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A procedure for ge nerating and quantitatively comparing poss ible cases of epitaxy and tw inning has been 

dev ised and ap plied to th e stud y of epitaxy between Ca,(p04hOH and other calcium orth op hosphates. For any 

two given latti ces, pairs of nets whi ch match dimensiona ll y within prescribed limits a re found a nd sort ed in 

ord er of increas in g mi smatch. The crystal s tru ctu ra l param eters are used to ge nerat e and match atomi c pa tterns 

corres ponding to each pai r of nets. Patte rn matchin g is do ne by compa ring mag nitudes of vectors describing the 

immed iate env iron ment of each atom in turn , a nd does not require or ienting th e two pattern s re lati ve to one 

a noth er. Ato mi c charges rela ted by each vecto r a re also considered . Use of the vector sets int rod uces th e limita· 

t ion th at twin nin g in vo lving reor ientation in a co ntact plane ca nn ot be di stin gui shed from no reo ri entati on 

(identity match). An additi onal meth od which uses th ese res ults to match complete pa ttern s is suggested . The 

procedure is gene ra l in nature and has been a pplied here to th e stu dy of poss ible epitax ies between 

Ca5(PO.J:,OH and CaHH2(PO,,),;5 HzO, Ca40(p0J z, Ca H 1'° 4, Ca H 1'°4. 2 HzO, Ca( H2PO")2·HZO, /3·Ca,(P04), and 

Cas(P04)zSi04. Of th ese cases, on ly th e epitax ies Cas(P04)JOH ICas Hz(p04).·5 HzO and Cas(p04)JO H IC .. 0(P04 ), 

appea r to have suffi cient stru ctural simila rity to occ ur in practi ce. 

Key words: Co mputer assessment ; crystal structures; epitax y; inte r. laye rin gs; nonstoichio metry; stru ctura l 

con s id e rati o ns; twinnin g. 

1. Introduction 

The purpose of thi s investigati on was to exa mine 

possible ep itax ies be twee n CaS(P04)30H (hydrox yapatite) 

and other calcium orth o-phosphates . Th ese ep itactical 

relations hips are of inte rest for th e following reaso ns: (i) 

CaS(P04)30H may be cons id ered as an ideali za tion of the 

major inorga ni c phase in the human body and its crysta l 

chemistry obviously influences the properties of hard 

ti ssues, and (ii) e pitactica l relationships have been 

suggested to be important in exp laining the apparent 

nonstoich iometry of CaS(P04)30H [IJl and in the growth of 

biomineral mate rial in vivo [2]. 
Similarity in chemica l content and periodicity of the 

chemical patte rn between two planes in the co mponent 

structures is an important requ irement [3] for epitax y to 
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occur und e r mild ly forcing conditions such as low degrees 

of supersaturation . From the pure ly metri c point of view, 

we may treat periodicity in te rm s of matchin g ne ts, one in 

each of th e two components . In general , th e metric fit of 

such nets will not be pe rfect, and the resu ltant mi sfit wi ll 

be accommodated by latti ce strain nea r th e epitactical laye r 

and / or by di slocati ons. 

For th e chemi cal aspects of epitaxy, we obviously should 

co nsid er maj or stru ctural features such as laye rs, 

corrugated sheets etc., as prime candidates for the 

interfaces. Many structures co ntain layers in whi ch the 

intra-la yer bonds a re strong and the interla ye r bond s are 

weak. Especially in the case of inorga nic sa lts, th e atomic 

confi guration s in such la ye rs will be re lative ly stable and 

hen ce ca n be ex pected to be found in more than one 

structure. They should be good cand idates fo r epitaxy 

co ntact planes. However, th e chemical pattern itse lf should 

not have a large motif, beca use thi s would prov id e many 

structural features to match , and th e probability of finding 

a similar motif in another compound would necessarily be 

low. From the above co ns ide rations, it foll ows that the most 

likely candidates for co ntact layers in poss ib le epitaxies will 

be planes of low Miller indices, i.e., form s such as {lOO}, 

{no}, or {210} etc. 



The firs t part of th is pa per describes a procedure to 

qua nti fy the above consideratio ns. In the second part, th e 

procedure is used to assess the likelihood of epitaxy 

between Ca5(P04)30 H and several othe r calcium orth o

phos phates. 

2. Me thod 

Vectors in each of the ca ndidate crysta l lattices are used 

to define nets which are compared with each othe r, usin g 

metr ic cri teria, to prov ide possible candidates for epitactical 

interfaces . " Most likely" pairs of ne ts, having passed a 

comparison of periodicities (see below), a re used to ge nerate 

pl anes of ato ms in both crysta l structures . T he local atomic 

e nvironments of atoms in these planes are compared to 

provide an es tima te of th e stru ctural si milar ity of the 

planes. Thi s es timate is ta ken as a meas ure of th e 

likelihood of epitaxy between th e two co mpounds. The 

meth od was deve loped for ionic sa lts. 

The two co rn ersto nes of our approach are therefore: 

(i) Generate and examin e in a systematic, qui ck manne r 

all possibl e cases of epitaxy a nd twinning th a t 

may occur. 

(ii ) Establi sh a re la ti ve proba bility of occurrence a mong 

the poss ible cases to de lineate those requiring 

furth er stud y. 

Our approach is co mpletely ge neral in that it can be 

a ppl ied to any substance that forms a crystall ine phase . 

Generati on of poss ibl e cases of epitaxy or twinnin g which 

are specifi ed in te rm s of co ntact planes requires only unit 

cell dim ens ions. F urther evaluation of th ese cases in term s 

of atomi c co rresponde nces req uires atomi c positi ons. These 

procedures have bee n impleme nted in two Fortran IV 

programs, MATCHI and MATCH2, th e rationales and 

algorithms of which are described in detail in [4]. 

3. Metric Fits 

MATCHI ge nerates two·dimensional nets whose mes hes 

contain vectors with components on th e crystallog raphic 

axes . The vectors have a max imum of 5 times anyone unit 

cell ax is as a com ponent (i .e., a re of max imum index <5), 
and ha ve moduli (le ngth s) L<20 A. These are ge nerous 

limits. All ne ts in one crystalline component are compared 

with a ll ne ts in the other. Vectors a re ~ai[ed if th e misfits 

of the component lengths LA;and L /Ji are < 15 perce nt (the 
two crystalline components are la belled A and B) . The 

vectors belonging to component A !lre ta ken in pa irs to 

defin e nets in component A. A net in component B is 

d efin ed by ta king the vectors in B whi ch have bee n tagged 

as matches with the vectors in A. The angle between the 

vectors in A is calcu lated and compared with the angle 

calcula ted for B. If the differe nce in angles is less than 

some use r-chosen limit, typically 100. the ne t in A is paired 

with the net in B. Paired nets a re then ordered using a sort 

key calculated with the following criteria in mind : 

(1 ) Corresponding mes h points for the two nets should 

be as close as poss ible (i .e., th e nets should 

approach coincidence) to redu ce the am ount of 

lattice strain or number of lattice dislocations 

required to accommodate mismatch betwee n th e 

two structures . 

(2 ) The atomic pattern of the planes should be s imple 

because the simpler the pattern the higher th e 

probability of its be in g matched by a simi lar 

laye r in some other co mpound. ' That is, it is 

eas ier to match a patte rn with few details than 

one with man y details . 

To quantify th e crite ria in (1) and (2), and to control 

their contribution s to the sort key, the following quantities 

are currently used : 

(i) 2RL/(Sum of long diagona ls of the nets A and B) 

where RL is the distance between th e 

corresponding lattice points for ne t A and net B. 

(ii) 2RS/ (Sum of short diagonals of the nets A and B) 

wh ere R S is similar to RL. The theoreti ca l range 

of quantities (i) and (ii) is 0 to 2. These indices 

yie ld a measure of how well criterion (1) is bein g 
fulfilled. 

(iii ) K[ 1 (area A-30) / 30 1 + 1 (area B-3 0)/30 I ], where we 

assign (for this investigation) a unit area of 30 
o 2 . 
A as that occupied by a basic structural unit, 

e.g., one cation and one anion , and area A and 

area B are the area s of the cells in net A and net 

B respectively. the range of the index is 

restricted to 0 to 2 by choos in g K, th e scale 

fa ctor. The max imum area allowed is governed 

by the maximum le ngth a ll owed for a net vector 
and is typica lly a bout 400 A2. 

