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ABSTRACT

A series of graphical representations is given for illustrating

the regular and continuous geographic variations of Fourier coefficients

a. and b. obtained from the diurnal analysis of foF2 monthly medians,
J J

including their main latitudinal trend, mixed latitudinal and

longitudinal variation, and the effect due to noise (random fluctuation

in the original data) . To illustrate the systematic changes in these

variations with seasons and with solar activity, corresponding graphs

are given for four seasonal months for minimum and maximum years of

solar activity ( 195*1- and 1958)

.

111



ATLAS OF FOURIER COEFFICIENTS OF DIURNAL VARIATION OF foF2

CONTENTS
Page

1. INTRODUCTION 1

2. THE BASIC INPUT DATA 3

3. FOURIER ANALYSIS 5

k. DESCRIPTION OF THE GRAPHICAL REPRESENTATIONS 7

ACKNOWLEDGEMENTS 11

5 . REFERENCES 12

GRAPHICAL REPRESENTATIONS

Constant Term a
Q

lk-YJ

First Harmonic 18-25

Second Harmonic 26-33

Third Harmonic S^-^l

Fourth Harmonic k2-k-9

Fifth Harmonic 50-57

Sixth Harmonic 58-65

Seventh Harmonic 66-73

Eighth Harmonic 7^-8l

Ninth Harmonic 82-89

Tenth Harmonic 90-97

Eleventh Harmonic 98-105

iv



1. INTRODUCTION

A solution has recently been given [Jones and Gallet, 1962] to

the problem of representing the complex properties of ionospheric

characteristics on a world-wide scale, including their diurnal variation,

by numerical analysis of ionospheric data as they are measured at the

stations, without prior hand operations. In the solution referred to

above, the analysis is made in two main parts, (l) The diurnal

analysis is performed by Fourier analysis of the 2U hourly measurements

from each available station. The resulting Fourier coefficients are

then corrected to local mean time (LMT). (2) The geographic analysis

is made by expanding the world-wide geographic variation of each

Fourier coefficient in an orthonormal series of functions of latitude

and longitude, which are linear sums of surface spherical harmonics.

Special filtering processes are employed in each part to obtain an

optimum separation of noise (random fluctuation of the ionospheric data)

from the real physical variations.

The Fourier (time series) coefficients are corrected to LMT so

that their main geographic variation becomes latitudinal. In addition

to the main latitudinal trendy however, there is also a less important

For a brief summary of the problem and solution, the reader can refer
to Jones and Gallet [i960]

.
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but physically significant mixed latitudinal and longitudinal variation.

Superimposed on the real physical variations is an effect due to noise

which is small in amplitude hut "which "becomes the dominant part in the

high order harmonics.

The purpose of this atlas is to illustrate - "by means of a series

of graphs - the variations mentioned ahove and to show their systematic

changes with seasons and with solar activity. The regularity and

continuity of these phenomena were essential to the solution of numerical

mapping which has "been given. Although more objective methods (such as

numerical analyses and statistical tests for significance (have "been used

for studying the physical variations and the effects of noise, graphical

representations of the type given here have guided the development of

the mapping methods and have added insight and understanding to the

complex physical properties of the ionosphere to he represented.

The ionospheric characteristic which we have used here is the monthly

median of the F2-layer critical frequency (foF2), partly for the purpose

of illustration hut also since it is the most interesting and important

from the viewpoint of practical applications of radio propagation.

Similar studies have also been made for other characteristics such as

the 3000 km maximum usable frequency factor (F2-M3000). For this case

the physical variations are much weaker than for foF2, but regular and

continuous variations are again observed as well as systematic long-

term changes due to seasons and the eleven year solar cycle.
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2. THE BASIC INPUT DATA

The' basic input data used for the present series of graphs

consist of the 2k hourly medians of foF2 from all available ionospheric

stations for the four seasonal months, March, June, September, and

December, for each of the last minimum and maximum years of solar

activity (195^ and 1958) • Table 1 gives the total number of stations

available at the time this study was made and the Zurich sunspot

numbers for each month. The data were punched on cards as they had

been tabulated in ionospheric booklets (or in some cases on microfilm)

without prior smoothing. In a few cases it was necessary to reject

data from certain stations if, for example, so many consecutive hourly

values were missing that the diurnal curve could not be defined, or if

the data were grossly inconsistent with those from closely neighboring

stations. For the IGY year (1958) there were about twice as many

stations as for 195^> and so the world-wide coverage was considerably

better, particularly in the southern hemisphere.
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TABLE 1

1954 1958

Mar. Jun. Sep. Dec. Mar. Jun. Sep. Dec.

