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The five parameter double integral f~ ely exp( - I' 2y 2) s in(j3y + 0) times H dx exp( - x2) cost E{3 x + </» is 
e valuated in te rms of Fourier transform s of exp(-x 2)erfc(ru;). Some new ex press ions for these transforms are 

obtained. 
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1. Introduction 

The five paramete r de finite doubl e integral cons idered in thi s paper is a ge ne ralization of that encounte red 

in describing the radi ation reaction e ffects on a c harged pa rticle swe pt ove r by a single plane lase r pulse . The 

electric fi e ld for suc h a pulse can be desc ribed by the fun ction 

whe re u = ct - k 'x, k be in g the direction normal to the plane wave. 

The integral e ncountered is 

whic h in the notation of thi s pape r may be expressed as 

and evaluated to yield l 

where K = D /(2 A). 
The five parameter definite double integral containing Gauss ian and trigometri c factors, di sc ussed in thi s 

paper I S 

JOO JY 
/(p, {3 , (J ; E, 1» == 0 dyexp (-p2y2)s in({3 y + (J) 0 dxexp( -x2) cos (E{3 x + 1» (I) 

where p > 0, (3 :::::: 0 , and E :::::: O. A some what related inde finite double integral, containing only Gaussian 

factors, has previously bee n di sc ussed by Rosser [3). It will be shown that [ (P, {3, (J; E, 1» may be evaluated 
in term s of Fourier transforms of Gaussian weigh ted eric fun ctions. The relevant Fourier sine transforms are 

* Invited paper. 
I The normalizati on adopted for the e rf. erfe, and erfi functions in this paper is the same as that employed in references [1] and [2]. Figures in brackets 

indicate literature re fere nces at the end of th is paper. 
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available in closed form. Closed form expressions of such Fourier cosine transforms also exist for special 
cases, and integral forms convenient for numerical evaluation may be developed for the general case . The 
necessary Fourier transforms are di scussed in the next section. 

2. Fourier Transforms of exp( -x2)erfc(ax) 

The Fourier sine transform, for 0' 2: 0, 

Fs(2{3 , 0' ) == {''' s in (2{3 x) exp ( -~) erfc (a x) dx (2) 

may be obta ined from the formula given by Ng and Geller [4], p. 155, 3. 5 (33), whi ch may be put in the form 

yr; 
Fs(2{3 , 0' ) = 2 exp (-{3 2){erfi[{3J - erfi[{30' (0'2 + l)- 1/2}. (3) 

For 0' < 0 , one may use the relation 

erfc( -x) = 2 erfc (O) - erfc(x) (4) 

to obtain the Fourier sine transform connection 

F.,(2{3 . - 10' I) = 2Fs(2 {3 , 0) - Fs(2{3 , 10' I) · (5) 

The analogous Fouri er cons ine transform, for 0' 2: 0 , is defin ed here as 

F,.(2{3 . 0' ) == f" cos(2{3 x)exp (-~)erfc(O'x) dx. (6) 

Two closed form spec ial cases of thi s are 

(7) 

and 

(8) 

This latte r equation follows from reference [1], p. 7, 4 .3(2). We shall demonstrate tha t for the general case, 
the Fourier cosine transform may be written as 

(9) 

or alternatively 

These forms may be convenient for numerical evaluation when closed form expressions are not feasible. For 
0' = 1, the integral in eq (9) may be evaluated (see refe rence [1] , p. 7, 4.3(1)) to gi ve the additional closed 
form spec ial case 

(11) 
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The general expressions given in eqs (9) and (10) may be establi shed starting from the formula given by 

Erdelyi [2] , p . 307: 

{ OO x2n cos(2 {3x) erfc(a x) dx 

_ r(n + 1) ( 1/ . 3/ 1/ . _ (3 2) - v' 2 F2 n + 1, n + 2, n + 2, 2, 
7T (2n + l )a 2n+ I a 2 

= _ 1_ ~ f(k + n + 1) _ 2 a 2 k 

2a 2n+ 1 f:o (k + n + 1,'2 ) f(k + 1/2)k! ( (3 / ) . 

