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ADS ORPTI ON THEORY INTERPRETATION OF

Ca^5 and P
52 EXCHANGE WITH HYDROXYAPATITE

W. V. Loebenstein

ABSTRACT

A theory has been developed for characterizing adsorp-

tion from solution based on Langmuir kinetics. An unusual

application of the theory has been made to the simultaneous

interaction of Ca —calcium ions and of P —phosphate ions

in solution with synthetic hydroxyapatite crystals. The

saturated solution is comprised primarily of non-radioactive

calcium and phosphate ions in order to assure no net change

in the overall ionic concentration. In applying the adsorp-

tion theory to each radioactive species in turn, as solute-

adsorbate, it is convenient to consider everything else in

solution as solvent. In analyzing the model, a distinction

is made between two processes:

(l) an Irreversible process where the tagged

ion is so strongly adsorbed that it is no

longer accessible. This process is assumed

to be confined to a certain weight fraction

of the substrate.

A reversible process where the tagged ion

occupies one of the surface crystal sites

(
2

)
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yet is free to dissolve (desorb), and this

process is confined to the remaining weight

fraction of the substrate.

Modem high-speed digital computer techniques have been

employed to solve the problem in terms of physically-signifi-

cant characteristic parameters. This has been accomplished

for a number of experiments over a range of pH values for

systems varying in slurry densities and tagged-ion concentra-

tions. Based on the assumed model, no change in calcium to

phosphate ratio of the surface composition was evident,

regardless of variations in the solutions of pH, total ionic

concentration, and ionic ratio.
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1. INTRODUCTION

Studies of the solubility and crystallization of hydroxy-

apatite are of fundamental importance to an understanding of

the chemical dynamics of tooth structure. Batch adsorption

kinetics have been useful in earlier studies

^

1 ^
^ in char-

acterizing the adsorptive properties of a surface with respect

to one or more components in solution. Through such studies

it has been possible, for example, to measure the population

of sites capable of adsorbing a solute without having to fill

them all in the process.

This measurement of the site population would constitute

one of the characteristic parameters of the system and should

be independent of variable quantities such as the mass of the

adsorbent, the amount of solution, the initial concentration

of solute, the time of measurement, or the amount of solute

initially adsorbed.

The possibility of distinguishing simultaneously the re-

spective concentrations in solution of radioactive calcium

and phosphorous from their untagged counterparts affords an

unusual opportunity to observe the deposition of these radio-

active ions from solution under conditions of equilibrium

between crystals of synthetic hydroxyapatite and saturated

solutions of their non-radioactive ions.

The so-called "adsorption" sites are in reality the

positions in the crystal lattice which are available to each
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specific ion, since the crystal does not distinguish between

tagged and untagged isotopes of the same element.

The concentrations of radioactive ions in solution were

always several orders of magnitude smaller than their non-

radioactive counterpart. This is a necessary condition for

a valid application of the proposed adsorption model to iso-

topic exchange. The model used in the present treatment

permitted an irreversibly adsorbed radioactive ion to migrate

to the interior of the substrate by diffusion, exchange, or

other mechanism, just as long as it retained its adsorbed

status. On the other hand, a reversibly adsorbed radioactive

ion was constrained to the actual interface layers always

accessible for desorption back into the solution.

2. MATERIALS AND PROCEDURE*

The hydroxyapatite was prepared by a slow addition of

stoichiometric aliquots of Ca( 0H )2 in suspension with H-^PO^

in a C02-free environment, the resultant precipitate being

stabilized by prolonged boiling. Its composition was con-

firmed by infrared absorption and by chemical analysis. Its

BET area was 26.4 m g” determined by N2 adsorption at 77°K.