Number of Available
Stations 66 68 63 6k 118 118 113 118

Zurich Sunspot
Numbers

A. Monthly Mean 10.9 0.2 1.5 7.6 190.7 171.5 201.2 I87.6

B. 12 Month
Running Average 4.2 4.2 7-8 12.0 201.3 186.8 183.8 180.5

Average Standard
Deviation (Mc)

for High Order
(noise) Harmonics

For all Available
Stations 0.049 0.0^3 0.055 0.055 0.072 O.069 0.084 O.O78

For Selected
Latitude Bands:

60° < \ s? 90° 0.030

(T)
0.016

(11)

0.022

(7)

0.030

(6)

0.092

(28)

0.043
(28)

0.075
(28)

O.O87

(27)

30° < \ ^ 60° 0.032

(26)

0.030

(25)

o.o4o

(23)

0.043

(23)

0.055
(ki)

0.035

(39)

0.058
(42)

0.064

(39)

-30° < X ^ 30° 0.069

(23)

0.06l

(22)

0.081

(23)

0.075
(2k)

0.081

(28)

0.084

(32)

0.10

(24)

0.087

(34)

-60° < \ =5 -30° 0.043

( 8)

0.040

( 8)

0.035

( 8)

0.040

( 9)

0.066

( 9)

0.10

(10)

0.090

(11)

0.072

(12)

-90 g x ^ -6o° 0.032

( 2)

0.021
( 2)

0.038
(2)

0.035
( 2)

0.072
(12)

0.12

( 9)

0.12

( 8)

0.049
( 6)

*
(Numbers in parentheses indicate numbers of stations contained

vithin the particular latitude band.)
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3. FOURIER ANALYSIS

For each station (Table l) a Fourier analysis is made of the 2k

hourly medians of foF2, thus decomposing the diurnal variation into

eleven harmonics

a, cos jt + b . sin jt = c. cos (jt — ilr.) (l)
3 3 3 3

j = 1, 2, . .., 11

and a constant term a which is the arithmetic mean of the data. The

variable t is used to denote the local mean hour angle which is

related to LMT (in hours) by

t = 15° (LMT) - 180°. (2)

For example, at noon LMT, t = 0°.

The coefficients a. and b. in (l) are related to the
3 3

amplitude c . and phase \Jr . by
o

"
3 .

a. = c ., cos ilr. b. = c. sin ilr.

3 3 3 3 3 3

(3).

b
c. = la.+b. '4''. = arctan — .

3 M 3 3 3 a

1
The essential formulas for computing the a., b., c., and \Ir. are

3 3 3' 3

given by Jones and Gallet [1962] . The final term a..- cos 12 t

has been omitted since it does not form a complete harmonic and

also since it is produced mainly by noise.
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Although the graphs in this atlas are restricted to the coefficients

a. and h . plotted against geographic latitude, with the help of (3)

one can visualize approximately the corresponding variations of

c . and i]r . . For example, the quadrant of the phase i]r . can easily he

deduced from the arithmetic signs of a. and t>. (see Tahle 2).
J J

TABLE 2

Location of the Phase ijr.

(v V Quadrant of the phase i|r.

