
JOURNAL OF RESEARCH of the Notional Bureau of Standards 
Vol. 83 , No. 5, September- October 1978 

The Air Density Equation and the Transfer of the Mass Unit 

Frank E. Jones 

National Engineering Laboratory, National Bureau of Standards, Washington, D.C. 20234 

June 29, 1978 

A new formul a tion of the equation for cal cul ation of a ir dens it y has been developed. The Cohen a nd Taylor 

va lue of the gas constant, currently accepted values of the atomic weights, and recent determinations of 

abunda nces of the various co nstituents of air have been used. The abundance of carbon diox ide has been treated 

as a variable and a fac tor enabling convenient adjustme nt of th e appa rent molec ul a r we ight of air fpr de vi ation of 
ca rbon dioxide abundance from a background va lue has been derived. A new ta ble of the co mpress ibi li ty facto r for 

the range of pressure and tempe ra ture of int e rest in s tanda rd s labo ratories has bee n ca lcula ted using recen tl y 

de te rmin ed va lues of vi ri al coeffi c ients. The enhance ment fac to r, whi ch has usua ll y been ignored , has been 

ex pli c itl y included . A s imple eq uation for the ca lcul ation of enhancement factor has been fitted to va lues in the 

ra nge of pressure and temperature of int erest. A s imp le eq ua tion for the ca lcul a tio n of sa tu ra tion wa te r vapo r 

pressure has been fitted. Uncertainties, random and systematic, in the parameters and in the measurement of 

environmental variabl es and consequent uncerta inties in ca lcul ated air density have been estim ated. 

Appli cation of the eq uation to a ir buoyancy dete nnina tion and the transfe r of th e mass unit at th e va,-ious 

na tio na l stand ard s laboratories has been made. 
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1. Introduction 

The transfe r of th e mass value from one object, such as 
the Inte rnational Prototype Kilogram, to anothe r object is 
accomplished by comparison of the objec ts by means of a 
balance. The diffe rence in buoyant force on the two objec ts 
is proportional to the difference in their di splacement vol
umes and to the air density. The air density is conventionally 
cal culated using a n equation based on the equa tion of state 
of an air-wate r vapor mixture. A new formulation of the air 
density equa tion is developed below. 

For a mixture of d ry ai r (indicated by subsc ript a) and 
wate r vapor (s ubsc ript w), p and M a re the density and appa r
e nt molecular weight respec tive ly of the a ir-wa ter vapor mi x
ture . Since 

2. Development of the Air Density Equation 

The total pressure, P , the total volume, V, and the 
absolute temperature , T, of a mixture of ideal gases are 
related by the ideal gas equation , 

PV = nRT, (1) 

where n is the number of moles of the mixture and R is th e 
universal gas constant. In terms of density, p, rathe r than 

volume, eq (1) becomes 

where M is the apparent molecular weight of the mi xture. 

m 
(3) M = 

n 

where m is the mass of the mixture and n IS the number of 
moles of the mixture, 

By introduc ing the wate r vapor mixing ratio , r : 

r = 
mass of wate r vapor 

mass of dry air 

Mw 
and by designating the ratio by E, eq (4) becomes 

Ma 

(4) 

(5) 

(6) 
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Substituting (6) in (2) and noting that the effective vapor 
pressure, e', of water in moist air is defined [1]1 by: 

e' = __ r_ p 
(E + r) , 

(7) 

then 

R [ 1 ] 
p= p - T 

Ma e' 
1 + (E - 1) p 

(8) 

Equation (8) is the ideal gas equation for a mixture of dry air 
and water vapor with a vapor pressure of e'. If the air-water 
vapor mixture behaved as a mixture of ideal gases, 

p 
--- ------ = Z = 1, 

P:/ ~ + (,1_ 1) ~ ] 
(9) 

where Z is the compressibility factor. Since the mixture IS 

not ideal the magnitude of the non-ideality is reflected in the 
departure of Z from 1 and (9) becomes 

R [ 1 J P=p - TZ , 
Ma e 

1 + (E - 1) P 
(10) 