Details of the preparation of the saturated solutions

in equilibrium with the hydroxyapatite (HA) suspension together

* Dr. Yoram Avnimelech (present address: Israel Institute of
Technology, Haifa, Israel) carried out the experiments de-
scribed herein. He has kindly made available his experimental
data for the purpose of the present investigation.
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with the stock solution of the tagged ions have been pro-

r 4

1

vided by Avnimelech. J The isotopic exchange experiments

were carried out in a manner identical with batch adsorp-

tion. The suspension consisting of several hundred milli-

liters was kept agitated in a constant temperature bath held

at 25 ± 0.02°C during the course of the experiment. Zero

time was taken as the instant of innoculation with the radio-

active tracer ions. Five milliliter samples of the suspen-

sion were withdrawn for activity analyses of the solution at

frequent time intervals beginning at one minute, or less,

and continuing for durations ranging up to nearly four hours.

In demonstrating the existence of reversibility,

Avnimelech introduced an unusual innovation which is seldom

rsiencountered 1 J in adsorption work because of the complexi-

ties it entails in the fitting of theory with experiment.

This consisted of making sudden additions, from time to time,

of tracer-free saturated solution to the reaction vessel.

This brought about an abrupt dilution of the radioactive ions

without disturbing the concentrations (or pH) of the non-

radioactive components of the solution. As many as three

such dilutions were made in most of the experiments. The

several experiments differed from one another in weight of

solid, volume of solution, concentration of radioactive

tracer ions, concentration of non-radioactive saturated

solutions (which is related to pH at equilibrium), times and
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frequency of sampling, and time and amount of dilution.

3. BACKGROUND THEORY

A three-parameter equation based on Langmuir kinetics

\2 31
was derived and tested in earlier work 1 and found to

apply rather well to reversible adsorption from solution.

That equation was expressed as follows

:

(M-N)--? _
(M-N >-qIN e

‘2(
^)Nklt

(1)
(M+N)--q (M+N)-q

IN

where

V k.

M - — [j— + 0 (1 +
2W k

l
0

Wq
(

Vo"
•)]

and

N = (M
2

- qQ
c
Q
V/W )

1/2

( 2 )

( 3 )
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and where

q » the amount of solute adsorbed per unit mass of the

adsorbent at any time t

;

q Q « the maximum value q would have if all of the ad-

sorption sites were filled;

c = the instantaneous solute concentration whose value

would be e if no ions were adsorbed;

W » the mass of the adsorbent;

V = the volume of the solution;

k^ = the specific adsorption rate constant;

kg » the specific desorption rate constant;

qIN
* the amoun^ solute adsorbed per unit mass of the

adsorbent at onset of the sorption process.

Equation (l) can be rewritten in a more useful form in

which q is explicitly expressed;

(M-N)-q
IN ^Nk-^ W/V

A
q

(M-N)-qIN
e
^2Nk

1
t W/V

(M+N)-qIN

+ 1
• N w

1
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A distinction is made between q and q in that the former

quantity is the theoretical or computed value,, while the

latter is used to designate the experimental amount adsorbed

per unit mass at any instant and is related to the concentra-

tion in solution according to the conservation equation

which is always valid; namely:

Equation (4) was derived from the differential equation

which expressed the rate of adsorption dq/dt as the differ-

ence between the forward and reverse processes:

The concentration factor c was eliminated between Eqs
. (5)

and (6) prior to integration.

If 1<2 in Eq. (6) were set equal to zero, an irreversible

adsorption would result and the integrated form Eq. (4) sub-

ject to Eqs. (2) and (5) would simplify considerably.

In the practical case of adsorption from solution, most

systems exhibit to some extent both reversible and irrever-

sible attributes. Since this dual behavior was also observed

in the present investigation, it follows that a two-process

representation would be the very simplest combination that

could account for all the results observed.

q = (o
o - c) V/W (5)

dq/dt = k
1 (qQ - q) o - kgq (6 )
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At this point it is necessary to distinguish between

different possible models or mechanisms. The choice of the

particular model for treatment in this paper was not based

on any preference of a fundamental nature. Other mechanisms

(one of which is discussed in the text) are equally plausible

from a theoretical point of view. They can also and, indeed,

should be tested against experiment before any choice is made

as to which mechanism is preferred. The principal purpose

of this paper is to illustrate how an assumed model can be

tested. The two most probable mechanisms for the adsorption

kinetics of the dissolved species are:

(a) Sequential Adsorption

(Solution) **
(

Reversible v

adsorption''
/Irreversible s

'adsorption '

and

(b) Competitive Adsorption

(Solution)

/Irreversible^
'Adsorption '

/Reversible v

'Adsorption-'

In the present paper, the latter mechanism was arbitrari-

ly chosen for detailed study.

