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ABSTRACT

The density-effect correction 5(6) for the ionization energy loss

of charged particles has been evaluated for a total of 278 substances

including 98 cases of elements of the Periodic Table (12 gases and 86

condensed materials, including liquid hydrogen and graphite of three

different densities) and including also 180 chemical compounds and

substances of biological interest (13 gases and 167 liquid or solid

substances). In the calculations, up-to-date values of the mean excita-

tion potential I and of the atomic absorption edges hv. were employed as

input data for the general equations for o( 6) previously derived by

Sternheimer

.

A version of this report with a shortened text but the same tables will
appear in Atomic Data and Nuclear Data Tables.



1 . Introduction

The density-effect correction 6 for the ionization loss of charged

particles 1-12 has been evaluated previously for a large number of

substances. 5 - 12 The last previous extensive effort in this direction was

made in the paper of Sternheimer, Seltzer, and Berger 12 in which the density

effect was evaluated for a total of 72 substances (34 metallic elements, 26

compounds, 11 gases and liquid hydrogen). In Ref. 12, the basic equations of

Sternheimer (Refs. 3 and 5) were used in order to evaluate the density effect,

employing up-to-date values of the mean excitation potential 13 - 14 I, and of

the atomic absorption edges 15 hv_.

.

In the present work, the results of Ref. 12 have been extended to a total

of 278 substances including 98 cases of elements of the Periodic Table (12

gases and 86 condensed materials including liquid hydrogen and graphite of

three different densities) and including also 180 chemical compounds and sub-

stances of biological interest (13 gases and 167 liquid or solid compounds).

The essential advance of the present calculations over those previously

carried out in Refs. 5-12 consists in the development and implementation of a

computer algorithm which carries out in a single operation the numerical

evaluation of the density effect and the fitting of the numerical results by

an approximation formula.

2. Numerical Evaluation of the Density Effect

The calculations of 6(6) are based on the following equations derived by

Sternheimer 3 ’ 5 in 1945 and 1952:

6(6) = I f in [U. 2 + t 2)/r 2
]

- l 2 { 1 - 6
2

) , (1)

i =1
1 1 1

2



where 3 = v/c is the particle velocity divided by the velocity of light, and l

is the solution of the equation:

1_

3
2

1 =

n f

.

I ^

i =1 v. 2 + l 2

i

( 2 )

In Eq. (2), v. is defined by:

v .
= v

.
p/

v

i p
(3)

th
where hv^ is the absorption edge for the i oscillator of the dispersion

model. The quantity hv^ is the plasma energy of the electrons of the

substance considered as free electrons, and is given by 16

hv = 28.816 (

p

0
Z/A) 1/2 eV ,

r
(4)

where p 0
is the density of the medium (in g/cm 3

), Z is the atomic number and

A is the atomic weight. In the case of a compound or molecular gas, Z/A is to

be replaced by the ratio of the total number of electrons to the effective

molecular weight or the sum of atomic weights of the constituent atoms:

EZ./IA.. As in Ref. 12, a separate dispersion oscillator is used for each

subshell of the atom considered, e.g., K, U, Ljt, and L
T jy

for neon. The

quantity p in Eq. (3) is the adjustment factor which was introduced by

Sternheimer 5 in 1952 and which is designed to give agreement of the oscillator

energies hv.p (or rather hv ».) with the observed mean excitation cotential I.3
i p r

Specifically, in Eq. (1), the constants JT are defined by:

l. = (v 2 + ~f.) 1/2 for v. >0
i i o i i

o
J

(5)



£
n

= f
n

1/2 for v
n

= 0 (conduction electrons in a metal). (6)

In Eq. (5), the factor 2/3 takes into account the Lorentz-Lorenz correction

[see Ref. 5., Eqs. ( 48) -(52)3 in the expression for the polarizability a(v);

note that this factor does not enter for the case of conduction electrons for

which i = f 1/2 as qiven above.

