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PROGRESS REPORT FOR THE PERIOD

ENDING 30 JUNE 1956

This project has as. its aim the preparation of a manual on

"Experimental Statistics" for inclusion in the Army Ordnance

Engineering Handbook.

As of June 30, 1956,* work on the manual had been underway

for one year.
%

The pages to follow present an advanced draft of the first

part of the proposed manual; Introduction, chapter on Some Basic

Statistical Concepts, and Part I (Some Standard Statistical

Techniques for Quantitative Data). This material is being

submitted at this time in the interest of receiving comments

on the proposed form, format, content, etc., of the manual at

this intermediate stage. i

Note : The complex system of numbering the problems (e.g.,

section 1.6. 2. 2.1) has proved useful during the writing of the

various sections of the manual, but will be replaced in the final

version by a simpler system.
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PREFACE

This manual was prepared by the Statistical Engineering

Laboratory, National Bureau of Standards, for the Office of

the Chief of Ordnance, Department of the Army, under contract

with the Office of Ordnance Research (D/A Project 597-01-001,

Ordnance Project TBl - 0006) «,

The Manual discusses a series of problems related to

planning or analyzing experiments arising in ordnance research.

Techniques appropriate to these problems are outlined in form

suitable for computation, with some explanation of the general

principles involved and illustrations of the interpretation of

results. Worked examples are provided for each technique.

The manual is written primarily for ordnance engineers

who have responsibility for planning and interpreting experi-

ments. The statistical techniques discussed are not new.

Those relative to a single class of problem are not usually

all to be found in any one book. Perhaps when summarized

together in a uniform notation, as in this manual, they will

be used more frequently, and to better effect.

The text of the manual is primarily the work of Dr, Paul

N, Somerville and Mns, Mary G, Natrella; and was drafted

under the guidance of Dr, Churchill Eisenhart, Chief,

Statistical Engineering Laboratory.

Iv
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INTRODUCTION

The use of statistical methods has increased greatly in

the past quarter of a centuryo Since the initial development

of these methods occurred largely in agriculture and the

hiological sciences, it is natural that these fields were the

first to make extensive use of the methods » With the intro-

duction of techniques for statistical quality control of

production and acceptance sampling, in the 1920 »s industry

began to take notice of statistics. However, it was World

War II which brought statistics to their notice. This was

largely due to the influence of the military. They adopted

scientifically designed sampling inspection procedures,

putting indirect pressure on the suppliers of military

material to adopt quality control procedures to lower the

rejection of their output by the service procurement officers.

Also, they set up an educational program giving intensive

courses in Statistical Quality Control. Mention should be

made of the wartime research in statistical quality control

and statistics and especially of the Statistical Research

Group, Columbia University, working under the Applied Mathe-

matics Panel, the National Defense Research Committee and the

Office of Scientific Research and Develppment.

Control charts and sampling plans formed the opening

wedge for the use of statistics in industry. Today, many

other statistical tools are used in laboratories and research

departments in military and industrial establishments, for
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example, analysis of variance, regression analysis and the

design of experiments

o

This manual is a collection of statistical procedures

useful in ordnance applications o Each section is independent

of all the other sections, and depends only on the first few

pages of the introduct iono Every procedure, test and

technique described is illustrated by means of a worked

exan^leo A list of authoritative references is included at

the end of each major section<> It is hoped that the manual

will be useful both to the person who has had almost no

contact with statistics and to the person who merely wants

a convenient reference where application of some specific

technique is outlined clearly and concisely*

SOME BASIC STATISTICAL CONCEPTS
'

Everything which deals even remotely with the collection,

analysis, interpretation and presentation of numerical data

may be classified as belonging to the domain of statistics*

We may divide statistical methods into two classes — descrip-

tive and inductive* Descriptive statistical methods are those

which are used to summarize or describe data and are the kind

we see used everyday in the newspapers and magazines* Inductive

statistical methods are those which attempt to make generali-

zations, predictions, or estimates from given data, and apply

it to a larger mass of similar data* In this manual, we shall
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be mainly concerned with inductive statistical methods.

Population and Sample

The concepts of population and sample are basic in the

use of inductive statistical methods. Any set of individuals

or objects having some common observable characteristic

constitutes a population (or universe) . Any subset of a

population is a sample from that population. The population

may refer either to the individuals measured or the measure-

ments themselves. Examples of populations ar.e: velocities ,

of individual roimds of ammunition from a given lot, when

fired in a standard testing device; barometric pressure at

Camp X at 9 A.M., during June, July, August 1956; all the

Corporals in the Marines as of July 1, 1956; measurements of

the length of an object as measured by a large number of

surveyors

.

Usually, we wish to know something about a population.

Since it is ordinarily inconvenient or impossible to observe

every item in the population, we take a sample, observe the

items in the sample, and from them make inferences about the

entire population. We may wish to know the average ,velocity

of a given lot of .303 ammunition when used in a standard

testing device. We take a random sample from the population

of rounds (all the rounds in the lot), and measure their

velocities. We compute an average velocity (and perhaps a

measiire of the sample variation) and infer the average lot

velocity. Either the rounds themselves or the velocities of
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the rounds can be taken as the individuals in the population.

Selection of the Sample

The method of choosing the sample is an important factor

in determining what use can be made of the sample. If some

individual in the population is more likely to be chosen in

the sample than others, then the sample is said to be biased.

In practice it is found that subjective methods of selection,

due to Unconscious or conscious preferences, usually leads to

biased samples. To avoid possibilities of bias, and to

protect against unwarranted assun^tions about the individuals

in the population, a non-sub jective method of choosing a

sample should be employed. Section 00,00 of the Appendix

describes a method of obtaining random samples by means of a

table of random numbers.

Properties of Populations

Although we seldom examine the entire population, we

obtain much information from populations in general by ob-

serving samples. Large samples do in fact tell us a great

deal about populations. Below is a histogram representing

the distribution of 5,000 Rockwell hardness readings. If we

take the sum* of all the bar areas to be one square unit, then

the area of an individual bar represents the proportion of the

sample having a given range of edge-widths. If the sample is

large, then we can draw the histogram by Increasing the number

of bars, each of idaich will be smaller in width. Imagine the
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Figure la

i

sample size continuing to increase while the number of bars

also continues to increase and their width becomes so small

that the tops of the bars blend into a continuous curve, such
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as that of Figure lb« If we were to carry out this sort of a

scheme on a large number of populations, we would find that

many different curves would arise o Possibly, the majority of

them would be symmetrical bell shaped curves, such as that

in Figure lb* These are called normal or ^Gaussian” distri-

butions » We would also find some which^were not symmetrical,

and occasionally some that were shaped like a J or a U*

’’Normal” curves can be represented by a two parameter

family of curves. These two parameters are usually represented

by and a, and are called the arithmetic mean (or simply

the mean), and the standard deviation. On our normal curve,

p. is the value for which the curve is highest, and a

represents the distance between the inflection point and

Figure 2, Normal Distributions
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The paa?ameter u is also the arithmetic mean and a

measure of central tendency of the population. The para-

meter a is a measure of the spread, scatter or dispersion

of the population.

Prom the above, we may state that if the population is

indeed normal, then we know everything about it if we know

the two parameters u and a®

Suppose we know that the chamber pressures of a lot of

ammunition form a normal population, with the average chamber

pressure in p,s,i = u = $0,000, and standard deviation

a = $xlo3 (p.Soi,}, Then by means of tables of the normal

distribution it is very easy to show that if we fired the

ammunition in the prescribed manner, we would expect $0 per-

cent of the rounds to have a chamber pressure above $0,000

p.s,i,, 1$,9 percent to have presstires above $$,000 p.s.i,,

and 2,3 percent to have pressures above 60,000 p,s.i.

Figure 3> Distribution of Chamber Pressures p«

$0 percent of pressures
will be above A

A
1$«9 percent of pressures

will be above B

—^

(psi X 10^)

2*3 percent of" pressures
will be above C

5
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In areas where a lot of experimental work has been done,

it often happens that we do know p or a or both, fairly

accurately* However, in the majority of cases it will be

our task to estimate them by means of a sample* Suppose that

we have n observations taken at random from

a normal population. What then ore our best estimates of p

and a? They are;

for ju, X = 2 X.
^ i=l 1

For computational purposes, the following formula is more

convenient for s^,

s^ = n 2 x| - (2 x^)^

n(n-l

)

Although X and s^ are the ”best” estimates of p and

for populations which are normal, it should be obvious that

— pdifferent samples will have different values for x and s

How much then can we rely on our estimates?

-St For some populations which are non-normal, and for some
purposes, there are better measures of central tendency
than p. For a discussion of this point, see Section 00,00
of the Appendix,
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Figure i|.a Distribution of means of
samples from normal distributions,

various sample sizes

Figure Distribution of variances
of samples from normal distributions,

various sarnie sizes

Figure I|.a shows the distribution of the sample values of

X for samples of various sizes

o

If we define the area
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under any curve as being one square unit (this is a standard

convention in statistics), then the area under the curve

between any two x values represents the proportion of the

time we will expect to get values between those two points*

As the curves show, the larger our sample size the less

scatter we will have*

Figure l\h shows the distribution of the sample values of

s'" for samples of various sizes*

Confidence Intervals

X and s, our sample estimates of u and a thus are seen

to vary from sample to sample* Increasing the sample size

decreases the amount of variation, but does not eliminate it.

Even though we cannot state the exact value of the parameter,

we can with a chosen degree of confidence state, an interval

within which the parameter lies* We can state an interval and

a probability that the interval range contains the true value

of the parameter, provided that our sample has been randomly

choosen* The probability will of course be closely related to

the interval that we give* This interval is an estimate of the

parameter and is known as a ’’confidence interval”* The procedure

for obtaining the intervals is given in the section 0*00.

However, it may be worthwhile giving an illustration*

Suppose we are given the lot of ammunition mentioned

earlier, and wish to make confidence interval estimates of
%

the average chamber pressure of rounds in the lot* Suppose
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that the population of chamber pressures is normal, and that

the true average is 50,000 pi,goio, (although this value is

unknown to us)o Let us take a random sample of four rounds,

and from this sample, using the given procedure, calculate

the upper and lower point for our confidence interval

«

Consider all the possible samplesof size [}. that we could

take, and the accompanying upper and lower points for the

confidence intervals computed from each* If the points were

for a 95 percent confidence interval, then we should expect

95 percent of the intervals to cover the true value, 50,000

PoS.io

Figure 5 Confidence intervals for samples of
size 5 drawn at random from a normal popu-
lation with = 50,000 poS.i, a = 5,000
PoSoio (Samples drawn with aid of tables of
the RAND Corporation) <,

20

0

20

Case (b)

P = 0o90
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It should be noted that an increase in the confidence

will always result in an increase in the width of the confi-

dence interval

«

Tolerance Limits

Sometimes what is wanted is not an inference as to the

mean and variance of the population but two values or limits

which contain nearly all of the populationo For example if

extremely low chamber pressures or extremely high chamber

pressures might cause serious problems, then we may wish to

know approximately the range of chamber velocities of a lot

of ammunitiono There are methods for obtaining the approximate

range o More specifically, what we can do is give a lower and

an upper limit, and say that at least P percent of the

ammunition will have chamber pressures within the above

limits, with a confidence coefficient of If we use the

method (See Problem OoOO), then the proportion of the time

that we will be making true statements will be

The difference between tolerance limits and confidence

intervals should be noted® They are two quite different

things® Tolerance limits for a given population are limits

between which we estimate a stated proportion of the popu-

lation to lie* A confidence interval is an Interval within

which we estimate a given parameter (e*go the mean) will lie*

Using Statistics to Make Decisions

Ten rounds of a new type of shell are fired into a

target, and the depth of penetration is measured for each
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round* The depths of penetration are 10.0, 9o8, 10«2, 10.5#

11, ij., 10,8, 9e8, 12,2, 11.6, 9o9 cms. The average pene-

tration depth from the standard comparable shell is 10,0 cm.

