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Some problems co ncerned with cutting faces of th e cube with a ffine or linea r spaces a re co nside red. It is 

shown th at through a ny d-3 points of Rd the re passes a hype rplane which cuts a ll the facets of th e d-cube. 

Furthe rmore, it is s hown that if m < d - l and d' < d - [ (m + 1) /3], then no m-d imensiona l a ffin e subspace 

of Rd c ut s all the d' -dimens iona l faces of the c ube. 
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1 . Introduction 

If K is a convex set in Hd a nd A is a n affi ne s ubspace of Hd, we say tha t A cuts K if A inte rsec ts th e relati ve 

interiorofK, butA does not co nta inK . 

Let Cd be the d-cube in Hd: 

In sec tion 2 we stre ngth en a resu lt of Joel, Shi er, a nd Stein [2]t by s how in g tha t, if 5 is a set of a t mos t d-3 

points of Rd , the n 5 is co ntained in a hyperpla ne H through the ori gin (i.e . , a li nea r subspace of dime ns ion d 
- 1) whi c h cuts each facet of the cube Cd. We a lso charac teri ze th ose se ts 5 with Is I = d - 2 for whi c h 

the re is no suc h linear s ubspace . 
In secti on 3 we prove tha t if tn < d - 1. and [1/3(tn + 1)] < d - d', then no tn-di me nsional affin e 

subspace of Rd cuts a ll the d' -dimens iona l faces of the cube . Thi s sha rpens a th eo re m of Mc Mulle n a nd 

She phard [3], whic h may be regard ed as asserting the nonexis tence of suc h a Linear s ubs pace of Rd. 

2. Cutting the Facets of the Cube with Planes and Hyperplanes 

When d ;::::: 3, it is not difficult to construc t planes in Rd whi ch c ut each face t of Cd. Suppose P tS a convex 

polygon in the plane, R2, symmetri c about the or igin , a nd bounde d by 2d edges . Then the re are linea r 

fun cti onals Ai on R2 with 

P = {u E H2 : - 1 S Ai(U ) S 1, for 1 S i S d} . 

Consider th e fun ction A : R2 ~ Rd with 

Let L = A(R2), a plane in Rd . Note tha t A(P) = L n Cd. 
Furthermore, note tha t if U is a point of th e po lygon P on the relati ve inte ri or of the edge of P g ive n by Ai(X) 

= 1 (or - 1), the n A(u) is on the re lat ive inte ri or of a corres pond ing facet {x E Cd: Xi = 1 (or - 1)} of c t. It 
follows tha t L intersec ts th e relati ve inte rior of each facet of Cd (and cuts each face t, whe n d ;::::: 3) . 

• This work WlIS done whil e th e au thor was a Nat ional Academy of Sciences-Nat ional Research Council Postd octoral Hesearch Associate at th e Nat ional Bureau of Standards, 
Wushington. D.C. 20234. 

I Figures in bruckcts refer 10 li lemhlrc references at the end of this paper. 
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The following theo rem is a s trength ening of Theorem 2 of Joel, Shie r, and Stein [2]. 

THEOREM 1. Suppose d ;:::: 3 and S is a set of at most d - 3 points in Rd . There is a hyperplane H, containing 

S U {O}, which cuts each facet of Cd . 

PROOF. It is possible to find a plane L , through the origin , which cuts each facet of Cd. (We did thi s above!) 

The linear space spanned by L U S has dimension at most d - 1, so there is a hyperplane H with L USC 
H. This is the required hyperplane. 

For which sets S of d - 2 points is there no such hyperplane? The fo llowing two th eorems will provide the 

answer. With finitely many exceptions, each (d - 2) - dimensional l inear linear subspace of Rd is co nta ined 
in a hyperplane whi ch cuts each facet of Cd. 

For 1 SO; i so; j SO; d, let 

A (i, j) = {x E Rd : Xi = Xi = O}. 

If F is a (d - 3) - dimensional face of Cd, let A (F) be the linear s ubspace of Rd spanned by F . 

THEOREM 2 . Suppose d ;:::: 3 and H is a hyperplane in Rd which cuts each facet of Cd. Then H contains none 

of the linear subspaces A(i, j), A(F) . 

PROOF. Let A be a plane orthogonal to A( i, j) . Le t 7T be the orthogonal projection 7T : Rd ~ A. If H contains 

A( i, j) then 7T (H) is a line in A which cuts all four edges of the square 7T( Cd). There is no such line, so H 
does not contain A (i, j). 

Suppose H contains A(F) (and , hence, F) for some (d - 3) - face F of Cd. Le t A I be the linear subspace 

of dimension three which is orthogonal to the affine span of F . The orthogonal projec tion 7T I : R d ~ A I takes 
H to a plane 7T '(H) which cuts each facet of the 3-cube 7T '( Cd) and which contains th e vertex 7T '( F) of this 

3-cube. No plane containing a vertex of the 3 -cube c uts all the face ts of that cube . (See , also, Joel, Shie r and 
Stei n [2] , Theorem 3.) It follows that H cannot contain A(F). 

LEMMA. Suppose d ;:::: 3 and a = (a 1, •• • , ad) is a point not on any of subspaces A(i, j) or A(F) . Then there 
is a plane through the origin and a which cuts each facet of Cd . 