The sum of the three quantities (i) , (ii) and (iii) , is used 

as the compos ite sort parameter. Nets with low values of 

thi s parameter are co nsidered the most probable candidates 

for structural matches. Our preliminary results ha ve shown, 

in co nfirmati on, that the most important structural matches 

(as determined using MATCH2) in lists of nets which have 

bee n sorted using these co mbined crite ria do usuall y occur 

in th e first three or fiv e members of the list. 

4. Structural Fits 

MATCH2 produces a quantitative es timate of th e 

like lihood of forming aggregates composed of phases for 

which the detailed crystal structures are known. The 

program needs as input (i) the unit cells, symmetry 
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operations and atomic coordinates for the structures und er 

consideration, and (ii) two vector pairs, each pair defini ng a 

plane through one of the two crystal structures, or two 

planes, defined via their Mille r indices. The planes so 

defined may be the result of visual inspecti on of the crystal 

structures or may be obtai ned in a more objective manner 

as output of th e net·match ge ne ratin g program MATCH1. 

A slice of predetermined thi ckness, typically from 1.5 A 
to 2 .0 A and paralle l to the defi ning net, is then taken 

through each crystal structure. These sli ces are used as 

possibl e contact planes in ep itaxy or twinning. The set of 

vectors between atoms in th e slice is used to compare 

atomic arrangements in slices . Figures of merit which 

represent th e degree of s imilarity between s lices are 

derived . High interslice figures of merit suggest poss ible 

epitaxy of the two compound s with the sli ces under 

co nsideration as the co ntact planes. 

In our studies of calcium phosp hates, we have found it 

satisfactory to use onl y the Ca and P atoms to populate the 

s lices. This redu ces the number of slices considered. Slices 

through the crystal structure and parallel to the defining 

net are calcu lated by allowing each atom in the unit ce ll of 

the "simplified" structure to define its own slice. Options 

ex ist for (i) proceeding with al l s lices, (ii) removin g 

redundan cies based on equal numbers of identi cally labeled 

atoms (e.g., Cal) or (iii) removing redundan cies and 

subsets. Typica ll y, we choose the third option. 

All atoms within p A of the plane under considera tion 

are used to make up th e s li ce through the structure . The 

variable p must be se lected with care. Too large a value will 

give a slice which is too thick to be considered a contact 

plane, and which effectively includes some atoms which 

would have to be in the body of the crystal if the actual 

surface were defined by other atoms in the slice. Too small 

a value for p may result in some atoms being wrongly 

excluded from the slice. We have found that an appropriate 

value is 1.0 A, which, being the di s tan ce from the defining 

plane to the edge of the slice, gives a slice thickness of 2.0 

A, i.e. , roughl y an atomic diameter. The slice is considered 

to contain all those atoms whose centers lie within the slice. 

Only those slices with more than two atoms in th em are 

saved for later use. Examples of such slices in CaS(P04)30H 

are given in figure 1. 
The next step is to delineate the atomic environm ents. 

One possi bility is to take the vector set for all atoms which 

make up the repeat pattern of the slice. This system works 

very well for comparing two repeat patterns which are 

approximately th e same size and extend through the same 

number of unit cells, but does not work where one net is a 

subset of the other. The second method, which is the one 

used here, involves assembling an atom motif from those 

atoms which lie within some preconce ived distance of the 

motif-defining atom . Typically this distance has been 6.0 

A, which allows for first and second nea rest neigh bors. 

Specifica ll y, the di stance was chose n to a llow the program 

to pick out P atoms in both neighboring P04 groups in 

P04 ... Ca ... P04 chains when the Ca motif I S being 

constructed and yet not include atoms beyo nd the firs t layer 

of the envi ronment (see fig. 2). This method is obv ious ly 

independent of the area of the plane . 

F IGURE 1. Three possible contact planes in Ca,(PO.),OH according to the 
concept of a 2 A slice of Ca and/or P atoms. 

SllC'e!- I and 3 art' idenljl'al and both l1 eed nl)1 he I'IJ Il !. idered. 

[001] 

8 0 8 G 
011[ 

[100] .. 
FIGURE 2. The Call) motif in Cas(PO')30 H, defined as described in Ihe 

texl. 

349 



Up to four neighboring unit cells are searched to find 
those atoms which lie on the plane and which are nearest to 
the central atom of the motif, i.e., the motif definer. 
Provision is made for including all atoms with a given 
alphanumeric label whose distances to the motif definer are 
less than 1.25 times the shortest distance from this type of 
atom to the motif definer. 

When the motif has been assembled by considering all 
the atoms in the slice, the moduli of the vectors between all 
atoms within the motif are calculated to provide a 

quantitative description of the motif. It should be noted that 
the vector set does not contain any information on the 
relative orientation of the two patterns to be matched. This is 
a serious restriction in testing possible cases of twinning 
where the structure would be rotated or reflected about the 
normal to a contact plane; in such cases the procedure 
degenerates into a calculation of the atomic density per unit 
area. Our suggested third stage would handle these cases 
and would also act as an extension of MATCH2 for general 
cases. 

To compare comparable areas of patterns in A and B, the 
numbers of occurrences of the motif-defining atoms are 
scaled by the appropriate integer multiple previously 
calculated from the ratio of plane areas in A and B. The 
moduli of the vector sets of the two motifs are then 
compared. The comparison includes consideration of the 
charge product of the two atoms which define the ends of 
the vectors. Thus, charge misfit of greater than 1.5 
electrons is at present not permitted in a vector match. 
Also, vector length misfits greater than 25 percent are not 
permitted in matches of individual vectors. After these tests 
have been made between a vector modulus in the motif in 

compound A and all unmatched vector moduli in a motif in 
compound B, the best fit of length between the vector in 
compound A and the corresponding one in compound B is 
tagged as a match and neither of these vectors will be 
matched again. 

After attempts have been made to match all vector 
lengths in the two motifs, the fractional vector mismatch 
V=2IL]-L21/(L]+L2) between "matched" vectors ]s 
calculated, together with the fractional charge mismatch 
21 C]-C2 1 /(C] + C2), and the percentage of each vector set 
matched. Here, Land C are the modulus and charge 

product, CiCj, associated with a vector between atoms i and 
j. Atoms i and j have been assigned atomic charges, Ci and 
Cj, respectively. All atom motifs in compound A are 
compared with all atom motifs in compound B. From each 
comparison, an inter-motif figure-of-merit quantity IS 

calculated based more or less equally on the average 
distance mismatch and the number of vectors matched. 
This quantity, which is designed to be 100 percent for 
perfect matches, is [(0.2-1)/0.2]50 + (ZA +ZB)/4, where T, 
the average mismatch of vectors in A (T=~v/n where 

there are n vectors in set A), is compared with 0.2 and 
effectively constrained to be 0.1 or less for "good" 
matches, and ZA and ZB are the percentages of matched 
vectors in the vector sets of the motifs in compounds A and 
B. If the two atoms defining the motifs being compared 
have different charges they are considered to be 
mismatched chemically and the percentage quantity 
defining that match is reduced by 20 percent so that the 
program will be less likely to match atoms of opposite 
charge should the vector sets of their motifs accidentally 
have some correspondence. Such cases would obviously be 
chemically destabilizing. (We used this feature as an 
expedient to differentiate between Ca and P by giving Ca a 
charge of + 2 and P a charge of -1.) 

An attempt is made to match atoms in compound A with 
atoms in compound B, using the inter-motif figures-of-merit 
calculated above. Matching between atoms is accomplished 
by pairing off the atoms in compound A with atoms in 
compound B in order of descending value of the inter-motif 
figures-of-merit subject on ly to the number of occurrences 
of each atom in the slice. Thus, if an atom in compound A 
has four total appearances and an atom in compound B has 
only three occurrences and these atoms have a very high 
matching quotient, the match will be used until the lower 
number of occurrences is completely satisfied, that is, three 
times. The fourth match of the atom in compound A must 
be accomplished by using some other atom in compound B. 
In general, this procedure works very well and is correctly 
able to identify and match, for example, atoms in cation 
columns in two compounds. 

As the atom-matching proceeds, an accumulative sum is 
made of the associated inter-motif figures-of-merit. When 
all the atomic occurrences in one of the two compounds 
have been matched, an inter-plane figure of merit is 
calculated by dividing the total accumulation of inter-motif 
quantities by the maximum of the two net areas to give 
some idea of matching per unit area. 

