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:

THE THEORETICAL AND EXPERIMENTAL STUDY OF
THE TEMPERATURE AND DOPANT DENSITY

DEPENDENCE OF HOLE MOBILITY, EFFECTIVE MASS,
AND RESISTIVITY IN BORON-DOPED SILICON

By

SHENG S. LI

Department of Electrical Engineering
University of Florida
Gainesville, FL 32611

ABSTRACT

Theoretical expressions for computing resistivity and conductivity mobility
of holes as functions of dopant density and temperature have been derived for
boron-doped silicon. The model is applicable for dopant densities from 10^" to
3 X 10^^ cm~^ and temperatures between 100 and 400 K.

Using a three-band [i.e., heavy-hole, light-hole, and spin-orbit split (SO)

bands] model, the hole mobility was calculated by properly combining the contri-
butions from scattering by lattice phonons, ionized impurities, and neutral im-

purities. In addition, the effects of hole-hole (h-h) scattering and nonpara-
bolicity of the light-hole band were taken into account in the mobility for-
mulation .

To verify our theoretical calculations, resistivity measurements on nine
boron-doped silicon slices with dopant densities from 4.5 x 10-^ to 3.2 x 10-^^

cm were performed for 100 < T < 400 K, using a planar four-probe square-array
test structure. Agreement between our calculated and measured resistivity values
was within 6 percent over the entire range of dopant density and temperature
studied here. Excellent agreement (within ±5 percent) between our calculated hole
mobility values and those of Thurber et at. was obtained for N, < 10-*^^ cm ^ for

boron-doped silicon, while discrepancies between our calculated values and those
of Wagner were found for boron densities greater than lO-*-^ cm~^. These discrep-
ancies are attributed to Wagner's neglect of the effect of deionization of boron
impurities at higher dopant densities (i.e., he assumed hole density equal to the

total boron density)

.

Finally, formulations for the density-of- states effective mass, conductivity
effective mass, and Hall effective mass are described, and the results are applied
to the calculations of hole masses in boron-doped silicon for 10-''^

<_ N^ <_
10^®

cm~3 and 50 < T £ 500 K.

Key Words: Boron-doped silicon; dopant density; effective mass; hole mobil-

ity; ionized impurity scattering mobility; lattice scattering mobility; neutral

impurity scattering mobility; p-type silicon; resistivity; scattering mechanisms.

1 . INTRODUCTION

Although a considerable amount of work on mobility and resistivity has been published

[1-11] , because of the complexity of the valence band structure and of the various scatter

ing mechanisms involved, only limited amount of work has been reported on mobility calcula

tions in p-type silicon. For example, Ottaviani et al . [1] have developed a microscopic

theoretical model applicable only to computation of ohmic mobility in high purity p-type

silicon in which nonpolar optical and acoustical phonon scattering is dominant. In their

theoretical analysis, they have shown the necessity of considering band nonparabol icity in

the mobility formulation, and have pointed out that the band warping effect is secondary i



importance to that of nonparabolicity . The lattice mobilities for holes in p-type silicon

are well established for temperatures between 50 and 400 K [1-6] . Braggins [4] has analyzed

carrier concentration and hole mobility in boron-doped silicon from Hall effect and resis-

tivity measurements. His calculations, which are based on a three-band model and the re-

laxation time approximation, yield impurity densities which appear to agree well with Hall

effect data for boron densities less than 5 x 10^^ cm~^. Large discrepancies exist among

the published hole mobility data [7-10] for dopant densities greater than 10-^^ cm~^; no

adequate theoretical model is available for mobility and resistivity calculations in p-type

silicon that is valid over the full range of dopant densities and temperatures studied here.

The purpose of this paper is to present theoretical and experimental investigations of

the dopant density and temperature dependence of hole mobility and resistivity in boron-

doped silicon for 10^^ 1 1 3 x 10^^ cm-^ and 100 £ T ^ 400 K.

To overcome difficulties in effective mass calculations and mobility formulation, the

valence band structure of silicon was approximated by a three-band model consisting of a

spherical, parabolic heavy-hole band; a spherical, nonparabolic light-hole band; and a

spherical, parabolic split-off band [12]. Together with this model, the relaxation time

approximation was used to develop theoretical expressions for mobility of holes in p-type

silicon. Scattering mechanisms due to lattice (i.e., acoustical and optical phonons)

,

ionized impurity, and neutral impurity scattering are considered over the entire range of

dopant densities and temperatures studied. In addition, the effects of hole-hole (h-h)

scattering on the lattice and ionized impurity scattering mobilities are also taken into

account. In view of the complex nature of heavy doping effects and the uncertainties in

accountino for hole density and impurity density at high dopant densities, the present

analysis has been restricted to boron densities up to 3 x 10^^ cm ^ , a dopant density range

in which the use of Boltzmann statistics is valid.

In section 2 the theoretical approach is described, presenting the results of effec-

tive mass calculations and mobility and resistivity formulations. The appropriate scatter-

ing mechanisms for holes are discussed. In section 3 the theoretical and experimental re-

sults are compared and discussed. Section 4 summarizes the main conclusions derived from

this work. The Appendix is a paper by L, C, Linares and S. S. Li on the temperature de-

pendence of effective masses in p-type silicon.

2 . THEORETICAL APPROACH

Presented in this section are the results of calculations of hole effective mass

and the mobility and resistivity formulations for p-type silicon. Theoretical expressions

for hole mobility are derived by considering contributions from lattice, ionized impurity,

and neutral impurity scattering. The effects of h-h scattering and light-hole band non-

parabolicity are also taken into account in the mobility formulation.

A . Valence Band and Hole Effective Masses ' •
'

' ' >

The heavy-hole and light-hole bands of silicon have an extremum at k = 0 and are degen-

erate there. The constant energy surfaces for this case are warped spheres. The derivation

2



of an expression for a valence band effective mass which incorporates the nonparabolic

nature of the individual bands begins with a simplified model of the warped structure based

on the work of Kane [13] and Barber [12]. In this model, the heavy-hole band is character-

ized by holes with an energy-independent but direction-dependent effective mass, and the

light-hole band is characterized by holes with an effective mass which is both energy- and

direction-dependent. The split-off (SO) band is separated from the heavy- and light-hole

bands at k = 0 by an energy A = 0.044 eV, and is characterized by an isotropic, energy-

dependent effective mass. Thus, the heavy-hole band is treated as parabolic for the range

of temperatures considered in this work, while the light-hole band is parabolic only for

very low values of k. At higher values of k, the light-hole band has an energy-dependent

curvature which takes on the same characteristics as the heavy-hole band for energies

greater than 0.02 eV.

Based on the above band model, effective masses and density-of-states effective m.asses

have been calculated for holes in each of the three valence bands. Details of the calcula-

tions are provided in the Appendix; the results are summarized in table 1.

