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A program gene rator to manipul a te a utomati ca lly Po isso n series ove r the fi eld uf ra ti ona l numbe rs is appli ed 

to deve lop the limit cycl e of Van der Pol's eq ua ti o n in the po wers of th e s mall parame te r. Th e res ult s indi ca te tha t 

the rec urre nce re la ti ons in wha t Me lvin ca ll s th e a lgorithm of th e s hift ed phase are stable . 

Key wo rds: A Igebra by comput er; differentia l equati ons; mathematical software; non- l inear osc ill ati ons. 

In a recent note [lr , Melvin prese nted a ne w set of rul es to expand the limit cycle of Van der Pol 's 

equation 

in power seri es of the s mall parame te r E. He carri ed ou t the calcul ati ons tn s ingle prec is ion fl oa ting point 

arithmetic; he suggested tha t they be re peatf'd in exact form , i. e. tha t the coeffi c ients in the seri es be 

prod uced as quotie nts of re la ti vely prime integers . To achi e ve this res ult we appli ed to thi s proble m a program 
genera tor of our own, call ed MAO , to manipulate ra ti onal Po isson se ri es by computer. In the prese nt note we 

show how thi s processor enables us to s im pl ify drasti call y Melvin 's algorithm ; the n we present the ac tual 

ex pansions for the limit cycl e and its frequ ency to E 8. 

Melvin's rul es are ex pressed in te rm s of a new ind epe nd e nt va riabl e 

T = wt 

by means of wh ich the o ri ginal equation is transform ed into 

The cycle and its freque ncy are expanded in formal power series 

1 
w = " - w En L.. , " 

n~O n. 

of the small parame te r E . Melvin showed that the foll owi ng parity rul es are con siste nt: 

(i) For /l. eve n , th e term y" is an eve n fun c tion of T ; 

(ii ) For n odd, the coeffi cient w" is 0 and the term Yn is a n odd fun c tion of T. 

The te rms y" a nd the coeffi cients w" are to be de te rmined recursively, s tarting with 

YO=2 COS T and wo=l. 

* An invit ed paper. 
** Present address: Center for A pplied Mathemati cs , National Bureau of Standards , Washington , D.C. 20234. 
I Figures in brac kets indicttte lite rature references at the end of this paper. 
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Le t 

be expa nd ed as th e powe r seri es 

As we introduce the intermediate qua ntities 

'J 
u = Y -, 

1 
F = '" - E"F L.., n ' 

n~O n. 

I 
V = wY , 

we observe that the coeffi c ients in the power seri es 

1 
- '" - E" U - L.. ,un , 

n~ O n . 

1 
v = '" - v E" L.J ,n , 

n~O n. 

are give n by the express ions 

2:. ( n) YmYn- m , 
Os ms n m 

] 
W = '" ~ w Ell L.. , n 

n2!O n. 

I 

WmYn~m 

where (:) sta nd s for the binomial coeffi c ie nt n! / m! (n - m)!. Therefore 

F n = n[vn- , - 2: (n-l) vmun- ,- m] 
O:s: m :s n- I m 

/I 

WmY n- m ' 

We denote by F :: the value whic h Fn ta kes when we set Y n = O. In vie w of the parity rules, F" is an eve n or 

odd fun c ti on of T respectively whe n n is even or odd . Now it turn s out that the term Yn in the limit cycle is a 
solution of th e non-homoge neous linear equation 

(3) 

He nce 

Yn = y~ + y ~ 

with the homogeneous ge neral solution 

Y I~ = Cn COS T + Sn sinT 

and Y ~ a partic ular solution of eq (3) . In application of the parity rules, we set s" = 0 whe n n is even and CIt 

= 0 whe n n is od d . For the particul ar solution y~ to be peri odi c in T , the right ha nd member F ~ must not 

conta in terms in sin T a nd cos T. These critical terms will be removed from F ~ by following the periodicity 
rules : 

(i ) Whe n n is even , F :: contai ns a term in cos T whose coeffi cient is of the form a - bwn . Therefore, 

we continu e d etermining the frequency in the limit cycle by setting W n = a /b. The coeffi cient Cn in 
the term y~ will be determined at the next order. 