We wish to know if the new type shells penetrate farther on

the average than the standard.

If we compute the arithmetic mean of the ten shells, we

find it is 10,7 cm* Our first impulse might be to state that

on the average the new shell will penetrate 0,7 cm., further

than the standard shell. This indeed is our best guess, but

how sure can we be that this is actually the case? If we
/

were forced to decide on the basis of the above ten shells

alone whether to keep on making the standard shells or to

convert our equipment to making the new shell, what would be

our choice (assume for simplicity that for all other

characteristics there are no differences, or that the

differences are irrelevant)?

One thing that might catch our notice is the variability

in the penetration depths. Their standard deviation is 0,73

cm, Gould it be that the new shell is on the average no

better than the standard? There is variation from shell to

shell, so might not our sample of ten shells have contained

some of the ones which have unusually high penetrating power?

If the new shell really has no more penetrating power than

the standard shell, how improbable is it that we should get

shells differing from the standard by as much as our sample

did?
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If it is highly improbable, than we should undoubtedly come

to the conclusion that the new shell did indeed penetrate

farther than the standard shell and we might take practical

steps toward putting into production the new type of shell*

If it was not improbable that we should get a sample

differing as much as ours then we should decide that there

was no good reason to believe that the new shells penetrated

farther than the standard shells*

Setting up the Decision Procedure

In our example, if the new shells penetrated farther

than the old shells, we wished to know it* Inasmuch as it

is frequently easier to disprove than to prove, we start with

what we call the null hypothesis * That is, we make the

hypothesis that the old shells are as good as the new shells*

Then, if in our sample of new shells we get an improvement

so large that it is unlikely to be due to statistical fluc-

tuation, we reject the hypothesis* We make Decision (i) -

The new shells penetrate further on the average than the

standard shells*

If, on the other hand the "increase” in penetration of

the new shells over the old shells is not large enough to be

considered improbable, we make Decision ( il ) - There is no

reason to believe the new shells penetrate further on the

average than the standard shells*
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Level of Significance

V7e have stated that we will reject the ”null hypothesis”

ioSo, make decision (i), when our increase in penetration is

so large that it is improbable under the null hypothesis « We

may say the increase is improbable under the null hypothesis

if by fluctuation for sample alone, a larger increase would

have occurred only a small proportion a of the timeo (a

is some small number decided on in advance of performing the

experiment)® The quantity a defined above is known as the

” significance level ®” The significance level should be

chosen on economical and other non^statistical grounds® Two

values for a have been made use of in extensive tabulation

of many test statistics, and it is common to choose one or

the other of these® There is, however, nothing sacred in

their use® These values are 0®05 and 0»01. Using the ®05

level of significance, for example, we should reject the

null hypothesis and make decision (i) only if the sample

increase in penetration for the new shell was so large that

it would occur less frequently than ®05 of the time in

repeated trials, when the new shells were in fact no better®

Two Kinds of Errors

Since we know that there is fluctuation in sample means

and sanple standard deviations, it is obvious that we run the

risk of error in our decisions® As a matter of fact we speak

of errors of the first kind, and errors of the second kind®
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If we reject the null hypothesis when it is true, i*e,,

find a difference which really does not exist, then we make

an **Error of the First Kind*” The "Error of the First Kind,"

is equal to a, the "Significance Level." If we fail to

reject the null hypothesis when it is false, e*g., fail to

find an improvement in the new shell over the old, when an

improvement exists, then we make what is called an "Error

of the Second Kind." Of course we do not knov; in a given

instance whether we have made an error in decision. We can,

however, know the probability with which we will make either

type of error.

For the above example, the probabilities of error for

possible true values of the difference are given in Figure 6.

Figure 6 Operating Characteristics, of
Decision Procedure of Example
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Part I* Some Standard Techniques for Quantitative Data,

The techniques described in Part I apply to the analysis

-of numerical results of experiments. The results must be

expressed as actual measurements in some conventional units

on a continuous scale (dimensional units ,,, etc*^

They do not apply to the analysis of data in the form of

proportions, percentage, or counts.

It is assumed, that the underlying populations are

normal or nearly normal. Where this assumption is not very

important, and/or where the actual population would show

only slight departure from normality, an indication will

be given of the effect upon the conclusions derived from the

use of the technique V/here the normality assumption is

critical, and/or the actual population shows substantial

departure from normality, suitable warnings and alternate

techniques will be given.
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, 1. Performance of an item,

1,1 Estimating average performance from a sample.

Given ;

n independent measurements

X , selected at
1 ^ n

random from a much larger

group

•

Example ;

Ten mica washers are taken at

random from a large group and

their thicknesses measured as

follows (Inches):

123 .132
12k .123
126 .126
129 .129
120 .128

Questions ; The general question is ”what can we say about the

larger group?” - specifically,

(1) What is our best guess as to the average

thickness of the whole lot? (see 1,1,1)

(2) Can we give an interval which we expect,

with certain confidence, to bracket the

true average - i,e, a "confidence interval?”

(see 1,1,2, 1.1,3, and 1.1, Ij.)

Note: A common question which is quite different will be

treated in 1,^; Can we give an interval within which

we expect, with chosen confidence, to find a speci-

fied proportion of the individual items - i.e, can

we set "statistical tolerance limits”# (see 1,5)





„ 1^-

1.1.1 Best single estimate.

The most common, and ordinarily ”the best” single

estimate is simply the arithmetic mean.

(For some assymetrical distributions, the arithmetic

mean may not necessarily be the best single descrip-

tion of the over-all performance of items. For a

discussion of this point, see Section 00.00,

Appendix

Procedure

:

Example :

Compute the arithmetic mean





«“20 “

1.1*2 Confidence interval estimate (when knowledge of the

variability cannot be assumed) « When we take a

sample from a lot or a population, the sample average

will seldom be exactly the same as the lot or popu-

lation average. We do, however, hope that it is

fairly close, and we might be willing to state an

interval which we would expect to bracket the lot

mean. If we regularly made such interval estimates,

in a particular fashion, and found that over a long

period of time these intervals actually did contain

the true mean 99 percent of the time, we might say

that we were operating at a 99 percent confidence

level. Our particular kind of interval estimates

might likewise be called ”99 percent confidence

intervals.”

Similarly if our intervals included the true average

95 percent of the time, we would be operating at a

95 percent confidence level, and our intervals would

be called 95 percent confidence intervals. • In general,

if in the long run we expect 100 (1-a) percent of our

intervals to contain the true value, we are operating

at 100 (1-a) percent confidence.

We may choose whatever confidence level we wish.

Commonly used levels are 99 percent and 95 percent,

which correspond to a = .01 and a = .05© (In

later sections we will speak of the ”significance
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level” (a) of a test* This is the same a which appears

here in the general expression for confidence level) o If

we wish to estimate the mean of a large group (population)

using the results of a random sample from that group, the

following procedure will allow us to make interval estimates

at any chosen confidence levels (It is assumed that the

large group forms a normal population, and that each

observation or individual is quite independent of the

others in the sample) * We may make a 2-sided interval

estimate, expected to bracket the mean; or make a one-

sided interval estimate, to give an open- interval r-

(limited on the upper or lower side as we choose) expected

to contain the mean*
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1 .1,2.1 Two sided confidence interval, - This procedure gives

an interval which we expect to bracket the true mean

100 (1-a) percent of the ‘time; 100 (-^) percent of

the time the interval will be above the true mean,

and 100 {-—) percent of the time it will be below

• the true mean.

Procedure

Problem: What is a 100 (1-a) per-

cent confidence interval (2 sided)

for the true mean?

i) Choose the desired confi-

dence level,

1-a

Example

Problem: What is a 95 percent

(2 sided) confidence interval

for the true mean?

i) Choose confidence level ,95

.95 = 1 - a

ii) Compute

:

arithmetic mean x (see 1.1,1)

s =
nZx^ - ( Zx)

^

n (n-1)

a = ,05

ii)

X = ,126 Inches

s = 0.00359 inches

iii) Look up: iii)

t = t^ i’or n-1 degrees of

freedom in Table I

^ *.97^,9 "
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Procedlire Example

iv) Compute: iv)

X = X + t ^ ^ ^

x^= .126
2 . 26 (. 00359 ) ^ ,,3^^

^ VTo inches

x^ = X - t -2—
T* >/n

ZL = .126 - = .1179
^ vlO inches

v) Conclude: v) Conclude:

The interval from Xj. to is The interval from .1179 to

a 100 (1-a) percent confidence .1341 inches is a 95 per-

interval for the true mean* cent confidence interval for

the lot mean.



1



1.1, 2. 2 One-sided confidence intervals.

The exaiT5)le used in 1.1. 2.1, can be used to make

another kind of confidence interval statement. As

we said 100 (-^) percent of the time the interval

will be above the true mean (i.e.

than true mean). Therefore 100 (1

is greater

- “~) pei’cent

of the time, the true mean is greater than

Prom the example of 1.1.2. 1,

100 (1 - pe3?cent = 97.5 percent

Thus, the either of the two open intervals - above

.1179 inches, or below .13i|.l inches can be called

a 97.5 percent one-sided confidence interval for

the average.

We also give the complete example for a 1-sided

interval for a different cho^.ce of confidence level.

Procedure

Problem: What is a 100 (1-a)

percent confidence interval

(one-sided) for the true mean?

i) Choose the desired confi-

dence’ level (1 - a)

Example

Problem: What is a value, which

we expect, with 99 percent confi

dence, to be exceeded by the lot

mean?

i) (1 - a) = .99

a = .1
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Procedure

ii) Compute X

s

Example

ii) X = .126 Inches

s = 0.00359 inches

iii) Look up:

t = ^
Tor n-1 degrees of

freedom in Table II

• • • \111 )

t = t QQ for 9 degrees of
• 77

freedom = 3«25

iv) Compute: iv)

\[“h
= .126 - ( 3 > 25)(. 00359 )

X-
:£

= .1223

v) Conclude:

We are 100 (1-a^ ) percent

confident that the lot mean

is greater than 3?^* ,

v) Conclude:

We are 99 percent confi-

dent that the lot mean is

greater than .1223 inches.
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1,1«3 Confidence interval estimates when we have previous

knowledge of the variability^

In the previous section (1,1.2) we have assumed that

we had no previous informat ion about the variabili

of performance of items, and were limited to using

the variability estimated from the sample. Suppose

that in the case of the mica washers, we had taken

samples many times previously from the same process

and found that, although each batch had a different

average, there was always about the same amount of

variation within a batch. We may then be able to

assume that we know a, the standard deviation of

the lot, from this previous experience. This

assumption should not be made casually, but only

after real investigation of the stability of the

variation among samples using techniques of sections

1.2 and/or 1. (Control chart procedures).

The procedure for computing these confidence intervals

is simple. In the example of 1.1.2, merely replace

s by a and t^ by and the formulas
~ l-a/2l~a/2

remain the same. Values of z

Table I .

l-a/2 are given in

Procedure

Problem: Find a 100 (1-a) percent

2-sided, confidence Interval for

the lot mean, using known a.

Example

Problem: What is a 9^ percent

confidence Interval (2-sided)

for the lot mean? (a known

equal to .OOli-O Inches) .
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Procedure

i) Choose the desired confi-

dence level^ 1-a

Exampl

e

i) 1-a = thus a = .05

ii) Compute x ii) X = .126 inches

iii) Look up:

z = zl-a/2 in Table I

iii)

z = ^l-a/2
~

iv) Compute:

X a X + z

= X - z,

a

o

\/n

iv)

X,.,
ij

J..I96 ( 7“-)
yj.o

.128

= .12k
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, 1.1.4 Confidence intervals when normality cannot be assumed.