Table 1. Density-of-States and Conductivity Effective Masses of Holes in p-Type Silicon for
N = 10^5 cm~3 and 100 < T < 400 K.
A - —

T(K) 100 150 200 250 300 350 400

"^Dl
0 5503 0 5547 0 5592 0 5638 0 5685 0 5733 0 5782

0 2481 0 3087 0 3527 0 3865 0 4118 0 4332 0 4496

%3 0 238 0 240 0 242 0 244 0 246 0 248 0 250

m* 0 6570 0 7023 0 7340 0 7624 0 7865 0 8081 0 8265

™^1 0 4271 0 4322 0 4375 0 4429 0 4484 0 4541 0 4599

^^2 0 3284 0 4 3 37 0 4886 0 5172 0 5324 0 538 3 0. 5380

0 2399 0 2427 0 2475 0 2512 0 2532 0 2549 0 2597

m*
C

0 3592 0 4181 0 4497 0 4673 0 4785 0 4865 0 4904

Note: Definitions of density -of -states and conductivity effective masses of holes i'- ecc'i

band are given in the Appendix.

B . Mobility Formulations and Scattering Mechanisms

The calculation of hole mobility in p-type silicon can be carried out by first computing

the hole mobilities in the heavy-hole, the light-hole, and the SO band separately; the

overall mobility of holes is then calculated as a weighted average of these one-band mobili-

ties over the individual hole densities in each valence band. The scattering mechanisms

concidered in this work include (a) intraband optical and acoustical phonon scattering,

(b) intraband ionized and neutral impurity scattering, (c) interband acoustical phonon

scattering, and (d) the h-h scattering. In addition, the effect of nonparabolicity of the

light-hole band is also taken into account in the mobility calculations. Following is a

3



discussion of the various scattering mechanisms cited above and a presentation of the appro-

priate mobility formulation for each scattering process in p-type silicon.

i. Lattic e Scattering Mobility

The published hole conductivity mobility data for lightly doped p-type silicon exhibit

a T ^^-^^ temperature dependence for 150 < T < 400 K [1-6], Since acoustical phonon scat-

tering only leads to theoretical mobility following a T '
^ law, additional scattering due

to nonpolar optical phonons , interband acoustical phonons, and the effects of hole-hole

scattering and nonparabolicity of the valence band should be included to explain this dis-

crepancy [2] , The nonparabolic band structure in the light-hole band and the temperature

dependence of the energy band gap lead to a dependence of hole effective masses on tempera-

ture in each band; this is shown in table 1.

The relaxation times for scattering by acoustical phonons include both the possibility

of interband as well as intraband transitions; interband scattering has been considered

only between the light- and heavy-hole bands. The treatment of the acoustical phonons has

been based on the theory of Bir, Normantas, and Pikus [14] where the relaxation times can be

expressed in terms of a single constant, , which controls the overall magnitude of the

scattering. Both transverse and longitudinal phonons participate in the scattering.

Braggins [4] has applied their theory to evaluate the lattice mobility for p-type silicon.

His results for the acoustical phonon relaxation times may be written as

]. 0 .959 * „ 3/2 ] /? ' (1)

1 1.61 * 3/2 3/2 1/2 (2)
m ^ T e •

'

T ^ T D2
ac2

* 5/2

0.224 %1 *3/2 3/2 1/2 (3)

T T * Dl
acl2 m

m_, T e

D.:

and

T T 0
ac3 0

2^/V/V-
where ^ 1 _ °

T A
'

O IT h P u
s s

0.224 * 3/? ^3/2 :./2

m_ T e , (4)
T 1 '2

o

1 1/2 3/2 (5)
(e - A/k T) ^ T

(6)

Equations (1) to (4) represent the acoustical phonon scattering times for the heavy- and

light-hole bands taking into account the interband and intraband transitions, while eq (5)

is the expression for the intraband acoustical phonon scattering in the split-off band.

4



The relaxation time for scattering by the nonpolar optical phonons is given by [14]

-1
3/2

:i .

Dl ]/9l 1^'' 1/2
WGT I + 1^ - Q/r^ "

^o (
^ ®^'^) (7)

where 9 is the Debye temperature, n = [exp (G/T)
o

-1
1] is the phonon distribution func-

tion, and W is a constant which determines the relative coupling strength of the holes to

the optical phonon mode compared to the acoustical phonon mode. In eg (7) the band index,

i = 1, 2, or 3 , denotes the heavy-hole, light-hole, or the SO ba.nd, respectively. This

notation will be used for other scattering processes as well throughout the text. The

lattice mobility in each of the three valence bands can be calculated from

q<T .
>

(8)

^Li

wnere

and

Li

Li

4 3/2 -e ^# . e ' e de

-1 -1
T . + T .

aci oi (9)

Here t . can be evaluated from eqs (1) through (6) and t , fror.i er, (7) .

aci oi '

The total lattice mobility, based on a three-band model, can be expressed by

3/2

exp -A/k T^
o '

-A/k t"! - (10)
0

where y. , , P,.-,. and y are lattice mobilities calculated from^eq (3) for the heavy-hole,

light-hole, and the SO band, respectively. Values of u^^ calculated from eqs (1) through

(10) for boron-doped silicon are listed in table 2 for 100 <_ < 400 K. Table 3 lists the

physical constants used in the present calculations.

Table 2. Hole Lattice Mobility for Boron-Doped Silicon Calculated

From ea (0) , Using the Parameters Listed in Table 3.

T(K) 100 150 200 250 300 350 400

cm- 6020 2287 1204 706 465 336 261

^L^vTs'
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Table 3. Material Parameters Used in Calculating Lattice
Mobility in Boron-Doped Silicon.

Optical phonon temperature, 6, (K) [1] 73S .0

Acoustical deformation potential constant, 8 . 718

E^{eV) [1]

W: Coupling constant between optical and
acoustical phonon mode* 0 .4

Material density, (g/cm^) [1] 2 . 329

Velocity of acoustical wave, (cm/s) [1] 9 .04 X 105

T
0

5 .8 X 10- 10

W = — : D = 8.3025 x 10° eV/cm is the optical deformation
^ ... 2k2 02 ° :., .

.

0 1

' potential constant. '
. :~^~r:

ii. Ionized Impurity Scattering Mobility '

In pure silicon at room temperature, the main contribution to carrier mobility comes

from lattice scattering. However, as dopant density increases or temperature decreases,

the role of ionized impurity scattering becomes more important. Theories for ionized

impurity scattering have been developed previously by Brooks [15] and Herring [16] and by

Conwell and Weisskopf [17] . The Brooks-Herring (B-H) formula has been widely used in

mobility calculations for several semiconductors including silicon. The B-H formula can be

written as

2^/2 m=.2 (koT)3/2

p_ =
: 10 2,

^3/2
TT

where i = 1, 2, or 3 is the band index and

TT" - q3 m*. N G(b. )^ Ci I i' (11)

b.

G(b.) = ;.n(b.H-l) - ,
^

_

(12)

1

24Tfm*. (k^T)2
b. = : X 10-6 (1,)

q2h2p' :

and ^ p' - p + N-(l - N~/N ), for N = 0 ita)

The total ionized impurity scattering mobility is calculated from

6



^11 ^ ^12

3/2

+ M
I3|

D3'

Dl/

exp -A/k T
' o

-1
3 /2

1 +
D2

Dl,

exp fl/ k T
o

(15)

where p^^, and li^^ are calculated from eq (11) for the heavy-hole, light-hole, and the

SO band, respectively.

