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EVALUATION OF CONVOLUTION INTEGRALS OCCURRING IN
THE THEORY OF MIXED PATH PROPAGATION

by

J. R. Johler and C. M. Lilley

ABSTRACT

The theory of propagation of electromagnetic waves around a

sphere treats the smooth homogeneous case, i. e. , the case in which
the surface impedance of the sphere is uninterrupted by an abrupt

change in conductivity such as a land/sea boundary. It is known,
however, that such a theory can be extended to treat inhomogeneous,
irregular terrain by formulating certain convolution integrals which
utilize the smooth homogeneous formulas. The evaluation of these

integrals can be accomplished with dispatch on a large-scale

electronic computer with the aid of numerical analysis techniques.

The particular case of a land/sea boundary in a smooth, spherical

surface is illustrated for a variety of cases by evaluating the convolu-

tion integrals on a large-scale computer.

1. Introduction.

The theory of propagation of electromagnetic waves around a

sphere usually assurr.es the earth to be smooth and homogeneous.

However, some extensions of the theory have been developed by

Monteath [1951] and Hufford [1952]. More recently, Bremmer [1954]

developed the plane earth theory for abrupt conductivity changes and

the procedure was established in detail for plane and spherical

earth theory by Wait [1956, 1957, 1961]. The formulation of Wait [1961]

also developed procedures for the cases of transmitting and receiving

terminals at very great heights. Furutsu [1957] has also developed

methods for evaluating the field over sections of inhomogeneous

ground and in particular has developed a method especially convenient

for electronic computer computations in which the length of the

sections of inhomogeneous ground are large.
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The formulation of this problem by the above mentioned authors,

especially Wait [1961 ], comprised convolution integrals involving an

integrand which can be calculated with the Watson [1918] type series

of residues. This paper demonstrates a method of evaluating these

integrals by an application of numerical analysis technique.

Detailed numerical calculations for the particular case of the land/

sea boundary are presented.

2. Theory .

The analysis of the propagation over a finite surface can be more

conveniently formulated from the smooth, homogeneous earth theory

by utilizing the attenuation factor, F, directly instead of the field

(vertical electric field, E , for example), where
r

E = 2 E F (!)
r pr

and the attenuation factor, F, is defined as the ratio of the total Hertz

vector, n to the primary Hertz vector n ,

pr

F = F (co,d) = n/2n (2)
V

where the radiation field,

E = I I 10~ 7
u) exp (iwt-ik , d)/d (3)

pr o 1 '

II = exp (iwt-ik d)/(-ik d) . (4)

The factor, F, can be evaluated with the aid of the series of

residues, [Bremmer, 1949], and in particular can be written,

[Johler, Kellar and Walters, 1956],

ZtrotF = ,, * 3 . I 2 \ s
x r

(k a) d/a yL [Zt - 1
'

[2r
s
- 1/6 ]

s = o

Xexp-j-i

s = 0, 1, 2, 3

3 d ad,. .3 3 a oca tt i ._.
(k

!
a

»
T
s
a

I + JK +
4 i '

(5)
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where t = time, seconds, a is the radius of the spherical earth along

which the vertical electric field, E ,is directed, kn is the wave number
r 1

of air at the surface of the earth, k = co r|,/c and n, is the index of

refraction of air, tu ~ 1 (c = 2. 997925( 10^ m/s, r\ ~ 1. 000338 at the

surface), or is a factor which accounts for the vertical lapse of the

index of refraction of air a ~ 0. 75 to 0. 85. h and h are the heights

of the transmitter and receiver respectively and f
g
(h), h= h , h , are

J. u

the height gain factor (identical for either receiver or transmitter as

a result of reciprocity). The conductivity dielectric - constant para-

meter, 6 = 6 or 6 = 6 for vertical electric or vertical magneticem 5

polarization of the Hertz dipole, respectively, can be written

[Bremmer, 1949],

6 „ = o 1, (6)
2

.k
2

(k a)
3

|~
2

t
- 1

6=^6. (7)m , 2 e
k
2

The wave number of the ground can be written,

(8)
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The residues of the series (5) are defined by the special roots, t ,

of the differential equation of Riccati which has been formulated

[Johler, Walters and Lilley, 1959]

?-25 Zt+1= 0. (9)
dT

The height gain factors, f (h) = f (h.) or f (h ) are determined as

the ratio of two Hankel functions, H (z), [Bremmer, 19491,
v

(10)f
s
<h

' 'ft
\+ * <y>

(2)
\

where

r = a +h

and
l

T

(11)

v ~k,a +(k,a) t , (12)
s 1 1 s

which can be approximately written [Johler, Kellar and Walters,

1956] in terms of the tabulated Furry [1945] modified Hankel functions,

i
2 l (

Z
) I

(k
i
a) ""

