812

.5112028
. 5987500
.6789328
. 7522756

4.80
4.85
4.90
4.95

.6611076
.5935064
.5251500
. 4558572

.6395192
.6390196
. 6358108
.6300236

2.354034
2.292551
2.232301
2.173228

. 8192564
. 8803180
. 9358596
,9862656

5.00
5. 05
5.10
5.15

. 3854276
.3136376
. 2402376
. 1649416

.6217692
.6111440
. 5982284
.5830836

2.115279
2.058400
2.002545
1.947661

1.031884
1.073038
1.110027
1.143125

5.20
5.25
5.30
5.35

.08742720
. 007320000
-.07581400
-.1624856

. 5657628
. 5462944
.5246972
. 5009664

1.893705
1. 840631
1.788397
1.736963

1.172594
1.198667
1.221571
1.241508

5. 40
5 45
5.50
5. 55

-.2533004
-.3489884
-. 4504328
-.4587224

. 4750804
. 4469912
.4166292
.3838912

1.686288
1.636332
1.587059
1. 538434

1,258672
1. 273236
1. 285370
1. 295225

5. 60
5.65
5. 70
5. 75

-.6752200
-.8016548
-.9402632
-1.094004

.3486376
.3106864
.2697956
.2256488

1.490420
1.442981
1.396088
1.349701

1.302940
1,308654
1.312488
1.314555

5. 80

-1.266887

.1778340

1.303798

1.314964

2.055435
1.976710
1.899606
1.823995

4.00
4. 05
4. 10
4.15

1. 749764
1.676799
1. 604988
1.534222

4.20
4.25
4.30
4.35
4.40
4.45,
4. 50
4.55

-0.3170852
-.1982432
-.09078960
006197600

Note: Accuracy of the above figures is estimated to be approximately one
part per million.
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<>(*)

3.960997
3.857142
3. 756554
3.659060

3.80
3.85
3.90
3.95

4.
4.
4.
4.

1.2

Values of

For sufficiently small kR, the expressions just given may be simplified still further.
small kR, the quantities px(kR) and p2(kR) become large, in accordance with the formula

For

(2>D,
and thus determine the qualitative behavior of Xee and Ar00. Using this approximation for
the p’s, neglecting the a’s, and introducing the guide wavelength A1,=27r//3, one obtains
Y<«=— (—Y,
h\g \tR) ’
V(h)

(4.20)

_^ / TtR \

(4.21)

hU/

(These are the correct forms of the results in the order of approximation of the more general
formulas in the Waveguide Handbook [3].) Although these formulas give a rather good picture
of the behavior of the reactances, they fail to reflect the interesting qualitative feature that
X™ and X% must eventually become equal to each other as R approaches a/h (as can be seen
physically).

5. Appendix
5.1. Expansion of Green's Function in Terms of Cylindrical Wave Functions
In order to arrive conveniently at the respective types of Green’s functions needed for
the single and the double half-round problems, we consider a waveguide of width w (instead
of a), bounded by the lines ;r = 0 and x=w; and, in addition to the electric boundary condition
at z = 0, we consider both electric and magnetic boundary conditions at x=w (by “electric”
or “magnetic” boundary conditions it is meant that- the Green’s function or its normal deriva¬
tive, respectively, vanishes on the boundary). The radius vectors of the source-point, and the
field-point will be denoted by r' and r, respectively.
Now, it is well known that the two-dimensional “free-space” Green’s function, satisfying
(3.3) and representing outgoing waves at- infinity, is — (up/4i)H0(k\r' —r|), where H0 denotes
the Hankel function of the second kind (as is appropriate for exp (jut) time dependence).
It is also well known that the desired Green’s function, <t>, satisfying (3.3) and the required
boundary conditions at j:=0, x=w, and at 2=±°°, can be obtained in the form of a sum of
free-space Green’s functions by the method of images [9]. In fact
4»= —(o>m/4) X) sn[Ho(k\p~k

rj)

Ho(k\pn

r|)],

(5.1)

71= — oo

where P±= (2nw±x')ex-\-z'ez and s= + l or — 1 according t-o whether the boundary condition
at x—w is electric or magnetic. By inspection of the array of sources (fig. 6) it can be seen
that this function has the proper symmetry to satisfy the boundary conditions: it is anti¬
symmetric with respect to x=0 and it- is antisymmetric or symmetric with respect to x—w
according to whether s= + l or —1.
Equation (5.1) can be transformed into a sum of elementary wave-functions of polar
coordinates by repeated application of Graf’s addition theorem for Bessel functions [10].
We introduce polar coordinates (r, 6), (r', O'), and (pn, dn) for r, r', and p„ in the manner shown in
(4.8), and we assume r and r' both to be less than w, so that pnj>w for n ^ 0. Considering
the triangles with sides pn, r, and pn—r and applying the addition theorem, we obtain
-4(WM)-i$=

it

P= —

CD

Jp(kr)Hp(kr')
Jp(kr')Hp(kr)

gjpO^g-jpO'_g^fl')

+ Z)'

S
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JP(kr)e^[Hp(kp+n)e-^n-Hp(kp-n)e-^-n],

Relative signs of sources are indicated by the adjacent symbols +, —,
+s, and —s; the role of s is defined in connection with (5.1).

where the terms arising from n=0 appear in the first line and are to be omitted from the primed
summation in the second line; the upper and lower alternatives in the first line apply according
as r<Cr' or r^>r', respectively. Again, by the addition theorem,
Hp(kp^)e-Jpet= ]£] Ji{kr')I-Ip+t{\2nkw\) exp [j(w/2) (q—p) sgn n±jgd']Q — — co
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Combining the last two equations and rearranging terms, one finds that (5.1) can be written
in the form
4>=—co/i

Xj

]C

siR

Vo

sin

2>=1 9=1

qQ

■{

Jp(Jcr)Hp(kr')
Jp(kr')Hp(Jcr)

+2 Jp{kr)Jq{kr') cos [(r/2)(p—q)] X) sn[Hp_q(2nkw) — Hp+q(2nkw)] ^ •

(5.2)

71=1

If now one puts w=a and s= + l, this expression becomes the desired representation of T of
the text; similarly, if w=a/2 and s~ — 1, (5.2) becomes the desired representation of a Green’s
function T(2) related to G(2) in the same way as T is related to G (cf. 3.5). Thus, employing the
relation (3.5), the relation Hp=Jp—jYp, the notation (3.20), the basis functions (4.10, 4.11),
and carrying out the integrations with respect to 6, 6', one obtains
(sin p#, Gih) sin qd')

Jp{kR)Yv{kR)8pq-Jp{kR)Jq{kR) cos [(tt/2) (p-q)W»(ka),

(5.3)

where the functions a(pq are defined as
apq{ka) = 2 XJ [Yp-q(2nka)—Yp+t(2nka)],

(5.4a)

71 = 1

af)q{ka)=2 X) (—)n[Yp_q(nka) — Yp+q(nka)].

(5.4b)

71=1

We note that the above expressions are needed only for positive integer indices p, q that
are both even or both odd. We observe also that the form of the expressions is such that
those with unequal subscript indices can be evaluated simply in terms of those with equal
subscript indices. Further, in view of the easily-verified relation
<r ® (ka)=2aPq (ka) -

(ka/2),

(5.5)

values or formulas for the tr’s “of the second kind” can be derived readily from the same for
the cr’s “of the first kind.” Thus, the evaluation of the Gp]a, which, on the face of it, originally
involved double integrals with ka, kR, p, q, and h as independent parameters, has been reduced
co

essentially to the evaluation of sums of the form X; Y2s(nx) with 7r<x<27r or 27r<a;<(4r and
71=1

s= 0, 1, 2, . . .. It should be observed, however, that these sums converge extremely
slowly: for the accuracy desired in the present circumstances the number of terms required
would be of the order of 1010 or more, at least for the most important a’s. Needless to say,
some method of evaluation other than direct summation is indicated.
5.2. Evaluation of the Bessel-Function Series
Two methods of evaluating the series defined in (5.4) will be discussed briefly here.
a. Conversion to Definite Integrals

An evaluation of the desired series may be obtained in terms of definite integrals as follows.
We start with the series of Hankel functions (of the second kind)
S\(x)=itl

(5.6)

71 = 1

where x is real, positive, and not an integer multiple of 2-k.
use the integral representation [11]

f

Hx(x)=e~ixaln t+Wd£
* Jc
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For the Hankel functions we

where £=£-\-jv and C is a suitable path, to be chosen in a moment, between the limits — jco
and Tr-\-jc° . With the aid of the well-known expression for the sum of a finite number of terms
of a geometric series, one finds that the M-term partial sum of (5.6) can be written
M

jC H\(nx)

=1

r

e**dt

Trjceix slnf-l

n= l

1

r e-w*sln *•

,r,

7rJce^slnf-l

(5.7)
s

Among the infinitely many poles of the integrands in these integrals, we note in particular
and £m=7r—$-m, where
is the principal value of sin ~1(2rmr/x), m = 0, 1,2, . . ., Q, and Q
is the largest integer such that 2(?7t/x<1. The path C is now chosen to comprise (except for
indentations) the negative imaginary axis, the real axis between 0 and tt, and the upper half of
the line r-j-jy; indentations, of radius p, are made at each of the above identified poles in the
manner shown in figure 7, which illustrates C for the case Q=l. Taken on this path, the
second integral in (5.7) approaches 0 as M increases indefinitely; as a detailed examination
shows, this happens because on the various parts of the path the integrand approaches 0 or it
becomes increasingly oscillatory (or both) as
. Hence we have
aSx;(x) =- ('

TT

eix 8inf_i'

JC

This result can be expressed in terms of real integrations plus contributions from the
indentations. In the limit as p^>0, the indentations yield
(5.8a)

*'°=h

and for m > 1,
tWr
Jr
*\
Jb 2

(2rmr)2

R"~
1 m.

■yjx2—(2m tv)'-

(5.8b)

Here the notation corresponds to that used for the respective poles and the factor 1/ir standing
in front of the integral is included. Provided X is an even integer, the straight-line segments of
the path of integration yield
1
5oX+lim - [~2 f
2
p-> o 'Irl L J p

cosh X?7 dr;
gi sinh r]_^

cos X^ cot

(5.9)

where 80\ is the Kronecker delta. It should be noted that when the integrand in the finite
integral is singular, the Cauchy principal value is to be taken, as indicated by the symbol P
(the indicated limit as p^O essentially is also a Cauchy value).
Upon comparing (5.4) and (5.6) it is seen that
Opp (Jca) = 2 Im [S2p (2ka) — S0 (2lea)].
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It happens that for \=2p (where p=0, 1,2,. . .) the net imaginary contribution of (5.8) to
S2p vanishes. Consequently (5.9) yields
r(D

8

(ka)

r sinh1 2 prjdr]

ttJo

^2ka sinh tj

^

1

--P
7r

7T/2

sin2p£ cot (ka sin £)

(5.10)

wherein the integrands are now well-behaved at their lower limits and thus we were permitted
to put p — 0. The corresponding result for apv is
sinh2 prjdri 4 „ P*72
sin2 p£ tan
gka slnh,+ 1—Jq

(2)
a VP

(5.11)

which is easily obtained from (5.10) with the aid of (5.5).
(An interesting by-product of the above development, obtained by taking the real parts of
(5.6), (5.8), and (5.-9), is
1
9

cos [2p sin 1 (2m.Tr/x)]
(nx)——
71 =

1

m=1

^ x2— (2 nmr)2

where p = 0, 1,2,. . .; x and Q are as specified above. This result was obtained by Ignatowsky
[12] by a different method.)
Thus far numerical results for the o's have been obtained primarily from (5.10). The
integrals were evaluated numerically by Paul F. Wacker and William W. Longley, Jr., using
Legendre-Gaussian quadrature formulas programed for- machine computation.6 Values
for <r® were calculated from values of o-® using (5.5). Results for the two lowest values of
p are given in table 2. (More extensive tables are planned for the previously-mentioned
separate publication.)
b. Conversion to More Rapidly Convergent Series

An alternative method of evaluating the (Ps is afforded by a transformation of the Besselfunction series involved into more rapidly convergent series. This was accomplished a good
many years ago by W. von Ignatowsky [12] in connection with his work on diffraction by
gratings—a subject that will be recognized as being rather closely related to the subject of the
present paper. Ignatowsky obtained
2k
Q
1
CO
/I
Y0(nx)=log^+S^+ S (L
=\
T
n=i a m=q-)-iV71 Vn2 k2~\)
■K £ Y2p(nx)=~
71=1

*P

1 ^
2

(5.12a)

(2K)2»(p+p-l)\B2tl
(2M)\(p-M)\
■k

J2
77=1

sin

sin 1(nK)]_(_)Py
v \—n2K

(nn—^rdk2— \)2p
n=Q+l

(5.12b)
Vrt2*2-!

In these expressions k—2‘k/x-, p= 1,2,3, . . . ) Q is as defined above; log 7=0.57721566 ... is
the Euler-Mascheroni constant; and the B?ll are the Bernoulli numbers, here so labeled that
Bo—1/6, Bi= 1/30, i?6=l/42, B&= 1/30, R10=5/66, etc. Equation (5.12a) is fairly well known
co

at the present time.

(A few numerical values are given for the series ^ (—)nY0(nx) in
77=1

8 The estimates of accuracy of computed quantities given in this paper were made by Mr. Longley, who was responsible for most of the detail
of the calculations.
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[13].) The series for a[f obtained from (5.12a) and (5.12b) has been duplicated by an in¬
dependent mode of derivation; thife represents a partial check of the complicated expression
(5.13b). Thus far in the present work, Ignatowsky’s series have been used only to spot check
some of the numerical results obtained from the definite integrals. The series are especially
suitable for either estimation or calculation of the <r’s when p is large.

The author has benefited from the discussion of many points with Paul F. Wacker and is
indebted to David F. Wait for assistance with some of the theory and computations.
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An Adjustable Sliding Termination for
Rectangular Waveguide*
ROBERT W. BEATTYf

Summary—A new adjustable sliding termination for rectangular
waveguide has been developed. The termination is of simple design
and can easily be adjusted to have reflection coefficients from zero
to nearly unity in magnitude and any desired phase. In addition to the
usual applications of adjustable sliding terminations for rectangular
waveguide, it provides a suitable design for an adjustable transfer or
secondary standard of impedance for rectangular waveguide systems.

cuit can be varied by rotating6 the strip. With inde¬
pendent control of these two motions, complete cancel¬
lation of reflections can be obtained. On the other hand,
with the strip surface perpendicular to the electric field,
minimum losses occur in the strip and almost perfect
reflection is obtained. It is possible to adjust the termina ion to any intermediate condition, then to slide the

Introduction

ADJUSTABLE sliding terminations for rectangular

entire assembly, to obtain almost any reflection coef¬
ficient desirable.

f—\ waveguide are useful for a variety of purposes,
"^including calibration of microwave impedance
measuring devices, obtaining the directivity of direc¬
tional couplers, and determining the parameters of
waveguide junctions.
An adjustable sliding termination for rectangular
waveguide was described by Grantham in 1951.1 Sev¬
eral years later, a similar termination was produced
commercially. This termination2 differed from its prede¬
cessor in details of construction of the dissipative ele¬
ment and the reflecting antenna. Both of these termina¬
tions were designed primarily to provide minimum re¬
flection and could not be adjusted over a wide range of

Theory

Apparently, the analysis of the fields inside a rec¬
tangular waveguide containing an arbitrarily positioned

vswr (voltage standing-wave ratio). The commercial
termination has a vswr range of 1.005 to 1.15. The

dissipative strip has not yet been published. Lacking

principle of the double slug tuner was used3 to obtain
an adjustable sliding termination with a somewhat

this basic information, a rigorous analysis of the action
of this termination has not been attempted. An ap¬

greater range of adjustment.

proximate study based upon microwave circuit theory is
given below.
As shown in Fig. 2, the termination can be regarded

An

adjustable sliding

termination having a wide range of vswr was described
by Kato and Sakai,4 but it was not possible to adjust
this termination for cancellation of reflections.
Principle of Operation

As shown in the diagram of Fig. 1, this termination
slides inside a rectangular waveguide and consists of a
short-circuiting piston to which is attached a dissipative
strip supported by a dielectric rod, which can rotate and
slide relative to the piston. The phase of the reflection
from the strip can be varied by sliding the strip, while
the magnitude of the net reflection from the short cir-

as an attenuator terminated in a short-circuited line of
variable length. In terms of the scattering coefficients6
•Su, -Si2, and S22 of the attenuator, the input voltage re¬
flection coefficient is

ra

=

Su
S22 +

e 12B‘

(1)

where (3 = 2tt/\g, and \<j equals the wavelength in the
waveguide. The condition for cancellation of reflections
(Ti = 0) is

* Manuscript received by the PGMTT, November 19, 1956.
t Natl. Bur. of Standards, Boulder, Colo.
1 R. E. Grantham, “A reflectionless wave-guide termination,”
Rev. Sci. Instr., vol. 22, pp. 828-834; November, 1951.
2 W. A. Andrews, U. S. Patent No. 2,701,861.
3 R. C. Ellenwood and W. E. Ryan, “A uhf and microwave
matching termination,” Proc. IRE, vol. 41, pp. 104-107; January,
1953.
4 N. Kato and T. Sakai, “Waveguide Type Variable Impedance
Circuit and its Application for Rieke Diagram,” Rep. of the Microwave Communication Res. Committee in Japan, p. 7; December,
1955.

Si22 =

Sue^il +Sne-M‘).

(2)

6 G. C. Southworth, “Principles and Applications of Waveguide
Transmission,” D. Van Nostrand Co., Inc., New York, N. Y., pp.
374—376; 1950. An attenuator employing a rotating strip is described.
6 Scattering coefficients are the elements of the scattering matrix.
See C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles
of Microwave Circuits,” M.I.T. Rad. Lab. Ser., McGraw-Hill Book
Co., Inc., New York, N. Y., vol. 8, pp. 146-149; 1948.
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Fig. 4—Adjustable sliding loads for different waveguide sizes.

Fig. 2—Approximate equivalent circuit representation.

Normally, |An | and [ A221 are much less than unity, and
the approximate condition for cancellation of reflections
is
S122 « Sue™1.

(3)

Rotation of the strip will, in general, change both
|5i221 and [An |. A typical variation of these quantities
with 6 (the angle between the electric field direction and
the normal to the surface of the strip) is shown in
Fig. 3(a). At the angle 9c, the magnitudes of A122 and An
are equal, and it is possible to obtain cancellation of re¬
flections by sliding the strip, varying /. If the strip is
too short, |Ai221 will not decrease enough to equal | An |,
as shown in Fig. 3(b). However, it is possible to increase
|An 1 by adding a reflecting object at the end of the
strip, so that cancellation of reflections can again be
obtained as in Fig. 3(c).

Fig. 5—Variation of |Su| and |Si22| with rotation of
thick tapered strip.

to obtain fairly high ranges, but a dissipative film on a
thin mica strip is capable of greater range. A thin film
has little strength and it may be desirable to add a re¬
flecting disk or rod as shown in Fig. 6. The disk or rod
Fig. 3—Dependence of |5n| and |.Si22| upon rotation of thin rec¬
tangular strip: (a) rectangular strip 0.35 inchX1.5 inches, (b) rec¬
tangular strip 0.35 inchXO.75 inch, and (c) metal reflector added
to increase 1Sn |.

Design

A number of considerations can influence the design
of the termination. If the primary need is for a reflec¬
tion-free termination, with no need for a wide range of
vswr, it seems advisable to use a thicker strip of dissipa¬
tive material such as Synthane. The extra thickness can
give added strength to a long, tapered strip, which will
require less rotation to achieve cancellation of reflection,
and give a smoother adjustment which is less frequency
sensitive than with shorter strips. Examples of such a
design are shown in Fig. 4, and a diagram of typical
variation of | A122[ and | Au| is shown in Fig. 5.
If a wide range of adjustment of vswr is desired, a
thin strip is required. IRC resistance strip may be used

permits a shorter strip to be used, while retaining the
ability to cancel reflections.
Control of the mechanical motion required may be
achieved by the arrangements shown in Figs. 7 and 8,
next page. Independent control of the sliding and rota¬
tion of the strip is achieved in both arrangements, but in
Fig. 8, the strip may be rotated and slid by hand until
the clamping screw is used, which clamps the dielectric
rod supporting the strip so that it can only be moved by
the limited fine adjustments A and B. One adjustment
of sliding (knob A) and an independent adjustment of
rotation (knob B) are provided.
As a matter of practical interest, an adjustable load
having satisfactory performance over the recommended
frequency range of RG-52/U waveguide was con¬
structed, using a rectangular IRC resistance strip 200
ohms per square, 0.35 inch X 1.50 inches. The strip was
not tapered, but mounted on a dielectric rod as was
shown in Fig. 1.
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Fig. 8—Mechanical controls permitting coarse manual adjustment
and locking, followed by fine independent adjustments of rotation
and sliding.
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Fig. 7—Mechanical controls permitting independent adjustment
of rotation and sliding, with control locking.
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A New Technique for the Measurement of Microwave
Standing-Wave Ratios*
A. C. MacPHERSONf and D. M. KERNS!

Summary—A new microwave standing-wave-ratio (or reflection
coefficient) measurement technique, apparently suitable for stand¬
ards and other high precision work, is described. The technique re¬
quires that the phase angle of the unknown reflection coefficient be
subjected to arbitrary, known variations—as is possible with a sliding
load, for example. Accurate measurement of suitable sliding loads
furnishes standards, and with the aid of comparison techniques,
enables indirect measurement of arbitrary unknowns.
Generator and detector are connected to two arms of a threearm waveguide junction. Tuning elements in the junction are (de¬
sirably) adjusted for small reflection looking into the third arm, to
which the unknown connects. Observation of the detector response
vs variation of phase of the unknown yields a curve, similar to a
standing-wave pattern, from which the unknown is determinable by
procedures that are given.
The technique has the advantages of 1) being amenable to
rigorous theoretical analysis, 2) enabling the attainment of heavy
coupling to the detector without simultaneous severe distortion of
the response pattern, and 3) being, in a sense explained in the text,
fundamentally simpler than the conventional slotted-line technique.

A

Introduction

NEW MICROWAVE standing-wave-ratio (or re¬
flection coefficient) measurement technique,
which appears to be suitable for standards and

* Original manuscript received by the IRE October 6, 1955;
revised manuscript received, April 23, 1956.
t Naval Research Lab., Washington, D. C., formerly with Natl.
Bur. of Standards, Boulder, Colo.
t National Bureau of Standards, Boulder, Colo.

other high-precision work, is described. An earlier stage
in the development of this technique has been reported
previously by the authors.1
The technique requires that the phase angle of the
unknown reflection coefficient be subjected to arbitrary,
known variations. (A reflection coefficient whose phase
can be subjected to such variations will be termed
“phasable.”) It is clear that this phasability require¬
ment would be no limitation if an ideal phase-shift de¬
vice were available.
Thus far the technique has been used primarily with
specially constructed “sliding-loads” (terminating struc¬
tures arranged to slide in the waveguide in which usedsee Fig. 5). One other phasing method has been tried and
will be mentioned. However, the sliding-load technique
in itself offers a solution to most problems of standingwave-ratio (swr) standardization. A suitable sliding
load whose swr has been accurately measured consti¬
tutes a standard of swr. A series of such standards could
be used, for example, to calibrate a conventional st;anding-wave machine. With the aid of sliding loads of
adjustable swr and microwave-bridge comparison tech¬
niques, arbitrary unknowns can be measured indirectly.
1 A. C. Macpherson and D. M Kerns, “A New SWR Measure¬
ment Technique,” URSI-IRE Meeting, Washington. D. C.. April 27.
1953.
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The experimental work done thus far has been con¬
cerned only with the determination of the magnitude of
reflection coefficients. There is no reason why angles

is hardly restrictive. Reciprocity is not used in the main
part of the analysis. It may be well to mention explicitly
that it is not required that the detector or generator2

cannot also be determined, however, and the necessary
theory and equations for this will be given..

present matched loads to the junction and that', by the
same token, the joints in the waveguides connecting

The basic arrangement (see Fig. 1) consists essentially
of a detector and a generator connected to two of the

detector and generator to the junction are not required
to be perfect.

arms of a three-arm waveguide junction. This arrange¬

The idea of using a fixed detector and a phasable load

ment (generator and detector included) constitutes an

is not in itself new.3 It is felt that the present work

instrument for the measurement of any phasable reflec¬

represents an advance in three main respects: 1) In

tion coefficient presented at the reference plane in the
third arm of the junction. The operating procedure

significantly increased generality and rigor. Apparently
it has not been realized that a much more thorough

consists essentially of observation of detector response

treatment could be carried out with very little additional

as a function of the variation of phase of the unknown

complication in the results. 2) In enabling the attain¬

reflection coefficient. This yields a curve, similar to a

ment of heavy coupling to the detector without simul¬

standing-wave pattern, from which the unknown reflec¬
tion coefficient is determinable by procedures to be

taneous distortion of the response pattern. In the pres¬
ent work the heavy coupling permitted the use of a

given below.

bolometric substitution method of power measurement
as the detector, virtually eliminating the question of
detector linearity. Probably the principal advantage of
having small distortion is that it permits simplification
of the general procedure for the determination of the
unknown reflection coefficient from the observed data;
it may also enable increased accuracy. 3) In the applica¬
tion of an analysis (developed in a different context by
Altar, Marshall, and Hunter4) which derives the desired
information frofn the response pattern whether or not
the pattern is highly distorted. It is remarkable that
the analysis applies more rigorously in the present
problem than it does in its original context.
Fig. 1—Basic arrangement.

The characteristic equation of the instrument—the
analytical expression of detector power as a function of

The junction is provided with tuning elements that

phase of the unknown reflection coefficient—is obtained

are adjusted for zero reflection coefficient as seen looking

by a rigorous analysis under the above hypotheses. The

into the load arm of the junction (with the detector and
inactive generator connected). This matching operation

characteristic equation is of a simple form and contains
effectively just two complex constants. In general both

is not critical; the technique does not assume that a zero

constants must be evaluated or accounted for empiri¬

or negligible reflection coefficient is actually obtained.
The matching need be performed only once for a given

cally; the necessary procedures are relatively simple.
The new technique should also be compared with the

setup operating within a limited frequency range. The

conventional slotted-line standing-wave measurement

matching operation reduces (or may practically elimi¬
nate) distortion of the response pattern and enables one

technique. In Appendix I the slotted-line instrument is
analyzed with rigor comparable to that applied in the

to have heavy coupling to the detector without at the

text to the new technique, and it is shown that the char¬

same time having a highly distorted response pattern.

acteristic equation for the slotted-line instrument
(neglecting slot-end effects) contains four complex con¬
stants and is of a fairly complicated form. It is con¬

It should be emphasized that the waveguide junction
used in this technique is not subject to special require¬
ments, such as symmetry or losslessness. The junction
may indeed be of a rather general type, in that the
waveguide leads may individually be of arbitrary cross
section and one or more of them may be two-conductor
systems, such as coaxial line. The main assumptions are
that the electromagnetic field in a portion of each wave¬
guide lead consists of a single waveguide mode and that
the variation of the phase of the unknown is accom¬
plished without affecting its magnitude. These two
assumptions are only mildly unrealistic. The further
requirement that the system (apart from the rf source
itself, which must be well padded) be linear and passive

sidered that the new technique has a fundamental and
important advantage in the relative simplicity of its
characteristic equation.
Theory

Our first theoretical task is to obtain and discuss the
characteristic equation of the system.
2 Here and subsequently the “generator” is to be understood as
the equivalent generator as seen at the junction reference plane.
3 C. G. Montgomery, “Technique of Microwave Measurements,”
M. I.T. Rad. Lab. Ser., The McGraw-Hill Book Co., Inc., New York,
N. Y., Vol. 11, p. 507; 1947.
4 Wm. Altar, F. B. Marshall, and L. P. Hunter, “Probe error in
standing wave detectors,” Proc. IRE, vol. 34, p, 33, January, 1946.
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Let reference planes Ti, T2, and r3be chosen in the
generator, load, and detector waveguide leads, respec¬
tively, as indicated in Fig. 1. For the purpose of analy-'
sis, the definitions of the “junction” and the “termina¬
tions” are, of course, relative to the choice of reference
planes. (It should be noted that any discontinuities
introduced by flanged joints in the generator and detector
leads will be taken care of implicitly by inclusion either
in the junction or in the terminations.) It is convenient
to characterize the junction (as defined by the choice
of reference planes) by means of the inverse of its
scattering matrix. Letting ax, a2, a3 measure the ampli¬
tudes of the incident traveling-wave components of the
field on the respective terminal surfaces, and letting
6 1, b2, 63 similarly measure the amplitudes of the emer¬
gent traveling-wave components, we then have
ai = G\\b\ -(- Gnb-i T G1363
a2 = Gnbi + G2262 + G2363
a3

=

(1)

(73161 + G3262 + (73363

where the G;/ are the elements of the inverse scattering
matrix G (G will be called the “gathering matrix” of the
junction). The relations imposed at the terminal sur¬
faces by the terminations we express in the form
d\

=

Sgb\

(Pi

=

Se~2ieb2

+

ba
(2)

a3 — Sdb3
Here the reflection coefficient Sg and the fixed waveamplitude bg characterize the equivalent generator at
the reference plane T\, S is the unknown reflection co¬
efficient, — 20 is the phase shift imposed upon S (so that
Se~2,e is the reflection coefficient presented at reference
plane T2), and Sd is the reflection coefficient of the detec¬
tor at T3. (In the case of a sliding-load unknown, 6 may
be interpreted as the variable electrical distance be¬
tween T2 and the reference plane of the unknown.) Of
these quantities only 5 and 6 will be explicitly involved
in the final results.
Combining (1) and (2) one obtains a set of three
equations in three unknowns,
bg

=

(Gn

—

Sg)bi

+ G1262 + (71363,

0 = (72161 T (G22 — Se~2’e)b2 T (P2363,

(3)

0 = G3161 -f- G3262 + ((733 — Sd)b3
which determines 61, 62, and 63. The desired quantity,
the power P delivered to the detector, is proportional
to the square of the magnitude of 63. We introduce the
determinant
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M13 — (721(732 — (731G22
Mii

= (Gn

Sg)(G3 3

(5)
—

Sd)

—

G31G13.

(6)

The power P can be expressed in the form

P = C | 1 + y + Y(KS, 9) |

-2

7

( )

where C is a constant of proportionality,

K = G31/M\3
-

2(M22/A)

K +
Y(KS, 9)

(8)
(M22/A)

1 — KS exp (— 2j9)
1 + KS exp (— 2j9)

the last being a functional notation. The significance of
expressing K and y in terms of the quantities (4), (5),
and (6) will become apparent. The “constants” G, y, and
K are of course frequency-dependent. Eq. (.7) is the
desired characteristic equation.
The value of the constant C is immaterial as far as the
analysis of the response curves is concerned, inasmuch
as only relative values of P will be involved. Thus the
equation contains effectively just two parameters, y and
K, that characterize the instrument. Of course y and K
are in general complex so that four real parameters are
involved.
We observe that the characteristic constant K and the
unknown reflection coefficient 5 appear in the character¬
istic equation only in the combination KS. In what
follows it will be convenient to deal with the product KS
as an intermediate unknown and to postpone the ques¬
tion of determining 5 itself. The notation S' = KS will
be used.
As a function of S' and 6, the characteristic equation is
of the same form as the highly simplified equation for
the slotted-line standing-wave machine given in Ap¬
pendix II. (This is the basis of our application of the
Altar, Marshall, and Hunter analysis; see below and
Appendix II.) Thus it is recognized that in general the
graph of the characteristic equation will have the form
of a distorted standing-wave pattern, the distortion
being introduced by the presence of the quantity y and
vanishing for y = 0. An experimentally obtained graph
in which the distortion is rather small is shown in Fig. 2.
It is interesting to note that the quantity y can be re¬
garded as a thoroughgoing generalization of the “probe
admittance” yp appearing in (16); y depends on Sg,
Sd, and on all the elements of the matrix G and will in
general be nonzero whether or not the system actually
contains a probe.
If an ordinary waveguide junction (for which reciproc¬

A =

Gil — Sg

G12

G13

G21

G22

G23

G31

G32

G33

—

4)

(

sd

(note that this is not exactly the determinant of the
above system of equations) and the two minors

ity holds and in which dissipation is small) is employed,
qualitative statements can be made about the magni¬
tudes of K and y:
1) The magnitude of K will be approximately equal
to unity. This follows from the fact that under the as¬

sumed conditions the gathering matrix will be symmetric
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problem: given an empirically determined graph of P
vs 0 for a given S', together with the form of the char¬
acteristic equation, to determine S' and y. It happens that
techniques developed by Altar, Marshall, and Hunter7
(AMH) in connection with an approximate treatment
of probe error in standing-wave machines are rigorously
applicable in the present problem.8 Both graphical and
analytical techniques were provided; here we shall give
a selection of the analytical results. These results have
been checked by employing an independent method of
derivation and are presented with minor emendations
and modifications in form.
0

0.1

0.2

03

OA

0i5

06

0.7

08

03

1.0

1.2

1.3

The magnitude of S' may be determined as follows.
Let Pmax, Pmin, and Pmid, respectively, denote detector
power readings at maxima, minima, and “midpoints”
of the P vs 6 curve; Pmid being defined by

POSITION OF SLIDING LOAD. INCHES

Fig. 2—Detector power vs load position-—experimental.

IPmax 1Pmin
■

and nearly unitary,5 K becomes equal to the ratio of the
element G3i to its cofactor in G, and (arguing by conti¬
nuity from a well-known property of unitary matrices)
the magnitude of this ratio will be approximately equal
to unity.6
2)

The matching operation described- previously will

make y small (relative to unity). This may be estab¬
lished as follows. Let Sn denote the reflection coefficient

mid =

*
-Pmax + Pm in

Let 0max, 0min, and 9mid denote angular positions cor¬
responding to Pmax, Pmiu, and Pmid, respectively. In order
to avoid ambiguities in sign and in multiples of 7r, the
angles may be chosen in the manner shown in Fig. 3.

that is observed and minimized in the matching opera¬
tion; it may be shown without difficulty that

Su = M11/ A
where A and Mu are defined in (4) and (6). Hence the
expression for y may be written

y = ~ 2SU/(K + S2i).
Now, although K as well as Su will be affected by the
matching operation, the magnitude of K will remain
approximately equal to unity (as shown in the preced¬
ing paragraph). Thus it is seen that making Sn small
will make y small.
A small or vanishing value for the aisioi non term y

Further, let

is not incompatible with heavy coupling to the detector.
To establish this it is sufficient to consider an ideal case.
Assume that a symmetrical lossless H-plane T junction
is used in the arrangement of Fig. 4, and assume further
that SB = Sd = Su = S = 0. Then it can be shown with
little difficulty that of the power from the generator

V
^

6 The argument assumes that the characteristic impedances in the
three waveguide leads are chosen equal, as is always possible; the re¬
sult established is independent of the choice of characteristic im¬
pedances.
6 It is worth noting that a K wholly siptilar to the above K ap¬
pears in the rigorous characteristic equation for the slotted-line stand¬
ing-wave machine (appendix I). In slotted line work it has generally
been assumed (in effect) that K= 1. In the present technique the
use of an ordinary junction would permit the assumption of the
magnitude of K equal to unity with about the sarqe justifiability as
in the slotted line case. This assumption is not made in the present
work, which is concerned with the development of a measuring tech¬
nique under minimum assumptions.

^max ~F

2$m{d

and define the auxiliary quantity rj by
sin 7?

incident on the junction 25 per cent is reflected, 25 per
cent goes to the load, and 50 per cent to the detector.
We turn now to the second main theoretical task,
which is to provide techniques for handling the following

^min

sin V

-

sin e sin

77

cos e — cos
with the proviso that

77

is to be taken in the first quad¬

rant. Then the magnitude of the intermediate reflection
coefficient is
,
,
1 — tan (77/2)
y =-—
(9)
1 + tan (77/2)
[The voltage standing-wave-ratio (vswr) corresponding
to S' is p'= cot (77/2).]
7 Montgomery, loc. cit.
8 The relation between their problem and our problem is explained
in Appendix II.
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The angle a' of S' may be determined as follows. The
shift of the minima corresponding to the presence of
the term y in the characteristic equation may be de¬
fined as
5

u

where

0min((\

=

0

.