PROOF. Since a is on none of the subspaces A( i, j) , at mos t one of ai , ... , aa is zero. Since it is on none of 

the subspaces A(F), no three of the a;'s have the same absolute value . Let C be a circle ce ntered at the origin 
in the plane, R2, whose radius r is less than the minimum of the numbers 1/1 ai I, for 1 SO; i SO; d and a i =1= o. 
Note that, if ai =1= 0, there are two lines in the plane through the point (1/1 ai I, 0) which are tangent to the 
circle; one of these has positive slope and the other has negative slope. 

We construct d linear functionals on R2. If ai = 0, let Ai (Xl, xz) = Xz/ r be the linear functional which has 

the value 1 at each point of the line parallel to and above the XI - axis, tangent to the circle. If ai =f' 0 and 
there is noj < i with I ai I = I ai I, let Ai be the linear fun ctional which has the value sgn(ai) (= ± 1) at each 

point of the line tangent to the circle through (1/1 a i I, 0) with negative slope . If, on the oth er hand, there is a 

j < i with I ai I = I ai I, let Ai have the value sgn(a;) on the tangent with positive slope through (1/1 ai I, 0). 
Now, P = {x E RZ : - 1 SO; Ai (x) SO; 1 for 1 SO; i SO; d} is a convex polygon in the plane, sy mmetric about the 

origin, with 2d edges. The circle of radius r is inscribed in it. Conside r the fun c ti on A : R2 ~ Rd with ,\.(x) 
= (AI (x), ... , Ad(X)) . Let L = A(R2) . Then A(P) = L n Cd, and L is a plane whi ch cuts each facet of Cd. 
Furthermore, the point 11.(1,0) = (ai, ... , ad) is on L, as required. 

THEOREM 3 . Suppose d ;:::: 3 and S is a set of at most d - 2 points of Rd. Let A be the linear subspace spanned 
by S. Then there is a hyperplane H containing S which cuts each facet of Cd if and only if A is not one of the 
m + 4(g) subspaces A(i, j) , A(F). . 

PROOF. Clearly, Theorem 2 implies that if A is one of the subspaces A(i, j) or A(F) then there is no such 

hyperplane H. 
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Suppose A is not such a subspace. If di mA s d - 3, it follows from Theorem 1 that there is such a 

hyperplane. If dim A = "d - 2 , there must be a point a in A not on any of the subspaces A(i, j ) or A(F). By 
the lemma, there is a plane L, con taining a and the origin, which cuts each facet of Cd . Since A n L contains 

the line through 0 and a, dim (A U L) S d - 1. LetH be a hyperplane containing A U L. H is the required 

hyperplane. 

3. Cutting Cubes with Affine Spaces 

Is there an affin e subspace A of Rd of dimension m = 2k which cuts each (d - k) - face of Cd? We have 

seen that there is a plane whi ch cuts eac h fa ce t of Cd , so for k = 1, the answer is, "Yes ." Also, if d = 2k + 
1 the answer is again affirmati ve, s ince the hyperplane given by X I + .. . + X d = 0 cuts eac h (k + 1) - face 
of Cd. 

However, we assert that if 1 < k < (d - 1)/2, then there is no s uch subspace A. That th e re is no such 

linear subspace follows by duali zi ng a theorem of McMullen and Shephard ( [3] , p. 130), and we use th eir 
result to prove th e following theorem, from which the assertion follows . 

THEOREM 4. !f0 S m < d - 1, A is an m-dimensional ajjine subspace oj Rd , and A cuts each do-dim.ensional 

face of Cd, then m ;::=: 3(d - do) - 1. 

PROOF. Le t X be an element orA . We s how th a t the linear subspace A I = A - X also cuts each do - face of 

Cd. Suppose G is a do - face of Cd. Le t F be its re lat ive in terior. Then - F is th e rela ti ve in te rio r of - G, so 
A n (-F) =1= O. It follows tha t (- A) n F =1= O. (Note tha t - A = A - 2x .) Le t u be an e le ment of F n A. Le t 

v = Vo - 2x be an element of(- A) n F , so th at vo EA. Then 1/2(U + v) E A ' n F , and A I cu ts each do -
face of Cd. 

Now, A I n Cd is an tn-dimens ional ce ntrally symmetri c polytope with 2d facets, and any d - do of these 

facets, no pair of whi ch is oppos ite, inte rsec t in a face of dimension do - (d - m) = m - (d - do) . 
Therefore, the dual of A I n Cd (see [1], page 47) is an tn-dimensional polytope with 2d ;::=: 2(m + 2) ve rti ces , 

and any d - do of these ve rti ces, no pair of wh ich is oppos ite, are th e verti ces of a (d - do - 1) - s implex 

which is a face. By [3], p. 130, assertions (22) and (23), it follows that d - do S [(m + 1)/3]; i. e . , m ;::=: 3(d 
- do) - l. 

The following would be a consequence of th e conjec ture of McMulle n and She phard ([3J, p. 133): 

CONJECTURE. For m ;::=: 2 , ff d is larger than 2m-3 then there is no m - dimensional (iffine subspace of Rd 
which cuts each (d - 2) - Jace oj Cd. 

We are grateful to Douglas Shie r, Lambe rt Joe l, and Alan Goldman for calling th e problems treated in 

Section 2 to our attention, and to Martin Pea rl for seve ral editorial comments . 
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