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NOTICE

This report is a preliminary draft of Part I, section 3,1

(Linear Regression) for the Manual on Experimental Statistics

for Ordnance Engineers.

At the time of printing, it has been noted that certain

portions of the text should be revised in the final draft.

No known inaccuracies exist in the present draft, but improve-

ments in arrangement and exposition of some of the material

may be made at a later time.

Certain figures referred to in the text have not been

included, because the examples to which they apply will be

replaced by otherrexaraples

.

(ii)
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/ 3 . Description^ Prediction and Correlation .

f

There are many situations in which we wish to know

something about the relationships between two or more

characteristics of a material (product or process) . In some

cases we may know or suspect from theoretical considerations

that two properties are functionally related, and wish to

know more about the structure of this relationship. In

other cases, we may be interested in discovering whether

there exists a degree of association between the two

properties which could be used to our advantage. For example

in specifying methods of test for a material, we might have

2 tests, both reflecting performance, but one of which is

cheaper, simpler or quicker to run. If a high degree of

association between the 2 tests is found, one might wish

to run regularly only the simpler test.

In this section, we shall discuss the following

situations in detail:

3.1) Linear relationships between two variables

(fitting a straight line of the form

Y - Pq + .

3.2) RelationshipsXihvolvihg" several variables.

3.3) Non linear ’ rel^itionships between two variables

(fitting curves of the form Y, * + p^X +

1



\ . -4t .* ,«.JT- .V •..^V. . • ..«> W4**«.y-««v . .-'’-..J^

.WOO^' ,Qf
‘

'* » , . . V

.^WCMP, oi ./;i^y?|a^v;i^ti'), ^ . .« :' % .••'^-f>

'’'
'

' I'l'*'
’

'

'' /
'

,
. , ;ff ^!, sjfedj’ i';^' -Tj'ri’j .‘iir'i.-.to. ; wo5S^/’'^^

'

A': ;'

t

'^#5’ T#»a ..:; ^szrf
>'

( .

• o D Jtojcilw Cl i ^ r ‘i ^ '7

7

fC:; /.;! <:^v ,ii7i:
•> '

<-
C* C#»>0 iid.<7.^ ^ ^ i-i- •. -Hi

i9;-l to i-iXiQ . . r:'
^

* b:‘im:c 2 t ^Ai.» O ;lTC'7 ..’ i:

. .1 i i;'J7 ’Oit t3> w'i.wp TO o^.q-iAX^ i. Tdi-*^

•/liPr;

y7^4. ’W i d-3|l.-^
'

'f^'. .: 7. u 7t--'v\fcwf i'iOi.-J ;! • •
^

' /
•i ,

^ '7 7 V-i;^' ;.:. J.7 ^>I7 !.I yf^e*; ilL>

A i

^' V''' •AV^'f • '
'

^

‘

:.^i' Iru't:; .' >A ,.'J-|.. >z5ta

**?><?;.a rr.tii^ .nj:‘

oi» t(jt e ' !0.t .:^ <•' U •>

.oldiit-iiUr'
r. ..,^,it—

,

t cfrn X r‘*\'>;,rii':f^

^V^:' X i 7.V

''^r% aew

.

7;, ;: :r / f l) ^

.

/' ' rf- 'M
''h

^' '**'
. .

'

'

V’

'di



Where only two characteristics are involved, the natural

first step in handling the experimental results is to plot

the points on graph paper. Conventionally the ’’independent

variable” X is plotted on the horizontal scale, and the

’’dependent variable^’ ”Y 7 on the vertical scale, ^

There is no substitute for a plot of the data to give

some idea of the general spread and shape of the results.

Even though a line fitted by eye is usually not sufficient,

a picture of the relationship is indispensable before we

compute the line, and may sometimes save us from useless

computing. When we are investigating an empirical

association of two characteristics, a look at the plot will

reveal whether such association is likely or whether we have

only a patternless scatter of points. If we are investi-

gating a structural relationship, the plotted data will

show whether a hypothetical linear relationship is borne

out or whether perhaps we must consider what grounds we

have for fitting a curve of higher degree. In some cases,

a plot will reveal unsuspected difficulties in our experi-

mental set-up which must be ironed out before we fit any

kind of line or do any kind of computing. An example of

this occurred in measuring the time a drop of dye took in

travelling between marked distances along a water channel.

The channel was marked at equal distances and an observer

2
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recorded the time at which it passed each marker. The device

used for recording time consisted of two clocks hooked up so

that when one was stopped, the other started, and therefore

Clock 1 recorded times for Distance Markers 1, 3, 5 etc.,

and Clock 2 recorded for the even distances. When the data

was plotted, it looked somewhat as follows;

0 0

Time
(AT)

j__ _i I It
1 2 3 4 5 6

Distance

It was obvious that there was a systematic difference

between odd and even distances (presumably a lag in circuit

between the two clocks). One could easily have fitted a

straight line to the odd distances and a different one to

the even distances, with approximately constant difference

between the two lines. The effect was so persistent that

the experimenter decided to find a better means of recording

times before fitting any lines at all.

If no obvious difficulties are revealed by the plot,

We f itj thelline according to the procedures given in 3.1,

3
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Fitting by eye is usually inadequate for the following

reasons

:

i) no two people would fit exactly the same line,

and therefore the procedure is not objective.

ii) we need to have some measure of how well the

line does fit the data, and this is only to

be obtained by a mathematical procedure of

f itting

.

