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NOTICE

This report is a draft of Part II, sections 1, 2 and 3,

covering techniques for estimating and comparing proportions.

The final draft of Part II will include an additional section

on Sensitivity Testing which. Is not included here.

Table references are to Tables listed in NBS Report 5320,

or to the additional Tables provided at the end of this report.

(ii)



f H'UJ'liii'

,S bn* S f saoiJooa ^11 io 3tr. -s s jbI «|lr
.\P

yo^i iti^tif) s rrtl

aoi/paa l^uoif^bhu nu ^^;^f,::>ni ^^iw tj| 9hc«H 4o ^

;r.j

' * # : #

r uai ^ />

M t>»iMfi 9ZI 1 M mJl ijjdft/lii. ‘ «: /i r v ; J tw(v ittti

,CS£d Jioqsfl 3ST.-J o .* bujfiil' gWti<>T o» »vf '•s-/.-i<-!.:>;.-,t ^iJiV

.trtoqa^ nidi if, tm-i at!s 7a ^•tbk'»ot(t^B«ltitit ifta^t thb-t, •>'<* - •«>



Table of Contents

Page

II. Some Standard Statistical Techniques for
Qualitative Data

\fhat is qualitative data? 1

1, Estimating the true proportion or percentage of
items which have a given quality characteristic
(two categories of classification) 4

1.1 Best single estimate 5

1.2 Interval estimates 6

1.2.1 Two-sided confidence intervals 6

1.2.2 One-sided confidence intervals 7

1,3 Sample size required to estimate the true
proportion 9

1.3.1 Sample size required to estimate the true pro-
portion within a stated amount 9

1.3.2 Sample size required to estimate the true pro-
portion with error in specified direction not
to exceed d . 12

2, Comparisons between proportions (two categories
of classification) , . 14

2.1 Comparison of an observed proportion with a

standard (Pq) . . 16

2.1.1 Does P differ from P^? 16

Solution for n < 30 17

Solution for n > 30 18

(iii)



to t- ^.^vtno'vtvq' tftjiiyX-Jn''4^.i^l ”f-’-if mji

o^s r: / *ie j I c

T

< kzi i »**»p o<^ • ^
... . . V

c:

d

r

• "• i-** •
.
•

>
• ' «J

• # t J»®5P*
'^5

" ' ^

,- r "V''. '.’I

if* * • tSAAM.m. ,-^ _

...,., . ..'« 0onwt<.»>Boai t- 3 b ^

e

* « .•,. * • »

^n^«i «utJ •ifl ^ ‘ boiiupe^ •ImMC '

ViS-iw
• t • ttriG«cis fi nXfUJJir

-o*iq -guii-t otdi 1

1

€<

Xoir tr>ili 3 oqi»'^l Hj/m f>ot :;

2X „-.. . ... ., . • . , ..
.'

. . ..i 1l.lL b '>A

vm

?roi*in'4a.?«!> < «xK?J:^ioQpi(^ niHi. i

• • < • • * e # • » • • '
%. v"C*j ?0

i; rf 7 : i* 4<ri^*^CK|4rxq^ t>oT^«a*o flu to o iWi'rtifr

.. f . 4 - • vT. . i;^ .
. >, .loV bt «0

I

• • * * *

OZ > ^ iio^k oei|^l

. . « ,‘mii»Ot '< 4 -s.-* a< -
• '

I

{

i

j



2,1,2
Is P > Pq? o o . » c . o » . . .

Solution for n < 30, » , , , » «

Solution for n > 30,2,1.3

Is P < Pq? , , , , , ,

Solution for n < 30, ,

Solution for n > 30, ,

Page

19

19

21

23

23

25
2.1,4

Sample size required to detect a difference from
a standard proportion (without regard to the sign
of the difference) o o = . » , , » . » » . , . , 27

2,1,5

Sample size required to detect a difference from
a standard proportion (with regard to the sign
of the difference) 30

2,2 Comparison of two observed proportions 33

2.2.1 Comparing two proportions based on equal samples 35

2,2,1a Is P. different from P„? . , , 35
A

2,2.1b Is P^ > Pg? „ , o o o c , . o , o . 40

2.2.2 Comparing two proportions-—samples of 20 or less
and unequal in size. , , 43

2,2.2a Is P^ different from Pg? . , , , ,

2 2 2V) Tc; p > P ?^
^ / Jtr

g
6 eooodo»eeooo*ee *«0

2.2.3

Comparing two proportions—approximate method
for large samples .

2,2.3a Is P^ different from Pg? , , . ,

2.2.3b Is P^ larger than Pg?

43

45

47

47

49

(iv)



St

tt

1

« « t » # < < q at r it.:

* * «

• • # « #

pc ' II tut rtoJtltiXoS
• f-T

"

"i
.

." *x‘>l i ,t* rJ o8

• • -

.1

. . .( , . t.q > q 3i st.i*S.
. 0

, /

*
-

* ' • • ^

.(IE ^.$i *x03i adit r>loB

/ < a *tot,i»i^aXo8 V

-•w
<y0t Oy fc-tSsfr'i /.^^ ' ttKjotq Iit«Ii^6Xb « ' '^'4

^ *

fT(

OE

kit

'.n
? R yp. . f> r'-*i‘S^B'iJsfp0Tt #3:/n diquilfe

fvniitvJi ^ /v'l Ai<i^*ia»:jo*xg h*x&hn^Jm 6

. «7 . . - V . W
;y ^1

. ^£irt->ta<Cp **wt to aoaJttjqflioD r^if • 4

It ^ dwX. ;^0itsq«ioO 1*^^,

dtr

0#-

• «

•3;

3-' w»3Tt u^^adts^irb «f.
i.

• t * * •* '^at .« • t ^gSt < 9X €l,U

Ch

di*

• ^ tt
’ • »- rr O*** ^

oi Xfiifpeay bun

V al , -

V^

e4^

# B « ^ • . |> ^ :-i*»Ie'|m«B d^tcX jK0t-.. ‘

I



Page

2.2„4 Sample size required to detect a difference
between two proportions 51

2.2.4a Sample size required to detect a difference
between two proportions without regard to the
sign of the difference 51

2.2.4b Sample size required to detect a difference
between two proportions with regard to the sign
of the difference o » « o , . . 55

3. Comparison of sets of proportions (three or more
categories of classification). . 58

3.1 Comparison of an item,, product, or process with
a standard ....o . 58

3.2 Comparison of two or more items, products, or
processes 61

3.3 A test of association between two methods of
classification 64

(v)



.V,
>

m.\f:

r* . t .

.

V

le'

Id

aam
Qonetelti'b a taei^K ot t yxlpp^urv ©tgage J^.S /ST

-

a V, ': -

*'

' 4

dOXid'x&); tlb n loeloii oi ^acra %J^<j»na8 b#*2'V^^

erlJ ol ftjcxiftifw f»w#

. * , to iJSlB# « t f ^

'H

ooa&isftJ^b a oXgm Ui^. 2^2 r,

de

ad

13

rralB bin:^! li^riw eac»U 1uo^<^tJqE a#3 nsow^ed
• ^ *

‘ ^>on£.T:dttxb io ' ^>
. 1^

snow 10 ooTdcr) BfloldtiHio^q fo a»?o^ lO to^5Jl •^fit3MoD
.

,.

, (noJt:t^o^i,Mj?,i£io lo‘ asst-at^oyiBX)'

t .
.« 1 t

" ^ ^
dllv7 Basoo*%o ":o .n^xi aU ^io fit>sr74U4MO<>

^.•'Ji'

,

^ • • * #

« < •

jr,
<

• * 4 -

^3 • • •

^ 4 ft 4

.5 * ' *~ii •* >ifr'
.

.'Jt

10 ^*XOUbOTlf ‘ ^jWKO ^ y O' owl i^»

...... V aon^oooaq
•
\-‘ 2f

"
*rJA

'*

***'0
-w

'•* V
. ,

lo''^bodt£f:jCi owi to laol A S«’

....,. \ :donitoJtli:iaieaIi> ''4



Tables

(Table numbers are continued from NBS Report 5320)

Table XXIV Confidence Limits for a Proportion (Two-sided)

Table XXV Confidence Limits for a Proportion (One-sided)

Table XXVI Table of 0-2 arc sin :/T~

Table XXVII Sample Size Required for Comparing a Proportion
with a Standard Proportion

Table XXVIII Minimum Contrasts Required for Significance in
2x2 Tables with Equal Samples

Table XXIX Tables for Testing Significance in 2x2 Tables
with Unequal Samples

(vi)



V.V<V

mm .;' ,

(0S£3 7tC04e^Sl iTfitr moti Me 8*r^irf#0 e»XdeT)

'

.^ ... . '!
V'^1

(bebia-owT) aoX2»ot;a*J^ e iol tuoO ^ VIXX al^a' ^

(b©bXa-9iiO) noX^'Xoqt;'^^ a iql ®t>A^bilnoD TXX sW aT

*TV it >3 oitt “ O lo
'A'_*-.‘'

J

ira'sWsT A'

flolt'xoqo'i^ s lAa^ntO W1 o,vx(^ aX^moB IIVXX aXtXiiT

bmt^pG^Z fi‘ rfjl^

.
ai **0^ §tlinr'A.t0aD dii/«x0!x1l IIIVXX aXcfaT

aoIc?rcS laupU aaitJftI'
- -Ti-'

aoXdxtT rxS ill

,

^ 20itjwi^a' Iwipoci’j HX*lw
XIZX oXdflt



II» Some Standard Statistical Techniques for Qualitative
Data

What is Qualitative Data?