Equation (10) is the real gas equation for a mixture of dry air 
and water vapor. By rearrangement of eq (10), the expression 
for the air density is 

PMa [ e'] p = - 1 + (E - 1) - . 
RTZ P 

3. Specification of the Values of the 
Parameters in the Air Density Eq (11) 

3.1. Universal Gas Constant, R 

(ll) 

The value of the molar gas constant, R, listed in a 
compilation by Cohen and Taylor [2] , is 8.31441 ± 0.00026 
JK- I mol- I. Recently, Quinn et al. [3] made a new dete rmi
nation of R by measuring the speed of sound in argon by 
means of an acoustic interferometer. Their value was 
8315.73 ± 0.17 JK- J kmol- I. Gammon [4] recently deduced 
a value of R from measurements of the speed of sound in 
helium; his latest reported value is 8315.31 ± 0. 35 JK- J 
kmol- 1 [5], which is in close agreement with the Quinn e t al. 
value. Rowlinson and Tildesley [6] have recently interpreted 

I Figures in brackets indicate references at the end of this paper. 

the experimental measurements of Quinn et al. and arrived 
at a value of 8314.8 ± 0.3 JK- J kmol- J , which is in 
agreement with the Cohen and Taylor value within the 
uncertainties assigned to the values. 

We choose at present to use the Cohen and Taylor value 
with the realization that in the future it might be replaced by 
a new value . 

3.2. Apparent Molecular Weight of Air, Ma 

The apparent molecular weight of dry air, M a, is calcu
lated using the relationship 

k 

Ma = L MiXi (12) 
i=l 

where each M i is the molecular weight of an individual 
constituent and Xi is the corresponding mole fraction. The 
molecular weights and typical mole fracti ons of the constitu
ents of dry air are tabulated in table L Other constituents 
are present in abundances which are negligible for the 
present application . 

The values of the atomic weights of the elements are taken 
from reference [7] and are based on the carbon-12 scale. The 
molecular weights are taken to be the sums of the atomic 
weights of the appropriate elements. 

The value for the abundance of oxygen is taken from 
reference [8]. The value for the abundance of carbon dioxide 
is taken from a recent unpublished compilation of data on 
atmospheric concentration of carbon dioxide at seven loca
tions throughout the world. It must be emphasized that 
0.00033 is the mole fraction of CO2 in the atmosphere and 
should be considered to be a "background" value. The mole 
fraction of CO2 in laboratories, which is of course the value 
of interest here, is in general greater than 0.00033 and is 
variable . For example, three samples of air taken from a 
glove box in the Mass Laboratory at NBS had a mean value of 
0.00043, and four samples of laboratory air taken a t the 
National Center for Atmospheric Research in Boulder, Colo
rado had a mean value of 0.00080. Clearly, then, the 
optimum utilization of the air density calculation would 
necessitate a measurement of CO2 abundance on an air 
sample taken at the time of the mass comparison. 

One of the options one has in dealing with the variability 
of CO2 abundance is to select a reference level (for example, 
0.00033 or 0.00043) and to provide an adjustment to Ma to 
account for known departures from the reference level. 
Gluekauf [9], in discussing the variation of the abundance of 
oxygen in the atmosphere, stated that "all major variations of 
the O2 content must result from the combustion of fuel, from 
the respiratory exchange of organisms, or from the assimila-
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tion of CO2 in plants. The first process does not result in 
more than local changes of O2 conte nt, while the latter two 
processes, though locally altering the CO2 /0 2 ratio, leave 
their sum unchanged." The assumed constancy of the sum of 
the O2 and CO2 abundance simplifies the adjustment of M a 

to account for departures from the CO2 reference level and 
simplifies the estimation of the uncertainty in air density due 
to an uncertainty in CO2 abundance . The constancy of the 
sum is expressed by the equation (for convenience , the 
subscript i has been replaced by the chemical symbol): 

Xc0 2 + x 0 2 = constant = 0.20979. (13) 

The contribution of O2 and CO2 to the apparent molec ular 
weight of dry air is 

M0 2X0 2 + M C02 xc0 2 = 3 1.9988 x0 2 + 44.0098 xc0 2' (14) 

From (13), 

x o , = 0.20979 - xc0 2' (1 5) 

and 

volume concentration III U. S. Standard Atmosphere, 1976 
[ll]. 