Ambiguities sometimes exist because an atom in one 
compound may match two atoms in the other compound 
within the limits of resolution of this procedure. Because of 
these ambiguities, a general procedure to assemble 
matching patterns of atoms in slices by considering 
individual matches is difficult to program. At present, a 
general procedure seems unnecessary because visual 
matching of atoms after reference to the plots and the atom
atom environment fits is quick and provides a chance to 
check on the validity of the calculations at an opportune 
stage. 

s. Merit Figure Upper Bound 

Matches in which both the components A and B are the 
same and which involve the same net appear automatically 
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if twins are investigated by this procedure. These 

"identity" matches are important from two points of view: 

(1) An identity match of a plane of atoms in the crystal 

structure with itse lf provides an upper bound to the inter· 

plane figure-of-merit derived for structura l fits using the 

MATCH2 program (see ref. [4] and below), beca use the fit 

is obviously perfect. 

(2) Twinning mechanisms are poss ibl e us in g the sa me 

co ntact plane for both individual s of the twin provided a 

layer of the s tru cture ca n be tran sformed into itself or into 

another layer without tran sforming th e crystal into itse lf, as 

the examples of Dornberger-Schiff show [5]. 

6. Twinning in Cas(P04)OH 

In Cas(P04hOH, 15 matching nets (specified in tabl e 1) 

were obtained fo r possible cases of twinnin g, subj ect to th e 

constraints th at th e maximum length of a net-defining 

vector is less tha n 20 A, that an gles betwee n th e vecto rs 

definin g two matched nets agree within 10° and that 

matches containing nets both of which are within 2° o f 

being parall el to paired ne ts already found are removed 

from the final list. The rationa le for these criteria is 

explained more full y in reference [4]. An additional match , 

(103) on line 8 in table 1, is a special case (see be low). The 

first 8 entries in table 1 are identity matches. 

Figures of merit for the degree of structural fit were 

calculated for these 16 net matches us ing the pos iti ons of 

calcium and phos phorus atoms In th e Ca5(P04)30H 

structure. A s li ce thi ckness of 2 A through th e stru cture 

was specified, i. e., the atom s makin g up th e composition of 

a poss ible contact plane were allowed to be di s tributed ove r 

a 2 A thick slice of the s tructure rath er than on a two

dim ensional plane. S lices were co nsidered to be ce ntered on 

all atoms in turn ; redu nda nt s li ces were removed from 

further co nsideration. The calculated inter-plan e fi gures of 

merit for the possible twin ning mod es are given togethe r 

with other details in table 1. From this table we see that 

the highest inter-plane merit figure and hence the best 

structural match for Cas(P04hOH is for the net based on 

component vectors [001] and [100], with vector components 

in terms of edges of the unit cell. This corresponds to a 

contact plane of (010) . (Point group 6/m, on which the 

space group P63 /m of Cas(P04hOH is based, specifies that 

there are 6 equivalent compositional planes which include 

the c axis ±[OOl]; {100} is the representation of th ese 6 

planes, which include (010) given on line 1 of table 1 as a 

direct quote from the output of the MATCH2 program.) 

Because of the lack of information on the relative 

orientations of the planes, our current mod e of calculation 

gives no mea ns of assessing the probability of twinning 

when a ne t is compared with itself. Such an identity match 

--------- --- ----

obviously gives a perfect fit with itself. (Twi nni ng would 

req uire rotation of one of th e two s l ices before 

juxtapositi on.) Inte r-plan e mer it fi gures derived from 

perfect fits are obvious ly re lated to th e density of atoms in 

th e sli ce per unit a rea of the s lice, s ince a ll indi vidua l inter

a tom fi gures-of-meri t a re 100 (each a tom fits perfec tl y with 

itself). This limitation applies onl y to identity matches, 

which th emselves are found onl y in twinning, and wou ld be 

removed if th e third s tage of th e ca lcul a ti ons (MATCH3) 

we re completed. The present procedure is applicable to 

cases of twinning wh ere th e twinnin g operati on brings two 

s li ces not related by point-group symm etry into contact. 

This approach provides a filte r through which possible 

cases of twinning and ep itaxy are passed and obvious 

mi sfits are di scard ed . There is always th e poss ibi li ty that 

new tests will di sca rd so me of the survivin g cases. The 

need for a third stage (as described in ref. [4]) is demon

s trated by the findin gs of Donnay, S udarsa nan , a nd Young 

[6] on CaS(P04)30H and Cds(P04hC I. Twinning on (100), 

called twinnin g by merohedry in refe rence [6], is esse ntiall y 

non-ex iste nt in the hexagonal form of CaS(P04)30H (where 

so me OH is substituted by F to destroy the sense of th e OH 

cha in directi ons) but is ubiquitous in Cds(P04hCI and in the 

mon oclini c form of CaS(P04)30H (no F impurity) (E lli ott, 

Macki e and Young [7] and S kinner , Dickens, a nd Jordan 

[8]) wh ich is said to twin by reticular pse udo-meroh edry. 

Both cases g ive high merit fi gures us ing our approach, but 

in the case of CaS(P04)30H, twinning on (100) is not 

favored becau se of 0 ... 0 inter-phosphate grou p co ntacts [6]. 

With the above in mind , we cannot say at this stage 

whether th e first 8 cases (all ide ntity matches) in ta bl e 1 

are feas ibl e cases of twinning or not. Their Jig ures oj merit 
mainly provide context in which to j udge the non-identity 
cases, 9 to 16 in table 1, and the cases oj epitaxy reported 
later in this paper. Based on th e three highest inter-plan e 

merit fi gures of 9.26,7 .96 and 7 .82, we judge at this point 

that twinnings and epitaxies in volvin g merit fi gures less 

than 6.0 would be unlikely to occur for CaS(P04)30H. 

Donnay, Sudarsanan, and Youn g [6] infer from th eir own 

experience and from co ntext taken from Palache, Berman 

and Frondel [9] that twinning in CaS(P04)3(F,OH) is ra re a t 

best and is based on the twin planes (llI) and (103). The 

plane (Ill) is represented in ta ble 1 by the sy mmetri cally 

eq~ival e nt form (011). The inter-plane merit figure for 

(Oll) is 7.96. The (103) famil y of planes were not 

ge nerated in our usual procedure beca use th e ± [301] 

vector, which would normally be used to define the plane, 

is longe r (29.07 A) than our upper limit of 20 A. Results 

for (103) were calculated se parately and appear on line 8 in 

table 1; the highest merit fi gure is 6.27 . 

The merit figure approach using only Ca and P atoms 

thus appears to possess some validity as a necessary but 
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TABLE 1. Twinning possibitill:es for (lpalites. 

Inter-plane 
Contact d-spacings, Sort merit Atoms in volved 3 in Area A, Area B, 
planes A Nel vectors key Dislocl cn/ figure slices for A' A' 

Cas(PO' )30H 
A B A B 

(010) (010) 8.15,8.15 [100,001 [ [100,00 I [ 0.015 0.0 9.26 2Ca(1),2Ca(2),2 P 64.8 64.8 

2 (001) (001) 6.88,6.88 [100,2 10J [100,210[ 0.019 0.0 7.82 3Ca(2),3P 76.8 76.8 

:3 (all) (01 1) 5.26,5.26 [100,2I1J [100,211] 0.028 0 .0 7.96 2Ca( J ),3Ca(2),3P 100.5 100.5 

4 (120) (120) 4.71,4.71 [001,210] [00 I ,2 10] 0.033 0.0 7.13 4Ca(2),4P 112.2 11 2.2 

5 (121) (121) 3.89,3 .89 [101,210] [101 ,210[ 0.042 0.0 7.36 2Ca(1),2Ca(2),6P 136.0 136.0 

6 (2:'11) (23 1) 2.81,2.81 [102,211J [102,211J 0.061 0.0 6.92 3Ca( 1 ),5Ca(2),SP' 187.8 187 .8 

7 (241) (241) 2.23,2.23 [210, 102] [2 10,102] 0.080 0.0 6.75 4Ca(1),6Ca(2),6P 237.2 237.2 

8 (103) (103) 2.2 1,2.2 1 [0 10,301] [OJ 0,30IJ 0.080 0.0 6.27" 4Ca(1),6Ca(2),5P 239.2 239.2 

9 (0 10) (120) 2.2 1,2.2 1 [00 1, 100] [001.210J 0.176 1.55 X 10 14 4.83 IOCa(J),10Ca(2),lOP 

12Ca(2), 12P 64.8 112.2 

10 (all) (2:11) 5.2b,2.8 1 [211 , 100[ [102,2 11J 0.247 7 .27 X 10 10 5.38 4Ca(1 ),6Ca(2),6P; 
4Ca( I ),6Ca(2).4P 100.5 187.8 