1.1.4.1 When the departures from normality are not great, or

when the sample sizes are moderately large, confi-

dence in the interval estimates made as described in

1.1 o2 and 1.1.3, will be changed v6ry little from

the chosen level. For other cases, a method of

making interval estimates is given below which is

independent of the population distribution.

1.1. 4.

2

Interval estimates which are independent of the

population distribution.

Let <x^<...<x be the observed values
1 — 2 — — n

arranged in order of increasing magnitude. Let M

be the population median.

Consider any interval formed by taking the i^^

largest and the i"^^ smallest observation. The

probability that such an interval contains M, the

true population median, is 1-21 (n- 1+1,1) where

I is the incomplete beta function tabulated in

Table 16 of [1].
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1.2 Estimating the variability of performance from a sample.

Given ;

n independent measurements

Xi, , x^ selected at

random from a much larger

group.

Example ;

Ten unit amounts of rocket powder

selected at random from a large

lot were tested in a chamber and

their burning times observed as

follows (seconds);

50.7 69.8
54.9 53.4
54.3 66 ,1

44.8 48.1
42.2 35.5

- 1 . ^

1 . 2 . 1*1

:hi(;:le estimates

and s

In. the Preface (see pp. 4 5) we

best estimate of , the variance

S’ 1 < — V I

^
is

:

o2
1~1

x)

n-1

have stated that our

of a normal population

For computational purposes, we find it more convenient to

use the .following formula:

g2 =
- ( 2x^)2

n (n-1)

The estiraate of c, the population standard deviation,

is

= yl2 = /
nzxjg - (2x^)2

n (n-1)

NOTE : For small samples (say n less than 10), a fair approxi-

R
mat ion to IS

v/lT
,
where R = difference between

highest and lowest values in the sample.
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1.2. 1.2 Use of the range to estimate variability.

The range of n observations is the difference

between the highest and the lowest values observed

in the sample. For small samples (n less than 10),

the range is a reasonably efficient estimator of

a (the standard deviation of a normal population)

- not as effijbient as _s, but easier to calculate.

Table 1.2.1o3Col. 2, gives the factors which

convert from observed range in a sample of n to

an estimate of- population standard deviation.

Estimate of o = — x range in a sample of n

Table 1^2 .1^2

Size of
Sample

n

d
n

1

dn
[See note]

2 1.128i; 08862 1.414
3 1.6926 .5908 1.732
4 2.0588 .4857 2.000
5 2.3259 .i|^99 2.236
6 2.534^1- .3946 2.44.9
7 2.7044 08698 2 .61|.6

8 2.8472 .3512 2.828
9 2,9700 .3367 3.000

10 3.0775 .3249 3.162

NOTE; The last column (/n) is Included in order to show a

quick and rough method of estimating a from small

samples. Note how closely >/rT approximates d^ for

small n. For samples of n = 10 or less, therefore,

one may estimate a by taking the range and dividing

by Yn.
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1.2.1.3 Ttie calculation of standard deviation - division

by n or ( n-1 )

?

There exists some confusion over the calculation .of

standard deviation, particularly over the proper

choice between the two relationships given below:

g2 = (1)
n . n

si ,
= ( 2 )n-1 n-1

Either of these formulas give a measure of varia-

bility of test results. Either may be used to

compare the variability of different samples or

processes, provided that: (a) the same formula is

used in calculating all the measures to be com-

pared and (b) all calculations are based on the

same sample size n. When n is not the same,

values of calculated from (2) are still

comparable, but not values of s^ calculated from

(1). Furthermore, when the n*s are different,

values of the standard deviation or s obtained

by taking the square root of the right-hand side

of either (1) or (2) are no longer comparable,

-the magnitude of the resulting systematic error

depending on the actual values of n involved.

Whichever divisor (n or n-1) is used, the estimate
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of a obtained is dependent on n, i.e,, the average of a

very large number of estimates calculated in the same way

will not quite be equal to a. Table 1,2^1 *3 shows how the

number of observations n affects the goodness of esti-

mation. Note that calculated from (2) is sub-

stantially less likely to underestimate the real

the case of small sampleso

a in
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In addition, all of the tables that have been developed to

facilitate the application of modern statistical methods

presuppose that calculated from (2)* (The note-

worthy exception is in quality control chart work, and

there the necessary adjustments have been made in calcu-

lating the factors given for central lines and control

limits'^. In this Handbook we shall always use 1* "

Inasmuch as our estimate is subject to fluctuation about the

true value, may also wish to have an interval estimate

(described in 1.2.2)

.
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1»2«2 Confidence Interval estimates

Confidence ^ As in 1*1^2 we say x^e have a confidence

of 1-a in an interval estimate, if the method of

constructing the interval will result in correct

statements 100 (1-a) percent of the time; i.e., in

the long run our Intervals will contain the true

value a proportion 1-a of the time®

1®2.2.1 Two sided confidence interval estimates®

We are interested in an interval which brackets the

true measure of variability of the normal population®

Problem ®

What is a 95 percent confidence interval for o, the

variability of the burning time of the lot of powder?

Procedure

i) Choose a, the significance i)

level

ii) Compute s, ii)

Example

.95 = 1-a

a = e05

s = 10®37 seconds

=7
nZxj^ - (2xj)^

n (n-1)

ill) Look up:

^^a/2 » xh-a/2

for n-1 degrees of freedom

in Table V •

iii) For 9 degrees of freedom,

X^/2 = xho25 = 2.70

’^l- a/2 ^ ^^.975 ~ ^9.02
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Procedure Exampl e

iv) Compute: iv)

S = s L-iHllL
, and

\l^ l-a/2

= 10.37 /—^ = 7.13
L

V19.02

“o
> j-^

\/ a/2

Sy = 10.37 /—^ = 18.94

y 2 o?0

v) Conclude: v) Conclude:

Our two-sided interval estimate Our two-sided interval

for a is the interval s| estimate for a is the

to Sjj and we have confidence interval from 7«13 to 18.91^-

100 (l«a) percent that the and we are 95 percent confi-

interval contains a. dent that the interval

contains Oo
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For given degrees of freedom (n-1) and significance level

a, part of the formula, i«e.^

n-1 and n-1

l-a/2 V a/2

can be ‘tabulated in advance, and merely multiplied by s in

a particular problem.;, Such a table has been made for certain

values of n - 3. ~ c- ^ ( T ab 3. e 1 * 2 « 2 ) .

Table 1»2.2
Tables for Computing Confidence Limits for o
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l,2«2o2 One sided confidence interval estimateo

In some cases we are not interested in a bracketing

interval, but only in knowing whether the variability

is large ^ We would then be happy with a statemerat

such as the following:

We are 100 (1-a) percent confident that the variability

as measured by a is less than some value A*

Similarly we may be interested only in statements

that the variability is greater than some number

Both statements are one-sided confidence interval

estimates

.

Problem : Can we give a value and have 95 percent

confidence that a is less than A?

Procedure

i ) Comput e s

,

Example

1)
s = 10c37 seconds

ii) Look up:

2
X ^

for n-1 degrees of

freedom

ii) For 9 degrees of freedom

ill) Compute: lii)

= 10.37 ,

s' = 17.05
u

s » = s
U

\

(n-l) r"7—
^ a

3.33

seconds
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Therefore v/e are 95 percent confident that the

variability as measured by a is less than

s^ = 17«05 seconds.
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1,2,3 Estimating the Standard Deviation of an Item, Product

or Process, V'hen no Previous Data is Available.

Frequently it is very desirable to have some idea of

the magnitude of the variation as measured by a, the

standard deviation. In planning experiments for exam.ple,

the sample size required in order to m.eet certain

requirements is a function of a.

There is seldom a situation v/here one does not know

something about the variance, or cannot use some

existing information to get at least a very rough esti-

mate of a. The necessary information involves the

form of the distribution and the spread of values. If

the values for the individual items aan be

assumed to form a normal distribution, then either of

the following methods can be used to get an estimate

of a,

a) Choose values a-, ard b^ between which you expect

99 «9 percent of all Individuals to be. Estimate

a as
[

- h i

or

6

b) Choose values a.^ and between which you

expect 95 percent of all individuals to be.

Estimate o as ^
2i

4
t
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If in fact the populations are not ’^normal** but follow

one of the forms in Figure 00,00, then the standard

deviation may be estimated as indicated in the figure*

Distribution

Standard
Deviat ion

;

Distribution: Norm.al

Standard Deviation; 6^2
See Deming "Some Theory of Sampling", John Wiley and Sons, Inc*

page 62*





1,3 Number of measurements required to establish the mean

with' certain precision.

In planning experiments we may wish to ask the question:

How many measurements must be t aken in order to be fairly

certain that our estimate of the mean (i.e, x = sample mean)

does not differ from the true mean (^) by more than a

specified amount

We must choose the following:

(1) a, the significance level = some small probability

of making an Incorrect statement, say a = .05 or

.01

(2) d, the precision of our estimate which is of

importance (d = x - p) .

and we must have an estimate of the variability (s),

Exampl

e

:

‘

Using the data of 1.1 to provide an estimate of the

variability, how many washers would we have to measure

from a new lot in order to say (with 95 percent chance of

being right) that the mean of this sample did not differ

from the true lot mean by more than inches?

Procedure Exampl

e

i) Choose a, the significance

level

,

i) a = .05
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Procedure

ii) Choose d the amount of differ-

ence from the true mean that is

of practical significance*

Exampl

e

li)

d =

iii) Look up t^ for n-1 degrees ill)

of freedom in Table II*

iv) Compute; iv)

p
s the sample variance s2 =

v) Compute;

t2 s2
CM

IIC
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Stein* s Method of Two-stage sampling.

The method described above, of course, depends upon how
/

good an estimate of var iability( s) we have. Suppose we used

an ^ calculated from a previous lot (or lots) of washers to

calculate the sair^jle size required from a new lot. In other

cases, we may only ^guess” at s, based on experience with

similar material. The correctness of our sample size calculation

will depend on whether or not the assumed s is typical also of

the new lot.

To atroid this difficulty, a method has been developed which

uses the information about s from the lot (or population) being

sampled, and which gives a chosen degree of precision, regardless

of the correctness of Initial guesses or estimates of s.

The sanple is taken in 2 parts. The first part, of size

n^, supplies an estimate of variability s, and a preliminary

estimate of x, A formula is given showing hov; to calculate

the additional number of observations needed to have a speci-

fied confidence.

Procedure Example

i) Choose a, the significance

level

i)

a = .05

ii) Choose d li) d =

ill) Select a value for n^ , the iii) Select n^ =

size of the Initial sample

(continued next page)
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Procedure

iil) continued - (For this, it

is helpful to know how large

the final sample would have to

be if the assumed value of s

happened to be correct

t^ o2
n = )

d2

Exampl e

iv) Take the first sample and

compute s^

iv)

v) Look up t^ for n-1 degrees

of freedom and a = .0^

v) t . for degrees of
0 0 3

freedom =

Vi) Compute

£ =

Vi) 1 =

Jif
>y-n

VI wasii) If X < d, sample of n^

sufficient

If X > d, compute

ti^ s^
n = —

1

I —
d^

(Round n to next higher integer)

n = total sample size

= n^ + n^

Take n^ additional obser-

vations
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1*4 Number of measurements required to establish the variability

with given precision*

We may wish to know the size of sample required to

estimate the standard deviation with certain precision*

If we can express this precision as a percentage of the

true (unknown) standard deviat ion, we can use the curves

in Figure . (Reprinted from an article by J* A.