It then follows using the series expansion for exp( -x2) that 

Revers ing the orde r of summation and employ ing the series representati on of the hypergeo metric fun ction , it 

follows that 

Now, substituting the integral express ion of reference [5] p. 114, 

and summing the geo metric seri es, one obta ins 

From thi s, the formula quoted in eq (10) follows immediately upon change of the integra ti on vari able from t to 
z (us ing the pos itive square root branch for z) via 

The integral in eq (10), of th e form 

sati sfi es th e differenti al equa ti on 

Hence, integrating thi s equation with respect to g over the range (0, (3) , recognizing that T ,,(0) = a - I 
arctan(a - I), and setting g = (1 + ( 2 ) 1/2 x, one find s that the expression given in eq (10) may be written in the 
equivalent form di splayed in eq (9) . 

For negati ve a , analogo usly to eq (5) , the Fourier cosine transform connection is 

(12) 
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3. Evaluation of I(p, (3, 0; E, <p) 

The five parameter definite double integral defined in eq (1) will now be evaluated in terms of the Fourier 
transforms discussed in the previous section. Results are quoted in eqs (15), (17), and (18). The results for 
the special case {3 = 0 are given in eq (19), while the results for the limiting case E{3 ~ 'Y as (3 ~ 0 are 
presented in eqs (21-22). 

We begin the derivation of the results by transforming the domain of the double integral using the general 
relation 

which may easily be establi shed using the variable changes g + TJ ~ y, TJ ~ x. Consequently, it follows that 

f" dy J oY dx h(y, x) = f' dy f" d~ hey + x , x) . (13) 

Employing this relation, we may write l(p, (3 , 8; E, 1» in the form 

A t this point , {3 will be restri cted to values greater than zero. [The spec ial case {3 = 0 will be di scussed later.] 
In analogy with Jones and Klein [6, p. 3], we use a Dirac o.function to write the double integrals as triple 

integrals . 

21(p, (3 , 8; E, 1» = 

.!fm{ei(O+<I» J oo dt ei/3t f oo dy r oo dx e-P'(Y+X)'e-X'o[t - y - (1 + E)X] 
-00 0 J 0 

+ ei(O- <I»J
oo 

dteif3tJ oo dyJ OO dxe- P'(Y+X)'e-X'o[t - y - (1 - E)X]}. 
-00 0 0 

Doing the integration over y first and noting that y ;:::: 0 in the range of integration , we obtain 

2l(p, (3 , 8; E, 1» = 

.!fm{eiW +</» J :oo dt ei/3t { OO dx e- p2 (t -<x)'e-X'e[t - (1 + E)X] 

+ eiW - <I» J 00 dt eif3t J 00 dx e- P'(t+<X)'e-X'e[t - (1 - E)X]} 
-00 0 

where the step function 8{z) is defin ed as unity for z ;:::: 0 and zero for z < O. The presence of the step function 
restricts the relevant range of integration for the variables t and x in the following fashion . In the first of the 
preceding integrals , the step fun ction requires that (1 + E)x ::; t, so since x must be ;:::: 0, it follows that t ;:::: 
O. Consequently, in that integral the ranges are 

In the second of the preceding integrals, the step function requires that (1 - E) x ::; t. Thus: 

(i) if E < 1, 
(ii) if E = 1, 

(iii) if E > 1, 

then 0 ::::: x ::; (1 - E)- It and 0 ::; t < 00, 

then 0 ::::: t < 00 and 0 ::::: x < 00, 

then 00 > x ;:::: max{ -(E - 1)- lt , O} and -00 < t < 00 . 
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It is useful to defin e the pos iti ve quantity 

(14) 

For conveni ence , in the first of the preceding integrals we change variables from ( I , x) to (Z, ?!J defin ed by 

~ = J.t x - EpZ 

so that the appropriate range in the first integral becomes 

O :s Z < 00 , [ ] - EP2] 
- EpZ 2: ~ < ) z. 

