
NATIONAL BUREAU OF STANDARDS REPORT

9326

A TRANSPORT IMPROVEMENT PROBLEM

TRANSFORMABLE

TO A BEST-PATH PROBLEM

fcy

A.J. Goldman

Technical Report

to

Office of High Speed Ground Transportation

Department of Commerce

<^fe>

U.S. DEPARTMENT OF COMMERCE

NATIONAL BUREAU OF STANDARDS



THE NATIONAL BUREAU OF STANDARDS

The National Bureau of Standards is a principal focal point in the Federal Government for assur-

ing maximum application of the physical and engineering sciences to the advancement of technology

in industry and commerce. Its responsibilities include development and maintenance of the national

standards of measurement, and the provisions of means for making measurements consistent with

those standards; determination of physical constants and properties of materials; development of

methods for testing materials, mechanisms, and structures, and making such tests as may be neces-

sary, particularly for government agencies; cooperation in the establishment of standard practices

for incorporation in codes and specifications; advisory service to government agencies on scientific

and technical problems; invention and development of devices to serve special needs of the Govern-

ment; assistance to industry, business, and consumers in the development and acceptance of com-
mercial standards and simplified trade practice recommendations; administration of programs in

cooperation with United States business groups and standards organizations for the development

of international standards of practice; and maintenance of a clearinghouse for the collection and
dissemination of scientific, technical, and engineering information. The scope of the Bureau’s

activities is suggested in the following listing of its three Institutes and their organizational units.

Institute, for Basic Standards. Applied Mathematics. Electricity. Metrology. Mechanics. Heat.

Atomic Physics. Physical Chemistry. Laboratory Astrophysics.* Radiation Physics. Radio Standards

Laboratory:* Radio Standards Physics; Radio Standards Engineering. Office of Standard Reference

Data.

Institute for Materials Research. Analytical Chemistry. Polymers. Metallurgy. Inorganic Mate-

rials. Reactor Radiations. Cryogenics.* Materials Evaluation Laboratory. Office of Standard Refer-

ence Materials.

Institute for Applied Technology. Building Research. Information Technology. Performance

Test Development Electronic Instrumentation. Textile and Apparel Technology Center. Technical

Analysis. Office of Weights and Measures. Office of Engineering Standards. Office of Invention and

Innovation. Office of Technical Resources. Clearinghouse for Federal Scientific and Technical

Information.
* *

•Located at Boulder, Colorado, 80301.

•Located at 5285 Port Royal Road, Springfield, Virginia, 22171.



NATIONAL BUREAU OF STANDARDS REPORT

m% PROJECT
2050456

MBS REPORT

9326

A TRANSPORT IMPROVEMENT PROBLEM

TRANSFORMABLE

TO A BEST-PATH PROBLEM

ty

A.J. Goldman

Operations Research Section

Applied Mathematics Division

For

Office of High Speed Ground Transportation

Department of Commerce

NATIONAL BUREAU OF ST*

for use within the Government. I

and review. For this reason, the

whole or in part, is not authori;

Bureau of Standards. Washington

the Report has been specifically f

IMPORTANT NOTICE

Approved for public release by the

director of the National Institute of

Standards and Technology (NIST)

on October 9, 2015

accounting documents intended

ubjected to additional evaluation

isting of this Report, either in

Office of the Director, National

the Government agency for which

lies tor its own use.

<|jBS>

U.S. DEPARTMENT OF COMMERCE

NATIONAL BUREAU OF STANDARDS



V

.

;
' y# >5 . ;•.

-

. ; .•

: ‘ •'

- V ' ;

•? V-
••

...

\
^ :•>

... |

r
.

.
'

, :

I
- r,:

-

: ' r.: :
;

.

J
•• :



A TRANSPORT IMPROVEMENT PROBLEM

TRANSFORMABLE

TO A BEST-PATH PROBLEM

A.J. Goldman

National Bureau of Standards

ABSTRACT

Suppose given, for each arc (i,j) of a transport network, both

an initial traversal disutility d(i,j) and a function f(i,j,r) describing

the reduction in d(i, j) resulting from applying r units of resources to

"improve" the sure. For each origin-destination pair, there arises the

problem of how a limi ted resource budget should be allocated among the

arcs so as to optimize a best path from origin to destination in the

improved network. It is shown here that this problem is transformable

to a best-path problem in a enlarged network, if the functions f(i, j,r)

are super-additive in r .