Greenwood and M. M* Sandomire^ ’’Sample Size Required for

Estimating the Standard Deviation as a Percent of its

True Value,’* Journal of the American Statistical Associ-

ation, Vol . 45 > No* 250 , June 1950 )

•

Problem ;

If we are to make a simple series of me asurement s

,

f

how many measurements are required to estimate the standard

deviation within £ percent of its true value, with

prescribed confidence?

Procedure ;

If we choose P = 20 percent ,
and confidence coefficient

*95 > we read the curve labelled 20 percent at the point on

the horizont al scale ( ’’confidence coefficient”) marked *95 «»

This gives a value on the vert ical scale ( ’’degrees of

freedom, n”) equal to

The re quired degrees of freedom therefore = 4^® "^Ne required

number of measurements in a simple series is one plus the

value read from the graph.. = 1 + 4^ ^ 47o
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1®5 Statistical Tolerance Limits - or estimating the proportion

of individual items between (above, below) given limits*

Sometimes we are more Interested in the approximate range

of values in a lot or population than we are in its

average o We might, for exaraple like to be able to give

two values A and B between which we can be fairly certain

that at least a proportion P_ of the population will lie,

(•two-sided limits), or a value A above which at least a

ii'i

proportion _P will lie, (dne-slded limit)*

In the example of mica washers (see 1.1), we might want

to give 2 thickness values and state (with chosen confi-

dence) that a proportion P (at least) of the washers

in the lot will have thicknesses between these 2 limits

,

In this case we call our confidence coefficient V ,
and

it refers to the proportion of the time that our method

will result in correct statements*
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Two-sided tolerance limits.

Problem ; We would like to state 2 thickness limits

within which we are 95 percent confident that- 90

percent of the values lie.

Procedure Example

1) Choose P, the proportion and

the confidence coefficient

i) P = .90

^ = .95

il) Compute from the sample;

X, the arithmetic mean
s, the standard deviation'

11) X = ,126 Inches

s = 0,00359 inches

Lli) Look up K for chosen P

and y in Table IX,

iii

)

K = 2,839

Iv) Comput e

;

iv)

= X + Ks = . 126+2. 839 ( .00359) =0.136 in

= X + Ks = .126-2. 839( .00359) =0.116 in

V) Conclusion;

V/lth a confidence coefficient

of ^ , ^e may predict that a

proportion P of the Individuals

of the population will have

values between Xj^ and X^,

v) Conclusion;

V/lth 95 percent confidence,

we may predict that 90 per-

cent of the washers have

thicknesses between 0,ll6 an<

0,136 inches.
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lo5o2 One-sided tolerance limits«

Sometimes we are more interested in estimating a value

above or below which a proportion P (at least) will

lie.

In this case the tolerance limits will be

X = X + K s
U

for the one-sided upper limit and

= X - K s

for the one-sided lower limit.

Problem ; Give a single value above which you predict with

confidence ^ that a proportion -P of the population will

1 IL3 , r.

Procedure . Bxampl

e

i) Choose P the proportion and i) P = 97,5

y, the confidence coefficient. a = ,90

li) Compute: li)

X, the arithmetic mean X = ,126 Inches

s. s = 0,00359 inches
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Procedure

iii) Compute:

1- z‘

a = r-r
2(n-l)

(where z can be found in Table

I).

b =
n

Ztd - ab
K = P

iv)

^ == X - Ks

Example

• • • \

111 )

a =_ 1 _ ( 1 , 282)2

18
= .9085

b = (1.96)2 - = 3.677

K = 1.96
a

2.93

Iv)

X|. = .126-2. 93( .00359) = .115 in

Thus we are 90 percent confident that 97.5 percent of the mica

washers will have thicknesses above ,115 Inches,
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lo5*3 Tolerance limits when the population is not normal.

The methods given in 1.5«1 and 1.5.2 are based on the

assumption that the observations come from a normal

population. If the population is not in fact normal,

then the effect will be that the true proportion P

of the population between the tolerance limits will

vary from the Intended P by an amount depending on

the amount of departure from normality. The difference

will decrease with increasing sample size, and for most

purposes the normality assumption will probably not

cause serious error. Occasionally we may wish to obtain

tolerance limits for populations which are considerably

different from normal. For these populations, provided

only that their distributions are continuous, we may

state that the probability of Including a fraction P

or more of the population between the i^^ largest

and the i^^ smallest observation is (2i,n-2i+l),

where I is tabulated in [4] and [5].
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TESTS

1*6 Statistical Tests Concerning Averages and Dispersions.

l,6ol General . - One of the most frequent uses for statistics

is in testing for dlfferenceso If we wish to know whether a

treatment applied to a standard round affects its muzzle velocity

we conduct an experiment and make a statistical test on the

results to see whether there is a difference between treated and

untreated rounds, i/e may have two processes for manufacturing

a given component: Process I is cheaper and we wish to use it

unless Process II is demonstrated to be superior. V/e make a

statistical test of experimental results to- see if Process II is

superior

.

In a large number of cases we would be quite happy if we

could, from analysis of the data, decide between a pair of

alternatives. In many cases, we should like to be able, to make

one of the following decisions:

i) There is a difference between the averages of the two

materials, products, processes, etc.

il) We could find no difference.

In other cases we would like to make one of these decisions:

i) The average of product A is greater than that of product

B.

li) V/e do not have reason to believe the average of product

A is greater than that of product B.
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In this section, we shall consider a niimber of statistical

tests of differences. The result of each, will limit us to

making one of tvjo decisions (as above). In each case the alternative

decisions .^rc chosen • before the data are observed - this is

irnuor t ant j Since vje ordinarily get our information on one or both

of the products by means of a sample, every decision will be

subject to error. Of course, other things being equal, the more

observations we have, the smaller will be our chance of error.

There are two ways we can make a erroneous decision. When

v/e conclude that there is a difference, when in fact there is

none, we say we make an Error of the First Kind . When we fail

to find a difference that really exists, then we say we make an

Error of the Second Kind .

In any particular case, we can never be absolutely sure

that we have made the correct decision, but vie can know the

probability with ^^^hich we will make either type of error, X;7hen

we use a given procedure. We usually let a be the probability

that w^e will m.ake an Error of the First Kind, and (3 be the

probability that we will make an Error of the Second Kind. Since

the ability to detect a difference between averages will in

general depend on the size of the difference (6) there vjill be

a value of p, say p(6) for each possible difference 6. p(5)

will decrease as 6 increases, p has no meaning by Itself,

but is always associated with a particular difference 6.

0
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Given a particular statistical test, rnd any of the

three quantities n, a, where n is the saiaplo size (tiie

number of observations) then the third is automatically

determined*

procedure will be a very logical one. Suppose we wish

to test whether two types of tubes have the same resistance in

ohms on the average* We take sa;jiples of each type, and measure

their resistances. If the sample mean of one type of tube differs

sufficiently from the other sample mean, we shall say that the

two kinds of tubes differ in their average resistance, Othervjise,

we shall say vie failed to find a difference. Just how large

must the difference be in order that we may conclude that the

two types differ or that the observed difference is " signif leant ?**-JC*

This will depend on several factors--the amount of variability in

the tubes of each type, the number of tubes of each type tested,

and the risk we are willing to tal^e of stating a difference

exists vjhen there really is none, l,e. the risk of making an

error of the first kind* We might decide as follows: we would

be willing to state that the true averages differ if a difference

larger than that observed could arise by chance less than five

times in a hundred when the true averages are in fact equal*

The probability of a type one error is then a = ,05> or, as

we commonly say, we have a ,05 ”slgnlficance level. The use

of a ’’significance level” of ,0^ or .01 is common, and these

Or more accurately ’’statistically significant .” For the

distinction between statistically significant and ”practlally

Important,” see
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levels are tabulated extensively for many tests. There is

nothing sacred about these levels, however, and a test user

may choose any value for a that he feels is appropriate.

Operating Characteristic of a Statistical Test . As we have

mentioned, the ability to detect a difference will in general

depend on the size of the difference (6), Let us denote by

p (5) the probability of falling to detect a specified difference.

6. If we plot p(6) vso the difference 5, we have what we call

an Operating Characteristic (OC) curve. (V/hat we usually plot

is not ^p(6) vs. 6, but rather p(5) vs, some convenient

function of 6.

An OC curve depicts the discriminatory power of a particular

statistical test. In the simplest cases we shall discuss (see

Figure , for example), if we choose a there will be a whole

family of OC curves depending on n. If v;e choose both n and a.

there will be a unique OC curve. The curve can be useful in 2

ways ;

1) If our n is already settled upon, v/e can use the OC

curve to read p(b) for various values of 6 or (2)

>

if we are

at liberty to choose the sample size for our experiment and have

a particular value of 6 in mind, we can choose n in rational

fashion by looking at the OC curves. V/hat must we do to determine

sample size?

(a) First choose a, the significance level. This leads

us to a family of OC curves.
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(b) The next choice Involves 6, the true difference

between the two averages. (Of course it is impossible

to know the value of 6, but we can choose a 6 of

the size at it would be nract ically Important

to recognize and, perhaps, embarrassing to miss

if it did exist.

(c) Prom the family of OC curves choose one which gives

a suitably small value of p(6) for the chosen 6

(conventionally p(6) = .05 or .01). This gives us

the required n.

It is evident that for any p(b), n will increase as 6

decreases. It requires larger samples to recognize smaller

differences. In some cases the experiment as originally thought

of will be seen to require prohibitively large sample sizes, and

we must compromise between the sharp discriminatory power we

think we need, and the cost of the necessary amount of testing

required to achieve it.

When the experiment has already been run, and we had no

choice of n, we can look at the 00 curve to see just what

chance we would have had of detecting a oarticular difference 6,

To use the 00 curve for either purpose, one must know the

variance a, or be willing to state some range of q , ( It Is

generally possible at least to assign some upper bound to the

variability, even vjithout past data (See Section 1,2.3).
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After the experlnent is rim a possibly better estimate of

o '.'ill be available and a hindsight look at the OC cimve using

this value will help to evaluate the experiment.

V/e shall outline a number of different tests in the

following sections. For each test, vie shall first outline

the procedure to be followed for a given significance level

a and sample size n. For most of the tests, we shall also

give the OC curve and a formula which will give the. (approxi-

mate) value of (3 for any given difference. Finally, we shall

give a formula for determining n, the sample size when a, 6

and (3(5) have been specified.

The tests given are exact when (a) the observations for

each item are taken randomly from a single population of possi-

ble observations and (b) V7ithin the population, the quality

characteristic measured is normally distributed. The assumption

of normality is not ordinarily crucial. In cases where non-

normality is thought to be serious, the methods of section

may be used.

e o
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1*6,2 Comparison of the average of a nevj product with that

of a standard - single measured characteristic,

GIVEN: The average performance of a standard product is known

to be hIq* We vjill consider 3 different problems:

PROBLEMS: 1*6, 2,1 To determine whether average of the new product

differs from the standard*

lo6,2o2 To determine whether average of the new product

exceeds the standard,

l,6o2o3 To determine whether- average of the new product

is less than the standard,

(For summary of the procedures appropriate for

each of these problems see Table 1.6.2),

It is necessary to decide which of the three problems is

appropriate before taking the observations. If this is not done

and the choice of the problem is influenced by the observations,

(for example 1.6, 2. 2 vs 1.6. 2. 3), the significance level of the

test, i.e. the probability of an error of the first kind, and the

operating characteristics of the test may differ considerably

from their nominal values.