Note that eq (11) does not include such effects as the variation of dielectric con-

stant around the impurity due to a position-dependent screening which may become important

for the heavily doped case. Since analysis is restricted to < 3 x 10"° cm , neglecting

this variation should not introduce an appreciable- error in the mobility calculations.

iii . Neutral Impurity Scattering Mobility

Although neutral impurity scattering may not be as important as other scattering

mechanisms discussed above in the range of dopant density and temperature considered here,

it becomes important at low temperatures or at high dopant densities. For completeness,

this scattering mechanism is included in the mobility formulation. The mobility formula

derived by Sclar [18] is employed here for neutral impurity scattering. Sclar used his

calculation of the scattering from a three-dimensional square well to estimate the

influence of a weakly bound state on the scattering. From h: s derivation one obtains

1/2 , 1/2

where

V . = 0.82 p .

Ni El
2

3 \E

: T
o N

o

= 1.135 X 10-1 9 (m„ ) (g. )2Do OS

(16)

(17)

and

q^ m
Di

Ei
5 N E h-

N s

X 10-2 (18)

Equation (18) is the mobility expression derived by Erginsoy [19] for neutral impurity

.scattering, based on the partial wave expansion approximation.

The total neutral impurity scattering mobility can be computed from

^NI ^ ^N2

3/2

^ ^'N3
1

3/2

• exp

exp I -A/k T
o

1 -1

-A/k T
0

(19)

7



where V-^-^t ^-^2' ^^'^
^n3

^'^'^ calculated from eqs (16) through (18) .

iv . Effect of Hole-Hole Scattering

The mobility formulas given in eqs (1) through (19) neglect the effect of h-h scatter-

ing. The importance of including electron-electron (e-e) scattering in n-type silicon has

been discussed in detail previously [20] . In this section the effect of h-h scattering in

p-type silicon is discussed. The e-e and h-h scattering events, while not directly pro-

ducing a change in total momentum, provide a mechanism for the redistribution of momentum

gained from the electric field. The maximum effect of h-h scattering can be readily calcu-

lated (by classical treatment) if the distribution function is Maxwellian and centered about
s

the drift velocity. Assuming x = aE and by analogy of e-e scattering, it can be shown that

the ratio of hole mobilities with and without h-h scattering is given by

O <T><T >

For acoustical phonon scattering with s = - ^, eq (20) predicts a value for r, ,
=

2 2 hh

9tt/32 - 0.88, while for ionized impurity scattering s = — and y = 37r/32 - 0.29.

It is noted that given by eq (20) shows no dependence on hole density and tempera-

ture. A more rigorous treatment to account for the effect of carrier-carrier scattering

on the ionized impurity scattering mobility has been developed by Luong and Shaw (L&S) [21] ,

using a one-particle-like approximation from the Hartree-Fock theory. Applying their

(L&S) theory to the case of the effect of h-h scattering on ionized impurity scattering,

the B-H formula [i.e., eq (11)] is reduced by a factor which can be expressed in closed

form:

y^^r = (\/P') tl - exp(-pVN~)] , (21)

where ig the ionized acceptor density, and p' is the screening hole density given by

eq (14)

.

In contrast to the classical formula [i. 2., eq (20)], eq (21) predicts a dependence

of
^^1^1 °" hole density and, hence, temperature. Values of Yj^j^j ni^Y vary between 0.432 and

0.632, depending on the degree of ionization of the shallow acceptor impurities.

A comparison of the values, y, , , calculated from eqs (20) and (21) indicates that the
hhl

classical formula overestimates the h-h scattering effect. Furthermore, by correcting

lattice and ionized impurity scattering mobilities separately, the effect of h-h scattering

may also be overestimated. To overcome these difficulties, a semi-empirical formula is

derived based on eq (20) to correct the effect of h-h scattering on the lattice scattering

mobility, and eq (21) has been retained for correcting the effect of h-h scattering on

ionized impurity scattering mobility. This will be discussed later.

V . Hole Mobility vs. Dopant Density and Temperature

Following is a discussion of the mobility calculations for p-type silicon for dopant

densities froui 10^^ t^, x 10-^° cm and temperatures between 100 and 400 K. The combined



hole mobility due to both lattice and ionized impxjrity scattering contributions is calcu-

lated according to the mixed scattering formula [22]

:

•^LI
"

"^lI-"-
x2[Ci(X)cosX + sinX(Si(X) - ^)

1

1 , (22)

where

v2 ^ 6p^/iJj • - (23)

Equation (22) is obtained by averaging the reciprocal sum of t"-^ and t"^ over the Maxwellian
L L

distribution. Here, Ci (X) and Si(X) are the cosine and sine integrals of X, respectively;

and are given, respectively, by eqs (10) and (15) when the effect of h-h scattering

is neglected.

The effect of h-h scattering can be included by incorporating the mobility reduction

factor, Yj^j^' given in eq (20) for lattice scattering mobility and in eq (21) for ionized

impurity scattering mobility, into eq (23) to correct the values of p and y •

L I

Equation (22) allows the calculations of y for 10^^ < N < 3 x 10^^ cm"^ and
LI — A —

100 < T < 400 K. When neutral impurity scattering is included, the total mobility may be

computed from the expression

V = + , (24)
p LI N

where y^^ and y^ are given by eqs (22) and (19) , respectively.

The use of eq (24) for mobility calculations may be considered as a good appro.ximation

since neutral impurity scattering, being energy-independent, does not affect any contribu-

tions from y and y . Calculations of y indicated that the contribution from neutralLI N

impurity scattering to total hole mobility is less than 10 percent over the entire range

of dopant densities and temperatures studied here. As a result, the error introduced by

this approximation is expected to be negligibly small.

The procedure for incorporating the effect of h-h scattering on the lattice scattering

mobility for p-type silicon is similar to that used for n-type silicon [21]. For example,

for acoustical phonon scattering, it is assumed that Yj^j^ decreases linearly with increasing

1 ^ _ Q 97T
dopant density from y, ,

= 1 at N = 10^~^ cm ^ to a maximum value of y, ,
= - O.BO for

hh A hh 32

> 3 X 10^^ cm~3, as predicted by eq (20) [i.e., y, ,
= 1-0 - 0.008 N /(2 x 10^^) is used

A — ^ J '
' hh A

' in the calculation] . This provides the best fit to the experimental data for the range of

dopant densities and temperatures studied. This approximation may also offset the possible

overestimation of the h-h scattering effect by the classical formula discussed earlier. For

ionized impurity scattering, y, , is calculated from eq (21) which is applicable for the
hhl

entire dopant density and temperature range considered here. The mobility reduction factor

for optical phonon scattering is evaluated numerically using eq (20) . For neutral impurity

scattering, no correction is needed since is independent of energy.

vi. Resistivity vn. Dopant Density and Temperature '

The resistivity for p-type silicon is calculated from

9



1 (25)
.: : .• iJ. - w >

. p = ,

where u is the hole mobility given by eq (24), and the hole density for the nondegenerate
P

case is
E -E

~

P = Pi + P2 + P3 = \ exp j^-^- '
(26)

L °

3/2

where N =2

*

2TTm k T
D o

^
' h'

is the effective density of valence band states, and p- , pj , and

Pg are hole densities in the heavy-hole, light-hole, and the SO bands, respectively.