~

S J

f (h) = (13)

/ r „,f
<2 >

' T
s

provided h <<C a »
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The special case of a boundary (such as a land/sea boundary)

located a distance, d , from the transmitter located on land with

conductivity, cr and dielectric constant e , or wave number of the
1 2,1

ground, k , is considered. A second finite ground surface located

around the receiver from the distance cL to d or the same boundary

located a distance, d , from the receiver such that d = d.. + d with a

conductivity cr , a dielectric constant e . The field of the

ground wave at the receiver' is then, for a plane earth [Bremmer,

1949], and for a spherical earth [Wait, 1958, 1961 ],

E = 2 E F
r pr

(1,2)
(14)

where

F^^F^IM),

F<
1 ' 2

> = F (1
>(d) T

ik
i
d

M
2tt

z'
2

» -z (1)

Z J
h. „(i) , , . „(2)F (d-p) F (|

'dp

NTp(d- Pr (15)

where,

(d-d
2
>o)

Z = ^o = cm ~ 376. 7
o (16)

ohms, the impedance of space,
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k. =
CO

1
' (17)

Z*
1
* = Z

o k
2,1

1 -

'2,1

(18)

z (2)
= z v

-i
° k

2,2

1 -

'2,2

CO 1 o

:,l
~ c [

e 2,1 " 1
w

I

aj c
2

-, 2

(19)

CO

'2, 2 c

2 o

2, 2 CO

'2, P c[ e
2,

- i

2 1
o- H c n 2
P o

CO

(20)

where the integer p, identifies the particular finite surface under

consideration. Thus, the smooth, homogeneous, spherical earth-

attenuation functions, F (d) = F (co, d), F (d-p) = F (co, d-p),

(2) (2)F (p) = F (co, p) are employed in the calculation of the attenuation

(1 2)
functions F (co,d), for mixed propagation i. e. ,

propagation over

finite surfaces. The integral of the combination of the two attenuation

functions F (d-p)/\/d-p and F (p)/\fp appearing inside the

integral (15) is by convention called the convolution of these functions,
* ot

i.e., F
][

F
2
=

J
F^t-r) F

2
(t) dr.

o'
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An alternate form (of equation (15)), can be written,

d.

ik,d r „(l) „(2)

(d) -
1

2tt

- Z (1), v „(2)
r f^ ;

( P)f
xw/

(d-p)

o V P (d-p)

dp

(21)

(d > d
x

)

In either case, equations (15, 21), the problem is clearly resolved as

the summation of the particular series of residues associated -with the

Watson [1918] transformation for the F, with various arguments
. ... (1) -U),- ^(2) (2) r (l)

/,, _(1)., .

function, F (p), F (d), F (d-p); or F (p), F (d), F (d-p),

whichever is appropriate; and the evaluation of a finite integral

between the limits and d or and d , whichever is appropriate.

This is accomplished quite readily with a Gaussian quadrature,

[Kopal, 1955]

1,2

f
J

f (p) d (p) =

M
X
L
m=l

W f (p ) + e (M),m m (22)

where e (M) is an error term which can be made arbitrarily small

by increasing M, and,

W = - dT _ H , m = 1, 2, 3 . . . M,m 2 1, 2 m

p = — d x + — d .m 2 1, 2 m 2 1, 2

(23)

(24)
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The x 's are the Gaussian abscissas, and M determines them
number of values of the integrand to be used in the quadrature. The

integral can be split into any number of finite integrals to get

convergence,

d a a d
1,2 1 2 1,2

j f (p) dp = | f (p) dp + j* f (p) dp +... +
J

f(p) dp. (25)

o o a. a
1 n

The quadrature problem is therefore the evaluation of a finite

integral,

b M
\ F (x) dx = ")

a m=l

V
L.

where,

X = \ [ (b-a) x +(b +a) ]. (27)m 2 m

The Gaussian weights and abscissas can be determined from

the following:

1 M
\ f (x) dx =

J
-1 m= 1

L

W =\ (b-a) H . (29)m 2 rn



The x 's are the roots of the Legendre polynomials defined by,m

±— (x
2

-l)
m ,2 mmi P (x), (30)m m

d
X

P (x) = 1

P
x
(x) = x

^-hl
-\

... . and,

(m +1) P ,(x)+mP ,(x) = (2 m +1) x P (x). (31)v
' m + 1 ' m-r '

s '
rri '

Upon determination of the roots, the weight coefficients, H , ofm
the corresponding quadrature formulas are evaluated as follows:

Hm
(1-x

2
) [P (x )]

2
(32)m m m

Forty-eight Gaussian weights and abscissas were used in the

functions graphed in this paper, convergence being obtained by in-

creasing the number of intervals of integration. These weights and

abscissas have been published by Kopal [1955], Davis and Rabinowitz

[1956].