Ordinarily we will not know the amount of variation in the

new product. At other times we may have previous experience

v/hich enables us to state a value of op We shall outline the

solutions for each of the 3 problems (1,6.2,-1, 1.6, 2. 2, and

1.6. 2. 3) for both cases - i.e. where the variability is estimated

from the sample, and where a is kno^^m from previous experience.
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Symbols to be used

m = average of new material, product or process (unknown),

m^ = average of standard material, product or process (known),

X = average of sample of n measurements on new product,

s = standard deviation of n measurements on new product

(used where a is unknown).

a = the known standard deviation of the new product.

Problem to be Illustrated in 1.6.2 .

For a certain type of shell, specifications state that the

amount of powder should average 0.735 lbs. In order to determine

V7hether the average for present stock meets the specification, 20

shells are taken at random, and the amount of powder they contain

is measured.

The sample average, X = ,710 lbs.

The sample standard deviation s = .050li. lbs.

(In illustrating the known a case, we assume a known to be

0 o 0 6 lb s „

)
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Problem 1,6^2. 1.1 - Does the averap;e of the new product

differ from the standard (c -mnl^own)? '

Procediire Example (for problem
see p. )

i)

li)

Choose a, the

level of the t

s Ignificance

est

«

1 )

Look up

degrees

t^ . for n-1
l-a/2

of freedom in

ii

)

Choose a = .05, for

example

t , for 19 degrees of
e 9 7b

freedom = 2.09

Table li.

• • • V
111 )

iv)

V)

Com.pute

:

X, the mean

s, the standard devia-

tion of the n measure-

ments.

Compute

u = t_ .

l-a/2 Vn

• • 0 \111 )

iv)

If Ix-m^l > u, decide

that the average of the

new type differs from that

of the standardo ( Other-

wise, there is no reason to

believe that they differ).

V)

X = ,710 lbs.

s = .050i|- lbs.

^ 2.09 X . 05011-

u = .0236

l^-ml =
I
.710 - .7351 = .025

We conclude the average

amount of powder in

present stocks differs

from 0.735 (the speci-

fied araount).
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Procedure

vi) Not

e

; The interval

X u is a (1-a)

confidence interval

estimate of the true

average of the new

t7pe.

Example

vi) Note that

(,710 + .0236) is a 95

percent confidence

interval estimate of

true average of new

product

.
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Problem 1^6,2. 1,1 - Operatinp; Characteristics and Determination

IUnknown a .

Operatirp; Characteristics of the Test - ^Figures 1.3.1 and

above test for a = .05 and a = .01 respectively, for various

values of n , Although we have assumed that we do not know

a, in order to use the OC curve, we must have some value for

o. (See section 1,2.3). H we use too large a value for a,

the effect is to lower our estimates of P(b) ,

If |m - m
I

is the true absolute difference (unknown of

fm-mo
! 5

course) between the two averages, then putting A = ^ =
a

we can read p(b), the probability of falling to detect a

difference |m -
^^3 I

•

Selection of Sample Size, n - If we specify a, our significance

level, and (3, the risk we are willing to take of not detecting

a difference of size |m - iHq
| ,

then we can use the above OC

curves in reverse to read off n, the required sample size,

A more accurate value for n may be obtained from the

following formula: _

1 , 3.2 give the operating characteristic ( OC) curves of the

n
2a

where a A
2

, b = i+a (1 +
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For example, suppose that we wished to speoify a = .05, S-nd

P = .50 for a difference of ,030 lbs. - that is, we v;ish to

conduct a test with a significance level of . 05 ,
and one

which would have a 50-50 chance of detecting a difference of

0.030 lbs, V/hat sample size should we require? Suppose it is

thought from previous experience tl:.at a lies between *0l[. and

,06 lbs.

Taking a = .04-, with |m ~
I

= *030, gives A = ,75« Since

a = .05 and p = ,50,z^ . = I. 96 , z =0. Hence, a = .1465,
l-a/2 *h0

b = 1 . 4*278 and n = 11(10.4). Taking a = .06, we find A = .50,

a = , 06508 ,
b = 1.1900 and n = 18 ( 17 . 4 ). To be safe, we would

use n = l3; and for a < . 06 ,
with a .significarce level of . 05 ,

this would give a 50 percent chance of detecting^a difference

of 0,030 lbs.
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Problem 1,6«2«1,2 - Does the average of the neiv product differ

from the standard (g knovm) ?

Procedure Example

i) Choose a, the signifi-

cance level of the test.

1) Choose a = .05, for example

ii) Look up z . In
l-a/2

il)

Table I, ^975

iii) Compute: iii)

X, the mean of the n X = .710 lbs

measurements 0 knov;n to be equal to

.06 lb s

.

iv) Compute

l-a/2 x/n

Iv)

^ _ 1 . 96 ( . 06 ) _ .1176 _

20 k.hl

u = .0263

v) If lx - m 1 > u decide V) |x - m| = 1 .710 - .7351 = .025

that the average of the We conclude that there is no

new type differs from reason to believe that the

that of the standardo average amount of powder in

(Otherwise there is no present stocks differs from

reason to believe that

they differ)

.

0®735 (the specified amount)
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Procedure

vl) Note that the interval

X + w is a (l-ot) confi-

dence interval estimate

of the true average of

the new type

Example

vi) Note that(^,710 + .0263^ is a

95 percent confidence inter

val for the true average of

the new type.

i
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Problem l>6p2el»2 - Operating Characteristics and Determination

of Sample Size for Known g .

Operating Characteristics of the Test - Figures 1.3.5 and 1.3.6

give the operating characteristics of the above test for a = .05

and a = .01 respectively. For any given n and A = ,

a

the value of p, the probability of failing to detect a differ-

ence of |m - can be read off directly.

Selection of Sample Size n - If we specify a, our significance

level, and p, the probability or risk we are willing to take of

not detecting a difference of |m - iOqI, then we can use the

above OC curves in reverse to read off n, the required sample

size

.

A more accurate method for obtaining n is from the formula

n = h -g/2 ^1-6
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Problem 1,6. 2, 2,1 - Does the average of the new product exceed

the standard (g unknown) ?

Procedure Example

i) Choose a, the significance 1) Choose a = , for

level of the test. example

.

11) Look up f’or n-1 11) t for 19 degrees of

degrees of freedom In freedom = 1.73

Table II.

111) Compute

:

111)

X, the sample mean X = .710 lbs.

s, the sample standard s = . 050 I4. lbs.

deviation

Iv) Compute

:

Iv)

^ <7W
^ _ 1.73(.050l|.) _ .0872

k.kl

u = .0195

V) If (x - m^) > + u. v> (X - hIq) = (. 710 -. 735)

decide that the average = -. 025 . We conclude there

of the new type exceeds Is no reason to believe the

that of the standard. new product differs from

1

)

(Otherwise there Is no the standard.

reason to believe that

they differ*)
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Procedure

vi) Note that the open inter-

val from (x - w) to infi-

nity is a one-sided confi-

dence interval for the

true mean ,

Exampl

e

vi) Note that the open interval

from #690 to is a 9^ per-

cent one-sided confidence

interval for true average of

new product.
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Problem 1,6 q 2»3«1 ~ Is the average of the new product less than

the standard (g unknown) ?

Procedure Example

i-iv' Complete Steps i thru Iv i-iv) u = *0195

as in Problem 1.6. 2. 2,1

v) If (m^ - x) > u, decide

that the average of the new

type is less than that of the

standard. (Otherwise there is

no reason to believe that they

differ)

,

vj *735 - .710 = ,025

V/e conclude that the a

average of the new type is

less than that of the

st andard

.

vi) Note that the open interval

from - 00 to (x + w) is a

(1-a) one-sided confidence

interval for the true mean

of the new type.

vi) Note that the open inter-

val from - oO to .730 is a

95 percent one-sided confi

dence interval for the tru

mean of the new type



K|

» /
.

r ..

^ litVe^fh'Ws trjf\ f‘HjaiJNs drfS

;

*;»j

1 j s i™

li ;t .-

. A.

^.y^ _ jlv
I • ., ^ a

,

-Slii .: ', ^
'i i /ji

''T-'
•V

'•
»».. '*1 <.I.'i..5 , 4*jC ,«<'£ ;fo%S til's

'

w -f,.,
--i; .

j, . T „ ‘

t* -i .•./••
.

’

'“k .i-

S f>4 I» \m I m ,^m

Q.f,'
t ,.

*’

'i*o

• s
^s’iSi Mfc'**.

';:I

- .9

v' iViJ.lif/'l' ftiJU' X'jnoy .»I^;’#^X';

0‘^;t 1B9!

'

. B'X S

'ga . y # 7 '>j te-W -;•> 'a.t<C4tVl— '
'

,

' '

-H
. (n®aii&5^/M 4

an *jfr5® 1 .;v»a - o‘*;t ‘ip ^iiK

‘X

to
. lO ** »

' 1

aSJ'sJ r.r „ fl’j .
. B'.c ;

' j it

'Ir
^

S’

;!,'T^V

k s; '>'/.
^ *

wiffCi (xy m

tt .
'

;

IS K» •

*

.

ft«rqsi

'

.Ilf 0?A" - 'O#ot -

tefc Jta-

a hX
A

. *s.

(,W + >>• <13 -

^ : j Tv^'t ii^:V^r^4rsl orjuah

St • • -VJ -*

wan hdS If*

6 D.n^,^j!l:i‘t’d'o -effort

•Si

'tol Xav^i© italic

warr Oii3
‘

V ff:
-

• V^-%¥ yy*'i^'^'J

0|O^t‘

1 K



Probi era 1*6 *2 *2^1 - Operatin- Characteristic Curves and

Deterrainatiop of Sarriplc a iso Cor uatneirn ^ .

Operating Characteristics of the Test - Figures 1.3*3

1.3*4 give the operating characteristic (OG) curves of the above

test for a = * 05 > a = *01 respectively, for various values

of n. Although we have assumed that we do not know o, in order

to use the 00 curve, we must have some value for a. (See Section

1,2,3) • If use too large a value for o, the effect is to lower

our estimri.te of !3(5).

If [m - ra^'^ is the true difference (unlmown of course) between

the two averages, then putt ing A = —
, we can read p, the pro-

a

bability of failing to detect such a difference.

Selection of Sa pie Size n - If ue specify a, our significance

level, and 3, the probability or risk we are willing to take of

not detecting a difference of |^m - m^, then we can use the above

00 curves in reverse to read off n, the required sample size.

A more accurate method for obtaining n is from the following

formula:

bn =
2a

where a =

^1-a ^1-p

A =
m-

,
b=l+a(l+ 1-a.

Probl em 1 .6 q2 ,

3

*1 - Operating Oharacterist ic Ourves and

Determination of sample size for Unknovjn g .

i

Operating Oharact.eristics of the Test - Same as Problem

1 . 6 , 2 . 2 . 1 , except replace Qm - by^m^ - rr^

Selection of Sample Size n - Same as Problem 1.6. 2. 2,1 except re-
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Problem 1,6 ,2, 2, 2 - Does the average of the new product exceed

the standard (o known) ?

Test Procedure

Procedure

i) Choose a, the significance

level of the test#

Example

i) Choose a = , for

example

«

ii) Look up z_ in Table I
1-a

11 ) 2
9^

=

iii) Compute:

X, the sample mean

• • • \111 )

X = 6?10 lbs.

(a known to be equal to

iv) Compute:

u = z

iv)

s/n

v) If (x - m^) > u, decide

that the average perfor-

mance of the new type

exceeds that of the standard

V)

.06 lbs).

u

u

. 06 )

^[20~

.022

4.47

(X - mg) =(.710-. 735)

= -. 025 ,
which is not

larger than u« We conclude

that there is no reason to

believe that they differ.



X.

ill

. ecU‘ Olt-

: ‘>ct cfUorf7l o)

.
U::ri[ .j[),

(vl

. o^.'V

'• XJ

' • ^ f

'

-Ox V . - x) (v

«, .'Tsni.