From the data of table 1, the apparent molecular weight of 
dry air with a CO2 mole fraction of 0.00033 is calculated by 
(12) to be 28.963. 

TABLE 1. Composition of dry air 

Constituent 
Abundance Molecular 

(mole fraction) Weight 

Nitrogen (N2) 0. 78102 28.0134 
Ox ygen (0 2) .20946 31.9988 
Carbon Diox ide (CO2) .00033 44.0098 
Argon (A) .00916 39.948 
Neon (Ne) .00001818 20.179 
Helium (He) .00000524 4 .00260 
Krypton (Kr) .OOOOOU4 83.80 
Xe non (Xe) .000000087 131.30 
Hydrogen (H2) .0000005 2.0J58 
Methane (C H.) .0000015 16.0426 
Nitrous Oxide (N 2O) .0000003 44.0128 

3.3. Compressibility Factor, Z 

M 0 2X0 2 + M C02xc0 2 = 12.011 xc0 2 + 6 .7130. (16) The compressibility fac tor is computed us ing the vi rial 

Therefore, 

8(Ma ) = 8 [M02X0 2 + MC02xc02] 

12.011 8 (xco) , 
(17) 

that is, the vari ation III M a du e to a variation 111 CO2 

abundance is equal to 12.011 (the atomic weight of carbon) 
multiplied by the variation in CO2 abundance. The variation 
in M a due to the diffe re nce be tween the reference levels 
0.00033 and 0 .00043 is thus 0.0012 g mol- 1 which corre
sponds to a relative variation of 41 p. p. m. in M a and a 
corresponding relative variation of 41 p.p.m. in air density. 

The adjusted M a accounting for the departure of the CO2 

abundance from the reference level of 0.00033 becomes 

Ma = Ma033 + 12.011 [xc0 2 - 0.00033], (18) 

where Ma033 is the apparent molecular weight of dry air with 
a CO2 mole fraction of 0.00033. 

The value of the abundance of argon in dry air, 0 .00916, 
is that calculated from the mass spectrometri c determination 
of the ratio of argon to argon and nitrogen by Hughes [10]. 

The value for the abundance of nitroge n was arrived at by 
the usual practice of inferring nitroge n abundance to be the 
difference between unity and the sum of the mole frac tions of 
the other constituents . 

The abundances of the constitue nts neon through nitrous 
oxide in table 1 were taken to be equal to the parts per 

equ a tion of sta te of an air-water vapor mixture expressed as 
a power seri es in rec iprocal molar volume , 

(19) 

and expressed as a power se ries in pressure, 

Pv 
Z = RT = 1 + B'mixP + G'mixP 2 + (20) 

where v is the molar vol ume, B mi x and B' mi x are second virial 
coefficients and G mix and G'mix are third virial coeffi cients 
for the mixture . The virial coefficients of the pressure se ries 
are related to the virial coeffic ients of the volume power 
series by 

B' . = Bmi x 
,ni X RT (21) 

and 

G' . = G mix - B2mix 
m, x (RT)2 (22) 

Eac h mixture virial coefficient is a function of the mole 
frac tions of the individual constituents and the virial coeffi
cients for the constituents. The latter are functions of 
temperature only. 
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The second interac tion (cross) virial coeffic ient of moist 
air, Baw, is one of the contributors to B'mix and expresses 
the effects of interaction between an air molecule and a water 
molecule. The values of Baw used in the calculation of Z are 
experimental values which strictly apply to CO2-free air. 

Using (28) and (29), below, and the virial coefficients [12, 
16] provided by Hyland" a table of compressibili ty factor, 
Z, for CO2-free air, table 2, has been generated. 