The mean excitation potential I of the medium is given by

Jtn I = J f . £n(hv i.) (7)
4 i

v

p v K '

By making use of Eq. (3) for v.
, we obtain the following expression, which is

used to determine the value of the Sternheimer adjustment factor p:

n - 1 o 1/2
£n I = y f. Zn[(hv.p) 2 +^-f. (hv) 2

]
+ f Jin (h v f 1/2 ). (8)

. i
LX

i
1 3v p' J

n
v

p n
’ v '

For a conductor, f is taken as n /Z, where n is the effective number of
n c c

conduction electrons per atom of the substance. Note that for a compound

(insulator) or for a gas, n_ = 0, the sum in Eq. (8) extends from i = 1 to n,

and the last term on the right-hand side of Eq. (8) is not present. The

values of p thus determined from the experimental values of I and hv^ lie

generally in the range 1.5 - 2.5. Physically the meaning of p is that it

takes into account the fact that for the excitations of an inner shell with

absorption edge hv., the contribution of the excitation (ionization) to con-

tinuum states involves energies which are larger than hv.

.

A very approximate

estimate of p was made in Ref. 12 [Eq. (11)], with the result that p is of the

order of e 1/2 = 1.649.
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In Eqs. (1), (2), and (5)-(8), f. is the oscillator strength for the i
th

oscillator, which was taken as n./Z for the inner (non-conduction) electrons;

here n. is the number of electrons for the subshell considered, e.g., n^ = 4

for the L T T

T

subshel 1 . In the case of a metal, n was taken to be the lowest
III c

k
chemical valence of the element considered. The values of the absorption

edges hv. for the various subshells of all elements were obtained from the

compilation of Carlson. 15 The values of I were obtained from two recent

papers of Berger and Seltzer. 13 ’ 14

In Fig. 1, we have plotted the values of the Sternheimer adjustment

factor p as a function of Z. The solid curve has been drawn through the p

values for metals as obtained by means of Eq. (8). The p values for the 12

gases are shown separately as crosses. It can be seen that except for the

four gases 0
2 , N

2 ,
F, and Ne, the crosses lie very close to the curve deter-

mined by the p values for condensed substances. The most striking feature of

the curve of Fig. 1 is the existence of successive maxima and minima as a

function of Z. The maxima and minima reflect the existence of similar

features in the curve of I/Z _vs_. Z, as presented in Fig. 1 of Ref. 12, but in

the present case, i.e., for p, these fluctuations are much more pronounced.

They can be related to the electronic shell structure of the atoms considered.

k
An alternative prescription would be to use as the effective number of con-
duction electrons the number of electrons participating in plasma excitations
in metals. The latter number can be deduced from optical data and from

measured electron energy-loss spectra. Effective numbers of plasma electrons
have been deduced from the experimental literature by Raether 17 for 27 metals
and by Isaacson 18 for 47 metals; see also Mann and Brandt, 19 and Ziegler,
Biersack and Littmark. 20 We have made some numerical tests, and have found,
for example, that the use of results of Raether or Isaacson would change the
density-effect correction such that the electron stopping power in gold would
differ by less than 0.3% and that in copper by less than 0.25%, compared to

the values obtained when the number of conduction electrons is deduced from
the lowest valence state.

5



Thus the maxima at Z = 11, Z = 30, Z = 47, and Z = 70, correspond approxi-

mately to the filling of the 2p
6

, 3d 10
,

4d 10
,

and 4f 14 shells, respectively.

In addition, the pronounced shoulder in the neighborhood of Z = 80 can be

correlated with the completion of the 5d 10 shell in this region of the

Periodic Table.

On the other hand, the minima of p at Z = 20, Z = 39, Z = 57, and Z = 89

correspond approximately to the filling of the ns 2 shell in the alkaline

earths Ca (Z = 20), Sr (Z = 38), Ba (Z = 56), and Ra (Z = 88), respectively.

We would like to note that these alkaline earths correspond to the closing of

the successive supershells 21 of the Periodic Table, where a supershell is

defined as the set of all shells nil with the same value of the quantum number

k = n + i. Thus both the curves l/l vs. Z and p _vs . Z give additional support

to the k ordering of atomic structure. 22

3. Fitting Formula

Using the procedures described above, numerical values of 6(3) were

calculated for each material at many points on a logarithmically spaced energy

grid. The energy variable used was T/m 0 c
2

, where T is the kinetic energy and

m
Q
c 2 is the particle rest energy. The grid values were chosen to be

T
(i)

/m
o
c2 = 100*000, 80,000, 60,000, 50,000, 40,000, 30,000, 20,000, 15,000,

10,000, and so on, down to T^/m
0
c 2 = 0.01. The numerical values of 6 were

fitted to the formula proposed by Sternheimer 5 in 1952, namely:

5(X) = 4.6052X + a(X
x

- X)
m

+ C, (X
0 < X < X

x ) (9)

5(X) = 4.6052X + C, (X > X
L ) ( 10 )

6



where X = log 10 (p/m
0
c) = 1og 10 (By) = 1/2 log 10 [(T/m 0

c
2

)
(T/m

0
c 2 + 2)], with

p the momentum of the incident particle and y = (1 - g
2 )- 1/2

. X
Q

is the value

of X below which 5(X) is zero for the case of an insulator or gas, and the

value of X below which 6(X) for a metal (conductor) is small, i.e.,

<5(X) < 0.14. X
x

is the value of X above which 5(X) has essentially attained

its asymptotic value (to within 0.015). In Eqs. (9) and (10), a and m are

adjustable parameters which will be determined below, and C is given by:

C = -2 in ( I/h v )
- 1 , (11)

where I is the mean excitation potential of the substance for use in the

Bethe-Bloch stopping-power formula. 23 ’ 24 In the present paper, we will

frequently use the notation C for -C = |C|.

4. Determination of the Parameters in the Fitting Formula

The experience of Sternheimer 5 - 10 in fitting 6(0) indicates that X
x
of

Eq. (9) can be taken as that value of X for which the deviation of 6(X) from

its asymptotic value [Eq. (10)] is of the order of 0.01, and in particular

does not exceed 0.015.

For each grid value X^, the computer program calculates the values of 6

and 6 , the asymptotic value defined by Eq. (10). We define 6, as follows:
aS ±

s 6 - 6
as

Furthermore we define X as follows [see Ref. 10, Eq. (8)]:
a

X = C/4.6052 .

d

( 12 )

( 13 )

7



Incidentally, the physical significance of the difference is clearly shown

(for the case of neon gas at normal temperature and pressure) in Fig. 1 of

Ref. 10.

4.1 Non-Conductors

We first consider the case of non-conducting materials for which 5(0) = 0

at low velocities 0 < 0 O , where 0 O
is the velocity for which l 2 = 0 according

to Eq. (2). We then have X 0 = log 10 (3 0 Yo)» where Yo = (1 - & 0
2 )~ 1/2

. After

X
Q

has been thus determined it is necessary to determine X
:

in Eqs. (9) and

(10). Now the numerical values of to be denoted by S
L num [see Eq. (12)]

are approximated by the monomial expression a(

X

x
- X)

m
, as shown by Eq. (9).

We will denote the fitted values of a(X
x

- X)
m

at the mesh points by

Thus we have

6
1 )fn (X) = a ( X j

- X)
m

. (14)

The values of X
x

, a and m must be so chosen as to minimize the maximum

deviations

:

A6
i

= 6
i,fit ,num

(15)

We have one condition relating a, m, X
0 ,

and X
x

,
namely that 5(X

0 )
= 0. From

Eq. (9) we obtain directly:

4.6052X
0 + a(X

j

- X
0 )

m -5 = 0 ( 16 )

where C = - C. Upon solving for a, and using Eq. (13), one finds that

8



a =

4.6052(X
a

- X
0 )

(h - x
0 )

m
(17)

The remaining task is to determine the best values of X
1

and m. For- each

insulator or gas, nine separate calculations were run with X
L
determined by

the condition that 6
1
(X

1 ) [see Eq. (12)] has the values 0.0015, 0.002, 0.003,

0.004, 0.005, 0.006, 0.008, 0.010, and 0.015, respecti vely . This procedure

directly limits the maximum inaccuracy introduced by neglecting the numerical

value of ^ = 6 - S
as

for X > X
x

. The resulting errors are certainly

tolerable because when the stopping number is ~ 20, an error of 0.015 in 6(X)

introduces a relative error of only 0.015/20 = 0.00075 = 0.075%.

The equation for a and the above procedure for determining a reasonable

range of values of X
x

leave only the exponent m undetermined. In the previous

fits in Refs. 5, 7-10, and 12, it was found that it is best to require an

exact fit of Eq. (9) to the numerical value of 6. at one additional point
l,num

in the range X
0 < X < X ls preferably for an X value near the value of X

a

defined by Eq. (13). This intermediate X value for which the additional fit

was made will be denoted by X 2 . Trial values of X 2 were chosen to be the ten

grid points X^ immediately below, and the ten grid points X^. ^ immediately

above X^ defined by Eq. (13), subject to the condition that X
0 < X 2 < X

L
.