(l + E P 

Similarly, in the second of the preceding integrals, vari ables are changed from (t, x) to (z, ?!J now defin ed by 

~ = J.t X + EPZ 

so tha t appropriate ranges for the second integral for the various cases beco mes 

[ J + EP2] 
(i) if E < 1, then 0 :s Z < 00, EpZ :s ~ :s ) z, 

( I - E P 

(ii) if E = 1, then ° :s Z < 00, epz :s ~ < 00, 

{ 
-(1 + Ep2) } 

(iii) if E > 1, the n -00 < z < 00, max ) z, EPZ 
(E - 1 p 

Making these substitutions in the preceding integrals we fin d 

Zp/{p, f3 , 0; E, 1» = 

where 

(i) if E < 1, then E = 0, A(z) = EpZ, B{z) = [ / + E/;2] Z, 
1 - E P 

(ii ) if E = 1, then E = 0, A(z) = EPZ, B{z) = 00, 

{ - (1 + Ep2) i 
(iii ) if E > 1, then E = -00, A(z) = max ) z, EPZ , B(z) = 00. 

(E - 1 p 

From the definiti on of the erfc fun ct ion and eq (4), it foll ows tha t 

(i) for ° :S E < 1, 

47T- 1/2pl(p, f3 , 0; E , 1» 

= Ji m{ei<O+<t» f '" dzeiUW.IP)Ze-Z2[ zerfc(0) - erfc (Epz) -erfc ((1 - EP2Z)] 
o (1 + E)p 

+ eUO-<l» f '" dzei(f3lL/p)Ze-r [ erfC(EPz) - erfc ((1 + Ep2) z)]}; 
o (1 - E)p 
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(ii) for E = 1, 

47T- 1/2pJ(p, /3 , 0; 1, 1» 

= Jilm{ei(6+<bl { " dz ei(f3/L1Plz e- z2 
[ 2erfc(0) - erfc(pz) - erfc ( 1 ~:2) z) ] 

+ ei(O--<l>l f. '" dz eiif3 /L1Plze -z'2 erfc (pz)}; 

(iii) for E> 1, 

47T- 1!2pl(p , /3 , 0; E, 1» 

Jim{ei<8+<blJ '" dz ei<f3 J.L IPlZ e-z2 [2erfC(0) - erfc(Epz) - erfc( (l - Ep2) z)] 
o (1 + E)p 

Using the definitions of the Fourier transforms F c and F s given in the previous section, these results may be 
put in the form: 

(i) for O :s E < 1, 

+ cos(O + 1>{ 2FsC/3!J-/P, 0) - Fs(/3!J-/P' (~ ~ ~:)) ] (15) 

- sin(O - 1>)Fc(/3!J-/P, /1 ~ ~:) - cos(O - 1»Fs(/3!J-/P, tl ~ ~:) 
+ 2sin(1))[- cos(O)Fc(/3J.L / p, Ep) + sin (O)Fs(/3!J-/p, EP)]. 

[Note: The Fourier transforms have been defined for non-negative values of their second arguments. When 
(1 - Ep2) < 0, the above express ions may be used by replacing 

( 1 - EP2 ) ( Ep2 - 1) 
2F(/3!J-/p, 0) - F /3!J-/P, (1 + E)p = F /3!J-/P, (l + E)p , (16) 

where F represents either the cosine or the sine transform. This replacement follows from eqs (5) and (12).] 