'/mm

—

f)i/min
. («

the “true” minimum position, is the value

that 0min would have if Im(y) were zero. It may easily
be determined that

a' = 2(0m;n —

S) +

tt

(10a)

apart from multiples of 27r. The value of 5 is given in
terms of rj and e by"

and 5 appear in the characteristic equation only in the
combination S' = KS, the ’ empirical evaluation of K
requires that S' be determined for at least one phasable
load whose reflection coefficient (S = Ss, say) is known
independently (K being then given simply by K = S'/Ss).
Probably the type of load for which the reflection co¬
efficient can best be determined independently is a
“short.” A sliding short was used by the authors and
the means of evaluating it are described briefly in the
following section.
As soon as K is known, the value of any 5 is of course
at once obtainable from the corresponding value of S'
Experimental

1
— sin-1

1
-ij. (10b)

2

2

Here the inverse sine is to be taken in the 1st or 2nd
quadrant according to whether 77 is in the 1st or 2nd
quadrant.
It will be observed that the above formulas do not
involve the characteristic constant y explicitly and are
applicable whether or not y is small. However, when y
is small, certain approximate formulas involving the
real and imaginary parts of y explicitly may be pref¬
erable. The value of y is obtainable from an expression
given by AMH (p. 38P):

2

(\ &

=-j-H

(1 -

\

— e* - 1 )
S7 a)\ So
/

For purposes of illustration, some of the equipment
and practices employed in the experimental part of the
present work will be described. The arrangement used
was designed with the idea of obtaining the highest
possible accuracy. Much attention was given to prob¬
lems of generator stability, detector linearity, detector
noise and drift, and mechanical precision. The complete
set-up is shown in Fig. 4. The rf source is an X-21
klystron in cw operation. This tube yields about 5
watts output, which easily permits the use of adequate
padding, and in addition is very stable in power level
and frequency. For ordinary work the X-21 has the dis¬
advantage of being essentially nontunable.

(An ar-

(ID

Here S' is as already defined, |S0| is defined in terms
of the directly observed vswr p0 = v'-Pmax/-Pmin by | S0|
= (p0 — 1)/(po + 1), and \p (which is to be taken between
— 7t/2 and +7t/2) is given by tan \p = esc e cot 77-(cos
e —cos 77). Let us denote the real and the imaginary parts
of y by g and b, respectively. It can be shown that, to
the first order in g and b, the intermediate vswr is given
by10
po — 1
p' ~ Po + Pog-;—7

(12)

Po+1
and the shift of the minima by
- b
(13)
5 ~ (po + l)2 ‘

Both of these expressions furnish small corrections to
be applied to the directly observed quantities.
Thus far we have provided formulas for the determi¬
nation of S'] in order to be able to obtain the actual
unknown reflection coefficient, S, the value of the char¬
acteristic constant K must be known. Inasmuch as K
9 In AMH the quantity measuring the shift of the minima is n,
and yu= —26. The factor of 2 is accounted for by the different angular
' measure used by AMH and the negative sign is presumably due to an
opposite definition of the shift. (The approximate formula for u
given by AMH is in error.)
10 The expressions given here can be derived along the lines indi¬
cated by Montgomery, op. cit., pp. 483-488. (The result given for the
shift of the minima in this reference should be multiplied by 27t).

Fig. 4—Laboratory set-up.

rangement that would probably be sufficiently stable
and yet adjustable in frequency would be to use a
tunable reflex klystron operating in an oil bath, with a
unidirectional device for padding.) Means are provided
for adjusting the power level and monitoring the fre¬
quency. The waveguide junction used is an iJ-plane
tee provided with built-in tuning elements. The detector
is a commercial platinum-wire barretter in a commercial
mount operated in an oil bath. The barretter is con¬
nected into a manually-balanced dc wheatstone bridge.

743/1028

1956

Macpherson and Kerns: Measurement' of Microwave Standing- Wave Ratios

Since the bridge is balanced each time a reading is made,
the rf impedance of the detector is virtually independent
of the rf power level. Power generation and detection
A

B

!

F

are relatively simple since no modulator is needed and
the detector requires only a simple dc network and uses
no vacuum tubes.
Three more or less typical sliding loads are shown in
Fig. 5. The top one in the figure is hand driven and
consists of a steel slug (which is a close sliding fit in the
waveguide) to which is attached a tapered resistance
strip. The load shown in the middle of the figure is
similar except that the lossy material is a slug of Catalin

Fig. 6—Sleeve-type “line-stretcher”—schematic; sliding member is
waveguide of standard internal dimensions. Slides over fixed
member of reduced size attached to junction proper. Ti is the
junction reference plane; it is fixed in position relative to the
junction.

and it is driven by a micrometer screw. The load at the
bottom, designed by Ivan K. Munson, uses Polyiron
as the dissipative material and employs a short trans¬
verse wire mounted on the end of an axial dielectric
rod that can be rotated. This permits adjustment of the
swr. The waveguides in which the loads slide must be
of highly uniform cross section; they were made by elec¬
tro-forming copper on precision mandrels. It should be
noted that whatever discontinuity there may be at the
flange connection between the junction and the guide

Fig. 7—Sleeve-type “line-strecher”—mechanical.

in which the load slides is automatically associated with
the junction and not with the sliding load.
evaluation is necessary. If mechanically feasible, an
rf choke at B would seem desirable in order to reduce
the effect of variable sliding contacts.
As mentioned in the previous section a load whose
reflection coefficient Ss is known is needed for the evalu¬
ation of K. In the experimental work only the magnitude
of Ss was considered. A choked sliding short was chosen
and two independent methods of evaluating |S»| were
employed.

1) A cavity was formed from a straight

section of waveguide terminated at both ends with
shorts of the type being evaluated. The Q of this cavity
was measured and |S3| was calculated assuming that
the two shorts were identical and that the waveguide
was lossless. This is a sensitive method giving a lower
limit for \Ss\. (Inasmuch as |Sa| cannot exceed 1,
the problem can be regarded largely as that of deter¬

Fig. 5—A selection of sliding loads.

A sleeve-type “line-stretcher” for phase shifting pur¬

mining lower bounds for |S*|.) 2) Using well-known

poses is shown in Figs. 6 and 7. This device permits the
direct measurement of portable loads (that are not too
bulky or heavy). It is the outcome of a suggestion by

microwave bridge techniques, the sliding short was
compared with a fixed, soldered, silver plate short whose
reflection coefficient was calculated from the geometry

H. Lyons and was developed by A. J. Couvillion. An

and the dc conductivity involved. The two methods gave

important point to be brought out in connection with
this phase shifter is that discontinuities such as those

good agreement, and it is considered that |S,| for the
load measured was almost certainly within the range

at A and B are quite innocuous (if they are constant).

(0.990, 1.000).
In the arrangement described above there are two
main sources of random error. Under good conditions,

These discontinuities are spatially fixed with respect
to the H-plane junction when the sleeve is moved and
therefore are automatically taken care of in the meas¬
urement procedure (cf previous section). The effective
unknown is that seen between B and the joint F and
thus the effects of the joint are associated with the
unknown in the present instance. Some tests were made
using sliding-load assemblies as loads on the “linestretcher.” Preliminary measurements using the “linestretcher” are encouraging but much more thorough

the effects of electrical noise and drift due to both the
generator and the detector amount to about one micro¬
watt during the time necessary to make one powerratio measurement. Since the detector power level for
a nearly matched load is about 10 milliwatts, the power
resolution is about one part in ten-thousand, and the
corresponding minimum detectable vswr is about
1.00005. This figure is not realized because of the addi-
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tional “noise” associated with the mechanics of the
phase shifting process. Some measurements made on a
sliding load of nominal vswr 1.01 give an idea of the
mechanical stability possible. Six vswr values were
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increases and that on the other decreases in such a way
that 0i+02 remains constant.
Solving for b3 in the problem just set up yields a
result expressible in the form

_c exp (

jdi)_

1 + y + mSa exp (- 2j6i) + [l + nS0 exp (- '2j0x)]Y(KS, 02)

computed from readings of maxima and minima with
the load at 7 different positions in the waveguide; the
mean was 1.0166 and the greatest deviation from the
mean was 0.0003. With loads of higher vswr, and with
the “line-stretcher” phase shifter, the reproducibility
in terms of vswr was poorer in general. Nevertheless,
the mechanical problem for a sliding load seems con¬
siderably easier than for a slotted line.

Characteristic Equation for Standing-Wave
Machine

We give a brief but rigorous derivation of the char¬
acteristic equation for a conventional standing-wave
machine. The general approach and much of the nota¬
tion used in the second section will be applied her^.
Let reference planes T\, Tz be chosen on the genera¬
tor side and on the load side of the probe assembly,
respectively (see Fig. 8). These two reference planes,

T,

Tz

1

1

1

1

!

!

1

1

1

1

(1

1

1

1

©

1
1

1

P = C|l+y + w' exp (— 2j9i)
+

[1 + n' exp (- 2jd\) ] Y(KS, 02)

|~2,

(14)

1

is the same function of the elements of G as the K of
the text and thus shares the property |i£| =1 for a
lossless junction fulfilling the reciprocity condition. It is
worth noting that if the generator is matched (5’(7 = 0),
then m' and n' vanish and (14) becomes formally identi¬
cal to (7), as it should.
Appendix II
Problem Treated by AMH

In the treatment of the conventional standing-wave
machine given by AMH the two main assumptions
involved are 1) that the generator is matched (this was
tacit), and 2) that.the effects of the probe assembly may
)

be represented by a pure shunt element in a lossless
transmission line. These assumptions lead at once to

1
1

an expression for the voltage V across the equivalent
transmission line at the probe position,

1-► LOAD

GENERATOR*—!

1*-ez-1

h—»i—1

The characteristic equation, which is an expression for
the rf power P delivered to a detector on arm 3, may be
written

where we have put m'= mSQ and n' = nSg. The four
characteristic constants are y, m',
and K. This K

Appendix I

-

where c, y, m, n, and K are constants independent of
0i and 02, and Y(KS, 02) is the function defined in (8).

Fig. 8—Notation for standing-wave machine; coaxial line for
probe output is indicated in the sketch.

V =---

(15)

1 + yp + 7(5, 0)
which are to move with the probe assembly, plus a
third one T3 in the rf probe output, define a 3-arm wave¬
guide junction. We denote the gathering matrix of this
'junction by G and use the notation aX} a2, 03, and bx, bz,
b3 for the incident and emergent wave amplitudes, as in
the second section. The relations imposed by the termi¬
nations are
ci = Sae~2i9lbi + e~,Slba

Sdb3

[cf (2)], where 0i is the electrical distance between Tx
and the generator reference plane and 02 is the same
between Tz and the load reference plane. The “genera¬
tor” and the “load” dealt with here are, of course, as
seen within the slotted portion of the slotted line. When
the probe assembly is moved, the line length on one side
572772 0-61-48

sumed that the power delivered to a detector is proportionl to | U|2, (15) leads to the characteristic equation
P = C| 1+ yP+ 7(5,0) |~2.

(16)

Although AMH do not actually write down equations
of the form of (15) and (16), their analysis does in fact
pertain to such equations. Upon comparing (16) with

c2 = Se~2i$2b2

C3 -

where c is a constant, yv is the admittance associated
with the probe, and 7(5, 0) is the normalized loadadmittance referred to the probe position. If it is as¬

the characteristic equation of the text (7), the applica¬
bility of the analysis given by AMH becomes obvious.
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Magnified and Squared VSWR Responses for Microwave
Reflection Coefficient Measurements*
R. W. BEATTYf

Summary—In conventional microwave impedance’ measuring
instruments, the measured ratio of maximum to minimum detector
signal level is ideally equal to the voltage standing-wave ratio
(VSWR) of the termination. In this paper, it is shown how radically
different types of response are obtainable in which the observed ratio
may approximately equal the square of the VSWR or may be magni¬
fied any desired amount. Theory is given enabling accurate-measure¬
ments by interesting techniques. Accuracies of 0.1 per cent in
VSWR to 2.0 have been achieved using magnified response tech¬
niques.

Other radically different types of response are ob¬
tainable. The two responses to be discussed in this paper
have been called magnified and squared VSWR re¬
sponses for reasons which will become apparent.
A simplified explanation will first be given, followed
by a more complete mathematical description.
The differences among responses are shown in Fig. 1,
three response curves calculated for the same termi¬
nation.

Introduction
Simplified Explanations

N most microwave impedance measuring instru¬
ments, such as the idealized slotted line, the reso¬
nance line, and rotary standing-wave indicators, the
ratio of the maximum to the minimum amplitude of the
output to the detector is ideally equal to the voltage
standing-wave ratio (VSWR) of the termination sub¬
jected to measurement.
* Manuscript received by the PGMTT, February 20, 1959.
f Radio Standards Lab., Nat. Bur. of Standards, Boulder, Colo.

Squared VSWR Response
A simplified explanation can be given for one system
yielding squared VSWR response. Other systems which
have been devised apparently do not permit simplified
explanations and will not be thoroughly analyzed.
Enough theory will be given however, to permit their
use as measurement systems.
The system shown in the diagram in Fig. 2 consists
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of a straight section of uniform lossless waveguide
(which may be either coaxial line or rectangular wave¬
guide, for example) with oppositely located coupling
probes for generator and detector. A short circuit which
may be adjusted in position terminates one end of the
uniform waveguide section while the other end is ter¬
minated in the sliding load to be measured. In this system
it is necessary to vary the phase of the load by sliding
it inside the waveguide, but in other systems to be de¬
scribed, this is not always required.
Referring to the simplified model of Fig. 2(b),
1

E = e-

igZv — iG
Zo + Zp

1

1

(1)

Z7* Z7

Fig. 1—Response curves of three measurement systems with termina¬
tion having a VSWR of 1.26;
(a) idealized slotted line,

d=

If the short circuit is located' A<?/4 from the probes,

c[l +

Krie-w]

(b) squared VSWR response,

Z's — 00 , and
E ~

IgZl' — i-G

1 - TLe~™1

etia)'

<?L

L 1 - rLe~WlJ ’

(2)
(c) magnified response,

d = c"[ 1 + KTLe-Wl J.

As l varies, | E| goes through maxima and minima. The
ratio a a of the maxima to minima is
<7 A

r 1 + Turwi-i

d=

1 + TLe-Ml

(3)

r

Where trL is the VSWR of the load. The meaning of
other symbols used above should become clear upon
reference to Fig. 2(b).

DETECTOR

(a)
Fig. 2—Diagram and simplified model of one system yielding squared
VSWR response; (a) diagram of system, (b) simplified model.

Magnified Response
A system yielding magnified response is shown in Fig.
3. A directional coupler is connected to respond mainly
to the wave reflected from a-phasable or sliding ter¬

to

mination whose VSWR is to be measured. For simplicity,
it is assumed that the generator and detector do not pro¬
duce reflections (re = r.D = 0), and that no reflections
are produced in arm 2 by the directional coupler (S22 = 0).
The signal coupled to the detector has two compo¬
nents. One is fixed and exists because the directivity is
not infinite. The other is from the load reflection and
varies in phase as the load is slid inside the waveguide.
As the relative phase of the two components vary, the
magnitude of the resultant varies. If the components are
of approximately equal magnitudes, the range of varia¬
tion of the resultant may be large even though the re¬
flection from the termination may be small.
Inspection of the diagram of Fig. 3 leads to the fol¬
lowing equations describing the response.1
*3 -

bG(Sn + S2iS32TLe-Ml) = 6g53i(1 + KTLe~Ml).

(4)

Fig. 3—Diagram of simplified system to illustrate
magnified response.

approximately equals the directivity ratio of the direc¬
tional coupler), one may consider Tl to be magnified by
the factor | K | , leading to the term magnified response.
It should be noted however that the response variation
will increase as one increases [ K\ up to the point where
[ KTL\ = 1, and then will decrease with further increasfe

in\K\.
The response is of the same form as that of the ideal¬
ized slotted line (see Fig. 1) excepting that Ti, is multi¬
plied by the factor K. Since | K| may be very large (it

Analysis

Both magnified and squared VSWR responses may
be analyzed by considering the generalized treatment2

1 In this equation, b represents a wave amplitude, S a scattering
coefficient of the directional coupler, and TV the voltage reflection
co.efficient of the load.

2 A. C. MacPherson and D. M. Kerns, “A new technique for the
measurement of microwave standing-wave ratios,” Proc. IRE, vol.
44, pp. 1024-1030, August, 1956.
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of MacPherson and Kerns of a 3-arm junction measure¬
ment system for phasable loads. Such a junction is
shown in Fig. 4. where it has been assumed for conven¬
ience that the necessary variation in phase is obtained
by changing the length / of uniform, lossless waveguide.
Instead of using the gathering coefficients employed
by MacPherson and Kerns, the solution3 for b3 is ob¬
tained in terms of the more familiar scattering coeffi¬
cients and may be expressed as follows:
1 + KTLe~Ml
b3 = C—-1 - T2iTLe-Ml

Fig. 4—Three-arm junction with phasable load.

since it leads to the form obtained in the case of an
idealized slotted line.

1
1 -I-emi

KTl

The response form previously referred to as magnified

= CKTLe-w

5)

(

1 - r2iTLe~Ml
where

to infinity, and it is possible to have a magnification
factor | K| greater or less than unity. The case where

b&S 3i
C =
(1 - SuTa)

| K\ is less than one is of dubious interest, but the possi¬

S13Td

S3iTg

response is obtained when IV; = 0, and |K| is unre¬
stricted. However values of |K| may range from zero

bility of |iv| greater than unity appears especially at¬
tractive for the measurement of small reflections.

(1 _

If r2, differs from zero, it will cause distortion in the

S21S32
K =-522,

response curve, which is considered undesirable. How¬
ever, a distinctly different type of response may be ob¬
tained if |r2<| ~1, and if the phases of |iv| and [r2,-|

and

(1 - SnTa)
~ S2iTg
— SnrG

S12

— SuTd

are equal. This leads to squared VSWR response if
| K | «1. This type of response is not only curious, but

S22

- SzzTd

may prove useful in some measurement applications.

S32

s13td

(i - surG)

SuTg

Actually |lV,-| is less than unity in actual (not loss¬
less) systems, so that the ideal squared VSWR response
may be closely approached with an actual system, but

(1 - 533IV>

(i —

s asT/))

never quite reached.

In the above expressions, the component of the emer¬
gent wave amplitude supplied

by the generator is

bG~ai~biVg, where a\ represents the amplitude of the
wave incident on the junction in arm 1. Symbols of the

A fourth type of response is obtained if the phases of

K and IV; are the same, (r2;| ~1, and |iv| is unrerestricted. The ratio of maximum to minimum detector
signal level corresponding to (3) is

form Sm,n are the scattering coefficients of the junction,

1 + I KTl
0A

and Tg, Tdi and Tl are the voltage reflection coefficients
of the generator, detector, and load, respectively, as
indicated in Fig. 4.
The reflection coefficient r2; is that which would be
obtained “looking into” arm 2 if the generator was
turned off and its impedance (as observed at 7\) was un¬
changed in so doing.
The variation in | &3| as we vary the phase (\pL) of TL
is defined to be the response of the systems represented
by Fig. 4, and is determined by (5).
The properties of (5) will be examined in an effort to
classify types of responses obtainable. It is evident that
the parameter C affects only the level of the response,
while the form of the response curve (| &3| vs \pL) is af¬
fected by the parameters K and IV,.
We may consider the response for the conditions
IV, = 0, | K\ =1, the usual or normal type of response,
! G. E. Schafer and R. W. Beatty, “A method for measuring the
directivity of directional couplers,” IRE Trans, on Microwave
Theory and Techniques, vol. MTT-6, pp 419-422 ; October, 1958.

(6)

1 - I KTl

It seems appropriate to call this a magnified squared
VSWR response, and it may have applications in the
measurement of large VSWR.
This completes the classification of responses, since
conditions other than those mentioned may be regarded
as causing distortions of the types described above.
Means of Obtaining Various Responses

Examples have already been given (Figs. 2 and 3) of
junctions permitting magnified and squared VSWR re¬
sponses. However other types of arrangements are pos¬
sible and offer a variety of measurement systems, each
with its possible advantages and disadvantages.
In order to closely approach squared VSWR response
(| r2»| ~1, \K\ «1) it becomes evident that the 3-arm
junction should have low loss and low coupling to the
load. (This may be shown from a consideration of the
conditions imposed upon the scattering coefficients by
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losslessness.) These conditions are not sufficient how¬
ever, as one may conclude after trying junctions which
satisfy only these conditions. It is necessary for K and
r2l- to have the same phase, and this is obtained by some
tuning device, such as the adjustable short-circuit in
Fig. 2. There may be some difficulty in obtaining the
desired response in some cases, because it is not always
possible to obtain the correct phase relationship, but
the junction forms represented in Fig. 5(a) to (d) have
all been found experimentally to permit a close ap¬
proach to squared VSWR response by proper adjust¬
ment of the tuner. The arrangement of 5(e) should also
permit squared VSWR response, but has not been con¬
structed or tested.
Magnified Response occurs upon making | K \ greater
than unity while r2i = 0. It evidently cannot be ob¬
tained with a lossless junction, for then |if| =1. If it
is assumed that we can always make Fg = 0, then
r2i would equal S22, and this would vanish, so that
K = S21S32/S31. The directional coupler connected as
shown in Fig. 3 evidently permits magnified response
since | ^32/^311 is the directivity ratio and may be quite
large while [ S2i| is usually between 0.7 and 1.0. The use
of auxiliary tuners4 with a directional coupler permits

GENERATOR

Z7

GENERATOR

J||--

TUNER

TUNER

,——T

0

Ur———

nir

CT

DETECTOR

(a)

ib)

MOTE:

AFTER CORRECT POSITION OF TUNER IS FOUND,
IT MOVES WITH C0UPUN6 LOOPS INSIDE COAXIAL
UNE .

Fig. 5—Schematic drawings of junctions permitting squared VSWR
response, (a), (b), (c), (d), (e).

greater versatility since one may adjust.the directivity
ratio upwards or downwards with one tuner, then ad¬

-f'T3

just the other tuner to make r2, = 0. These adjustments
are independent only if made in the order described.
Referring to Fig. 6, the tuner in arm 2 is adjusted first
in order to obtain the desired value of ] jKT| , then the
tuner in arm

1

Using

Squared

VSWR

TTTTT

1
1

is adj usted to make r2l- = 0.

Measurements

1

TUNER
TO ADJUST

Response

TTTTT

1
—i—
i
i
t.

TUNER
TO ADJUST

r2i 3 0

Any of the junctions of Fig. 5 or their equivalents may

4G. F. Engenand R. W. Beatty, “Microwave Reflectometer Tech¬
niques,” this issue, p. 351.

V

DIRECTIONAL COUPLER

Tl

be used if the unknown is phasable. This requirement
is satisfied if the unknown termination slides inside the
waveguide. In principle, a phase shifter or line stretcher
may also be used to provide the phase variation, but in
practice, they are less than perfect, leading to additional
errors in measurement. If the unknown termination
does not slide within the waveguide, the arrangements
of Fig. 5(d) and (e) may be used.' Either flexible cables
must be used to couple the generator and detector to
the moving junction, or the generator and detector may
be arranged to move with the junction. If the termina¬
tion is not too large, it and the waveguide section could
be moved, keeping everything else fixed. The arrange¬
ment shown for rectangular waveguide is not readily
adaptable to operation with coaxial lines. However the
arrangement of Fig. 5(e) should be satisfactory for
operation with coaxial line.
The correct adjustment of the tuner is made with
Tl = 0 and corresponds to maximum detector output
for Figs. 2 and 5(a) and to minimum detector output
for the others shown. When the correct adjustment has

a,EC,w

DIRECTIVITY

Fig. 6—Directional coupler with auxiliary tuners.

been made, the response curves will be symmetrical
about the maxima and minima.
A correction may be made for deviations from the
ideal conditions |K| «1, |r2i| *»1, using the methods
indicated2 by MacPherson and Kerns. Instead of ana¬
lyzing the response curve to obtain the parameter y re¬
quired for the correction, a shorter method is as follows.
Only the real part (g) of y is needed for a correction to
the VSWR. It can be shown that to a good approxima¬
tion (to the first order in g and b),

err

1 +

KTl

1

KTl

-

— y/a a +

d* l)(a4

1),

7)

(

where

1 b31
(g+ 1)
bs

(rL =

|max( | PL |

o)
1)

It is still necessary to determine | K\ in order to obtain
|rLj or a jr,. This may be done by measuring <t; when a
termination of known |Tl| is connected.
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Measurements Using Magnified Response

The arrangement of Fig. 6 may be used to measure
the voltage reflection coefficient IV of an unknown ter¬
mination. Two basic methods4,5 will be outlined.
In the first method, the auxiliary tuners are adjusted

July

__TOWARD
GFNFRATOR

for the conditions^r2, = 0 and K = °° . Inspection of (5)
shows that |&3|, the magnitude of the detector arm
wave amplitude will then be proportional to | Tl| . One
then measures the ratio r of the [ 631 values obtained
when the load is first unknown (IV), then a standard of
known reflection coefficient magnitude | Ts|. Then

Sll

S22
SI2

2
—0

(8)

Fig. 7—Line stretcher and scattering coefficient representation.

The adjustments of the tuners preceding the measure¬

Because of the special condition r2, = 0, the line
stretcher need not be of the constant impedance type,

1 Vv | = r | Ts | .

ment is as follows.4 One adjusts the tuner in arm 2 until
no variation is observed in \b3\ as one slides a termina¬
tion of low reflection inside the output waveguide.
Then the tuner in arm 1 is adjusted until no variation
in [ &31 is observed as one slides a termination of high
reflection inside the output waveguide. If necessary, the
above operations are repeated in sequence until no vari¬
ation in | &3| is observed as either termination is slid.
In the second method, the tuner in arm 2 is adjusted
(with the unknown connected to arm 2) until the de¬
tector output is zero. Then KYu~— 1. The tuner in
arm 1 is then adjusted until r2, = 0. A reflection standard
of known | Ts| is then connected to arm 2, and the phase
of T's is varied. Substitution of the above conditions
into (5) leads to

aA

I ^Imax

| rp| + | rs|

\b3\min

I I To-1 - I r51 I

In the event that

|rs|

since reflections that it may introduce may be cancelled
by reflections from the tuner in arm 1. Also, the refer¬
ence plane for arm 2 may be located in the uniform
waveguide section of the line stretcher between the
source of its reflections and the load. As shown in Fig.
7, the reference plane T2 remains fixed although the out¬
put waveguide and load move. The line stretcher must
be stable however, so that the parameters 5u, Su, and

S22 with respect to the reference planes Ti and T2 do not
vary as it operates.
With the addition of the line stretcher, the second
method described above may be called a magnified dif¬
ference method, since the smaller the difference between
|rs| and [ rc/1 , the greater the variation in |&3| as the
phase is changed (9).

w

=1, (approximately true for a

sliding short-circuit), then ga=0u■
Note that it is unnecessary to vary the phase of IV,
the reflection coefficient of the unknown termination in
either method. In the second method one needs to vary
the phase of Ts, but this is easily done if a sliding shortcircuit is used.
Alternatively a fixed reflection standard may be used
if a suitable line stretcher is incorporated into arm 2 of

Evaluation

It is too early to make a conclusive evaluation of
the worth of the responses described above and their
applications in measurement systems. However, the
techniques employing magnified response give promise
of increased accuracy in the measurement of low and
intermediate VSWR. Accuracies of approximately 0.1
per cent in VSWR to 2.0 have been achieved, and
perhaps an order of magnitude better than that is pos¬
sible.
Acknowledgment

the measuring instrument.

5 R. W. Beatty and D. M. Kerns, “Recently developed microwave impedance standards and methods of measurement,” IRE
Trans, on Instrumentation, vol. 1-7, pp. 319-321; December,
1958.

j
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Dr. D. M. Kerns made many helpful suggestions, in¬
cluding the junction of Fig. 5(b), and W. J. Anson and
E. Niesen made measurements to verify the techniques
described above.
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Microwave Reflectometer Techniques*
G. F. ENGENf and R. W. BEATTYf
Summary—A rigorous analysis of the microwave reflectometer is
presented for what is believed to be the first time. By means of this
analysis, the correct adjustment of auxiliary tuners is described, and
the errors resulting from incorrect adjustments are treated in a
quantitative manner.
It is shown how the reflectometer technique may he further
simplified while preserving the accuracy of measurement. A con¬
venient method of adjusting the auxiliary tuners is described, sources
of error are discussed, and an example is given of the calculation of
error limits.

T

DETECTORS

Fig. 1—Basic reflectometer.

Introduction

HE microwave reflectometer in its usual form
consists of a pair of directional couplers so ar¬
ranged that one couples to the forward, and the

other to the reverse wave. The ratio of the sidearm out¬
puts is, in the ideal case, equal or at least proportional
to the magnitude of the reflection coefficient of the
termination, from which one can calculate the standing

where G is the voltage reflection coefficient of the termi¬
nation on arm 2, and K is a constant whose value must
be determined.
A mathematical treatment of the four arm junction
and detectors shows (assuming linearity) that the re¬
sponse will in general be of the form:

b%

wave ratio.

A Ti + B
-CG + D

— =

In practice, this relationship is only approximately
realized because of imperfections in the directional
couplers and other factors. However, duectional cou¬
plers having high directivity (40 db or more) and low
main guide VSWR (less than 1.05) are commercially
available which permit good accuracy to be realized
over a large (1.5 to 1) frequency range, while at a given
frequency, further improvements may ,be realized by
the use of auxiliary tuning.1
The use of auxiliary, tuners has not been fully ex¬
ploited or completely treated however, and in this paper
a more general and rigorous analysis of the microwave
reflectometer will be presented leading to the introduc¬
tion of additional tuning elements. Procedures for the
adjustment of these transformers will be described and
a particularly simple form of the reflectometer devel¬

bA

(1)

where the A, B, C, and D are functions of the parameters
of the four arm junction and detectors.
A particularly simple and convenient group of ex¬
pressions for the terms A, B, C and D, may be obtained
by the following procedure. The performance of the re¬
flectometer of Fig. 1 is characterized by the functional
relationships imposed upon the terminal variables ay,

by, ai, and 62, which represent the incident and emergent
voltage wave amplitudes at arms 1 and 2 respectively
and the responses of the detection systems (usually
power) employed at arms 3 and 4. The main interest is
in the relationship between the detector responses and
the ratio
a2

oped. A quantitative treatment of the errors in these
techniques will be presented.
General Theory

The basic form of the reflectometer is shown in Fig.
1. If &3 and bi represent the voltage amplitudes of the
signals at the respective detectors, the desired response
is

b3

G

G

or

G|

* Manuscript received by the PGMTT, January 13, 1959; re¬
vised manuscript received, February 20, 1959.
f Radio Standards Lab., Nat. Bur. of Standards, Boulder, Colo.
1 J. K. Hunton and N. L. Pappas, “The -hp- microwave reflectometers,” Hewlett-Packard J., vol. 6; September-October, 1954.

as given in (1). A variety of equivalent circuit repre¬
sentation's may be substituted for that shown in Fig. 1
provided the relationships of interest among the ter¬
minal variables are preserved. A convenient choice for
the present purpose is as follows:
Assuming that the detector impedance is constant (as
will be true for example of a barretter operated at a
constant resistance) mathematical models for the de¬
tectors may be constructed of lossless and matched de¬
tectors preceded by lossy fourpoles of the required param¬
eters to produce the externally observed behavior.
Reference planes in arms 3 and 4 are then chosen be¬
tween these ideal detectors and the lossy discontinuities
such that the latter become part of the four arm junc-
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may be represented in the usual manner. This permits
one to analyze the general behavior of the reflectometer
as a four arm junction under the materially simplifying
assumption of matched detectors on arms 3 and 4.
The main effects of this type of formulation are those
of modifying the values of the scattering coefficients from
those which would obtain were the reference planes in
arms 3 and 4 chosen to coincide with the physical junc¬
tion between the detector mounts and the associated
four arm junction; and of placing the reference planes
in arms 3 and 4 in a physically inaccessible position, but
this is of no concern since the subsequent measurements
or adjustments of the four arm junction to be described
DETECTORS

do not require access to these planes. In addition, as
noted, the detector impedance is assumed to be con¬
stant. There is no further loss in generality.
An analysis of the reflectometer of Fig. 2 yields:

A — •S'216'32 — •S' 31*5* 22
B = S,i
C

=

S21S42

—

S 41.S 22
Fig. 3—Reflectometer with auxiliary tuners.

D = Sn
where the Sm>n are the scattering coefficients of the four
arm junction comprised of the directional couplers and

justed to produce a null in arm 4. If TV is now adjusted
such that the reflection coefficient

lossy fourpoles.
It is evident that the desired response will be realized
if B = C — 0. For ideal couplers of infinite directivity and

r2i = —

a main guide VSWR of unity (and matched detectors)
the terms Sn, S42, and S22 are all zero, and

bz
bi

=

b*

a2

observed at arm 2 vanishes, it can be shown2 that

B 21*5* 4 2 — ‘S'416'22 = 0,

A
— Tt

and the desired operating conditions have been realized.3

D

as required.
In practice, the failure of the directional couplers and
detectors to meet these criteria may be compensated or
corrected for by the introduction of tuners at positions

X and Y as shown in Fig. 3 (the tuner at Z serves an
auxiliary role to be described later). The adjustment
of Tx and Ty to produce the conditions B = C= 0 may
be carried out in a variety of ways, two of which will be
described. The first of these tuning procedures perhaps
gives one a better feel for the conditions under which
the adjustments may be physically realized, and is in¬
cluded for the sake of completeness, while the second
method, the one which is recommended, is more con¬
venient and potentially more accurate.
Adjustment of Tuners

In the first method, arm 2 is terminated in a matched
load-and Tx adjusted for a null in arm 3 (with arm 1
connected to the generator). This produces the condi¬
tion £31 = 0 (by definition of the scattering coefficient).
The generator is then connected to arm 2; a load (not
necessarily matched) connected to arm 1, and Tz ad¬

It will be noted2 that the first adjustment (of Tx) is
independent of the second, while the converse is not
true, thus the adjustments should be made in the order
indicated. In addition, while Tz is employed in the sec¬
ond tuning operation, once the proper adjustment of

Ty has been realized, Tz may be readjusted (as will sub¬
sequently prove desirable) without affecting this result
obtained by adjustment of Ty.4
The alternative procedure will now be described. Re¬
ferring again to (1), it will be evident that even before
the introduction of tuning transformers, the terms B
and C (for a reflectometer assembled from commercial
2 The proof of this statement and several of those to follow may
be effected by solving the scattering equations for the indicated
quantities under the stated conditions, or by obtaining the scattering
parameters of the individual components, i.e., tuners and directional
couplers. The proofs are generally straightforward but tedious.
3 The minimum requirements which must be satisfied by the two
couplers in order that these adjustments may be physically realized
have not been determined at the time of this writing, but.would
appear to be well satisfied by commercially available components.
4 The expression (S21 Sn — Sn S22) may also be written

*(^-*)
It can be shown (see note 2) that the second factor is invariant to
the adjustment of tuner Tz.
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components) are quite small with regard to A and D re¬
spectively. Consider the system response to a phasable
or sliding load of such magnitude that |^Hh| ~|S|.
From inspection it is evident that the numerator of (1)
will undergo marked changes in amplitude, while the
denominator remains relatively constant as the phase
of the load is varied; and if Tx is adjusted to minimize
the variation in the ratio

would be quite small, so as a first step (where only the
phase of Tz is adjustable), it is usually desirable to first
adjust for a null in arm 3 for an arbitrary position of the

h

as the phase is varied. It will be noted that the magni¬

b4
as the phase of T/ is varied, the condition S3i = 0 will be
approximately realized. The sliding load of low VSWR
is then replaced by one of large VSWR (a sliding short).
Variations in output as the position of the short is
changed will now be predominantly due to variations
in the denominator, and if Ty is adjusted such that
| 63/641 is again constant, the condition S21S42 — S41S22 = 0
will also be very nearly realized.
A more complete mathematical treatment of the
above procedure yields three solutions for a constant
magnitude of 63/64 as the phase of 1/ is varied. The first
solution, A/C = B/D is trivial since it gives for 63/64 a
value which is entirely independent of IV The second
solution, the one of interest, is:

load and then adjust for a constant ratio

h
b4

tude of 63/64 depends upon the magnitude of Ti.
It is thus of interest to note that the technique re¬
quires neither a perfectly matched load or ideal short,
but only two phasable loads of different reflection co¬
efficient magnitudes. The more closely these ideals are
realized however, the more rapidly will a series of these
operations converge to the desired conditions, which in
practice can usually be realized to the required accuracy
by only one adjustment each of Tx and Ty. It is also of
interest to note that if a perfectly matched load (Tz = 0),
an ideal sliding short (Ti = eie), and a dissipation free
transformer at X are assumed, the two tuning opera¬
tions, in this method, are completely independent of
one another. That is, the adjustment of Tx to yield the
condition 5 = 0, as noted earlier, is independent of the
adjustment of Ty, while the adjustment of Ty for the
condition B/A = (C/D)* is independent of Tx 3
Having completed these adjustments, the response
becomes:

of | CTY| . Thus if the sliding load has a VSWR of 1.02
(| rz | = 0.01), it is evident that the first tuning operation
will make | B | smaller than | C\ by a factor of approxi¬
mately 104, while the second operation (| Tz | = 1) will
reduce | C\ to the nominal size of | B \ . Thus a series of
these operations rapidly converges to the desired con¬
ditions B — C = 0.
The third solution referred to above is the limiting
one of a matched load (Tz = 0) which also yields a con¬
stant ratio of 63/64. The ideal or perfect match is, of
course, never achieved in practice, while the closest
approach to this ideal is usually by means of a variable
sliding load which is adjusted to produce the minimum
change of signal in an appropriate associated measuring
system as the position of the load is varied. If a matched
load is available, it is only necessary to adjust Tx until
the output at arm 3 vanishes, while if an adjustable slid¬
ing load is used, it is convenient to carry out the opera¬
tions as required to make lb and b3 vanish simultaneous¬
ly. The technique described earlier, however, does not
require a matched (reflection free) sliding load, but only
that its reflection coefficient be small.
If the initial conditions are such that [ 51 )>>| ATzl,
the variation in the ratio

h
b,

A

b3

where (*) denotes the complex conjugate.
In practice, A and D are nominally of the same order
of magnitude so when (3) is satisfied, | B\ is of the order

=

b4

—- r.
D

The magnitude of the ratio A/D may be conveniently
determined by observing the response to a load of known
reflection, a convenient example being a fixed short for
which Tz has the nominal magnitude 1. Thus if the re¬
sponse to the short is

h
b<
one has for the unknown reflection coefficient Tu.

rJ =

(4)

Once the reflection coefficient has been determined, the
VSWR may, of course, be obtained by the usual formula

1 +
<ru =

1

r„

1 — I r„

6 A formal proof of this statement is somewhat lengthy, but may
be recognized intuitively in the following way. An ideal sliding short
preceded by a dissipation free transformer still appears as a load
of | Tz | = 1 and variable phase angle, thus the condition B/A
= (C/D)* is invariant to the addition (or removal) of a lossless tun¬
ing transformer at arm 2.