II (010) (Ill) 8.1.1,5.26 [101,100] [IO I.2 11J 0.306 1.84 X 1013 6.10 6Ca(1),6Ca(2),6P; 
4Ca(1),6Ca(2),6P 64.8 100.5 

12 (010) (241) 4.08,2.23 [ 102,100[ [210,102J 0.311 7.77 X 10 10 3 .55 4Ca(1),4Ca(2),4P; 
4Ca(1),6Ca(2),6P 129.6 2:17.2 

13 (all) (001) .1.26,6.88 [100,21 1 [ [100,210J 0.321 2.66 X 1013 5 . .18 6Ca(1),9Ca(2),9P; 
12Ca(2), 121' 100.5 76.8 

14 (001) (120) 6.88,4.71 [2 10, 100J [210,211[ 0.364 1.52 X 10 '" 4.88 9Ca(2),9P; 8Ca(2),8P 76.8 11 2.2 

15 (010) (12 1) 8.15,3.89 [101 , 100] [101 ,2 10] 0.417 5.39 X 10 13 5 .54 4Ca(1 ),4Ca(2),4P; 
4Ca(1 ),3Ca(2),3 P 64.8 136.0 

16 (231) (00 I) 2.81,6.88 [102,211[ [210, I OO[ 0.419 2.26 X 1010 4.81 8Ca( I), 12Ca(2),8P; 
15Ca(2), 151' 1117.8 76.8 

Criteria: net vectors <20 A; length s of corresponding vectors ag ree within I S percent; co rresponding angles in networks agree within 10' . 

Contact planes are given in Miller index (inlercept) notatio n. Nel vectors r, and r ll given in terms of unit cell translation s; a A is angle between vecto rs 
r ." and r A2 ; all is simil arl y defined in net B. The sort key used in these calculations was 

I I r " I- I r"l ll 1[( I r" I + I rill I )/2J + I I r " I-I r l12 11 I i( I r " I + I r l12 1 )/2J + I a,-a,, 1 I[(a , + a ll )/ 2] + 0.15lmaximum (area a, area b)-25]/400. 

"Disloc" is an estimate o!;.the additiona l number of dislocations due to misfit introduced al the interface assuming no elasti c strain in eit her component, 
i.e., 

Disloc = 10"'ill r" i-I rlll ll'll r "I-l rB, l lsi nl(a, +all)/2)]I( lr AI I'lrd I rill I- I r l12 I) -

a Onl y Ca and P atoms used_ 

b This match included because of statemen t in Frondel el al. [9]; length of 301 vector is 29_07 A (outside usual range) _ Other meri l figures for this match 
we re 5.37, 5.31. 5.23, and 5.22, co rresponding to different sets of para llel planes. 
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incomplete cri terion for ranking twinning possibilities. 

Although we considered fits in only two dimensions, th e 

eight cases of possible merohedry (first 8 lines in table 1) 
have the highest merit figures (;;;' 6.27), consistent with th e 

conventional twinnin g view of coincident lattices. It is 

noteworth y that identity matches do not req uire the mi sfit 

dislocations usually necessa ry [10] to acco mmodate 
dimensional misfit between different substrates. It is al so 

noteworth y that in some twins th e thickness of th e 

boundary laye r may renect a gradual change over man y 

unit cells (see referen ce 11 for a specifi c example) and may 
show the effect of elasti c strain . It is not obvious in such 

cases that the re lationship betwee n individuals of th e twin 

can be described in terms of a coincident latti ce. 

7. Epitaxy Between CaS(P04)30H and 
Other Calcium Ortho-Phosphates 

The calcium p hosphates we have co nsidered he re as 

possibilities for formin g ep itactical relations hips with 

Cas(P04hOH are CaBH2(P04)6·S H20 [12,13], CaHP04·2H20 

[14], CaHP04 [IS], Ca(H2P04)2·HP [16,17], Ca40(P04)2 
[18], ,8.Ca3(P04lz [1 9] and Cas(P04)2S i04 [20] (see table 2 
for common names). These materials comprise the more 

stable and common calci urn phosp hates. 

Table 2 co ntains th e matched nets obtained us ing onl y 
metric criteria with the co nstraints described earlier. The 

large number of acceptable matches is partly a result of the 
generous co nstraints, but also results from IgnorIng 

structural aspects . 

Table 3 co ntains details of the first five matching nets 

for each case, rank ed by sort key [4]. An estimate of the 

dislocation density due to mi sfit in th e absence of all elastic 
strain is provided . An estimate of the corresponding misfit 

dislocation density is given by 

(i i rAli-I rBlii)( ii r A2i-1 r 1J2i i) sin 

a Ai a B /(i rAli)(irA2i)( irBli)(irB2i ) 

where a A is the angle between vectors r Al and r A2 in net A 
and a B is the angle between vectors r BI and r B2 in net B. 
The formula is exact if aB = a A. Although this estimate of 

misfit dislocation density ignores any relaxation due to 
elastic strain in the contact layer, its use does enable a 

comparison with the normal densi ty range of 102.1012 

dislocations/cm2 for homogeneous materials (21). The type 

of dislocation is unspecified but may be of the edge or 

screw type or a combination of the two. Van der Merwe has 
calculated [22] that elastic strain may be invoked to take up 

dimensional misfit when the epitactical film is less than 

-20 A thick, but that the accommodation mechani sm is 
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TABLE 2. Tota l number of malching nels be/ll'eell 

Ca,(p04l:.0H and several olher ca lcillm orlh o-ph osphales. 

CaHH,(PO,,),;5 H20 

Ca4°(pO,J 2 

Ca HPO: 

Ca HPO,,·2 H20" 
Ca( H2PO,,), ·H 20 

.B-Ca3(P°4), 

Ca, (pO.)2SiO" 

(Octacalcium phos phate) 

(Tetracalc ium phos phate) 

(Dica lcium phosphate) 

(Di cal cium ph os phate d ih ydrat e) 

(Mon ocal cium phos phat e) 

(Beta-tr icalci um ph ospha te) 

II 

82 
332 
229 

405 

(S i li co-carnotite) 

Matches sa tisfy metri c requiremen ts o nl y, i.e., co rres ponding 

di sta nces in ne t ag ree wit hin 15 pe rce nt , a ngles within 10', all 

di stances <20 A. Results obtained wit h p rog ra m MATCH I . 

• Di stan ces agree within 10 perce nt ; a ng les wi thin 4 ' ; a ll di s tances 

<2 1 A. 
"Distances agree within] 5 percen t; a ng les within 4' ; a ll d is ta nces 

< 2 ] A. 

8 
56 

inclusion of dis locati ons at th e interface for film s >200 A. 
At this stage, we may say th at the most favorabl e case of 
epi tax y in which all th e mi sfit is take n up by di slocations 

will require an add itional lOS di slocations/cm2 at th e 

interface, to be compa red with di s location densities of 102 

to 1012 dislocations/ cm2 in homoge neous so lids. A di s

locati on density of 1012 dislocations/cm2 co rrespo nds to an 
inter-d islocation spacing of -100 A, i.e ., -30 ions for 

close- packed Ca and P04 ions. 
For each of th e seven pairs of co mpounds, th e structure

matching procedure was appli ed to the 10 matching nets 

determin ed from the sort key to be the most probable 

candidates for epitaxy. The Ca and P positions in the 

crys tal structures were used to specify their g ross stru ctural 
details. The matching nets with th e hi ghest merit figures 

a re give n in ta ble 4. Table 4 also shows th e co ntact planes, 

the sort order, and th e atoms found to be involved in the 

structural matches. The number of each type of atom is 

given for eq,uival ent areas of the co ntact planes. I n all 
cases, a 2 A thi ck slice was used and all subsets and 

redundancies were removed, e.g., 2Ca(2),2P, being a subset 

of a parallel slice 2Ca(1),2Ca(2),2P in Cas(P04hOH, was not 

considered in the (010) VS. (100) matching of Cas(P04hOH 

with CaSH2(P04)6·SH20. 
Reasons for co nsidering on ly Ca and P positions in the 

crystal structure include (i) red ucing the co mputati onal 

expense to manageable proportions, (i i) allowing the 

program to fit in the compute r (>6SK of storage may 

otherwise be required although an overlay scheme has now 

reduced the importance of this second co nsideration) , and 

(iii) specifying onl y the major feature s of the stru cture 
because dis locations and elastic strain at the interface may 

change the local details so mew hat. One assumption when 

on ly Ca and P atoms are included is that these atoms are 

sufficient to specify the major features of the structure . 