(ii ) Whe n n is odd , F:: contains a term in s in T whose coeffi c ie nt is of the form a - bCn- I ' The 

dete rmina ti on of Yn- l is completed by settingcn_l = a /b. We also sets" = 0 which implies that y~, 

= 0 in all co mpone nts of the limit cycle at odd orde rs. 
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For our processor o f Poi sson seri es, the te rm s y" are re prese nted as pointe rs to li s t s truc tures in whi c h the 

tri gonome tri c co mpone nt s a re c ha ined dynam icall y. The pa rity rules a nd the pe ri od ic ity rul es are all we need 

to know a~out th e s truc tures of the te rm s y" in ord e r to co ns tru c t the limit cyc le . But, in Me lvin 's 

impl e me nta ti on, the Poi sson se ri es a re re prese nted by the stati c a lTays of the ir num e ri cal coe ffi c ie nt s . Thus 

one needs to kn ow tha t th e te rm )' " is a Fouri er s um of the form 

whe n n is even , and of the form 

y" = 2: C",11/ cos(2m + 1)7 
O~m:=s; 

Yn 2: Sn.m s in(2m + 1)7 
]s m s n 

whe n n is odd. Expressed in te rms of th e matri ces C '1l .m a nd S" .III ' the algo rithm of Linds tedt-Po inca re gives 

ri se to a la rge set of intri cate a lgebrai c fo rmul as. 

Th e tables on the nex t page present the de velo pm ent of the limit cycle to ord e r 8 . We confirm th a t the 

correspond in g coeffi c ie nt s produced by Me lvin in n oa ting point format a re exac t to 6 digits with roundin g for 

the las t digil. As the tables s how, nume rators and d enominators in the coe ffi c ie nts of th e cyc le and of its 

freq ue ncy a re rap idl y inc reas ing in absolute va lu e . Our progra ms writte n in PL/ 1 for the JBM Optimi zing 

Compil e r (ve rs ion 1 , re lease 3.0) mak e use of th e a rithme ti c ha rd wa re to ope ra te on integers in dec im a l 

nota ti on with a t mos t 15 di gits. He nce, th e program encounte red a fix ed point ove rn ow in th e course of th e 

ope ration s at the 9-th orde r. A pre li minary ve rs io n in wh ic h the normali zing fac torials we re omitted in (1) and 

(2) ra ised the fix ed ove rn ow co nditi on a t ord e r 5. 

An oth e r way of de te rmining the limit cyc le uses co mpl ex coo rdin a tes (//" v) . Th ey a re introduced by 

They tra nsform va n de l' Pol's equat ion into 

U = iLl, 

I.L=Y-i)' 

v = Y + iy 

E 
- (u - u)«u + vF - 4) 
8 

(4) 

A co njugate complex equation holds for v . As th e cycl e in real form is a Fouri e r se ri es with pe ri od 2rr/w we 

introd uce a ne w ind epe nd e nt variable by 

The solution is the n found as a formal powe r series of the form 

Li = 2: E" Lin(~) 
n~O 

whe re the Lin(~) a re odd pol ynomial s in f The freque ncy w will be fou nd a t th f' sa me time in the form of the 

foll ow i ng seri es 

w = "'\' W E" L..J n 
n~O 

The ne w inde pe nd e nt variable gives ri se to the differe ntial operator 

dId 
D = ~ - = ---

d~ iw dt 
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TABLE I. Frequency. 

n W Il 

0 

2 
] 

-
8 

4 
17 
128 

6 
175 
6144 

8 
4752293 

- - - -
884736 

TABLE II Term, of" even order in the cycle . . 

'Yo 'Y2 Y4 'Y6 y. 