753/353

IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES
A variety of techniques are available for measuring
the ratio

h
bi

July

will be noted that the reference planes have been chosen
to coincide with the terminal surfaces of the directional
coupler, thus exhibiting the dependence on the de¬
tector impedance explicitly.
Eq. (5) is of the same form as (1) and the adjustment

In general, both bz and &4 will change with generator
output and load impedance, requiring a ratio type meter
such that

of TV and TV to make F and G vanish may be carried
out in the manner already described except that in step
two of the first method Tzi = bi/is made to vanish by
adjustment of TV with arm 1 terminated in the gen¬
erator impedance, instead of the procedure described
earlier.

bz
b4

Measurement of the ratio
is indicated directly, or a pair of instruments to deter¬
mine | 631 and |&4| individually. Alternatively, a feed¬
back servo loop may be employed to keep | bt\ constant,
requiring only the observations of the values of \b3\.
The functional dependence of
upon the load im¬
pedance may be substantially eliminated by adjusting
transformer Tz such that the value of | &4| is independ¬
ent of a sliding short at arm 2. This will reduce the
amount of correction required of the servo loop, if one
is employed, or the signal b\ might be then applied to
the automatic gain control channel if a standing wave

| ^31 u
|

b3

|s

j ru |
|

r*

|

and a knowledge of |TS| again permits the calculation
of | r«| or <r„ and again, a variety of techniques such as
power, audio, or heterodyne detection may be employed,
or a calibrated standard attenuator may be placed in
the system and the changes in attenuation required to
keep | 631 constant observed.

DETECTOR

amplifier were employed to measure | &3| • These are only
several of a number of possibilities.
If the adjustment to make |&4| independent of the
load impedance has been made with sufficient care, | &4|
will depend only upon the generator level, and if the

*

f

b,
1

l

>S>,‘

mi_

generator is sufficiently stable, the signal |T4| will be
constant and thus no longer contain any useful infor¬
mation. This first coupler with its associated detector

T1

Y

STANDARD
WAVEGUIDE
SECTION

Td
1

v j lWV

I TIT | '-T1

X

’

1

and transformer Tz may then be eliminated, resulting
in a simplified system. This particular case appears to
Fig. 4—Modified reflectometer.

be enough of interest to warrant separate treatment.

The modified technique thus provides a reduction in

A Modified Form of Reflectometer

Referring to the three arm junction of Fig. 4, the
wave amplitude b3 incident upon the detector in arm 3
can be written:

ETi + F
b3 — bu

GTt

+

(5)

H’

<S 21 S22
»

II

Co

5a, Sz2

S12

s i*r d

SziTg

S22

S2 zTd

SziTg

Sz2 -(1 - SzzTd)

~(1 - SnTg)
G =

source of stable amplitude, while the more conventional
system is ideally independent of the generator level.
Both systems are adaptable to either rectangular wave¬
guide or coaxial systems, and may usually be assembled
from commercially available components although it is
desirable to use a precision waveguide section to ter¬
minate arm 2 in which the sliding loads may be inserted,
as shown in Fig. 4. The importance of good flanges or
connectors at arm 2 should also be recognized.

where
E =

the complexity of both the waveguide plumbing and as¬
sociated detection equipment, but requires a signal

-

(i -

suTg)

s13rd

■SaiT,,

(1 — VaTi)

Analysis of Errors6

The sources of error, in determining |r„| and <ru by
these methods to be discussed in this section include:
a) incorrect measurement of r, and uncertainty in value
of j r,| , and b) improper adjustment of the tuners, such
that B and C do not vanish.
The consideration of other sources of error is outside

ba is the equivalent generator voltage wave amplitude,
and Tg and Td are the generator and detector reflection
coefficients at reference planes 1 and 3 respectively. It

the scope of this present paper, but will be treated more
6 The analysis also applies to the modified reflectometer if the
quantities E, F, G, H are substituted for A, B, C, D.
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fully in a subsequent paper (in preparation) on the ap¬
plication of the technique to measurement of bolometer
mount efficiency.
The error due to a) may be determined by inspection.
If the equation for | Tu| is written in the form:

h
I

I

u

|

I

r« | = I r. | —— = | r. | r,

(6)

03
^4

8

tion coefficient of the load of small VSWR, and a reflec¬
tion coefficient of unity has been assumed for the load of
large VSWR.
Except for the presence of the factor lb, these equa¬
tions for K\ and K2 are of the same form, and values for
| B/A | and | C/D | may be obtained from Fig. 5 where
the value of j C/D| is taken from the line | Fq = 1. It will
be noted that the evaluation of the right hand side of
(7) further presupposes a knowledge of
but for the
present purpose of assigning a limit of error, an accurate
value is not required.

it is evident that the fractional error in |r„| will equal
the sum of the fractional errors in | T,| and r if the latter
are small.
With regard to the second item b) it will be recalled
that the condition for constant output as the phase of
the load is varied is:

B
Ti

A

2

which establishes a theoretical upper limit to the ac¬
curacy with which a particular tuning adjustment may
be made.
In practice, however, the limitation usually stems
from improper adjustment of the tuning transformers
such that the output variations are not completely
eliminated. In the discussion to follow it will be assumed
that such is the case, that is, it is assumed that B and C
have been reduced to the point where the variations
in the expression

bz

| ATt + B\

b4

| CIh+ D\

Fig. 5—Graph for the determination of \B/A | and \C/D\.

are due entirely to variations in the numerator or de¬
nominator as the loads of small and large VSWR are
employed respectively.
A first order correction to (6) may be written as fol¬
lows:

As an example, if a sliding load of VSWR = 1.005 is
employed in the first tuning operation, and the varia¬
tion in output is reduced to 1 db, |5/d.| will have a
value of approximately 1.6 X10-4. If the variation in
the second step with the sliding short is reduced to 0.02
db, the value for | C/D | will be approximately 1.2 X 10~3.
Assuming that the unknown load has a value |ru| —0.2,
(cr ~ 1.5), |r,| = 1.000 (corresponding to a short-circuit)

r„ - ru
r3r„

and assuming the terms in the right hand factor of (7)
combine in the worst phase, values of 6 and 1.2 for

c

+ — (r, - r„) + ■ • • .

(7

r, - rj
The ratios | B/A | and
the expressions:

C/D | may be determined from

K\ = 20 log

1 + 2

B

-

a r,

J

rsw

I

and |r,-r„| obtain respectively, for a total error of
+ (1.6 X 10-4 X 6 + 1.2 X 10-3 X 1.2) » ±2.4X10~3, or
+ 0.24 per cent.

and
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20 log

1

+
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where K\ and K2 are the ratios in decibels of the maxi¬
mum to minimum outputs with the sliding loads of
small and large VSWR respectively, |rp is the reflec¬
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ABSTRACT
VARIOUS techniques of precision millimeter wave Interferometry are being
developed at the U.S. National Bureau of Standards for the purposes of
wavelength determination, determination of the velocity of light, and
length determination, bearing In mind the extreme'coherence and sensiti¬
vity available In the microwave region. Assuming the reflectors are very
large compared with the wavelength, a solution Is given for the diffrac¬
tion correction applicable to the Fresnel region In terms of the con¬
tinuous scattering and transmission matrices of the microwave antennnas,
distances, and reflectors Involved In the Interferometers. Modifications
to this solution due to finite reflector dimensions are also discussed.
Precision carriages are being constructed for a Michelson Interferometer
suitable for measuring length and the velocity of light. A millimeter
wave Fhbry-Perot Interferometer Is also being Investigated for these
applications. The present status of experimentation and the results are
described.

1. INTRODUCTION
THE high degree of coherence and detection sensitivity possible In the
microwave region, suggests the use of microwave Interferometers for the
measurement of long lengths, and for precision measurements such as the
determination of the velocity of light. Such microwave Interferometers
are usually variants of optical types such as the Michelson and FabryPerot, and operate In the same way. However, In optical Interferometers
the apertures used are so large compared with the wavelength, that the
effect of diffraction on the wavelength measured with them Is negligible.
In micro-wave optics the dimensions of radiators and reflectors, etc.,
are of necessity much smaller In terms of wavelength than In optics, and
40305)
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hence radiate a relatively wide angular spectrum of plane waves, Instead
of the Ideal single plane wave along the axis of the Interferometer. The
angular spectrum of plane waves radiated by a given aperture may be deter¬
mined by measurements of the distant field, as In antenna pattern
measurements.
Wavelengths measured on a microwave Interferometer are In general too
large due to the resultant Interference effects of plane waves radiated by
the aperture, and to modifications of these by the finite- size of
reflectors used. The magnitude of the error depends on the path lengths
used In the Interferometer, and on the aperture and reflector dimensions.
When these are some 15 wavelengths In extent, the error may be as much as
a few parts In 104 In a microwave Mlchelson Interferometer (ref.l).
A similar remark applies to the microwave Fhbry-Perot Interferometer,
(ref.2), although further work Is necessary to determine the magnitude of
the error.
In the application of precision microwave Interferometry to the deter¬
mination of 'c', and to metrology, a diffraction correction to the wave¬
length measured on the Interferometer must be considered. Froome (refs. 3,
14, 5) In the precision determinations of ' c* by variants of the Mlchelson
Interferometer, operated In the distant field, or Fraunhofer region, of
the radiator where diffraction errors are smaller, and corrected for them
by Integration of the field over the receiving aperture. In contrast the
work at the National Bureau of Standards Is directed towards a precision
determination of 'c', and to metrology, with microwave Interferometers
operating In the near field, or Fresnel region, of large radiating
apertures. The diffraction correction Is more complicated, since the com¬
plete plane wave spectrum radiated by the aperture must be considered.
However, the effects of stray radiation are considerably reduced, since
the beam Is well collimated In this region, and the attenuation of the
signal In the open arm of the Interferometer Is also considerably less
than when operating In the Fraunhofer region. Much more precise Informa¬
tion on the system Is, however, required. The radiation patterns of the
apertures used must be measured accurately, and the use of large reflec¬
tors becomes desirable In order that changes In the radiation pattern on
reflection, due to the finite size of reflector, may be kept small.

2. MICROWAVE MICHELSON INTERFEROMETER
A perspective view of the reflector and mount of the proposed Inter¬
ferometer for use In the Fresnel region, Is shown In figure 1. The reflec¬
tor Is 5 ft. square, and rests on a steel ball as shown. Provision Is
made for alignment of the reflector In the carriage, which then moves on

(40305)
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Flg.l. Microwave Interferometer Reflector and Mount

balls running In two V. grooves on the base plate. This rests on a sub¬
stantial granite block to give stability to the system. A displacement of
the reflector of the order of a meter can be made, and the meter bar,
which Is supported above by ball bushings on the steel rod, can be swung
Into position to measure the displacement. The small differences In length
between an Integral number of fringes and the meter bar, will be measured
by a suitable gauge such as an optlmeter. This also has sufficient
measuring range to allow for path length changes due to expected varia¬
tions In refractive Index of the air. Facilities for accurate lining up
of the measuring anvils and the reflector are provided, and auto colli¬
mators will be used to see that the orientation of the reflector and the
meter bar alignment are maintained during the course of the experiment.
Figure 2 Is a diagram of the complete Interferometer. Two alternative
radiating apertures 30 cm and 60 cm square respectively will be used,
and are each formed In the usual way by tapering up from rectangular
waveguide. Matched polystyrene lenses are used In the apertures in order
to reduce the beam widths radiated, which are around 2 degrees and 1 degree
respectively for the present operating frequency of 47,730 Me. Radiation

(40305)

759/5

at this frequency is obtained by multiplying up from a 5 Me crystal con¬
trolled oscillator, a power output of 1 - 2 mw being finally obtained,
o
with a frequency stability of a few parts in 10' . The microwave radiation
is divided by the hybrid junction shown in figure 2\ half of the energy
passes down the reference waveguide arm, and half passes through the
radiating horn out into the open, where it is ultimately returned after
reflection from the movable reflector. Hie returning waves from the
reference arm and reflector are then combined in the detector arm, and
suitable adjustments on the reference level can be made to equalize the
amplitudes of the two signals. Hie fringes are thus due to the inter¬
ference of sinusoidal wave trains which have traversed different paths
and apart from the effects of diffraction, the shape of the recorded
fringes will depend on the type of detector employed. Sharp minima at
displacement intervals of k/Z may be obtained by the use of linear detec¬
tion with large amplification and precise balancing of the beams, the
fringe shape then varying as |cos 4>/Z |, where 4> is the phase angle
between the two interfering beams. Hie balance of the beams changes with
distance ' d' due to diffraction, and if the minima are not sharp enough
over the region of operation used, some adjustment for this must be used.

Fig.2. Schematic diagram of Millimeter Wave Michelsom
Interferometer.
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Operation in the Fresnel region has the advantage that the beams are
well collimated In this region, and the effects of stray radiation, which
are troublesome In distant field operation, are considerably reduced.
Also the attenuation In the open arm Is less In this region. The diffrac¬
tion correction, however. Is more difficult, especially If the reflector
size must be considered. We require the effective reflection coefficient
of the open arm when the reflector Is In the Fresnel region of the radiat¬
ing aperture, and hence the manner In which the amplitude and phase of
this vary with the distance ' d» of the reflector from the radiator.
Deviations from the Ideal phase change with displacement, viz 2 ltd radians
where k - 2rr/\, can then be found and corrections applied. By thus
correcting for diffraction, and also measuring the refractive Index of
the medium surrounding the Interferometer, the wavelength In vacuo may be
found from the number of fringes In a given displacement. The refractive
7
Index can be observed to an accuracy of around 1 part In 10 by observing
the shift In the resonant frequency of a high Q microwave cavity, when
evacuated and when filled with the medium
(refs. 6,7). The velocity of
electromagnetic waves In vacuo Is then determined- from the known frequency
and measured wavelength.
An outline of a derivation of the diffraction correction may be given
as follows*. The field at any point In front of the antenna Is due to the
superposition of the angular spectrum of plane waves radiated by It, and
this leads to the representation of an antenna In terms of a scattering

bn

Fig.3. Scattering Matrix of Antenna

matrix (ref. 8). Referring to figure 3 which shows this representation,
we may write the scattering matrix for the system as
* A more rigorous treatment of the diffraction correction wiii be given in a
paper, "Diffraction Correction lh Microwave Interferometry" by D. fi. Kerns and
E. S. Dayhoff, which Is now In preparation.
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SnnJ

where n-*00, a , bp are complex numbers representing the amplitude and
phase of the electric field In the Incident and reflected waves at the
r^ terminals, and we Ignore the dashed lines for the moment. Thus If
a1 = 1, and ap = 0 for r = 2, 3-, n, the radiated spectrum of plane
waves Is determined by S11f where J = 2, 3, -, n. Similarly, If a plane
J ^

t*Vi

wave determined by ar Is Incident on the r
terminals, the waves
developed In the various terminals are determined by Sjr, where
J = 1, 2,-n. Thus a portion of the Incident wave Is received by the
detector, and a portion Is scattered, or re-radiated, Into all the other
terminals on the right-hand side.
Proceeding to a continuous distribution of radiated plane waves, and
using the Fourier transform, (refs. 9,10) then

g(W “27t JT £(x, y) exp [Kk^x + ky.y)] dx dy

(2)

where kx, k , kz are the rectangular components of the propagation vector
k In the lnterferome ter, g(kx, ky) represents the radiated plane wave
spectrum, the x and y components of which determine the field completely.
In passing from the discrete to the continuous plane wave distribution,
Sj 1 In equation (1) with j >1 corresponds to g(kx,ky), and a2, bg
correspond respectively to ag(kx, ky), bgfk^,ky). Referring to figure 2,
as for oblique Incidence on a plane boundary between two media, the
phase changes due to propagation of the plane waves In the Interferometer
are determined by the axial propagation constant k„Zj = k cos 8.
The vector nature of the plane electromagnetic waves can also be con¬
sidered by resolving the electric vector of the plane wave Into compo¬
nents In and perpendicular to the plane of incidence, which is determined
by the vector k and the z axis (ref. 11). These polarizations can now be
considered separately as regards propagation through the Interferometer,
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and then recombined on entering the horn again. The appropriate Impedances
to use are those for propagation In the z direction and are given by
(ref. 1l).

T) cos 6

for E In plane of Incidence

(3)

and
_ COfJL

ri sec 6 -~z— for E perp.
Kz

to plane of Incidence

(4)

where tj s (/u/e)^ Is the Intrinsic Impedance, /i the permeability, and e the
permittivity of the homogeneous medium In the Interferometer, and 6 Is the
polar angle, corresponding to the angle of Incidence. Eor small angles 6
these two Impedances become very nearly equal to rj, corresponding to the
scalar solution which Is thus adequate for large apertures. Since we need
only consider the x and y components of the electric field, the effective
transmission line system Into which the antenna radiates has Impedances
which vary as 7) cos 6, and rj sec 6 for the two polarizations respectively.
The scattering matrix Is thus not symmetrical, and to solve the problem
of reception In the Interferometer, the appropriate relation between Sj ^
and
must be found.
This Is done by normalizing the scattering
matrix so that It becomes symmetrical, the normalized element
being
given by (refs. 12,13)

sij

sij

ZoJ_*

(5)

"Z

ol

where S. ^ = S.^.
The reciprocity relation between the radiated and
received angular spectra Is then
Z01

1

Z0j Slj ’

J

2, 3,

co

(6)

Here
Is the characteristic Impedance of the waveguide feeding the
antenna, and
Is either k^/coeor co/i/ kz depending on the polarization.
Other matrix elements
with both j and k>l can similarly be normalized,
and represent the scattering of the returning waves by the antenna, which
will give rise to multiple reflections In the Interferometers.
The term
S11 Is the reflection co-efficient when only wave a1 Is present, It will
be zero for a matched antenna.
To determine the reflection coefficient from the open arm of the lnter^
ferometer, substitute the relation aJ^lt^ky) = -exp(-21kzd) b^(kx,k^),
which Is Imposed by the reflector at distance 'd'. Into equation (1) and
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One obtains

solve for b1/a1

b
1 - S11 - S^2 exp (-210)
a1

_1

[l + SJ>2 exp (-21ip)]~

S 21

(7)

where \p - k^d. Here the primes denote the column vectors, row vectors,
etc., corresponding to the partitioning of the scattering matrix shown In
equation (1). The term Sg2 Is quite complicated and gives rise to multiple
reflections between antenna and reflector;
this effect will usually be
small In a well designed interferometer, and can be reduced by the Inser¬
tion of attenuation In the beam. It will therefore be assumed negligible.
The field distribution In the horns to be used approximates that of
the H10 rectangular waveguide mode, whence the radiated angular spectrum
Is
cos(k_a/2)
g(kx,ky)

G1P

g
(77/a)

sln(kyb/2)
(8)

2
-kx

*7

where 'a' and 'b• are the aperture dimensions, C1 Is a constant, and the
electric field In the aperture Is In the y direction. Resolving this
field into components In and perpendicular to the plane of Incidence,
using the reciprocity relation given by equation (6), and In the limit
of a continuous distribution Identifying
I S2
j

1

with

- K exp(-12kd)

al

[g (k.x, ky)]

dkx dky,

then with

- 0 we have

n

SS

y[g(kx, ky)]2 exp [l2kd (1 - cos

6)]

dkx dky

(9)

where g(kx,ky) Is given by equation (8), K Is a constant, and Y Is an
admittance due to the vector nature of the field, given by
2
Y = (ky

coe/kz

2
2
2
+^kz/cu/x) / (kx + ky)

which In the scalar approximation reduces to a constant,

(10)

I/77.

Equation (9) assumes that the radiated angular spectrum is a symmetri¬
cal function of both k^ and ky. Since the wave returned after reflection
approaches the antenna from the direction in which the wave g (-kx, -ky)
Is radiated, this must be considered by replacing [g(kx, ky)]2 by
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[g(kx,ky) gC-k^.-ky)] when g(kx,ky) Is not symmetrical. In a similar way
the effect of mirror tilt can be considered by Inserting the value of
g(-k^,-k-p for the returning waves where k^.,account for the tilt. Hie
Integral In equation (9) may be written as
+ 10(d,a)
| f (d, a) |e

(H)

for a square aperture, where for large apertures and hence sharp radia¬
tion patterns, \p(d,a) Is a small phase change due to diffraction, and
|f (d,a) | corresponds to the modulus of the reflection coefficient and
Is nearly constant for distances d' well within the Fresnel region.
In the operation of the Interferometer we note the reflector displacement
D = d2 - d^ for which the phase of the reflection coefficient changes by
2h77, and hence
D = nk/2 + (i//2 - 01) \/4?7

(12)

where
and
correspond to the value of i//at the Initial and final
distances ' d' used. Equations (9) and (12) give the diffraction correc¬
tion to the simple Interferometer equation. Thble I shows results of
some calculations made using equation (9), the apertures being square
with sides of dimensions 'a', 1d' Is the distance between horn and
reflector and k the wavelength.
A.

'a'

d

mm

cm

m

6.278
6.278
6.278
6.278
1.0
1.0

60
60
30
30
60
60

2
10
2
10
2
10

Table I

diffraction correction
to 1 d1 In microns
Scalar
56.96
193.80
155.93
503.28
2.32
7. 56

56.96
193.80
155.93
503.28
2.32
7. 56

Dlffractibn corrections for Mlchelson Interferometer
In the Fresnel region. Aperture field that of H1Q
rectangular wave-guide mode.

For the apertures and wavelengths envisaged In the Interferometer the
scalar treatment Is adequate to the accuracy quoted In Table I, since
the radiation Is confined to relatively small angles. Considerations
Involving the vector field are, however, Important In the precise treat¬
ment of the problem.
(40305)
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Equation (9) is applicable when the reflector may be considered as
infinite in extent, so that the Incident angular spectrum is reflected
unchanged. If its dimensions are finite compared with the wavelength, the
radiated spectrum is modified on reflection, and this must be considered.
Let k^, k^ be components of a propagation vector for the radiation from
the reflector, then neglecting edge effects the incident angular spectrum
g(kY,
kv)
a
y is modified according to the formula
sin(K^b/2) sln(K^b/2)

°(k^,kp

gfk^ky)

K,

exp(-lkzd) dkx dk^

(13)

where
= (k^. - kx), K^. = (k^ - ky), • b* is the side of the square
reflector, d the distance from the radiating aperture, and integration is
over the radiated spectrum g(kx,k ). Equation (13) is obtained by applying
the relation corresponding to equation (2) to the distribution of Induced
electric field over the reflector face due to the incident field. The
consequence of this is that equation (13) replaces a factor g(k_x, k^)
exp(-ikr7d) in equation (9). It is thus advantageous to use a large re fleetor when operating in the Fresnel region, since the diffraction correction
becomes quite complicated otherwise.

3. MICROWAVE FABRY-PEROT INTERFEROMETER
In this interferometer the fringes are made very sharp by multiple
reflections between two highly reflecting surfaces, and it corresponds
to the free space analogue of the cavity resonator. The narrow bright
rings in the optical interferometer show the increased resolution possible,
the microwave form being analogous except that silver films would not be
used at all for the reflectors since they would seriously attenuate the
microwave radiation.
A microwave Fhbry-Perot arrangement is shown in figure u. As before
horn radiators with lenses in the apertures are used, the radiated energy
passing between the reflectors represented by the composite structures
shown. The sharpness of the fringe as 'd* is varied depends on the reflec¬
tivity obtained, and on the angular width of the radiated and received
spectra, since 'd* can be optimized for each plane wave. This interfero¬
meter is basically quite simple, it does not require any form of beam
divider, and the problem of preserving a balance with displacement between
two lntefering beams does not arise. It Is, however, necessary to use
highly reflecting devices for the reflectors, as the setting accuracy and
the diffraction correction will depend on this.
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DIELECTRIC SHEETS

/ \

COMPOSITE REFLECTORS

Fig.4. Microwave Fabry-Perot interferometer

One way of obtaining high reflectivity (ref. 2) is to use quarter wave
plates of dielectric spaced quarter wavelength apart. Values of amplitude
reflection coefficient rn calculated for polystyrene are given in Thble II,
n being the number of quarter wave plates. Due to finite dielectric loss
the limiting value of reflectivity would be 0.9982. For a dielectric with
smaller loss and higher dielectric constant, such as fused quartz, higher
values of reflectivity can be obtained. Such reflectors would be very
costly due to the required size, except at very short wavelengths, but
here the reflector plates become very thin. Odd multiples of quarter
wavelength may be used, but the ultimate reflectivity obtained, and the
bandwidth of the reflectors will decrease.
n
rn

1
0.4378

TABLE II

2
0.7340

3
0.8861

4
0.9528

5
0.9806

6
0.9913

7
0. 9961

8
0. 9977

Values of the amplitude reflection coefficient obtained from
n quarter wave plates of polystyrene with A./4 air space
between them.

This leads to the consideration of other types of reflectors, such as
a stacked system of gratings, consisting oi plane layers of inductive, or
capacitive irises, or rods placed symmetrically behind each other.

(40305)

767/13

Figure 5 shows the basic element of such a structure, the particular
grating being represented by a discontinuity transmission matrix symmetri¬
cally located on a length '11 of parallel plate transmission line. The
matrix representing the discontinuity may be derived from the equivalent
circuit of the grating, and the reflectivity from a finite number of such
elements must be determined. Only TEM mode interaction between the grat¬
ings is considered, and the spacing between the grating elements is less
than k/2 so that all other possible modes on the structure are highly
attenuated.

1/2

1/2

Vn-i

11 n + i~

S , t

zou = „1

rz i£

W ,

GRATING

z»sl
r=i/3

S

1,'

t

vn
I

ELEMENT

Fig.5. Line Symmetrically Loaded by Transmission Matrix of

Grating Element.

Neglecting losses the equation for the basic element shown in figure 5
may be written

Vi

A B

Xn+1

C A

,

Vn

:n

-

where A = s cos 9 + [i (w+t)/2] sin 9 B = [(w+t) /2] cos 9 + is sin 9
(w-t)/2, C = [(w+t)/2] cos 9 + is sin 9 + (w-t)/2, and 9 = 2771/A.. The
reflectivity from a number of such elements, and the spacing '1' for
optimum reflection can then be determined from the effective propagation
constant P per section, and characteristic impedance Z of the element.
These are given by (ref.iu)
cosh r = A and Z2 = B/C
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(15)

and may be determined from equation (14) for any particular structure.
Hie overall matrix for n such structures in cascade is then given by
—

—
vn

cosh nP, Z slnh nP

*n

1 slnh-nT,
Z

(16)

_

_

cosh nP

Consider the propagation constant of the element,

then

cosh T= A = s cds 9 + [l (w+t) /2j sin 6

(17)

and since for purely reactive elements cosh P must be real, the stop
bands of the structure are given by sin jB = 0, and the pass bands by
slnh a = 0, where T = a + 1/3. For the pass bands
cos /3 = A where | A | <1

(18)

cosh a = |A| where |A|>1

(19)

and for the stop bands

From equation (16), if the spacing 11 * between gratings corresponds to a
pass band, then the reflection coefficient from n elements is,

rn "

1 (Z2 - 1) sin nJ3
--p--2Z cos n/3 + 1(Z^+1) sin n/3

(20)

whilst for spaclngs corresponding to a stop band

rn -

(Z2 - 1) sinh na
P2Z cosh na + (Z + 1) slnh na

(2D

For spaclngs such that 9 lies within the pass band, the reflection co¬
efficient rn will oscillate with increasing n, and becomes zero when
sin n/3 - 0. When '1' corresponds to a stop band, the reflectivity will
Increase monotonically with n, and it can be shown that the spacing for
maximum reflectivity corresponds to the value of 9 which gives the maxi¬
mum value of cosh a= |A| within the stop band.
As an example consider the capacitive rod grating shown in figure 6,
the electric vector being perpendicular to the rods. Values of the appro¬
priate reactances are available (ref. 15) and for rods of diameter
0.063 in., a wavelength of 6.28 mm, and a spacing of a/k - 0.417, we
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Fig.6. Stacked Capacitive Rod Gratings and
Equivalent Circuits.
obtain s = 1.3916, t- -0.8901, and w = 1.0531. Hence the effective
propagation constant Is

r=

cosh

(22)

A = 1.3916 cos 0 - 0.0815 sin 6

7 shows the variation of A with 6, the optimum value of 1 being
close to k/2 for this grating. Values of reflectivity |rn|2 are given In
Table III for this spacing. At a wavelength of 6 mm the bulk reflectivity
of sliver Is around 0.99958, and thus the reflectivity obtained by stack¬
ing 5 or 6 such capacitive gratings should be comparable.

Figure

n

1

2

3

4

5

6

U2

0. 48542

0.87963

0.97699

0. 9 9 583

0. 99925

0.99986

Thble III.

I
IP
Calculated reflectivity |r |
from a number n of
stacked capacitive rod gratings at k/2 spaclngs.
Rod diameter 0.063 In., spacing 'a' 0.103 In.,
k = 6.28 mm.

Similarly other types of gratings can be considered, and figure 7
shows the propagation constant for the element of an Inductive type of rod
grating, (ref, 16 } and for comparison the propagation constant for the basic
element of the dielectric sheet reflector. An Indication of the Dandwldth of the various structures Is given by these curves, since provided
a sufficient number of gratings Is used the reflectivity will be high
over the region of the stop band.
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Fig.7. Pass and Stop Bands for Thick Gratings

A pilot Fhbry-Perot Interferometer has been operated with reflectors
of the capacitive rod type discussed above. Using horn-lens apertures
6" square, with reflector dimensions 7 1/2" square, the fringes shown
In figure 8 were obtained, the wavelength being 6.28 mm.
In the derivation of the diffraction correction In this Interferometer
It Is assumed that the reflectivity of the composite reflectors Is con¬
stant for the range of angles concerned In the plane wave spectrum
Incident on them. They will also be assumed Infinite In extent, so that
the radiation pattern Is not modified on reflection. Proceeding In the
manner used In the discussion of the Mlchelson Interferometer, and again
neglecting Interaction terms containing S£2 It Is found that the ampli¬
tude reflection and transmission coefficients of the Fhbry-Perot Inter¬
ferometer are given by

SJ
t

F

(23)

[gOt^, ky)]2 exp(-12kzz1) rxdkx dky

csJ"J' [g(kx>ky)]2 exp[-lkz(z1 + zg)]

h

^x ^

(24)

where C2 and
are constants , g(kx,ky) Is again the radiated and received
angular spectra of the apertures, here assumed Identical, z1 and z0 are
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Fig.8. Fringes Recorded on Microwave Fabry-Perot Interferometer
with Capacitive Rod Grating Reflectors. A. - 6.28 mm.
the distances of the radiating and receiving apertures from the reflec¬
tors, and rT and tT are the amplitude reflection and transmission coefficients of the Interferometer section shown In figure y. Assuming no
losses In the reflector elements, these are given by
{r
1 - exp [-12(k: d+0) ]1
rT = L---T
1
1 - R exp [-12(hzd+0)]

(25)

(R - 1) exp [-1 (k. d+20) ]
h =-:1 - R exp[-12(kzd+0) J

(26)

where ry = |r| exp {-if) Is the voltage reflection coefficient of a
single reflector given by equation (20) or (21), and R - |r|2. From
equation (26) we obtain the usual transmission formula used In optics
viz.,
(1 - R)2

It I2 = 1

1 - 2R cos 2(kzd+0)+R2

which for high reflectivity Is a sharp function of kzd*
Equations (23) and (24) are derived on the basis of scalar diffraction
theory, and as before would be a good approximation for apertures larger
than about 50 wavelengths. Comparing these equations with equation (9)
(40305)
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for the Michelson interferometer, the only change Is that the reflection
and transmission coefficients of the reflector system are now Introduced.
The shape of the reflected and transmitted fringes thus depends on the
radiation pattern gfk^, k^), and provided the reflectivity achieved Is
high enough, this Is effectively scanned by the filtering action of the
reflector system, as the distance 'd' varies. Also for high reflectivity
and discrimination in the reflector system, the reflected power will
always be quite high, even at the spacings for optimum transmission,
since only a few of the Incident plane waves will be transmitted by the
reflectors at a given spacing.
The setting accuracy In this inteferometer thus depends on the reflec¬
tivity, and on the radiation pattern, and these must be such that the
fringes become very sharp, especially for precision work. The maximum
transmitted fringe intensity will tend to occur when 'd' is such that
the portion of the radiated angular spectrum centered about the maximum
amplitude is transmitted, and for very large reflectors the diffraction
correction should be small If the reflectivity is extremely high so that
only a small portion of the radiated angular spectrum is effective
between the reflectors. Further work is required to establish the pre¬
cision possible with this Interferometer, and to determine the magnitude
of the diffraction correction for various reflectivities. This Is
especially so when the reflectors must be considered as finite compared
with the wavelength, as the radiated angular spectrum will be modified
in a complicated way by the multiple reflections, and this will affect
the diffraction correction.

4. CONCLUSIONS
The theory given for the diffraction correction In the Michelson inter¬
ferometer operating in the Fhesnel region represents the solution of the
problem for a reflector of infinite size. Table I, which applies for the
stated aperture field distribution, shows that for apertures some
hundred wavelengths in extent, the correction amounts to around two parts
in 10 . Thus if it Is known to 1% the results should be accurate to a
7
few parts in 10 . In practice the antenna radiation pattern will have to
be measured quite accurately, and the measured pattern used to determine
the diffraction correction. Both the amplitude and phase of the angular
spectrum g(kx,ky) are required, and measurements of the antenna pattern
should thus Include phase as well as amplitude measurements, or else the
phase must be deduced from Information on the phase distribution In the
aperture. As Indicated, for these aperture sizes the scalar diffraction
theory approximation is adequate to at least this order of accuracy.
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These results are valuable, since applications of microwave Interferometry
to metrology would most likely require operation In the Fresnel region of
large radiating apertures.
Advantages of operation In this region, are that the radiation Is well
collimated, and effects of stray radiation are less troublesome. Also the
attenuation In the open arm of the Interferometer Is considerably less,
with a consequent Increase In available signal power; an extremely
Important consideration at millimeter wavelengths. To alleviate multiple
reflection troubles In the Interferometer, some attenuation In this arm
may be necessary, but It Is not expected that large values will be
required. The main disadvantage Is that for precise work large radiators
and reflectors are required for the wavelengths presently available, and
this leads to some mechanical problems as Indicated by the Michelson
Interferometer now under consideration. The work also represents a
different approach to the diffraction correction than that used by Froome,
and Is Important for this reason. As In his work. It Is expected that the
accuracy In the determination of ‘C will be limited by the length
measurements, and by the determination of the refractive Index of the
air.
The Fhbry-Perot Interferometer with Its sharp fringes and basic sim¬
plicity, represents a very promising Instrument for application to the
determination of ' c', and the reflector designs discussed should ade¬
quately meet the problem of obtaining high reflectivity In the microwave
region. The diffraction correction Is more difficult especially If the
reflectors are finite compared with the wavelengths, but calculations
assuming Infinite reflectors will give an Indication of the magnitude
of this. There are also possibilities of using evacuated "etalons" In the
microwave region, with the consequent elimination of the difficult
measurement of refractive Index at short wavelengths. The high wavelength
resolution due to sharp radiation patterns and high reflectivity, could
also prove useful In the wavelength analysis of millimeter wavelength
sources too high in frequency to be measured conventionally.
Finally, the general complexity of the formula Involved In the diffrac¬
tion correction for the Fresnel region, especially In the microwave FhbryPerot Interferometer, Indicates the great advantages of using very short
wavelengths, preferably In the one millimeter region or below. At these
wavelengths apertures of dimensions approaching 1000 times the wavelength
could be used, with a considerable reduction In diffraction effects.
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A Standard of Attenuation for

together with the heterodyne method,
extends the heterodyne attenuation range
to that of the direct substitution method,
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N LINE with the program of the Na¬
tional Bureau of Standards for extend¬

although with a decrease in accuracy.