- r 0^1 orid’
,
if

, eveJtIt-

0 , D

. j .'

J

,r .iL'df.T ,£f

L' i.y

' •ojf ,.j < (^n

70

Meets 04 .K ic j

If di



- 74 -

j^rocedure

vl) Note that the open Inter

val from (x - u) to in-

finity Is a one-sided

confidence Interval for

the true mean of the new

product

«

Example

vi) Note that the open Inter-

val from ,688 to cp Is a

95 percent one-sided confi-

dence interval for the true

mean of the new product.

Problem 1 o 6 q 2 . 3»2 - Is the averag;e of the new product less than that

of the standard (o known) ?

Test Procedure

1 -iv) Complete steps i — Iv as

Problem 1.6. 2 . 2,

2

y) If (ioq - x) > u, decide

that the average of the new

type is less than that of

the standard.

vi) Note that the open interval

from - 00 to (x + u) is a

^1-a) one-sided confidence

Interval for the true mean

of the new type.

in i-iv) u = ,022

v) (m^ - x) = (.735 - . 710 )

= ,025, which is larger

than u.

We conclude that the average,

of the new type is less than

the standard.

vl) Note that the open interval

from - 00 to .732 is a 95

percent one-sided confidence

interval for the true mean of

the new type.
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Problem 1«6,2.2>2 •- Operating; Characteristics and Determination

of Sample Size for Known o .

Operating; Characteristics of the Test - Figures 1.3.7

1.3*8 give the operating characteristics of the above test for

a = .05 and a = ,0; respectively. For any given n and

^ ^ the value of (3, the probability of failing to

detect a difference of ^m - m^^ can be read off directl^^^

Selection of Sample Size n - If we specify a, our significance

level, and p, the probability or risk we are willing to take of

not detecting a difference of (jn - m^, then we can use the above

OC curves in reverse to read of n, the required sample size.

An exact method for obtaining n is from the formula

Problem 1,6,2,3.2 ~ Operating Characteristic Curves and

Determination of Sample Size for Known g »

Operating Characteristics of the Test and Selection of

Sample Size n . Proceed as in Problem Io6o2,2.2 using (m^ - m)

Instead of (m -
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1*6,3 " Comparison of the Averap^es of two Given Materials ,

Products or Processes - Single Measured Characteristic ,

We shall consider two problems.

Problem 1,6, 3*1 - We wish to test whether the averages of

two materials, products or processes differ, and we are not

particularly concerned x^^hich is larger.

Problem 1 .6 , 3 *2 - V/e wish to test whether the average of

material product or process A exceeds that of material, product

or process B *

It is again important to decide which problem is appro-

priate before making the observations. If this is not done and

the choice of the problem is Influenced by the observations, the

significance level of the test, i.e, the probability of an

error of the first kind, and the operating characteristics of

the test may differ considerably from their nominal value. In

the following, it is assumed that the appropriate problem has

been selected and that n and n observations are taken from
A B

types A and B respectively.

Ordinarily one will not know or In some cases,

it will probably be safe to assume that the variation in the

performance will be approximately the same, V/e shall however

give the solutions for the 2 problems (1,6. 3*1 and 1,6, 3*2)

for the following situations:

Case I The variation in the performances of each of A and B is

unknown but can be assumed to be about the same
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Case II The variation in the performances of each of A and

B is unknown, and it is not reasonable to assume the amounts

of variation are the same.

Case III The variation in the performance of each of A and B

is known from previous experience and the standard deviations

are a. and respectively.

Problem to be Illustrated

(Illustrative problem to be added later)



) ^ •i. : -r
' t

'

—
-t .

, -.-v.^i|

..ViV
'• '

t.v

' V.J rl
'

.
•

. .

' ’‘>*
< '

’

V 'v^^-

l: 5frd 6,A ^To r^oi*e Tc nl
\

'

,' 'ft. '!•'> _i »;m

b'lJ'^'.w. n. .rf^s ''i'-? BX'oiv&*xg m'l'i av-'fmf

’*

fb

. ^Xdvi^oeqs3": ^o a O ;^*t-

l it e^'f^ ql -miXoi^A.

c
• # A »T

*

‘

'I

^1^

<4*
4:'

(*ioS/vi: bebhfl 9d oJ foWo-i-^ ov: da-iiwtll)

.'
*" '



TaKit

1,
6.3

-

SunB*ry

Table

for

Problena

of

1
.

6.3

-

Con^iarison

of

ATerage

Performance

of

Tiro

Products

(For

details

and

worked

examples^

see

1
.
6.

3*1

or

1
.
6.
3*
2)

- 78

**

Although

ocanmon

a

is

unknown,

useful

infoiroatipn

may

be

obtained

from

the

0,

C.

curve

if

a

value

(or

2

bounding

values)

of

a

can

be

assumed.
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Problem 1,6,3»1 ~ Do the products A and B differ in averap;e

performance? (No particular concern over which Is larp;er) ^

1»6,3,1.1 Case I - Variability of A and B unknov:n, but

can be assumed to be about the same.

Test Procedure

i) Choose a, the significance

level of the test.

Example

ii) Look up t^
^^2

^ ^ ^ degrees of

freedom in Table II,

iii) Compute x^, Xg and s^, Sg

the means and standard devia-

tions of the n^, and n^

measurements from A and B,

iv) Compute

•p-j
[(n^-l)s/+(ng-l)sg2

'"a
>^3-2

v) Compute

/n. +
u = t^ „ /o s_ /

^
l-«/2

py n^ng
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Procedure

Vi) If [x^ - ^1 > u,

decide that A and B

differ with regard to their

average performance* Other-

wise, decide that there is

no reason to believe A and

B differ with regard to

their average perforraance.

Exampl e

vii) Let m^ be the true

average performances of A

and B (unknown of course).

Then, it is worth noting

that the interval

+ u is a 1-a confidence

jiiterval estimate of
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Problem 1 q6,3»1 Case I - Operating Characteristic Curves and

Determination of Sample Size «

Operating Characteristics of the Test - Figures 1*3*1 and

1,3,2 give the operating characteristic (CC) curves of the

above test for a = ,05 and a = ,01 respectively, for various

values ofn=n, +n -1. Although we have assumed we do not
A B

know the standard deviation of the performances of A and B,

in order to use the 00 curve, we would have to have a value

for a = a = a, the common standard deviation of the
A B

performance of A and B. This may be possible since v/e often

know the range in which a lies. (See Section 1.2.3) • If

use too large a value for a, the effect is to make our esti-

mates more conservative.

the true difference between the two

averages, then putting

Ai = 1 / ’^A ^

we can read p, the probability of failing to detect a differ-

ence of size + (m^
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Problem 1«6-3.1 Case I -

Selection of Sample Size n .

If we specify a, our significance level, and (3, the

probability or risk we are willing to take of not detecting

a difference of size + wish to put

"a = n^, we can get a good approximation to

following formula:
b + |b^-8a

n. = np> = *AS 2a

n.=nT3 from the
A B

where

o
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Problem 1,6, 3^1 Do A and B differ in average performance ?

1o6>3«1q2 Case II - Variability of A and B unknown,

cannot be assumed equal*

Test Procedure Example

i) Choose a, the significance

level of the test, (Actu-

ally the procedure outlined

will give a significance

level of only approximately

a) ,

ii) Compute x.. x and s., s„
A^ B A^ B

the means and standard

deviations of the n^ and

n^ measurements from A

and B,
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Procedure

iv) Look up tf . for^ 1-0/2

degrees of freedom in

Table II, where f^ Is

the integer nearest to

f.

Exampl

e

v) Compute
s 2 g 2

U “ tl^* / 1/ '

l-o/2
1/

ng

V 1} If |x^ - Xgl > u, decide

that A and B differ with

regard to their average per-

formance « Otherwise, decide

that there is no reason to

believe A and B differ in

average

.

vii) If m^, m^ are the true

average performances of A

and B (unknown of course),

then it is worth noting that

the interval (x^ " ~ ^

approximately a 1-a confi-

dence interval estimate of
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Problem 1,6, 3*1 *• Do products A and B differ In averap;e

performance ?

1.6.3*1«3 Case III - The variability in performance of

each of A and B is known from previous experience, and the

standard deviations are o and a respectively,
A B

Test Procedure

i) Choose a, the level of sig-

nificance of the test.

Example

ii) Look up /_ in Table
l-a/2

!•

•

iii) Compute x^ and the

sample means of the n and

rig from measurements from

A and B,

-

iv) Comnute

/ 2 „ 2

u - z ZL. + B
h-a/zJ^A

v) If |x^ ” ^ '^9 decide

that A and B differ with

regard to their average per-

formance
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Procedure

vi) Let be the true

average performances of A

and B (unknown of course).

Then it is worth' noting

that the interval + u
A B —

is a 1-a confidence inter-

val estimate of (m^ - »

Example





Problem l«6o3*l83 Case III

Operating Characteristics of the Test - Figures 1.3*5

1*3*6 give the operating characteristic (OC) curves of the

above test for a - .05 and a = *01 respectively, for various

values of n^.
A

If n^ “ rtg and (m^ - m^) is the true difference between

the two averages, then putting (xn. - m_)
d =; a -L ,

we can read p, the probability of failing to detect a differ

ence of ( m.
A

we can put (“A
-
“b)

"a
2

and again

we can read p, the probability of failing to detect a differ-

ence of ^m^

Selection of Sample Size n - If we specify a, o'Ur sig-

nificance level, and p, the probability or risk we are willing

to take of not detecting a difference of + (m^ - then we

can use the above mentioned 00 curves in reverse to obtain

the proper sample size.

For the sample sizes to be equal, a good approximation to

n. = n„ can be obtained from the following formula:
A o



V
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For the sample sizes to be proportional, (n^ = cn^), a good

approximation can be obtained from the following formula:

The values for Zt ’ and z^ can be obtained from Table I,l-a/2 p
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1.6*3o 2 Does the average of product A exceed that of product B?

1.6. 3. 2.1 Case I - Variability of A and B unknown, but can be

assumed to be about the same.

Test Procedure

Procedure

(i) Choose a, the signifi-

cance level of the test.

Example

(ii) Look up

l) = “ 2 degrees

of freedom in Table II.

(ill) Compute x^,Xg and s^,Sg

the means and standard

deviations of the n^ and

ng measurements from pro-

ducts A and B respectively.

fiv) Comnute:

kn^-l ) s^^+Cng-l

)

^ V ^ ^ - 2
*

(v) Compute:

U = t s 1^—

^

1-a Py n^ng
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Procedure

(vi) If (x^ - Xg) > u, decide

that the average of A

exceeds the average of B,

Otherwise, decide there is

no reason to believe that

A and B differ in average

performance*

Example

(vii) Let m* and m be the true
^ ' A B

averages of A and B, Note

that the Interval from

O^A ^ 00 is

a 1-a one-sided confi-

dence interval estimate of

the true difference (m^-rrig)

f
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1.6.3.2«1 Case I - Operating; Characteristics and Determination

of Sargple Size

Operating Characteristics of the Test - Figs, 1,3.3

and l,3oi| give the operating characteristic (OC) curves of the

test for a = and a = ,01 respectively for various values

of n = n^ + n^ - 1 , Although we have assumed that we do not

know the standard deviations of A and B, in order to use the OC

curve we would have to have a value of cJa ” ~ their

common standard deviation. This may be possible since we often

know the range in which a lies {See Section 1,2,3) • If we

use too large a value for a, the effect is to make our esti-

mate more conservative.

Determination of sample size n

If we wish to have n^^ = ng, the following formula gives

a good approximation:

where

a

b

^

]\^l-a ^1-B
j

2 + a

L
a
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1.6. 3. 2 Does the average of product A exceed that of product B?