There exist physical and visual tests for which it is

impossible to obtain and record actual measurements « The

only possible observation will consist of a notation as to

whether the test item passes or fails a shock test, fires

or does not fire, is acceptable or unacceptable with respect

to a standard color chipo In some other tests, the required

expense or inconvenience may make it undesirable from a

practical point of view to obtain the exact measurement.

For example, a dimension can always be measured, but in large-

scale production excessive time may be required and go-no-go

gauges are used instead.

Wherever it is possible to obtain actual measurements,

these measurements do provide more information than do counts.

In planning tests this must be kept in mind and all factors

considered. Time, money, availability of experienced personnel,

all contribute to the decision of whether to measure or gauge.

If measurements are taken, the methods of Part I apply and not the

methods of this Part.

- 1 -
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For whatever reason_, whether necessity or economic

choice, the observations now consist not of measurements, but

of a series of responses (e,g., hit-miss, pass-fail, larger than-

less than, yes-no) « This is what is called qualitative data.

The majority of practical applications will involve

only' two mutually exclusive categories of classification such

as those mentioned. The tv;o-category case may be thought of

as a YES-NO classification, and in fact it often is exactly

that (pass-fail) o The most extensive treatment will be given to

this case. (sections 1 and 2.)

Methods are also available for handling results which

fall into three or more categories. An example of a three

category case night be ACCEPT-REJECT-KSV/ORK such as comiuonly

found in screening inspection. The methods used for three

categories apply for any larger number of categories and no

purpose is served by further distinctions.

The raw data will always consist of count s of the number

of test items or test runs which fall into each of the categories

of the classification system. For the purpose of processing

the data, the counts will be expressed as the proportion of the

total number of items examined. In general the equivalent

percentages are not used in analysis, even though final presenta-

tion of this kind of result is often made in percentages.

-2 -
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The organization of this part of the manual will parallel

that of Part I as much as possible. Instead of estimating the

true average of a lot with respect to some property we estimate

the true proportion of items in the lot which have the pertinent

characteristic. (For single estimates, see section 1.1. For

interval estimates, see section 1.2.) Comparisons can be made

between new and standard products, or between any two products,

with regard to the percentage of individual items exhibiting

the chosen characteristic. The methods for comparison are given

^ ° ^ ^ ° ^ for 2-category classifications (the pass-fail

type) and in 3 .

1

and 3 .

2

for several-category classifications.

A brief section dealing with the case where an item is classified

by two different criteria, each of which has several categories,

is included (see 3 .

3

) because the technique of analysis is

similar to that of 3.2.

- 3-
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1 . Estimating the true proportion or percentage of items
which have a given quality characteristic (two categories
of classification)

.

Given g

A sample of n items selected

at random from a much larger

group. Upon examination or

test, r of the n items show

the presence of the given charac-

teristic o

Example ;

Ten fuzes are taken at random

from a production line and

tested under a specified set

of conditions. Four fail to

function

,

Questions? The general question is ’hvhat can be said about

the larger group with regard to the proportion of defective

items contained therein?’^ —specifically,

(1) What proportion, p, of the fuzes produced would

be expected to fail under the prescribed conditions?

(2) Can we give an interval estimate of the proportion

of defective fuzes, and state a confidence coefficient

associated with this interval— i . e . , a measure of

our assurance that the interval will bracket the

true proportion?

-4 -



*ia x ivfso^«o t ^ i • W^.t :>n'j #1^0 r:f I i4f<0

‘2£S£t-iS

n{Obrt($K >B 4iC ai.' :r^»T

* 9f||l> nqj l. »cn%

f&e & "T 5bni/

- ?i^

‘ti M'Ttvttitaiifc^MiU
.,

V'V

Muiii 4 -i1#W8 J '^'> *
i.>i li*J ,^a<.:iijLpttk->ii^.,

»' :/- - -“
1

1 nMAJMk
*

i

#’

f.
3(;odB bles*> ii^ fiBj JBrtw” tii ao4'»a*i»p iwtwl^WlP

^ J 1'
- ^ *

vO ifol^t*ivX|<‘*H/ f#if; 4*>t 111* n rftj >*»:g

^ tLI nu^ 1 1 ^ - ’; liX filaoi? »t'i:.

binovr l^srs^. .q «dt w ^mUi i'f'

4;
’-

Sanol^ b^j^f r- .i* c^ w|

iioX^J I'i if i i B I* ;> 1 ai *4|

^ K j :? eo- ’.’ .»C^» n ^slefe tin»' ^ii?tiow

^o ^ . t-.^ I fc‘* fo/ fit rii d. ? f oo«el%

£;Xft u,'* l4|V%il^Ill

t>... %: a

ttint

ivs«



1,1 Best single estimate.

The best estimate of the true proportion of items having

a given characteristic is equal to the number of sample items

which have the characteristic divided by the total number of items

in the sample.

The best estimate of the actual proportion of fuzes that

will fail is equal to the number of defective fuzes in the

sample^ divided by the total number of fuzes in the sample.

We assume that the samples are chosen by an unbiased method.

Procedures Example s

Compute the estimated proportion

p, as follows

s

r
p = p = 4/10 - .4
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lo2 Interval estimates of the true proportion or percentage,

le2ol Two-sided confidence intervals (For fuller explana
tion of confidence intervals read the Introduction

Although the best single estimate of the true proportion

of items having a given characteristic is the proportion of such

items in the sample, an interval estimate may be preferred,

A confidence coefficient, i,e,, a measure of assurance

that the stated interval does contain the true proportion, can

be given for the interval estimate. These interval estimates

are obtained as follows “ For n > 30, use Charts Via, Vlb or

Vic for 90%, . 95%, and 99% confidence intervals respectively,

(For n < 30, use Table XXIV,) On the charts there are 2 curves

for each of a number of values of n. The upper and lower curve

for a particular n constitute a confidence belt for the true

proportion. First locate the observed proportion, r/n, on the

horizontal scale. From this point travel up to the curves for

the sample n and read off upper and lower limits for the

population proportion P, For example, in a sample of n =* 100,

v/here observed proportion is ,4, 95% confidence limits for the

true proportion are ,31 to ,51,

The three charts give (1-a) confidence interval estimates

for a ,10, ,05, .01, If we use these charts a large number

of times to make interval estimates of P, the true proportion,

we can expect 100(l-a)% of these intervals to contain P,
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Approximate method.

An alternative approximate method of obtaining confidence

intervals is useful when „1<P<„9, and nP and n(l-P) are

both greater than 5„

1) Choose the desired confidence level 1-a.

2) Look up ^
1 -0/2

Ib,

3) Compute Pi “ P +
^l-a/2

|p(i-p)
\| n

P2 “ P “
^l-a/2 \

p(i-p)
n

The interval from p^ to P2
is the 1-a confidence interval estimate

of Po

1»2„2 One-sided confidence intervals

A one-sided interval estimate will state that P is

less than a proportion p^, or alternatively that it is larger

than p^ , and the statement carries given confidence level in

the manner discussed above « Use Charts Via, Vlb, Vic to obtain

o 95, o975, and ,995 one-sided confidence intervals respectively,

by using only the top portion, or only the bottom portion of

the belt for a given sample size. For n < 30, Table XXV

should be used.
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Approximate method (useful when .1 < P < , 9 , and nP

and n(l-P )

a

re both greater tha n 5) . A (1-a) one-sided

confidence interval can be calculated by computing;

P + z
1-a

(i-p)

n
or alternatively

z
1-a

The interval below p^^ or the interval above p^ is a

one-sided confidence interval estimate of P,
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1.3 Sample size required to estimate the true proportion.

We shall discuss two problems:

Problem 1,3.1 Specified error in either direction

permitted (i.e,, to estimate P within +d)

.

Problem 1.3.2 Specified error in only one direction

permitted (i.e., to estimate P within +d_, or within -d).

In 1.3.1 we are indifferent as to whether our estimate

is too high or too low. In 1.3.2 we wish to protect ourselves

against an overestimate, but do not worry about an underestimate

(or vice versa).