Detailed Description of the
Equipment Used to Evaluate
the Heterodyne Method at
X-Band
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of the direct substitution method of cali¬
A modification

The block diagram of the equipment

of direct substitution, namely, the hetero¬

used to evaluate the heterodyne method is

up through microwaves, the establish¬

dyne or intermediate-frequency (i-f) sub¬

shown in Figure 1.

ment of a standard of attenuation was

stitution method, has been developed in

a klystron providing at least 250 milli¬

undertaken.

ing the standards of electrical quantities

bration, is impracticable.

The r-f generator is

For such a standard to be

various laboratories,1,2 and permits the

watts of r-f power.

useful, it must be readily adaptable to the

comparison of an unknown attenuator,

plies for the klystron and amplifying cir¬

calibration

operating at an arbitrary frequency, with

cuits are battery-stabilized, rather than

a standard attenuator, operating at a

voltage-regulator-tube stabilized, and sta¬

fixed frequency.

bilized, and special shock mountings are

of

commercial

attenuators

over the entire frequency range.
for

self-consistency,

such

a

Also,

standard

Thus, one standard at¬

The d-c power sup¬

must be capable of being checked by d-c

tenuator, operating at a convenient fre¬

used to prevent noise modulation of the

measurements, thus relating the radio¬

quency, may be used to calibrate attenu¬

r-f signal by the blower used to cool the

frequency (r-f) standard to the more ac¬

ators over the entire microwave spectrum.

curate primary standards.

Essentially, the heterodyne method op¬

A standard of any physical quantity

klystron.

A very high degree of ampli¬

tude stability is necessary in all of the

A r-f generator feeds

components of the system, because the

consists not merely in the unique speci¬

power through an unknown attenuator

output meter of the system is sensitive to

fication of that particular quantity, but

into a linear frequency converter, which

a 0.2 per cent (0.01 decibel) change in

equally important, in the specification of

converts the microwave frequency into

power level.

the operations, or procedures, through

the intermediate frequency.

The con¬

The frequency of the r-f generator is

which an unknown quantity is measured

verter feeds through an i-f standard at¬

measured by a calibrated wavemeter in

in terms of it.

erates as follows.

tenuator into an amplifier followed by a

the spectrum analyzer.

is to describe such a standard, and the

detector and meter.

of the r-f output of the generator is moni¬

preliminary experiments employed in its

tenuator is then removed, and the stand¬

tored by a unit as shown in Figure 2.

evaluation and development.

ard attenuator adjusted to give the same

sensitive d-c galvanometer in the power

meter reading.

monitor gives a unit scale deflection for a

The purpose ofdhis paper

General Description
Because of the extremely wide fre¬

The unknown at¬

The attenuation of the

The amplitude
A

unknown is then equal to the increase of

0.05 per cent (0.002 db) change in power

attenuation of the standard.

level.

This method assumes that the fre¬

Variable attenuator A, in Figure 1,

is used to calibrate the power monitor.

attenuators

quency converter is linear, that is, that

The r-f generator klystron is followed

must be calibrated, the construction of a

the i-f power from the converter is pro¬

by buffer attenuator B which prevents

series of standard microwave attenuators

portional to the input microwave power.

changes in impedance caused by inserting

to cover the entire spectrum, and the use

For small enough input power this is true

and removing the unknown attenuator

for a crystal converter, and the operating

from changing the load impedance pre¬

quency range

over

which

conditions for a prescribed departure from

sented to the klystron.

linearity may be determined experiment¬

output and frequency of the r-f generator

ally.
The range of attenuation which may be

measurement.

measured by the heterodyne method is

provides an adequate amount of buffing,
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a combination of direct substitution, us¬

776/1

Thus the power

are maintained constant throughout a
A twenty-db attenuator

When measuring the insertion loss of

Figure 1.

Block diagram of the intermediate-frequency method of attenuation measurement
LOCAL
OSCILLATOR

ADJUSTABLE
transformei

B

an attenuator, it is necessary to insert the

local oscillator may occur up to about 200

attenuator in a transmission line which is

kilocycles per second without causing ap¬

matched looking both ways from the

preciable variations in the output differ¬

point of insertion.

ential voltmeter.

VARIABLE
BUFFER
'ATTENUATOR

C

CRYSTAL
MIXER

If the local oscillator

tenuators, frequency and amplitude in¬

ment it is necessary to use adjustable

were operated c-w, the beat frequency

stability and errors in the i-f standard at¬

transformers A and B to match attenua¬

could not vary more than about plus or

tenuator.

tors B and C respectively as accurately as

minus 3 kilocycles per second for the same

be discussed in another paragraph, and

possible to the characteristic impedance

variations in output.

the question of errors due to mismatch is

Range of Measurement and Errors
of Heterodyne Method

this time.

To meet this require¬

Errors of the i-f standard will

too lengthy and detailed to consider at

of the wave guide.
Buffer attenuator C is needed to iso¬
late the local oscillator from the changes

attenuation measurements with the equip¬

in the impedance of its load which would
occur when the unknown attenuator is

If we neglect the last two

sources of error, the over-all accuracy of

The attenuation range measurable by

ment described herein is estimated to be

The conversion

the heterodyne method is determined by

within plus or minus 0.02 db in the 0-10 db

efficiency of the crystal changes appre¬

the maximum input power consistent with

range, and plus or minus 0.2 per cent of

ciably with local-oscillator power. Hence,

crystal linearity, and by the crystal noise

the attenuation value in db for the 10-50

the local-oscillator power output must be

power.

db range.

maintained

possible.

determined by measuring a fixed value of

Twenty db is the minimum attenuation

attenuation as a function of crystal input

used for buffer attenuator C.

power, using the apparatus indicated in

inserted and removed.

as

constant

as

The repeller voltage of the local-oscil¬

The range of crystal linearity was

Figure 3.

The measured values of attenu¬

Theoretical Factors Affecting the
Choice and Design of the
Attenuator

lator klystron is swept by a linear saw¬

ation of a 30-db pad as a function of r-f

tooth voltage so that the beat-frequency

buffing, and hence crystal input power,

output of the mixer sweeps over about

are depicted in Figure 4.

For 100 milli¬

tenuator must be able to yield known

0.5 megacycles per second.

values of attenuation in terms of an ac¬

To be suitable as a standard, the i-f at¬

The i-f am¬

watts of r-f input power, it appears that

plifier band width is about 50 kilocycles

40 db of buffing attenuation (correspond¬

curately measurable parameter, such as

per second, so the i-f response curve is

ing to a crystal input power of 10 micro¬

length, or it must be capable of calibra¬

plotted on the oscilloscope as in the usual

watts) suffices for accuracies of plus or

tion in terms of d-c measurements.

spectrum analyzer, but with much more

minus 0.02 db.

designed by Harnett and Case,3 the cutoff

than

the

usual

frequency

dispersion.

The crystal noise power was measured

First

attenuator, Figure 6, which consists of a

The peak voltage of the pulse on the os¬

to be less than one micromicrowatt.

Ac¬

hollow tube excited at one end below its

cilloscope is measured by a differential

cordingly, the maximum range of attenu¬

cutoff frequency, and a coil or condenser

vacuum-tube

a

ation measurement corresponding to an

which picks up the attenuated field at the

sensitivity of one scale division per 0.2

error of 0.05 db due to crystal noise, is 50

other end, fulfills the former requirement.

per cent (0.01 db) change in power level.

db.

Since the generated field falls off expo¬

voltmeter,

which

has

The reason for sweeping the local-oscil¬

In addition to possible crystal nonlin¬

nentially with distance from the exciting

lator frequency rather than operating it

earity, errors in the heterodyne method

source, and since the attenuation constant

continuous wave (c-w) is that small shifts

may occur through r-f or i-f leakage, mis¬

may be computed from the dimensions of

in the frequency of the r-f generator or the

match on either side of the r-f or i-f at¬

the tube, the ratio of any two voltages, or
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the attenuation introduced by a given

0; of these the mode with the lowest at¬

length of tube, is reduced to a measure¬

tenuation constant is the

ment of length.

Cross-Section of Tube

However, it is well known that the elec¬

TMoi-

TEU mode, and as e~a°'z for the TM0

The

mode, where z is the separation between

danger with this type of attenuator is that

exciter

any asymmetry will produce a TEn modp

further advantage of the TEn mode over

and

receiver.

Accordingly,

a

which has a lower attenuation constant,

the TMoi mode attenuator is the smaller

and hence, for a large enough value of at¬

interaction between exciting and receiv¬

tenuation, can lead to appreciable error.

ing circuits for a given attenuation.

tromagnetic field generated within the
tube consists of the superposition of an
infinite number of modes, each of which
is attenuated along the axis of the tube as
e-anmZ' where a„m is a function of the

Rectangular Cross Section.

The first

ratios of attenuation constants, anm, of the
for several ratios of rectangular cross-

lar mode.

section dimensions, a and b.

ticed that for a = b/2, or less, the un¬

that only for large enough values of z do

wanted modes decay much faster than

Ob¬

viously, then, the accuracy of the attenu¬
ator increases as the ratios of the ampli
tudes of the higher modes to that of the
lowest one decrease, and as the ratios of
the attenuation constants of the higher
modes to that of the lowest one increase.
The comparison of these factors for tubes
of circular and rectangular cross section

for circular cross-section.

a

perfectly conducting circular

tube, of radius a,
1.8411"

It will be no¬

greater is its attenuation constant anm, so
the higher modes become negligible.

For

first few modes to that of the lowest mode,

geometry of cross section, and the particu¬
The higher the mode, the

Skin Effect

four columns of Table I enumerate the

an =-

a L
for the TEu mode

(1)

for the TMoi mode

(2)

Also, if the ex¬

citing-current distribution is chosen so
that to each element of current corre¬
sponds its negative mirror image with re¬
spect to the plane x = a/2, and its positive

If one takes into account the effect of finite

mirror image with respect to the plane

conductivity, o, following the method of

y = b/2, then it may be shown that only

Stratton,6 one gets easily, for the attenu¬

those modes are excited for which m is
even and n is odd.

ation constans.

Although this type of

symmetry is difficult to achieve at lower

is given in Table I.

frequencies, using coil structures, at mi¬
Circular Cross Section.

The fifth col¬

crowave frequencies this type of sym¬

umn of Table I enumerates the ratio of

metry should be easily obtainable using

attenuation constants, anm, of the first

symmetric windows as the exciting struc¬

few modes to that of the lowest mode, for

tures.

for the TEu mode

oi'oi

a

L

\2.405 X/

circular cross-section.

f

From Table I, it is apparent thatameasure of purity of mode can be achieved by
ing the

TM01 modes

/ 2 Y/2

The reaction of the receiver circuit on
the exciting current becomes the limiting

TEn, and

7 S I, T

a) J
i

/I n

Reaction Effect

exciting the TEn mode, and by eliminat¬
TEo\,

\

(3)

where 5=1 - I

is thd skin depth.

\lx)fj.<7 /

factor affecting the closeness of spacing

For an i-f attenuator, a/\ < <1, and it

Just as

between exciter and receiver, when pre¬

is seen that there is no correction for the

a violin string plucked in the center does

cautions have been taken to reduce the

TMoi mode, whereas the effects of finite

not vibrate with even harmonic modes

unwanted modes, since exponential decay

conductivity are such as to increase the ef¬

similarly, a proper symmetry of the ex¬

with spacing implies constant current or

fective radius from a to a + (5/2), for the

citing current distribution in a cutoff at¬

voltage excitation, for the TEn and TMoi

TEn mode.

tenuator will not excite certain classes of

modes respectively.

modes.

tioned by Harnett and Case,3 the imped¬

through symmetry of excitation.

In particular, if one considers the

As already men¬

cross section divided into four symmetri¬

ance coupled into the exciter circuit by

cal quadrants, and if the current distri¬

the receiver decreases as e~2a"z for the

Figure 3.

Buffing block diagram for measuring
crystal nonlinearity

bution in the right-hand quadrants is the
negative mirror image of that in the left=
hand quadrants, and if the current dis¬
tribution in the upper quadrants is the
positive mirror image of that in the lower
quadrants, then only those modes will be
excited for which n, (the mode index in¬
dicating angular dependence) isodd,elimi¬

Table I

nating five of the seven undesired modes
listed in the column.

However, if one

Circular Wave Guide

Rectangular Wave Guide

uses an unbalanced generator to excite
the attenuator coil, the distributed capaci¬
tance of the coil makes the achievement

Mode

a

a

a T Eoi

ot T Eoi

a

a
a T Eoi

a T Eo\

a = b/2

a = b 3

a
a TEn

Mode

of this symmetry difficult.
The obvious type of exciting symmetry

a = b

a = 0.9b

associated with a circular tube is, of
course, circular symmetry.

In particu¬

lar, circularly-symmetric capacitative disk
excitation,

described

by

Harnett

and

Case3 and W. 0. Smith4 will excite only
transverse magnetic modes, for which n =

T Eoi. .1.0 ....
T E02. .2.0 . .. .
TF.n
3 0
TF}n
1 0
TE20. .2.0 _
TF\\ T /Vfn
1 41
TEn. TMn. .2.2 .. . .
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.
.1.0
.1.0. ... 1.0
.2.0
... .. . .2.0. _2.0

.2.2.

...4.0

.

. .... 6 0

.2 .4. ....4.1. ....6 1

1.0 . .... TEu
1.31
. .I'M oi
1.66. . . . TEn
2.08. _TEn, TMn
2.70. _TMn
2.00. . . . TE„
\fdi
3.0 . ...

Experimental Evaluation of Cutoff
Attenuator
Mechanical Description

A circular waveguide-below-cutoff atten¬
uator was built for operation at 20 mega¬

be constant within experimental error

Figure

cycles per second, with the TEn mode

(plus or minus 0.01 db), for coil separa¬

ment setup for comparing wave-guide-below-

having an attenuation rate of 21 db per

tions greater than 20 db (about 1 inch).

cutoff attenuator with

inch.

The distance between coils is ad¬

For smaller separations, the measured

justed by a mechanical screw drive, and a

values of attenuation were variable, de¬

mechanical counter reads the attenua¬

pending upon the angle between the axes

tion directly in units of 0.01 db.

of the coils.

Rec¬

This departure from lin¬

5.

Intermediate-frequency
Leeds and

measure¬
Northrup

carbon attenuator

ceiving coil by the TEn and TMoi modes,

tangular coils mounted on precision-made

earity was caused partly by the change in

respectively, where z represents the di=

bakelite forms are used in an effort to

exciting current due to coupled impedance

tance between the coils.

secure symmetry in the generation of the

of the secondary coil, and partly by the

TEn mode, and hence reduce the un¬
wanted modes.

curacy of attenuation reading is ±0.01
db per inch.
Early experiments with the attenuator
revealed that it could not be set to a
given attenuation value within plus or
minus 0.1 db.

The fingers on the moving

plunger, as shown in Figure 6, were re¬
placed by helical spring fingers, as de¬
scribed by Sydoriak1 2 but with no im¬
provement.

presence of higher order modes.

proximately 180 degrees, the resultant

The mechanical preci¬

sion of construction is such that the ac¬

Finally, the contacts were

removed entirely, and the plunger which
supported the coil was constructed of
bakelite, eliminating the variable attenua¬
tion value for a given setting.

Measurement of Relative Amplitudes of
Higher Modes.

Direct Measurement of Attenuator Lin¬
earity.

In order to check the linearity of

the attenuator, that is, the deviation of its
rate of attenuation from e~a"z, the meas¬
urement setup illustrated in Figure 5 was
used.

The exciting coil in Figure G was

connected to the i-f signal generator, and
the receiving coil was matched to 50 ohms
by inserting a resistor and capacitor in
series with the coil, and tuning for reso¬
nance.
Measurements of the attenuation of a
particular 5-db step of the Leeds and
Northrup carbon attenuator were made
for different separations of the coils in
the cutoff attenuator, and were found to

voltage amplitude is given by

The first few higher

modes, the TMoi, TEn, TMu, and TEoi,
have attenuation rates of 28, 35, 44, and

V2=VTE2+ Vtm*+2VteVtm

cos

(7)

f

This may also be written

44 db per inch, respectively, in the ex¬
perimental cutoff attenuator.

For large

enough coil separations the preponderant
higher mode will be the TMoi, since its
attenuation rate is not so very different
from that of the TEn-

V2 = (A ie ~ anZ)2 [1 + r2e~2bz + 2re-b2
cos 8 cos f — sin20]

(8)

where

For this condi¬

tion, a method of measuring the relative
amplitudes of the TEn and TMoi modes
by utilizing their different angular de¬
pendence was described by Sydoriak,2 *
and developed by Griesheimer.5

A\

and
b = aoi — Ofn

(10)

This
If we keep z constant, and vary 6, V2 will

method assumes that
Linearity of Attenuator

Since these voltages are separated in
time phase by an angle f which is ap¬

have a maximum, F2mHX, at 6= ±7r, and a
1. Only the TMoi and TEn modes are pres¬
ent in sufficient strength to be of importance.

secondary maximum,

F28uDmax

and a minimum,

at cos 6'= ~re~bz

2. Transfer impedance effects are negli¬
gible.

cos f.

3. The tube cross section has no elliptical
eccentricity.

then it follows from equation 8 that the

It follows from waveguide theory that
the voltage induced in the receiving coil

F2mi„,

at 6 = 0,

If we assume the coils are ad¬

justed for maximum power transfer, 6 = it,
attenuation in decibels introduced by dis¬
placing the secondary coil from an initial
separation, z0, between coils to a final

from the TEn mode varies as the cosine of

separation z, is given by

the angle, 6, between the axes of the coils,

Adb = 10 logio exp( — 2an[c0 — s]) + 10 logio

and that induced from the TEoi mode is
independent of angle.

1 + r2 exp ( — 2bz0) — 2r exp ( — bz0) cos f

Then, let

1 + r2 exp { — 2bz) — 2r exp ( — bs) cos f
VTE=Aie~a"z cos 6

(5)

VTM=A2e-a°'z

(6)

represent the voltage induced in the re¬

(11)
From equation 11, it is seen that the pres¬
ence of the TMoi mode introduces a devia¬
tion from the exponential law of decay
which obtains when only the TEn mode
is present.

Figure 4. Measured
attenuation of nomi¬
nal 30-db radio-fre¬
quency attenuator as
a

attenuation

error in a measurement of attenuation

of input power
buffing

attenu¬

ation of 40-db cor¬
responds to a crystal
25

30

35
40
45
BUFFING ATTENUATION—OB

50

55

error, Edb, due to the TMoi mode, it fol¬
lows from equation 11 that the maximum

using 100 milliwatts

A

the theoretical exponential value as the

of total

function

buffing

If we define this deviation of

the actual attenuation in decibels from

where the minimum separation between
coils is z0, is
Edb —10 logio
[1 + r2 exp { — 2bso) — 2r exp ( — bzd) cos f]
(12)

input power of 10
microwatts

779/4

The value of Edb for a given minimum

^8ubraax> a third mode must be present.
Using the

measured values of 5submai

and Bmin as defined herein, the values for
r and f may be determined from the fol¬
lowing equations, as derived by Griesheimer.5

re

— bzt

1 — 4~

4d2

(l + J)T/»

1+4. + i-/*2 u-y)J

(18)

4j8»(l+/)~l-1/»

cos f

1 — h2 (1 _/)J

cqs

(20)

(i+J)
Measurements

(19)

on

the

experimental

TEw mode cutoff attenuator, using rec¬
tangular coils, showed that the angular
calibration was symmetrical within the
accuracy of tne measurement, and it was
concluded that there was no appreciable
coupling due to modes higher than the
TMoi.

The value of BallBmax was found to

be —0.30, and the value of Bmin to be
— 60.

From equations 16-20 the follow¬

ing values of r, f, and 6' were obtained
re bz°= 0.017, f= 176.5 degrees, and 6' =
89 degrees.
Figure 7.
Graph of B = 10 log (V2/V2max
as a function of angular rotation of coils foi
TEu mode circular attenuator

rotation, between the coils.

If the two

The maximum error in attenuation,

values of Bmia in Figure 7 are not the

Edt), for this separation was therefore,

same, then a third mode must be present.

from equation 12, 0.14 db.

Also if the minimum points are not dis¬

mum coil separation corresponding to an

placed by equal angles to either side of

attenuation of 20 db, the maximum error

separation between coils may be deter¬
mined experimentally by measuring
F2aubmax

V2 max
and

VK
V2max
at the coil separation z0.
It is convenient to define the following
quantities:
•8 — 10 logi,

8submax

V2

— 10 log

-^min — 10 logi
UJ8ubmax

F2 max

(13)

F2m»,
V2
v 81
V2

(14)

VKun
1 F2max

(15)

= h2

V2
V2

- = /32

(16)

Figure 7 is a typical plot of B as a func¬
tion of angle between the axes of the coils,
and illustrates the power coupled into the
receiving coil as a function of angle of

Figure
8.
Calcu¬
lated insertion loss
of barium titanate
disk for TM0i mode
versus thickness of
disk
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For a mini¬

in attenuation was 0.08 db.

The latter

error was not detected by measuring the
5-db step of the Leeds and Northrup at¬
tenuator because the error was spread over
such a wide range of attenuation that the
amount included in a 5-db interval was
smaller than the experimental error.
Dielectric Filters.

The equation for

the TM-mode wave impedance, Znm, of a
circular hollow tube of radius a, containing
a medium of permeability, nh and dielec¬
tric constant of £1, is given by

This simplifies, at frequencies far below
cutoff, to
U-nmj

Z nm

(22)

2ir/a£i

For TE waves, the wave impedance sim¬
plifies to:
Z nm

aui^fj

(23)

V nm

Here, fnm and / are the cutoff and im.
pressed frequencies, j = V7— 1, and Unm
and vnm are numerical factors which de¬
pend upon the mode.

Hence, a material

of high dielectric constant will reflect the
TM wave and pass unchanged the TE
wave.

s

The high dielectric constant ma¬

TM0l MODE

TE,, MODE

DB

DB

2 S

5

INCHES

terial has a wave impedance, for the

Jl
16
1

TM mode, inversely proportional to the
dielectric constant so that a large dis¬

4

20

5

continuity between air and the material

I

12

4.8

9

3.6

6
1
2

would exist and cause reflections of the
TM mode.

The TE mode, on the other

hand, would not be reflected because its
wave impedance is' independent of &.
Similarly, a material of high permeability

amplitude of the TE0i mode was measured

could be inserted in the guide to reflect

to be less than 1/1,000 that of the TM0i

the TE wave, but not reflect TM wave.

mode.

Thu,s there was ample range for

The theoretical insertion loss for the TMoi

measurement of TMoi insertion loss for

mode of a barium titanate disk with a

various filte.rs.

dielectric Constant of 1,150 is plotted in
Figure 8, as a function of its thickness.
The measured insertion loss of a barium

Using the metal strip filter of Figure 9b
an angular calibration of the cutoff at¬

Metal Mode Filters.

Various other

types of filters illustrated in Figure 9 were
tried.

Figure 9. insertion loss of various mode filters
for TEU and TM0i modes in cutoff attenuator

The slit filter, Figure-9e, was used

tenuator was made.

The value of Ba[ibmax

was zero within limits of .measurement,
and Bmia was less than —80.

titanate disk of 0.25 inches in thickness,

by Sydoriak2 at higher frequencies, but it

having a dielectric constant of 1,150, was

is not the best type for i-f frequencies, as

Carbon A ttenuator.

40 db for the TMqi mode, and 0.05 db for

the data on Figure 9 indicate, because the

Leeds and Northrup carbon attenuator

the TEn mode.

Comparison With Leeds and Northrup
A calibration of the

To insure an intimate

slit filter reflects a considerable amount of

was made over a 40-db range in attenua¬

contact between the barium titanate and

the TEn mode as well as the TMoi mode.

tion at 20 megacycles per record.

the inside surface of the cutoff attenuator,

Gainsborough1 developed the wire filter

sulting attenuation calibration checked

as shown in Figure 9d. It is not as effective

within 0.03 db the calibration made with

the rim of the disk was silvered.
The insertion loss of the barium titan¬

as the copper-strip filter shown in Figure

direct current.

The re¬

A check was then made

ate disk for the TMoi mode, and of other

9c.

types of TMoi mode filters described in

mode is obtained if the copper strips are

TMoi attenuator as described previously

the following paragraph was measured by

bent so as to be approximately perpendic¬

for TMoi mode-filter insertion loss.

replacing the exciting coil in the circular

ular to the electric lines of the TEn mode

TMoi mode calibration was made at only

attenuator by

as is shown in Figure 9b.

a capacitative

exciting

A little less insertion loss for the TEn

by operating the cutoff attenuator as a
The

Of course the

two values of attenuation, 10 db and 20

disk, which excited the TMoi mode pri¬

filters in Figure 9b, c, d, and e must be

db, and the values obtained checked the

marily.

properly oriented or they will reflect the

previous calibration within plus or minus

TEn mode as well as the TMoi mode.

0.01 db.

At a fairly close spacing between

the receiving coil and exciting disk, the
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Conclusion
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Determination of Attenuation from
Impedance Measurements*
R. W. BEATTYf,
Summary—Heretofore, the determination of attenuation from
impedance measurements has been applied to cases in which the re¬
flections from the attenuator terminals were negligibly small. In
the proposed method no restrictions are placed upon the attenuator
except the requirement that it be a linear, passive, four-terminal
network.
The dissipative and reflective components of attenuation Ad
and Ar are measured separately. Ad is shown to be a function of
the efficiency of the attenuator. The efficiency is determined from
reflection coefficient measurements of the short-circuited attenua¬
tor. Ar is determined from a single voltage-standing-wave ratio
measurement of the attenuator when terminated in a matched load.
Experimental data show close agreement with an independent
method of determining attenuation.

member, ere

the method may be used, if measured impedances are
converted to reflection coefficients.
II. Theory
Attenuation is defined as the insertion loss which oc¬
curs when an attenuator is placed in a matched system.*
In the matched transmission-line system shown in Fig.
1, the generator and load impedances are equal to the
characteristic impedance of the line. The generator
Zo

I. Introduction

HE DETERMINATION of attenuation from
impedance measurements of a short-circuited
attenuator is well known.1 It is usually assumed
that the reflections caused by mismatch at the at¬
tenuator terminals are negligibly small. The purpose of
this paper is to present an impedance method in which
no restrictions are placed upon the attenuator except
the requirement that it be a passive, linear four-terminal
network.
Although the method is of general application, it has
been developed for use with ultra-high-frequency and
microwave measuring equipment. At lower frequencies

R, —

-'P2 —

Fig. 1—Insertion loss in a matched system. .4r=10 logio (P/Pi).

voltage Eo is assumed to remain constant when the
attenuator is inserted.
Referring to Fig. 1, it is apparent that the attenuation
in decibels is

* Decimal classification: R247XR244. Original manuscript re¬
ceived by the Institute, October 14, 1949; revised manuscript
received, April 24, 1950.
f National Bureau of Standards, Washington, D. C.
1 C. G. Montgomery, “Technique of Microwave Measurements,”
McGraw-Hill Book Co., Inc.. New York, N. Y., vol. 11, p. 818; 1947.
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Po
At — 10 logio— •

P-i
2 See page 680 of footnote reference 1.

(1)

August

PROCEEDINGS OF THE I.R.E.
The total attenuation may be separated into two com¬
ponents by the following steps:
£o _ Po Pi
p2 ~ Pi Pi
p
p
At = 10 log10 —- + 10 logio —1 •

Pi

(3)

I IV I 1

ON ~ 1
12{Un + 7T.

TpN

(6)

ON + 1

The measured values of reflection coefficient are plot¬
ted as in Figs. 3 and 4. The circle is drawn which best
fits the measured points and the radius R2 of this
circle yields Ad when substituted in (5).

Pi

The first component A r is caused by reflection and the
second component, Ad is caused by dissipation of
energy. It has been shown3 that Ar is given by
(<Tlm

+ l)2 * 6

Ar = 10 logio->

4c i m

MEASURE VOLTAGE STANDING-WAVE RATIO (<XM)

(a)
(4)
TO
POWER SOURCE

where clm equals the voltage-standing-wave ratio meas¬
ured at the input terminals of the attenuator when
terminated in a matched load.

MEASURE VOLTAGE STANDING - WAVE RATIO ((£)
AND DISTANCE TO VOLTAGE NODE (JN)

The determination of Ad involves the measurement
of the power ratio Pi/Pi or its reciprocal, the efficiency
rjm of the attenuator when terminated in a matched
load. The efficiency of a network can be determined

(b)
Fig. 2—Block diagram of apparatus used for measuring (a) reflective
component of attenuation, and (b) dissipative component of at¬
tenuation.

from reflection coefficient measurements.4-6 In this
method, the attenuator is reversed and its normal input
terminals are connected to a variable reactance usually
consisting of a short-circuited section of transmission
line of variable length. The reflection coefficient meas¬
ured at the other terminal pair is a function of the
terminating reactance and has a circular locus. The ra¬
dius Ri of this reflection coefficient circle is equal to
the efficiency r)m. The equation for yin is:
1

1

Ad = 10 logio — =10 logio — •

Vm

(5)

Rl

III. Measurement Procedure.
The arrangement of apparatus for the individual
measurement of Ar and Ad is shown in Fig. 2. In the
measurement of A r, it is necessary to match the load as
closely as possible. The measured value of
is then
substituted in (4) to obtain A r. The determination of Ad involves reversal of the
attenuator and termination of its normal input termi¬
nals in a lossless variable reactance. The voltage-stand¬
ing-wave ratio on and the position In of the voltage
node are measured with the standing-wave machine for
selected positions of the short-circuiting plunger as it
travels a total distance of half-wavelength. The reflec¬
tion coefficient IV may be calculated in each case from
the following equation:7

Fig. 3—Measured reflection coefficients of 6-db attenuator,
^d = 5.74 db, 1,000 Me, R2 = 0.266.

The total attenuation

At

is

(o lm

+ l)2

At = Ar + Ad = 10 logio --—--

4:RiO i m

(7)

This equation is represented by the nomogram of Fig. 5.
IV.

Experimental Data

In order to further illustrate the method, experi¬
3 See page 681 of footnote reference 1.
4 William Altar, “Measurement of dielectric properties of lossy
materials,” Westinghouse Lab. Res. Report R-94318-E, September
13, 1944.
6 William Altar, “(9-circles, ” Proc. I.R.E., vol. 35, pp. 355-351,
1947; and pp. 478-485, May, 1947.
9 A. L. Cullen, “Measurement of microwave-transmission ef¬
ficiency,” Wireless Eng., vol. 26, pp. 255-258; August, 1949.
7 See page 476 of footnote reference 1.

mental data were obtained on commercially available
coaxial attenuators.
A standard 7/8-inch rigid coaxial transmission line
was used with a Microline Model 361A impedance
meter. Measurements were made at 1,000 M on four
attenuators having nominal values of 3, 6, 1U, and 20
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If the circle encloses the origin,

2& = I r L„ +1 r L

2(<r“'-h ~ !)

(8)

(^max “f" l)(o’min

1)

If the circle lies outside the origin,
_ _

II

ii

^ l.O’max

0min7

2i?2 = | r |max - I r|min = —----

(9)

(o’raax + 1) (u'min + 1)

Although the radius R2 can be obtained from the
measurement of crmax and <rmin, improved accuracy can
be obtained by measuring a number of other points on
the reflection coefficient circle.
In the measurement of A r, the load impedance had a
measured

voltage-standing-wave

ratio

(VSWR)

of

1.02. The data obtained in the measurement of A r are
shown in Fig. 6.
MEASURED ATTENUATION
Nominal
Value of
Attenuation

Fig. 4—Measured reflection coefficients of 20-db attenuator,
A.d~ 19.74 db, 1,000 Me, i?2 = 0.0106.
decibels. The observed data in the measurement of Ad
are shown in Figs. 3 and 4. (Lack of space prohibits
showing more data.) It is apparent that the measured
circles either enclose the origin or lie completely outside.

Ad

A

Power Difference
Ratio
Method

3 db

1.070 .005 db 2.87 db 2.88 db £85 db

6 db

1.235

.048

5.74

5.79

5.75 db

.04 db

10 db

1.180

.030

9.50

9.53

9.53 db

.00 db

20 db

1.240

.050

19.74

19.79

19.81 db

.02 db

.03 db

The total attenuation At was also measured at 1,000
Me by a power-ratio method using a bolometer detec¬
tor8 which permits an accuracy better than +0.15 db.
The results of both methods are shown in Fig. 6.
V. Discussion of Errors

-9

The
8

A

Fig. 6—Observed attenuation data.

In each case, R2 may be expressed in terms of the mini¬
mum and maximum value of voltage-standing-wave
ratio measured as the position of the short-circuit
changes.

At From
Input
VSWR

evaluation

of the absolute accuracy

of

the

proposed method has not been completed because of the
complexity of the problem in the case of A q.
However, the limited amount of experimental data

—7

obtained indicates that the impedance method accuracy
is comparable with that of power ratio methods over the
range of values considered. The very close agreement
of the two methods is felt to be partly fortuitous, es¬
pecially in the case of the 20-db attenuator.
The errors in the measurement of VSWR and nodal
position have been related9 to the error in measurement
of relative voltage in a slotted-section impedance ma¬
chine. From these studies, it is to be expected that best
accuracy is obtained for intermediate values of attenua¬
tn

3

o<

CL

-3

tion.
Besides these errors in measurement, the fact that
it is difficult to obtain a perfectly matched load and a
lossless variable reactance contribute to the over-all
error.

-0
Fig. 5—Nomogram of equation At= 10 logio (o-im + l)2/4i?2<rim.

8 Referred to as the “Ballantine Voltmeter Method” in the book
“Technique of Microwave Measurements,” by C. G. Montgomery,
pp. 806, 841, as cited in footnote reference 1.
9 Errors of this nature were discussed in a paper by H. E. Sor¬
rows, W. E. Ryan, and R. C. Ellenwood, “Evaluation of the accuracy
of impedance measurements made with a slotted section of trans¬
mission line,” presented, URSI-IRE Meeting, Washington, D. C.,
May 2, 1949.
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Microwave Attenuation Measurements With
Accuracies From 0.0001 to 0.06 Decibel
Over a Range of 0.01 to 50 Decibels
G. F. Engen and R. W. Beatty
(January 15, I960)
The application of certain power stabilization and measurement techniques to the
problem of attenuation measurement has yielded a measurement system with a stability
and resolution of the order of 0.0001 decibel.
A practical application for this technique was
recently provided in the calibration of a rhtarv vane type of variable microwave attenuator.
In order to take complete advantage of this increased stability it was necessary to apply
refined techniques to the evaluation and reduction of mismatch error.
This proved to be by far the most exacting practical application of the cited techniques
encountered to date, but the results of this calibration showed excellent agreement with the
mathematically predicted values used in marking the attenuator dial.

1. Introduction
The following is a report on some recent work at the Radio Standards Laboratories of the
National Bureau of Standards at Boulder, Colo. It is believed that this work represents per¬
haps the most accurate measurements of microwave attenuation yet made.
In the measurement of microwave attenuation, the stability or resolution of the associated
measuring system places a limit on the accuracy with which small values of attentuation may
be measured, because the reduction of other sources of error (such as mismatch) will tend to
make the total error approach this value. In practice this limit has been typically of the order
of ±0.01 db.
The application of certain power stabilization 1 and measurement2 techniques to the
problem of attenuation measurement has yielded a measurement system with a nominal
hundredfold increase in resolution and stability. A practical application for demonstrating
the capabilities of this technique was recently provided in the calibration of a rotary vane type
of variable microwave attenuator which is cluiracterized, in part, by a high degree of resolution
for small values of attenuation. Thus when a recent application called for this characteristic
in a variable attenuator, and when a preliminary study of the mismatch and stability character¬
istics of an attenuator of this type indicated that such a step was warranted, it proved desirable
to experimentally confirm the mathematically predicted values of attenuation which were
engraved on the attenuator dial. This proved to be by far the most exacting practical appli¬
cation of the cited techniques encountered to date.
In order to take complete advantage of the improved stability, refined techniques were
applied to the evaluation and reduction of the mismatch error. The capability of the system
is indicated by the tabulated results of the attenuation calibration, and the estimate of the
limits of error is supported by an analytic and experimental treatment.

1
(Apr.
2
(Aug.