In order to calculate hole mobility and resistivity from eqs (24) and (25) , it is

necessary to know the exact ionized and neutral impurity densities so that individual

scattering contributions and hole density can be evaluated. This is done as follows:

The ionized boron densities for boron-doped silicon are computed by solving the charge

balance equation for the Fermi energy by the iteration procedure. Since the minority car-

rier density is negligible, the charge balance equation for uncompensated p-type silicon is

*
simply

P - n" , -
.'

.
,

(27)

where [23]
,

N
^- ^ A (28)

- •

^
1 + [4 + 2 exp(- -~^)]exp [ {E-E^) /k^T]

.
-

.

' o

is the ionized acceptor density, and A = 0.044 eV. Equation (28) is used to include the

contribution from the heavy- and light-hole bands and the SO band.

Experimental evidence indicates that the acceptor ionization energy E^ is not a con-

stant, but decreases with increasing dopant density [24,25]. A study by Penin et at. [25]

of heavily doped silicon over the temperature range from 4 to 300 K shows no evidence of an

ionization energy for shallow impurities such as phosphorus or boron at impurity densities

1
° - ^greater than 3 x lo cm . The dependence of ionization energy on dopant density for

boron-doped silicon can be expressed by [22 J

E = U.0438 - 3.037 x IQ-S N^^^ . (29)
A A

With the help of eqs (26) through (29) , the hole density and fraction of ionized

boron density can be calculated as functions of dopant density and temperature.

* - +
A more general form of the charge balance equation is - N = p - n, which should be
used if n and are not negligible compared to p and N^, respectively.

10



3. RESULTS AND DISCUSSIONS

Using the theoretical expressions derived in section 2, the hole mobility and resis-

tivity have been calculated as a function of dopant density and temperature in boron-doped

silicon for 10^^ £ N^ £ 3 x 10^^ cm"^ and 100 T ^ 400 K. The results are compared with

experimental data. Figure 1 shows the hole mobility plotted as a function of hole density

at 300 K for boron-doped silicon. Curve 1 is the theoretical calculation using eqs (1)

through (24) . Open circles are hole mobility data published by Thurber et al. [26] and

solid triangles are given by Horn [27] . These results are in excellent agreement with our

calculated values. Curves 2 and 3 are reproduced from Wagner [9] and Caughey and Thomas

[28] , respectively. Note that the calculated mobility values are within 5 percent of the

values reported by Wagner for N^_^10^'' cm~^. However, for N^
l_

10^^ cm"^, the calculated

values are substantially higher than those of Wagner [9] (e.g., the deviation is 2.2 percent

1
•? q 1 ft _

at 10 cm" , and increases to 22.6 percent at 10 cm ). To explain this discrepancy,

note that VJagner [9] obtained an empirical mobility expression based on measurements of

boron-implanted silicon. The amount of boron retained in the silicon was determined by in-

tegration of data obtained from incremental sheet resistance and Hall effect measurements on

layers which were sectioned by anodic oxidation. A mobility value as a function of boron

density was derived which made the integrated dose equal to the implanted dose. This was

done with the assumption that all of the boron was electrically active and ionized. This

assumption is valid only at low dopant density or at high temperature where full ionization

of boron atoms prevails. For example, the theoretical calculations indicate that at 300 K,

nT/N^ = 0.933 at N = 10^'' cm" ^ , and N~/N = 0.756 at N = 10^^ cm"^- Failure to correct
A A A A A A

this ionization effect at higher dopant density or lower temperature in the mobility calcu-

lations results in a large error in mobility values derived from resistivity measurements.

Curve 3 was reproduced using the Caughey and Thomas [28] empirical formula fitted to

Irvin's mobility curve [29] . This mobility curve is based on data from Hall effect mea-

surements, which give hole density within the uncertainty of the Hall scattering factor

and on data from chemical techniques which give total dopant density. The lower mobility

values shown in curve 3 as compared to Wagner's may be due in part to the fact that in the

region 10^^ < < 10^^ cm" ^ Sze and Irvin's [8] mobility curves include data on gallium-

doped silicon, which is expected to have a lower mobility value for the same dopant density

due to the deeper ionization energy of gallium as compared to boron.

From the above analysis, it is clear that values of carrier mobility calculated from

measurements of resistivity and dopant density are correct only if the carrier density is

equal to the dopant density. This is not always the case. Figure 2 shows the ratio of

ionized and total boron impurity density as a function of boron density for 100 ^ T £ 400 K.

It is clearly shown in this figure that the deionization of boron impurities is significant

for 10-^ <N <3xlO^^ cm~^ and at low temperatures. In this range the carrier density
A —

is equal to the ionized boron density.

The mobility formulas presented in section 2 were used to compute the hole mobility as

a function of dopant density and temperature for dopant densities between 10^^ and 3 x 10^^

11
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Figure 2. Theoretical calculations of the ratio of ionized and total boron density vs.

boron density with temperature as a parameter.
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cm and temperatures between 100 and 400 K. The results are displayed in figures 3 and 4,

respectively.

Due to lack of available measured mobility data, comparisons of theory and experiment

over the range of dopant density and temperature reported here were unobtainable. In order

to verify the adequacy of the theoretical model developed in this work, resistivity measure-

ments were performed on nine boron-doped silicon slices with dopant densities ranging from

4.5 X lo'^'^ to 6 X lO-*-^ cm~^ for temperatures between 100 and 400 K, using a planar four-

probe square-array test structure [30] as discussed in a previous paper [20]. The results

are compared with the theoretical calculations.

The resistivity for boron-doped silicon as calculated from eqs (24) through (29) is

shown in figures 5 through 8. Figure 5 shows the plot of resistivity as a function of

dopant density of p-type silicon at T = 300 K. The solid line (curve 1) is the theoretical

calculation; the solid dots are the experimental data for boron-doped silicon. Note that

each experimental data point represents the mean value of resistivity measured on five to

seven selected test cells with a maximum variation of resistivity less than 5 percent.

The net dopant density in these specimens was determined from measurements of capacitance as

a function of voltage on a junction diode test structure near the four-probe square array

resistor. Details of this method can be found elsewhere [3r)] . The dotted curve (curve 3)

was reproduced from Irvin's resistivity curve using the Caughey- Thomas formula [28], and

the dashed curve (curve 2) is VJagner's for boron-doped silicon [9]. The theoretical cal-

culations agree with Wagner's resistivity data within 6 percent for ^ 3 x 10 cm .