Problem 1.3.1 Sample size required to estimate the

true proportion within a stated amount (+d)

.

Graphical method

,

The problem could be restated as follows: we wish to

make a two-sided confidence interval estimate for P and the

width of the interval should be not greater than 2d.

It is therefore possible to use the charts ( Table VI)

in reverse, that is to find the sample size belt whose maximum

width (vertical distance on the charts) is 2d. The maximum

width of confidence interval for a particular n will occur

when the observed proportion is equal to 0.5. If past records on
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the particular process indicate that the observed proportion

has always been within some range (e.g., always less than 0.1),

use the widths of the intervals at this point rather than the

maximum widths.

Numerical method

.

The basic formula for sample size is

n = i-g/2 P'(l-P’)

d^

A sample of size n guarantees a probability not greater

than a that our estimate of P is in error by more than d.

Since the true proportion P is unknown, what should be

used as a value for P*? The rules are as follows;

1) If there is no prior information about P available,

or if P is believed to be in the neighborhood of

0.5, use P’ = 0.5. The formula then simplifies to

z2
^l-a/2

n == '

—

4d2

2) If the true proportion P can safely be assumed

less than 0.5, let P’ be the largest reasonable

guess for P.
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3) If the true proportion P can safely be assumed

to be greater than 0.5, let P* be the sma llest

reasonable guess for P.

It is obvious that the largest sample size will be required

when the true P is 0.5, and the purpose of these three rules

is to be as conservative as possible.
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Problem 1.3,2 Sample size required to estimate the true

proportion with error in specified direction not to exceed d

(i . e, , 4-d^ or ~d) .

Sometimes we do not care if we underestimate P, the true

proportion, but wish to protect ourselves against overestimating

P. The risk of overestimating (underestimating) P by more than

d is to be not greater than d. The error in estimate is to be

only in the direction that we choose.

The basic formula

n = 1-a

for sample

p» (i_p»

)

"d2

size is

Since P is unknown, we use the same rules as in 1.2.1 for sub-

stituting a value for P’

.

1) If there is no prior information about P available,

or if P is believed to be in the neighborhood of

0.5, use P^ = 0.5. The formula then simplifies to:

4d^

2) If the true P can safely be assumed to be less

than 0.5, let P* be the largest reasonable guess

for P.
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3) If the true P can safely be assumed to be greater

than 0.5^ let P* be the smallest reasonable guess

for P„

The largest sample size will be required when P = 0.5, and the

purpose of the rules is to be as conservative as possible.
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2o Comparisons between proportions (tv;o categories of
classification)

„

In addition to estimating proportions, there are cases

where we want to compare proportions„ For a given kind of

ammunition, we may have a specification which prescribes the

maximum percentage of duds. Production lots of this ammunition

will not be acceptable if they exceed this specified percent

defective. Where we are comparing an observed proportion

with a specification or standard, the methods of section 2.1

apply.

A different kind of comparison is involved where we

have no standard value, but wish to compare two observed proportions.

For example, there are two methods of manufacture for a certain

component. Method I is cheaper and would obviously be preferable

unless it produces a higher percentage of defectives than Method

IIo

As in Part I, the procedure used will lead to one of two

conclusions. If we ask the question ”Do these two lots differ

with regard to proportion defective?’’, our procedure will give

either (a) or (b) as the answers

(a) The two lots differ with regard to proportion

defective.

(b) There is no reason to believe that the two lots

differ in this respect.

- 14 -
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In the case of comparison with a standard, the

comparison will be made by computing a confidence interval

for the observed proportion„ The procedures in this section,

therefore, look somewhat different than the procedures in

Part I, section 2»2, but they are not essentially different.

(For amplification of this relationship, read the section on

'’Relationship between confidence intervals and tests of signi-

ficance” in the Introduction.)

This section will give solutions for the following

problems ^

2.1 Comparison of an observed proportion with a

standard

.

2.2 Comparison of two observed proportions.

- 15-
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2ol Comparison of an observed proportion with a standard.

Given s Example ;

A sample of n items selected

at random from a much larger

groupo Upon examination^ r

of the n items show the

presence of the pertinent

characteristic, p - r/n =

observed proportion, Pq “

the known proportion of

individual items in the

standard product that exhibit

the pertinent characteristic.

Problem 2,1,1 Does the new product differ from the

standard with regard to the proportion which exhibits the pertinent

characteristic? (Does P differ from Pq?)

- 16 -
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Solution for n < 30

Procedures

i) Choose confidence levels

l-Oc Tables are pro-

vided for confidence

levels o 90^ » 95^ o99,

ii) Enter Table XXIV with n

and Vo Select column

equal to chosen confidence

level

o

iii) If the tabled limits do

not include conclude

that P differs from P^o

iv) If the tabled limits do

include P^, there is no

reason to believe that

P is different from P^o

Example

-17 -



»
.

- 'i '

t V ft

*
’ *t'

.

A' I‘- *
.

#'.
. -HiJ

i

‘.
•‘I
%

Ot > fl ti',^ li^tiHuiiM

M

•>:!: ^Ivilaoo ®80orn> (^

-.*

-D'XQ ^TS '^idiiT ,O^X
-,• ’ l-

0!>aalfnno9 lot b^biV /H

.ee, ,a^. -iif.. aldvox

a'

» .

a dJ*lw ''^IXZ v^iifr.T (it

51

.
.omtiloo tt>»lw6 *! ban *

!-
"

'•.'T* ^

©Mebtldoo iddsCMto c4 fnrpa

Ob aXXmif b0;XtfaX (il
E

bboIoapD '%-boCoa) ion ^

moil »TO



Solution for n > 30

Procedure g

i) Choose confidence levels

l~Gto Charts are pro-

vided for confidence

levels ,90, „95^ ,99,

ii) Go to Chart Vla^ Vlb^ or

Vlc^ as determined by

choice of confidence

level. Locate observed r

on horizontal scale.

Locate curves for proper n,

iii) Read off upper and lower

limits for P, If these

limits do not include Pq,

conclude that P differs

from P^o

iv) If the limits do include

Pq, there is no reason to

believe that P differs from

Example

- 13 -
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Problem 2„lc2 Does the characteristic proportion for

the new product exceed that for the standard?

Solution for n < 30

Procedure g Example i

i) Choose confidence levels

l-Oo Tables are provided

for confidence levels

o90^ o95, o99o

ii) Go to Table XXV„ Find n

and chosen confidence

level o Enter Table in

row n~ro Subtract tabled

value from lo This is a

lower one-sided limit for

observed P«

iii) If limit obtained in ii)

exceeds P^^ conclude that

the characteristic proportion

for the new product exceeds

That for the standard.

(Is P > Pq?)

- 19 -
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iv) If limit obtained in ii)

is not larger than

there is no reason to

believe that the

proportion for the new

product exceeds that for

the standard.

-20 -
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Solution for n > 30

Procedure g

i) Choose confidence level

1-Qc Tables Vla^ Vlb^

Vlc^ will provide con-

fidence levels o95, o 99^

o995 for one-sided testSo

ii) Go to Chart Vla^ Vlb, or

Vic as determined by

choice of confidence level

o

Locate observed r on

horizontal scale. Locate

curves for proper n,

iii) Read off lower confidence

limit for P, If Pq is

smaller than this limit_,

conclude that the proportion

for the new product exceeds

that for the standard product

Example s

-21 -
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iv) If Pq is larger than the

limit and is therefore in-

cluded in the one-sided

confidence interval for

P, there is no reason to

believe that P is larger

than Pqo

-22 -





Problem 2olo3 Is the characteristic proportion for

the new product less than that for the standard? (Is P < Pq?)

Solution for n < 30

Procedure ° Example s

i) Choose confidence level

1-a, Tables are provided

for confidence levels ,90^

,99„

ii) Go to Table XXV. Enter

table with n^ r^ and chosen

confidence level. Table

entry is an upper one-

sided limit for observed

Po

iii) If tabled limit is less

than Pq^ conclude that the

characteristic proportion

for the new product is less

than that for the standard.

-23
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iv) If the tabled limit is

larger than there

is no reason to believe

that the proportion for

the new product is less

than the standard

„
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Solution for n > 30

Procedure g

i) Choose confidence level

1-Oc Use of Charts Vla^

Vlb^ Vic will provide con-

fidence levels o95, <,975^

„995 for one-sided testSo

ii) Go to Chart Via, Vlb, or

Vic as determined by

choice of confidence

level. Locate observed

r on horizontal scale.

Locate curves for proper n.

iii) Read off upper confidence

limit for P. If P^ is

larger than this limit,

conclude that the pro-

portion for the new product

is less than that for the

standard product.

Example

-25-
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iv) If Pq is less than this

limit and is therefore in-

cluded in the one-sided

confidence limit for P_,

there is no reason to be-

lieve that P is less than

-26 -
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Problem 2.1.4 Sample size required to detect a difference

from a standard proportion without regard to the sign of the

difference

.