3.1 Linear Relationships Between Two Variables

In this section, we shall deal only with linear

relationships. However, by a transformation, one can

frequently make the relationship a linear one. For example,
^2

if the relationship is believed to be in the form Y “ c^X
^ ,

then log Y * log c^ + log X, Putting v * log Y, * log c^,

u - log X, we have v “ c^ + CgU.

Before we give the detailed procedure for fitting a

straight line, we should first think about the kinds of

physical situations which can be described by a linear

relationship between two variables. The methods of

description and prediction may be different depending upon

the underlying system. In general we recognize two different

and important systems, which we shall call: STATISTICAL

and FUNCTIONAL. Before giving any formulas;^ we •
i .i:

4
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will describe both situations so that we can distinguish

between them in a practical case. It is not possible to

make this distinction from looking at the data. Before

fitting the line - indeed before taking the measurements -

we must stop and think, using whatever knowledge we possess

about the physical system from which the measurements came.

Functional Relationships FI and FII

In this kind of relationship, we believe that there

exists an exact mathematical formula relating the two

variables, and the only reason that our observations do

not fit this formula exactly is because of disturbances

or errors of measurement in one or both variables. We

shall discuss this type separately for the two cases:

Case I - Errors of measurement all in one variable Y.

Case II - Both variables (X,Y) subject to error.

Common situations which may be described by Functional

relationships include calibration lines, comparisons of

analytical procedures, and relationships in which time is

the X variable. Such an example is shown in Figure 6.3
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in Bennett and Franklin ’’Statistical Analysis in Chemistry

and the Chemical Industry” (page 219) ;
and involves the

determination of carbon content of 36 samples of bail

clay by two different methods.

Mathematical Description of Functional Relationships

Let X,Y represent two characteristics, items,

products, or processes. Assume we have n pairs of

observations (X^,Y^), (X^^Yg),..., *

Case I (FI)

There is an underlying mathematical (functional)

relationship Y We are able to measure X

relatively accurately. However, our measurements of Y

for a given X follow a normal distribution with mean

+ p,X and variance ^ which is independent of

the value of X.

Solution

This case may be handled computatipna^Lly ; im.'exiactly

the ’’fe’amd "mariner as Slly but^bpth the uhdeitlyii)g assumptions

and the interpretation - of .the end resitlts are cdiffeieitt.)

6



‘
*

.

•
'.i -

.

' ' »V ••-vV

.,.o
, ^,. ,

. .

;'- V

\ .

^

i 'fj.
liV>?rj .5^*' ki

..;cJ ^ ,i>^i .,v(

•-
’.. f'i^'d. 1^ .•:/ xo

t =iU 5:"Ar '4 ;.

‘ ': ^»rf

; r 'vjtij. c

.iO;i :0" ^ t XO U . » r>s

'.-:j.r.,?6-’X:f-.‘V'f;' T, : /«: -iT-V'
’

‘‘Tga*5Jy- ; ;.. : v>:-;.'\- rj- *>*?:. itii 'i..
^

.? ^VX;5V-'» . <-. i^^x^rrf' 'if^-
' -,ci

^

“

.(^
0

.
: t . ^. V V . . ,

•

I i ' .1 -

\r
'

-i-

» r.

Y fj" \..Ay Xi..*

^UOl. •nul) .' ;^T. ; 'I.f
‘

‘^'^^rjr.ri

\H^r y'. \i^ *-riA of( . - -<• / I'.iia'
•

-I

.

_
•

.••^'•.-T i/ti,

• ii. < .i.--' /. j

luC; >:i ne ..' y • h rX

^ > i . XiJll

.V L.-.J *;
. l:^:J

r
-

.; .. v.fA / . i'

.. I’l.

’»

I

- J

T-
r It ir

. 1

Yi •' ini... X •* XiiXlO,’ 'ff. aci ..-^ac 's ^i dT-

;.. ‘.'.: j
'-

. i.- v^.r
,

.'• '/Jtf-/'
.'

'I i i' fejS^ Xiii. .

' :iJ

js..:.y^L *.:v.0^.snij .•'>•;• ».
•

'

'
- fC'iD'M,.' :«

.1 *
1

i-Ci}

<y, r;f.

f
‘

..u

-'. I.
a -

- /

' K.':

'''''.

I'Uy'I^AJS

*
' .',*fV V



Case II (FIl)

There is an underlying mathematical (functional)

relationship Y - However, we can not observe

either X or Y accurately.

Solution

The full treatment of this case depends on the

assumptions we are willing to make about error distributions.

For complete discussion of the problem, see [ ]
F. S.

Acton, ’’Analyzing Straight Line Data”, John Wiley and Sons,

in press)

.

However, there is a simple method for fitting the line

which is generally applicable. '

L i ) ; ji* - o l: i; ^ :

This method of getting the line is quoted from [ ]

M. S. Bartlett, ’’Fitting a Straight Line When Both Variables

are Subject to Error”, Biometrics, Volume 5, Number 3,

September 1949. (Similar methods had been used previously

by other authors)

.

a) For the location of the fitted straight line use

as one point the mean coordinates X,Y just as

in the least-squares method.

b) For the slope, first divide the n plotted points

into 3 groups, the equal numbers k in the two

extreme groups being chosen to be as near l/3n as

possible (The 3 groups are non-overlapping when

7



1/ f

'‘;w.

A'.V. ;;

\
"
1

If! ’Ar‘i\ • ; < •:
.*

-.Ji-;,, ,

• f'r \ . * .' i .