Irvin's resistivity values are higher than both Wagner's values and the values calculated

and measured here for N > 10^^ cm~^.
A

Figure 6 shows resistivity as a function of temperature from 100 to 400 K for the

eight boron-doped silicon slices with boron density ranging from 4.5 x 10-^^ to 3.2 x 10^^

cm~^. The results show that the agreement between the calculated and measured values is

within ±6 percent over the entire range of dopant density and temperature studied. Figure

7 shows the calculated resistivity as a function of dopant density for temperatures between

100 and 400 K at 50-K intervals. Figure 8 displays the calculated resisti^'it" as a func-

tion of temperature for dopant density from lO-*-^ to 5 x 10^^ cm~^ in more regular steps.

To illustrate the effect of h-h scattering on the ionized impurity scattering mobility,

the mobility reduction factor, v ,
/is calculated from eq (21). The results, displayed

hhl
in figure 9, for temperatures between 100 and 400 K, show that h-h scattering increases with

increasing dopant density and decreasing temperature, where the deioniza'cion effect becomes

more prominent .
. ,

Finally, it is worth noting that both mobility and resistivity depend more strongly

on temperature for the lightly doped case where lattice scattering is dominant, and become

less dependent on temperature for dopant density greater than lO-*-^ cm~^ where neutral im-

purity scattering prevails. This trend can be seen in figure 4 (mobility) or figure 8

(resistivity) . The resistivity and mobility calculations for boron-doped silicon also

14
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Figure 4. The calculated hole mobility vs. temperature for boron-doped silicon
with dopant density as a parameter.
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TEMPERATURE (K)

Figure 6. Resistivity vs. temperature for eight boron-doped silicon slices.

Solid lines are the theoretical calculations and solid dots are the experimental

data taken from measurements on the four-probe square-array test structures fabri-

cated on these slices.
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Figure 7. Theoretical calculations of resistivity vs. temperature for boron-
doped silicon with dopant density as a parameter.
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Figure 8. Theoretical calculations of resistivity vs. dopant density for

doped silicon with temperature as a parameter.
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Figure 9. The mobility reduction factor, "Yj^j^-j-- as a function of dopant density
for boron-doped silicon, for 100 < T < 400 K, showing the effect of h-h scat-

tering on ionized impurity scattering mobility as is calculated from eq (21)

.
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reveal that contributions from the SO band are negligible for temperatures below 200 K.

Using a two-band model in the mobility calculations should not introduce any significant

error over the range of dopant densities and temperatures reported here.

4. CONCLUSIONS

Using a three-band model, theoretical expressions have been derived to compute hole

mobility and resistivity as functions of dopant density and temperature for boron-doped

silicon. In addition to considering contributions from scattering by lattice phonons,

ionized impurities, and neutral impurities, the model also takes into account the effect

of h-h scattering on both lattice and ionized impurity scattering mobilities. The non-

parabolicity of the valence band structure is included in the effective mass calculations.

Resistivity analysis for nine boron-doped silicon samples shows that, for dopant

densities less than 3 x IQ^S cm~'^, agreement between the calculated and measured values of

resistivity is within ±6 percent for 100 ^ T £ 400 K. A comparison between the calculated

mobility values and those of Wagner at 300 K shows that agreement is within ±5 percent for

N < 1.4 X 10-^' cm~^, but that differences as large as 27 percent occur at N = 2.5 x 10^^

cm~^. This di:-- repancy can be eliminated if the effect of deionization of boron impurity

were included in Wagner's calculation. From this study, it was found that the theoretical

expressions derived in this work are adequate for mobility and resistivity calculations in

boron-doped silicon for 10^^ ^ £ 3 x 10^^ cm~^ and 100 £ T £ 400 K. It is important to

point out that incorporation of both h-h scattering as well as deionization effects in the

mobility and resistivity calculations plays a major role in bringing good agreement between

theory and experiment in the range of dopant densities from 5 x 10^^ <^ 3 x 10^^ cm~^

for which previous theories failed.

The mobility and resistivity calculations further reveal that contributions from the SO

band are negligible for T < 200 K. Using a two-band model (i.e., neglecting the SO band

contribution) in the mobility calculations should not introduce any noticeable error (i.e.,

less than 5 percent) over the range of dopant densities and temperatures studied.

Finally, a rigorous formulation for correcting the effect of h-h scattering on lattice

and ionized impurity scattering together is needed to further improve our mobility formula-

tions. The extension of the present work to higher dopant densities and lower temperatures

requires consideration of additional factors not included in this work.
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APPENDIX

TEMPERATURE DEPENDENCE OF THE COMBINED DENSITY OF STATES,
CONDUCTIVITY, AND HALL EFFECTIVE MASS OF HOLES IN P-TYPE SILICON*

by

L. C. Linares and S. S. Li

Department of Electrical Engineering
University of Florida

Gainesville, FL 32611

ABSTRACT

A derivation involving the use of the Boltzmann transport theory is applied
*

to obtain expressions for the density-of-states effective mass, m , the conduc-

tivity effective mass, m^ , and the Hall effective mass, m^, of holes in p-type

silicon. The valence band model as determined by Kane consists of a parabolic

heavy-hole band, a non-parabolic light-hole band, ana the split-off (SO) band.

V-tlues of effective mass calculated from this model reveal the temperature and

dopant density dependence of the effective mass due to the anisotropic, non-

parabolic shape of the bands.

Calculations are carried out for dopant densities from lO-*^ to lO-'-'^ cm_~^ and

for temperatures from 50 to 400 K for boron-doped silicon. Conductivity effec-

tive mass increases from a value of 0.268 m at 50 K to a value of 0.490 m at
0 0

400 K, while Hall effective mass increases from 0.182 m at 50 K to 0.526 m
... 0 0

at 400 K. For temperatures above 100 K, m shows little change with dopant

density, but m varies by as much as 35 percent over the range of dopant densi-
H

ties considered.

1 . INTRODUCTION

The interpretation of transport properties in silicon and the mc '.eling of silicon

junction devices depend on an accurate knowledge of values of effective mass. The complex

valence band structure of silicon leads to difficulties in the study of transport properties

of holes in this material. Thus, the development of a model incorporating the non-parabolic

and anisotropic nature of the band into a single parameter, the combined hole effective

mass, would greatly simplify the study of mobility, resistivity, and the Hall effect in

silicon. This is a reasonable procedure for including the band non-parabolicity in calcu-

lations of relaxation time, and has been applied effectively by Radcliffe fA-i: to study

acoustic phonon scattering, and by Barrie ;a-2j to study optical phonon and impurity scat-

tering in non-parabolic bands [A-3] . It is the purpose of this paper to derive such a theo-

retical model for hole effective mass calculations in silicon.