A crude model applicable to the present investigation is

illustrated in Pig. 1.
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The first few surface layers of the solid are depicted

in some regular array at the bottom of the figure. Only the

calcium ions (small circles) and the phosphate ions are rep-

resented. The shaded circles identify the tagged ions. It

is evident that a tagged ion which is depicted as inaccessible

would correspond to an irreversibly adsorbed state. However,

an ion which occupies a site on the outermost layer in contact

with the s&ution might still be irreversibly adsorbed. Both

adsorption sites, reversible and irreversible, may be thought

of as competing for each ion in solution.

This situation is indicated mathematically by Eqs . (7)

and (8)

:

dq
2
/dt = k

11 (q01
-q

1
)c (7)

= ^12 ^02~^2

)

c “ ^22^2 ( 3
)

where the irreversibility of Eq. ( 7 )
is assured by the absence

of a desorption term. Equations (7) and (3) are logical ex-

tensions of Eq. (6) in which the additional subscripts 1 and

2 identify the process as either Irreversible or reversible.

The parameters q^ and q^j for example, now represent the

concentrations of irreversible and reversible adsorption

sites, respectively. The interdependence of the two process-

es is determined by the common factor, c, the concentration

of the particular tagged ion under investigation.
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Before attempting to integrate this system of equations,

it is necessary to express c In terms of q^ and q2 , the

amounts irreversibly and reversibly adsorbed per unit mass,

respectively. The overall conservation Equation (5) is al-

ways valid and may be rewritten as

:

c = c
o - qW/V (9)

It was convenient to consider that the entire mas3 of

adsorbent W was partitioned into two parts and W
2 , such

that all of the irreversible adsorption q^ was confined to

while the reversible adsorption q2 could take place only on

W
2 . A partition parameter 6 was introduced to designate that

fraction of the adsorbent available for reversible adsorption

Thus

,

w
x = (i - e)w (10)

w2 = % w (11)

Now, since the total amount adsorbed is Wq, overall, it is

clear that

:

Wq = W
1 q 1 + W

2q2 (12)

from which it follows that

q = (l-®)q
1
+®q2 U3)

This value of q may be substituted in Eq. (9) to get

c = c
Q
- [(1 - 6) q x + 0 q2 ] W/V (lb)

for the conservation equation applicable to Eqs
. (7) and (8).
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If appropriate values could be found for the six

parameters qQ1 , qQ2 , k
i;L

, k
l2 , k22 , and 9, it would be

possible to integrate Equations ( 7 ) and ( 8 ) numerically 6,7 ^

/X /\
and thus obtain values for q 1

and q2 , the amounts computed

to be adsorbed per unit mass of each of the two respective

partitioned portions of the adsorbent. The experimental

quantities q^ and q2 , however, cannot be measured individual-

ly. The overall amount adsorbed per unit mass of total ad-

sorbent q can be compared with its computed counterpart 'q'

using Eqs . (5) and (13). This affords a means of determining

goodness of fit according to the principle of "least squares".

Accordingly, a first estimate was made of each of the

six parameters, qQ1 , Qq2> k
li*

k
l2*

k22 8X1d Based on

these values. Equations ( 7 ) and (8) were integrated numeri-

cally and estimates of 'q^ and ^ were obtained. Using

these, together with Eq. (13), a first estimate of 'q was

determined corresponding to each time at which a sampling

was made

.