Ie6,3»2.2 Case II - Variability of A and B unknown, cannot be

assume d e qual

.

Test Procedure

Procedure

(i) Choose a, the significance

level of the test.

(li) Compute Y . T and s ,

a’ B A
s , the means and standard
B^

deviations of the n and n
A B

measurements from A and B.

Exampl

e

(lii) Compute:

(4 - si
n^J

(~f
— ( T)g J

^A-l n^-i

(iv) Look up t^*_ for f*
1-a

degrees of freedom in Table

II, where f» is the Integer

nearest to f.
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(v)

Procedure

Gomput e

:

Exanrple

vi) If (x^ - Xg) > u, decide

that the average of A

exceeds the average of B.

Otherwise, decide that there

is no reason to believe that

A and B differ.

vii) Let ra^ and be the true

averages of A and B. Note

that the interval from

[_
(x^ - 3^) - uj to 00 is

a 1-a one-sided confi-

dence interval estimate of

the true difference (m^-iHg) .
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l«6e3*2 Does the average of product A exceed that of product B?

1,6.3«2.3 Case III - The variability In performance of each of

A and B is known from previous experience

and the standard deviations are a. 9-nd a
A B

respectively

o

Procedure

(1) Choose a, the significance

level of the test*

Example

( li) Look up in Table I*
l-a

(ill) Compute x^ and the

means of the n^ and n^

measurements from A and B.

Iv ) Comput e

:

u = Z-
1-a

v) If - > u, decide

that the average of A exceeds

the average of B. Otherwise,

decide that there is no

reason to believe that they

differ*
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Procedure Exampl

e

vii) Let m. and m be the
A B

true averages of A and

Note that the interval

from “ Sg) - u] to

00 is a 1 -a one-sided

confidence interval esti-

mate of the true difference

- mg).
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Problem 1.6o3»2.3 - Operating Characteristics and Determination

of Sample Size

Operating Characteristics of the Test - Figs • 1 «3 o7 and

1«3*8 give the operating characteristic (00) curves of the

above test for a = o 05 and a = *01 respeptlvely for various

values of n e

A

If n^ = n^ and (m^ - m^) is the true difference between

the averages
, then putting

we can read p , the probability of failing to detect a differ-

ence of size (m.

If n ” On . we can put d'*" =
A B /~2 ^

and again read p , the prob ability of failing to detect a differ-

ence of size (m. - m ) .

Select ion of Sample Size n*

If we specify a, our significance level , and p, the

probability or risk we are willing to take of not detecting a

difference of (m^ - m^ ) ,
then we can use the above

ment loned OC curves in reverse to obt ain the proper sample

size*

A more accurate value of n^ can be obtained from the following

formulas %
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If we wish to have n = ,

=
”b

=
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Comparison of the Averages of Several Products - Single

Measured Characteristic

«

We wish to test whether there is a difference in the

average performance of several products (k in number).

The technique outlined below was developed for the

case where we have an equal number of observations on

each product (i.e., n =ru = ..o n -n). When the
1 ^ k

n*s are not all equal, but are not very different,

the procedure may still be employed, using their

harmonic mean

in the formula of step ^4--

Procedure

i) Choose a, the significance

level (the risk of concluding

that the averages differ, when

in fact all averages are the

same) o

Example

ii) Compute s^ , s^ , <» o ® ,

the sample variance for each

of the k products.
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Procedure

iii)

2
Se

and

Comput e

:

(n^-l ) s^+(n2
-l ) s^+. , .+( rij^-1

)

(n + Hg + - k

Example

iv) Compute w, the largest

difference between any two

sample means

»

v) Look up in Table IV
1®* ot

entering the table with k

and '0 where

V = [ix^ + + ... + - k.

vi) Compute:

w Vn
s

q = o«_ if n^=n
2
=o*«=n^ = n

e

or

wV^
q = If n, ... 'i'

% ^2 “k

where

"h
=

i i +. +• • e o •
~

"l “2 "k
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Procedure

trll) If q > ,

decide that the averages

differ.

Example

If q < (k,V), decide

that we have no reason to

believe that the averages

differ.

It is worth-while noting that we can simultaneously make

k ( k-1

)

confidence interval estimates for each of th© — —

-

pairs of differences between product averages, with a

confidence of 1-a that all of the estimates are correct

(if n, = = ... = n, ). The confidence Intervals are12 k

(Xf - X.) +

sample means of the

, where x^, x^.

products.

are
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1*6*5 Comparison of a Given Product with a Standard with

Respect to Average Values of Two Possibly Correlated

Characteristics*

Problem - The average values of 2 characteristics of a

standard product are known to be equal to m^ and

(e*g* for a certain standard alloy, m^ = average

tensile strength, ra^ = average hardness)*

We wish to determine whether a new product differs

from the standard in average performance with respect

to either or both of these characteristics* (NOTE;

The method can be generalized to any number of

characteristics, but the amount of computation required

increases rapidly* For the general method see Ref* [ ]-

Ref* [ ]
- Hotelling)*Hicks or
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Case

The variabilities of items with respect to each

characteristic, i.e«, are unknown; the

relationship (correlation) between the two measure-

ment characteristics is unknown#

Procedure

i) Record the observations in a table as follows:

ii) Then compute:

Sum

Sum of Squares

Sum of cross
Products

ZX^ = 2X2 =

= 2
2X^0 =

1 2

2X^X3 =
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-
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Procedure (Continued)

iii) Compute the correlation coefficient

(Zx^Xp)
r =

(2x^2)

where 2x^Xg = ZXj^X^
(2X3^) (ZXg)

n

2x^2 ,
CM

“ (2Xi)2

n

“a"
- ^2

(ZXg)^

n

lv> Compute X^, Xg, sf* and
2

S2 » the means and variances of

the n observations for each characteristic*

V> Compute: II
CM

H (\ - m^)2 and 11I2 are the

II
CM

CM
(X^

« known means of
- Mp)^

^ standard.

the

vl) Compute

;

®1®2

n

1-r
+
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vil) Compute P = n-2

2(n.l)

viii). Using chosen a (the significance level of the test)

look up
^

for (2, n-2) degrees of freedom in

Table III.

ix) If P > P” ,
decide that the new product differs from

the standard in average performance, (Otherwise, there

is no reason to believe they differ.)

What can be said about the location of the true averages of

the new type? We can assert, with 100 (1-a) percent confidence

that the true averages and inside the ellipse with

center at (5^, and axes and angle of rotation determined

2 Pby s^ , s^ , r and a, that is obtained by setting the above

for (2, n-2) degreesexpression for equal to

of freedom. ( In a long series of samples each containing n

observations from the same population, we could calculate a

corresponding series of ellipses which would have varying

centers, axes, and angles of rotation, by virtue of the varying
— — P 2

values of X^, s^'^, , and r. We would expect lOO(l-a)

percent of these ellipses to include the true point (p^,p2))®
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Note also that we might use the procedure to test

p
whether m = m . In this case, the T test becomes

1 2

T
2 2

(s + s - 2rs s )

1 2 12

which is a special case of the ordinary two-sided test of

difference between averages (unknown a) - i.Oo, the t

(See section l,6«3«lol)®

test
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l,6,g,2 Case II

The variabilities of items with respect to the 2 character-

istics are known to be equal to and 02 I there is a known

relationship between measurements of the 2 characteristics (i«e*

their correlation coefficient = ^ )

.

Procedure

i) T^ecord the observations in a table as follows

s

Item
No.

Characterist
1

ic No

.

2

1 ^11 X21

/

2 ^22

«

•

0

•

«

«

• » •

n
2n

ii) Compute and the means of the n observations for

each characteristic.



n I
'

»

I

» ‘-V * /

,?'. C7 : •^roO.

..

'• '1 ?i i J : fiO rfoSf5

''Ji
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• • • \111) Compute - m^ and m^ are the knowh
(

means of the standard.
d„ = -
2 2 2

Iv) Compute:

2 ^

i-f2

. 2

o2
L* -

2 f d^dg

CTi Cg

0 2

+
„̂ 2
‘^2

v) Using the chosen a (the significance level of the test,)

2look up X T for 2 degrees of freedom in Table V»
1—

a

vi) If 9 decide that the new product differs
1—

a

from the standard in average performance* Otherwise,

there is no reason to believe that they differ*

What can be said about the location of the true averages of

the new type? V/e can assert with 100 (l»a) percent confidence

that the true averages and inside the ellipse with

center at (X^, X
2 ), and axes and angles of rotation determined

2 2 ^by ^9 that is obtained by setting the above

p pexpression for T equal to x% ^ degrees of freedom*
X *»<i

(In a long series of samples each containing n observations
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from the same population, we could calculate a corresponding

series of ellipses, which would have varying centers. We would

expect lOO(l-a) percent of these ellipses to include the

true point *

Note also that we might use the present procedure

2
to test whether m = m . In this case the T test becomes

1 2

2

^ 2 . 2
2Po (

' 1

which is a special case of the ordinary two-sided test of

difference between averages (known a). See section 1 . 6 , 3 «1 * 3 «
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lo6.6 Comparison of Two Products with Respect to Average Values

of Two Possibly Correlated Characteristics,

Problem - We take a sample of items of product A,

and n^ items of product B, and measure each item with

regard to 2 different properties (e,g, tensile strength

and hardness). We wish to determine whether product A

differs from product B in average performance with

respect to either or both of these characteristics, (ITOTE:

the method can be generalized to any number of

characteristics, but the amount of computation required

increases rapidly. For the general method, see Ref, [ ]
-

Hicks or Ref, [ ]
- Hotelling)

,



rr
.

7 o: o.

r ^ ; h.i '^'
--f

Rnrf^:..K

d if i.w rr o r ^ .• f c
'

-
. i'

•' -*>

ft

rlo^Cu-i'^i.:--: I.

A.' .;i '!•.:- ^!:r.titi*TO 0(f

£f^ J>; L '•»: .''('Tol ‘V ^ n I 'T'

* f* • ',•

O I i, rn <TC <} rr r[ -•'. Q

f J
. 'I viieg; '. fy ? 1

’

f
j • SffJ*" / .

3^.
''/’ '

,T.M} 'ri.;:r 1.

''
^

. .»
'

‘^i.'-l '•..I

-•'•
; : o:i ;

'
.

^

.fc-v.,.

;
^ -i-rn '»

:
• A- J-o •-

*• ...«.

,
sif» tif

•/•

A .'
. A. •

; .:.T:

*iO ft>(LvLH

i 1

1

'

.

.
,'

, ^._

;

'' ^ ‘

V‘, y;.

'

‘
' A. 1*

'

--i :-r'| 4
-A -'

-W~"
• 4ii

tVAl

.

sM
'J^iK

W



- no -

1, 6,6,1 Case I

The variabilities of items of product A and product B with

respect to characteristic No, 1 are unknown, but are assumed

to be the same for product A and product B, i.e,, for

characteristic No, 1 a (A) = a (B) = a (unknown); and,
i* i*

similarly, for characteristic No, 2, a^CA) = 0^(3) =

(unknown). The correlations between the two measurement

characteristics among items of product A and among items of

product B are unknown, but such correlations as may exist are

assumed to be the same for product A and for product B, i.e,.

Procedure

i) Record the observations in a table as follows;

Product A- Product B

Item
No,

Characterist ic

1 2

Characteristic
1 2

1

1 Xnn11 11 21 21

2 Y
12

X
22

Y
22

• • o o o

• • •, • e

o o • •

^in
•

•

n
2

t/

»

e

Xo2n

o

^2n
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ii) Then compute:

Sum

Sum of
Squares

Sum of Cross
Products

iii) Compute

the means and variances of the columns of observations.