We can now solve for m as follows. For a given value of X 2 , we have:

a(X
x

- X
2 )

= «
1
(X

2 ) . (IB)

In view of the definition of 6 (

X

Q )
and the requirement of an exact fit at

X = Xq

,

we have also:

m
a (

X

i
- Xq) = Sj(Xq) (19)

9



Dividing Eq. (19) by Eq. (18),

( 20 )

and therefore:

Tog
10 [ 6

1
(X

0
)/ 6

1
(X

2 )]

m =
log 10 [(X 1

-X
0
)/(X

1
-X

2 )]
’ (21)

With m thus determined and for the given values of X
:

and X
0 , a can now be

obtained from Eq. (17).

The following computer algorithm was used for selecting the parameters a

and m:

1. For each trial combination X! and X 2 , a and m were calculated

according to Eqs. (17) and (21).

2. These trial values of a and m were used to evaluate 6 , r ., according
1 ,

f 1

1

3

to Eq. (9) at each grid-point X^ between X
Q

and X
x , and the maximum

difference A =
1
5. - 6.

|
for the trial was noted,

max 1 l,fit l,num'

It should be noted that 6 is a monotonical ly increasing function of X. This

condition is satisfied only when the fitting parameter m is smaller than a

maximum value m which -- for insulators and gases -- is given by 11

max 3 3

x
i

- x
o

m = y 7- . In 26 of the 278 cases considered, the fitting procedure
m 3.x a A

qd u

resulted in a value of m somewhat larqer than m , with the result that
/ \

IT! clX

(for compounds) the value of 6 from Eq. (9) was slightly negative in a

narrow energy region near threshold. These values of m were nevertheless

accepted because the resulting error was negligible, the absolute value of 5

in this region being smaller than ~ 0 . 02 .

10



3. This procedure was repeated in 180 trials, i.e., using the 9 choices

of Xj and 20 choices of X
2
discussed earlier. The values of X

Q , X
x

,

a and m finally selected were those from the trial giving the

smallest value of A . Values of these parameters will be given in
max r 3

Tables I and II.

4.2 Conductors

We now proceed to a discussion of the density effect for metallic

conductors. In this case, 5(0) does not vanish for arbitrarily small

velocities, as already discussed by Sternheimer in Ref. 7. The basic reason

is that for substances with conduction electrons, Eq. (2) contains a term with

v
p

= 0, and this leads to the result that i2 > 0 for any nonvanishing 3
2

.

Therefore a suitable value of X 0 must be chosen for which 6(X
0 ) is small, but

not zero. X
Q
cannot be made too small al gebraical ly (e.q., very negative),

since this would spoil the overall fit to Eq. (9) at larger values of X. It

has been our general experience in obtaining the fits published in Ref. 12

that Xq must generally be chosen such that 6(X
0 )

is close to 0.1 in all cases

(see Table I of Ref. 12). In view of this observation, and in order to widen

the choice of parameters so as to obtain the smallest values of A
,
the

max

computer program was run for each of the 180 aforementioned choices with an

additional choice of five values of X 0 , such that the calculated values of

6 (

X

0 )
were 0.06, 0.08, 0.10, 0.12, and 0.14, respect i vely. Thus a total of

180 x 5 = 900 possible fits were run for each metallic substance, and again

that fit was chosen which qives the smallest value of A
max

11



For the case of metals, the equations for a and m are slightly changed

because 6(X
0 )

is not zero. The appropriate equations have been derived in

Ref. 11 and are as follows: We define X by
a, o

c + s(x
0 )

X
a,6

=
4.6052 ( 22 )

In terms of X . the modified equations for a and m are given by:
a, 6 max

4. 6052 (X .
- X.)

a = £1

(*l
- X

0 )

m
(23)

X
l

" Xq

'max
=

X - X
0

(24)

Obviously, for insulators [4(X n )
= 0], , reduces to X. as defined above

u 0 a

[Eq. (13)].

For metals we have found that the density effect $ for X below X
0

can be

approximated sati sf actori ly by the formula

«(X) « 6(X 0 ) x io
2(x -x

o), X < x„ . (25)

The error in 6 incurred by the use of Eq. (25) is always smaller than the

uncertainty ^
max

for the fit above X
0 .