TABLE 3. Matching lIels with "besl fils .. a belweell 

Ca,(pO.)"OH (A colu.mns) alld several other calcium 
phosphates (8 colu.mll s). 

Contact Net Sort Disloc. 
planes vectors key 
A B A B 

Ca. H,(PO,,),,5 H, O (010) (100) [001,100] [001 ,010] 0.035 1.28 X 1010 

(010) (flO) [001 ,100] [001,110] 0.082 3.58X 10') 

(010) (010) [OOl,100J 1001,100] 0.119 2.83 X 1010 

(f20) (flO) [001 ,210] [001 ,110] 0.226 1.09 X 10" 
(241) (100) 1210, 1021 [012,012] 0.246 7.25XI0" 

Ca.O(pO.), (010) (010) [100,001] [001,100] 0.051 1.30 X 1010 

(010) (110) [100,001] [001,110] 0.058 2.59 X 1O" 
(010) (110) [100,001] [001,110] 0.058 2.59 X 10" 
(121) (101) [101 ,201] [101,111] 0.072 3.23X 109 

(121) (101) [101 ,210] [J ° T, II I] 0.103 2. 12 X 1010 

Ca HPO,," (010) (U2) [100,0011 11 10, 111] 0.062 8.84 X 1O· 
(120) (3 11 ) [211,001] [112,011] 0.085 1.80 X 109 

(010) (001) 1001,100] [100,010] 0 .092 1.77 X 1010 

(120) (132) [211,001] [112,111] 0.098 1.87 X 109 

(011) (101) [211,1001 [121 ,010] 0 .106 1.23 X 1010 

Ca HPO,,·2H ,O' (010) (3U) [102,100] [01 T, 112] 0.129 2.23 X 108 

(010) (311) [102,100] [011,112] 0.129 2.23 X 1O· 
(010) (100) [001,100] [010,001] 0.130 2.31 X 1010 

(231) (011) [102,211] [111,111] 0.132 9.08 X I 0 10 

(231) (OIL) [102,211] [111 ,111] 0.132 9.08 X 1010 

Ca( H, PO.kH,O (010) (131) [100,001] [101 ,211] 0.053 1.33 X 101.1 

(120) (l41) [210,001] [212,101] 0.098 5.95 X 109 

(Oil) (021) [211,100] [212,012] 0.103 5.33X 1O" 
(011) (001) [211,100] [100,310] 0.116 2.90 X 1010 

(OIl) (251) [211,100] [211,311] 0.119 6.38 X 10" 

~·Ca3(PO')2 (010) (001) [100,001] [120,100] 0.11 3 1.24 X 1010 

(120) (001) [210,001] [120,100] 0.176 3.34X 10 10 

(102) (OOl) [211 ,201] [210,110] 0.184 1.14 X 1010 

(Ill) (001) [101,2 11] [110,210] 0.190 5.87 X L0 10 

(001) (001) [100,210] [110,2 10] 0.232 3.11 X 1O" 

Ca,(pO.),SiO. (010) (OIL) [001,100] [100,011] 0.075 2.77 X 1010 

(l20) (001) [210,001] [010,100] 0.104 9.55 X 1010 

(120) (l10) [210,001] [1l0,001] 0.110 1.98 X L010 

(010) (010) [100,001] [001 ,100] O. ll1 2.25 X 1011 

(l20) (100) [210,001] [010,001] 0.118 2.87 X 1010 

Contact planes given in Miller index (intercept) notation. Net vectors given in terms of 
unit cell translations. Sort key and "Disloc" defined in table 1. 

• According to sort key; best five taken for each case. Usual criteria : distances agree 
within 15 percent; angles within 10' ; all di stances < 20 A. Results obtained with 
program MATCH1. 

b Distances agree within 10 percent; angles within 4' ; all di stances <21 A. 
' Distances agree within 15 pe rcent; angles with in 4' ; all distances <2 1 A. 
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w 
VI 
VI 

CaHH, (pO.k5H, O 

Ca"O(p°4)' 

Ca HPO. 

CaHP04·2H,O 

Ca( H,PO.,), ·H,O 

,B·Ca,,(p°4)' ' 

Cas(P°4),Si04 

TABI.E 4 . Details of rnatcites for best inter-plane merit figu res (>4.5) 

betweell Cas·(p04hO H and seueral other calcium phosphates. 

Contact Sort Sort Merit Atom s 

planes key order figure 

A B A B 

(010) (100) 0.035 1 B.32 2Ca(l),2Ca(2),2P Cal 1), Ca(2), Ca(5), Ca(B), P(9), P( J 2) 
(Ill ) (100) 0.306 8 6.17 4Ca(J),6Ca(2),6P 3Ca(1),3Ca(2),3Ca(5),3Ca(8),3 P(9),3 P( 12) 
(010) (010) 0 .11 9 3 4.74 4Ca(1),4Ca(2),4P Cal 1), Ca(2), Ca(3), Cal 4), Ca(7), Ca(8), 

P(10), P(12),P(13) 
(010) (flO) 0.082 2 4.66 4Ca(1),4Ca(2),4P Ca(3),2Ca(4),Ca(5),2Ca(6),P(9), P(13) 

(0 10) (010) 0.051 7.98 2Ca(1),2Ca(2),2P Ca(5),Ca(6),Ca(7),Ca(8),P(3),P(4) 
(010) (010) 0.051 7.70 2Ca(1),2Ca(2),2P Cal 1 ),Ca(2), Ca(3), Cal 4), P( 1), P(2) 

11 more matches between 4.90 and 4.50 

(010) (00 1) 0.092 3 5.84 4Ca(1),4Ca(2),4P 3C.( 1),3Ca(2),3 P(1 ),3P(2) 
(010) (100) 0.ll2 9 5.42 6Ca(1),6Ca(2),6P 4Ca(1),4Ca(2),4P(1),4P(2) 

(010) (101) 0.138 10 2.85 6Ca(l ),12Ca(2),9P 4Ca,4P 
(010) (101) 0.138 10 2.80 12Ca(1),12Ca(2),6P 4Ca,4P 

(OIl) (001) 0.116 4 2.73 4Ca(l),6Ca(2),6P 3Ca(1),3P(1),3P(2) 

(122) (001) 0.375 8 5 .65 4Ca( 1),6Ca(2),6 P 6Ca(3),2Ca(4),2Ca(5),2P(2) 
(00 1) (001) 0. 190 4 5.27 2Ca(1),3Ca(2),3 P 3Ca(3),Ca(4),Ca(5),3P(2) 
(011) (001) 0.364 7 5 .08 2Ca( I ),3Ca(2),3 P 3C.(3),Ca(4),Ca(5),3P(2) 
(001) (001) 0.232 5 4.89 3Ca(2),3P 3Ca(3),Ca(4),Ca(5),3P(2) 

(OlO) (OlO) 0.111 4 6 .70 2Ca( 1 ),2Ca(2),2 P 2Ca(2),2Ca(3),2G 
(122) (OlO) 0.141 7 6.25 4Ca(1),6Ca(2),6P 6Ca(2),6Ca(3).6G 
(OIl) (OlO) 0.151 9 5.65 4Ca(1 ),6Ca(2),6P 6Ca(2),6Ca(3),6G 
(010) (OIl) 0.075 5.60 4Ca( I ),4Ca(2),4P 4Ca(1),3Ca(3),4G 
(010) (010) 0.075 5.40 4Ca( I ),4Ca(2),4P 2Ca(2),2Ca(3),2M,2G 

5 more matches between 5.02 and 4.59 

Disloc Areas 

A B 

1.28 X 10'0 64.8 64.9 
4.63X 109 100.5 64.9 
2.B3 X 10'0 64.B 134.0 

3 .5B X 10'0 64.B 129.1 

1.30 X 10 '0 64.B 66.4 
J.30 X 10'0 64.8 66.4 

l.77 X 10'0 64.8 45.B 
3.88X 10 '0 64.8 92.2 

3.41 X 10'0 64.8 96.5 
3.41 X 10'0 64.8 96.5 

2.90 X 10'0 100.5 66.4 

6.44 X 10 '0 190.2 94.4 

5.87 X 10 10 100.5 94.4 
6.80 X 10'" 100.5 94.4 
3.11 X 10" 76.8 94.4 

2.25 X IO " 64.8 68.3 
2.31 X 10 '0 190.2 68.3 
6.14 X 1O'o 100.5 68.3 
2.77 X I0'o 64.8 124.B 
2.77 X 10'0 64.8 124.8 

Results obtained with program MATCH2. Thickness of sli ce through structure = 2 A tota l (1 A out from central plane). Motif radius = 6.0 A. In put was results of MATCHI 
ca lcu lat ions (tables 2 and 3). Atoms were included in an atom's motif when their distance to the motif·defining atom was within factor of 1.25 of nearest distance for atoms of that 
type to central atom. Vectors in different motifs must match within IS percent in length and have the same sign for the charge product of the atoms defining the vector before they 
can be co nsidered to be matched. Compound A is Cas(PO"l:.0 H. Compou nd B is specified at th e left hand side of tab le 4. 