Glenn F. Engen, Amplitude stabilization of a microwave signal source, IRE Trans, on Microwave Theory & Tech. MTT-6, No. 2, 202-206
1958).
Glenn F. Engen, A self-balancing direct-current bridge for accurate bolometric power measurements, J. Research XBS 59, No. 2, 101-105
1957) RP2776.
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2. The Calibration System
A simplified diagram of the calibration system is shown in figure 1. The attenuator under
test is placed between an amplitude stabilized microwave signal source 1 and a bolometer
mount and power meter. The power meter consists of a self-balancing d-c bolometer bridge 2
with provisions for measuring and recording the d-c bias power required to maintain the bolom¬
eter at its operating resistance of 200 ohms. The two bolometer mounts M1 and M2 shown
in the temperature stabilized water bath are for power measurement and signal source stabiliza¬
tion, respectively. A reasonable amount of care was exercised to obtain good performance
from each item of equipment, with a resultant system performance as shown in figures 2a and
2b. Figure 2a shows the stability and repeatability with the attenuator alternately set at
the 0.00- and 0.01-db positions. It will be noted that the stability and repeatability are better
than 0.0001 db (10 microbels). A recording of the long term system stability is given in figure
2b where the maximum variation is of the order of ±10 microbels.

WATER - BATH

Figure

1.

Simplified diagram of calibration system

The absolute accuracy of measurement of small changes in d-c power at this level is
estimated to be of the order of 0.02 pw. This indicates that further improvement could be
expected in the results if the system stability could be improved in some manner, perhaps by
use of a frequency-stabilized signal source.

3. Theory of Measurement
One could make an attenuation measurement by measuring the microwave powers Pi
and P2 absorbed by the bolometer mount
when the attenuator is set first on zero, then to
some other setting. The relative attenuation A at this setting is

A=10 log10 jr*
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(1)

In making such a measurement, one assumes that the microwave power P absorbed by the
bolometer element is proportional3 to the d-c power IT withdrawn in order to keep the bolom¬
eter resistance constant. Letting ir0 represent the d-c power required to bias the bolometer
at its operating resistance when P equals zero,

A= 10 log10

TLo-Uq
W0-Wa’

where 11 x and Ilk are the d-c bias powers corresponding to
U o~15mw and Pl ~ lOmw.)

(2)

Pi and P2. (For the bolometer used,

The apparatus employed permitted direct measurements of differences in d-c power, a
procedure permitting greater accuracy and convenience than calculation of differences from
separate measurements. The changes in d-c power level during an attenuation measurement
are shown in figure 3.

3 The constant cf proportionality is determined by the substitution error of the bolometer which is known from other experimental data to
be independent of power level.
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Figure 3.

Changes in d-c power level during an attenuation measurement.

W2—M\ was meas¬
W2l = W2—Wi, and TT0i= Ho— Wi, eq (2) may be written

For attenuations less than approximately 3 db, the power difference
ured directly.

If we let

^4=10 log,0

(3)

For attenuations greater than approximately 3 db, the power difference 1F0— IF2 or TT02
was measured directly. Equation (2) becomes

A= 10 log10 Wm
wnm

(4)

4. Propagation of Error in Measuring D-C Power Differences
It is estimated that the error in measuring d-c power differences is within 0.1 percent
+ 0.1 pw. When W2~Wl is measured, it can be shown that the limit of error in determining
the attenuation is
€=10 logio
1—

0.001

in

(5)

Wo

and when IF — IF0 is measured,
6=10 log10

1

O.Imw+0.001 11+

(6)

if02
The calculated limits of error are shown in figure 4.

5. Mismatch Errors
The mismatch error4 in calibrating a variable attenuator depends upon the reflections from
the system in which the attenuator is placed and upon the changes in characteristics of the atten¬
uator as its dial is moved from the reference position. The graph of figure 4 shows calculated
1 R- W. Beatty, Mismatch errors in the measurement of ultrahigh-lrequency and microwave variable attenuators, J. Research XBS 52,
No. 1, 7-9 (1954) RP2465.
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.01

0.1

I

10

100

ATTENUATOR DIAL READING, DECIBELS
Figure 4.

Limits of error as a function of attenuation.

limits of error 5. for the attenuator used, based upon measurements of the magnitude of the
changes in the scattering coefficients Sn and S22 of the attenuator. It was assumed that there
was no phase change in $21. The mismatch error is below 0.0001 db for attenuator settings up
to 0.1 db, and remains below 0.001 db for higher settings.

6. Results
The calibration data taken at 9.3897 kMc is shown in table 1. Three sets of data are
shown in order to give an idea of the reset Lability of the attenuator, and more significant figures
are given than one can normally use when interpolating between the marked dial divisions. It
should be noted that the calibration is not necessarily representative of this type of attenuator,
because only one such attenuator was calibrated by this procedure, and this was done at only
one frequency. It should also be noted that this type of calibration is not available on a routine
basis, because there are as yet no commercially available attenuators which can be read and are
repeatable to 0.0001 db.
The estimated limit of error for the complete range of the attenuator, as determined from,
figure 4, is also shown in table 1. Above 20 db, the calibration was made in two parts: Measure¬
ment of the 20 db step, and measurement of the additional attenuation referred to this step.
For these values, the quoted limit of error is the sum of the errors in the individual steps. The
accuracy of setting the attenuator dial on the marks is not as good as the accuracy of the
measurements.
It is noted that at the low end, the estimated accuracy of the measurement is also better
than the repeatability of setting the attenuator on the mark. One concludes that further
improvements in attenuators need to be made if we are to take full advantage of the most
accurate measurement techniques.
5 See appendix.
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Table

1. Results of three sets of measurements and calculated errors in single measurements

Maximum devia¬
tion from average

Calculated limit
of error in single
measurements

db
0.000055
.000068
.000080
. 000091
.00010

Measured attenuations corresponding to dial reading

Attenuator
dial
reading

Avg

3

2

1
db
0.01
.02
.03
.04
.05

db
0.01077
.02123
.03015
.04043
.05181

db
0.01083
.02145
. 03035
.04088
.05216

db
0.01044
.02145
.03038
.04074
.05226

db
0.0107
.0214
.0303
.0407
.0521

db
0.0003
.0002
. 0001
.0003
.0003

.06
.07
.08
.09
.1

.06102
.06992
.07991
.09075
.10226

.06067
.07027
.08056
.09104
.10203

.06086
.06985
.08017
.09078
.10210

.0609
.0700
.0802
.0909
.1021

.0002
. 0003
.0004
.0001
.0002

.00011
.00013
.00014
.00015
.00016

. 12
. 14
. 16
.18
.2

.11886
.13681
.15737
.17806
.20071

.11884
.13760
.15765
.17792
.20089

.11951
.13819
.15703
.17888
.20041

.1191
.1375
. 1573
.1783
.2007

.0004
.0007
. 0003
.0006
.0003

.00019
. 00021
.00024
.00026
.00029

.25
.5

.24702
. 49799
1.0037
1.9954
2. 9968

.24709
.49762
1.0037
1.9972
2. 9975

. 24724
.49795
1.0037
1.9948
2.9993

.2471
.4979
1.004
1.996
2.998

.0001
.0003
. 0000
. 0010
.0015

.00035
.00065
.0013
.0029
.0047

1
2
3
5
10
15
20
25

4.9841
9. 9624
14,991
19. 963
24.999

4.9923
9. 9671
14.988
19. 956
25.031

4.9927
9.9647
15.001
19.945
24. 987

4.990
9.965
14.99
19.95
25.01

.006
.003
.000
.01
.02

. 0048
.0053
.0063
. 0093
.014

30
40
50

30. 080
40.354
52.338

30.049
40.281
52.041

30. 074
40. 367
52. 336

30.07
40. 33
52. 24

.02
.05
.20

.015
.02
.06

7. Appendix
The analysis (see footnote 4) of mismatch errors in the calibration of variable attenuators
yielded an equation for the error in terms of the scattering coefficients of two fourpoles corre¬
sponding to two settings of the attenuator dial, and the reflection coefficients of the system in
which the attenuator was inserted. The measurement of all these quantities may be tedious
or difficult, and an approximate method has been developed. One obtains reasonably close
limits within which the error lies from a fairly simple experimental procedure.
The complete expression for the mismatch error is
_9nlno.
6

1 (l — S'nT G)(l — S'22Tl) — (S'2iyT gTl 1

gl° I (l-SnVoKl-SnTL)-(SnyT0TL I’

(la)

where scattering coefficients are denoted by Smn, and rG, VL represent, respectively, the re¬
flection coefficients of the system “looking towards” the generator and load. Primes are
used to designate a setting of the attenuator other than the zero or reference setting.
For small reflections, the following expression is derived from (la):
e«20

\ogl0\l-(Sn-Sn)TG-(S,22-S22)rL+[SnSn-SnS22-(S,n)2+S212]TGrL\.

If the attenuator VSWR is small, the products
(2a) becomes

S'uS'22 and Sn S22 may be neglected.

e~20 \og10\l-\-(Sn—Sn)TG+(S22-S22)TL+[S2i2—(S'21)2}TGTL\.

(2a)
Then

(3a)

It is convenient to determine the magnitudes of the individual terms but not then1 phases,
so that the limit of error, allowing random phase variations in Sn and S22, but none in S2i is
e~2Q logm[ITi^n

*Sn|

|rc|+|$2-s22| |ri|+(|S'21|2-|^'1!2)|rGri|].
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(4a)

The quantity \Sn—is determined as follows. With the attenuator under test con¬
nected as shown in figure 5, and set to its zero or reference position, tuner A is adjusted for a
detector null, and tuner B is then adjusted until the reflection coefficient V2i of the equivalent
generator at terminal plane 2 vanishes. (This condition may be recognized by means of an
auxiliary reflectometer.)

Figure 5.

Schematic of system for measuring |Sn — <Sn|.

Movement of the attenuator dial to some other setting will then give an observable
detector output. Using the theory6 of a directional coupler with auxiliary tuners, one can
obtain \Sn—/SRI in the following way.
The amplitude of the output power from the sidearm of the directional coupler in figure 5
has the magnitude |&3|=&

\+KYl

i-r2irL

where

k is a constant for a given stable generator oper¬

ating level.
With the attenuator set first on zero, TL=Sn- Adjusting tuner A for |63| = 0 changes K
so that KSii= —1. Adjusting tuner B for r2i=0 makes the dependence of |63| on IT take the
simple form:

I
Suppose the attenuator dial is moved to a new position such that

S'n,_ k

'Snl

I Su

i\Sn-S'n\

The factor

&/|/S'n|

VL now equals S'u; then

is obtained by replacing the attenuator by a

waveguide section containing a sliding short. Upon-sliding the short, ;63| goes
small variations so that one may observe |&3|max and |&3|mIn. It is easily shown that

(Snl

through

max + |^3|mln) •

One can assume that |&3|max= l^lmin and employ a fixed short circuit with negligible error if
the VSWR corresponding to Sn is less than 1.15. It may be that this error is tolerable for
higher VSWR’s since it is not important to know \Sn—SRI to great accuracy.
The quantity |*S'22—S22| is found in the same way as above with the attenuator turned
end for end.

The authors acknowledge the assistance of James E. Gilbert and Morris E. Harvey in
making the attenuation measurements and of Wilbur J. Anson and Ronald Ridge in matching
the system and making measurements to evaluate the limits of mismatch error. G. E. Schafer
read the manuscript and provided information on phase shifts in variable attenuators.
6 R. W. Beatty and D. M. Kerrs, Recently developed microwave impedance standards and methods of measurement, IRE Trans, on Instr.,
1-7, Nos. 3 A 4, 319-321 (Dec. 1958).
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Mismatch Errors in the Measurement of
Ultrahigh-Frequency and Microwave Variable Attenuators
R. W. Beatty
The mismatch error in the measurement of ultrahigh-frequency and microwave variable
attenuators is analyzed and expressions are derived. An example is given to show that the
mismatch error in measuring the difference in attenuation between two attenuators is less
than the sum of the mismatch errors obtained when measuring each attenuator individually.

1. Introduction
The error resulting from mismatched generator
and detector sections in the measurement of the
attenuation of a single attenuator is well known.1
The corresponding error in the measurement, of
changes in attenuation is important in the calibration
of variable attenuators and in the calibration of
large attenuators, using known pads as gage blocks
or fixed attenuation standards.
The calibration of a variable attenuator consists
in measuring the change in the insertion loss as the
attenuator dial moves from a zero or reference
position to another position that is marked or can
be read on a scale. The change in the insertion loss
equals the change in attenuation if the attenuator is
placed in a reflectionless, or matched, system.
There is always a degree of uncertainty regarding
the match, depending upon the accuracy of the
instruments used to indicate or recognize matched
conditions and upon the reflections from connectors.
For this reason the change in the insertion loss
cannot be considered to be exactly equal to the
change in attenuation, and the difference is called
the mismatch error.

S-22 refer to the attenuator, corresponding to the
reference or zero position of the variable attenuator.
The corresponding insertion loss for a different setting
of the variable attenuator is
L' = 20 logi

A = 20 logio

(i -sll rG)(i—S22rL)—S22rGrL
s12(i-rGrL)

AL = L' — L — 20 logio | o7 -20 loJglO I
12|

(3)

AL = A'-A + e,

(4)

or

where A', A, and e in eq (4) correspond to the three
terms in eq (3). The error e must be subtracted
from the change in the insertion loss to obtain the
change in attenuation, A' — A.
The error term can also be written 4

20 logio

(i - r;rG)(i — &2.,rL)

(i-r1rG)(i-/S,22rj

(5)

where Id and Ti are the input-voltage reflection
coefficients of the attenuator terminated in a load
having a voltage reflection coefficient rL.
The mismatch error in the measurement of a
single attenuator can be obtained as a special case
of eq (5). The reference attenuator vanishes in
this case, changing Id to rL, Sv2 to unity, and Su and
So* to zero. Substituting these values for Id and
S22 into eq (5) yields

The voltage-reflection coefficients rG and rL refer
to the generator and load, respectively, and are
measured at the terminals where the attenuator is
inserted. The scattering coefficients3 Sn, Sl2, and
1 C. G. Montgomery, Technique of microwave measurements, p. 824 (McGrawHill Book Co.. Inc., New York, N. Y., 1947).
2 See Appendix.
2 The scattering coefficients So, S12, and Sn are in effect defined by eq 12 and
figure 2. See also, C. G. Montgomery, R. H. Dicke, and E. XI. Purcell, Prin
ciples of microwave circuits, p. 146-151 (McGraw-Hill Book Co., Inc., New
York, N. Y„ 1948).

.S'I,

i °n in-s;,rL)-(s;!)»r0rt[
+ 20 loS'»j (i-Sllr0)(i— &IY)—’

€ =

(i)

(2)

The change in the insertion loss is

2. Expression for Mismatch Error
A change in a variable attenuator from the
reference position to another position is equivalent
to removing one attenuator and inserting another
attenuator in the circuit. The insertion loss, in
decibels, of the attenuator2 corresponding to the
reference position of the variable attenuator is

1(1—SnrG)(i —SLrj—{S_[2yibTi
!
s;2(i—rGrL)

€ = 20 logio

(l—r;rG)(i-s;2rL)|
i—rGrL
r

(6)

which corresponds to eq (24), page 826 of the refer¬
ence of footnote 1.
* Substitute rj = Sii+and rys'n+.^'j
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1—0221 L

1 —0J31 L

in eq (3).

4. Appendix.

3. Evaluation of the Mismatch Errors
It. is possible in principle to evaluate the mismatch
error by measuring the voltage reflection coefficients
rG, I'l, rt, Ti, S22, and S'22, and substituting them
into eq (5).
In many cases, the magnitudes of the reflection
coefficients can be determined, but their phases
cannot be conveniently determined because of the
limitations of a particular measuring apparatus.
Equation (5) can then be used to find the limits of
the mismatch error, permitting the phases of the
reflection coefficients to have all possible values.
The limit of error can be expressed in the form
(i ±|r,1rG|)(i±ls;2rL|)
€ limit—20

logio

aT|ihrG|)(iT|S22rL|)’

and the corresponding limit
attenuators is

^ limit—20

logio

of

(7)

error for single

(ldzlrToDcizb |ST22rL|)
1T | rGrL|

Derivation of Expression for
Insertion Loss

The insertion loss of a four-terminal network is
defined by the equation
Z,= 10logl„£s

(9)

where PL denotes the power delivered directly to a
load, and P2 denotes the power delivered to that
load when the network is inserted between the load
and the generator. It is assumed that the generator
is stable and unaffected by changes in loading.
The insertion loss of a four-terminal network can
be expressed in terms of its scattering coefficients
Su, Su, and S22, and the voltage reflection coefficients
rG and rL of the generator and the load.
Referring to figures 1 and 2, the insertion loss is

£=10 log,o §-pW0 logio pL-->
(8)

Mb

r

1

(10)

7?

where 77 is the efficiency of the network. If A and
B denote the incident and reflected voltage waves
For example, in order to reduce mismatch errors in
the calibration of attenuators, the magnitudes of
shown in figure 2. The efficiency is 5
rG and rL are made as small as possible, and their
B, 2i —|rB
probable amplitude is estimated from the accuracy
P2 Er(~h) W
(ID
of the apparatus used to recognize matched condi¬
Erh
\A1\2-\Bl\2 A, 1 — ir,
v~pV
tions and from the known connector characteristics.
It is difficult to accurately determine the phases of
The scattering equations of the network are
these small reflection coefficients, and the mismatch
error can generally be determined not exactly, but
B\= Sn Ai± S\2A2^
within limits.
(12)
An example will illustrate the determination of
B2= Si2At+S22A2I
mismatch error. If the voltage standing-wave
ratios aGl
au <j[, <j22, and a'22 [<r=(l±jr )/(l — |Tp]
|—
corresponding to |rG|, |rL|, 11^1, |r(|, \S22 , and |S’22\
z, ~Zt
ZG-Z0
are 1.1, 1.1, 1.2, 1.5, 1.2, and 1.5, the limits of
l<5‘
2r+Z0
error for the initial attenuator calculated from eq (8)
are approximately ±0.095 decibel. The corre¬
sponding limits of error for the final attenuator are
approximately ±0.185 decibel. The limits of error^
e U-rG)(i + rL)
EiL = e zG+zL ' 2 U-rsrL)
for the change in attenuation calculated from eq (7)
are approximately ± 0.242 decibel. It is seen that
the mismatch error for the change in attenuation is
Ik _i_
less than the sum of the mismatch errors in measuring
Il= zl
2Z0 (i- rGrL)
each attenuator individually.
It is often possible to determine the phases of
T,, rG S22, and S22, enabling one to calculate the
Pu 1 EL* 1L - 4Zf
mismatch error within narrower limits. The error
1-fcfT
in measuring voltage standing-wave ratios and phase
Figure 1. Load connected directly to generator.
angles produces an error in determining the limits of
mismatch error but is in general a second-order
5 Xote that expressions of the form E‘J represent the dot, or scalar, product
effect that can be neglected.
of two vector quantities.
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|A,|2-|B,|2

| A, |'

-Ini'

F|= E, -I, =

p2= e2-(-i2) =

I ®21

B-

lA2l
0

Figure 2.
where ri=Bl/Al and rL=A2/B.,.

B2_
A.i

Network inserted between generator and load.

Since

But

Ti=Si

S\2
1

S22

I'l

(13)

S\2
1 - s22rL

1- r,2

12*T L

1 — S22rL

(14)

L = 20 log

(1 - Si.rG)(i - S22rL)—s?2rGrL[
S12(i—rGrL)

Inspection of figure 1 leads to the conclusion
Pl

|l-rGEi

Pi

|i-rGrL

1 —lrL
1 —Ird

(15)

Substitution of these equations into eq (8) yields

i_oo in„ (1— rGri)(i — s,22rL)
L~20 108,0

^SF(i-r0rL)—

(r

the insertion loss may also be written

therefore,
V =

MrL

0

(16)
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Washington',
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Mismatch Errors in Cascade-Connected
Variable Attenuators*
G. E. SCHAFER

and

Summary—The* treatment of mismatch errors is extended to
cover variable attenuators cascade-connected in a system which is
not free from reflections. The method of analysis is applicable to any
number of cascaded attenuators, but only the analysis of two and
three variable attenuators in cascade is presented. Graphs are given
to aid in estimating the limits of mismatch error.
In an example, which is considered representative of rigid rec¬
tangular waveguide systems, the limits of error are: for two attenu¬
ators in cascade, 0.19 db in a 3-db measurement, and 0.17 db in a
40-db measurement; and for three attenuators in cascade, 0.25 db
in a 40-db measurement, and 0.23 db in a 75-db measurement.

I

Introduction

j^RRORS in attenuation caused by the interaction
I
of reflections from generator, attenuator, and load
mismatches are termed mismatch errors. Previ¬
ous treatments of mismatch errors have considered vari¬
able or fixed single attenuators in syst.ems with reflec¬
tions12 and cascaded fixed attenuators in reflectionfree systems.3 In cases where the variable attenuator
to be calibrated has a very wide range (greater than 45
db), measurements are often made by using one or two
previously calibrated attenuators cascade-connected
with the test attenuator (a direct series substitution
method). Therefore, the analysis is extended to cas¬
caded variable attenuators in a system which is not free
from reflections. Although the method of analysis em¬
ployed is applicable to any number, of variable attenu¬
ators in cascade, only the cases of two or three variable
attenuators in cascade are presented. Graphs are pre¬
sented which may be used to estimate the limits of mis¬
match error in these two cases. An example is given of
the use of the graphs. Other sources of error such as the
accuracy of the original calibrations, leakage, noise, etc.,
are not considered here but must be taken into account
to obtain total limits of error in an actual calibration.
Theory

In a direct series-substitution method of measuring
the attenuation4 of a variable attenuator, the test at¬
tenuator is connected in series with a reference (previ-

A. Y. RUMFELTf

ously calibrated or standard) attenuator. The total in¬
sertion loss of the series-connected pair of attenuators
is adjusted to be the same at two different settings. The
relative attenuation of the test attenuator is taken to be
equal in magnitude to the relative attenuation of the
reference attenuator. This is in error because the stand¬
ard attenuator is connected to a mismatched attenu¬
ator, and also because the pair of attenuators are in¬
serted in a mismatched system.
An expression can be derived for the insertion loss of
the pair of attenuators connected in cascade. From this,
an expression may be written for the difference between
the total insertion loss and the sum of the individual at¬
tenuations. Inspection of this reveals that the error can
be separated into two convenient parts. One of these has
been previously worked out3 in detail for fixed attenu¬
ators and is readily extended to variable attenuators,
and the other is evaluated here by calculation of certain
quantities associated with the combination of attenu¬
ators. This separation is performed in the following
analysis.
At the initial settings of the attenuators, one may
write the total insertion loss as

Li — Ati

+

Ari

+ e,-,

where Li is the total insertion loss at the initial settings
of the attenuators, An and Ari are the attenuations of
the test and reference attenuators at the initial settings,
and e, is the difference between the insertion loss of the
pair in cascade and the sum of the individual attenua¬
tions. At the final settings of the attenuators, a similar
expression for the total insertion loss may be written as
Lf — At}

+

ATj

-f- €/,

(2)

where the symbols have the same meaning as in (1) ex¬
cept that the subscript /refers to the final settings. The
adjustments of the attenuators are made in this way to
result in the initial and final total insertion losses being
equal, Li — Lf, from which
(At/ — Ati) = (Ari — ATf) + «r,

* Manuscript received by the PGMTT, May 4, 1959; revised
manuscript received, June 17, 1959.
t U. S. Dept, of Commerce, Natl. Bur. Standards, Boulder
Labs., Boulder, Colo.
1 R. W. Beatty, “Mismatch errors in the measurement of ultrahigh frequency and microwave variable attenuators,” J. Research
Natl. Bur. Standards, vol. 52, pp. 7-9; January, 1954.
2 C. G. Montgomery, ed., “Technique of Microwave Measure¬
ments,” Mass. Inst. Tech. Rad. Lab. Ser., McGraw-Hill Book Co.,
Inc., New York, N. Y., vol. 11, Ch. 13; 1947.
8 R. W. Beatty, “Cascade-connected attenuators,” J. Research
Natl. Bur. Standards, vol. 45, pp. 231-235; September, 1950.
4 In this paper, attenuation is defined as the insertion loss in a
reflection-free system. Thus, in measuring attenuation, one attempts
to eliminate the reflections in the system, and then one measures
the insertion loss.

(1)

(3)

where er has been written for e,— e/. This means that
the relative attenuation of the test attenuator may dif¬
fer from the relative attenuation of the reference at¬
tenuator by et- This is the desired error. However, a
convenient separation may be made as follows. Rewrite
(3) as
(At/ + Arf) — (An + Ari) = ct-

(4)

Let Ai and A/ be the attenuation at the initial and final
settings, respectively, of the combination of series-con-
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nected attenuators considered as a single attenuator
(called the combination attenuator in the remainder
of the paper). These may differ from the sums of the

smaller limits of mismatch error than the addition of the
separate limits of mismatch error for attenuation at the
initial and final settings.

individual attenuations by €„• and ecj, respectively, and
therefore one may write

The total error in cascading variable* * * 6 attenuators in
a mismatched system is then €i+e2, where 61 is the error
caused by interactions of reflections from the generator,
combination attenuator, and the load, and 62 is the
error caused by interactions of reflections from the indi¬
vidual attenuators.

Af

=

A tf

+

Arf + 6C/

(5)

At

=

A ti

+

Ari + 6 d.

(6)

Substituting (5) and (6) into (4) yields

The scattering matrix of the combination attenuator

Af — Ai + e2 = €t,

(7)

is used to evaluate the component ex of the mismatch
error according to (10). This is readily obtained in terms

where e2 has been written for ec; —ef/. The component €2
of the mismatch error is the difference between the at¬
tenuation of the combination attenuator and the sums

of the scattering matrices of the individual attenuators
through use of the T matrices.7 The T matrix for a com¬
bination of n cascade-connected attenuators may be
written as

of the attenuations of the individual attenuators. This
component may be evaluated by an extension of the re¬

k=i

sults of Ref. 3 to include the case of variable attenuators
connected in cascade, and may be written as

WSn"<”Sn'
1 (i).sr7

T=\\Tk,
k=n

1 62 = 20 logxo

11)

(

where the Tk are the matrices for the individual at¬
tenuators. This T matrix is the inverse of the A matrix

(8)

used in Ref. 3. The scattering matrix, S, for the two-arm
junction is related to the T matrix as follows:

where the front superscripts (i) and (f) refer to the initial
and final values, respectively; the primed S’s are ele¬
ments of the scattering matrices6 of the individual at¬

1

~Tn 1

1
and T--

—

tenuators, and the number of primes indicate the posi¬
tion of the attenuator as counted from the generator.
Eq. (7) may be written as

t22

1

T12

22S'xx S22

S’122 —S,

Sn

S' 12

1

, (12)

when reciprocity in the form Spg = Sqp is assumed. The

(9)

necessary characteristics of the combination of attenu¬
ators needed to evaluate the error by (10) are Tx and

This form is equivalent to considering the combination

S22. These may be obtained by use of (11) and (12), and

attenuator as a single attenuator at two different at¬
tenuation settings, and 61 can therefore be evaluated as
the mismatch error in a relative attenuation measure¬

the expression

Af — Ai = er —

62

= €1.

Ti - Si 1 +

ment with a single attenuator. This component of mis¬
match error has been treated by Beatty1 and for this
application may be written as

(l - t/>rxr9)(i - <'*s22rL)
€1

= 20 logxo

(1 - ^riibXi - u)S22IT)

_ _ ,, (5,x,/)25ii//(i-522//ri)+(5i,/)2(5'i2//)2ri

r 1 — Oil H

(10)

--—- ;

(i-s22"rL)(i-s11"s22')-S22'(s12"yrL

/ N

(14)

and

and final values, respectively, and where T’i is the input
reflection coefficient of the combination attenuator when
terminated with an equivalent detector having a re¬

S22

flection coefficient Fl. Also, To is the reflection coeffi-

,

(13)

1 —

The results for two attenuators in cascade are

where the front superscripts (2) and (/) refer to the initial

r _0

s122rL

—

S 22"

+

s22'{Si2ny
1

-

Su"Sn'

(15)
’

and for three attenuators in cascade, they are

(Si2')2{Sii"[(1 -522,'5l/")(l-522',,ri)-522"(5i2',')2rL]+5ii",(512")2(l-522/,/rL) + (5x2")2(^12'")2ri{

ri_ U + (l-52/,Ti)[(l-522'51/0(l-522'%/'0-^22'(51/025ll,,1-(5x2,,02ri[522,'(l-5i1'%2,)+-S'22,(5x2,/)2] ’ ^
and

S22

—

S22"

GSx/'Tisvc^")2 + s22"(i - Sn"^')}
+

(1 -

-

cient of the equivalent generator, and 622 is an element
of the scattering matrix, S, of the combination attenu¬
ator. It should be recalled that this expression gives
6 C. G. Montgomery, op. cit., Ch. 14.

Sirs22") - s22'Sir(Si2"y

(17)

6 The same analysis applies to cascaded-fixed, or a combination of
fixed and variable attenuators in a mismatched system by using the
appropriate forms of (8) and (10).
7 C. G. Montgomery, R. H. Dicke, and E. M. Purcell, “Principles
of Microwave Circuits,” Mass. Inst. Tech. Rad. Lab. Ser., McGrawHill Book Co., Inc., New York, N. Y., vol. 8, Ch. 5; 1948.

796/448

1959

Schafer and Rumfelt: Mismatch Errors in Cascade-Connected Variable Attenuators

where the primed A’s are the scattering coefficients of
the individual attenuators, where the number of primes
indicates the position of the attenuator as counted from
the generator end where Tx is the equivalent reflection
coefficient of the detector, and where reciprocity in the
form Spg = Sgp has been assumed.
Substitution of (14) and (15) into (10) gives the ex¬
pression for the component ei of the mismatch error for
two variable attenuators in cascade. Similarly, substi¬
tution of (16) and (17) gives the corresponding expres¬
sion for the case of three variable attenuators in cascade.
Assuming that the phases of the individual coefficients
of (8) and (10) are not known and that they can have
any possible value, the actual values of the error com¬
ponents cannot be determined, but limits may be
found. Such a limit is a conservative figure, and a closer
estimate of the actual error may be obtained if one de¬
termines the phases of the individual coefficients. The
limits of ei and ti may be added to obtain limits of the
mismatch error, er, since the phases of the coefficients
in (8) and (10) can take on values so that each com¬
ponent of mismatch error is simultaneously at its maxi¬
mum possible value.
Graphical Presentation of Results

mate of the limits of the misrnatch error. For this pur¬
pose, certain assumptions to be discussed were made
concerning the scattering coefficients of the attenuators.
Since many commercially available attenuators have
similar voltage-standing-wave ratio (VSWR) character¬
istics, it will become evident that these assumptions
caused very little loss in the generality of application.
The following equalities were assumed :

1

1

=

\Su"\

= |

| S22" |

=

Sn" |

— | -S'22r I

Isv'l

and

I rG| = | it |

(19)

Furthermore, it was assumed that the phases of each
coefficient in (14)—(17) and the SA’s took on values at
the initial and final settings of the attenuators which
would give the maximum possible mismatch error (lim¬
its of mismatch error). This assumption yields a con¬
servative estimate of the mismatch error.
The range of the limits of the mismatch error, er, for
two attenuators in cascade and for three attenuators in
cascade are shown in Figs. 1 and 2, respectively. The
sectors indicate how the limits of error vary with the
number of decibels to be measured and with the VSWR

One of the factors taken into consideration, in con¬
structing the- graphs, was the ease of obtaining an esti¬

of the attenuators for a number of specified equivalent
generator and detector mismatches. Eq. (18) implies

Fig. 1—Variation with range of measurement in limits of mis¬
match error, er, for two variable attenuators in cascade.

Fig. 2—Variation with range of measurement in limits of mis¬
match error, er, for three variable attenuators in cascade.
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VSWR (cr, |' = O', |" -a22 -a22>

Fig. 3—Limits of component ei of mismatch error for two attenuators
with equal magnitudes of 5n and S22 cascaded in a system where
aa — OL— 1.01.

Fig. 4—Limits of component ei of mismatch error for two attenuators
with equal magnitudes of 5n and S22 cascaded in a system where
oq = <tl — 1.05.

VSWR (CT| |‘ = (T| |"s022=022 )

VSWR (<r||'^n"=<r22' = <r22'l

Fig. 5—Limits of component «i of mismatch error for two attenuators
with equal magnitudes of 5n and Sn cascaded in a system where
<ro —
—1.10.

Fig. 6—Limits of component ei of mismatch error for two attenuators
with equal magnitudes of 5n and S22 cascaded in a system where
CQ = <JL ~ 1.15.
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cn
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VSWR (<T||'=<T||":a||'"=(r22,=022 =<72p

Fig. 7—Limits of component «i of mismatch error for three attenua¬
tors with equal magnitudes of 5n and 522 cascaded in a system
where cq = <xr = 1.01.

Fig. 8—Limits of component ei of mismatch error for three attenua¬
tors with equal magnitudes of 5n and 522 cascaded in a system
where co = <tl = 1.05.

Fig. 9—Limits of component «i of mismatch error for three attenuators with equal magnitudes of 5n and 522 cascaded in a system
where <ra = aL — 1.10.

Fig. 10—Limits of component ei of mismatch error for three attenua¬
tors with equal magnitudes of 5n and 522 cascaded in a system
where c<? — cl = 1.15.
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that the VSWR corresponding to Sn or S22 of the at¬
tenuators, which is the abscissa, has been assumed to be
the same and equal for the input and output of each
attenuator. Each sector is labeled with the appropriate

October

the equivalent generator and detector VSWR’s are 1.03
and 1.04, respectively; 2) the three attenuators have

values of the VSWR associated with the equivalent
generator and detector reflection coefficients which were

input and output VSWR’s of 1.15 or less; and 3) the
desired attenuation measurements are 3 db, 40 db, and
75 db, and the reference attenuators are calibrated up
to 40 db. The values of the generator and detector

assumed to be equal in (19). The ordinates are the limits
of mismatch error. These figures are presented to illus¬
trate the range of limits of mismatch error to be ex¬

VSWR’s are used to determine which of the graphs of ei
is to be used. One selects the graph with the nearest
available value of aG( = crL) which is equal to, or greater

pected in the assumed situations.
Figs. 3-6 are a series of graphs of the limits of the
component ei of mismatch error for two attenuators in
cascade with a a ( = ol) of 1.01, 1.05, 1.10. and 1.15, re¬
spectively. crg and al are the VSWR’s associated with
the equivalent generator and detector reflection coeffi¬
cients, respectively. The VSWR’s used as the abscissas
are the input and output VSWR’s of the variable at¬
tenuators. It is assumed that these VSWR’s are all
equal. The parameter for the family of curves is the
number of decibels to be measured by this technique.
Figs. 7-10 are an equivalent series of graphs of the
limits of the component e\ of the mismatch error for the
case of three attenuators in cascade. These are appli¬
cable for measurements of attenuation of 40 dbor more.
Figs. 11 and 12 are graphs of the limits of the com¬

than, the larger value of the actual load or generator
VSWR. This will give a conservative estimate of the
limits of error. In this example, the actual VSWR’s of
the generator and the detector are 1.03 and 1.04, re¬
spectively, and for the case of two attenuators in cas¬
cade, Fig. 4 would be selected, since it is constructed
on the assumption that both of these are 1.05. Having
selected the graph, the largest value of the VSWR at the
input or output of the attenuators is the abscissa. Typ¬
ical commercially-available attenuators for rectangular
waveguide systems have maximum VSWR of 1.15 over
their entire frequency and attenuation ranges. For a
conservative estimate, then, one could use an abscissa
of 1.15 unless the actual values of the VSWR are known

of the mismatch error for the cases of two and

to be different. The value of ei is different for different
values of attenuation. For a 3-db measurement it has
the value 0.11 db, and for a 40-db measurement it is

three attenuators in cascade. The abscissas are the
VSWR’s of the attenuators. The limits of error in this
case are independent of the load and generator mis¬

0.09 db. Note that for measurements of attenuation of
20 db or greater the component ei of the limits of error
does not change within the resolution of the graphs.

ponent

62

matches. For the case of three attenuators in cascade,
Fig. 12 is constructed on the assumption that at least 20
db attenuation is in the middle attenuator at one of the
attenuation settings, either the initial or the final.

One determines e2 from Fig. 11, and it depends only
on the VSWR’s of the attenuators, and not on the
amount of attenuation or on the generator and load
mismatches. For a VSWR of 1.15, e2 is 0.08 db. Addi¬
tion of these two components, as determined from Figs.
4 and 11, yields the limits of mismatch error, tr, of 0.19

Use of the Graphs

In order to use the graphs of Figs. 3-12 to estimate
the limit of error, one must know the VSWR’s of the
attenuators and of the equivalent generator and de¬
tector, and the approximate number of decibels to be
measured. For an example, consider a case where 1)

1.00

1.10

1.20

v sw.R. (cr2'2= oj1;)
Fig. 11—Limits of component £2 of mismatch error for two at¬
tenuators with equal magnitudes of S11 and .S22.

Fig. 12—-Limits of component 62 of mismatch error for three
attenuators with equal magnitudes of Sn and S22.
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db for a 3-db measurement and 0.17 db for a 40-db meas¬
urement.
If the three similar attenuators are connected in cas¬
cade and inserted in the system, Fig. 8 shows that ej is
now 0.12 db for a 40-db measurement and 0.10 db for
a 75-db measurement, and Fig. 12 shows that €2 is-0.13
db for both measurements. Addition of these yields the
limits of mismatch error,

ey,

of 0.25 db for a 40-db meas¬

urement and 0.23 db for a 75-db measurement. These
examples are felt to be representative of conditions met
n typical rectangular waveguide systems.