A TRfiHSPOET B4PROVEMMT PROBLEM

TRAHSFOIMAELE

TO A REST-PATE PROBLEM(1 )

A.J. Goldman

Rational Bureau of Standards

1. 3ETEGDUCTI0H

Let [S;A] be a network. That is, M is a finite non-empty set of

objects called nodes, and A is a set of ordered pairs (i,j) of distinct

nodes; each such pair Is called an arc of the network. A path in the

network is a sequence of nodes.

P • i 7 i, ,...,i ,i
o 7 ± 7 7 m-1 7 m (1 )

such that (i^_ )eA for 1 < t < m ; more specifically, P is a path

from i to i . The (i, n -i,

)

are called the arcs of P P will
o — m v t-1* t'

be called simple 'if it has no repeated are; repetition of nodes is not

excluded.

We assume given a function d which assigns a non-negative number

d(i, j) to each arc (i,j)cA . Here d Is interpreted as a disutility

function; i.e., d(i,j) is the cost or time or risk, etc., involved in

(l) Supported by the Office of High Speed Ground Transportation, Department
of Commerce . Ho official endorsement implied.



traversing arc ( I ? j )
-—or whatever nathoatical combination of -these

4

"elementary factors" is foond appropriate for the application at hand.

The function d is extended "additively 1
* to the paths of the letwoA,

so that its value for the path (l) is the sum

m
a(p) = E

*=i

A particular node A'cU , such that for each ic3S the network

contains at least one path from V to i , is distinguished and called

the origin . For each icU , there is the problem of finding a path

frcsa V to i which is "d-best" in the sense of having minimam total

disutility [±.e. } d-value). There is also the problem of efficiently-

solving the whole ensemble of problems

{B.:icH}

These "best -path” problems arise frequently in the analysis and simulation

of transport or ccnamonlcation systems (and in seme production planning

models as well); a number of algorithms for their solution have been

(2 )developed and implemented as digital computer programs

The transport improvement problem of interest here has the following

additional structural For each arc (i, j)cA , there is assumed given a

(2) For brevity, we refer only to SJS.M, Pandit 8

s "Some Observations on
the Boating Problem" , Operations Itesearefe 10 (1962 ) } pp.T26-T2T
and by inference to its bibliography. A more computer-oriented
survey by C. ¥rtzgall is in preparation.
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positive-valued function f . . , defined for non-negative integer arguments
if]

such that the application of r(i,,j) units of "resources” to improve (i,j)

reduces the disutility of traversing this arc from d(i,j) to

max {0,d(i,j) - f .(r(i,j))} .

xj

Each function f . . is supposed to be non-decreasing, with f . .(0) = 0 ,

and to be super-additive , i.e.

f . .(x+y) > f . .(x) + f . .(y)- x3 xj

for x > 0 , y > 0 . (Note that this includes the case of linear f„).

There is also given an integer R > 0 representing the total budget level ,

i.e. the amount of resources available for transport.

A feasible a.l 1 ocation of resources among the arcs is thus an indexed

system

r = {r(i, j):(i, j)eA}

of non-negative integers, satisfying the budget constraint

£ [r(i, j):(i, j)cA} = R . (2 )

To each such r , we associate the "improved” disutility function

d (i,j) = max {0,d(i,j) - f .(r(i,j))} (3)
r xj

on [N;A] resulting, fran improving the various arcs in accordance with r

- 3 -



For each node kcHf , we can now pose the following problem P(k,R)

:

To find, among all feasible allocations r , one which minimizes the

d^-value of d^-best paths from the origin If to k Furthermore

there is the composite problem, denoted F(r), of solving the whole

ensemble of problems

{p(k,R):kel} - (4)