*

This research was supported in part by the Advanced Research Project Agency Order No. 2397
through the National Bureau of Standards' Semiconductor Technology Program Contract No.
7-35741 and in part by the National Science Foundation Grant No. ENG 72-81828.
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Lax and Mavroides [A-4] have derived expressions for density-of-states effective masses
* *

m^^ and m^^ the heavy-hole band and the light-hole band, respectively, which lead to the

generally accepted and quoted value, m„ = 0.591 m . This value, however, can only be con-
*

D 0 *

sidered applicable at 4.2 K, where m , = 0.537 m and m ^ = 0.153 m . From the published
Dl o D2 o

experimental data it is noted that both electron and hole effective masses are dependent on

temperature and dopant density [A-5, A-6]. Below 50 K, hole effective mass remains constant

as indicated in high frequency magnetoconductivity experiments [A-7]. However, at higher

temperatures and for higher acceptor impurity densities two mechanisms are responsible for

the temperature dependence of the effective mass: the thermal expansion of the lattice and

the explicit effect of temperature. The effect of the thermal expansion can be estimated

from the stress dependence of the effective mass [A-8], and has been shown to be negligible

[A-5, A-9] . The explicit temperature effect, however, is of great importance. It consists

of the temperature variation of the Fermi distribution function in a non-parabolic band,

the temperature-dependent distribution function of the split-off band, and the temperature

variation of the curvature at the band extremum due to the interaction between lioles and

lattice vibrations.

Following the work of Lax and Mavroides [A-4] , but using Fermi-Dirac statistics and a

simplified model of the valence band structure for silicon, Barber [A-9] obtained an expres-

sion for the density-of-states effective mass, m^,^, which is temperature and hole density

dependent. Barber, however, did not apply the non-parabolic model of the valence band to

the study of conductivity or Hall effective mass in p-type silicon.

* *
Costato and Reggiani [A-10] also developed expressions for m^^ and m^ , the band conduc-

tivity effective mass, which show a variation with temperature, but they neglected the

effects of the split-off band and the temperature variation of the band curvature.

In this paper the expressions for density-of-states effective mass, conductivity

effective mass, and Hall effective mass of holes are derived based on the following
*

definitions. The density-of-states effective mass, m , enters in tlie normalization of the

distribution function; the conductivity effective mass, m^, is the mass of a mobile charge

carrier under the influence of an external electric field; and the Hall effective mass,
*

m , is the mass of a mobile charge carrier under the application of external electric and
H

magnetic fields. (The reason for these particular definitions of effective masses is that

the primary application of this work is to generate improved theoretical calculations of

Hall mobility, resistivity, and conductivity mobility [A-11].) These expressions were used

to calculate hole effective masses in p-type silicon over a wide range of temperature and

dopant density. Since the crystal structure of silicon has cubic symmetry, the ohmic

mobility and the low-field Hall coefficient are isotropic. An angular average of the

effective masses may be performed taking into account separately the warping of the individ-
* * *

ual bands so that expressions for m , m , and m of isotropic form can be derived. Values^ D C H ^

calculated from these expressions differ from one another because of the warping and non-

parabolicity , and consequently effective mass in each band depends on temperature and

dopant density in its own way.
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The valence band structure of silicon is presented in section 2, In section 3 expres-
* * *

sions for m^, m^., and are derived. In section 4 numerical values of effective mass are

analyzed, and in section 5 the validity of the model is examined.

2 . THE VALENCE BAND STRUCTURE OF SILICON

The theoretical calculations by Kane [A-12] have established some basic features of

the valence band of silicon. It consists of heavy-hole and light-hole bands, degenerate at

k = 0, and a third band displaced down in energy at k = 0 by spin orbit coupling.

The heavy-hole band is characterized by holes with an energy-independent, but

direction-dependent effective mass. The light-hole band is characterized by holes with an

energy- and direction-dependent effective mass. These two bands can be described by the

E vs. k relationship [A-13]

1/2N

E(k) = --^ {Ak2 ±1 B2k'+ + C2(k2k2 + k2k2 + k2k2)
X y X z y z

(A-1)

where A, B, and C are the experimentally determined inverse mass band parameters,

? ? ?
^'^

k = (k^ + k^ + k^) , and the upper sign is associated with the holes in the light-hole

band, while the lower sign is associated with the holes in the heavy-hole band. Values of

A, B, and C are obtained by cyclotron resonance measurements at 4 K [A-5, A-14]

.

Although warped, the bands are parabolic for small values of k. 'However, for larger

values of k, the bands become non-parabolic, and along the <100> and <111> directions the

heavy-and light-hole bands are parallel over most of the Brillouin zone. This situation,

however, is not strictly valid for general directions [A-6] . The assumption of overall

parallelism while questionable in III-V compounds, is reasonable in the case of Ge and Si

[A-15, A-16] . The split-off band is separated at k = 0 by an energy A = 0.044 eV [A-l?]

,

and is characterized by an effective mass which is independent of energy and direction. If

the anisotrophy is small, the square root in eq (A-l) may be expanded [A-4] and tne energy

surfaces may be expressed by

E = E, - ^— (A + B' ) j (6,(})) ,
{A-2;

V ^m
0

where B' = (b2 + 0^/6)^^^, v ^- T c2/2B ' (A±B ' ) , 6 and ^ are the spherical coordinates, E^

is the top of the valence band, and

j(e,4.) = 1 + y Y|sin'+e (cos'+cf) + sin'*'.})) + cos'*e - 2/3
|

. (A-2a)

Follov7ing the work of Barber lA-9j , we have used the simplified model of the band

structure illustrated in figure Al . In this model the heavy-hole band is considered para-
*

bolic and thus the mass m^ is a constant, equal to its value at 4.2 K. For energies within

0.02 eV the light-hole band is considered parabolic with a constant slope corresponding to
*

the value of m^ at 4.2 K. For higher energies the light-hole band is assumed to take on ap-

proximately the same slope as that of the heavy-hole band, but remains separated from the

heavy—hole band by A/3 eV [A— 12] . The exti'apolation of these two constants creates the kink

in the light-hole band at 0.02 eV. Because of the change in slope, the light-hole band has
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an energy-varying effective mass and in general can only be described in terms of partial

Fermi-Dirac integrals [A-9] . Although the split-off band is parabolically disturbed, the

apparent effective mass at the top of the valence band is a function of temperature due to

the energy displacement at k = 0. Theoretical and experimental studies [A-18, A-19] have
*

shown that at high temperatures the heavy-hole band is not parabolic and thus m^ is not

energy- and temperature-independent. However, within the range of temperatures considered

here, the assumption of parabolicity for the heavy-hole band based on Kane's model [A-12] is

reasonable. Other studies [A-20, A-21] support the validity of this model for the valence

band of silicon.

3 . EFFECTIVE MASS FORMULATION

In the case of spherically symmetric energy surfaces, all of the carriers respond in

the same way to a given set of applied forces. The effective mass is a scalar and thus has

the same value for the nail effect, conductivity, and density-of-states masses. For non-

spherical energy surfaces, however, this is not the case. The mixed response of carriers

to a set of applied forces is reflected in differences between the different kinds of ef-

fective masses.

ship

The density-of-states effective mass, m , , is defined from the relation-

-1
k T m .

o Dl
Fi/2(n) ,

(A-3a)

where n
V F

k T
o

E is the top of the valence band and E^ is the Fermi-level, k is the
V F o

Boltzman constant, Y\/ e'-^^ d£

1+exp ( e-n)

'

E -E
V

k T
o

and i = 1 or 2 refers to the heavy-

hole and light-hole bands, respectively. For the split-off band, the density-of-states ef-

fective mass, m ^, is defined by
D3 ^

ni k T
D3 o

i/2

Fl/.(n2) ,

(A-3b)

where ri' n - A/k T.
0

The electric current density in the presence of electric and magnetic fields can be

expressed by [^'--4^

{A-4)
a I. -I- a E.H„ + a E.H„H + .

where E., H„, H are the electrical and maanf^tic field components and the a's represent
j £ m

single-energy-surface conductivity coefficients. The first coefficient in eq (A-^!-) is the

zero-magnetic field electrical conductivity, and the second coefficient is associated

with the non-directional Hall effect. We use a to define the conductivity effective mass,

m . , by the relationship

0^. = P.