Conclusion

,It can be seen that if maximum possible error is as¬
sumed, the mismatch error increases for smaller relative
attenuation measurements.
The limit of mismatch error estimated by this method
is a conservative figure since it is based on the assump¬
tion that all values of the coefficients have phases at the
initial and final settings which give the maximum pos¬
sible error. Thus, in an actual application, the mismatch
errors are very probably less than those estimated in the
examples. •
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A Method for Measuring the Directivity
of Directional Couplers*
G. E. SCHAFERf

and

Summary—This method of measuring directivity requires the
measurement of the ratio of powers delivered to the side arm when
the normal input arm is connected alternately to an adjustable sliding
termination and a sliding short circuit. The short circuit is phased to
yield maximum and minimum responses and the amplitudes are
averaged. Two techniques of adjusting the termination may be used.
One procedure requires zero reflection from the termination. The
other procedure requires adjustment for a null at the detector and
then measurement of the maximum response’due to changing the
phase of the termination. The inherent errors of the method are ana¬
lyzed and found to be within the limits—0.01 to 0.00 db in a specific
example.

A

R. W. BEATTYf

SIGNAL
SOURCE
ISOLATOR 1

DETECTOR

TUNER

ISOLATOR

E
CALIBRATED
ATTENUATOR

H TUNER H ISOLATOR |—| TUNER b^-

DIRECTIONAL
COUPLER
UNDER

TEST

/

2
\

Fig. 1—Arrangement of equipment.
Introduction

METHOD to measure directivity of a directional
coupler is described. The errors in the method

are evaluated and graphs are presented for esti¬
mating the total error.
Previously described methods1,2 required measure¬
ment of the combined attenuation of coupling and
directivity, the impedance of an auxiliary component,
the reversal of the directional coupler, or a combination
of these. This method permits measurement of the
directivity values up to the entire dynamic range of the
attenuation measurement system and completes a meas¬
urement by attaching first a short circuit and then an
adjustable sliding termination to the same terminal.

Fig. 2—Representation of directional coupler as a 3-arm junction.

adjusting the phase of the short circuit. The average
of these two readings is a reference level and is denoted
by | ] av. An adjustable sliding termination (abbrevi¬

Procedure

The arrangement of equipment is indicated in Fig.
1, with the coupler oriented as in Fig. 2. Preliminary
adjustments3 are made to the tuners shown in Fig. 1
so that: 1) the calibrated attenuator is operated in a
matched system, (the condition under which it was
calibrated) and 2) the reflection coefficient r2j (measured
at terminal surface 2 of the directional coupler with
the normal signal source inactive) has a magnitude
less than 0.01.
Procedure 1) is to attach the short circuit and ob¬
tain a maximum and minimum amplitude reading by
* Manuscript received by the PGMTT, May 1, 1958; revised
manuscript received, June 13, 1958.
f Natl. Bureau of Standards, Boulder, Colo.
1 C. G. Montgomery, ed., “Techniques of Microwave Measure¬
ments,” M.I.T. Rad. Lab. Ser., McGraw-Hill Book Co., Inc., New
York, N. Y., ch. 14; 1947.
2 M. Wind and H. Rapaport, “Handbook of Microwave Meas¬
urements,” Polytechnic Institute of Brooklyn, Microwave Res.
Inst., Brooklyn, N. Y., 2nd ed.; 1955.
3 If the detecting system has sufficient gain, the tuners may be
replaced by well-matched broad-band pads with little loss in ac¬
curacy. This would simplify the procedure, especially in the case
where measurements were to be made at a number of different fre¬
quencies.

ated AST in the remainder of the paper) is then at¬
tached in place of the sliding short. This AST must be
capable of providing zero reflection4 at the frequency
being used. The condition of zero reflection is indicated
by no fluctuation in the output level of the detector as
the termination is moved along the waveguide. This
level is called [ &31 o and is determined either by the
calibrated attenuator or the detector.
| bz \ av is approximately equal to the amplitude of the
forward coupled wave, while | 63[ o is the amplitude of
the reverse coupled wave. Therefore, the directivity
can be determined to a good approximation by the
expression

D

^

,
I ^3 lav
20 logio

1

I 03 o

The adjustment of the AST for Tl = 0 [in procedure
1)] is often tedious. Procedure 2) eliminates this opera4 R. W. Beatty, “An adjustable sliding termination for rectangu¬
lar waveguide,” IRE Trans, on Microwave Theory and Tech¬
niques, vol. MTT-5, pp. 192-194; July, 1957.
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tion and substitutes instead a null adjustment which is
readily obtained.6 (The short circuit measurement re¬
mains unchanged from the first procedure and the signif¬
icance of | 631 av is the same.) The AST is manipulated
to yield a null in the output of arm 3, and is then moved
along the waveguide until a maximum response, |&3|r,
occurs. This is approximately twice | b3 \ 0. The ratio

2A

y —

k

KM22

K —

Si 2

Siz

*5*23

Siz

A

2SuK

1 -

M22 =

=

KM22

S12

—

— SizT a

A

— SizTd

SuTq
1

— SzzTd

and
I ^3 ^av

| bz |r

1 - SnTo

— S12

— 6’i3rD

— SuT 0

— S22

- SizTd

— SuR 0

S22

1 — ‘S’asFi)

A =

can also be used to determine the directivity to a good
approximation by the expression
2 | 63 lav

For the arrangement with the short circuit attached,
maximum and minimum responses are obtained as the

&3

phase of Tl is shifted. These responses are given by

D ~ 20 logio ■—r-j— •
\T

Theory

Analysis of this method is accomplished by writing
a matrix equation for the three-arm junction repre¬
sentation of a directional coupler
b = Sa,

(1)

| bz | max

(

| b31 min

(

4)

and

(where A is the scattering matrix, and b and a refer
respectively to outgoing and incoming wave ampli¬
tudes), and solving for the above ratios. The elements
of a and b in (1) are displayed in Fig. 2.
The substitution of the appropriate elements into
matrix (1) yields a solution for the amplitude of the
emergent wave from arm 3,
S12

Siz
bz — — bg

1 — Anr<j
— SiaTa

~ AAr a

1

—

5)

The average value of these two responses may be written

S22T L

2(

l/

|

bz

|max +

|

bz |min)

-S2zTl
— S12IT
1 —

—

(2)

(6)

SuTd

— •SmF.d

— •swr l 1 — ‘Srar.o

where bg is the fixed wave amplitude characteristic of
the equivalent generator as designated in Fig. 2, and
where reciprocity in the form Si) = Sa has been assumed.
This may be written in a convenient partition sug¬
gested by the form derived by MacPherson and Kerns,®

For procedure 1), the AST is adjusted for zero reflec¬
tion (rz, = 0), and the response may be written

|

7)

|o

(

The ratio of these two responses is a measure of the
directivity and the apparent directivity is given by
bz

|

3)

(

| bz |o

Y + & + r exp (j4>)

- 20 logio-

r2-

2

1

1

M

| y+2

where
R =

|av

Dai — 20 logio

|

2

(8>

~i+R

r = | KTl I R,
-

y

ktl\*’

In procedure 2), it is convenient to express the re¬
sponse as

5 A similar technique is described by H. C. Poulter in “A note on
measuring coaxial coupler directivity,” Hewlett-Packard J., vol. 8,
pp. 1-4; May-June, 1957.
6 A. C. MacPherson and D. M. Kerns, “A new technique for the
measurement of microwave standing-wave ratios,” Proc. IRE, vol.
44, pp. 1024-1030; August, 1956.
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where j3l is the electrical length between reference
planes of the load and the junction. One adjusts |.Tx,|
and l to give a null response and it is apparent from (9)

Fig. 4—Limit of error calculated from (17a) (Term 2).

y = 0, which reduces the ratios in (8) and (11)

that KTLe~2iffl = —1. In deriving the equation for maxi¬
mum response as / is varied, one considers that the locus

(14)

to | KTl | ;
= 1, which reduces (14) to | K |;

of

(15)
I Sjs]

2

: 0, S12 = 1, which reduce (15) to

(16)

-j-r- •

1 + KTLe~2^1 ’

1 -Sis

when | KTL\ =1, is a straight line parallel to the imagi¬

It is assumed that departures from these conditions

nary axis through the point (1, 0) in the complex plane.

will be small and are therefore considered as individual

The maximum response may be written as

cases.
(10)

h\T = 1~~,

g +1

Case I
S22?^0 and 5i2?^l, but other conditions are satisfied.

where g is the real part of y. Therefore, the apparent

Since DAi and DA2 reduce to 20 logio |-K| in Case I,

directivity may be written as

the error is

2 Us lav
Da.2 = 20 logio

I

bz

|r
M

— 20 logio (g + 1)

r2

2

y

(ID

-

i+«
Error Analysis

The sources of error can be evaluated by considering
the true directivity, defined by
1 S23 I
Dt = 20 logio -f—f»

I

I

One can separate (17) into two terms. If the coupling
in decibels is 10 db or more, £12 may be eliminated
from the second term with little loss of accuracy:
~ — 20 logio | Sn | — 20 logio

(12)

. (17a)

and evaluating the error in db as
e = Dt- Da

(13)

where DA is given by (8) and (11) for procedures 1)
and 2), respectively.
The following thr6e conditions are sufficient to reduce
the error to zero:

The magnitude of the contribution from the first
and second term is shown in Figs. 3 and 4, respectively.
If the coupling in decibels is less than 10 db, the contri¬
bution of the second term is appreciably larger than
shown in Fig. 4 and it is advisable to employ (17) for a
more accurate estimate of the error. (In these cases
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where the error caused by assuming | »Si2[ =1 would be
large, it would probably be desirable to determine
| .S^l and make a correction to the measured ratio.)

Case ll
y + 0, but q^her conditions are satisfied. Considerable
manipulation of (12) minus (8) and use of the approxi¬
mation

£!l

L
2

K

yields for procedure 1),

1

-

2

Tu

-4 r„

K

+

201ogi

Tu
i +

,i

tu

K

Fig. 5—Limit of error calculated from (18) and (19).

1

+

Tu

2

41 r2j |5

-

K

By use of (16) and implications of (17), the error may
(18)

+■ 20 logio

be written

Tu

cm = — 20 logio

K
where

r2l-

is the reflection coefficient of arm 2, with the

inactive generator and detector connected to arms 1 and
3. For the second procedure the limits of error after similar
manipulation of (12) minus (11) may be expressed as

1

-

2

Tu_

(20)

This is of the same form as the first term of (17a) and
is included in Fig. 3 as an alternate abscissa. This for¬
mula applies to both procedures.
The following example shows the limits of error for a
case that might be considered typical. For a well-con¬
structed, high directivity, 20-db coupler (|523| =0.1),
the absolute values of the other coefficients are usually

- 4 r2i

K

| IT) .

20 log!

^ £n,i

Tu_
K

| Sii | < 0.025,

| Si21 ~ 0.995,

| S221 < 0.025,

| Sul < 0.001.

| S331 < 0.025,

1

+

Tu

2

K

- 4 r2;
.

2

(19)

< 20 logio

1

-

2

Tu
K

This expression differs from en, 1 only in the denominator.
Fig. 5 shows the limits of error for both procedures 1)
and 2) as a function <r2,-, (the VSWR corresponding to
r2i). The solid lines indicate the limits of error for
procedure 1) and the dashed lines the limits of error
for procedure 2). The limiting values for the error as
the directivity becomes infinite are indicated on the
right-hand side of the graph.

Case III
An imperfect short circuit, ] Tx,| + 1, but other condi¬
tions are satisfied.

With the preliminary adjustment
than 0.01, and use of a short circuit
coefficient of magnitude greater than
of error from the above sources are

of |r2t-| to less
with a reflection
0.995, the limits
—0.01 to +0.08.

By measuring |Si2| and | Fz, |, and applying correc¬
tions for their departures from unity, the limits of error
are reduced to —0.01 to 0.00 db. One must also con¬
sider the error made in measuring the ratio
| ^3 | av
I

|0

|

b<S

| av

\bz\T

Using IF substitution techniques with a below-cutoff
standard attenuator, the error may be held to +0.05
db with normal precautions. Unless this error is reduced
to +0.01 db or less, the error in measuring directivity
in this example would be limited by the error in'measur¬
ing the above ratios.
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Recent Developments in the Field of Microwave
Power Measurements at tne National
Bureau of Standards*
GLENN F. ENGENf

T

these two sources of error, and an improved instrument

Introduction

HE bolometric technique, by means of which the
heating effect of an unknown amount of RF or
microwave power is compared with that of a meas¬

ured amount of dc or audio-frequency power through a
temperature-sensitive resistive element, is a well-known
and extensively employed method in the low-level meas¬
urement of microwave power.
The measurement of this bolometric or substituted dc
bias power has been the object of refinement until the
measurement can be carried out to an accuracy of 0.1
per cent.1
The use of the value thus obtained as a measure of the
microwave power involves, however, two well-recog¬
nized sources of systematic error. First, the microwave
and dc bias currents take different distributions within
the bolometer element which means that the functional
dependence of the resistance will in general be different
for the two sources of power, giving rise to a dc-RF sub¬
stitution error; and second, the bolometric method at
best measures only the microwave power dissipated
within the bolometer element, whereas one is usually
interested in the power dissipated in the entire terminat¬
ing waveguide structure or bolometer mount. The ratio
of these quantities is, by definition, the bolometer mount
efficiency.
The evaluation and measurement of these two phe¬
nomena has been the object and goal of a large percent¬
age of the effort by the Microwave Power Standards
Project of the Boulder Laboratories, National Bureau
of Standards, resulting recently in several sig. ificant
contributions to the existing art. Because these develop¬
ments will be reported in detail by papers now in prepa¬
ration, the present paper will only attempt to summarize
these results.
Microcalorimeter

The microwave microcalorimeter described by Mac-

based on this method was recently placed in operation.
The basic theory of the microcalorimeter operation
has been presented in detail in the earlier work. In brief,
however, the instrumentation is such as to permit a
calorimetric determination of the total power input to
a bolometer mount while a simultaneous bolometric de¬
termination is made. The difference between the two
measurements is ascribed to the mount efficiency and
the substitution error. The method, in its present state
at least, permits only a determination of the combined
effect of these phenomena, also referred to as “effective
efficiency.”
The problem of making a calorimetric determination
of power (or energy) may be subdivided as follows: 1)
selection of a calorimetric body or object in which to
dissipate the power to be measured, 2) choice of a suit¬
able technique to measure the temperature rise of this
body or object, and 3) determination of the proportion¬
ality factor, or functional dependence of the thermome¬
ter response upon the power input. In the microcalorim¬
eter technique, the bolometer mount serves as the
calorimetric body or object in which the power is dissi¬
pated

and

whose

temperature

rise

is

subsequently

measured by means of a suitable thermopile, while cali¬
bration is effected by observing the thermopile response
to a measured amount of dc power dissipated in the
bolometer element.
Refinements in the technique include: 1) greatly im¬
proved ambient temperature control, permitting higher
sensitivity and resolution, 2) improved dc instrumenta¬
tion, 3) improved mechanical construction giving better
repeatability, 4) relocation of the thermopile such that
it is no longer attached directly to the bolometer mount,
thus providing flexibility in the choice of termination,
and 5) a more comprehensive error analysis. These fea¬
tures permit a determination of the effective efficiency
of a bolometer mount to an absolute accuracy of better
than 0.2 per cent.

pherson and Kerns2 gave the details of a calorimetric
method for the determination of the combined effect of

Impedance Method

A second contribution relates to the so-called “im¬
pedance” method of determining bolometer mount ef¬
* Manuscript received by the PGI, September 2, 1958.
t Radio Standards Lab., Nat. Bur. of Standards, Boulder, Colo.
1 G. F. Engen, “A self-balancing dc bridge for accurate bolo¬
metric measurements,” J. Res. NBS, vol. 59, R.P. 2776, pp. 101-105;
August, 1957.
2 A. C. Macpherson and D. M. Kerns, “A microwave micro¬
calorimeter,” Rev. Sci. Instr., vol. 26, pp. 27-33; January, 1955.

ficiency devised by Kerns.3 As originally outlined, the

3 D. M. Kerns, “Determination of efficiency of microwave bolome¬
ter mounts from impedance data,” J. Res. NBS, vol. 42, R.P. 1995^
pp. 579-000; June, 1949.
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accuracy which could be achieved by this technique was
rather severely limited by the state of the impedance
measuring art, and this led in turn to the development
of a number of modifications with the objective of im¬
proving the over-all accuracy. Beatty,4 for example, pro¬
posed a modification based on certain mathematical ap¬
proximations and restrictions in generality which pro¬
vided improved accuracy, but the associated operating
procedures were nonetheless time-consuming and exact¬
ing, and the accessory instrumentation was never de¬
veloped or refined to the point where a great deal of
confidence could be placed in the results. Further refine¬
ments or modifications of the technique have been pro¬
posed by Weinschel,6 Ginzton,6 Lane,7 and perhaps
others, but it is probably safe to say that none of these
proposals have yet come into widespread use.
Another variation of the impedance method has been
'recently developed at the Boulder Laboratories, em¬
ploying directional coupler techniques, which provides
improved accuracy and simplified operational proce¬
dures, but unlike the earlier modifications, involves
neither mathematical approximations nor restrictions in
generality, although still limited to barretter type bo¬
lometers. A particularly attractive feature of the new
method is its independence (assuming dissipationless
connectors) of an impedance discontinuity at the input
connector, which has been a particularly troublesome
source of error in coaxial systems. Another advantage
is its direct applicability to either matched or un¬
matched mounts. A preliminary implementation of the
method in waveguide has given agreement of one half
of one per cent and better with results obtained by the
microcalorimetric method. The details of this technique

where the r„, Te, and Tm are the reflection coefficients of
the generator, standard power meter, and meter under
calibration at the point or plane of connection respec¬
tively.
It will be noted that a determination of the middle
factor requires, in general, a knowledge of the reflection
coefficients in both magnitude and phase. A considerable
simplification in the expression may be effected by ad¬
justing the generator for an impedance match so that
vanishes. Under these conditions the expression re¬
duces to the form:

(2)

Pm = P*

requiring a knowledge of only the magnitudes of T,
and Tm.
It has been shown9 that a generator match may be
simulated by means of a high directivity directional
coupler with appropriate sidearm monitor or detector
and suitable auxiliary apparatus. While the equivalent
generator match was achieved by Engen9 by means of
a servo loop which held the sidearm power at a constant
level, the same result may also be effectively realized
with a stable generator by a manual attenuation ad¬
justment or by simply noting the change in sidearm
power and making an appropriate correction.
Viewed in this manner, the directional coupler and
sidearm power detector assembly becomes an output
monitor for the signal source in addition to providing
the generator impedance match. Thus, in practice, one
determines a calibration factor K for the directional
coupler such that

will be presented in a later paper.

K =

3)

(

Comparison of Power Meters

The mismatch or impedance measurement problems
involved in intercomparing power meters have been
treated in detail by Beatty and Macpherson.8 One of
the simpler intercomparison techniques is that of alter¬
nate connection to a stable generator, and it was shown
that the power, Pm, dissipated in the meter to be cali¬
brated is given in terms of the power, Ps, absorbed by
the standard meter by the expression:

i - rffr5 2 l - 1 rm|
l - rsrm
l - 1 rs|!

where Pc is the power indicated by the sidearm detector,
and the other terms have been previously defined.
Then

Pm = KPc{ l-|rm|2),

(4)

which gives the power, Pm, dissipated in the load of re¬
flection coefficient, Tmi in terms of the sidearm power,

rm| , and the measured constant K.
Eqs. (3) and (4) have been obtained from (2) which

Pc, |

assumes a matched generator. In general:

4 R. W. Beatty and F. Reggia, “An improved method of measur¬
ing efficiencies of ultra-high-frequency and microwave bolometer
mounts,” J. Res. NBS, vol. 54, R.P. 2594, pp. 321-327; June, 1955.
6 B. O. Weinschel, “Phase Engineering Rep. No. 2 on Standard
Signal Generator Output Power, Voltage, and Attenuation Calibra¬
tion Assembly,” Contract AF33 (600)-25238, E.O. No. C-30047
SR-6J3, pp. 32-43; May, 1956.
6 E. L. Ginzton, “Microwave Measurements,” McGraw-Hill
Book Co., Inc., New York, N. Y., pp. 185-186; 1957.
7 J. A. Lane, “Measurements of efficiency of bolometer and
thermistor mounts by impedance methods,” Proc. I EE, pt. B, no. 17,
pp. 485-486; September, 1957.
8 R. W. Beatty and A. C. Macpherson, “Mismatch errors in mi¬
crowave power measurements,” Proc. IRE, vol. 41, pp. 1112-1119;
September, 1953.

1r gLr s

K =

|

2
5)

(

Pc

1 -

and

l
KPc

11

-

-

rm| 2
:rffrm |2

(6)

The procedure for determining the equivalent Tff
9 G. F. Engen, “Amplitude stabilization of a microwave signal
source,” IRE Trans, on Microwave Theory and Techniques,
vol. MTT-6, pp. 202-206; April, 1958.
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achieved by this technique is discussed by Engen9
who shows that, in practice, a broad-band match of

agreement achieved in the microcalorimetric and im¬
pedance methods of bolometer mount evaluation, in

|r„| in the range of 0.025 to 0.035 may be readily
realized. If the meter under calibration and standard

many cases to 0.2 per cent or so, implies that this error
is probably no greater than a few tenths of a per cent.

are also nearly matched, the additional factors in (5)
and (6) are small and their simpler counterparts may be

(The difference between these two determinations
should in principle give the substitution error.) Even if
the larger value of 1-2 per cent is assumed, the cooling

used, while for larger generator or load mismatches
these more complete expressions should be employed if

process is still approximately linear, and thus even if a

accurate results are to be achieved.
Provided that the sources of error associated with the

strong dependence of the substitution error upon this
cooling were postulated, a few tenths of a per cent would

bolometric measurement as discussed earlier, and the

still appear to be a conservative estimate of the limit
of this error.

properties of the coupler are independent of power
level, the technique provides a convenient and accurate
method of comparing power meters of different as well
as equal power levels. For example, if it were required
to compare a 100-mw meter against a 10-mw standard,
a nominal 10-db coupler would be chosen and the meas¬
urement required for (3) carried out at nominal values
of 1 and 10 mw for Pc and Ps, respectively. The power
input to the coupler would then be increased by 10 db,
yielding nominal, values of 10 and 100 mw for Pc and
Pm in (4). If calibration of a 1-mw meter were required,
the procedure is similar except that the connections to
the main and sidearms are reversed.
It should be noted that this technique of extending
the operating range is different from, and potentially
more accurate than the usual method where the param¬
eters of the individual components are measured. The
present method treats the coupler and power detector
as a unit assembly and measures a single parameter for
the entire system. (A second measurement is required
if the equivalent generator impedance is desired.) The
extension of range is thus based upon the linearity of the
system and the ability to make accurate bolometric
type measurements over a wide dynamic range. The
bolometric measurement may be easily carried out over
a 10-db range and can be extended to 20 db with little
loss in accuracy if suitable precautions are taken. Re¬
garding the assumed linearity, it may be noted that the
parameters of interest in the coupler and associated
bolometer mount detector depend primarily upon the
geometry and surface impedance of the waveguide
structure which are substantially, if not entirely, inde¬
pendent of power level.

Confirmation of this estimate is rather strongly im¬
plied by the results of an experiment in which a bar¬
retter mount was connected to one arm and a thermistor
mount to the other arm of a 3-db coupler. The ratio of
power indicated by the barretter to that of the thermis¬
tor was found to be constant, within the limit (0.1 per
cent) of experimental error, over a 20-db range. This
result may be interpreted as implying that there is no
change in substitution error within this limit and over
this range, or if there is a change, it is at least the same
for both elements. Because of the marked difference in
the nature of the barretter and thermistor elements,
the first implication is strongly favored. In another ex¬
periment the effective efficiency of a thermistor mount
was determined by the microcalorimetric method using
first unmodulated CW microwave energy, and then
pulse energy in which the peak power exceeded the
average by approximately 40 db. Again the results were
equivalent within the limits of experimental error, lend¬
ing further support to the above conclusion.
A directional coupler with appropriate sidearm bolo¬
metric detector thus provides a useful technique for
realizing a calibrated and matched signal source, and
permits an extension of the range (in both directions)
of a given power standard by 20 db or so. For example,
accurate signals in the range 1 microwatt-1 watt may
be derived from a calibrated bolometer mount which
operates in the 100-microwatt-10-milliwatt range. In
order to realize these results, however, care must be
used in the associated bolometric measurements, and
the techniques described by Engen1 are suggested.

The other potential source of nonlinearity is in the
dc-RF substitution error, but here it will be noted that
a conservative upper limit of 1-2 per cent has been es¬
tablished analytically10 for this error, and the close
10 H. J. Carlin and M. Sucher, “Accuracy of bolometric power
measurements,” Proc. IRE, vol.40, pp. 1042-1048; September, 1952.
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A Dry, Static Calorimeter for RF
Power Measurement*
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Introduction

Theory

HE measurement of RF power at the National
Bureau of Standards at frequencies below about

The calorimetric method of measuring power involves
the determination of the rate of conversion of electrical

500 me with accuracies of + 1 per cent or better
has been chiefly limited, in the past, to the dynamic
range which can be measured with bolometer or ther¬

energy into heat in a resistive load. The load may con¬
sist of an extended lossy medium or a finite resistive ele¬

mistor bridges. At the present time such bridges have
an upper limit of about 100 mw. A thermistor bridge
with a range of 100 jaw to 100 mw and a dc accuracy of
+ (0.05 per cent + 2 /aw) has recently been constructed
at the National Bureau of Standards Boulder Labora¬
tories and is presently being used as a standard.1
To extend the power range upward, at least three pos¬
sibilities were considered at the National Bureau of
Standards. First, the range of the 100-mw thermistor
bridge could be extended by the use of suitable attenua¬

ment. The heat generated may be measured in various
ways, such as in a liquid flow calorimeter, where the
temperature rise of a coolant fluid is observed. The heat
may be absorbed in the fluid by means of a heat ex¬
changer or the fluid may absorb the energy directly if it
is sufficiently lossy. The phenomena of change of state
may also, be utilized. A third method is the use of a
system in which the dissipating medium or element is
fixed in position and in addition there is no change of

tor pads or with calibrated directional couplers used as

state. That is, the system is static and the temperature
rise of some part of the system is observed. Calorimeters
operating with the latter properties are termed “static

power dividers. The second alternative was to develop
a bolometer bridge with a higher power range than the

calorimeters.” They are usually simply instrumented,
may have high accuracy, bu't are usually slow in re¬

present model. Thirdly, a power standard operating on
a principle different from that of the thermistor bridge
could be developed. Actually, all three of these alterna¬

sponse.
In the static calorimeter where high accuracy is de¬
sired, the temperature rise is usually measured at condi¬

tives have been pursued simultaneously. For example,
high-power, high-quality attenuator pads have been
constructed in the laboratory and their use with the

tions of thermal steady state. Since a measurement of
temperature rise only is desired, the steady-state tem¬
perature Ti may be measured with respect to some fixed

thermistor bridge has been partially investigated. Also,
a bolometer bridge capable of measuring RF power up

arbitrarily chosen reference temperature T0.
In this method
is aTunction of power input as well
as the degree of thermal isolation of the body from its

to 8 watts has recently been built and a report covering
its design and performance is planned for the near
future.
In pursuing the third alternative, that of developing
a standard independent of the bolometer bridge method,
a dry, static calorimeter-type wattmeter was chosen as
being the most desirable from the standpoint of accu¬
racy, high sensitivity, and wide dynamic range.2 Because
intercomparison of independent methods of measure¬
ment is highly desirable in standards work, it was de¬
cided that the range of the calorimeter should extend
well below 100 mw and up to about 10 watts to permit
its comparison with both the thermistor bridge and a
liquid flow type calorimetric power meter currently
under development. The power range of the latter ex¬
tends from 10 to 350 watts.
* Manuscript received by the PGI, August 23, 1958.
t National Bureau of Standards, Boulder, Colo.
1 “Improved thermistor bridge for RF power measurements,”
NBS Tech. News Bull., vol. 40, pp. 134-135; September, 1956.
2 M. Wind, ed., “Handbook of Electronic Measurements,” vol.
I, pp. 3-35 to 3-41; 1956.

surroundings. Ideally,
would be independent of fre¬
quency, and the calorimeter could conveniently be cali¬
brated with dc power and subsequently used to measure
power at any frequency. Thus the calorimeter is ac¬
tually a transfer standard measuring RF power in terms
of accurately known dc power. The validity of the as¬
sumption that the equilibrium temperature (Ti) is inde¬
pendent of frequency will be discussed later.
An insight into the physical phenomena involved as
well as the prediction of the approximate system be¬
havior may be gained by representing the calorimeter
by its electrical analog shown in Fig. 1. It should be
noted here that the accuracy of the calorimeter is not
dependent on this analogy which is, of course, only
approximate.
When power is fed into the input of the calorimeter, at
a fixed level, heat is generated in the load resistor at the
same rate as the absorption of the electrical energy. The
heat is first manifested in a temperature rise of the load
resistor which has a certain thermal capacitance C. Sub-
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F = I/Gi(I - e~G^'c).

(5)

The steady-state solution of (4) is
F = I/Gy or / = VGh

(6)

which is obtained by allowing t to approach infinity.
Referring to (3), at steady state dV/dt is zero and the
equation for I becomes

Fig. 1—Electric analog of the calorimetric system.

/ =

sequently, heat flows form the load to the surroundings
by conduction, convection, and radiation. The analogy
between the circuit of Fig. 1 and the thermal system can
be readily seen as follows: capacitance C is analogous to
the heat capacity of the thermal mass whose tempera¬
ture rises from T0 to T\ and Gi, Gi, and G3 represent,
respectively, the “conductances” for heat from the mass
due to conduction, convection, and radiation. A constant
current source is used in the circuit because I is analo¬
gous to the rate of heat generation in the load which

GdVx

- Fo) +

Gi(Vi

- Fo)1-26 + G3(F!4 - Fo4).

(7)

The time constant from (5) is given by C/Gi, while the
sensitivity is proportional to I/Gi. Since the smallest
possible time constant is desired so that the steadystate condition is reached in a reasonable time, Gi
should be large. On the other hand, a large Gi reduces
the sensitivity and thus it would seem that a compro¬
mise is necessary. Actually, in the design of the calorim¬
eter the method used to measure (Ti — T0) allowed an
increase in G\ without seriously affecting the sensitivity.

is held constant because the input power level is as¬

The method used will be described in the next section.

sumed constant. Finally, the temperature difference
T={T] — Tq) between the thermal mass and the fixed

Description of Calorimeter

reference temperature is represented by a voltage
F=(Fi— Vq). The total conductance, G, is obviously

A section drawing of the calorimeter is shown in Fig.
2. Power is fed into the calorimeter through the type-iV

the sum of the individual conductances. It should be
noted that Gi and G% are nonlinear because convective

connector at the top. By means of a constant impedance
taper the line diameter is increased to If inches. A 4inch length of silver-coated glass line is soldered to the

heat loss is assumed proportional to (Tf—,^To)1-25
(Zemansky3) and radiation heat loss is proportional to
(Ti4—T04). Thus, a nonlinear relationship should be ex¬
pected between V and I. That such is the case will be
shown when performance characteristics are discussed.
Even though the values of the G’s are very difficult to
predict, it is possible, nevertheless, to gain some infor¬
mation on the likely behavior of the system by analyzing
the circuit in Fig. 1. Now if @ = 0 when t = 0

Q

1

large end of the taper and the line is terminated by a
50-ohm disk-type resistor which constitutes the load or
heat source.
The section of silvered glass line provides a fair de¬
gree of thermal isolation for the load resistor. The latter
was made by evaporating a thin film of a low tempera¬
ture coefficient alloy onto a f-inch thick glass substrate.
Contact to the film is made by means of fired silver elec¬
trodes. The thickness of the film is of the order of 10-6

C

v=c = c)i4‘’

(1)

cm and its temperature coefficient of resistance is about
20 parts per million per degree C. Hence, at frequencies
up to at least 500 me, skin effect is negligible, and at

where Q = charge and / = time, in seconds; also

temperatures up to 100°C the resistance changes by
only 0.2 per cent. The change in reflected power due to
such a small change in resistance is negligible in com¬
parison to other uncertainties in the system.
The load resistor and its coaxial mount are housed in¬
side a thick-walled (f-inch) cylindrical aluminum con¬

dV
I = ic + ii + *2 + H = C-b G\{Vi — Fo)
dt
+ Gt(Yi- Fo)1-» + G3(F14-

Fo4).

tainer 4 inches in diameter by 6 inches in length. The

(3)

Now if Gi and G3 can be neglected, then

dV
I — C —-b VGi.
dt

(4)

Eq. (4) is a linear differential equation with constant
coefficients whose solution is well known. It is satisfied
by
8 M. W. Zemansky, “Heat and Thermodynamics,” McGraw-Hill
Book Co., Inc., New York, N. Y., pp. 94-95; 1951.

entire assembly is placed inside a thermally-insulated
chamber containing a refrigeration coil over which air
is continually recirculated. The temperature inside the
chamber is 0°C and is kept constant to within + 0.002°C
by means of a sensitive electronic control circuit. Thus,
the thick-walled aluminum container is kept at the
temperature of the chamber which serves as the refer¬
ence temperature T0. In the absence of power input the
equilibrium temperature of the entire calorimeter will,
of course, be T0 also.
A measure of the load resistor temperature rise, which
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The sensitivity .Si is given by

e
kk'
k"
k"n
k"
Si = — = -n = —■ n = -= — •
P
Gi
Gi
ngi
gi

(12)

Thus, the sensitivity is independent of the number of
junctions. The time constant, however, is inversely pro¬
portional to Gi and hence to n.
The assumption that the thermocouple leads are the
sole conductors of heat is, of course, not valid, since an
appreciable portion of the heat is conducted away
through the coaxial mount and an additional portion is
lost by convection and radiation. The net effect of add¬
ing more thermocouples is to increase the sensitivity and
also the thermal conductance, but by an amount less
than the theoretical maximum of Gi = ngi. The number
of junctions was limited to 50 for practical reasons.
The Substitution Principle
Fig. 2—Section drawing of the dry, static calorimeter for RF power
measurement.
Range: Frequency 0-300 me
Power 20 mw to 12 watts
RF Accuracy: 0.5 per cent+0.2 mw
•

is produced by the dissipation of power jn the load, is
obtained by means of a 50-junction copper-constantan

When the calorimeter is subsequently used to measure
RF power in terms of the response at dc, the question

resistor while the cold junctions are cemented to a ce¬
ramic disk of large area which in is turn cemented to the
aluminum container. A 1-inch length of wire separates

arises as to whether or not the response varies with fre¬
quency. If the response is frequency sensitive then all
RF power measurements would contain an error which
is usually referred to as substitution error or equivalence
error and arises principally from the fact that the cur¬
rent distribution, even in a uniform resistor, may not be

the hot and cold junctions, and hence, fot each junction
added, the magnitude of Gi increases while at the same

the same at RF as at dc. Thus, the distribution of heat
sources in the load may be a function of frequency.

time the sensitivity is also increased.
On the assumption that all the heat developed is con¬
ducted away by the thermopile leads alone, the total

If a large disk resistor whose value at dc is R = Z0 is
used to terminate a coaxial transmission line at RF, a
reactive component will be present in the termination.

thermal conductivity G\ would be

The reactance is capacitive and is primarily due to the
fringing fields which extend beyond the termination.

thermopile. The hot junctions are soldered to small,
electrically isolated squares on the back side of the disk

Gi = ng

(8)

where g is the conductivity of one pair of thermocouple
leads and n is the number of pairs of leads or junctions
in the thermopile. Since the open-circuit thermopile
output voltage e is proportional to the temperature dif¬
ference, (7i —To), and to the number of junctions, n, we
have

1

As mentioned earlier this calorimetric wattmeter is
not an absolute instrument, but rather the response of
the temperature-sensing device must be calibrated using
accurately known values of dc or low-frequency power.

e = k(T1 - T0)n

(9)

where k is a constant of proportionality. The tempera¬
ture difference in turn is related to the power absorbed
by
(7\ - To) = £'77

Gi

(10)

where k' is another constant and convection and radia¬
tion losses are neglected under the simplifying assump¬
tion that G\ is the only heat loss path. Substituting (10)
in (9) gives

Insofar as the reactive component is concerned, the
fringing fields are a first-order effect because the termi¬
nation can be made almost purely resistive by the addi¬
tion of a quarter-wave shorted length of line beyond the
disk resistor.4 Also, because the fringing fields exist be¬
yond the resistive film they will have little if any effect
on the current distribution in the disk resistor. Thus,
it is reasonable to expect that changes in the RF current
distribution with frequency would be due to secondorder effects and would, for this reason, be quite small.
It would be possible of course, to calculate the RF
current distribution in an idealized disk resistor. How¬
ever, due to departure of the actual resistor (in a man¬
ner that is difficult to predict), from the assumed condi¬
tions the effort involved in such a calculation is not con¬
sidered worthwhile. It is possible, however, to obtain an
indication of the current distribution by measuring the
temperature distribution on the back side of the disk

P
e = kk1 — n.
G1

(11)

4 “The Matching of Transmission Lines and Waveguides with
Resistive Films,” Telecommun. Res. Est. (England), Rep. DWF/13;
February 28, 1941.
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substrate as a function of frequency. Results of some
measurements made in this laboratory indicate that the
temperature distribution does change when, for exam¬
ple, RF power at 300 me is substituted for dc power.
These measurements have also shown that if the RF
and dc power are made equal then the integrated tem¬
peratures are almost identical. This means that if the
disk temperature were measured at only one point on
its surface then a significant transfer error could result.
On the other hand, if the integrated temperature is
measured, as with the 50-junction thermopile, the sub¬
stitution error would be kept small.
Although it is extremely difficult to evaluate the exact
value of the error involved in the substitution method,
it is possible to estimate its upper bound from some spe¬
cial measurements. For the case of the disk resistor an

Fig. 3—Relative response of the thermopile as sections of the re¬
sistive film are removed from the disk resistor. R/Rti=*2, for ex¬
ample, corresponds to removal of one-half of the film from the
disk surface.

experiment was carried out wherein the response of a
12-junction thermopile uniformly spaced on the back
of a 1-inch diameter disk resistor was measured at
two different dc power levels. Initially the resistor was
made as uniform as possible and was subsequently made
nonuniform by the step-wise removal of wedge-shaped
radial sections of the film. At the beginning and after
each removal, the response of the thermopile was meas¬
ured at each of the same two power levels. The results
are shown in Fig. 3, where the average relative thermo¬
pile response is plotted against R/R0. The value of R/R0
= 2 corresponds to removal of about \ of the resistive
film.
The results of this experiment indicate the ability of
the thermopile to accurately integrate the disk nonuniform temperature. As can be seen from Fig. 3, re¬
moval of the resistive film from \ of the disk surface
resulted in a decrease in response of only 0.25 per cent.
The integration is considered very good in view of the
drastic changes made in the dc current distribution.
These changes are probably much more pronounced
than the changes in current distribution that occur in
a uniform disk resistor when RF power is substituted
for dc power. Therefore, the maximum substitution er¬
ror may be conservatively estimated at 0.25 per cent.
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Fig. 4—Thermopile output plotted as a function of dc power
input to the calorimeter.