I 23 258095 
cos T 2 - - -- - --- C8 

32 2048 ] 179648 
3 10] 120305 1958726609 

cos 37" - - - -- -
16 512 196608 141557760 
5 1865 164417.5 3919930525 

cos 51' - - -- - - -- -
48 4608 1769472 254803968 

1379 10923199 147344494843 
cos 71' -- -

4608 4423680 31850496000 
183 1769369 161113663733 

cos 91' -- ----
2560 819200 5898240000 

409871 1359229760383 
cos 11 l' - --

460800 46448640000 
715247 2076538440769 

cos 131' - ---
5160960 130056192000 

52642636] 
cos 151' 

115605504 
392636471 

cos 171' 
743178240 

TABLE III Terms of" odd order in the c'Ycle 

'Y I Y3 i "'5 ,)" 

1 45 3895 31766 11 9 
sin 37" - - - - --

4 256 49152 9437184 

sin 51' [ 
85 40475 43837325 
- - -- -
384 55296 42467328 

7 99967 291164659] 
sin 71' - - --

96 110592 530841600 

sin 91' 
9791 82081092] 

- --
20480 98304000 

s in lIT 
5.533 16.57839733 

- --
61440 294912000 

s in 131' 
21731177 
11468800 

sin 1.51' 
69348.5 
---
27.52.512 
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It all ows us to rewrite eq (4) as 

if 
Du = u + - (u - v )((u + V)2 - 4) - (w - 1)Du, 

8 

Fro m thi s equa ti on the foll owing parity rul es can be read off immedi a tely: 

a) For n eve n Un has pure ly rea l coeffi c ients 

b) For n odd Un has purely imagi na ry coeffi c ie nts and Wn = 0 

Starting with 

the coeffi c ients w" and the polynomi al s ca n be de termined recurs ively by the foll owing method : 

For even n the term s of ord er f" in eq (5) g ive rise to the diffe renti a l equa ti on 

F 11 (~ ) is a know n polynomi al s ince it d epe nds onl y on U k (~) a nd W k with k < n. 

(5) 

It will conta in a linear te rm with a rea l coe ffi c ie nt a so tha t F,,(O = a + F ~(~). Since ~ is a solutio n to the 

homogeneous eq ua tion thi s is a c riti ca l te rm a nd we ha ve to set w '" = a/2 . The ge ne ra l solution to the 

re ma ining eq ua ti on 

DLI" = u" + F ;i'(~) 

is the n 

whe re LL~(~) is a polynomi al in ~ . The pa ra me te r a will be d etermin ed a t th e next ord er. T he differe nti al 

equ a ti on for te rms of odd ord er n + l reads 

F,' + t (~ ) denotes aga in a kn own polynomi al whi c h will conta in a linear factor of the form ib~ . To a vo id secul a r 

te rm s we require a = - b. The rema ining eq ua ti on ca n th en be integra ted to give the polynomi al U,,+ t . The 
solution to the homoge neous soluti on is set to ze ro thi s time out of conve ni e nce a nd to obta in th e phase 

shifting solutions of [1]. 

The second author u sed hi s algebra ic processor POL YPAK to impl eme nt the above a lgorithm by compute r 

and to c heck the results in [1]. POLYPAK is a pac kage of PL/I compute r progra ms for the ma nipul a ti on of 

real or complex powerseri es in seve ral variables . It was derived from MA O . All computati ons we re pe rfo rmed 

on the Amdahl 470/V6 of the University of Cincinnati whi c h runs und e r th e IBM opera ti ng system VS2 

reI ease 1. 7. 

For the above problem our series had two vari ables f and ~ a nd the coeffi c ie nts were s to red as complex 

doubl e prec is ion floating po int numbers. We de termined the soluti on u a nd the se ri es w th ro ugh te rm s of 
order f 45 and confirm e d th e result s give n in [1]. 

Our computa ti ons too k 57 seconds . Thi s compa res with 130 second s for a FORTRAN program whi c h 

Melv in used to impl ement hi s formul as a nd whi ch he ra n on a CYBE R 175 . A compari son of the two times 

may not mea n ve ry mu ch as we compa re d iffe re nt mac hines a nd different progra ms. Neve rtheless , we believe 

tha t it ind ica tes th a t th e use of POL YPAK di d not ge nerate a ny unreasona ble overh ead . The use of a n 

alge bra ic processor is already jus tifi ed by the ease with whi ch the above algorithm ca n be cod ed. 
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