Given ;

Pq = the known proportion of the population of standard

items v/hich exhibit the pertinent characteristic.

P^ may be given by specification or standard.

To be specified for this problem;

a “ the significance levels or risk of announcing a difference

when in fact there is none.

p = the risk of failing to detect a difference when in

fact the true proportion for the new product differs

from the standard by an amount 6 (i.e.^ | P - P^
1

=6).

5 “ the amount of difference which is considered important

to detect.

Charts and tables to be used :

Table XXVIIa gives the required sample size for a number

of values of P^ and P for a - .05 and 1-^ = .50^ .30, .90,

.95, and .99. The table is given largely for illustration, to

demonstrate how the required sample size is affected by the

magnitude of the P^ and 6 involved, and by different choices of

p. For desired values of a and p which are not included in

-27 -
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Table XXVIIa, use Table XXVI^ a table to convert the difference

between the proportions into the necessary form for use with

Table XVIIIa,

Procedure g

i) Specify 6, the amount of

difference considered im-

portant to detect

o

ii) Choose a and

iii) For a - -05. 1-p = ,50^

.80, .90, .95, and .99, go

to Table XXVI la.

iv) Let P = Pq f 6 or

P = P^ <5, v/hichever

makes P closer to 0.5.

v) If either P or P^ is less

than Co 5, enter Table XXVI la

with P and P^. If neither

P nor Pq is less than C . 5,

enter Table XXVIIa with 1-P

and 1 -Pq® In either case.

Example

:

-28 -
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the smaller of the two

proportions determines the

column and the larger

determines the row. Read

off n directly. n is

the required sample size

for the new product.

vi) For values of a<, and P

which are not included in

Table XXVIIa, go to Table

XXVI. Look up

Oq = 0 corresponding to

0 0 corresponding to P

vii) Compute d == |0 - 0^1

viii) Enter Table XVIIIa with

chosen 1-P^ and d

(from step vii) . The

tabled n is the required

sample size for the new

product. (Footnote to

table should be ignored.)
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Problem 2^1,5 Sample size required to detect a

difference from a standard proportion with regard to the

sign of the difference*

Given °

Pq = the known proportion of the population of standard

items which exhibit the pertinent characteristic.

Pq may be given by specification or standard.

To be specified for this problem;

6 “ the amount of difference which is considered

important to detect.

a - the significance level, or risk of announcing a

difference when in fact there is none,

P = the risk of failing to detect a difference v/hen

in fact the true proportion for the new product is

P - Pq 4- 6 or Pq - 6, as specified.

Charts and tables to be used ;

Table XXVIIb gives the required sample size for a number

of values of P^ and P for a =* .05 and 1-P = .50, .80, .90, .95

and .99, The table is given largely for illustration, to

demonstrate how the required sample size is affected by the

magnitude of the Pq and 6 involved, and by different choices

of p. For desired values of a and p which are not included in

Table XXVIIb, use: Table XXVI, a table to convert; the differenc

between the proportions into the necessary form for use with

Table XVIIIb.
- 30 -
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Procedure Example

i) Specify f6 or -5^ the

signed difference from

the standard proportion

that is considered im-

portant to detect. Then

p-PQ"^6orP = PQ

as specified,

ii) Choose a and p.

iii) For a = ,05^ ~ .50,

.30^ ,90^ .95. and .99,

go to Table XXVI Ib,

iv) Let P - Pq "f 6 or

P “ Pq - 6, as specified.

v) If either P or P^ is less

than 0.5, enter Table

XXVI Ib with P and P^,

If neither P nor P^ is less

than 0.5, enter Table XXVIIb

with 1-P and 1 -Pq«

either case, the smaller of

- 31 -
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the two proportions

determines the column and

the larger determines the

rowo Read off n directly,

n is the required sample

size for the new product.

vi) For values of and P

not included in Table XXVI Ib_,

go to Table XXVI . Look up

Oq == 0 corresponding to Pq

0 =0 corresponding to P.

vii) Compute |d| “ ]G^ ~ 0|

viii) Enter Tables XVI lib with

chosen 1-P;, and d (from

step vii) . The tabled n

is the required sample

size for the new product.
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2.2 Comparison of two observed proportions.

Two problems will be discussed

s

Problem a . To test whether the proportion having a given

characteristic is different for tv/o materials^ products^ or

processes. There is no particular concern about which proportion

is larger.

Problem b . To test whether the proportion having a given

characteristic is larger in Product A than the corresponding

proportion in Product B,

It is again important to decide which problem is appropriate

before taking the observations. If this is not done and if the

choice of the problem is influenced by the observations, the

significance level of the test and the operating characteristics

of the test may differ considerably froDi their nominal values.

In the following it. is assumed that the appropriate problem

has been selected and that n. and n„ items are taken from Products

A and B respectively. In Product A^ there are r^ items v/hich are

classified in Class I^ in Product B, r items fall in Class I.

The items will be classified and the observations recorded

in a 2x2 table as in Table 2,2;
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Table 2„2

Class I Class II Total

Sample from A
®A “a

“ +
®A

Sample from B,

TOTAL r c*?
u. n

The rows in the table are the two samples and the columns

are the two classes into which the observed items have been

classified. The classes may be success-failure or any other

two-category classification. Entries in the table are counts.

If Class I is the class of interest^ the observed proportions

are = r^/n^ and Pg = r^/n^ .

The

separately

Case

Case

Case

solutions to the two problems will be discussed

for three cases

s

1, Equal samples (n^ = n^) [Section 2.2,1]

2, Small unequal samples (n^ f n^, both less than

[Section 2.2,2]

3, Large unequal samples [Section 2.2.3]

20 )
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2o2ol Comparing two proportions based on equal samples.

Tables to be used s Table XXVIIIa and XXVIIIb are available

for equal sample sizes by intervals of one up to 20 and n^ =

ng - 30^ 40, 50, 60, 70, 80, 90, 100, 150, 200, 300, 400, 500,

Use Table XXVIIIa for a - ,05 in Problem a

for a “ ,025 in Problem b„

Use Table XXVIIIb for a - ,01 in Problem a

for a - o005 in Problem b.

Problem 2,2,1a Is P^ different from Pg? (equal sample

sizes)

,

Steps in solution s

The solution involves two steps

s

Step (1), Pick out the proper ordered pair (as described

below) from the 4 entries in the data table (Table 2,2), This

pair of entries is called the '^observed contrast” pair.

Step (2), Compare the ”observed contrast” pair with the

minimum contrast pair given in Table XXVIII, and judge whether

or not the observed contrast is significant.

With a little practice, both steps can be done quickly

by eye. After recording the data as in Table 2,2, the detailed

procedure ist
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step (1) Find the ordered pair (3 ^, 82 ) where

= smallest entry of all 4

82 = entry in same class as a^ from the other

sample

.

(If a^ should equal ^
2 , proceed no further. Data gives no

reason to believe that the two proportions differ.)

For example^ consider the following table of observed

counts °

Class I Class II Total

Product A Ta = 15
“a

=

Product B ^B= 7 Sb = 10 Ur = 17

TOTAL r = 22 s - 12 COII

According to the rule, a^ = 2 and ^2 ~ 10 and we use the pair

(2, 10) for comparison with Table XXVIII.

Step (2) Compare the observed contrast pair with the

minimum contrast pair listed in Table XXVIII.

Table XXVIII shows the ’’least different” pairs of entries in a

2x2 table which are significant at the chosen level.

A ’’more different” pair is of course significant also.

For example, look at the entries in Table XXVIIIa for n.= n = 17.
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The ^minimum contrast required’* are (0,5), (1,7), (2,9), (3,10),

etCo Since (0,5) is significant, so also is (0,6), (0,7), etc.

Since (1,7) is significant, so also is (1,8), (1,9), etc.

In the example shown in Step 1, the observed contrast

pair (a^,a
2 ) is (2,10). ' If the chosen significance level is

a = .05, we go to Table XXVIIIa. For
i find an

entry (2,9) which is significant. Since (2,9) is significant,

(2,10) is also significant and we conclude that the two products
j

differ with regard to the characteristic proportion.
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Summary of procedures Is P. different from P„? (equal

sample sizes)

Example ;

i) Choose a, the significance

level of the test,

ii) Use Table XXVIIIa for

a - .05 or Table XXVIIIb

for a = .01,

iii) Obtain data contrast

pair as in Step 1 above.

Call this pair (a^,a
2
)»

iv) Enter table with sample

size (n. or n_) for each
A B

group.

v) Call table pairs (A^^A
2
).

Find the table pair where
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vi) If ^2 equal to or

larger than ^
2 ^ the

observed contrast is signi-

ficant at the chosen level.