It is interesting to note that the thermal equivalent
to the assumed electrical circuit whose response is given
by (6)'also fits the curve of Fig. 4. This equation is based
on the physical properties of the system, namely that
at thermal steady state the rate of heat loss is equal to
the rate of heat input. That is

Performance of the Calorimeter

The measured response of the thermopile, in milli¬
volts, is plotted in Fig. 4 as a function of dc power input
in watts. Experimental data show that below 0.2 watt
the curve is approximately linear, while between 0.2
watt and 1 watt the curve is defined quite well by the
simple empirical equation

e = AiP0-951

(13)

P = g1(Tl - To) + g2(T1 - To)1-25 + g3(Pi4 - To4)

where gi, g2, and g3 are the coefficients of heat conduc¬
tion, convection, and radiation, respectively. Referring
to (9)
«(mv) = k(Ti — T0),

(14)

which gives another straight line on a log-log plot. Thus
the nonlinear relationship between e and P, mentioned
in the section entitled “Theory,” is shown to exist.

(16)

where k is the constant of the thermopile in mv/°C.
Hence,

and plots as a straight line on log-log paper. Above 1
watt the equation of the curve is

e = ATP0'927

(15)

(Pi — To) = e/k

and

Ti = e/k + T0.

(17)

Thus:

P = gx{e/k) + gi{e/kY* + g3[(e/k + P0)4 - To4]. (18)
It is logical to assume that for power levels below 0.2
watt the second and third terms of (18) are negligible
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mver

because the experimental curve of power vs thermopile
output is linear. This means that the coefficient gi can
be evaluated at low powers. The other two coefficients
g2 and g3 can also be obtained experimentally by solving
simultaneous equations at two different values of P.
Carrying out the above computation the final equation
is:

P = 7.6 X 10~2(e/k) + 2.44-X 10-^e/k)1-2
+ 1.56 X I0~10[(e/k + To4) - 7+].

(19)

Above 1 watt this equation fits the curve in Fig. 4 to
better than + 1 per cent, again showing that the actual
system is fairly well represented by the simple equiva¬
lent circuit of Fig. 1.
The sensitivity of the calorimeter is 23.50 mv per watt
below 0.2 watt and decreases, due to convection and
radiation losses, at higher power levels as shown in Fig.
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Fig. 5—Thermopile sensitivity vs power input level.

5. The equation of the curve is 5 = SoP~°-os, where A is
the sensitivity at any power level, Ao is the initial sensi¬
tivity, and P is power in watts. At 12 watts the value of

S is about 17 per cent below So.
Since the calorimeter is housed in a temperature con¬
trolled environment ordinary room temperature varia¬
tions have no noticeable effect on the thermopile output.
There is, however, a small residual output from the
thermopile of +5 ,uv with zero power input to the calo¬
rimeter. This residual EMF is equivalent to +0.2 mw
and causes this much uncertainty in the measurements
at all power levels.
The time constant of the calorimeter, which is defined
as the time necessary for the thermal EMF to reach 63
per cent of its final value, is approximately 4 minutes.
To obtain maximum accuracy, however, a period of
about 40 minutes must be allowed between measui’ements to permit the system to reach steady-state
conditions.
The calorimeter was calibrated with dc power using
a laboratory standard type voltmeter and ammeter. The
accuracy of each of these instruments is 0.1 per cent and
hence the accuracy of the dc power was 0.2 per cent.
At frequencies up to 300 me losses in the coaxial mount
were estimated to be 0.0025 db or 0.05 per cent. This
estimate is based on values given in tables for lf-inch
diameter rigid coaxial line with air dielectric. Thus, in
using the calorimeter to measure RF power the uncer¬
tainty in the measurements amounts to + (0.5 per cent
+ 0.2 mw). To repeat, this figure includes the substitu¬
tion error, the dc calibration error, and losses in the
mount. Errors due to the VSWR being different from
unity are not included. The calorimeter measures, of
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Fig. 6—VSWR of the calorimeter as a function of frequency.

course, only the power it absorbs. Some energy is re¬
flected at RF since the VSWR is not unity. Because the
VSWR is known, corrections due to the reflected power
can be made in those cases where necessary. The VSWR
varies with frequency, as shown in Fig. 6.
The performance of the calorimeter was further evalu¬
ated by making comparison RF power measurements
between it and other independent methods. These in¬
cluded the low-power thermistor bridge, and the
medium-power bolometer bridge whose power-sensitive
element is a nickel film deposited on a glass tube f inch
in diameter by 2| inches long. In all cases agreement
was equal to or better than the sum of the uncertainties
of the instruments involved. Comparison was also made
with a second calorimeter of the dry, static type which
employs two identical cylindrical loads. Accuracy of the
second calorimeter is also 0.5 per cent and again good
agreement was obtained.
The results of these comparison measurements are
considered important since they give added confidence
in the accuracy of individual instruments.
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A Self-Balancing Direct-Current Bridge for Accurate
Bolometric Power Measurements
Glenn F. Engen
Until recently, the most accurate microwave power measurements of the bolometric
type have required the use of a manual d-c bridge. A self-balancing d-c bridge has been
developed that preserves the inherent accuracy of the manual bridge, extends the dynamic
range of operation, and greatly simplifies the operating procedure. A general descriptioi’i
of the equipment and operating techniques is given, followed by a comprehensive survey of
the sources of error accompanying the method and the accuracy achieved.

1. Introduction
A large amount of the research effort expended in
the field of low level microwave power measurement
in the past few years has been directed toward a
determination of bolometer-mount efficiencies, or
evaluation of the validity of the r-f-d-c substitution
principle.12,3,4 Until recently the only • accessory
instrument of sufficient accuracy to utilize the results
of these investigations has been a manually operated
d-c Wheatstone bolometer bridge. The use of this
device is, however, both tedious and time con¬
suming; the dynamic range over which the desired
accuracy is achieved is rather small, and the danger
of barretter burnout due to a misstep on the part of
the operator is ever present.
A self-balancing d-c bolometer bridge has been
developed at the NBS Boulder Laboratories, which
to a large measure relieves these problems, while
preserving the accuracy and extending the dynamic
range of operation. To date, the technique has been
employed primarily with barretter-type elements,
although on the basis of preliminary results, the
technique
should
prove
equally
useful
with
thermistors.

contains a random error of ±0.005 percent, it can
be shown that for a typical bolometer operating at
200 ohms and requiring 8.5 ma of bias (q=17 ma)
the error in measuring Prf may be as large as 0.02,
0.3, and 3 percent at the 10, 1, and 0.1 mw levels, re¬
spectively, if all other sources of error are neglected.
The small difference between q and i2 at, low levels
accounts for the deterioration in accuracy. A
variety of alternative techniques have been proposed
and employed with some degree of success, but it is
not within the scope of this paper to examine the
manual technique in detail or to establish the
maximum accuracy obtainable. In practice, this is
often determined by the stability requirements
imposed on the generator and measuring system by
the time-consuming nature of the technique, rather
than by more fundamental limitations.

2. Manual Bridge
One of the simplest forms of the manual bridge
previously employed at the National Bureau of
Standards is shown in figure 1. The r-f power 1 2 3 * 5 is
given by
Pr,=(1)

3. Self-Balancing Bridge
where ix and i2 fire die total currents required to
balance the bridge without and with r-f power
present, respectively. A precision potentiometerstandard resistor combination is used to measure
ix and i2. If it is assumed that this measurement
1 R. W. Beatty and Frank Reggia, An improved method of measuring efficien¬
cies of ultra-high-frequency and microwave bolometer mounts, J. Research
NBS 54, 321 (1955) RP2594.
2 A. C. Macpherson and D. M. Kerns, A microwave microcalorimeter, Rev.
Sci. Instr. 26, 27 (1955).
3 H. .1. Carlin and Max Sucher, Accuracy of bolometric power measurements,
Proc. Inst. Radio Engrs. 40, 1042 (Sept. 1952).
1 D. M. Kerns, Determination of efficiency of microwave bolometer mounts
from impedance data, J. Research NBS 42, 579 (1949) RP1995.
5 More correctly, “the retracted d-c power”.

The self-balancing d-c bolometer bridge employs a
d-c amplifier in a feedback loop to balance the
bolometer bridge. The amplifier is connected in
such a manner that the bridge unbalance signal is
amplified to provide the bridge current (fig. 2). The
use of this self-balancing circuit eliminates many of
the time-consuming features of the technique, but
the power-measurement problem is essentially the
same. This problem, at low power levels, is basically
one of trying to accurately measure a small change
in a comparatively large d-c power.
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ometer and standard resistor are employed in place
of Ax and A2 to achieve high accuracy.
Alternatively, a voltmeter, V, connected as shown,
will read (r0/4) (ii+i2), and the power is given by the
product of V and A2. These operations may also be
combined in a single instrument of the dynamom¬
eter type to achieve a direct reading of the power.
The degree of success obtained with this technique
is, of course, contingent upon the degree of stability
achieved in the constant-current generator. In this
case the change in generator output for a complete
cutoff of bridge current is less than 1 part in 1CF,
resulting in a negligible error from this source.
Figure 2.

Basic circuit of self-balancing bridge.

4. Performance

The formula for the r-f power may he rewritten
Prf—+

U)

=^(2i,-Ai)Ai,

(2)

It is shown in a following section that the-over-all
accuracy in power measurement achieved, using a
potentiometer to measure the current, is about 0.1
percent, whereas substitution of a suitable dyna¬
mometer to achieve direct reading is expected to yield
an accuracy of about 0.3 percent. The instrument
thus provides an increase in accuracy of 10 to 50
times that provided by the commercially avaiablel
audiobridges. Other advantages over the tylpica
audiobridge include: (1) Comparatively simple tech¬
niques are available for establishing, verifying, and
monitoring the specified accuracy.
(For example,
the bridge balance may be monitored by a suitable
galvanometer.)
(2) The performance is, to a large
degree, independent of the nominal deterioriation of
the vacuum tubes and other electronic components.
(3) The elimination of the audio bias power avoids
its interaction with the pulse-repetition frequency in
the measurement of pulse power.
At low power levels the r-f power is approxi¬
mately proportional to Ai (eq 3), and the low-level
performance may be displayed by recording this cur¬
rent with the r-f power alternately on and off. The
system response to a 1-^w signal is given in figure 4.
Barring failure of the electronic components, the
self-balancing operation eliminates the danger of
bolometer burnout due to excessive bias current,
whereas protection against an r-f overload may also

(3)

where Ai=it — i2.
The difficult factor to measure accurately is Ai.
A constant-current generator of high stability has
been developed for use in conjunction with a differ¬
ential current-measuring technique, which enables a
direct and accurate determination of Ai. The circuit
is illustrated in figure 3 and operates as follows:
First, with no microwave power present in the
bolometer, ix is determined by ammeter Au and the
output of the constant-current generator is adjusted
with the aid of ammeter A2 to equal fi (ammeter A2
reads zero). Then, with microwave power applied,
A2 will read Ai directly, and the power may be
determined from eq (3). In practice, a potenti¬
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Figure 4.

Bridge response to a 1-microwatt signal.

(Radiofrequency on and off for 1-minute interva1-'

Figure 5.

Prototype model of self-balancing bridge, front and rear views.

bo provided through use of a suitable relay to turn
off the r-f source when the power input to the
bolometer exceeds a prescribed amount.
The d-c amplifier employed in this application is a
commercially available instrument of exceptional
gain, zero stability, and phase response, which was
modified by the addition of a cathode follower to
provide the required output current. The current
amplification of the amplifier, as thus modified, is
approximately 100,000.
Compensation for the
thermal lag of tin1 bolometer is provided in the feed¬
back loop by means of a condenser, as indicated in
figure 2, but the achievement of stable operation
with this large amplification is primarily a tribute to
the amplifier phase response. The constant-current
generator employs a second amplifier of the same
type, which, with modification, maintains a constantoutput current by reference against a mercury cell.
A prototype model of this equipment is shown in
figure 5

where
a= (f-61—Ui)K:h\—+2) = current amplification of
amplifier
Z = fractional deviation of the lower bridge arm
from the value r0
/g = resistance of bolometer leads
e— thermal (or other) emf in amplifier input
?'&= total bridge current
ie— amplifier input current
r//'n = amplifier input resistance
7 = “ohms pei' watt” bolometer coefficient.
For a typical bolometer operating in the 0 to 10mw region, the following values may be assigned:
/•0=200 ohms
7=4.5 ohms/mw
+ = 17 ma
++8 ma
Substituting these values in the above expression
yields the result

5. Analysis of Errors
The practical problems involved in making an ac¬
curate determination of the power, using eq (1) to
(3), have been noted. But use of these formulas
implies that the bridge is exactly balanced, the bridge
arms are equal to r0, etc. It is shown in the appendix
that a more complete expression for the power is
p

1 Tf = ^ t l h 1

.

T2)T 1+z( +.(7)

16 1

7

+ (+ + *62

>‘o

/! V\

• (l+-.-=)
0)(hi-H?&2/\
ylbll'b'l/

2<J fihi i • Yl
(h,+h2)V« 1 gVJ

(4)

+Z-Jr+5.6<"+i8(i +</)(+(£)

-8°.'/(^+y)}
where the last three terms in the bracket reflect the
inability of the d-c amplifier to balance the bridge
exactly.
The characteristics of the d-c amplifier employed
in this application are such that the following values
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obtain:
(amplifier input resistance 50
ohms)

0= 1/4
»o
o

s

A

(current amplification)

0<A/Pi<2X10-5
o<A<io-7
M<io-

)
^(amplifier zero stability).
I
J

Substituting these values in the last three terms
gives a value for tlieir sum of about 0.0002.
The bolometer lead resistance can be measured
with little effort and the correction applied, so the
error from this source is negligible, whereas the value
of \Z\ can ordinarily be held to 0.0001 or less.
Finally, it is possible to measure current by means
of a precision potentiometer-standard resistor com¬
bination to an accuracy of a few parts in 104; thus
the first factor in eq (4) may be determined by the
technique discussed earlier to an accuracy of about
0.06 percent.
In summary, the total limits of error are as follows:
Deviation of bridge arms from
value r0__*_ 0. 01 percent.
Failure of bridge to be exactly
balanced_ .02 percent.
Measurement of A1 + A2_ • 03 percent.
Measurement of f&i—it2_ ■ 03 percent.
Bolometer lead resistance_ .00 percent.
Amplifier noise and instability
(experimentally observed)-_
0.1 juw.
Total_ . 09 percent+ 0.1 jiw.

6. Appendix
From figure 6 the power may be expressed in
the form

PTf—^(4*1

t52)+/(di,T >Z,ig,e,ri)

(5)

where X, Y, and Z are the deviations of each of the
bridge arms from, the value r0, ig and e are the
detector current and thermal (or other) emf, re¬
spectively, and rx the resistance of the bolometer
leads.
Assuming a knowledge of the bolometer resistance
law, an exact expression for the second term could
be derived, but the1 labor required suggests the fol¬
lowing approximate treatment. By hypothesis, the
variables A" . . . 77 and f(X . . . rt) are small, and
f{X . . . Vi) may, to a good approximation, be written
as the sum of the first-order corrections for each of
these quantities, where the correction for each, of
the variables is determined with the other variables
equal to zero.
Application of this technique to the circuit in
figure 6 yields the following first-order expressions
for the d-c power dissipated in the bolometer, and
the bolometer resistance

Bridge, circuit used in the evaluation of errors.

Figure 6.

p

~ ik0

± dc =

c=r0

[

a

7

r

1 Yx—y+Z

ri+2e■
r0 /'oA
Tl

|

4C

7*0

2 gii]
P

J

(0)

4(l + </)hfj

ib

J

(7)

The failure of the expression for power to have a
first-order dependence on A' or Y is explained as
follows: A prescribed, small value for A" or Y will
cause a first-order variation in bolometer resistance
r, as indicated in eq (7), but also produces an unequal
division of current in the two sides of the bridge.
These two sources of error cancel to a first approxi¬
mation. The only general requirement on the upper
bridge arms is that they be equal, and if they have a
nominal value of r0, it can be shown that they may
differ from each other by as much as 2 percent
and produce an error in the power measurement
of only 0.01 percent.
At a constant ambient temperature and assuming
equivalence of d-c and r-f heating,6 the power, P,
dissipated in the bolometer will lie a function of its
resistance, r:

P=j (r).
Because the bolometer is nearly a square-law
detector, one may in the neighborhood of an ar¬
bitrarily selected operating resistance r0, write

P=Po~\~‘^7 (r—A)>
where P0 is the power required to bring the bolometer
to the resistance r0 at the given ambient temperature,
P is the sum of the d-c and r-f power, P=Pdc-\- PTf,
and dP/dr is the reciprocal! of the “ohms-per-watt

6 The r-f-d-c substitution error is assumed to be negligible in this discussion.
For a treatment of this problem, see footnotes 2 and 3.
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bolometer coefficient, i. e., (dP/'dr) = (1/7).

Then

is subject to change with the application of r-f power.
Substituting eq (6) and (7) in eq (8) gives the desired
result

P<ic+Pr/ = Po + “ if — r0).

Pr}e*~ (ih—ih) [l + ZP0 may be determined by measurements in the
absence of r-f power:

Tl

Tq

16(1 +ff)

V\

yib2(,ibiP'i'b2)

ibi/

P0^Pdc—^ in—ro),

2e
r oC&iTC:
hi)

C

7^61^62/

2H
(Cid-^)

where
where the subscript 1 has been used to indicate the
value of quantities measured in the absence of r-f
power, whereas the subscript 2 will indicate values
with r-f present.
The formula for r-f power is then

PrJ—-Pq

PtfrT 0'2
7

t‘o)=Pdcl

Cl

Pdci

r2>-

(8)

7

In the given application, only ig of the variables
A” . . . r’i has a functional dependence upon ib, or |

'h\

h2

igi

ig2

The author extends his thanks to R. W. Beatty
and John E. Lauer for their valuable criticisms and
suggestions in the preparation of this paper, and to
Ray R. Rumfelt for his assistance in the design and
construction of this equipment.
Boulder, Colo.,
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A Refined X-Band Microwave Microcalorimeter
Glenn F. Engen
(May 1, 1959)

The microcalorimetric method for evaluation of the efficiency and substitution error of
a bolometer mount proposed by Macpherson and Kerns has been the object of further
study and refinement at the Boulder Laboratories of the National Bureau of Standards,
and an improved instrument based on this technique has been recently placed in operation.
The new microcalorimeter design features are: (1) Greatly improved ambient tempera¬
ture control, permitting higher sensitivity and resolution; (2) improved d-c instrumentation;
(3) improved mechanical construction giving better repeatability; (4) relocation of the
thermopile so that it no longer is attached directly to the bolometer mount, thus providing
flexibility in the choice of termination; and (5) a more comprehensive treatment of the
calorimetric substitution or equivalence error. These features permit the determination
of the effective efficiency of a bolometer mount to an accuracy of better than 0.2 percent.

1. Introduction
The bolometric technique, by means of which the
heating effect of an unknown amount of rf or microwave power is compared with that of a measured
amount of d-c or audiofrequency power through a
temperature-sensitive resistive element, is a wellknown and extensively employed method in the
low-level measurement of microwave power.
In a commonly used arrangement, the bolometer
element forms one arm of a Wheatstone bridge, the
parameters of which are chosen in such a manner
that the bridge is balanced when the bolometer is at
its nominal operating resistance. The bolometer is
then provided with the required bias power to bring
its resistance to this operating value, and the reduc¬
tion in bias power required to maintain the bridge
balance following the application of a microwave
signal, is taken as a measure of the microwave power.
The measurement of this bolometric or substituted
d-c bias power has been the object of refinement
until the measurement can be carried out to an
accuracy of 0.1 percent [l].1
The use of the value thus obtained as a measure
of the microwave power involves, however, two
well-recognized sources of systematic error. First,
the microwave and d-c bias currents take different
distributions within the bolometer element, which
means that the functional dependence of the bolom¬
eter resistance will, in general, be different for the
two sources of power, giving rise to a dc—rf sub¬
stitution error. Second, the bolometric method at
best measures only the microwave power dissipated
within the bolometer element, whereas one is usually
interested in the power dissipated in the entire
terminating waveguide structure or bolometer mount.
The ratio of these quantities is, by definition, the
bolometer mount efficiency. In addition, if the
mount is not properly tuned there may be a net
reflection of power at its input terminals, but the
methods of dealing with this phase of the problem
are well-recognized [2] and will not be considered
explicitly in this paper.
1 Figures in brackets indicate the literature references at the end of this paper.

Macpherson and Kerns [3] gave the details of
a calorimetric method for the determination of the
combined effect of these two sources of error. This
technique has been the object of further study and
refinement at the Boulder Laboratories, and an
improved instrument based on this method was
recently placed in operation. A number of calori¬
metric-type power meters have also been developed
[4, 5, 6] in other laboratories which utilize the same
general techniques employed by Macpherson and
Iverns, but the further development at the NBS
has retained the original objective of obtaining a
correction factor for the bolometrically-determined
power.

2. General Description
The basic theory of operation has been presented
in detail in the cited references and need not be
repeated here. In brief, however, the instrumenta¬
tion is such as to permit a calorimetric determination
of the total power input to a bolometer mount while
a simultaneous bolometric determination is made.
The difference between the two measurements is
ascribed to the mount efficiency and substitution
error. The method, in its present state at least,
permits only a determination of the combined effect
of these phenomena, referred to as “effective
efficiency.”
The problem of making a calorimetric determina¬
tion of power (or energy) may be subdivided as
follows: (1) Selection of a calorimetric body or object
in which to dissipate the power to be measured,
(2) choice of a suitable technique to measure the
temperature rise of this body or object, and (3) deter¬
mination of the proportionality factor or functional
dependence of the thermometer response upon the
power input. In the microcalorimeter technique,
the bolometer mount serves as the calorimetric body
or object in which the power is dissipated and whose
temperature rise is measured by means of a suitable
thermopile, while calibration is effected by observing
the thermopile response to a measured amount of
d-c power dissipated in the bolometer element.
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The thermopile consists of 34 eonstantanchrbmel-P junctions with an approximate senstivity
of 2,000 mv/° C. The instrument is designed to
yield a nominal output at equilibrium of 100 /xv
corresponding to a temperature rise of 0.05° C.
Since this potential may be measured by the assodated instrumentation to an accuracy of a few parts
in l(ff, a temperature background which is stable to
a few millionths of a degree is indicated for the
application.
In order to achieve this background, the twin
Joule arrangement is employed as shown in figures
1 and 2, along with a temperature-regulated water
bath. The advantage of this method stems from the
fact that if symmetry exists with respect to a plane
normal to the plane of the illustration as shown, and
if no thermal gradients exist, within the thermal
shields, then the actual temperature of these shields
may fluctuate without producing a temperature
difference between the bolometer mounts. Thus,
by using a triple thermal shield (the innermost one
of which is a heavy copper casting), a symmetrical
waveguide input system, and suitable thermal
shunts, a degree of symmetry is achieved such that
the dependence of the temperature difference be¬
tween the bolometer mounts upon the thermal head
existing between the inner thermal shield and the
external water bath, is only a factor of approximately
one part in 10h Since a bath regulation of
±0.005° C may be obtained with little difficulty,
adequate isolation from the bath fluctuations is thus
achieved. There still exist in the current model,
however, temperature gradients whose origin is yet
undetermined such that the thermal background is
stable to only 5 to 10 millionths of a degree, but this
is satisfactory for the application.
In order to function in the required manner, ther¬
mal isolation is required between the bolometer
mounts and the remainder of the system.
(Isola¬
tion is also required between the thermal shields.)
This rules out the possibility of using conventional
waveguide to convey microwave energy to the bo¬
lometer mounts, since this would also readily con¬
duct, away the heat generated in the mount. In the
earlier instrument, this isolation took the form of
choke-flange-air-gap combination, but such an
PLANE OF SYMMETRY
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Figure 2.

Microcalorimeter and thermal shields.

arrangement at best is frequency sensitive, and at
worst, may introduce systematic errors whose eval¬
uation is quite difficult.
In the present model, this
isolation is provided by a short section of waveguide,
the body or sides of which are fabricated from
0.001-in. copper shim with the addition of suitable
plastic to provide the required mechanical rigidity.
A significant increase in the flexibility and oper¬
ating
convenience of the instrument has been real¬
j
ized through relocation of the thermopile. Instead
of being attached directly to the bolometer mounts as
I
in the former model, the thermopile is built into the
thermal isolation sections in such a way that it senses
the temperature difference between the flanges
which mate with the bolometer mount flanges as
shown in figures 3 and 4. The obvious advantage
of tliis arrangement is that removal of the four
screws which hold the bolometer mount in place in
the colorimeter also serves to remove the mount
from the thermopile assembly, thus permitting
flexibility in the choice of termination and enabling
the ready duplication or multiplication of the num¬
ber of bolometer mounts which may be so calibrated.
There arc a number of design criteria which the
bolometer mounts employed in the calorimeter must
satisfy. First, a high degree of stability in those
parameters which determine the mount efficiency is
obviously desirable, while the ability to tune the
mount for an impedance match (no reflection) at
the operating frequency is also desirable if compari¬
son with other mounts is anticipated. The choice
of the tuning elements which may be employed in
achieving this impedance match is severely limited
by the necessity of keeping the mass (heat capacity)
of the entire mount within prescribed limits. In
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and keeping the length short. The design should
also provide a high value for the efficiency as this
will also reduce the error from calorimetric nonequivalence. Some of these problems will be dis¬
cussed in greater detail in later sections, but it will
be recognized from the present discussion that the
design must effect a compromise among a variety of
conflicting requirements.

3. Operational Procedure
The operational procedure associated with the
instrument is comparatively simple and straight¬
forward. Using the terminology introduced by
Macpherson and Kerns [3] an effective efficiency,
pe, may be defined,

c
Figure 3.

Detail of thermopile construction.

Substituted or retracted bias power
as measured by the bolometric technique
Total microwave power dissipated within
bolometer mount

, .

In practice the bolometer is operated in conjunc¬
tion with a selfbalancing d-c bridge [1]. The d-c
bias power is first applied and the thermopile re¬
sponse allowed to effectively reach an equilibrium
value (which takes 45 min). Microwave power is
then applied, d-c power is withdrawn as required
to maintain bridge balance, and the thermopile
response again permitted to reach equilibrium, at
which time the microwave source is removed and
the thermopile response to d-c power only once more
observed. The procedure thus consists of energizing
the bolometer element from the d-c bridge and
observing the thermopile response and bridge cur¬
rent, without and with microwave energy present in
45-min intervals. Ideally, only one cycle of microwave power off and on would be required, but in
practice averaging the results of two “off” intervals
occurring before and after an “on” interval permits
further suppression of the thermal background drift.
Typical thermopile response curves are shown in
figures 5 and 6.

Figure 4.

Closeup of microcalorimeter interior.

addition, while comparatively little is yet known of
the distribution of losses within a bolometer mount,
many of the commonly employed tuning elements |
would appear to be potential sources of instability
in the mount efficiency.
Another requirement on the mount design is that
the calorimetric equivalence error (to be discussed
later) be held to a small value; that is, the thermopile
response should be essentially independent of the
distribution of the heat sources within the mount.
This Avill be true if the mount is of uniform tempera¬
ture overall, which suggests the use of thick walls j
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Figure 5.

Typical thermopile response.

where k and g are constants, and P2 and Prf are
the d-e power dissipated in the bolometer element
and the total microwave power dissipated in the
bolometer mount, respectively. Equation (3) ex¬
presses the fact that a given amount of microwave
power will, in general, produce a different thermopile
response than an equal amount of d-c power through
the factor g.
The constant k may be determined in the manner
already discussed so that k=exIPldc. Substituting
this result and solving eq (3) for Prf gives,
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Figure 6.—Response

Ve=g

curve for determination of effective
efficiency.

e2

1 —(f2/ii)2
zge2/ex— (?2/b)2

Pid-P*.dc

Let ix and i2 represent the bolometer bridge cur¬
rents without and with microwave energy present
in the bolometer and, respectively, ex and e2 the cor¬
responding thermopile responses. Then for . the
equal arm bridge in common use, the bolometric
power is given by the usual formula,

The more complete analysis thus gives a factor g
by which the right-hand side of eq (2) is to be
multiplied in determining r]e. The error in deter¬
mining rjc thus consists of the uncertainty in the
value of g, and the experimental error in deter¬
mining the value of this second factor,

(H-il)
where r0 is the resistance of the bolometer clement
and bridge arms.
The total power input to the bolometer mount
(microwave and d-c) during the microwave “on”
interval ideally will be proportional to the thermopile
response, e2, the proportionality factor being r0iy4ex.
The microwave power is the difference between this
total input and the d-c component, thus
p _'o
lrf~4

and
e2/ex— (i2/ii)2
which gives the effective efficiency (rq) in terms of
the thermopile response and bolometer-bridge cur¬
rents. The prime is used to indicate that the equa¬
tion is based on the assumptions that the thermopile
response is linear and independent of the distribution
of the power dissipation within the mount. The
validity of these assumptions will be examined below.

4. Error Analysis
Equation (2) for rj'c has been obtained under
certain simplifying assumptions; a more general
approach to the problem will now be presented.
Within the limits of experimental error (to be dis¬
cussed below), the thermopile response and cooling
mechanisms are both linear, and the thermopile
response e2 is of the form:
e2=k(P 2dc-\-gPr/)

(4)

(3)

——ll]} .

e2/ei — (i2/h)2

These will be referred to as the calorimetric equiva¬
lence and instrumentation errors, respectively.
The instrumentation error may be evaluated with
little difficulty. If the second factor is differentiated
with respect to ix and i2, it is found that for typical
values of the ratio e2\ex, i.e., l^Co/e^l.OS, the error
in r]e is only 5 percent or less of the error in q or i2. In
practice, ix and i2 are measured by a precision poten¬
tiometer-standard resistor combination to an accuracy
of about 0.03 percent; thus, the total error due to the
uncertainty in q or i2 is only of the order of 0.01
percent and may be neglected.
The error due to the uncertainty in e2/ex may be
found in a similar manner, and if the ratio of i2 to q
is % or less, the error in ye is in tlie range 1.0 to 1.3
times the error in e2/ex.
In order for eq (3) to be valid, the thermopile re¬
sponse must be a linear function of the d-c and
microwave powers. The error in the ratio c2/c, may
conveniently be defined to include, in addition to
the instrumentation error in measuring the thermopile
output, the error due to nonideal performance of the
calorimet er caused by such t liings as nonlinear t hermo¬
pile response and cooling, thermal-background drift,
etc., which might affect the validity of eq (3). The
error in measuring the ratio e2/ex was determined in
the following manner. The measurement procedure
outlined in the foregoing section was followed except
that instead of applying microwave power at the
end of the first 45-min interval, the d-c power
applied to. the bolometer was increased by a nominal
10 percent. In this way the actual operating con¬
ditions were simulated, and the measured value of
this second d-c power was compared with that
predicted on the basis of a linear response from the
observation of ex, e2 and the first value of d-c power.
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In ten measurements of this type, the maximum
error observed was 0.04 percent, with an average
error of 0.013 percent. A figure of 0.1 percent, cor¬
responding to an error in e2/ej of 0.07 percent, has
been arbitrarily assigned as a conservative limit to
the error from this source, in which the probable
error is perhaps 0.02 percent or less.
With regard to the equivalence error, g is a number
which expresses the relative effectiveness of microwave power as compared with d-c power in produc¬
ing a thermopile response, that is, for a given thermo¬
pile output, g—Pdc/PTf. Ideally, g— 1
but in
practice differs from this value due to the following
phenomena:
1. The d-c and microwave powers take different
distributions within the bolometer element yielding
different thermopile responses.
2. Some of the microwave energy will be dissipated
in places other than the bolometer element and the
thermopile response will again differ from that pro¬
duced by an equal amount of d-c power in the
bolometer.
3. The thermopile will respond to the dissipation
of microwave energy in the waveguide lead-in
which does not comprise part of the bolometer
mount.
It is just these first and second phenomena, of
course, which are responsible for the dc-rf substitution
error and mount inefficiency.
With reference to the first of these, the tempera¬
ture-sensing device in the calorimeter is relatively
far removed from the main heat source and it might
be estimated conservatively that the error in the
calorimetric method due to this phenomena would be
at least an order of magnitude or more below the
bolometric substitution error which according to the
information available [7], does not exceed a few
percent.2
In order to check the validity of this assumption
experimentally, the d-c calibration factor, k, was
determined for several different bolometer elements
(barretter and thermistor). The initial results of
this experiment gave vTallies which differed from one
another by as much as 2 percent with a repeatability
of 0.1 percent. This anomaly at first appeared to
challenge the validity of the above assumption, but
further investigation showed that the insertion of a
0.05 in. copper plate at the bolometer-mount input
flange (thus blocking the waveguide input), would
eliminate this difference. This was interpreted to
mean that air convection was playing a significant
role in cooling the bolometer capsule (not to be con¬
fused with the cooling of the bolometer element
within the capsule), and the variations in the value
for k were ascribed to the variable role, occasioned
by the differences in the capsules associated with the
bolometers, played by air convection in conveying
this heat from the capsule to the external heat sink
via the interior of the waveguide.
By inverting the bolometer mounts such that the
closed end was up, it had been hoped that the need

for a convection shield or barrier could be eliminated,
but these results clearly demonstrated the need for
such a shield. In order to provide a convection
barrier, in which the microwave dissipation would
be negligible, a series of eight 0.002 in. Teflon mem¬
branes spaced at 0.05 in. intervals and transverse to
the waveguide axis was arranged at the waveguide
input. This effectively eliminated the convection
problem and gave repeated determinations of k in a
refined bolometer mount which agreed to 0.05 per¬
cent, which is about the limit of experimental error
for this particular measurement. Since the power
distributions in the barretter and thermistor are
markedly different, it may be safely assumed that
the small difference in distribution of the d-c and
microwave powers which occurs in practice when the
same element is employed, will have a negligible
effect.
With regard to the degree of equivalence realized
in the thermopile output for power dissipated in the
bolometer mount walls as compared with an equal
amount in the bolometer element, the problem,
once again, is primarily that of attempting to pre¬
vent the escape of heat from the mount via air
convection.
The effectiveness of the convection
barrier described in the previous paragraph was
demonstrated by temporarily inserting two other
heat sources within the mount such that they were
in good thermal contact with the side walls. The
first of these was located just inside the mount before
the teflon barrier, the second on the other side of
the barrier, close to the bolometer element as
shown in figure 7.
The thermopile response for
equal amounts of power in the two positions was
then compared with that for the bolometer element,
and it was found that the heat sources at positions
1 and 2 were approximately 1.5 and 0.5 percent
more effective respectively. A conservative figure
for the increased effectiveness of the power dissi¬
pated in the walls is thus 1 percent with an error
of ± 1 percent. It should be noted that this figure
applies only to that fraction of the power which
is so dissipated. In practice a lower limit of 97
percent may be taken for the efficiency of the
mounts designed for use in this calorimeter, which
leaves only 3 percent of the energy to be dissipated
other than in the bolometer element.