Before we proceed to a detailed explanation of Tables I and II, we note

that in some cases, for the 72 substances considered by us in Ref. 12,

although the same values of the mean excitation potential I were used, the new

values of a and m are nevertheless appreciably different. For example, for

12



borosilicate glass (Pyrex) we have a
x

= 0.2988 and m
x

= 2.805 in the fit of

Ref. 12 (with X
Q

= 0.1479, X
x

= 2.5) and we have a
2 = 0.08270 and m

2
= 3.5224

(with Xg = 0.1479, X
l

= 2.9933) in the present fit. For gold, we found

a
x

= 0.1533 and m
1

= 2.881 (with X
Q

= 0.0966, s(X
Q )

= 0.0912; Xj = 3.5) in

Ref. 12, and a 2 = 0.09756 and m 2 = 3.1101 (with X 0 = 0.2021, <5(X
0 )

= 0.14;

X
x

= 3.6979) in the present work. Even though the parameters a and m are

individually quite sensitive to the choices of X
0 , X

x , X 2 , (X
x )

(and 6
0
(X

0 )

in the case of metals), the variations of a and m are correlated so that the

fitted values are quite similar.

We note that the compositions for the various substances, in particular

for the organic compounds and the biological substances, are not listed in

Table II. For those compositions, the reader is referred to the recent paper

of Seltzer and Berger. 13

5. Example of the Use of Tables I and II

The density-effect correction 5 is to be used in the Bethe stopping-power

formula

1_ dE

P 0
dX

0.153536

S
2 j {F( e) - 2 An I «} (26)

In this expression, - —41 is the mean energy loss per unit pathlength, in
Pg U A

MeV/(g cm-2 ). The term 2 C/1 is the shell correction, which is generally

negligible at energies at which the density-effect correction 6 is

significant. For heavy charged particles (muons, pions, protons, ...)

Examination of our data indicates that the correlation is such that

— = n^
m 2“ rn

i^
s where n has a value in the ranqe 4 to 8.

a2

13



F( 0) = 2 in (27)

2m
0 c

2
e
2

1 - 0
2

and for electrons

F(0) = in

m
Q
c 2 T 0

2

2(1 - 0
2

)

(2/TF - 1 + 0
2

)
Zn2 + 1 - 0

2
+ | (1 - /17b*). (28)

As an example we consider the case of aluminum. We find X
Q

= 0.1708,

Xj_ = 3.0127, 6(X
0 )

= 0.12, fi^Xj) = 0.0015, a = 0.08024, m = 3.6345,

C = 4.2395. As a result, from Eqs. (9) and (10), <5(X) is given by:

6(X) = 0.12[10
2(X '°' 1708)

] (X < 0.1708)

3 6345
<5( X) = 4.6052X + 0. 08024(3. 0127-X) - 4.2395 (0.1708 < X < 3.0127)

6(X) = 4.6052X - 4.2395 (X > 3.0127).

We note that X
0

= 0.1708 corresponds to a momentum p/m
Q
c = = 1.482,

or a kinetic energy (in units m
0
c
2

)
T/m

0
c 2 = 0.788.
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Definition of Parameters in Tables I and II

Z Atomic number

Z/A Ratio of atomic number to atomic weight

I Mean excitation energy (in eV)

p 0
Density (in g/cm 3

)

hVp Plasma energy (in units eV) [Eq. (4)]

p Sternheimer adjustment factor for the atomic excitation energies

[Eqs. (3) and (8)].

-C

m

a
,

5
o

[Eq. (11)].

Parameters in fitting formulas [Eqs. (9) and (10)].

Density-effect value used as fitting parameter in Eq. (25).

A Upper bound for the error inherent in fittinq procedure. The
max y

absolute value of the difference between the fitted and the numerical

value of 5 is at all enerqies smaller than A3 max

The composition of the compounds and mixtures in Table II,

fractions by weight of the atomic constituents, can be found in

Berger. 13 The designation (ICRU) indicates tissue compositions

International Commission on Radiation Units and Measurements, 25

designation (ICRP) indicates tissue compositions adopted by the

Commission on Radiological Protection. 26

in terms of

Seltzer and

adopted by the

and the

International
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