Conclude that the two pro-

ducts differ with regard to

the characteristic proportion

considered. Otherwise^ there

is no reason to believe that

the two proportions differ.
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Problem 2 , 2 . lb Is larger than Pg? (equal sample sizes)

The solution to this problem is the same as that of

Problem 2,2„la, with two important exceptions:

(1) First, compare the observed proportion for A (i,e.,

p^) with the observed proportion for B (i.e., P3)

•

If p. is not larger than p„, proceed no further.

There is no reason to believe that the characteristic

proportion for Product A exceeds that for Product B.

(2) If p^ is larger than Pg, obtain the observed contrast

pair exactly as in 2 . 2 . la and compare with the minimum

contrast pair in Table XXVIII. With regard to the

question asked here, the significance level of Table

XXVIIIa is .025 and of Table XXVIIIb is .005.
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Summary of procedure ; Is larger than Pg? (equal sample

sizes)

Example

:

i) Choose a, the significance

level of the test.

ii) Use Table XXVIIIa for

a = .025 and Table XXVIIIb

for a = .005.

iii) Compute the observed pro-

portion for Product A and

the observed proportion for

Product B, (See Table 2.2).

If Class I is the class con-

sidered p. = r./n. and
A A

Pb
'

iv) If p^ is not larger than Pg^

proceed no further. There

is no reason to believe that

the true proportion P^ is

larger than P„.
i5
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v) If p. is larger than

obtain data contrast pair

as in Step 1 of 2 . 2 . 1 a.

Call this pair (a^^a2)-

i

vi) Enter table with sample

size (n^ or n^) for each

group.

vii) Call table pairs (A^,A2).

Find the table pair where

A
2^

~ a
2^

o

viii) If a2 is equal to or

larger than A2_» the

observed contrast is signi-

ficant at the chosen level.

Conclude that the proportion

for Product A exceeds that

for Product B. Otherwise

there is no reason to be-

lieve that the two pro-

portions differ.
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2o2,2 Comparing two proportions—samples of 20 or
less and unequal in size.

Table XXIX is to be used for this case.

Problem 2o2,2a Is P. different from P ?
I ^ i-i ——

—

I .. . I A Jd

Steps in solution s

(1) The data table (Table 2,2) should be rearranged

as follows?

Arrange rows so that the larger sample is in

the first row. Identify the samples as to source,

Class I Class II Total

n^“ larger sample r^ s^ n^

n
2
^ smaller sample r

2 ^2 n
2

r s n

(2) Focus on?

Class I if ^ ^2^^2^ Class II if

— ®2^^2° observed contrast pair to

be called (a^,a
2

) is equal to?

^^1^^2^ if > ^2^^^2

(s^,S2) if SjL^^l - ®2^^^2 ’
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(3) Enter Table XXIX in the section for n^ and n^

and the line for a^. The observed 82 must then

be equal to or smaller than the bold face number

in the body of the table for significance,
/

Example i

Consider the following data

Class I Class II Total

Product A Ta = 4 = 2 Ua = 6

Product B Tfi
= 0 Sb = 10

“b
=

Total r =4 s - 12

1

II 0^

Step 1. The rows are rearranged so that the larger

sample is in the first row:

Class I Class II Total

^1

i

II 0 s^ = 10 n^ = 10

Ho ^2 = ^ Sg = 2 ng = 6

r = 4 s = 12 n =16

Step 2. Since Sj^/n^ > S
2
/n

2 ^ focus on Class II, The

observed contrast pair (8 ^, 82 ) is equal to (s^,S
2

)
=

( 10 , 2 )

,

Step 3, If the significance level is to be 0.05, we

find in Table XXIX for 11
^

= 10, n
2

= 0, and a^ = 10,

that 82 must be 2 or less for significance. Therefore

we conclude that does differ from Pg.
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Problem 2.2.2b Is larger than Pg?

Consider the original data table (Table 2.2),

(1) Focus on the class of interest. If this is Class

I, compute and Pg = rg/Ug. If p^ is not

larger than Pg^ proceed no further. The data give

no reason to believe that the true proportion P^

is larger than Pg.

(2) If p^ is larger than pg proceed exactly as in 2.2.2a

— i.e.^ rearrange rows to have the larger sample first

and pick out the class which shows the larger proportion.

Example

:

Consider the example of Problem 2.2.2a^ but suppose

that the only meaningful question to be asked is ’^Is

P^ larger than Pg?

Step 1, Focus on the class of interest. If this is

Class I^ compute p^
= ^nd Pg = rg/Ug . Since

p^ is larger than Pg^ proceed to Step 2. (If p^ were

not larger than pg, no further steps would have been

necessary .

)

Step 2. Rearrange rows to put the larger sample in the

first row;

Class I Class II Total

“l
= 0 = 10 10

^2 ^2 = 4 ^2 = 2 ^2 6

Tota 1 r = 4 s = 12 n = 16
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Since > 32/^2 ^ focus on Class II. The

contrast pair (a^^a2) is equal to (s^,S2) =

If the chosen significance level is to be 0 .

find in Table XXIX for n^ = 10 , n2 = 6
, and

that a2 must be 3 or less for significance,

fore conclude that P. is larger than P„.

observed

10 , 2 .

5 , we

a^ = 10

We there-
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2.2,3 Comparing two proportions—approximate method for
large samples.

Problem 2.2.3a Is different from Pg?

Procedure ; Example ;

i) Choose a, the significance

level of the test.

ii) Look up

degree of freedom in Table

V.

iii) Compute*

,2 _
- rgs^l - |

^ r ng s

See NOTE below.

iv) If Q," decide that

the two products differ with

regard to the proportion

having the given characteristic.

Otherwise, there is no reason

to believe that the products

differ in this respect.
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NOTE : The computation of is most conveniently done in

terms of the actual counts in the table^ as given in Step

(iii) above. The formula can be expressed in terms of the

observed proportions as follows;

where

and

(n*

I

pa - Pel
-

n’ p (1-p)

'A

'B

P

/n

/n
B

+ r

+ n

B

B

n
^A^B

The two formulas are algebraically equivalent^ but use of the

form given in this note requires extra arithmetic and rounding.

In spite of the fact that the question is put in terms of the

difference between proportions^ the answer is obtained more

easily using observed counts . Furthermore, using the formula

in terms of counts highlights the fact that one cannot judge

the difference between two proportions without knowing the sample

sizes involved.
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Problem 2.2.3b Is larger

Procedure i

i) Choose a, the significance

level of the test,

ii) Look up
l-2a

degree of freedom in Table

V.

iii) Computes

,.2 _
X r Hb s

See NOTE below.

iv) If x^ ^
l-2a

larger than r^/n^^ decide

that the proportion in Class

I for Product A exceeds the

proportion in Class I for

Product B„ Otherwise there

is no reason to believe the

proportions differ.

than Pg?

Example %
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NOTE: The computation of most conveniently done in

terms of the actual counts in the table, as given in Step (iii)

above. The formula can be expressed in terms of the observed

proportions as follows;

n’ p(l-p)

where
A

B

+ r

+ n
B

B

n» = ^A^B

“a
+
“b

The two formulas are algebraically equivalent, but use of the

form given in this note requires extra arithmetic and rounding.

In spite of the fact that the question is put in terms of the

difference between proportions, the answer is obtained more

easily using observed counts . Furthermore, using the formula

in terras of counts highlights the fact that one cannot judge

the difference between proportions without knowing the sample

sizes involved.
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2„2„4 Sample size required to detect a difference
between two proportions,

2,2o4a Sample size required to detect a difference between
two proportions without regard to the sign of the
difference

„

Unfortunately, the sample size required depends on the

true but unknown values of the two proportions involved. Very

often the experimenter has some idea of the magnitude of (or an

upper bound for) one of these values, and then must specify the

size of the difference which the experiment should be designed

to detect. For a fixed difference to be detected, the largest

sample sizes will be required if the true proportions are in the

neighborhood of 0,5. A look at Table XXVII, hov;ever, will show

that over-conservatism does not pay. Suppose, for example, that

one of the proportions can safely be assumed to be less than 0.4.

The most conservative assumption would be that it is equal to

0,4 (this being the closest reasonable guess to 0,5), Attempting

to be over-cautious by placing it at 0,45 will extract a heavy

price in the number of tests to be run.

Given i

For this problem there is nothing given, but

—

Assumed *

P’ = an estimate of one of the two proportions.

To be conservative, make this estimate as close to

0,5 as is reasonable.
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To be specified for this problem;

a = the significance level, or risk of announcing a

difference when in fact there is none,

p = the risk of failing to detect a difference when in

fact the true proportions differ by an amount

6 (i.e., iP’ - P"| =6).

6 = the amount of difference which is considered

important to detect.