' *

i
'

:-V. w , u, ft}
. crj:/ ! i'i \ 1 fl'f? ?. . -

^

- ,., u

1 > f _*/ -f < t
'

*_3
>'

': 1C: •^*»-: .% 'i i <.

i ’

.

ifthAfr ..'

.e/XOi^ :: i'O

a [,

.••^'•IfJ 1 yiir • > y

r.M''

4'"

•

. u/ V? r } .aH'

ii’;rx.v3r-- L /.ijT-o--t>w jnot j-

,

r^-

-•f -n' •: Wi.r^aib. .a

1
*v

'!)•

^
•;. v'rt bnx, ^T^.f r'^ ’xr.

. '•’r:'^ n- ^
c,.*^ /..'*. ^ . \:n*- ^ut .

'

:

':'5y':v i±

‘Hiii: =c:'u r^- ro.t LarUO”*. ^I.c;. 'axa it -ai. OTv 1
<

••

. . '*' f •
- 'TO ' »'.

f:
'• ai .iDxa-.

) M

i j
iT? '"..'’t I *, f : . . i r O -j.

;

'
• i.i. X f . f:

rt. J ;4 (:*>
’ ;! 'Q ^'Oh.j r Bt:fT ..-f}

ti. ; noi^W *v .

»
-.

.* ',/• <•*.. i* V' ' j i 8 'jF v

:
', '.:c?iias;H -,<J o •''V^'"’;. ,.i uJ ^OO' vitfH ri-i/jT

4'QX .\-^C ; ^

-. >f1 c

'•
. «1 7-i X^J

C X:i ilBTle No>:;

'

T /,aj iv> r.<^.l:-;tiiC f‘?
*

PCi.ti-X'.!.!' f . ‘ O ’i J - . > ; tiif;; j -iXt ’.;/

. X :>»ix /.r;i^po-j L ‘.: . 1
• :'' f.i

^flXoq b»^ ‘ ,te - . I ^ ‘erf

.Lffi .,'p& . .i-": pi ax

..• .A*-)*. /fflSwjr'’ ‘ •

^ ^2 <> -i *j» "jr > li

,
iV



considered, say, in the X direction) . The ^ihope

is estimated byil

„b^

, A
,

...A

Y -Y
b,. , ...

^3-^1

? .i

.> O' f Aii.;

A.nother treatment is possible if we can assume that we

know the ratio of the errors. Attempts to observe the

true point (X,Y) would result in a cluster of points

(X^,Y^) about (X,Y) . We might write X^ * X + u^,

Y. * Y + V
. , where u. and v. are the deviations of the

i i^ 11
observations (X^,Y^) about (X,Y). We shall assume that

u^ and v^ are each normally distributed with mean zero

and variances and respectively. We shall further

assume that the ratio of the two variances

which *^is known. We give a solution in Problem 3. 1.2.1.
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Statistical Relationships - Case I (SI)

In this case, we have first selected a random sample

of items from some population (material, product, process,

people), and have measured two characteristics on each item.

A classic example of this type is the relationship

between height and weight of men. Any observant person

knows that weight tends to vary with height, but also that

individuals of the same height may vary widely in weight.

It is obvious that the errors made in measuring height or

weight are very small as compared to this inherent variation

between individuals. One would surely not be willing to

predict the exact weight of one individual from his height,

but one might

9
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be willing to estimate the average weight of all individuals

of a given height.

The height-weight example is given as a homely one

which is universally familiar. Such examples do exist also

in physic^ti iscienceyiiparticuli^rly iiiccalses^ i-: v.; : j

involving comparison of two test methods. In many cases we

have two tests, which are related to each other in some

complicated way and which are both related to the performance

of the material. The relationship may be obscured by inherent

variations among sample units (due to varying density for

example) . We would be very interested in knowing whether

the relationship between the two is sufficient to predict

from one test an average value for the other - particularly

if one test is considerably simpler or cheaper than the

other.

Such an example is given in Figure 0, the results of a

study of synthetic rubber [J. M. Buist and 0. L. Davies,

reported in Statistical Methods in Research by L, Davies],

Thirty samples of rubber were taken, and for each, a determi-

nation of abrasion loss (grams/h.p. hour) and hardness (degrees

shore) were taken. The data seems to indicate (and this is

probably not surprising) that there is a relationship between

abrasion loss and hardness. While one might hesitate to

predict the exact abrasion loss of a sample of rubber having

a given hardness, one would be much more confident in pre-

dicting the average abrasion loss of a large number of

10
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samples, each having the same hardness. The relationship is

statistical rather than mathematical or exact and the error

of observation, or experimental error is a negligible factor.

Descriptions and predictions are applicable ’’on the average”,

and we can also give measures of the departure of individuals

from the average.

Let us imagine our sample of rubber increasing in size

considerably and let it be represented by Figure 0.2, If

from Figure 0,2, one now plots the average abrasion losses

corresponding to several fixed hardnesses they fall along a

line YOY’ . Similarly if one plots the average hardnesses

corresponding to several fixed abrasion losses, they form a

line XOX* , Clearly then, if one wished to predict the

average (or even an individual) abrasion loss corresponding

to a given hardness, he would use the first line. Likewise,

if he wished to predict the average hardness corresponding

to a given abrasion loss, he would use the second line. Note

well that this is the only case of linear relationship in

which we can fit two lines, one for predicting Y from X and

one for predicting X from Y, and the only case in which the

well known correlation coefficient has any meaning. This

case is often called the bivariate normal case.

We have chosen to represent hardness by X and abrasion

loss by Y, but the choice here is arbitrary - there are

actually two regression lines. If we do find an empirical

11
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relationship between the two, we will ordinarily choose

as X the variable which is easier to measure.