':2<x >
i

Ci

(A-5)
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and a to define the Hall mobility effective mass by means of [A-22]
H

a„. = p.
Hi 1

q^<T?>
1

(m .

) 2

Hi

(A-6)-

Equations (A-5) and (A-6) apply both to the parabolic and non-parabolic case;:. Both

effective mass and scattering relaxation time are energy dependent and are being averaged

ever energy and direction, but we have separated them in order to solve for effective mass

in terms of relaxation time. By defining P. as in (A-3) , we model the bands as parabolic
* * *

^

with m ., m and m , containing information relative to the true, non-parabolic shape of
Di Ci Hi ^

^ '

the bands. To obtain m . [A-4, A-91, the number of holes in each band is computed from
Di

P, =-^3 /f (k) d3k ,
(A-7)

'/here f is the Fermi-Dirac distribution function. The conductivity in the direction of an

applied electric field may be expressed by [7,-22]

a =
c 3 2 / ^^ak'

iTT -11

9f (E)
P d^k •(A-8)

while the conductivity corresponding to the Hall effect is 'given by [A-23;

f
T Sf (E)

p
3E

d3k
9k^

{A-9)

Since eqs {A-7) through {A-9) do not use the effective mass, they are valid both for para-

bolic and non-parabolic band structures. '

.

"
;

In order to derive expressions for the effective masses, each warped, non-parabolic

band is expressed by eqs (A-7), (A-8), and (A-9). Corresponding parabolic heavy-hole,

light-hole, and split-off bands are represented by eqs (A-3) , (A-5) , and (A-6) . Thus, by

substituting eq (A~2) into (A-7) , (A-8) , and (A-9) and equating these to eqs (A-3) , (A-5)

,

* * *
and (A-6), we can solve for m , m and m^, . . These are discussed separately as follows:UX t^X til

(a) The heavy-hole band

In this band, the effective masses are given by .

Dl (A-B-)
[f (- .) ]

2/3
(A-10)

3^^1/2 (n)
^ (-Y) (A-11)

CI (a-B-) (n) f, (-Y)
^

3/2 1
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and

m
0

Hi (A-B")

'^V^^'^^ f(-Y)

2^,, (n) f (->)
L ^3/2 2

n 1/2

(A-12)

where y is defined in [A--2] by

f(Y) = (1 + O.OSy + O.OieSSy^ + 0.000908y^ + ...) ,

f (y) = (1 + 0.01667Y + 0.041369y2 + 0.00090679y^ + 0.00091959y^ + ...)

f2(Y) = (1 - O.Oir.G-'Y + 0.017556y- - 0.0069857y^ + 0.0012610y'* + •••),

and

(A-12a)

*v'2-''' =/ T- (A-12b)
J [1 + exp(e-n)

I

0

Since the heavy-hole band was assumed parabolic, the integrals containing t in eqs

(A-7) through {A-9) are identical and can be canceled out. The anisotropic nature of the

band is represented by the terms in v, A, and B'. The temperature dependence is introduced

by the use of the Fermi-Dirac distribution function, and is only relevant at high dopant

densities

.

(b) The light-hole band

In the light-hole band, as modeled by figure Al , the effective masses of holes are

obtained in terms of partial Fermi-Dirac integrals [A-9]

.

Thus

,

3/2
[ ^'''^o* 1/2

F]/2(n)
I

fA+B')3'2 0 l+exp(c-n) (A-B')-/^

1/2/e de
I

l+exp(e, -n^

C/k T
o

(A-13)

f (+Y)

3m^<T,> {A+B')3/2 o/ l+exp(£-n) (A-B ') ^/-^ "cA^T l+exp{£i-ni)

de ^ f (-Y) y
m
C2 2 O'k^T

,
oo 3/2

f (+Y) /' T2e'^' 2exp(£-ri) de f, (-y) /* T2e-, exp ( e ; -n i
) de:^(+Y) /* Toe'*' exp(£-ri)de f

^ (-Y) f
1/2 J 2 \/2 J1/2

(A+B') 0 [l+exp(e-n)] (A-B') C/k T f 1+exp ( £ , -n i )

]

o

(A-14)

and
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H2

3<t2>
2^

f (+Y)

(A+B

?/k T
0

f (-Y)

(A-B')
/

1+exp { e . -n^

1/2
(A+B') f (+y)

t,/k T .:: V/O T

[

exp ( e-n) de
(A-B '

)

i--^
T^e ^^exp (e T -Pn ) de

f (-Y
2

[1+exp ( ^-n)

]

7
C/k,

;.l + exp (e j-rii

)

(A-15)

where e - A/3k T, ? = ? - b/l,, r.. = r\ - //3k T, and A and E, are defined m figure Al,
0 - o

In this case, because eqs (A-7) through (A-9) were expressed in terms of nartial Fermi-

Dirac integrals and eqs (A-3) , (A-5) , and (A-6) were expressed in terms of complete Fermi-

Dirac integrals, the dependence on t does not cancel out. Thus, the non-parabolicity of the

light-hole band introduces a dependence on the scattering relaxation time.

(c) The split-off band

Although the split-off band is parabolic, the apparent effective mass in this band will

also exhibit a temperature dependence due to the energy displacement at k = 0. The energy

of a hole in the third band is given by

2v2
E = E

^^k
V 2m (A-16)

where A is the split-off energy (0.044 eV) and A is one of the inverse mass band para-

meters. Substituting eq (A-16) into eqs (A-7) , (A-8) , and (A-9) , and then equating to eqs

(A-3) , (A-5) , and (A-6) for the split-off band, we obtain

03
(A-17)

and

C3

3 < I" >F ( n )

3 1/2^ '2^

/
[1+exp ( e -T\ ) ]

^
(A-18)

H3

3''T >F (n )

3 1/2 ^ '2

1 cr

iJ r

^^2"' "Gxpi, e,,-n ,)de.