Tables and charts to be used ;

Table XXVIIa can be used for a = .05 and 1-p = .50, .80,

.90, .95, and .99, and certain values for the proportions. The

entry in Table XXVIIa must be doubled to give n* . n* is the

required sample size to be taken from each product.

For other desired values of a and p use:

Table XXVI, a table to convert the difference between

the proportions into the necessary form for use with Table

XVIIIa.
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Procedure

:

Example

i) Specify 6, the amount of

difference considered

important to detect.

ii) Choose a and p.

iii) For a = .05 and 1-p = .50^

.80^ .90, ,95, or .99, go

to Table XXVI la.

iv) == an estimate of one of

the proportions. Let

prt = pv + 6 or P’ - 6,

whichever makes P’^ closer

to 0.5,

v) If either P^ or P” is less

than 0,5, enter Table

XXVIIa with P» or P’» , If

neither P* nor P” is less

than 0.5, enter Table XXVIIa

with 1-P’ and 1-P’\ In

either case the smaller of the

two proportions determines the
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column and the larger of

the two determines the

row. Read off n and

double it to obtain n’

.

n’ is the required sample

size to be taken from each

product

„

vi) For other values of a and

go to Table XXVI. Look

up

O’ = 0 corresponding to P’

O” “ O corresponding to P”,

vii) Compute d = |0’ - G” |

,

viii) Enter Table XVIIIa with

P and d (from Step vii).

Read off n and double

it to obtain n’ . Then

n’ is the required sample

size to be taken from each

product

.
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2 .2,4b Sample size required to detect a difference
between two proportions with regard to the
sign of the difference.

Read first paragraph of 2.2.4a.

Given s

For this problem there is nothing given, but

—

Assumed g

P’ “ an estimate of one of the two proportions.

To be conservative, make this estimate as close

to 0.5 as is reasonable.

To be specified for this problem ;

a = the significance level, or risk of announcing a

difference when in fact there is none,

P the risk of failing to detect a difference when in

fact the true proportion for the other product is

pf» = pff + 6 or P” = P’ - <5, as specified.

6 - the amount of difference considered important to

detect

.

Tables and charts to be used ;

Table XXVIIb can be used for a = ,05j 1-p - .50, .80, .90,

.95, and .99j and certain values for the proportions.

For other desired values of a and p, use Table XXVI, a table

to convert the difference between the proportions into the necees-

sary form for use with Table XVIIIb.
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Question to be answered ;

Is larger than Pg?

Estimate available ;

Either P^, an estimate of P^

or P’. an estimate of P„.

Procedure ;

i) Specify 6^ the amount of

difference considered

important to detect. If

P^ is available^ then

= p; - 6. If P’ is
A Jo

available^ then P” = P^ + 6.

ii) Choose a and p.

iii) For a = .05, 1-p == .50,

.80, .90, ,95 or .99, go to

Table XXVIIb.

iv) If either P® or P^* is

less than 0,5, enter Table

XXVIIb with P’ and P’\ If

neither P’ nor P’* is less

Example

- 56 -
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than 0.5, enter Table XXVIIb

with 1-P’ and 1-P**. In

either case, the smaller of

the two proportions deter-

mines the column and the

larger determines the row.

v) Read off n and double it

to obtain n’ . n* is the

required sample size to be

taken from each product.

vi) For other values of a and p,

go to Table XXVI. Look up

0’ = 0 corresponding to P’

0’* = 0 corresponding to

vii) Compute d = |0* - 0” |

,

viii) Enter Table XVIIIb with a,

.

p, and d (from Step vii) .

'

Read off n and double it

to obtain n’ . n^ is the

required sample size to be

taken from each product.
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Coraparisons of sets of proportions (three or more
categories of classification).

3 .

In some inspection and testing procedures^ two categories

of classification (e.g,, good-bad) will not be sufficient.

For example, we might wish to classify an item into 3 categories

(1) acceptable as is, (2) unacceptable but reworkable,and (3)

unusable. In classifications by size, color, or structure it

may be necessary to distinguish more than 2 categories in some

comparisons. For classifications of this sort, we cannot use

the methods given in preceding sections,

3.1 Comparison of an item, product or process with a standard,
when a characteristic is classified into 3 or more categories.

Given

:

A sample of n items selected at random from a much larger

population. The items are classified into k categories, accord-

ing to some criterion. of the items are observed to be in

the i category (A^ + A
2 + . . . + A^^ = n) .

^ knovm

percentage of standard items which fall in category i.

(’^Standard item^* may be a theoretical standard or specification

standard .

)

We shall make one of two decisions on the basis of analysis

of data:

(1) The new item, product, or process differs from the
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standard with regard to proportions in each category

o

(2) There is no reason to believe that the new item,

product, or process differs from the standard with regard to

proportions in each category.

Solution ;

The solution is approximate, but if nP^ > 5.0, the

approximation is ordinarily very good. If nP^ < 5 for

several categories, these categories may be pooled to obtain

a theoretical frequency of at least 5 for the combined cells.

Procedure % Example ;

i) Choose a, the significance

level of the test.

ii) Look up for k-1

degrees of freedom in

Table V.

iii) Compute nP^, the theoretical

value for each category.

iv) Compute;

k

- 59-
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concludev) If J

l~a
that the item, product,

or process differs from

the standard with regard

to proportions in each

category. Otherwise,

there is no reason to

believe that they differ.
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3.2 Comparison of two or more items^ products or processes
when each has several categories of classification.

Symbols to be used:

m = number of items, products, or processes to be compared.

k = number of categories of classification.

th= size of sample for the i item, product, or process.

th
X. . = number of items of the i kind which are classified
ij

in the category.

.th
C- = total number in the j category.

The data will be tabulated in the following form:

Category
7 7

or Process 1 2 • • • k Total

1 ^11 ^12 • • • ^Ik

2 ^21 ^22 • • • ^2k ^2

•

•

m

•

•

•

^ml e

...

o • •

•

•

•

^mk

•

•

9

n
m

Total Cl • • • Ck n

After analysis of the data, we shall make one of the

following decisions:

1) The items, products, or processes differ with respect

to the proportions in each category.
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2) There is no reason to believe that the items, products

or processes differ in this regard.

Solution g

The solution is approximate, but should be quite accurate

if the smallest n.C./n > 5.
X J

Procedures Example

;

i) Choose a, the significance

level of the test.

ii) Look up (k-1) (m-1)
1-a

degrees of freedom in Table

V.

iii) Computes

iv) If X^ > 5 decide that
“ 1-a

the items, products, or

processes differ with re-

gard to the proportion in

each category. Otherwise,

there is no reason to be-

lieve that they differ in

this regard.
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Simplified computation for the special case m=2

In this case the tabulation would consist of only the

first two rows of the table given above, and

= E
j=l IJ

^ 1^2

+ X

X.

2j

11
n..

11
n«

The degrees of freedom for k-1.

This form is convenient if the data are given in terms of

proportions

,

Further simplification for m=2 when n
^^

k 2

= n,

X‘ "I
J="l

- ^2j >

^Ij ^2j

with degrees of freedom = k-1.

NOTE ; This short-cut has an analog for m=3 v/hen n^ = n
2

* n^o

For each category take all three possible differences, sum the

squares of the three differences, and divide by the sum of the

three observations. Finally, sum this quantity over all

categories to obtain •
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3o3 A test of association between two methods of classi-
fication o

There are situations in which individuals are classified

into categories by means of two different criteria. For example
j|c

in a study of tire wear , records of scrapping of tires were

kept and tires were classified as front and rear, left and right

In another study of the cause of failure of vacuum tubes
, two

criteria of classification were position in shell and type of

failure. In each study the question was§ Is there any associa-

tion or relation between the criteria of classification?

This problem is a different one than the problem of

section 3.2, but it is placed here because of the similarity

in analysis.

We shall assume we have n individual items, classified

by criteria A and B into k and m categories respectively

th
Let X. . be the number of individuals in the i category of

13
th

A and the 3 ‘ category of B. Let and C_. be the total
3

*L iinumber of individuals classified in the i category of A and

ththe 3 ^ category of B respectively.

A. W. Swan, ’’The Significance Test - Expected vs.
Observed Results’*, The Engineer, December 31, 1943,
p, 679.

Besse B. Day, **Applica t ion of Statistical Methods to
Research and Development in Engineering’*, Review of the
International Statistical Institute, 1949, Nos. 3 and 4.
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We would tabulate as follov/ss

Criterion B

We will make, as a result of the analysis of the data^

one of two decisions

s

1) There is some relation or association between the

two criteria of classif ica t ion

«

2) There is no reason to believe that such an association

exists

.