Contact pla nes and sort key are as given in tabl e 3. The ordi nal number of the match in the outpu t from MATCHI (so rt ed on the sort key) is given in the sort order column. 

, Merit figu re includes all owi ng for on ly half occupancy of Ca(4) si te. 



This will not be tru e if for example a structure contains an 

appreciable number of water molecuies, as in the hydrated 

layer of CasH2(P04)6·5HzO. However, the merit figures will 
be meaningful if the maj or features of at least one of the 

structures are adequately represented by Ca and P 
positions. This is the case for the apatitic layer of 

Ca8Hz(P04)6·5 HzO and is especially true for CaS(P04)30H 
itself. Inclusion of the other stru ctural features, such as the 

oxyge n atoms in Cas(P04hOH, may mitigate again st 
watches with high merit fi gures for Ca and P alon e, but 
will probably not produce a higher merit fi gure (suitabl y 

scaled if necessary) than that obtained with Ca and P . A 

previously-mentioned example of obtaining a high merit 
fi gure with near zero probability of twinning wh en the 

oxyge n atoms are considered [6] is the (100) plane of 

Cas(P°4hCl . 

8. Feasible Cases of Epitaxy 

Figure 3 shows th e frequ ency of occurrence vs. inter

plane merit fi gure for the 364 inter-plane merit figures 

obtained in thi s stud y. Few cases of epitax y hav e inter
plane merit figures greater than our proposed threshold 

value of 6.0. Those that do involve epitaxy between 

Cas (P04hOH and CasH2(P04)s·5H20 , Cas(P04hOH and 
Ca40(P04b and Cas(P04hOH and Cas(P04)zSi04. 
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FI(; UHE 3. Distribution of nUinher of occurrences versus interpLane figure

oJ-rneril Jo r calculations described in th.is paper. 

Table 5 shows the detailed atom:atom matching for the 

hi ghest inter-plane merit fi gures for the various cases of 

e pitaxy considered. For the Cas(P04)30H /CaHz(P04k5HzO 
case with an inter-plane merit figure of 8.32, the detailed 

atom-atom matching is reasonable both chemically (as 
indicated by the magnitudes of the individual atom-atom 

matches and by visual inspection of the structures) and 

T ABLE 5. IlIter-m O/~r f igures of "writ and correspondence o[ atoms 

Jor besl fit cases i ll table 4. 

Ca,,(PO.,);,OH 
Ca l 121 
Ca212] 
P 12] 

Ca\(PO.,)"OH 
Cal [2J 
Ca2 [2] 
P [2] 

Ca,,(P04h OH 
Ca l [2] 
Ca2 [2] 
P [2] 

Ca\(P0 4)30 H 
Cal [4] 
Ca2 [4] 
P [4] 

CaH H,(pO,),;5H,O inter-plane merit fi gure = 8.32 

Cal [lJ Ca2 11J Ca5 [11 
97.8(2) 98.1(1) 79.5 
82 .2 81.9 97 .1 (3) 
59.8 59.4 51.2 

Ca"O(pO, ), inter-plane merit fi gure 

Ca5 [1] Ca6 [1] Ca7 [1] 
84.8 81.2 93.3(2) 
81.0(6) 8 1.5(5) 78.6 
62.8 65.6 55.4 

Ca40 (PO.,), inter-plane merit fi gure 

Cal [1] 
94 .6(1) 
78.0 
57 .4-

Cal [3] 
67.4(8) 
62-7(9,10) 
55.1 

Ca2 [1] Ca3 [1] 
86.8(4) 84.9 
74.6 82. 1(5) 
50.7 58. 1 

CaHP04 inter-plane merit fi gure 

Ca2 [3] 
68.6(5,6,7) 
62.7 
53 .4 

356 

Ca8 111 
75 .0 
89.5(4) 
52 .1 

= 7.98 

Ca8 [1] 
93.3(1) 
78.9 
55.9 

= 7.70 

Ca4 [1] 
77.3 
92.0(3) 
47.6 

= 5.84 

Pl [3] 
52 .3 
46.7(i 1,(2) 
77.2(4) 

P9 111 
37.2 
43 .6 
70.9(6) 

P3 [lJ 
56.2 
56.9 
89.5(4) 

P l [1] 
28.0 
26.6 
63.5(6) 

P2 13J 
53.1 
47 .7 

P 12 [1] 
51.4 
51.2 
86.0(5) 

P4 [11 
53 .8 
57.9 
91.7(3) 

P2 [lJ 
54.7 
56.3 
92.7(2) 

77 .5(1 ,2,3) 



Ca, (pO")30 H 

Ca l 16 1 

Ca2 16 1 

I' 16 1 

Ca, (pOJ"O H 

Ca I [6 1 

Ca2 11 2] 

I' 19 1 

Ca, (pO"l:.0 H 

Ca l 14 1 

Ca2 16 1 
I' 16 1 

Ca, (pO"l:.0 H 

Ca l 14 1 

Ca2 16 1 
p 16 1 

Ca,(pO ,J:P H 

Ca I 12 1 

Ca2 12 1 

p 12 1 

Ca,,(pO,J,O H 

Ca l 14 1 

Ca2 16 1 

p 16 1 

Ca HPO. illte r-pla ne me rit fi gure = 5.42 

Ca l 14 1 
62 ,9 

63,4( 11,12 , 13 ,14) 

50.6 

Ca2 [41 

~(7,8,9, I O) 

64.5 

49.6 

pI14J 

43.2 (1 5, .1 6) 

38.6 

z.±:!.(5,6) 

Ca H PO,,.2 H,O inter-p la ne me rit fi gure 2.85 

Ca [4 J 1' 14 1 
46.3 69.8( I ,2,3,4) 

68.8(5,6,7 ,8) 47.2 

0.0 27.0 

Ca(H, PO,J , ·H, O inter- pl a ne meri t fi gure = 2.73 

Ca l 13 1 1'1 13 1 1'213 1 
64.3(1 ,2,3 ) 4 1.6 34.9 

52 .3 32.3 34·.2 

38.7 58.7(7,8,9) 59.7(4,5,6) 

,8 -(a,,(I>O,,), int e r-p la ne me rit figure = 5.65 

Ca3 16 J Ca4 12 1 CaS 12 1 
77.6( 1,2,3,4) 62. 1 59.5 

75.2(5 ,6) 66.9'( 12 , 13) 57.2( 15, ( 6) 

52.6 37.0 27 .9 

Ca, (I>O"),5 iO,, int er-p la ne me rit figure = 6.70 

Ca2 12 1 

77.6 

77. 7( 1,2) 

43.8 

Ca3 12J 
77.6(3,4) 

75.0 

57.4 

G 12 1 
49.3 

44.6 

73.6(5,6) 

Ca5(PO,),5iO .. int er-pla ne me rit figure = 6.25 

Ca2 16 1 Ca3 [6 1 G 16 1 
75.2 82.0( I ,2 ,3,4) 53.5 

77.8( I 1, 12 , 13, 74.4 52.5 

14, J 5, 16) 

P2 [41 

43.6 

39. 1 

7 4 _2( 1,2,3 ,4) 

P2161 
35 .0 

36. 1 

72 .2(7,8,9, I 0 , 

11 , .1 2) 

39.9 54.3 80.8(5,6,7,8,9, ( 0) 

Atom labe ls are for crys ta Jl og raphi ra Jl y different atoms, i.e., th ose which ha ve differe nt chemica l 

environm ents. These labe ls are give n as Ca(l) etc. in ta bl e 4 and as Ca 1 etc. here. Thus Ca I [2 ] 

mea ns that two Ca 1 atoms have been included in th e sli ce . The atoms in C .. (P04),OH are give n 

dow n the left ha nd s ide of each small table and the atoms in th e oth er com pound are given a long 

the top. Indi vidual atom -atom matchings we re accompli shed by co ns idering th e hi ghest 

indiv idual int er-motif fi gures-of-m erit a nd the number of each atom type av ailable. The 

individual inter-motif fi gures-of-merit used in calculating th e inter-plane merit figure are 

underlined . The order in whi ch th e matches were made is give n in pare ntheses, e.g., 98. 1 ( I) was 

th e first atom match used for Ca,(p04)30 H ICaHH,(POJ,;5 H, O. 