Compute d

iv) Compute:

l}s (n^‘°l)s

n + n » 2
1 2

(n^-1) s ^ Y2

^1 ^2 ” ^
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v) Compute:

XlYl

_
(2Xi)(2Y-^ )

EL
ni " 1

X2Y2

g^2^2, - ng

«2 - 1

12

(n3^-l)Sy^y^ + (np-l)sX2Y2

rii + H2 - 2

’12

S-T s1 “2

Vi)
Compute

:

.2 • -

^^1^2

rii+n2

1-r^
Ol^

>1 s2

vii) Compute:

P = ni +ri2 ~ 3

2{nj^ +U2 “2 )

T‘

viii) Using the chosen a (significance level of the test),

I

look up
1 (2, n^ + H2 - 3) degrees of

freedom in Table III*
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ix) If P > P’"” , decide that the overall average performance

of products X and Y is different e Otherwise, there is

no reason to believe that they differ

»

NOTE: The test is a generalization of the t test given in

section l»6«3*l«lo If we applied a t-test to each of the

characteristics separately, we obtain:

There foire^j in terms of t we may write

t2 = -L-. (t ^ + t 2)

l-»r^ 1 1 ^ ^
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1,6«6^2 Case II

The variabilities of items with respect to the 2 character-

istics are known to be equal to and O2 for both products

A and product B* There is a known relationship between measure-

ments of the 2 characteristics - their correlation

coefficient is = f 12 ( again true for both product A and product

B).

Procedure

i) Record the observations in a table as follows

;

PRODUCT A PRODUCT B

Item Characteristic Characteristic
No* 1 2 1 2

1 ^21 ^21

2

«

X^2

0 0

X22

0

^22

0

0

“1

•

0

0 -

^In

0

0

0

•

e

0

•

•

^2
-

0

^2n

0

2n
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ii) Compute ^2^ ^2

iii) Compute: = X^rrX2 ; ^2
~ * ^2

iv> Compute:

T2 _ fi! + f2_
_ 2

^1 ^2

V) Using the chosen a (significance level of the test).

look up 2 degrees of freedom in Table V«
1-a

2 2
vi) If T ^ ^ 1 a ^ decide that the overall average per-

formance of products X and Y is different. Otherwise,

there is no reason to believe that they differ.
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1.6.7 Comparison of the Variability in Performance of a Given

Material, Product or Process with that of a Standard -

Single Measured Characteristic, '

The variability of a standard material, product or

process as measured by its standard deviation is known

to be Go We shall consider three problems:

1,6«7*1 “ Does the variability of the product differ

from that of the standard?

1o6.7*2 - Does the variability of the product exceed

that of the standard?

1.6. 7*3 - Is the variability of the product less than

that of the standard?

It is important to decide which of the three problems

is appropriate before taking the observations. If this

is not done, and the choice of problem is influenced

by the observations, the significance level of the test,

i.e., the probability of an error of the first kind, and

the operating characteristics of the test may differ

considerably from their nominal values.

The tests given are exact v/hen (a) the observations for

an item, product or process are taken randomly from a

single population of possible observations and (b) within

the population, the quality characteristic measured is

normally distributed.

If the departure from normality is moderately large the

operating characteristics of the test may be seriously
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altered. In cases where serious non-normality is

suspected, the methods of Section_ are recommended.
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Problem lo6,7>l - The variability in the performance of a

standard material, product or process as measured by its

standard deviation is known to be a. We wish to determine

whether a given item differs in variability of performance

from that of the standard. We wish, from analysis of the

data, to make one of the following decisions:

i) The vsiriability in performance of the new product

differs from that of the standard,

ii) There is no reason to believe the variability of

the new product is different from that of the

standard.

Procedure

i) Choose a, the level of

significance of the test,

Example

li) Look up Xl-a/2
and

, both for n-1

degrees of freedom, in

Table V,

p
iii) Compute s% the sample

variance of the n obser-

vat ions.
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Procedure

iv) Compute:

X2 = (n-1)^
2a

Example

P
v) If the computed x

exceeds the tabular

2
^l-a/2

,2

,
or is less than

decide that the
\/2 ’

variability in performance

of the new product differs

from that of the standard.

Otherwise, there is no

reason to believe the new

product differs with regard

to variability from the

standard.

It is worth noting that the interval from
(n-l)s'

Xl-a/2^ n«l

2
to — is a 100 (1-a) percent confidence inter-

^a/2^ n-1

val estimate of o^, the variance of the new product.

(see section 1,2,2)
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Problem 1,6, 7*2 - The variability in the performance of a

standard material^ product or process as measured by its

standard deviation is known to be a® We wish to determine

whether the variability in performance of a given product

exceeds that of the standard* We wish, from analysis of the

data to make one of the following decisions:

i) The variability in performance of the new product

exceeds that of the standard*

ii) There is no reason to believe the variability of

the new product exceeds that of the standard.

Procedure Example

i) Choose a, the level of

significance of the test.

ii) Look up

2
for n-1 degrees of

1-a

freedom in Table V.

2
iii) Compute s , the sample

variance of the n obser-

vations .
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Procedure Example

2
iv) Compute

a

P
v) If the computed x exceeds

2
X^ , decide that the
l-a

variability of the new

product exceeds that of

the standard. Otherwise,

there is no reason to

believe that the new pro-

duct exceeds the standard

with regard to variability.

It is worth noting that the interval above

is a 100 (l-a) percent confidence interval estimate of

2
a , the variance of the nevj product, (See section

1 , 2 . 2 )

.
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Problem 1<>6,7«3 - The variability in the performance of a

standard material, product or process as measured by its

standard deviation is known to be a. We wish to determine

whether the variability in performance of a given product

is less than that of the standard « V/e wish, from analysis

of the data to make one of the following decisions:

i) The variability in performance of the new product

Iqss than that of the standard^

ii) There is no reason to believe the variability in

performance of the new product is less than that

of the standard®

Procedure

i) Choose a, the level of

significance of the test®

Example

ii)

iii)

2Look up X ^
for n-1 degrees

of freedom in Table V®

2Compute s
, the sample

variance of the n obser-

vations •

.2 _ (n-l)s2

iv) Compute
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Procedure Exampl

e

2
v) If the computed x

2
less than y decide that^ rt

the variability in per-

formance of the new product

is less than that of the

standard. Otherwise, there

is no reason to believe the

new product is less variable

than the standard.

It is worth noting that the interval below

variance of the new product. (See sectional »2. 2)

. p
IS a 1-a confidence interval estimate of a , the
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1.6 *8 Comparison of the Variability of Two Materials,

Products or Processes.

We shall consider 2 problems:

1.6.8*1 Does the variability of product A differ

from that of product B? (We are not

concerned which is larger).

1.6.8. 2 - Does the variability of product A exceed

that of product B?

It is important to decide which of the two problems is

appropriate before taking the observat ion;?;^. If this is

not done, and the choice of problem is Influenced by

the observations, the significance level of the test,

i.e., the probability of an error of the first kind,

and the operating characteristics of the test may

differ considerably from their nominal values.

The tests given are exact when (a) the observations for

an item, product or process are taken randomly from a

single population of possible observations and (b)

within the population, the quality characteristic

measured is normally distributed. If the departure

from normality is moderately large, the operating

characteristics of the test may be seriously altered.

In cases where serious non-normality is suspected, the

methods of Section are recommended.

In the following it is assumed the appropriate problem

is selected and then n., n observations are taken

from items, processes or products A, B, respectively.
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Problem I06080I - We wish to test whether the variability of

performance of two materials, products or processes differ,

and we are not particularly concerned which is larger* We

wish, from analysis of the data to make one of the following

decisions *

i) The two products differ with regard to their

variability*

ii) There is no reason to believe the two products

differ with regard to their variability*

Procedure

i) Choose a, the level of

significance of the test*

Example

ii) Look up for^ l-a/2

(n^-1, Hg-1) degrees

freedom and F'\ .

l-a/2

of

for

(rig-l, n^-1) degrees of

freedom in Table III*

2 2
iii) Compute s^ , s^ , the sample

variances of the observations

from A and B respectively*
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Procedure

iv) Coinput e

Exampl

e

v) If P > P
,l“a/2:n -l.n -1'

’ A ’ B

decide that the two pro-

ducts differ with regard

to their variability*

Otherwise, there is no

reason to believe that they

differ*

It is worth noting that the interval between

1

^l-a/2; ng-1^ n^-i

and P_ /- _ - is a 100 (1-a) percent confidence
l-a/2: n -1, n -1 ' ^

^ " A ' B
P P

interval estimate of the ratio a. /
A B

(See section 1*2,2).,
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Problem lo6»8»2 - We wish to test whether the variability in

performance of product A exceeds that of product We wish

as a result of analysis of the data to make one of the following

decisions

:

i) The variability of product A exceeds that of product B.

ii) There is no reason to believe that the variability of

A exceeds the variability of B.

Procedure

i) Choose a, the level of

significance of the test.

Example

ii) Look up P'" for
1-a

n -1, n -1 degrees of
A B

freedom in Table III,

2 2
iii) Compute s^, s^, the sample

variances of the observa-

tions from A and B res-

pectively.

2 2
iv) Compute F = / s^
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Procedure Example

v) If F > , decide
1-a '

that the variability of

product A exceeds that of

B. Otherwise, there is no

reason to believe that the

variability of A is greater

than that of Bo



, 1 i , .V

£Sii£s-S£r^ , X

l::>.^b..

1

'

,

''
' - % ti

>li

'{i.t CJ:
• ,' .

'*•'•

^ :taufeO^'q /'aF'
Oil til

3-ii'l it-*'’i;ix Oil AtOE;>9‘:£ .,

•

' \'l'f

-‘x 'xO T'-l S'x d B,l^X>aT '*lfl

,

' :'J

•“ ,fl Ic t3ii^ rtflxld ^ i ‘?i|i



THE NATIONAL BUREAU OF STANDARDS

Functions and Activities

The functions of the National Bureau of Standards are set forth in the Act of Congress, March

3, 1901, as amended by Congress in Public Law 619, 1950. These include the development and

maintenance of the national standards of measurement and the provision of means and methods

for making measurements consistent with these standards; the determination of physical constants

and properties of materials; the development of methods and instruments for testing materials,

devices, and structures; advisory services to Government Agencies on scientific and technical

problems; invention and development of devices to serve special needs of the Government; and the

development of standard practices, codes, and specifications. The work includes bas'c and applied

research, development,' engineering, instrumentation, testing, evaluation, calibration services, and

various consultation and information services. A major portion of the Bureau’s work is performed

for other Government Agencies, particularly the Department of Defense and the Atomic Energy

Commission. The scope of activities is suggested by the listing of divisions and sections on the

inside of the front cover.

Reports and Publications

The results of the Bureau’s work take the form of either actual equipment and devices or

published papers and reports. Reports are issued to the sponsoring agency of a particular project

or program. Published papers appear either in the Bureau’s own series of publications or in the

journals of professional and scientific societies. The Bureau itself publishes three monthly peri-

odicals, available from the Government Printing Office: The Journal of Research, which presents

complete papers reporting technical investigations; the Technical News Bulletin, which presents

summary and preliminary reports on work in progress; and Basic Radio Propagation Predictions,

which provides data for determining the best frequencies to use for radio communications throughout

the world. There are also five series of nonperiodical publications: The Applied Mathematics

Series, Circulars, Handbooks, Building Materials and Structures Reports, and Miscellaneous

Publications.

Information on the Bureau’s publications can be found in NBS Circular 460, Publications of

the National Bureau of Standards (S1.25) and its Supplement ($0.75), available from the Superin-

tendent of Documents, Government Printing Office. Inquiries regarding the Bureau’s reports and

publications should be addressed to the Office of Scientific Publications, National Bureau of

Standards, Washington 25, D. C.