2 Recent advances in the impedance method of measuring bolometer mount
efficiency have demonstrated that the substitution error at frequencies near 10
kMc is probably no greater than a few tenths of a percent.
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Figure 7.

Bolometer mount with auxiliary heat sources.

Finally, as noted, the thermopile will respond to
the dissipation of microwave energy in the thermal
isolation section which is not part of the bolometer
mount. If an electrical conductivity of 50 percent
of the d-c value is assumed for this % in. length of
copper waveguide, the theoretical value of power
dissipation will be approximately 0.05 percent, of
which the thermopile will probably measure some¬
what more than half. A value of 0.04 percent ±0.04
percent thus represents a conservative estimate
for this contribution.
The results of this section are summarized in
table 1.
Table 1

Place of heat dissipation

Contribution ]
to thermopile!
response a j

Total
power

er
.0
Bolometer element__- . ..
Waveguide walls_
Isolation section..__ _ . _
Total_

.. _ ___

%

%
100

Error

a limited range, serve the same function as a moveable back plate, while the other three stubs serve
the usual purpose.
. In the five mounts which have been built to this
general pattern, effective efficiencies in the vicinity
of 98 to 99 percent have been realized. The results
of additional measurements to determine the place of
this residual dissipation seem to imply that most
of it occurs in the plastic capsule surrounding the
element and/or in the microwave bypass mechanism,
at the d-c lead-in to the bolometer. While addi¬
tional research will be required to completely
resolve these questions, it appears likely, on the
basis of present information, that effective efficiences of 99.5 percent and perhaps higher may be
; realized by proper design and fabrication techniques.
Finally, table 2 shows the results of intercom¬
parisons with commercially available mounts.

,0

97.00 !
3.03 !
0.04 |
100.07

0. 00
±0. 03
±0. 04

Table 2

±0. 07

Model

a Compared with an equal amount of d-e power dissipated in the bolometer
element.

Rounding off these results gives for g a value
1.001 with a possible error of ±0.1 percent; and
this, combined with the instrumentation error of
±0.1 percent, gives for the total error ±0.2 percent.

5. Bolometer Mount Design and Experi¬
mental Results
As may be inferred from the foregoing description,
the design of the bolometer mounts employed in
the microcalorimeter has undergone a series of tran¬
sitions as required to cope with the various engineer¬
ing problems encountered in the evaluation of the
device. While no claim is made as to the extent of
their applicability, certain features of the construc¬
tion are believed to be of enough interest to merit
further description.
The general features of the construction are
shown in figures 4 and 7. The mount is machined
in two halves from a solid piece of tellurium copper,
and the two halves harcl-soldered together along
the center of the wider side. The brass flange is
then attached by soft solder. Except for these two
applications, the use of solder has been completely
avoided in the construction. The incentive for this
method of fabrication was provided by the observa¬
tion of efficiencies of the order of 85 percent for
mounts in which the back plate was fastened with
soft solder, while the use of hard solder increased
these values to 95—98 percent.
The design employs five tuning stubs as shown,
three in front of the bolometer and two at the side.
These side stubs provide additional susceptance at
the plane of the bolometer element, and thus, over
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3 Claims. (Cl. 324—106)
This invention relates to R-F or microwave power
measurements and more particularly is concerned with
a bridge including a temperature-sensitive thermistor or
bolometer mount for measuring low-level R-F power.
Resistance-type bridges have been used almost exclu¬
sively for the measurement of low-level R-F powers for
the past several years. As compared with calorimetry
equipment, bridges have the advantage of high sensitivity,
fast response and higher accuracy. Prior art measuring
circuits have almost invariably been of the Wheatstone
bridge type in one arm of which is included a temperaturesensitive resistor such as a thermistor or barretter.
Thermistors have negative temperature coefficients while
barretters have generally positive ones. The prior art
bridges include a source of low frequency- or D.C. bias
current having means for varying the magnitude of the
current. Since this bias source must be extremely stable,
batteries operated under conditions of constant current
drain have usually been used. To meet the condition
of constant current drain, constant impedance attenua¬
tors are generally placed in series with the bridge to
vary the bias power. The computation of R-F power is
then obtained from the equation Prf—V4(l12—I22)R for
the case of an equal arm bridge, where R is the bridge
resistance and 1^ and I2 are the total bridge currents be¬
fore and after the application of R-F power, respectively.
The validity of this equation is based on the equivalent
heating effect of D.C. power and R-F power when both
are dissipated in a purely resistive load.
Batteries as used in the prior art bridges need fre¬
quent recharging and/or replacement and constant im¬
pedance attenuators are both bulky and expensive. The
chief disadvantage, however, is that if the R-F power is
small then I1—I2 may well be of the same order of mag¬
nitude as the accuracy with which It and I2 are meas¬
ured. Such a condition can lead to large errors and the
only alternative is to use special high sensitivity, low
power capacity barretters or thermistors for low power
level; thus several elements are necessary to cover the
range from microwatts to milliwatts.
The bridge circuit of the present invention avoids the
abovementioned difficulties by employing a variable re¬
sistance in parallel across the bridge. A conventional
constant current D.C. supply source provides a single¬
valued total current at all times. The bridge is rebalanced
by shunting a portion of the bridge current through the
parallel variable resistor. The change in current neces¬
sary to rebalance the bridge can then be directly measured
in the shunt circuit.
It is therefore one object of this invention to provide
an improved R-F power measuring bridge.
Another object of this invention is to provide an R-F
power measuring bridge in which the change in bridge
current may be measured directly.
Still another object of this invention is to provide a
simple, inexpensive R-F power measuring bridge having
improved accuracy and greater range.
An additional object of this invention is to provide an
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improved R-F power measuring bridge in which a single
thermo-sensitive unit may be used to measure R-F powers
over a range of approximately 30 decibels.
A better understanding of the invention can be had
with reference to the single figure of the drawing show¬
ing the improved R-F power measuring bridge circuit of
the present invention.
Referring to the drawing, a conventional Wheatstone
bridge indicated generally at 1 includes equal resistance
arms 2, 3, and 4. The fourth arm of bridge 1 contains
a thermo-sensitive element 6 which may be in the form
of a thermistor or barretter mount. An R-F generator
7 supplies high-frequency energy to element 6 through a
coupling capacitor 8. Bridge balance may be detected
by a galvanometer 9 connected across two arms of the
bridge.
Connected in parallel with bridge 1 are a pair of series
resistors 11 and 12. Adjustment of the variable resis¬
tor 11 controls the amount of current shunted around
bridge 1. A switch 13 provides means for disconnecting
resistors 11 and 12 from the remainder of the circuit.
The magnitude of the shunt current flowing through resis¬
tors 11 and 12 may be measured by voltmeter 14 con¬
nected across measuring resistor 12.
Bias current for bridge 1 is derived from a constant
current D.C. supply 16. Source 16 maintains a steady
flow of constant magnitude current at all times. The
magnitude of this current is measured by means of a volt¬
meter 17 connected across a second measuring resistor 8
in series with the D.C. supply source.
In operation the bridge is first balanced by varying the
current T from the constant current source 16. When
bridge 1 is balanced, the current from source 16 is set
and remains constant throughout the remainder of the
measuring period. During this original balancing opera¬
tion switch 13 in the shunt circuit is open so that the
shunt current Al! is zero. The R-F power to be measured
from R-F generator 7 is then fed into the temperaturesensitive element 6 with switch 13 in the closed posi¬
tion. Shunt resistor 11 is then adjusted until the bridge
is rebalanced. The two currents Ii and Alx may be meas¬
ured on voltmeters 17 and 14, respectively, and the R-F
power may then be simply computed.
By using a constant current bias source 16 the shunt
current Alj. is exactly equal to the differential current
(/j—/2) in the equation as given above for computing
R-F power. This shunt current may be measured di¬
rectly to the desired degree of accuracy regardless of the
magnitude of the current In The power equation

PTf=V4(h2-h2)R
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is used in the factored form Pr)=V4 (2lx—AI^A^R where
A/1=(/1—12). The shunt current Alx can be substituted
directly into the equation. In this way a single high-power
thermistor, for example, can be used to cover the range
from about 10 microwatts to around 100 milliwatts of
radio frequency power.
Constant current supply source 16 may be any of the
well-known constant current D.C. generators. A special
electronically regulated power supply has been constructed
having a regulation of one part in 105 for load variations
from 0 to 100 ohms with a stability of plus or minus one
part in 105 per hour. With this source and using a
thermistor for temperature-sensitive element 6, R-F
lower levels from 100 milliwatts down to 100 microwatts
have been measured with respective accuracies of 0.05
to 5%.
A low-cost bridge with reduced accuracy may be con¬
structed by substituting a resistor having a value of about
100 times that of the bridge resistance for the constant
current control circuit. In such a modification a large
resistor is placed in series with the bridge and fed from
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a conventional voltage regulated power supply. In this
case changes in the shunt resistance from zero to infinity
will result in a maximum change of total bridge current
Ii of only 1%.
As can be seen, the present invention provides a novel
inexpensive bridge circuit for measuring low-level, highfrequency power limited in frequency range only by the
frequency limitations of a thermistor or bolometer mount.
Expensive batteries and constant impedance attenuators
are eliminated through the use of a shunt circuit making
it possible to measure directly the differential current in¬
volved in rebalancing the bridge. The design of this
bridge circuit readily permits incorporating a self-balanc¬
ing feature by having the amplified output of the bridge
control the amount of shunt current. Improvement over
present day commercial bridges is about 10 to 1 in power
range and as much as 100 to 1 in percentage accuracy
with the greatest improvement at low power levels.
It will be apparent that the embodiment shown is only
exemplary and that various modifications can be made
in construction and arrangement within the scope of in¬
vention as defined in the appended claims.
What is claimed is:
1. A high-frequency power measuring circuit compris-

ing an electrical balancing bridge having a variable im¬
pedance in one arm sensitive to high-frequency energy,
a constant direct-current source connected to said bridge
for supplying a bias current of fixed amplitude, means
5 for applying the high-frequency energy the power of
which is to be measured to said sensitive impedance to
produce unbalance in said bridge, means for varying
the amount of said fixed-amplitude bias current applied
to said bridge comprising variable shunt impedance means
10 connected across said bridge and said constant directcurrent source for restoring the balance of said bridge,
and means for measuring the current flow through said
shunt impedance means.
2. The invention of claim 1 in which said balancing
15 bridge is a Wheatstone bridge and said variable impedance
arm comprises a thermal-resistive resistor.
3. The invention of claim 2 in which said variable
impedance arm is a thermistor.
20
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A Technique for Reducing Errors in
Permeability Measurements
with Coils*
A recent note1 gave a summary of the
results of an investigation carried on at the
National Bureau of Standards by Kostyshyn
and Haas2 for the purpose of studying the
sources of error that are associated with the
measurement of initial permeability using
coils wound on toroidal samples of rectangu¬
lar cross section. It was pointed out that
various laboratories are, in general, using
one of the following formulas for evaluating
the permeability of a magnetic material.

M

=

La

U
Ls

core. It thus follows that errors in perme¬
ability measurements should subtract out if
Lm and L., are both measured and the results
are substituted in an equation of the follow¬
ing form:
,

DEPENDENCE OF PERMEABILITY
ON INDUCTANCE FORMULA

Lm - Ls

M =—-+1-

(3)

This equation follows readily from (1) if we
let AL be the error in the measured value of
both Lm and Ls. Since AL is independent of
permeability, we should write for the cor¬
rect values of Lm and Ls:

I*m

M

La

^L

(4)

(1)

Ls

(2)

where
n'— real part of the relative initial com¬
plex permeability,
Lm= measured inductance of the coil
wound on the magnetic sample,
L„=the calculated inductance of an
equivalent air core coil assuming a
thin uniform current sheet,
Ls = measured value of inductance of an
identical coil wound oh a polystyrene
core.
Neither formula, as given above, can be
expected to give a correct answer. Presum¬
ably, this is due to the fact that flux leakage
effects and current sheet corrections are not
considered in these equations. Various cor¬
rection factors are usually applied to (1),
and an attempt was made to evaluate the
validity of these correction terms in the
previously mentioned work at the National
Bureau of Standards. However, one result
that came out of this study, which has not
been sufficiently emphasized, was that the
errors in these measurements appeared to
be largely independent of the magnitude of
the permeability. This is apparently true
even for a permeability of the order of unity
which would be the case for the polystyrene
* Received by the IRE. September 14, 1959.
1 R. D. Harrington and R. C. Powell, “High-fre¬
quency magnetic permeability measurements using
toroidal coils,” Proc. IRE, vol. 46, p. 784; April, 1958.
2 B. Kostyshyn and P. H. Haas, “Discussion of
current-sheet approximations in reference to highfrequency magnetic measurements,” J. Res. Nall. Bur.
Standards, vol. 52, pp. 279-287; June, 1954.

=

La

AL.

(5)

Subtraction of (5) from (4) will lead directly
to (3).
In order to obtain a comparison of (1)
through (3), a series of measurements were Fig. 1—Relationship between permeability, induct¬
ance formula, and number of turns on toroidal coil
made at 50 kc using a Maxwell-type induct¬
(inside
coil
dimensions:
I.D. =0.77
inch,
ance bridge. A powdered iron core was used
O.D. =1.37 inche % height =0.30 inch, No. 36 wire).
having a permeability of 7.05 as determined
by a radio-frequency permeameter. The
resulting data giving permeability as a func¬
tion of number of turns used on the coil, are a small number of turns. Presumably this is
due to the creation of a more uniform flux
given in Fig. 1.
The increase in accuracy obtained using inside the sample. The technique of separat¬
(3) is readily apparent. It was also observed ing the winding from the sample has been
that a curve similar to that resulting from used in the past by other workers for obtain¬
(3) could be obtained by using (1) alone ing more accurate loss measurements: how¬
with corrections which account for finite wire ever, the resulting improvement in real
size and departure of the wire from a uni¬ permeability apparently has not been ade¬
form current sheet. On the other hand, the quately emphasized.
The above results indicate that coils
calculation of these corrections is usually
quite tedious. As such, utilization of (3) with a small number of turns can be con¬
offers a distinct advantage even though it structed which can be opened for sample
does make it necessary to wind a separate insertion and which will take advantage of
coil on a polystyrene core. However, this the accuracy and convenience of inductance
must be done anyway whenever a measure¬ measurements obtained in connection with
(3). Such coils have been described in the
ment of magnetic loss is desired.
The above measurements were made literature.3 Similar work at the National
using coils wound directly on the samples. Bureau of Standards has shown that coils
Data are also given in Fig. 1 using (3) for the of this type are satisfactory for precise
case where the sample has been reduced in measurements of both n' and magnetic loss
size and a 0.05-inch layer of polystyrene in the frequency range up to several me.
B. L. Danielson
lies between the core and the winding. The
R. D. Harrington
over-all cross section dimensions of the coil
Natl. Bur. of Standards
are the same as used in the previous meas¬
Boulder, Colo.
urements. A slight modification in La must,
of course, be made in order to account for
the reduced size of the core. As can be seen
in the graph, removing the wire somewhat
3 I. Epelboin, “A study of metals with Hertzian
from the surface of the sample improves the waves with the aid of demountable winding permeameters,” L’Onde Electrique, vol. 28, pp. 322-327;
accuracy of permeability measurements for August-September, 1948.
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1-210
Bunsen-type calorimeter_
11-222
1,3-butadiene, thermodynamic properties_
11-413
C
Calibrating consoles, voltmeter, RF_
Calibrating testing machines with proving rings_
Calibration and use of VHF field-intensity meters,
influence of the ground on_
Calibration Center, Electronic, high frequency
standards NBSBL_
Calibration of a density balance for liquid hydro¬
carbons___
Calibration of audiometers_
Calibration of commercial radio field-strength
meters at the National Bureau of Standards_

1-598
11-573

Calibration of liquid-in-glass thermometers^_
11—153
Calibration of proving rings_
11-573
Calibration of pyrometric cones_
11-131
Calibration of signal generators, application of RF
micropotentiometers_
1-621
Calibration of thimble-chamber, soft X-rays_ III-907
Calibration of vibration pickups by the reciprocity
method_
11-621
Calibration, pressure, of condenser microphones
above 10000 cps_
11-862
Calibration techniques of liquid-flowmeters_
11-648
Calorimeter, adiabatic, range 30° to 500° C_
11-228
Calorimeter, bunsen-type_
11-222
Calorimeter, dry, static, for RF power measurement1-809
Calorimeter for measuring heat capacity and heat
of vaporization of water, 0° to 100° C_
11-277
Calorimeter for precise measurement of heat con¬
tent and heat capacity_
11-241
Calorimeter (micro), microwave, X-band_
1-819
Calorimetry, precision adiabatic, automatic tem¬
perature regulation and recording_
11-236
Calorimetry, temperature correction methods_
11-212
Camera, airplane, errors in calibration_ III-747
Camera obscura, for instrument reading_
1-432
Capacitance measurement, absolute_
1-296
Capacitor, calibration by step-up methods_
1-305
Capacity standards_
III-38
Carbon dioxide, gaseous, heat capacity of_
11-352
Cavity ionization as a function of wall material_ III—933
Cells, standard, effect of temperature_
1-252
Cells, standard, effect of temperature inequality in
the limbs_
1—254
Cells, standard, hysteresis effects_
1-259
Cells, standard, international comparisons1-244
Cells, standard, modifications_
1-241
Cells, standard, unit of electromotive force1-236
Chamber, ionization, standard, requirements for
250- to 500-kilovolt X-rays_ III-926
Chamber, reverberation, study of the sound power
output of subsonic air jets_
11-825
Chambers, ionization, free-air, design of_ III-870
Chambers, ionization, free-air, soft X-ray region,
design of_ III—889
Chromic methylammonium alum as a thermometric
substance_
11-10
Color temperature, lamp standards_ HI—587
Colorimetry_ III-470
Colorimetry and spectrophotometry, list of publica¬
tions__ III—792
Colorimetry, photoelectric tristimulus with three
filters__
III-529
Comparison of four national radium standards- III-993
Comparisons of national radium standards- III-1002
Converter, volt-ampere, wide-range_
1-352
Converters, thermal, as a-c-d-c transfer standards-.
1-317
Converters, voltage, theory, construction, tests1-336,
1-339
Converters, voltage, thermal_
1-335
Couplers, directional, method of measuring the
directivity of_
1-802
Current, absolute measurement of_
1-41
Current and voltage measurements at audio fre¬
quencies_
1-317
Current balance, NBS_
1-99
Current measurement_ 1-89, 1-99

1-662
D

1-463
11—691
11-852
1-670

Dead-weight machines, 111,000 and 10,000 pound
capacities___.Density and heat of combustion of benzoic acid11-410
Density and volumetric determinations- III-719
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Density balance for liquid hydrocarbons, assembly
11-691
and calibration-...11-659
Density of solids and liquidsDesign of free-air ionization chambers - .- 111—87 0
Design of free-air ionization chambers for the soft
X-ray region (20-100 kv)- 111-889
Directional couplers, method of measuring the
1-802
directivity of_.- - - Double freezing-point method of determining
11-195
styrene purityE
Earphones, response in ears and couplers11-869
Electric hygrometers11-718
Electrical and magnetic units, extension and dis¬
semination of, by NBS1-53
Electrical and magnetic units, international rela¬
tions _
1-82
Electrical instruments, care and use1-43
Electrical units, derivation1-58
Electrical units, establishment and maintenance. _
1-12
Electrodynamometer, Pellat-type1-89
Electrometer, Brooks attracted disk- 1-283, 1-286
Electrometer, compressed gas1-284
Electrometers_
1—277
Electromotive force; history of USA unit1-237
Electrothermic transfer standards, development and
description_
1-318
Engineering mechanics, list of publications on11-913
Expansion, thermal, of solids- III-349
F
Facility for the evaluation of resistance strain gages
at elevated temperatures_
11-638
Field intensity meters, calibration and use of,
influence of the ground on_
J-662
Field-intensity standards, VHF, development of1-641
Field strength meters, commercial, radio, calibration
of__-_----1-670
Free-air ionization chambers for soft X-ray region.. III-889
Freezing points of hydrocarbons, a measurement of
purity_
11-168
Frequencies and time signals, standard1-475
Frequency and time, national standards in the U.S.
1-472
Frequency and time standards, high precision, ad¬
justment of_
1-482
Frequency, VSWR and |T| for certain impedance
standards, tables_ 1-695, 1-702, 1-710
G
Gage blocks__
- 111-164,111-280
Gage blocks, precision interference methods for
testing_ III-280
Gage blocks, surface characteristics_ III-249
Gages, all types_-_
III-80
Galvanometer, used with NBS precision bridge_
1-158
Galvanometers, damping of_
1-146
Galvanometers, optical systems of_
1-190
Glass volumetric apparatus, testing_ III-723
Ground (influence of the), on the calibration and
use of VHF field-intensity meters_
1-662

High frequency impedance standards at the National
Bureau of Standards_
1-675
High frequency standards of the Electronic Calibra¬
tion Center, NBSBL_
1-463
High-frequency voltage measurement_
1-582
High-precision frequency and time standards,
adjustment of_
1-482
High temperature materials, physical properties_
11-241
Humidity, measuring_
11-698
Humidity-pressure apparatus_
11-788
Humidity (relative)-temperature relationships_
11-794
Humidity test apparatus, low-temperature_
11-780
Hydrocarbons, determination of purity by measure¬
ment of freezing points_
11-176
Hydrometers, testing of_ III-707
Hygrometers, electric_
11-718
Hygrometers, testing_ 11-698, 11-741
Hygrometers, testing, recirculation apparatus for.
11-774
I
Impedance standards, high frequency, at the
National Bureau of Standards_
Impedance standards, microwave, methods of meas¬
urement_
Impedance tube method of measuring sound
absorption coefficient_
Indicators, electrical, scale and reading errors of_
Indices of refraction, precision, rapid determination
of_
Influence of the ground on the calibration and use of
VHF field-intensity meters_
Infrared high-resolution grating spectrometer_
Infrared measurements with a small grating from
100 to 300 microns_
Instrument reading, a camera obscura for_
Instruments, electrical, testing_
Instruments, spectrophotometric_
Interferometer for large surface testing_
Interferometer, parallel testing_
Interferometer, stroboscopic for vibration measure¬
ment_
Interferometry, precision millimeter wave, at the
National Bureau of Standards_
International Bureau of Weights and Measures_
International temperature scale of 1948_
Ionization (cavity) as a function of wall material
Ionization chamber, standard, requirements for 250to 500-kilovolt X-rays_
Ionization chambers, free-air, design of_
Ionization chambers, free-air, soft X-ray region-

11-812
1-425
111—577
1-662
III—835
III—838
1-432
1-421
III-381
III-467
III-459
11-808
1-756
III—28
II—1
III—933
III-926
III-870
111—889

Laboratories, electrical, standardizing, suggested
practices for_
1-1
Lamp standards, color temperature_ III—587
Lamps, thorium-halide, wavelengths from- III—861
Length standards_ III-31, III—33
Lenses, photographic, testing at NBS_ III-761
Line standards, calibration of_
HI—67
Liquid flowmeter calibration techniques_
11-648
Liquids and solids, density of_
11-659
M

11-277
11-352
11-341
11-241
11-410
11-386
11-361
11-341

Machines, dead-weight, 111,000 and 10,000 pound
capacities_
11-596
Magnetic and electrical units, extension and dis¬
semination of, by NBS_—
1-53
Magnetic thermometer to examine the helium
vapor-pressure scale of temperature11-34
Mass standards_ III-31, 111—34, 111—615
Mass standards, precision_ 111-591
Matching termination, UHF and microwave1-578
Measurement,
methods,
microwave impedance
standards_
1-680
Measurement of absorption line half-widths and
intensities, slit function effects11-148
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1-680
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H
Heat capacity and heat of vaporization of water in
the range 6° to 100° C, measurements_
Heat capacity of gaseous carbon dioxide_
Heat capacity of sodium between 0° and 900° C, the
triple point and heat of fusion_
Heat content and heat capacity, precise measure¬
ment, 0° to 1500° C__
Heat of combustion and density of benzoic acid_
Heat of combustion of benzoic acid, standardization
of bomb calorimeters_
Heat of combustion, precise measurement with bomb
calorimeter_
Heat of fusion, triple point, and heat capacity of
sodium between 0° and 900° C_I_

1-675
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Measurement of correlation coefficients in reverber¬
ant sound fields_
11-846
Measurement of microwave SWR, new technique,-1-739
Measurement of UHF and microwave variable
attenuators, mismatch errors in the_
1-792
Measurement of vibration amplitudes, acoustic
method_
11-802
Measurement of vibration by stroboscopic inter¬
ferometer_
11-808
Measurement, power, RF, calorimeter for_
1-809
Measurement, thickness_
III-80
Measurement, voltage, high-frequency_
1-582
Measurements, electrical, transfer from d-c to a-c,_
1-65
Measurements, infrared_ III-838
Measurements, microwave reflection coefficients,
magnified and squared, VSWR responses_
1-746
Measurements, microwave, standard of attenuation
for_
1-776
Measurements of acoustic impedance to determine
reverberant sound absorption coefficients_
11-814
Measurements of heat of combustion, precise, with
bomb calorimeter_
11-241
Measurements of pressure, list of publications_
11-939
Measurements, power, self-balancing d-c bridge_
1-814
Measurements, power, microwave, at NBS_
1-806
Measurements, precise, with Bingham and Cannon
master viscometers_
11-554
Measurements, temperature, list of publications_
11-200
Measuring, bridge circuit, power, high-frequency_
1-825
Measuring humidity_
11-698
Measuring sound absorption coefficient_
11-812
Measuring system, the basis of our_
III—14
Measuring the directivity of directional couplers_
1-802
Mechanics, list of publications_
11-913
Meter bar #27, United States Prototype_
III—53
Meter line standards, calibration at NBS_III-53, III-67
Meters, electrical, reading errors of_
1-425
Method for measurement of E'l' in the reciprocity
calibration of condenser microphones_
11-893
Methods of calibration and testing of hygrom¬
eters_ 11-698, 11-741
Methods of measuring humidity and testing hygrom¬
eters_
11-698
Micrographs, interference, interpretation of_ III-328
Microinterferometer, description_ III-324
Microphones, calibration of_
11-894
Microphones, method of measurement_
11-893
Microphones, condenser, pressure calibration of_
11-862
Micropotentiometers, RF, for calibration of signal
generators to 1000 Me_
1-621
Microwave impedance standards, methods of meas¬
urement_
1-680
Microwave measurements, standard of attenuation
for_
1-776
Microwave microcalorimeter, X-band_
1-819
Microwave power measurements at NBS_
1-806
Microwave reflection coefficient measurements mag¬
nified and squared VSWR responses_
1-746
Microwave reflectometer techniques_
1-751
Microwave SWR, new technique for the measure¬
ment of_
1-739
Mismatch errors in the measurement of UHF and
microwave variable attenuators_
1-792
N
National radium standards, comparison of four_111-993
National radium standards, comparisons of_III-1002
National standards of time and frequency in the
United States_
1-472
New technique for the measurement of microwave
SWR_
1-739
Nitrogen, thermal condueitivity, 50° to 500° C, 1 to
100 atm_
11-515
O
Ohm, maintenance of, at NBS_
1-20
Optical flats, determination of planeness and bind¬
ing- II1—336
Optical instruments, list of publications on_ III-778
Optical surfaces, large, testing_ III-343

and page
Parallelism_ III-459
Photoelectric tristimulus colorimetry_ III-529
Photographic lenses, testing_;_ III-761
Planeness of optical flats_ III-336
Polonium-210, branching ratio in the decay of_III-1014
Potentiometer, lindeck_
1-218
Power measurements, RF, calorimeter for_
1-809
Power measurements, microwave, at NBS_
1-806
Power measuring bridge circuit, high frequency_
1-825
Power supplies for meters and instruments, 60 cycle
tests-._
1-438
Practices, suggested, for electrical standardizing
laboratories_
I-l
Pressure-humidity apparatus_
11-788
Pressure measurements, list of publications_
11-939
Proving rings for calibrating testing machines_
11-573
Proving rings, temperature coefficients for_
11-612
Publications, list, optical instruments_ III-778
Publications on electrical units, instruments and
measurements_
1-447
Pyrometric cones, calibration of_
11-131
R
Radiation, cavity ionization, wall material_ III-933
Radiation physics, list of publications_ III-1018
Radioactivity, standards of, preparation, mainte¬
nance and application_ III-942
Radium, national standards, comparison of four_ III-993
Radium standards, national, comparisons of_ III-1002
Radium standards, preparation of new solutions. _ III-1008
Reflection coefficient measurements VSWR re¬
sponses_
1-746
Reflectometer techniques, microwave_
1-751
Refraction, indices of, and dispersion by immersion,
precision, determination_ III-577
Refractometry, prism, standard conditions for_ III-432
Relative humidity-temperature relationships of some
saturated salt solutions_
11-794
Resistance, index to subjects_
1-210
Resistance thermometry, precision, and fixed points.
11-40
Resistors, commercial, aging and voltage of_
1-234
Resistors, load coefficients_
1-155
Resistors, multimegohm, measurement_
1-230
Resistors, precision, measurement_
1-108
Resistors, standard, precision_
1-143
Response of earphones in ears and couplers_
11-869
Reverberation chamber method of measuring sound
absorption coefficient_
11-843
Reverberation chamber, output of a sound source
in _
11-833
RF micropotentiometers for calibration of signal
generators to 1000 Me_
1-621
RF microvoltages, accurate_
1-634
RF voltmeter calibrating consoles_
1-598
S
Scintillation spectrometry of low-energy bremsstrahlung_ III—913
Slit function effects in the direct measurement of
absorption line half-widths and intensities_
11-148
Solids and liquids, density of_
11-659
Sound absorption coefficient, measuring_ 11-812, 11-843
Sound absorption (reverberant) coefficients deter¬
mined by acoustic measurements_
11-814
Sound power output of subsonic air jets_
11-825
Sound source, output of, in a reverberation chamber.
11-833
Specific and latent heat of water, 0° to 100° C_
11-277
Specific heat of superheated ammonia vapor_
11-460
Spectral absorption method for determining popu¬
lation “temperatures” in hot gases_
11-139
Spectral radiant intensities, procedure_ III-458
Spectral standards_ III-381
Spectrometer, infrared, high resolution_ III-835
Spectrometers_ III-390
Spectrometers, wavelength calibration of, applica¬
tion of vibration-rotation structure_ III-841
Spectrometry, scintillation, low energy bremsstrahlung___ III—913
Spectrophotometers_ III-381
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Spectrophotometry, 200 to 1000 millimicrons_ III—381
Spectrophotometry and colorimetry, list of publi¬
cations_ III-792
Standard conditions for refractometry_ III-432
Standard frequencies and time signals_
1-475
Standard ionization-chamber requirements for 250to 500-kilovolt X-rays_ III-926
Standard of attenuation for microwave measure¬
ments_
1-776
Standardization of bomb calorimeters, heat of
combustion of benzoic acid_
11-386
Standards, high frequency impedance, at the
National Bureau of Standards_
1-675
Standards, high frequency, of the Electronic Cali¬
bration Center, NBSBL_
1-463
Standards, impedance, microwave, methods of
measurement_
1-680
Standards, lamp, color temperature_ III-587
Standards, length, commercial_
III-73
Standards, length, reference_
III-72
Standards, length, working_
III-72
Standards, national of time and frequency in the
U.S_
1-472
Standards, national radium, comparisons of_ III-1002
Standards, national radium, comparison of four_ III-993
Standards, national radium, statistical analysis_ III-999
Standards of mass, design and test_ III-615
Standards of mass, precision_ III-591
Standards of radioactivity, preparation, mainte¬
nance and application of_ III-942
Standards or radium, preparation of new solutions.- III-1008
Standards, spectral energy_ III-424
Standards, spectral reflection_ III-427
Standards, spectral transmission_ III-425
Standards, threshold, probe tube method for the
transfer of_
11-865
Standards, VHF field intensity, development of_
1-641
Strain gages, evaluation of elevated temperatures 11-638
Styrene, determination of purity by double freezing
point method_
11-195
Surface roughness, measurement_ 111-324
SWR, microwave, new technique for the measure¬
ment of_
1-739
T
Tables of frequency, VSWRand |r| for selected halfround inductive obstacle impedance standards_
1-695,
1-702, 1-710
Tapes, measuring, calibration of_
III-67
Technique (new) for the measurement of microwave
SWR_
1-739
Temperature coefficients for proving rings_
11-612
Temperature, effects on refractive media_ III-446
Temperature measurements, list of publications_
11-200
Temperature measurements of hot gases spectral
absorption method_
11-139
Temperature regulation and recording, automatic
in precision adiabatic calorimetry._
11-236
Temperature scale, international, 1948_
II—l
Termination, matching, UHF and microwave_
1-578
Test apparatus, humidity, low-temperature_
11-780
Testing and calibration of hygrometers_ 11-698, 11-741
Testing hydrometers_
Testing hygrometers_^_
Testing hygrometers, recirculation apparatus for_
Testing of glass volumetric apparatus_
Testing, quick-weighing balance_
Thermal conductivity of beryllium oxide from 40°
to 750° CThermal conductivity of nitrogen from 50° to 500°
C and 1 to 100 atmospheres_
Thermal expansion of solids_
Thermocouple materials, methods of testing_
Thermocouples in air from 800° to 2,200° F, stability
of base-metal__
Thermocouples, methods of testing_
Thermodynamic properties of 1,3-butadiene in the
solid, liquid, and vapor states_
Thermoelectric thermometry_

III-707
11-698
11-774
III-723
III-740
11-508
11-515
III-349
11-88
11-111
11-88
11-413
11-68

Thermometers, liquid-in-glass, calibration_
11-153
Thermometry, precision resistance_
11-40
Thermometry, thermoelectric_
11-68
Thickness measurement_
III-80
Thimble-chamber calibration on soft X-rays_ III-907
Thorium-halide lamps, wavelengths from_ III-861
Time and frequency, national standards in the U.S..
1-472
Time and frequency standards, high precision,
adjustment of_
1-482
Time signals and frequency, standard_
1-475
Time standards_
1-472
Transfer instrument, ac-dc_ 1-346, 1-369
U
Units and systems of weights and measures, their
origin, development, and status_
Units, electrical, capacitance, derivation_
Units, electrical, current, power, energy, derived_
Units, electrical, establishment and maintenance_
Units, electrical, inductance, derived_
Units, magnetic, derived_
Units, measurement, tables of equivalents_
Units of measurement, interrelation_

III—21
1-59
1-62
1-12
1-61
1-63
III-49
III-45

V
Vapor-pressure scale of temperature, helium, using
a magnetic thermometer_
11-34
VHF field-intensity standards, development of_
1-641
Vibration amplitudes, measurement of, acoustic
method_
11-802
Vibration measurement, stroboscopic interferom¬
eter for_
11-808
Vibration pickups, calibration of_
11-621
Vibration-rotation structure in absorption bands
for the calibration of spectrometers from 2 to 16
microns_ III—841
Viscometers, Bingham and Cannon master, precise
measurements with_
11-554
Viscosity, precise measurements_
11-554
Volt box, standard_
1-214
Volt boxes, testing apd performance_
1-211
Volt, maintenance of, at NBS_
1-23
Voltage and current measurements at audio fre¬
quencies_
1-317
Voltage converters, thermal_
1-335
Voltage, high, measurement of_
1-262
Voltage, high, measurements by transformer meth¬
ods_
1-272
Voltage measurement, high-frequency_
1-582
Voltage, measurement of crest and surge_
1-79
Voltage measurements, to 30 Me_
1-335
Voltage ratio, measurement, audio frequency_
1-290
Voltages, micro, RF, accurate_
1-634
Voltmeter consoles, calibrating, RF_
1-598
Voltmeter, electrostatic, compressed gas_
1-282
Voltmeter, ellipsoidal_
1-280
Voltmeters, electrostatic_1—277, 1-279
Voltmeters, RF, bolometer bridge for standardizing.
1-605
Volumetric and density determinations_ III—719
Volumetric apparatus, glass, testing_ III-723
VSWR, frequency and |r|, tables for impedance

W
Water, absolute viscosity at 20° C_
11-523
Watthour meter, standard, calibration of_
1-408
Watthour meters, a-c, precise comparison method of
testing_
1-406
Wattmeter, standard, design and construction_
1-372
Wattmeter, standard, electrodynamic_
1-369
Wattmeter, standard, performance tests_
1-385
Wavelengths from thorium-halide lamps_ III-861
Weights and measures tables_
III—41
Weights, laboratory_ III—588
X
X-band microwave microcalorimeter_
1-739
X-rays, absorption in air_ III-900
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