' Must be redu ced by 50 perce nt in summin g for me rit figure beca use onl y half o f th e Ca(4) s it es 

a re occupi ed. 

spatial ly, as is show n by th e map in fi gure 4_ The 

e pitactica l re lationships invo lvin g a ll atom s in the crystal 

structure is shown in three dim ensional form in fi gure 5. 
Evidence for this case of epitax y was found first by Brown 

et aL [23] and la ter by Brown et aL [24]. Figures 6 and 7 
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show th e detai led a tom:atom matchin g in the contact s li ces 

for th e two s ignificant matches betwee n Ca5(P04)30H a nd 

Ca40(P04lz- The fit is obv iously good in both cases_ These 

cases have not yet been found in practice . 



® 
Cal/Ca2 Cal/Chl Cal/Ca2 Cal/Cal 

® ® ® ® 
P/P9 P/P9 

Ca2/Ca5 Ca2/Ca5 

® ® ® 
® 

Ca2/Ca8 Ca2 / Ca8 
P/P12 P/ Pl2 

Cal/Ca2 Call Cal Call Ca2 Cal/Cal 

FIC UIlE 4 . Epilaxy bel ween contact planes (010) in Ca5(P04l:.0 H and 

(100) in Ca.H, (p04),,.5 H,O for merit figure 8.32 . 

Firs t set of label s s i p:ni fic~ aloms in the former at locat ion X; second sct of labels s ignifies atom s in 
the Jail er at loeation O. In thi s (,3se the relative atom ic pos itions are esse ntia ll y superimposed. 

FIGURE 5. A stereoscopic illustration 0/ epitaxy between Ca5(P04hOH and 

Ca8 H,(p°4)6·SH,O. 
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Q a 0 (5 
calf Calf Calf Calf 

0 
£) 

0 0 p /p 4 p/p4 
Ca2/Ca6 Ca2/Ca6 

CS 0 6 0 
Ca2 /Ca5 Ca2 / Ca5 

P / P3 p/p3 

0 P 0 x CJ 
Cal/Ca8 Cal/Ca7 Cal/Ca8 Cal/Ca7 

FIGUIlE 6. Epita.xy between conta.cl planes (010) in Ca5(PO,,),OH 

(010) in Ca,O(p0J, for merit figure 7.98. 
Labe lling as in figu re 4. 

~ ® C8> ® 
Cal/Ca2 Cal/Cal Cal/Ca2 Cal/Cal 

® @ ~ 
® p/Pl p/Pl 

and 

Ca2 /Ca4 Ca2/Ca4 

(8) {) 
X 

Ca2 / Ca3 b Ca2/Ca3 0 
p/p2 P / P2 

® 
Cal/Ca2 Cal/Cal Cal/Ca2 Cal/Cal 

FIGURE 7. Epitaxy between conta.ct pla.nes (010) in Ca5(P04hOH and 

(010) in Cas(pO,).SiO, (or merit figure 7.70. 
Labelling as in figure 4. 

9. Unlikely Cases of Epitaxy 

The next highest inter-plane merit figures (table 5) 

involve epitaxy between Cas(P04hOH and Cas(P04)2Si04. 
Comparison of the correspondences in table 5 for the inter
plane merit figure 6.70 reveals a need for visual 
supervision of the procedure (suitable plots are prod uced by 
the computer program). In table 5, Ca(l) in Cas(P04hOH is 
matched with Ca(3) in Cas(P04)2Si04' whi le Ca(2) in the 
former is matched with Ca(2) in the latter. Figure 8 shows 
that thi s is unrealistic. The matches Ca(1):Ca(2) at 77.6 and 
Ca(2):Ca(3) at 75.0 could have been taken instead with 

-~ 

(5 9 6 Q 
Cal/Ca2 Cal/Ca2 

Cal/Ca2 Cal/Ca2 

X 
0 0 X 0 X 0 X 

piG Ca2/Ca3 piG Ca2/Ca3 

x X 

0 X 0 0 X 0 
Ca2/Ca3 piG Ca2/Ca3 piG 

X 
0 0 
X X X 

0 Cal/Ca2 0 Cal/Ca2 
Cal/Ca2 Cal/Ca2 

FI GUHE 8. Epilaxy betlVeell COli tact planes (0 LO) in Ca,(pO.)"OH and 

(100) ill Ca5(PO,,),S iO. for meril figure 6.70. 
Labcllill~ li S in fi~ure 4. The fi t ove r the whole sllrfaec is Ill)! parti ('ularl y good . G refers to II 

~eneral position in Cas(PO,J25i04 whidl is oCl' upied b} bOlh P and S i a loms. 

essentia lly no chan ge in the overall merit figure. (There is 
some un certainty in th e matching process where individual 
atom matches are within - 5 units of one another.) Figure 
8 a lso shows that this match is unlike ly to produce a viable 
case of epitaxy because the atomic patterns taken as wholes 
over the contact planes rather than an atom environment at 
a time can be seen not to match especiall y we ll. We have a 
choice of matching the Ca strings runni ng horizontally a t 
the top and bottom of fi gure 8 or matching th e Ca/P and 
CalC strings in th e middle of fi gure 8. 

Figure 9 contains the atoms in volved in the second case 
of possible epitaxy in table 5 for Cas(P04hOH and 
Cas(P04hSi04. There is no obvious correspondence between 
the atomic patterns. 

According to our fi ltering procedure, the best case for 
CaHP04·2H20 is a lowly 2.85. The poss ibilities suggested 
by Francis and Webb [25] for epitaxy between Cas(P04hOH 
and CaHP04·2H20 did not survive the filtering process in 
the generation of matching nets because the differen ces in 
their net angles are -10·, whereas a maximum of r had 

to be used to cut the number of matching nets down to 
manageable proportions « 1000). Their possibilities were 
treated as special cases and are shown as such in table 6 . 
The fact that the highest merit figure is on ly 3.84 suggests 
on a quantitative basis that experimental realization of 
these hypothetical cases is very unlikely, and that growth of 

an extensive, oriented and cohesive film of Cas(P04hOH on 
CaHP04·H20 (or vice versa) is not a significant factor in the 
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X 
Cal 

X 
Ca2 

X 
Cal 

X 
Ca2 

x 
p 

X 
P 

X 
Cal 

X 
Cal 

X 
Ca2 

X 
p 

0 
Ca3 

0 
X Ca2 
Cal 

X 

P 

X 
Ca2 

X 
p 

X 
Ca2. 

X 
Cal 

0 0 G 
Ca3 

0 
Ca2 0 

Ca2 

0 0 0 
Ca3 

G Ca3 

0 0 0 
G G 

Ca3 

0 0 
Ca2 Ca2 

0 
Ca2 

FIGU RE 9a. Atomic arrangement on (122) plane of Ca,(pO.)"OH . FIGURE 9b. Atontic arrangement on (0 10) plane of Ca5(PO,J ,SiO,. 
G re fers to a site .... ·hi t h is occupied hy bo th P and Si atoms. 

Contact planes 
A B 

(010) 
2 (1l0) 

(010) 
(110) 

Net 
A 

[101 ,001J 
[110,001) 

vectors 

B 

[100,001) 
[110,001) 

TABI.E 6. Francis and I{"ebb suggestioll s fo r 

Ca,(pO.),OH / Ca HPO.·2H,O epitaxy .' 