(-, -) -180° < i]r . < - 90

(+ ,
-) -90° < T|r. < 0°

J

(+ , +

)

0° < t. < 90°

(-
', +

)

90° < \|r. < 180°
3

As an illustration we see from the graphs of a. and h for

September 1958 (pages 18 and 19) that "both coefficients are mostly

positive, thus showing that the phase lies in the range 0° < i|r_ < 90°

(from which we .conclude that the maximum value of the first harmonic

occurs shortly after noon as one would expect) . On the other hand

from the graphs of a
p
and "b for the same month (pages 26 and 27) we

see that a
p

is mostly positive and h« mostly negative, so that the

phase for the second harmonic falls in the range — 90° < "typ < 0°

.
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k. DESCRIPTION OF THE GRAPHICAL REPRESENTATIONS

World-Wide Geographic Variations

The type of graph used here consists of the Fourier coefficients

a . ( and "b
.
) from all available stations for a given month plotted

against the station latitude (l) , so that the main latitudinal trend is

emphasized. Such graphs are given for all months shown in Table 1, and

for all coefficients a , a., and b., j = 1, 2, . .., 11 (pages lk

to 10 5). Special plotting symbols have "been used to signify the

approximate station longitudes (0), so that in a sense the graphs are

three dimensional. As a result, it can "be seen that the coefficients

are not randomly dispersed about the main latitudinal trend, but --for

some harmonics-- they are systematically arranged according to longitude,

This effect is illustrated clearly, for example, in Figure 1, "which is

an enlargement of the graph of a for June 1958 • In this graph the

points in the northern hemisphere (20°N to 80°N) appear to fall into

one of two distinct groups. Almost without exception the points in the

lower group are from stations with longitudes "between 225°E - 3^-5° F,

and the points in the upper group are from stations outside this

longitude band. It can be seen from the graph of a~ for December

1958 that the reverse effect occurs in the southern hemisphere. The

same effect occurs in March and September 1958 ("to a lesser degree) and

also in 195^-.
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FOURIER COEFFICIENTS FOR foF2 MONTHLY MEDIANS
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Changes with Seasons and Solar Activity

The series of graphs given here have "been grouped by harmonics,

by months, and by years. In order to illustrate the strong seasonal

changes we have grouped the two equinox months (March and September)

and the two opposing solstice months (June and December) . These

seasonal changes are illustrated, for example, in the graphs of

a_ and b by the equatorial symmetry for March and September and by

the similarity and consistency of the graphs for these two months, and

by the asymmetry and reverse effects for June and December. The

effect of change in solar activity is seen mainly in the large

differences in amplitudes of corresponding graphs for 195^ and 1958*

Effect of Noise

The effect of noise (random fluctuation) in the original data on

the Fourier coefficients a. and b. is well known. It can be shown,
3 3

'

in fact, [Chapman and Bartels, 19^+0] that the Fourier coefficients

a . and b . obtained from the analysis of random numbers
3 3

y_ , y , ..., y , — where the values y. are independently, normally

distributed with mean zero and standard deviation a - have independent

normal distributions with mean zero and standard deviation

a
a = —£=.- 0.289 <r. (h)

V12
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The effect due to noise is Illustrated by the present series of

graphs. Although the noise affects all harmonics by approximately the

same amount, its effect is felt much more strongly in the high order

harmonics where the amplitude of the physical variation is below the

noise level. For foF2 medians the harmonics above order 8 are produced

mainly by noise, whereas the lower harmonics (with the possible exception

of 7 s&d- 8) represent mostly real physical variation [Jones and Gallet,

I962] . Thus, as would be expected (from the discussion above), the strong

geographic variations seen in the graphs of the low order coefficients

a. and b. gradually give way to the random effect due to noise in the
J J

high frequencies. In fact, it can be seen from the graphs of a. and b.

(j=9, 10, ll) that the points are approximately symmetrically scattered

around zero in a more or less random manner. The spread of the points

about zero, however, appears to vary with latitude, suggesting a

variation of a (and hence of the noise a) with geographic position.

The average standard deviation o has been computed from (k) for

each of the months under consideration, the noise a in the original

foF2 medians being obtained from (4l) in [Jones and Gallet, 1962]

.

Table 1 contains the values of o for all available stations taken

together as well as for selected latitudinal bands, so that the variation

in latitude can be seen. These values give not only the average standard

deviation of the high order (noise) coefficients but also an estimation

of the effect of noise in the low order harmonics.
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FOURIER COEFFiaENTS FOR foF2 MONTHLY MEDIANS
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FOURIER COEFFICIENTS FOR foF2 MONTHLY MEDIANS
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FOURIER COEFFiaENTS FOR foF2 MONTHLY MEDIANS
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