In the absence of values for virial coefficients for air-C02 

mixtures in the temperature range of interest, the effect of 
the variability of CO2 abundance on Z has been estimated to 
be of the order of 1 ppm and, therefore, negligible. Also, the 
effect of the variability of CO2 abundance on Z due to the 
interaction of CO2 with water vapor has been estimated to be 
of the order of 0.1 ppm and, therefore, negligible. Conse
quently, table 2 is applicable to moist air containing reason
able amoun ts of CO2 , 

For temperatures and/or pressures outside the range of 
table 2, the table of compressibility factor of moist air (also 
CO2-free) in the Smithsonian Meteorological Tables [15] can 
be used, with some loss of precision since the listing there is 
to the fourth decimal place. 

3.4. Ratio of the Molecular Weight of Water to the 
Molecular Weight of Dry Air 

The molecular weight of water is 18.0152 [7]. The ratio, 
E, of the molecular weight of water to that of dry air is, 
therefore, 0.62201 for dry air with a CO2 mole fraction of 
0.00033. 

4. Uncertainty in Calculation of Air Density 

In estimating uncertainties we shall report them as 1 
standard deviation and we shall follow the suggested practice 
of Eisenhart [13, 14] in stating separately the random and 
systematic components. 

4.1. Uncertainty in R 

The uncertainty in the value of the molar gas constant is 
that reported by Cohen and Taylor [2], ± 0.00026 JK- I 

mol - I. The corresponding random relative uncertainty in p is 
3.1 X 10- 5 . 

4.2. Uncertainties in Mea 

The uncertainties in M a will be taken from the estimated 
uncertainties in particular measurements of the abundances 
of the constituents of air. The uncertainty in the O2 abun
dance (mole fraction) of air [8] is separable into a random 
component and a syste matic component. The random uncer
tainty is estimated to be ±0.00001, the systematic compo
nent is ±0.00006. 
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TABLE 2. Compressibi li ty factor, Z, for CO 2 - free air 

Temperature Pressu r e 
(Ce l sius) (pascals) (mm Hg) 

19 . 0 

20.0 

21.0 

n.o 

23·0 

24.0 

25.0 

26.0 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
11 0000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
11 0000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
11 0000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
11 0000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
110000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
11 0000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
110000 