A 

Lengths and angles 
B A 

11.66A 6.88...\ 5.81A 6.24A 53.84° 
16.31A 6.88A 16.25A 6.24A 90.00° 

Atom matching' 

B 

63 .58° 
80.85° 

Matching Net I 

Merit figure = 3.84 

Ca [2) 

Ca 2 [2) 68.5 (1,2) 
P [2)48.7 

P [2) 

32 .4 
56.1 (3,4) 

A colums- Cas(PO.hOH; B columns-CaHPO.·2 H20 

Merit figure 

Ca [2) 
Ca I [2) 56.0 (3,4) 
Ca 2 (2) 51.8 

P (2) 41.4 

3.52 

P [2) 

28.6 
29.9 
58. 2 (1 ,2) 

·Ca5(PO.hOH atoms ve rtica l, Ca HPO. ·2H20 atoms horizo ntal. Subsets accepted in these calculations. 
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Sort 
key 

0.2..76 
0.236 

Areas,A' 
A B 

64.79 
112.21 

32.47 
100.12 

Matching Net 2 

Merit figure = 2.55 

Ca [4) 
Ca 1 [41 z.1i!1,2,3,4) 

Disloc. , 
- 2 em 

3.60 X 10'2 
2.20 X 10" 



r 
biological growth of Cas(P04)30H-like material. The atomic 
correspondencies given in table 6 and as placed in our 

unpublished plots are very poor. 

Similar results [26] suggest that Ca(H2P04)2·H20, found 
to be the predominant new solid phase form ed in acid

etching of teeth, probably does not enter into an epitactical 

relationship with Cas(P04hOH. !3-Ca3(P04h and CaHP04 
have about the sa me merit fi gure for epitaxy with 

CaS(P04)30H. The case judged to be most likely from the 
present proced ure for CaHP04 was also suggested from 

visual inspection of the stru ctures by Brown el al. [1]. Our 

present results suggest that the action of depositing 

Cas(P04hOH on CaHP04 [27] and Ca(H2P04)2 ·H20 on 
CaS(P04)30H arises s tri ctl y from heterogeneo us nucleation 
of the surface phases on so lid particles, th e vari ous nuclei 

forming an incoherent film wh ich then mechanica ll y blocks 
access from the surrounding so lution to the interi or of th e 

particles. It is also doubtful at this point whether 

!3-Ca3(P04)2 wi ll e nte r into an ep itactica l re lat ions hip with 

Cas(P°4hOH . 

10. Merit Figure Required for Epitaxy 

We can nolV prov ide some contex t to aid in the 

assessment of me rit fi gures. A distribution of th e 364 merit 

figures obtained in this stud y was given in fi gure 3. The 

maximum, ce ntered about a merit fi gure of approximately 
3.0, may be ascribed to random matches. Our prev ious 

lower bound of 6.0 leaves only a few cases for se rious 

consideration. The lower bound for reasonable ex pectation 

of e pitaxy in these c1!lculations is 7.70, found for 

Cas(P04hOH/Ca40(p04h. A lower bound of 6.0 is the refore 
a reaso nabl y co nservative estimate, and it is in keep ing 

with an extrapolation of the upper side of the maximum in 

figure 1 to zero cases. Note, however, that the magnitud es 
of the merit fi g ures depend on th e percentages of the 

structures used and are related to the number of atoms in a 
s lice per unit area of that slice . Therefore each 

investigation must provide context in which to judge the 

magnitudes of the merit figures. It is good practice to 

calculate figures of merit for some random matches to pro

vide information on the merit figure distribution. 

11. Implications of Quantitative Estimations 
of Epitaxy 

Quantitatively evaluating both th e atomic correspondence 

and the misfit of the net angles and re peat di stan ces 

associated with the contact planes provides insight into the 

nature of the overgrowth and its properties. Well matched 
atomic patterns indicate the possibility of the formation 01 a 

extensive coherent film und er conditions where both 

members of the epitacti cal pair are stable. Such a film 
would be well attached with a small surface area, and 

would be as kinetica ll y reacti ve as macroscop ica ll y-s ized 
sampl es of the pure substan ce. It 1V0uid be the favored 

choice and perhaps even un avoidable. Such cases would be 

importa nt ih nonstoi chi ometri c precursor formation and 
ubiquitous twinnin g. On th e oth er hand , cases with poorly 

matched patterns would be ex pected to provide a mixture of 

phases or thin , mechanica ll y weak films spreading through 

dendritic growth . S uch film s would have high surface area 

and hence enh anced kinetic reactivity. They would be 

important only und er drasti c co nditi ons of crystalli zati on. 

12. Summary 

A procedure for ge neratin g a nd exa mining possiple cases 
of epitaxy and twinning has provided a ge nera l a nd 

quantitative estimate of the rela ti ve probab jlities of 

occurrence. The present procec!ure filters out unlikely 

candidates leav in g th e more probable cases for deta iled 
exa mination. Such examinatioh s hould include an 

assessment of th e compatibility of the compl ete crystal 

stru ctures in the vicinity of th e co ntact plane . Realistic 

eva luation of th e relative probability of occurre nce for 

examples of twinnin g which ha ve th e same contact plane 
for both compo nents of the twin will require that twinning 

operations be performed on large structllral s li ces before 
th eir compatibility is eva luated. Up to thi s point sUGh 

twinning modes have mainl y been used here to provide 

lIpper bounds fo r th e merit fi gures . 

Our examination of possible CaS(P04)30H twin s suggests 
~hat twinning o n th e same contact plane is more li~ ~ l y than 

twinning that results from different co ntact planes for each 

twin component. The twinnin g mode using the sa me co ntact 
plane requires no dislocations due to misfit at th e interfa ce 

and favors coherent growth . Relative merit fi gures suggest 

that twinning on (111) is more likely th a n twinnin g on 

(103). Unfortunately there is not enough expe rimental data 
available to check this prediction. 

Evaluation of proposed epitaxies between Cas(P04hOH 
and other calcium phosphates indicates that the highest 

probabilities fo r epitaxy are between Cas(P04hOH and 

CasH2(P04k5H20, Cas(P04hOH and Ca40(P04b and 
Cas(PQ4hOH and Cas(P04)2Si04' Of these, the first is the 

most likely and is probably unavoidl!ql~ und er conditions 

where CasH2(P0.J6·5H20 is stable, the seco lld has not y~t 

been found, and the last is unlikely as suggested by figu~e, 
2-7. Possible epitaxies between Cas(P04h OH and CaHP04 
or !3-Ca3(P04)2 are significantly less likely than epitax y 

between Cas(P04hOH and Ca40(P04)2 on the basis of 
relative merit figure s. 
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Epitaxy tests between Cas(P04hOH and CaHP0 4·2H20 
or Ca(H2P04h·H20 gave merit figures which suggest that 
these cases are no better than a random match. Any 
deposition of these phases on one another will fo rm 
incoherent films which then mechanically block access of 
the surrounding solution to the interior. 

13. Note on Matching of Complete Patterns 

To consider identity matches in twinriing and the 
interlocking of complete interfacial planes in epitaxy and 
twinning, a third step in this series is desirable. That step 
would use as a starting point the planes found here and 
would attempt to estimate the degree-of-fit between slices 
through the complete structures, including for example the 
oxygen atoms in calcium phosphates. The procedure co uld 
be as follows: cell parameters, symmetry elements and 
atomic positions are used to generate a full unit cell of 
atoms in orthogonal coordinates for each of the two crys tal 
structures to be compared. Unit cell vectors defin ing the 
slices through the structure, usually obta ined from 
MATCHl and MATCH2, or possibly from inspection of the 
structure, are used by the program to calculate various 
statistics (as described for MATCHl) for the planes. The 
normals to these planes are used to bring the two structures 
into alignment so that the planes to be compared are 
parallel to one another. The structures are rotated about the 
plane normals according to the requirements of 
superimposing a short (;;;.3) list of "matching atoms" 
usually obtained from MATCH2. The mirror images of one 
of the initial structures is also considered if the tria l atoms 
can not be matched. Various diagnostic messages 
concerning any misfits are provided. 

An attempt is then made to optimize the superposition of 
the slices in the two structures. The distances between 
"matching" atoms with the same alphabetic label (e.g., Cal 
are calculated and, before being summed, are weighted by a 
heuristically designed quantity incorporating the product of 
the assigned atomic charges. The two slices are maneuvered 
over one another until the weighted sum of distances over 
all matching atoms is a minimum. 

The contents of the slice are then filled out using the 
complete crystal structure. Atoms in rigid bodies such as 
P04 are given their complete rigid body. Finally, the 
completed slices are maneuvered over one another and 
various merit figures are provided. These figures are based 
on charge and distance mismatch when the two slices are 
superimposed. The requirement is that the two slices be as 

simila r as poss ible. There is some iteration in OrIgIn shift 
between the two structures to mi nimize the mismatch. 

Much of the above procedure is working correctly III a 
prototype program. Co pies of all programs mentioned in 
thi s paper are ava il able from the authors. 
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