The experimental value of q from Eq. (5) was also evalu-

ated at each measured point. Next, the "deviation", q-q', was
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squared and summed over all points In an experiment. This

resultant "sum of squares" Is a measure of the extent of

agreement with "theory" and should be as small as possible

for the best fit. This Is a generalized statement of the

so-called "principle of Least Squares". A rather Involved

mathematical procedure (which is beyond the scope of this

paper) was used based on the Gauss-Newton^ ^ method of Non-

r q l

Linear Least Squares with Levenberg 1 J damping for obtaining

an up-dated second estimate of the six parameters. The entire

calculations were repeated and gave rise to a lower value for

the sum of squares. If the Initial choice of each parameter

was within certain broad bounds and the amount of change from

iteration to iteration was sufficiently restricted, a sum of

squares would ultimately be found which could not be reduced

by further change of any of the parameters. These limiting

values were then taken for the best fit of the theory based

on the assumed model.

It is significant that the method described for evaluation

of the parameters for the exchange of calcium and of phosphorous

arising from measurements made simultaneously from the same

solution were, nevertheless, treated independently as though

they were separate and distinct experiments.

4 . RESULTS

Pairs of isotopic exchange experiments are reported in
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which the pH values were 5.64, 5.77, 5.82, 6.4l, 6.72, and

6.92 (see Table 4). These values had been selected to be

within the range In which hydroxyapatite Is the most In-

soluble of the possible crystalline species in the calcium

phosphate series, such as dicalcium phosphate and octacalcium

phosphate, which could form from solution.

Experiment IE-15, which was carried out at the lowest

pH, is summarized in Tables la and lb for the isotopic ex-

45 52
change of Ca ^ and P , respectively. The first five columns

comprise the experimental measurements (variables). The last

five columns list the quantities computed by using the present

theory together with the best estimate that could be made of

the six parameters involved. Column (1C) contains the numeri-

cal values computed for the overall adsorption which may be

compared with the corresponding experimental values given in

column (l).

The computed values for and 'q^ shown in columns (8)

and (9) are especially interesting in light of the competi-

tive aspect of the theoretical model. During the initial

stages of the experiment (before the first dilution) where

the overall uptake of tagged ions increased continuously, the

/\
amount computed to be reversibly adsorbed, qg, increased very

* Two additional pairs of Avnimelech's experiments were not
treated either because of insufficient points or inability
to obtain convergence.
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rapidly at first from its initial value of zero at zero

time, then decreased . The reason for this reversal was the

Increasing inroads made by q^, the amount computed to be ad-

sorbed irreversibly. As more of the tagged ions were ir-

reversibly removed from solution, ions which had adsorbed

reversibly during the earlier stages of the experiment could

no longer be accommodated on the solid. Consequently, in

order to be consistent with the assumed model, they desorbed

to compensate. The overall adsorption, q, during this first

phase showed a continual increase with time. In subsequent

phases of the experiment after dilutions were made, the com-

puted desorption as shown by the decrease of qg was more than

/N
enough to override any possible increase attributable to q^

/x
and the overall effect upon q was a net desorption. These

observations are graphically illustrated in Figures 2 and 5.

Experiment IE-8 (Tables 2a and 2b) differs from the other

experiments in that only one dilution was performed and that

was close to the end of the experiment. Accordingly, a some-

what different procedure was used in fitting the parameters.

A "best" fit was obtained based on the initial phase of the

exchange experiment which involved 25 points . The remaining

eight points were then compared with their extrapolated values

.

This experiment is graphically illustrated in Figures 4 and 5.

Fig. 4 shows the overall adsorption along with the agreement
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between experiment and theory while Fig. 5 compares the

computed values of irreversible adsorption with reversible

adsorption. A he agreement between average values of q with
A
q corresponded to a coefficient of variation of about two

to three percent in most of the experiments.

Values obtained for the characteristic parameters are

listed in Table 3 in the order of increasing pH values.

5. DISCUSSION

It is conceivable that many generalities could be made

concerning the physical significance of these parameters

either singly or in combination in attempting to correlate

the results with known experience. Some inconsistencies can

also be detected which will be discussed later. One relation-

ship, R, which has been evaluated is shown in the last column

of Table 4 where R = (9 x Qo2^Ca/// ^
6 x q02^p* The Produc

'

t of

6 and qQ2
for the same adsorbate is proportional to the

maximum capacity for reversible adsorption per unit mass of

overall adsorbent. The ratio cf this product for calcium to

*
that for phosphorous should be proportional to the relative

population of calcium to phosphate sites at the outermost

surface layers of the solid.