Mathematical Description of Statistical Relationships - Case I

Let us represent the hardnesses by X and the abrasion

losses by Y. Then we usually make the assumption that for

any fixed value of X, the corresponding values of Y form

a normal distribution with means + p^X (The lines

YOY’ and Y * Pq + p^^X are the same) and variance
^

(read ’’variance of Y given X”) which is constant for

all values of X. Similarly, we usually assume that for
ft-

any fixed value of Y, the corresponding values of X

form a normal distribution with mean p^ + p^Y (The lines

XOX’ and p^ + p^Y are the same) and variance

(variance of X given Y) which is constant for all

values of Y. (Taken together, these two sets of assump-

tions imply that X and Y are jointly distributed

according to the bivariate normal distribution). In most

practical situations we have only a sample from all the

possible pairs of values X and Y, and therefore we cannot

determine the ’’true” line exactly. We must estimate the

equation of one or both of the lines p^ + p^X or

^6 ^ have a random sample of n pairs of values

(X, ,Y,), (X«,Yo) (X. .Y. ) and wish to estimate the
J. JL A nn.

line which will enable us to make the ’’best” predictions

of the values of Y, corresponding to given values of X

12
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(or the line to make the ”besf* predictions of X, given

Y) . Our method of fitting the line gives us ’’best”

predictions in the sense that: for a given X*X’, our

estimate of the corresponding value of Y-Y’ will (1) on

the average equal the mean value of Y for that X (i.e,,

it will be on the ”true” line ^ * Pq ^ (2) will

have a smaller variance than had we usedv.any <pther- method .for
fitting the line.

Statistical Relationships^ Case II (SII)

The general case described above (SI) is the most

familiar example of a statistical relationship, but we

need to consider also a case of statistical relationship

(SII), which must be treated a bit differently. In SII,

one of our variables, although a random variable in the

population, is sampled only within a limited range (or at

selected preassigned values) for purposes of our experi-

ment, In the height-weight example, suppose that our

group of men included only those whose heights were

between 5 ’4” and 5 ’8”, We will now be able to fit a line

predicting weight from height, but certainly not height

from weight, since we know nothing from our experiment

about men whose height is outside our selected range. A ^

C:Orre;lait>ion cojefifdCiient LComputed; fLroin. suc)hfda;ta'i-iB -nob a

measure uoi the true correlation among height and weight in

the (unrestricted) population.

13



.

,i!c
' Y ’'

*;• ^ li iri. t>ircJU. ^d.*- “iOi

,’ .jij. a.i'T - I ig'-H. ^ :

rr*J(r^ ' V .‘'V
“•'

t ;:r.t..;J^ j./2;rTOijr:. t V
,

_

)

tl6 (/) ISJtW'
'“•“?•

•'...*< . :
* t-v :‘-:'C«V>.

t .

fTlW (.^)
•“ >' ‘.•.:

. |>Q^ .-| o‘ < • n ^ V.

''l' .,

t rvP VSi

.:iiiS i/ZiCM X,

K-
' U

« .... .«du- s'.,

.^ific..'-,- o,r' •'/ na) • ‘tiMt]

i:* 4-

••
; ,r/ it

.• ^ ' JP':

qiiiaaoiJ jftX«9 ‘j Ijtor
"

^118 Gl ,>(X^xi<>T 3 ^ lr^

d.t ‘.^1 '

*r %o)

*ruO: ’^'^q'XL'^ *rc

*/ ' «i« ‘J8 tf

tU

->ui)S. ^ i

/

s digr-^-a.:- i ji t

V a> . .1

. “J
5
‘

5no*>

C.O

.*»> '^<5

»«"n/o , ‘.ir.-.v^a:
•••

* yivn « .• <

vlTiO >.i

i^kil i- J-:' ^ WO-*- i
" >.^' *®‘o wOT • .‘'*'.'x- od' .

J-fi-x-jd iCfli. •.:
••*•.; V

'
•• mbit ..

• '
T-v

C-./ . "
,

•

,

• '> - •

. 'i

K *
""-P a.01 »

‘ i» • -ei ..v^i •*: W-‘ v- ?r:-’ './I-

5 '-’’'‘1 ? ..-i.'is
'

'v' *• • •.fj^V r/X;: • ^
• ^

'•
•

*

•’{jJ- iMlK
'

•':\*^
. ,

r '^'n? ‘:.o j
’ •' ''

^ -i
:•-•• /'D r>'-^;.

. . . i'Oi:^ •X-'/. i,
‘ i.^'7rti-k0 ^

•
I

‘

j'.J'



The restriction of the range of X, when it is

considered as the independent variable, does not spoil

our estimates of Y when we fit the line Y * + b^X.

The restriction of the range of the dependent variable

however (as in fitting the line X - b^ + b^Y) gives a

seriously distorted estimate of the true relationship.

& good:: illustration of this point is to be found in

[ ] C. Eisenhart, ’'The interpretation of certain regression

methods and the following paragraphs and the diagram

are quoted from there;

"To illustrate this point it will be sufficient for

our purposes to consider Figure 1 which has been con-

structed from some artificial data which are especially

suited to this purpose. We shall suppose that Y is

the dependent variable and X the independent variable,

and that the complete array of points shown arose from

a sampling process in which neither X nor Y was

restricted. It will be noticed that the observational

points lie in a band sloping upward to the right and that

as X increases by one unit the distribution of the

corresponding Y's moves up by one-half a unit. We may

consider the points of the entire band shown as portraying

the relationship between X and Y in the large, that is,

when a point (X,Y) is selected at random without

restrictions on either X or Y. The slanting line

14
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labelled (I) indicates the "average” relationship prevailing

between Y and X, that is, for a given value of X the

arithmetic mean of the corresponding observed values of

Y is given by the point on this line with abscissa X.