The singularity, equation (21) for example,

1 l

[p(d-p)]"
2

= [d(d-d
1

)]'
2
,(d = d

1
),

would apparently present some difficulties in numerical integration.
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However, it should be noted that the Gaussian quadrature, equations

(24, 25, 26) does not include the end points of the interval of

integration. A 1 os s of precision, however, could possibly occur,

but this could be sidestepped by the use of multiple precision. In

any case, this did not become a problem for the examples presented

in this paper.

The Gaussian quadrature techniques do not utilize the values of

the integrand (15, 21) at the end points of integration. However, close

to zero the series of residues, equation (5), converges slowly and,

hence, the calculation of the attenuation function, F, becomes more

difficult with a considerable reduction in computation efficiency.

Since the Gaussian points, x , tend to cluster, equation (24) tendsm
to cluster in the vicinity of d = 0, it is desirable to utilize the

plane earth approximation in this area. Indeed, quite high precision

can be obtained if the computation is preferred both by the series of

residues and the plane -earth theory such that a comparison is made

in the transition region to ascertain the computation precision. The

attenuation for the plane earth theory [Norton, 193 7] is,

2 ,
k.

2
k
4

F =
|

.' sin T ( 1 +R ) +( 1-R )

'd +h

2

.2 . , 2 I e e
!

-L;+_L sinT f(p)

k k Jk
l

k
l

cos T
f

sin T cos T \ , (33)
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where,

f (p) = 1-i
J

up exp (-p) erfc (i \Tp)

if,

ik
l
D k

l

p
l

= T — S1nrJ

(34)

(35)

where

-j: 2 2
d + h

(3 6)

then,

p
=

p
l
{

sin T

(3 7)

where h is the height of either the transmitter, h = h or the re-

ceiver, h = h and k and k are the wave numbers of the medium pre-

viously defined, equation (18, 19, 20), which can be specified as some

finite surface, k„ . The factor R :

2, p e

coefficient for vertical polarization,

finite surface, k„ . The factor R is the Fresnel reflection
2, p e

R
e

= R
e
(T) =

{
k
2

2
C ° S T/k

l

2

'
[k

2

2

"
sin T ^ J / {

k COS TK
+ [k

2
/k

x
- sin t]

Z

j
(38)
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where t = tan (d/h). Thus, the height gain previously discussed

for the residue series, equation (10, 12), is built into the plane -earth

thepry for short distances. It is now possible, with the aid of the

convolution integrals (15, 21),to elevate transmitting and/or receiving

dipoles and evaluate the field over mixed ground transmissions.

Indeed, in the limit whereupon the receiver or transmitter is

elevated to several earth radii; equation (10), the antenna pattern

over mixed ground, is described. Furthermore, the convolution

integrals can be developed for three or more finite ground surfaces

[Wait, 1961]. Thus, discontinuities located at distances, d , d +d
J. X .' u

from the transmitter or d = d +d and d-d respectively from the

•eceiver, where d = d. +d +d can be written,

d

rft.2.3) r(D f-T [
z'

2) -z(3)
1 C F (1)(p)F(3)

d-p)
dp

d1^2

d
l
+d

2

ikd ry-' ..w I r F'" ( p) r F'^(d.p)

F
(Z>

(n- P)F
(3) (d-„)

"v/Tn
-
P) (d-ri)

d
i

dp. (39)
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3. Computations ,

The results of computations to illustrate technique are presented

in figures 1,2,3,4. The amplitude, figures 1,2 illustrate the

recovery effect of a land/sea boundary noted by Millington [1949].

There is, of course, a corresponding phase recovery, figures 3,4.

These computations were carried out on the CDC-1604 computer.

4. Conclusions .

The results of this investigation indicate that the problem of

wave propagation over inhomogeneous or finite ground surfaces can

be treated with comparative ease on a large scale computer with the

aid of numerical analysis techniques applied to the convolution in-

tegrals and an adequate technique for summing the series of residues.
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Figure 2. Amplitude of the ground wave as a function of distance for
a variety of land/sea boundary locations, d, illustrating
the recovery effect, f = 3000 kc/s, noted by Millington.
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Figure 3. Phase of the ground wave as a function of distance for a
variety of land/sea boundary locations, d\, illustrating the

recovery effect, f = 1000 kc/s.
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Figure 4. Phase of the ground wave as a function of distance for a
variety of land/ sea boundary locations, dj, illustrating
the recovery effect, f = 3000 kc/s.
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