Solut ions The solution is approximate, but should be quite

accurate if the smallest of R.C./n > 5.0c
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Procedure Example

i) Choose a, the level of

significance of the test.

ii) Look up (k-1) (m-1)
1-a

degrees of freedom in Table

V,

iii) Computes

m k

i^l j=l
1 3

iv) If X^ ^ ^ conclude that
” 1-a

there is an association

between the two criteria of

classification. Otherwise^

there is no reason to believe

that such an association

exists

.
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Table XXIV

Confidence Limits for a Proportion
(Two-Sided)

n - 1,2,3, .,30

r 0, 1, 2, 3, e c « ,
n

Upper limits are in bold face. The observed proportion in a

random sample is r/n.

To be reproduced from ’’Statistics Manual”, NAVORD REPORT 3369
NOTS 948, by E. L, Crow, F, A« Davis and M. W. Maxfield, U. S

Naval Ordnance Test Station, China Lake, California, 1955o
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Table XXV

Confidence Limits for a Proportion
(One-Sided)

30

o ,
n

If the observed proportion is r/n^ enter the table with n and
r for an upper one-sided limit , For a lower one-sided limit,
enter the table with n and n«r and subtract the table entry
from lo

To be reproduced from ’’Statistics Manual”, NAVORD REPORT 3369
NOTS 948, by E„ L, Crow, Fo A« Davis and M„ W. Maxfield, U. S

Naval Ordnance Test Station, China Lake, California, 1955o
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Table XXVI

0 “ 2 arc sin /p

p Q P Q P 9 P 9

,00 ,00 ,25 1,05 ,50 1,57 ,75 2,09
oOl ,20 ,26 1,07 ,51 1,59 ,76 2,12
o 02 ,28 ,27 1,09 ,52 1,61 .77 2,14
,03 ,35 ,28 1,12 ,53 1,63 ,78 2 . 17
<,04 ,40 ,29 1,14 ,54 1,65 ,79 2.19

o 05 ,45 ,30 lol6 ,55 1,67 ,80 2,21
,06 ,49 ,31 1,18 , 56 1,69 ,81 2,24
o 07 ,54 ,32 1,20 ,57 1,71 ,82 2,27
,08 ,57 ,33 1,22 ,53 1,73 ,83 2,29
,09 ,61 ,34 1,25 ,59 1,75 ,84 2,32

olO ,64 ,35 1,27 ,60 1,77 ,85 2,35
,11 ,68 ,36 1,29 ,61 1,79 ,86 2,37
,12 ,71 ,37 1,31 ,62 1,81 ,87 2.40
,13 ,74 ,38 1,33 ,63 1,83 ,88 2,43
,14 ,77 ,39 1,35 ,64 1,85 ,89 2,47

,15 ,80 ,40 1,37 ,65 1.88 ,90 2, 50
,16 ,82 ,41 1,39 ,66 1,90 ,91 2,53
,17 ,85 ,42 1,41 ,67 1,92 ,92 2.57
,18 ,88 ,43 1,43 ,68 1,94 ,93 2,61
,19 ,90 ,44 1,45 ,69 1,96 ,94 2,65

,20 ,93 ,45 1,47 ,70 1,98 , 95 2,69
,21 ,95 ,46 1,49 ,71 2,00 ,96 2,74
,22 ,98 ,47 1,51 ,72 2,03 ,97 2,79
,23 1,00 ,48 1,53 ,73 2,05 ,98 2,86
,24 1,02 ,49 1,55 ,74 2,07 ,99

1,00
2,94
3,14
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Table XXVII

Sample Size Required for Comparing a Proportion
with a Standard Proportion

(Consists of two parts — Table XXVIIa and Table XXVIIb)

The use of Table XXVII (or the equivalent use of Table
XXVI and Table XVIII) is based on the inverse-sine transforma-
tion of the binomial to an approximately normal distribution.

Exact determination of required sample size could be
made from tables of the binomial distribution^ so far as the
tables are available, (See ’’Tables of the Cumulative Normal
Probability Distribution’% Staffs Computation Laboratory, Harvard
University, Harvard University Press, 1955, Introduction on
Applications ,

)

The entries computed for the table were rounded to 3

significant figures and the rounding was always upward.

The table may also be used to determine the sample
size required for comparing two proportions (see section 2,2,4),
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Table XXVIII

Minimum Contrasts Required for Significance
in 2x2 Tables with Equal Samples^/

(Consists of two parts — Table XXVIIIa and Table XXVIIIb)

Directions for filling in significant contrasts which have been
omitied from Tables l^XVtll a and b g

In some sample sizes, some entries have been omitted, but
only where they are easy to supply » For example, see n. “ n„ 80,
There is an entry (16,29) followed by an entry (23, 36)

„

The difference between the first numbers of these pairs is the
same as the difference between the second numbers of the pairs.
Thus contrast pairs (17,30), (13,31), (19,32), etc., are also
significant contrasts and are omitted only to save space.

Procedure for values of n which are not tabulated

s

In many cases, Table XXVIII can be used to give a good
idea of the significance of an observed contrast for values of
n intermediate to those tabulated. For example, consider two
samples of n = 320 items each°

Class I Class II Tota 1

Sample A 92 228 320

Sample B 117 203 320

Looking in the table for n = 300, we find that a significant
contrast would be (92,116), and for n - 400, a significant
contrast would be (92, 118) , We therefore know that the observed
contrast (92,117) is approximately significant at the 5% level.

If this method is not considered sufficient in a particular
case, use the method described in section 2.2,3. (The
method is an approximation which gives good results for cases not
covered by the table,)

1/ Adapted, with permission, from Tables I and II of D, Mainland,
L, Herrera and M, Sutcliffe ^’Tables for Use with Binomial
Samples”, Department of Medical Statistics, New York University
College of Medicine, 1956,
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Table XXVI I la

Minimum Contrasts Required in 2x2 Tables
with Equal Samples for Significance at the

°

5% Level - Two-Sided ("Is different from Pg?")

2„5% Level - One-Sided ("Is P^ larger than Pg?’*)

Sample

“a
“

Size
^2

4 0,4

5 0,4

6 0,5

7 0,5 1,6

8 0,5 1,6

9 0,5 1,6

10 0,5 1,7 2,8

11 0,5 1,7 2,8

12 0, 5 1,7 2,3 3,9

13 0,5 1,7 2,8 3,9

14 0,5 1,7 2,8 3,10

15 0, 5 1,7 2,9 3,10 4,11

16 0,5 1,7 2,9 3, 10 4,11

17 0, 5 1,7 2,9 3, 10 4, 11 5, 12

18 0,5 1,7 2,9 3,10 4,11 5,12

19 0,5 1,7 2,9 3,10 4,11 5, 12

20 0,5 1,7 2,9 3, 10 4, 11 5, 13 6,14

30 0,6 1,8 2,9 3,11 4,12 5,13 6,15 7, 16 8, 17

9,18 10, 19

40 0,6 1,8 2,9 3, 11 4, 12 5, 14 6,15 7,16 8,18

9,19 10, 20 15,25
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Table XXVIIIa

(continued)

Sample Size

“a ^1^ ^2

50 0,6 1,3 2 , 10 3,11 4,13 5, 14 6,15 7 , 17 S , 18

9,19 10 , 20 11 , 22 19 , 30

60 0,6 1,8 2 , 10 3,11 4,13 5 , 14 6,16 7,17 8 , 18

9,20 10 , 21 11 . 22 12,23 13 ,
24 14 , 26 24 , 36

70 0,6 1,8 2 , 10 3,11 4,13 5, 14 6 , 16 7,17 8 , 18

9,20 10 , 21 11 . 22 12,23 13, 25 oCO001—{ 19 , 32

20 , 33 28,41

80 0,6 1,8 2 , 10 3,11 4,13 5, 14 6, 16 7,17 S , 19

9,20 10 , 21 11 . 22 12,24 13 ,
25 14,26 15 , 27

16,29 23,36 24,38 33,47

90 0,6 1.8 2 , 10 3,11 4,13 5, 14 6,16 7,17 8 , 19

9,20 10 , 21 11 . 23 12,24 13 ,
25 14 , 26 15 , 28

20 , 33 21,35 31,45 32,47 37.52

100 0,6 1.8 10 3 , 11 4,13 5 , 15 6,16 7,17 8 , 19

9.20 10 , 21 11 . 23 12,24 13 , 25 14,27 18 , 31

19,33 25,39 26 .41 42,57

150 0,6 1,8 2 . 10 3,12 4,13 5, 15 6 , 16 7,18 8 , 19

9,20 10 , 22 11 . 23 12,24 13 , 26 14.27«
15, 28

16 , 30 19,33 20,35 25,40 26.42 32,48 33,50

41,58 42,60 66,84

200 0,6 1.8 2 . 10 3, 12 4,13 5, 15 6, 16 7, 18 8 , 19

9,21 10 , 22 11 , 23 12,25 13 , 26 14,27 15, 29

18
,
32 19,34 22 ,37 23

,
39 27.43 28,451 33 , 50

34
, 52 41

,
59 42 ,61 51,70 52 ,72 65,85> 66 ,87

89, 110
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Table XXVIIIa

(continued)