"Let us now consider the situation in which the points

have been selected with restriction on X, As the results

of such a procedure of selection let us take only those

points between the two vertical lines drawn just to the

right of X-3 and just to the left of X*7. It will be

seen that this does not upset the average Y for a given

value of X within the prescribed limits, ioe., Y is

unaltered for 3 < X < 7. In other words, the introduction

of a restriction with regard to X, the independent

variable, has not spoiled the inferences with regard to

Y, when Y is considered as the dependent variable -

that is, when we are arguing from X to Y. "

"Consider now the effect of restricting the observed Y

in a sampling process and then trying to infer about Y
'

X

in the population at large from given values of X. In

Figure 1 this corresponds to considering, say, only those

points that lie between the horizontal lines just above

Y*3 and just below Y“7. It is seen immediately that in

this case, i.e., between the horizontal lines, for every

value of X the average of the observed Y values is

Y*5, and consequently the relation of Y to X is

portrayed by the line numbered (II) . It is seen that in
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this case the ’’apparent’’ relation is not the correct one.

Accordingly, we conclude that the restriction of the

dependent variable is liable to seriously distort the

relationship, so that what is observed is not representative

of the true underlying situation.

The demonstration that we have chosen is simple and

artifical but the conclusions drawn apply in general,

namely, the restriction of X does not alter the

regression of Y on X, but the restriction of Y does*

For further illustrations and a very readable discussion

sefe Chapter 20 of Methods of Correlation Analysis by

Mordecai Ezekiel”.

In any given case, consider carefully whether one is

measuring samples as they come (thereby accepting the

values of both properties that come with) which is SI,

or whether one selects samples which are known to have

a limited range of values of X (SI I)

.

As an example of Case II, consider a study of watches

to determine whether there was a relationship between the

cost of a watch and its temperature coefficient. It was

suggested that a correlation coefficient be computed.

This was not possible because the watches had not been

selected at random from the total watch production, but a

deliberate effort had been made to get a group of low-

priced, a group of medium priced, and a group of high-

17
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priced watches.

Mathematical Description of Statistical Relationships (Case II)

We may write the conditions for Case II as follows:

Case II . For any given value of X, the corresponding

values of Y have a normal distribution with mean

Y * 6^ + and variance which is independent of

the value of X. We have n pairs of values

(X^,Y^) , (X^^Yg) , . .
. , (X^,Y^) in which X is the independent

variable and Y is the dependent variable (i.e., the X

values are selected, and the Y values thereby determined)

.

We wish to describe the line which will enable us to make the

"best” estimate of values of Y corresponding to given values

of X (or vice versa)

.

We have already demonstrated that for Case I we

require two lines, one for predicting Y from X and one

for predicting X from Y. We shall now demonstrate why

there is only one line in Case II.

For the sake of illustration, let us suppose that the

points in Figure 0.3 represent all possible pairs (X,Y)

.

Then YOY’ and XOX’ are the lines containing the mean

18
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values of Y for each value of X, and the mean values of

X for each value of Y, respectively. Suppose we select

certain values of X, say the last four columns on the

right. Now, for these columns, the same line YOY’

contains the mean values of the Y’s for given values of

X, However, the mean X values for given values of Y

are not on the line XOX*. Indeed, the mean X values

will obviously depend on the values of X we observed

and thus we may use only the line YOY*, or estimates of

it. Our "best** estimate of YOY* in the same sense as

in Case I, is the same one we used in Case I for

predicting Y from X.
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Basic Worksheet for all types of Linear Relationships

X denotes Y denotes

ZX - ZY *

X - Y *

ZX2

(ZX)2/%

Zx2

Y

b^X

b^-Y-b^X

Number of points: n *

ZXY -

(ZX)(ZY)/b *

Zxy =*

ZY2

(2Y)2/fa -

Sy2

(2&y )

g

2x2

(n-2 )s 2 2y2 (2Xy )
2 _

Equation of the line

:

Y - b^ + b^X

Estimated variance of the
slope

:

Estimated variance of intercept

c2 = 0.2 j i + y2 I a
*^0 ^

NOTES: (See next page)
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NOTES for Basic Worksheet:

2x2 = 2X2 _ (2X)2/h

2y2 - 2Y2 - (2Y)2/n

2xy - 2XY - (2X)(2Y)/h

(n-2 )s2 - 2y 2 (Sky)

2

“2x^2

In computing 2X2, 2Y2, 2XY,

carry all decimal places that

are obtained using a computing

machine - ioe., if data are

recorded to 2 decimal places,

carry 4 decimal places in

squares. Carry this same

number of decimal places in

(ZX) 2 (ZY)^ ZXZY
n ^ n ^ h

’

Otherwise, one may lose too

many significant figures in

subtraction

.

3,1,1, Problems for FI Relationships

r • iio V’l' i'

j

.. ,

.Or ;j'.i c'} .iP.ti • ) . Ov t ,

Problem 3, 1,1.1. What is the best line to be used for esti-

mating Y from given values of X?