To avoid passible misunderstanding, we remark explicitly that this

problem F(R) is not that of allocating limited resources so- as to

maximize some measure of system-wide improvement . Rather, it is the

simultaneous solution of many problems P(k,R), each seeking a resource

allocation which is optimal from the viewpoint of a single origin-

destination pair fV,k] , on the assumption that travellers in an r-improved

network will choose a d -best path from origin to destination.
r

Our purpose in this note is to show that the "optimal improvement”

problem posed above for [N;A] can be rather simply transformed into a

best -path problem for an enlarged network [if*;A*] with an associated

disutility function d* . The transformation will be presented in the

next section, with some final remarks left for the concluding Section 3*

(3)WoIIner has considered a special case of the optimal improvement

problem, in which the resource allocation to each arc had to be "extreme"

in the sense of being either 0 , or else large enough to reduce the arc

disutility to zero. This restriction is not imposed here.

(3) R. Wollner, "Removing Arcs from a Network", Operations Research 12
(I96I), pp.93l.9l1O.



2. THE TRANSFORMATION

We begin by describing the enlarged network [N*jA*] , and its

disutility function d* . The node -set N* is given by

N* = {< i,u > :ieN , 0 < u < R } ,

i.e. it contains R*-l "replicas"

< i,0 > ,
< i,l > , ..., < i,R >

of each node ieN . The arc-set A* is given by

A* = {( < i,u > , < j,v > J:(i,j)cA , 0 < u < v < R] .

Finally, d* is defined on A* by

d*(< i,u > , < j,v > ) = max {o,d(i,j) - f (v-u)} ,

and extended additively to the paths of [N*;A*] .

Note that in [N*;A*] there is at least one path P* from < v.

to any other node < i,u > . For, we can begin with a path

P: i , i, ,— , i n ,io' 1 ’ m-1 m

in [N;A j from i/=i to i=i , and form P* as
o nr

P* : < i ,0 > ,
< i ,0 > < i .. ,0 > ,

< i ,u >
o* 1 m-1 m

( 5 )

0 >

- 5 -



(fee other concept roust be introduced before the problem transformation

can be presented. Consider any kcH . For the optimal improvement problem

P(t,R), we can clearly confine attention to feasible allocations r such

that there exists at least one path , from if to k in [H;Aj , for

which r(i,j) = 0 for all arcs (i, j) not in P Snch an allocation r

will be called k-special , as will the pair (r,P^) .

We next define a function which associates, to each path

P»: < v,0 > = < i
Q
,0 > , < i^ > < im,Rffl

> = < k,R >

from < V , 0 > to < k,R > in , a k-special pair (r,P ). It
JT

is specified by

V = vv-’Vi-v1 «

r(i»j) = £ : ( i
t _ 1

> ij) = -

If P^_ happens to be a simple path, then comparison of (3) and (5) shows that

d (p ) - a»(p»)
r r

(P^ simple) . (6)

In the general case, we assert that

d (P ) < d»(P»)
r r — (T)

To prove this, consider any arc (i, j) of P^, and let

T = {t:(i
t x

,i
t) = (i,«j)i ,

X
t
= R

t
" R

t-1 - 0

- 6 -



Then ( 7) will follow, in view of (3) and ( 5), if we can show that

max {0,d(i, j) - f . .(£ x+ )} < L max (0,d(l,j) - f . .(x^)} . (8)
/p

“ rjp

This will certainly he true if

d(i,j) < f. .(Zx.)
1J T

t

so we assume the contrary. Then (8) becomes

a(i>j) - f.,(L'x } < £ {d(i,j} - f (x )}
*•«) rp ^ p J "

or equivalently

Lf (x ) - f (Ex ) < (!t{-1) d(i,j) (9)
P

^ j-j ip x ~

where }t| is the number of elements of T . But ( 9 ) is true because

f , . is super-additive, T is non-empty, and d(i,.j) >0 .

1

J

The desired problem transformation is stated in the following theorem,

and justified by the theorem's proof.

THEOBEM. Let P* be a d*-best path in Cff*;A*] from

< i/,0 > to < k,B > , and let (r,P__) be the associated—— r

k-speeial pair . Then r is optimal for the problem P(k,R),

and P^ is a d^-best path in US;A] from v to k .