(ii) for E = 1, J.L = (1 + p2)lf2; 

47T- 1/2pJ(p , /3,0; 1, 1» 

= si n(O + 1>{ 2Fc(/3J.L / p, 0) - Fc(/3J.L/P' 1 ~/2) ] 
+ cos(O + 1>{ 2Fs(/3J.L/p, 0) - Fs(/3J.L / P' 1 ~/j ] 

(17) 

+ 2sin(1))[ - cos (O)Fc(/3J.L/p, p) + sin (O)Fs(/3J.L/p, p)]. 
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Again, for 1 - p2 < 0 , the above exp ress ions may be used if we make the replacement given in eq (16) with 
E = 1. 

(iii) for E > 1, 

4rr- 1/2p/ (p, (3 , 0; E, cp) 

. [ (] - EP2)] = sm(O + cp) 2Fc((3 /-t /p, 0) - Fe (3/-t / p, (l + E)p 

[ ( ] - EP2)] + cos(O + cp) 2Fs((3/-t / p, 0) - Fs (3p-/p, ) 
(l + E P 

( 18) 

( ] + El) (] + EP2) + sin (O - cp)Fc (3/-t /p, ) - cos(8 - cp)Fs (3/-t / p, ) 
(E - ] P (E - 1 P 

+ 2sin(cp) [- cos(O)Fe((3/-t / p, Ep) + s in (O)Fs((3 /-t / p, EP)]. 

Here, when 1 - Ep2 < 0, the replacement given in eq (16) should be made. 
The various results given for l (p, (3 , 8; E cp) are continuous for E = 1. Us ing the fac t that F ,.((3 , x) ~ 0 and 

F .((3, x) ~ ° as x ~ 00, we may read il y verify that 

lim !(p , (3 , 0; E, cp) = !(p, (3 , 0; 1, cp) 
e---+I -

and 

lim !(p, (3 , 8; E, cp) = !(p, (3,0; I , cpl· 
€~I + 

For the special case (3 = 0, one obtains d irectly from the defin it ion of th e doubl e integral und er discussion, 

!(p, 0,0; E, cp) = { OO d),{1J dxexp( - l y2) exp(-x2 ) s in 8sin cp 

= s inO coscp { OO dyexp( _ p2).2)[e rfc(0) - erfc(y) ] 

= V;' (2p) - 1 s inO coscp [Fe(O. 0) - Fe(O , l i p)]. 

Thus, it follows using the spec ific values of the transforms, 

I(p, 0,0; E, cp) = (4pJ- 1 si nO coscp [rr - 2arctan(p)] 

= (2pJ-l sinO coscp arctanO / p). 
(19) 

This result also follows by a limiting process (3 ~ 0 in the results quoted in eqs (15-18) upon application of 
the relatiol1 for positive arguments 

arctan(x) + arctan(l/x) = rr/2, 
and the id entities (for E 2: 0, P > 0): 

[ 0 ± E)P] a rctan (Ep) ± arctan(p) = ± arctan . _ 
] + p2 

for 1 - El > 0, 

and 

arctan (~) ± arctan (~) 
P Ep 

[ 0 ± E)P] = ± arctan 
El =+= 1 

for Ep2 - 1> O. 
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[The inequivalent forms corresponding to the two upper signs are necessitated by the arctangent's definition 
which requires 7T /2 ::; arctan{x) ::; 7T/2.] 

Finally, the particular double integral 

J'" JY H(y,p, <1» = u dy 0 dxexp(-,iy2)exp(-x2)cos(YX+<1»,y2:0 (20) 

may most easily be evaluated by integration by parts: 

J '" JYIP 
H(y , p, <1» = -( l i p) y=o [derfc(y)] x=o dxexp(-x2)cos(yx + <1» 

(21) 

= y';' (2p) - I[(cos<1>)Fc(y, p) - (sin<1»Fs(Y , p)]. 

This result also follows directly from Eq (18) by the following limit process: 

H(y , p, <1» = lim l(p , {3 , 7T/2; y/{3 , <1». (22) 
{3-0+ 

The author would like to thank Professor N. Kemmer for his hospitality at the University of Edinburgh 
where this work was initiated during a sabbatical leave. 
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