(Caution - Extrapolation, i.e., use of the

line for prediction outside the range of

data from which the line was computed, is

extremely hazardous)

.
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Solution

±) Using Basic Worksheet, compute the line:

Y « + b^X. (This is an estimate of the

true regression line Y * 4- Pj^X) ,

ii) The above equation may be used:

a) to estimate a single value of Y(Y’)

corresponding to a single new value of

X(X’) or

b) to estimate the average value of Y

associated with any X.

Either a) or b) gives the same numerical

answer, since Y is obtained merely by sub-

stituting a given value of X in the equation

of the fitted line. However, the limits of

uncertainty on the estimated Y depend on

whether one wishes to estimate a single Y

value or an average value of Y,

In our situation we have n pairs of values from one

experiment and we have fitted a regression line. If we

wish to predict Y for a given X, we use that value of

Y obtained from the fitted regression equation for the

given X, The question then arises - how good a prediction

of Y do we have? That is, if we could possibly repeat the

experiment many times, each time obtaining n pairs of (X,Y)

values, what range of Y values for that X would really be

obtained?
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The individual Y values (given X) for all the sets

of data will spread over a larger range than will the

collection consisting of Y’s (given X) « In some cases,

we may be satisfied to say that the average of all Y

(for given X) lies in a certain interval, and at other

times we may need to know how large (or small) a single

Y value we*d be likely to get. Our decision is similar

to the case when we must decide, in writing a specification,

whether we are satisfied to specify average strength, or

whether we must specify minimum strength. The only

difference here is that we are dealing with relationships

between two variables, and therefore are talking about Y

values for fixed X. A good example is given in [ ]

Bowker and Lieberman (page 895)

,

’’For example, tensile strength of cement is related to

the curing time (t) by; strength * This function

is transformed by taking logarithms:

In strength - In a - p/t * In a - pz

(where z » 1/t) which is now linear in z and can be

estimated by the method of least squares. The cement

manufacturer is interested in the average tensile strength

of his cement after a particular period of time i.e., a

confidence statement [for mean Y given x], whereas a

builder is interested in the tensile strength of his

25



V '•

1

j:ok$r rj 1: i

i

-t. '^r^. «a

i I -r. .>w-l-ii^>^ ^-dRy I -.t Tv.-'.<?;;>... v-,;^' .V^^*i - \iiR' /.r
'

6x11 IXiW ?..©3 •'.

i?:r :;ii.<'.‘Xrf '.'iC*.- ''^i: ^ I’i. V i'.
.]» to '.

-

^ -.5- ifi (X;. 4^' T< 'ifcif,. v i[ 1^,:^:*::::)
• •'.

.

V Tl^» *; 1.0 - ojT4' ;0v J>". ^

-c 0 •. t< hnij, v ^'/1£o v )!-%•: • iJil ’Siif r-.;^hfe:-d v »)

oX^aiev. \fe..- (Xi ''OhYi!!»<:f-^^--^'<Hit .. i-?^'--r‘U

Jrer.'’ . C'lV -:•?. 7/ .^eSrt^ 'i^'^'-.-Oi

Xo •C¥'.3 ir-:>i st :•• I. ; .‘"ci -- :•
••

.
';<w t-Hv •

'jAiio . jrT:= A,v . ^ ri;;/-^ i;,iic vlir^oql^ lami
.

,

r,

' "

-^.-' i..xn' 'aXi^ 4'n : ^ .c -:#t. aia ©w t; i ai , '>caoioi:.

t

'T 'rtf 1:00 ^ jp,OX 'U'^’*‘ - V •
•= ii5.''> '•->/il tuli , . .. -jfallfc / ./.'•' c-

?(•.*

^ ii : • ' r/I(jff»r .> ^^-l A» -<
* <3 ''

‘ f I JIIT
' .^‘

t\f.ii)ir£':-' ’.‘ t i b^:*A '...•^1 oG '
.'

. ^'^nO} 'tc/i

;. -'^11 onui ali^l .
^ ^ .oXt-i.

; ajodl t: *' ;,•

'Aa

I

;iCj ^ X i’lC £lX

:.rd vc. :»ir*
•

n j yi jfc J ' V.C-! ot^o i. y x

ii
'

'yCu O • .. I l-

'.* V.v V.sljlj^-.^ neo ^*r:jQ. a' ^ ^ rVt
.,= s-A ••r’

* ,'.V-i‘'-'

. tVu ;/i' .

. i‘.:jr!:i^.W (<

a‘ v.rteil#',- • a*J-cr •irV'’'^’-^ <%l v--v. .*.>:; j : “ u i

‘ V..*

/I ; «XariJi n

I i'

.•>.•> fc 1 *3. -ou - •'

.r ..’ V,

.~r\

XJP..:



particular batch of cement to determine whether it will

carry the required load. After a specified period of

time, the builder would like to have such a statement as

the probability is 1-a that the tensile strength of his

batch of cement will lie in a specified interval.”

If we wish to estimate a single value of Y’ given

a value we use the line:

Y' - bg + b^X* ,

and the variance of estimate of a single Y*

Var Y* - „ [1 + ^ + ]Y.X n

If we wish to predict the average Y associated with a

value X’, we use the same line:

Y» « b^ + b^X’

and the variance of estimate of mean Y

Var Y* a 2
Y.X

(X*-X)2 .

2X2 J

(This latter variance is the variance of estimate of a point

on the line). When both single Y’s and the average Y

are known to be normally distributed, we can make ta:. i;

interval estimates about them also (see problem 3 . 1 . 1 .. 2 )*
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Problem 3. 1.1.2 Statement of Problem

Give a (1-a) confidence interval estimate for:

a) the line as a whole. (This is equivalent to giving

a confidence interval estimate for the (population)

mean value of Y corresponding to a value of X,

simultaneously for all values of X.

b) a single point on the line (i.e., the population

mean value of Y corresponding to a value of X = X*).

c) a single (future) value Y = Y* corresponding to a

new value of X = X*.