Sample Size
n n
A B Ai, ^2

300 0,6 1, 8 2,10 3,12 4, 13 5, 15 6, 16 7,18 8, 19

9,21 10,22 11,24 12,25 13,26 14,28 15,29

16, 30 17,31 18,33 19,34 20,35 21, 37 24,40

25,42 29,46 30,48 35, 53 36, 55 41,60 42,62

48,68 49,70 56,77 57,79 66,88 67,90 78, 101

79, 103 95,119 96,121 137 , 162

400 0,6 1, 8 2,10 3,12 4, 13 5,15 6, 17 7,18 8, 19

9,21 10,22 11,24 12 ,25 13,26 14,28 15,29

16,30 17,32 20,35 21,37 24,40 25,42 28,45

29,47 33, 51 34, 53 38, 57 39, 59 44,64 45,66

51,72 52,74 58,80 59,82 67, 90 68,92 76, 100

77, 102 37,112 88,114 100
,
126 101, 128 117, 144

118, 146 141,169 142 ,171 185,214

500 0,6 1, 8 2,10 3,12 4, 13 5,15 6, 17 7,18 8, 19

9,21 10 ,22 11,24 12 ,25 13,26 14,28 15,29

16,30 17,32 18,33 19,34 20,36 23, 39 24,41

27,44 28,46 32, 50 33, 52 37, 56 38, 58 42,62

43,64 48,69 49,71 55,77 56,79 62,85 63,87

70,94 71,96 79,104 80,106 89, 115 90,117

100, 127 101,129 113
,
141 114,143 128, 157

129, 159 147,177 143
,
179 172,203 173, 205

234,266
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Table XXVIIIb

Minimum Contrasts Required in 2x2 Tables
with Equal Samples for Significance at the:

1% Level - Two-Sided (”Is P. different from Po?”)

0o5% Level - One-Sided (”Is P^ larger than P
3
?”)

Sample Size

5 0, 5

6 0, 6

7 0,6

3 0,6

9 0,6 1,8

10 0,7 1,8

11 0,7 1,8 2,9

12 0,7 1,8 2, 10

13 0,7 1,9 2, 10

14 0,7 1,9 2, 10 3, 11

15 0,7 1,9 2, 10 3, 11

16. 0,7 1,9 2, 10 3, 12

17 0,7 1,9 2, 11 3, 12 4, 13

18 0,7 1,9 2, 11 3, 12 4, 13

19 0,7 1,9 2, 11 3, 12 4,13 5,14

20 0,7 1,9 2, 11 4, 13 5, 15

30 0,8 1, 10 2, 12 3, 13 4,15 9,20

40 0,8 1, 10 2, 12 3, 14 4,15 5,17 8,20 9,22

13,26

50 0,8 1, 10 2, 12 3,14 4,15 5,17 6, 18 7,20

9,22 10, 24 18, 32
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Table XXVI I Ib

(continued)

Sample Size
A^, ^2

60 0j8 1,10 2, 12 3, 14 4, 16 5, 17 6, 19 8,21 9, 23

11,25 . 12,27 19,34 20, 36 22, 38

70 0,8 1,10 2, 12 3, 14 4,16 5,17 6, 19 7,20 8, 22

10,24 11,26 14,29 15,31 21,37 22,39 26,43

80 0,8 1,10 2, 12 3, 14 4,16 5,18 6,19 7,21 9, 23

10,25 12,27

31,49

13,29 16, 32 17,34 24,41 25,43

90 0,8 1,10 2, 12 3, 14 4, 16 5,18 6,19 7,21 8, 22

9,24 11,26 12,28 15,31 16,33 19, 36 20, 38

28,46 29,48 35, 54

100 0,3 1,10 2, 13 3, 14 4,16 5, 18 6, 19 7,21 8, 22

9,24 10,25 11,27 14,30 15,32 18, 35 19,37

23,41 24,43 33, 52 34, 54 40,60

150 0,8 1,11 2, 13 3, 15 4,16 5, 18 6,20 7,21 8, 23

9,24 10,26 11,27 12,29 14,31 15, 33 17,35

18,37 21,40 22,42 26,46 27,48 31, 52 32, 54 39

40,63 51,74 52,76 63,37

200 0,8 1,11 2, 13 3, 15 4,16 5, 18 6,20 7,21 0, 23

9,24 10,26 11,27 12,29 13, 30 14,32 16, 34

17,36 19,38 20,40 23,43 24,45 26,47 27,49

31,53 32, 55 36, 59 37,61 43,67 44,69 51,76

52,78 63,89- 64, 91 86, 113

300 0,8 1,11 2, 13 3, 15 4,17 5, 18 6,20 7,22 8, 23

9,25 10,26 11,28 12,29 13,31 15, 33 16,35

17,36 18,38 20,40 21,42 23,44 24,46 27,49

28,51 31,54 32, 56 35, 59 36, 61 40,65 41,67
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Table XXVI Tib

(continued)

Sample Size
A^, ^2

300 45,71 46,73 51, 78 52,80 58, 86 59,88 66, 95
(cont

'

d)
67,97 76, 106 77 ,103 88,119 89, 121 107,139

108,141 133, 166

400 0,8 1 ,11 2, 13 3,15 4,17 5, 18 6,20 7,22 8 ,23

9,25 10,26 11,28 12,29 13,31 14, 32 15, 34

17,36 18, 38 19, 39 20,41 22, 43 23,45 26,48

27, 50 29, 52 30, 54 33, 57 34, 59 37,62 38,64

41,67 42,69 46, 73 47,75 52, 80 53,82 57,86

58,38 64, 94 65, 96 71,102 72 ,104 79, 111 80, 113

88, 121 89, 12 3 98,132 99, 134 111, 146 112, 148

127, 163 128, 165 152, 189 153, 191 181, 219

500 0,8 1 ,11 2, 13 3,15 4,17 5, 18 6,20 7,22 8 ,24

9,25 10,27 11,28 12,30 14,32 15,34 16,35

17,37 19, 39 20, 41 22,43 23, 45 25,47 26,49

28, 51 29, 53 32, 56 33, 58 35, 60 36,62 40,66

41,68 44,71 45, 73 49,77 50, 79 54,83 55,85

59,89 6C,91 65, 96 66,98 72, 104 73, 106

79,112 30,114 8 6, 120 87, 122 95 , 130 96, 132

104,140 105, 142 115, 152 116, 154 127, 165

128,167 141, 180 142, 182 159, 199 160, 201

184,225 185, 227 229,271

-87 -



"Vi

•

|<l« n_ «>w .l»lil> ['H > I'l

e.e^os H.is

WSiS €»lCf4Rf3-q
:w fiaaiaSi ^ /

' -n'^d
- a"

lr‘-'

^ »> M- «

s2,5 afir oK.s ai^#-- vi^t- a#*e

M. *Hf,

«.\i TP'
*>r,,«x se>i xn.ex fts.iM ?,

f.di: 3^.ES eo,12^1* ,08 fit,,',

#W
;

,« :J

i • 1

^1

ts.se 20 , re ?e,i*£ tc,ec M»oi!i (#8

aH,t£ fiis',ee|ggs.2e 3r,r» c?

eii ,08 Jir,ev w^sr sox ,ir :;

•iM.v.t.t 5M.IIX >ei,ec sfir<ij« >- es;

"

;,ji,

6 X 2 , tax I'-i ,cei:' «8i ,ssi- aa^:‘x8^ r.a^nM

's,s £s,r>».'()2 ,»- .xx^e, vx.jt* ax ,u.> %-i's
_

an. ox i-Eiai 2£,*x 084®?
-'''^'' '•''is*"’*- «

l>a,02 2i‘,e2 8X',eS et\8« iX-o08^ o|xCi

'is*,ax' 28,Ds 08<i«2 *iaiee »e\i
'

ea.ao Ea,^5; ' ot.oa
’

sox ,8^ J>^OX\ST
,

88,60 08\?-0 Xe^oO 4^ ,<:

SEX ' ae 'OCX ,ce cqJ\t» osJ. ,
b:

• i-x x

•

’•‘.

aox.rti t-ar.BU 28 .t,sxx

V X0S,00? 50I,rat S8^<SK '

ir&itess' *tss.*4<*fe xiiiWIi.t'



Table XXIX

Tables for Testing Significance in 2x2 Tables
with Unequal Samples

To be reproduced from D. J. Finney^ Table 38^ pp 188-193^
Biometrika Tables for Statisticians I, edited by E. S. Pearson
and H. Oo Hartley^ Cambridge University Press (1954) and
R, Latscha, ”Tests of Significance in a 2x2 Contingency Tables
Extension of Finney's Table”^ Biometrika 40, Parts 1 and 2

(June 1953)

«
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