While a considerable spread in the values of R is

evident, no trend in the ratios was observed. The correlation

*The proportionality constant does not cancel out because a
different proportionality exists between cgm and absolute
concentration for Ca^5 as compared with .
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coefficients were not significantly different from zero

when attempts were made to correlate R with pH; with the

ratio of total [Ca] to total [PO^] in solution; or with

total ionic strength. These results may be verified from

the data in Table 4.

The specific surface (BET) of the synthetic HA used

2
here was 26 m /g. This is small compared with that of an-

organic dentin which has been found to be as high

^

10
^ as

2
l4o m /g. It would be interesting to know whether the

product of 9 and qQ2
for a given ion such as [Ca] or [PC/]

adsorbed from solution would be proportional to surface area

for different preparations of hydroxyapatite.

The maximum amount ^q
2 reversibly adsorbed per g of 6

fraction of the sample in any given experiment gave no in-

dication of how much of its capacity, qQ2 , was used. For

example, almost the same capacities (22 to 23 cpm/mg) were

found for qQ2 corresponding to the calcium adsorption in

Expts. IE-13 and IE-8 (see Table 3). While Table la shows

that 17 1/2 cpm/mg of this capacity was attained in IE-13,

no more than about 51/2 cpm/mg was reached in IE-8, as is

seen from Table 2a. If, indeed, the 5-g samples of hydroxy-

apatite of IE-13 and IE-8 did possess the same capacities,

qQ2 , for calcium adsorption as the calculations show, these

results would lend credence to the theory that the determina-

tion of this capacity does not correlate with the solution
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concentrations used in the experiments. The total concen-

tration of calcium in the saturated solutions was 7.5 x 10"^

and 4.2 x 10“^ moles/4, respectively, (see Table 4); also,

the corresponding initial concentrations of the tagged calcium

ions (Tables la and 2a) were proportional to 56.2 and 25.5

cpm/u X, respectively.

A comparison of the relative sizes of qQ2 and qQ1
for

each experiment (Table 5) shows that the capacity for rever-

sible adsorption, qQ2 , is usually about ten times larger

than for the irreversible process.

The forward rate constant for the reversible process,

k^
2 , was considerably greater than for the irreversible process,

k^, in all cases (except for IE-10). This is consistent

with experience. Irreversible adsorption (as described

earlier) can involve a series of separate processes which

might be expected to slow it down. A preferred orientation

of adsorbate seems likely for irreversible adsorption which

would also be somewhat time consuming.

Tables 1 and 2 and Figures 5 and 5 show in each case that

the increase in q and the corresponding decline in q2
with

time are completed in a surprisingly short period of time -

usually within the first half hour or so of the experiment.

While the compensation effect would preclude this observation

in the overall change in q with time, it would seem that the
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phenomenon would have to extend over a prolonged period of

time - perhaps even beyond the duration of the experiment.

It is, of course, an over-simplification to expect

that only two processes are sufficient to account for all

of the effects involved in adsorption or isotopic exchange.

It is reasonable, for example, to expect (neglecting the

influence of isotopic decay) that given sufficient time the

distribution of radioactive ions should be uniform through-

out the entire mass of crystals and that the ratio of tagged

ions to untagged ions should be the same in the crystals as

in the saturated solutions surrounding them. This long-range

aspect of equilibrium is not alluded to in the present re-

sults, nor is it approximated in the model. An experiment

whose duration is measured in hours within a single working

day cannot be expected to extrapolate to months or, possibly,

even years

.

Some inconsistencies have been noted in the observed

parameters. Their precision cannot justify the number of

"significant" figures used in Table 3. While the degree of

agreement between q and^ corresponded to about 2 to 5 per-

cent in most cases (as previously stated), no method has been

found to estimate the precision of the individual parameters.