Solution :

a) Interval estimate for the whole line,

X) Choose 1-a, the confidence with which we wish

to make our estimate.

ii) Compute s^ (our best estimate of a^) using

Basic Worksheet.

iii) Look up
^

for 2, n-2 degrees of freedom in

Table III.
I TX—

iv) Compute w^ * >/2F f n 2x2^ ^

v) A (1-a) confidence interval for the whole line is:

Y 4- b^ (X-X) + w^

b) Interval estimate of mean value of Y corresponding to

a value of X = X* (i.e., a single point on the line),

i) Choose 1-a, the confidence with which we wish to

make our estimate.
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ii)

iii)

iv)

Compute s2 (our "best”

using Basic Worksheet.

Look up t^
^^2

for n-2

in Table II.

Compute; =
^l-a/2

estimate of

degrees of freedom

r 1 ^ (X»-X)2,1/2
^ n + J

v) A (l-a) confidence interval estimate for the

mean value of Y corresponding to X * X’ is;

Y + b^ (X’-X) + W
2

(Note that an interval estimate of the intercept

is obtained by setting X’ = 0 in the above),

c) Interval estimate of an individual value Y’

corresponding to a single value of X = X*

.

i) Choose \-a, the confidence with which we wish

to make our estimate.

ii) Compute s2 (our "best" estimate of
• X^

using Basic Worksheet.

iii) Look up tf ^^2
^“2 degrees of freedom

in Table II.

iv) Compute ^ n ^ 1 ^ (X'-x)2
3 l-cx/2 Y ^ n 2x2

jl/2

v) A (l-a) confidence interval estimate for Y’

(the single value of Y corresponding to

X “ X») is

Y + b^ (X’ - X) + Wg
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Once we have fitted the line, we will want to make predictions

from it, and we will want to know how good our predictions are.

Often these will be given in the form of an interval together

with a confidence coefficient associated with the interval -

i.e., confidence interval estimates. We may want to make one

of several kinds of confidence interval estimates:

a) A confidence interval for the line as a whole.

b) A confidence interval for a single point on the line -

i.e., a confidence interval for the mean value of Y

corresponding to a single value of X = X*

.

If the fitted line is, say, a calibration line which will

be used over and over again, we will want to make the interval

estimate described in (a) . In other cases, the line as such

may not be so important. The line may have been fitted only

to investigate or check the structure of the relationship.

The interest of the experimenter may be centered at one or two

values of the variables.

Another kind of interval estimate is sometimes required:

c) A single value of Y corresponding to a new value

of X - X’ .

The 3 different kinds of confidence interval statements

(a), (b), and (c) have somewhat different interpretations.

The confidence interval for (b) is interpreted as follows:

Suppose that we repeated our experiment a large

number of times. Each time we obtain n pairs of values
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(Xi,Yi>, fit the line, and compute a confidence interval

estimate of the mean value of Y(Y^) corresponding to

some one value of X(X^). Such interval estimates (of Y

associated with X^) are expected to be correct a propor-

tion (1-a) of the time. If we were to make an interval

estimate of ^(Y^) corresponding to another value of

f these interval estimates would also be expected

to be correct the same proportion (1-a) of the time.

However, taken together, these intervals do not constitute

a confidence statement which would be expected to be

correct a proportion (1-a) of the time. Nor is the

effective level of confidence (1-a)^ because the two

statements are not independent but are correlated in a

manner intimately dependent on the values X^ and X^ for

which predictions are to be made.

The confidence interval for the whole line (a) implies

the same sort of repetition of the experiment except that our

confidence statements are not now limited to one X at a time,

but we can talk about any number of X values simultaneously.

The confidence intervals for Y corresponding to all the chosen

X values will be simultaneously correct a proportion (1-a) of

the time, and therefore our confidence statement applies to the

line as a whole. It will be noted that the intervals in (a)

are larger than the intervals in (b) by the ratio V2F/t. This

wider interval is the *^price*^ one pays for making joint statements
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about Y for any or all of the X values, rather than the Y

for a single X.

Another caution is in order. We cannot use the same

computed line in (b) and (c) to make a large number of pre-

dictions and claim that 100(l-a)% of the predictions will be

correct. The estimated line may be very close to the "true

line", in which case nearly all of the interval predictions

may be correct, or the line may be considerably different from

the "true line" in which case very few may be correct. In

practice, provided our situation is "in control", we should

always revise our estimate of the line to include additional

information in the way of new points.

Problem 3. 1.1. 3 Give a confidence interval estimate for

the slope of the "true" line Y “ Pq p 2
^X*

Solution .

i) Choose 1-a, the confidence with which we want

to make our interval estimate,

ii) Look up t^
^^2

^”2 degrees of freedom in

Table II.

iii) Compute s^ using Basic Worksheet.

^Y
iv) Compute w. = t, /«^ 4 l-a/2 /2x2

v) A (l-a) confidence interval estimate of p. is

bi ± W4

Problem 3. 1.1.4 Give a (1-a) confidence interval estimate

of the value of X = X’ (independent variable) that yielded h* new
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values of Y having as their average Y*

.