[1+exp (e2""i2'

-1/2

(A-19)

where k T.
0

The combined hole density-of-states effective mass can be determined by assuming that

the total number of holes in the valence band is equal to the sum of the holes in the

individual bands:

Pi + P, + P3 ;
(A-20)

thus ,
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3/2
(m , )

Dl

3/2
+ (m ^)

D3

3/2
'1/2 (n2)/Fi/2 (n;

2/:
(A-21)

In the nondegeneracy limit, (n << 1), ^1 /?_ ^ ^2 ) /^^i/? (n) = exp{-A/k T). This combined

effective mass is defined as the mass corresponding to the density of states of an effective

single equivalent parabolic valence band. This concept is useful in calculations where the

effective density of states at different temperatures can be calculated from one m^. The

explicit temperature variation of the band curvature is included by assuming that the

density of states near the band edges varies in a similar manner as the temperature depen-

dence of the energy gap [9]

energy gap at 0 K.

Thus, (m )
^/'^ is proportional to E /E where E is the

D GO G GO

To evaluate the total band equivalent conductivity and the Hall effective masses, we

assume that, in valence band conduction, the total number of holes in motion is equal to the

sum of the holes moving on tlie separate energy surfaces, and that tnese holes can be modeled

as moving on a single spherical energy surface. Thus, the ohrnic and the Hall conductivities

in the equivalent valence band are given by

C CI C2 C3

and

"'h = ^Hl ^H2 + ^H3

(A-22)

(A-23)

respectively

.

Substituting eqs (A-5) and (A-6) into (A-22) and (A-23) , it follows that

m =
H

(A-24)

(A-25)

Equations (A-24) and (A-25) are valid for the nondegenerate case.

4 . RESULTS

Equations (A-21) , (A-24) , and (A-25) have been evaluated numerically as a function of

temperature and acceptor doping density for p-type silicon. Values of the band parameters.

4. 27, = 0.63 and C i.93, were determined at 4.2 K by Hensel and Feher [A-6]

and Balslev and Lewaetz IA-14]. The scattering relaxation time, t, was calculated by in-

cluding lattice, ionized impurity, neutral impurity, and hole-hole scattering mechanisms

[A-11]. In the case of acoustic phonon scattering, both interband and intraband transi-

tions were considered. In order to simplify the calculations and maintain tractability

,

anisotropies in the relaxation time were ignored. A rigorous analysis of the cO;.di:cLivities
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for nonisotropic scattering would be extremely difficult to carry out because no relaxation

time is expected to exist in the usual sense [A-24]

.

*
Figure A2 shows the dependence of m^^ with temperature in the range from 100 to 400 K.

The slight temperature dependence due to the explicit temperature variation of the curva-

ture at the edge of the band results in an effective mass increase of about 5 percent
*

in each band at 400 K. This can be seen in the slope of nij-j-j^ - The temperature dependence

due to non-parabolicity is very apparent in the shape of the m^^ curve.

The temperature dependence of the conductivity effective mass and the Hall effective

mass is shown in figures A3 and A4 , respectively, for dopant density equal to 10 ^'^ cm~^.

One consequence of the non-parabolicity of the light-hole band is an increase in the com-

bined conductivity effective mass as temperature increases from 50 to 400 K. This happens

because with increasing thermal energy k T, more holes reside in the less parabolic regions

of the light-hole band. The results plotted in figure A3 show an increase in m of about
* ^

83 .percent in this temperature range. The temperature dependence of m can be attributed
H

mainly to the non-parabolicity of the light-hole band. In the temperature range from 50 to
* *

400 K, m^ increases from 0.182 to 0.526 m^ . The slight temperature dependence of m^,^ and

m is due to the explicit temperature effect and results in increases of 7.7 percent and
H-i- * *
3.76 percent in m and m , respectively. A larger temperature variation occurs in the

CI HI

case of the split-off band because of the additional effects of the energy displacement

at k = 0. , _^

* *
Figures A5 and A6 show the variation of m and m. with dopant density and temperature.

C Pi

For T > 100 K, m^ varies less than 10 percent in the dopant density range from 10 to

lO-*-^ cm~^. Since the influence of non-parabolicity is reduced in degenerate material [A-19] ,

it follows as shown in figures A5 and A6 that the variation of effective mass with tempera-

ture is much stronger at low dopant densities. At lower temperatures there is a much

greater change in effective mass due to variations in scattering relaxation time with per-

centage of ionized impurities.

5. DISCUSSION

The idea of temperature-dependent mass is supported by a number of experimental data.

Cardona et at, [A-5] found an increase of about 12 percent in optical effective mass between

90 and 300 K in heavily doped p-type silicon. Cyclotron-resonance studies conducted by

Hensel and Feher [A--6] show that when carrier heating populates deeper regions of the light-

hole band, the non-parabolic nature of this band at higher values of k results in an in-

crease in the effective mass of holes.

The model used here in the calculation of hole density-of-states effective mass is
* *

identical to that of Barber [A-9] , and consequently our results for m and m are in excel-^ J Di D

lent agreement with those of Barber [A-9]. We have extended Barber's work to the calcula-
* * *

tions m and m, in p-type silicon. The increase of m by 83 percent at 400 K shown in
C H C

figure A3 is much larger than that reported by Costato and Reggiani (15 percent) [A-10]

.

Their calculation was done over a similar range of temperatures, and their value at 50 K,
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nij^ - 0.33 m , is somewhat higher than our calculated value. The discrepancies between our
*

results and those of Costato and Reggiani are due mainly to the correction of m^^ for the

explicit temperature dependence of the energy gap, the inclusion of the SO band, and the

consideration of unequal relaxation times in the three bands. Note that our calculations

of effective masses were achieved through more rigorous mathem.atical derivations, while

those of Costato and Reggiani followed a more empirical curve-fitting type of procedure.

The experimental values of density-of-states effective masses of holes in p-type sili-

con have been published by several authors fA-5, A-6] , but very little data can be found

for the conductivity and the Hall effective masses, laaking it difficult to properly assess

the value of bur calculations. Magneto-kerr effect measurements conducted by Hauge [A-25]
*

indicate that m could increase by as much as 48 percent in the range of temperatures from

0 to 300 K. This is smaller than our calculated percentage increase in m^, but it is im-

possible to compare our calculations with Hauge ' s experimental results, because our effec-

tive mass definition was chosen to be mainly applicable to the study of the Hall and con-

ductivity mobility in the low field limit, and this may not apply to the measurements of

Hauge [A-25]

.

From the results of this work, it can be seen that the approximation of a constant ef

fective mass seems to be inadequate to describe transport properties of holes in silicon

above 50 K. There is a substantial increase in the effective mass of holes from 50 to 400

due to the non-parabol ic ity of the light-hole band, and a smaller, though not negligible,

contribution due to the explicit temperature dependence and the effects of the split-off

band. The validity of this model for the calculation of density-of-states effective mass

has been well established [A-9] . Barber [A-9] has shown that when the temperature-

dependent effective masses are substituted into the theoretical expression for intrinsic

carrier density in silicon, the agreement with reported measurements of is within the

limits of experimental error. Application of this model to theoretical calculation of

mobility and resistivity in /j-type silicon ['.-11] has provided excellent agreement between

theoretical and experimental values (resistivity within ±6 percent) over a temperature

range from 100 to 400 K and dopant density range from 10-^^ to 3 -< 10^^ cm~^. This calcula

tion is limited to applications in ohmic mobility and low field Hall effect.
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