Fortunately, the two parameters used in the test for stoichi-

ometry (9 and Qq2 ) are among those found to be least sensitive
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to change from iteration to iteration. Nevertheless , it

iic;

was to be anticipated that 9 for Ca J would be the same as

32
for P in the same isotopic exchange experiment regardless

of whether its value might have changed from experiment to

experiment. The reason for this is that 6 was defined as

that fraction of the weight of the adsorbent with which the

reversible process was concerned. While the parametric fit

32
was determined for Ca independently of P , we know from

crystallographic considerations and electroneutrality prin-

ciples that constant ratios of sites must exist in the ad-

sorbed layers as well as in the crystal substrate. According-

ly, an analysis of variance was performed on all the 9 values

in order to separate the "between Ca and P" contribution and

the "among six experiments" contribution from the total

variability. The "discrepance" variability with five degrees

of freedom was used as error. The null hypothesis that no

statistically significant difference was discernible between

9 for Ca and 9 for P was confirmed. Indeed, the "among

experiments" comparison also supported the null hypothesis.

The standard deviation for error determined from the dis-

crepance is 0.059. The mean value of 9 for all 12 determina-

tions is 0.372 which, together, correspond to a coefficient

of variation for 9 of 16$. Furthermore, the variability

among the six R-values of Table 4 which have been used in the
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stoic hi ometric comparison is indicated by a standard deviation

of 0.273 and a mean value of 1.66 which again corresponds to

a 16# coefficient of variation. Despite the higher-than-hoped-

for experimental error, no variation in stoichiometry at the

surface over the range of solution characteristics (ionic

concentration, ionic ratio or pH) is consistent with these

findings

.

6. CONCLUSIONS

Probably the most important outcome of the present in-

vestigation is the fact that a meais has been developed: (l)

for fitting to the experimental points an assumed model for

relating isotopic exchange with adsorption theory; and (2)

that the reasonableness of the assumed model can be tested by

examining and comparing the physical significance of the de-

rived parameters

.

The results of the present investigation were consistent

with the assumption that the overall exchange (adsorption)

process might be represented by two independent processes,

one irreversible - the other reversible, both competing for

the same ions in solution.

i
hls type of study would then throw light upon the solu-

bility-recrystallization equilibrium of hydroxyapatite, since

the chemical behavior of radioactive Ca and P are indistinguish-

able from their non-radioactive isotopes.
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A constant stoichiometric relationship between sites

available to Ca and those available to P on the surface of

the crystallizing solid appeared to be borne out by the

theory, in that neither changes in pH nor changes in ionic

concentrations nor their ratios in solution had any

observable effect upon this relationship.
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CAPTIONS FOR FIGURES

Pig. 1

Fig. 2

Fig. 3

Fig. 4

Pig. 5

. Simplified Representation of the Solution-Solid
Interface showing Non-radioactlve Ions (open circles) and
Tagged Ions (shaded circles) of Calcium and
Phosphate

.

. Computed Overall Adsorption Plotted against Time
for p32_ Phosphate in Expt . IE-13 showing Three Di-
lution Desorption Steps. The Agreement between Values
Computed and Measured at each Sampling Time is shown
at the Bottom.

. Computed Reversible and Irreversible Adsorption
Processes vs. Time for the Same Experiment whose
Composite Adsorption is Depicted in Fig. 2.

. Computed Overall Adsorption Plotted against Time for
Ca^b.Calcium in Expt. IE-8 showing one Dilution De-
sorption Step. The Agreement between Values Computed
and Measured at each Sampling Time is Shown at the
Bottom.

. Computed Reversible and Irreversible Adsorption
Processes vs. Time for the Same Experiment whose
Composite Adsorption is Depicted in Fig. 4.



SOLUTION



Composite

Adsorption,

Minutes



Reversible

CL
O

o
o

Irreversible

Adsorption,



Composite

Adsorption

,

o

< CT

O
N
in

o
in
CM
CM

O
o

O



6.0

E
Q.
a

225.0

Minutes

o.o

57.0