Solution :

i) Look up degrees of freedom in

Table II.

ii) Compute from Basic Worksheet,

iii) Compute s^ from Basic Worksheet.

iv) Compute

C = b2 -

+•2 c 2
^l-g/2

2x2

v) Put
b,(Y»-Y)

^

(Y’-Y)" + /
I

+ 1 ,C2x2 ^ n n’'
^

This is a 1-a confidence interval estimate of the

value of X = X* corresponding to Y * Y’ .

Problem 3.1. 1.5 Give a value of X = X’ which you expect with

confidence (1-a) will correspond to a value of Y not less

than Q.

Solution

:

i) Look up

Table II.

ii) Compute b

iii) Compute

iv) Compute
^

V) Compute

t?
b2 -

S 2
l-g Y
2x2

X (Q^ /n+l,c
Ex2 V ^

where the sign before the last term is + if b^ is positive or - if

b^ is negative. We have confidence (1-a) that a value of X * X*
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will correspond to (produce) a value of Y not less than Q,

(See discussion of **conf idence" in straight line prediction in

narrative after Problem 3.1.1o2).

Problem 3. 1.1.6. Is the assumption of linear regression

justified? This involves a test of the

assumption that the mean Y values for

given X values do lie on a straight

line (we assume that for any given value

of X, the corresponding Y values are

normally distributed with variance

oK y'

>

which is independent of the value
X • A

Of X),

Solution:

A test is available provided that we have more than

one observation on Y at one or more values of X.

Assume that we have n pairs of values (X^,Y^) and

that among these pairs there occur only k values of

X(k < n) . For example^ the plot might look as

follows

;

f

• e

• • •

Y « e 0

0 O

Our observations would be recorded in a table like

the following: (i.e., we have n^ observations at

each X and we have k different values of X(k < n, and

2n^ * n)

.
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h f2 ^3

^12

''21 Y
3I

. .

.

Y
32

••• \2
Zn.X.

^13

Total Ty X

Sum of Squares

No. of observations n^ - * • • •
-

Grand Total
ty -

Compute

;

i) T.Y.X
the total of Y for each X

the total of all Y

n

the weighted average of X, i.e..
Zn.X.

1 1

n

ii) Compute:
(T„

. V Y.
ip2

n

i.e., for each X, square the value of Ty ^
and

divide by the number of observations of Y. Sum

across all values of Xo From this sum subtract
T2

the quantity —

ZXY -

iii) Compute b

(Zn^X^) (ZY)

n
(Sn.X,)2

Sn . X .
- ^ ^

11 n
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iv) Compute - b [ZXY -
(Zn^X^) (ZY)

n

v) Compute = ZY^ -

vi) Look up F* for k-2, n-k degrees of freedom
^ ot

in Table III.

viii) If F > , decide that the mean values of Y

Problem 3.1.2.1 What is our ’’best’* estimate of the

true relationship?

Solution :

Assuming that we know the ratio of the two variances

A “ shall estimate the relationship by the

following formula:

vii) Compute F

for given X ^ not lie on a straight line.

If F < F* the hypothesis of a linearity is

not disproved.

3.1.2 Problems for FI I Relationships

Y = Y + (0 +K02 + \ (X-X)

where

9

Sy =^ (ZY| - nY2), s2 =^ (SX2 - nX2)
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It is worth noting that we can make estimates of p and

a* as follows
V s2 - (0 + 1/©^ + A) s^Y

s^ = xs^ .

V u

3.1.3 Problems for SI Relationships

Problem 3. 1.3.1 What is the best line to be used for

estimating Y from given values of X?

The solution is identical to that of problem 3. 1.1.1

Problem 3. 1.3.2 Give confidence intervals for:

the line as a whole;

a point on the line;

a single Y corresponding to a new value of X

The solution is identical to that of problem 3. 1.1.

2

Problem 3. 1.3. 3 Give a confidence interval estimate for

the slope of the ’^true" line.

The solution is identical to that of problem 3. 1.1.

3

Problem 3. 1.3. 4 What is the best line for predicting X

from given values of Y?

Solution :

For this problem we fit a line X - b^ + b*^ Y (an

estimate of the true line X = Pq + Pj. “ To fit this

line we need to interchange the roles of the X and Y

variables in the computations outlined in the Basic

Worksheet and proceed as in problem 3. 1.1.1.
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Problem 3. 1.3. 5 What is the degree of relationship of the

two variables X and Y as measured by r, the coefficient of

correlation.

Solution

;

Compute r
Zxy

Compute Sy®,

2xy from Basic

Worksheet

The sample product moment correlation coefficient is an estimate

of p ** Pi >
*^true” product correlation coefficient.

A .95 confidence interval estimate for p can be obtained by

choosing the belt corresponding to n in Table VI I ^ and reading

the limits for the computed value of r.

If p “ + 1 all the points lie on a line, and Y = X

and X " p^ + P’Y coincide. If p
* + 1, the slope is positive,

and if p
=* -1, the slope is negative. If p = 0 then X and Y

are said to be uncorrelated. If the confidence interval from

Table VII excludes p * 0, then we may state that the data give

reason to believe that there is a relationship between the two

variables. The confidence coefficient associated with this

statement is .95.

3.1.4 Problems for SII Relationships

3. 1.4.1 What is the best line to be used for estimating

Y from given values of X?

The solution is identical to that of problem

3. 1.1.1.

3. 1.4. 2 Give confidence intervals for:

the line as a whole;

a point on the line;

A single Y corresponding to a new value of X.
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The solution is identical to that of problem 3. 1.1.2

3. 1.4. 3 Give a confidence interval estimate for the slope

of the "true" line.

The solution is identical to that of problem 3. 1.1. 3.
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