- 7 -



PROOF. It suffices to rule out the existence of a feasible

allocation

s = {s(i, j):(i, j)cA} ,

and a path

Q:v L 9 In *••••! T jl
o 1 m-1 7

im
= k

in [iJ;A] , such that

d (Q) < d (P ) .

s' r' r 7

If such a path Q exists, we can assume it to be simple

.

Q*: < v,0 > = < v° >
f

In [N* jA* ] is defined by

R
t = sU^i^) + sCi^ig) + ... + s(i

t l
,i
t ) < R

(10)

Then a path

> = < k,R >

- 8 -



for 1 < t < m-1 - There is associated to Q* a k-special pair (q,Q) such

that, hy (6),

d*(Q*) = d (Q) ,
(Id)

'“a.

and such that

q.(i -,,1 ) = R - R_
1m-X m ra-X

1 < t < m-1 ,

= B - £ £s (

i

t _1 j it ) : 1 < t < m-l}

> R - S {s(i, j) : (i, j) € A - {(i
n
,i )}}— j m-X m

— s(i ,i ) •

m-1' m

Thus q allocates at least as much to each arc of Q as s does, so

d (Q) 1 a (Q) •

Vi
(12 )

Combining (ll), (12), (10) and ( 7), ve have d*(Q*) < d*(P*) ,
contradicting

the choice of P* . This completes the proof.

- 9 -



3- DISCUSSION

We have shown that the optimal improvement problem for [HjA] , when

the functions f are super-additive, ran be transformed into a best-path

problem for the enlarged network [if*;A*] . The main import of this result,

of course, is that test-path algorithms can be applied to solve the

optimal improvement problem. Such an inference must however be taken

with a grain of sophistication . In particular, "applied" should be

changed to "adapted", and since we have not specified any "good" adaptation,

the subject is not closed though hopefully a substantial step has

teen taken.

The point here is one familiar to readers who have been charged with

implementing an algorithm described in a "theoretical" paper: The computational

feasibility and efficiency of an algorithm (and hence, in a strict sense, the

algorithm itself) are often not determined without quite formal specification

of how data are to be stored and manipulated. In the present instance,

[U*;A*-] has a "special structure" due to the way it is formed from CU;A] .

Use of programming ingenuity to exploit this feature, rather than literal

application of a standard best-path computer program to [if*;A* ] , will be

essential for the efficient solution of large problems. This is obvious

from the facts that the "enlargement" multiplies the number of nodes by R+l

and the rnmber of arcs by (ib-l) (R+2)/2 . If a best-path algorithm of the

"labelling" variety is adapted, as seems most likely, then for example

labels on the individual nodes < i,u > e H* would probably be replaced

by a set of "augmented" labels, each with a "u-component" , for each i c H .

- 10



Changing the topic, we observe that most methods for solving the best-

path problem in [N* jA* ] , between < & ,0 > and each of the nodes

{ < i,R > : i c N } ,

will in fact simultaneously solve it between < V , 0 > and all nodes in N* .

Since any path from < v , 0 > to < i,u > in [N*;A*] will contain only

nodes < j,v > with v < u , this process will yield solutions of the optimal

improvement problem for all budget levels up to R , not just for R alone

.

This is fortunate since our formulation, in particular the use of "=R"

rather than " < R,f

in (2), does not explicitly indicate cases in which the

optimum can be attained without using all of the available resources.

Another comment concerns the restrictiveness of requiring the functions

f . . to be super-additive . We note that this class of functions includes
ij

all polynomials with non-negative coefficients, and also "threshold" type

functions like

f. .(x) = max [0,c(x-x°)}
ij

where c and x are positive constants

A final speculative remark: Suppose for simplicity that each problem

P(k,R) has a unique solution r(k), and let z^(R) be the d^^ -value of a

dr(^"best path from the origin to node i_ . Then the numbers and-

z (R) might perhaps form the basis for a useful index of "community of

interest between i and k at resource level R" .

- 11