70000 
75000 
80000 
85000 
90000 
95000 

100000 
101325 
105000 
110000 

525.0 
562.5 
600.0 
637.6 
675. I 
712.6 
750. I 
760.0 
787.6 
825. I 

525.0 
562.5 
600 . 0 
637.6 
675. I 
712.6 
750. I 
760.0 
787.6 
825. I 

525.0 
562.5 
600 . 0 
637 . 6 
675. 1 
712.6 
750. I 
760 . 0 
787.6 
825. I 

525.0 
562.5 
600.0 
637.6 
675. I 
712.6 
750. I 
760.0 
787·6 
825 . I 

525.0 
562.5 
600 . 0 
637 . 6 
675. I 
712 . 6 
750 . I 
760.0 
787.6 
825. I 

525.0 
562.5 
600.0 
637.6 
675. I 
712.6 
750. I 
760.0 
787 . 6 
825 . I 

525.0 
562 . 5 
600.0 
637 . 6 
675 . I 
712.6 
750. I 
760 . 0 
787.6 
825 . I 

525.0 
562.5 
600.0 
637.6 
675. I 
712.6 
750 . I 
760 . 0 
787.6 
825. I 

Relative Humidity in Percent 
25 50 75 

.99973 .99972 .99971 

. 99972 .99970 . 99969 

.99970 .99968 .99967 

.99968 .99967 .99965 

.99966 .99965 .99963 

.99964 .99963 .99961 

.99962 .9996 1 .99959 

.99962 .99960 .99959 

.99960 .99959 .99958 

.99958 .99957 .99956 

.99974 .99973 .99971 

.99972 .99971 .99969 

.99970 .99969 .99967 

.99969 .99967 . 99966 

.99967 .99666 .99964 

.99965 .99964 .99962 

.99963 . 99962 .99960 

.99963.99961.99960 

.9996 1 . 99960 . 99958 

.99959 .99958 .99957 

.99975 .99973 .99971 

.99973 . 99972 . 99970 

.99971 .99970 .99968 

.99969 .99968 .99966 

.99968 .99966 .99965 

. 99966 .99965 .99963 

.99964 .99963 .9996 1 

. 99964 .99962 .99961 

. 99962 .99961 .99959 

.99960 .99959 .99958 

.99968 

.99967 

.99965 

.99963 

.99961 

.99960 

.99958 

.99957 

.99956 

.99954 

.99969 

.99967 

.99965 

.99964 

.99962 

.99960 

.99958 

.99958 

.99957 

.99955 

.99969 

.99967 

.99966 

.99964 

.99962 

.99961 

.99959 

.99959 

.99957 

.99956 

.99975 .99974 .99972 .99969 

.99974 .99972 .99970 .99968 

.99972 .99971 .99969 .99966 

.99970 .99969 .99967 .99964 

.99968 .99967 .99965 .99963 

. 99967 .99965 .99963 .99961 

. 99965 .99964 . 99962 .99960 

. 99965 .99963 .99961 .99959 

.99963 .99962 .99960 .99958 

.99962 .99960 . 99958 .99956 

. 99976 .99975 .99972 .99969 

.99974 .99973 .99971 .99968 

.99973 .99971 . 99969 . 99966 

.99971 .99969 .99967 .99965 

.99969 .99968 .99966 .99963 

.99968 .99966 .99964 .99962 

.99966 .99964 .99962 .99960 

.99965 .99964 .99962 .99960 

.99964 .99963 .99961 .99958 

.99963 .99961 .99959 .99957 

.99977 .99975 .99973 .99969 

.99975 .99973 .99971 .99968 

.99973 .99972 .99970 . 99967 

.99972 .99970 .99968 .99965 

.99970 .99969 .99966 .99964 

.99968 .99967 .99965 . 99962 

.99967 .99965 .99963 . 9996 1 

.99966 .99965 .99963 .99960 

.99965 .99964 .99962 .99959 

.99964 .99962 .99960 .99957 

.99977 .99976 .99973 .99970 

.99976 .99974 .99971 .99968 

. 99974 .99972 .99970 .99967 

. 99973 .99971 .99968 .99965 

.99971 .99969 .99967 . 99964 

. 99969 . ~9968 .99965 . 99962 

.99968 .99966 .99964 .99961 

.99967 .99966 .99963 . 99961 

.99966 .99964 .99962 . 99960 

.99965 .99963 .99961 .99958 

.99978 .99976 .99973 .99970 

. 99976 .99975 .99972 .99968 

.99975 .99973 .99970 .99967 

.99973 .99971 . 99969 .99966 

. 99972 .99970 .99967 .99964 

. 99970 . 99968 .99966 .99963 

.99969 .99967 . 99964 .9996 1 

.99968 .99966 .99964 .99961 

.99967 .99965 .99963 .99960 

.99966 .99964 .99961 .99959 

100 

.99966 

.59964 

. 99963 

.99961 

.99959 

.99957 

.99956 

.99955 

.99954 

.99952 

.99966 

.99964 

.99963 

.99961 

. 99~66 

.99958 

.99956 

.99956 

.99954 

.99953 

.99966 

.99964 

.99963 

.99961 

.99960 

.99958 
.99956 
.99956 
.99955 
.99953 

.99966 

.99964 

.99963 

.99961 

.99960 

.99958 

.99957 

.99956 

.99955 

.99954 

.99966 

.99964 

.99963 

.99962 

.99960 

.99959 

.99957 

.99957 

.99956 

.99954 

.99965 

.99964 

.99963 

.99962 

.99960 

. 99959 

.99957 

.99957 

.99956 

.99954 

.99965 

. 99964 

.99963 

.99962 

.99960 

.99959 

.99958 

.99957 

.99956 

.99955 

.99965 

.99964 

.99963 

.99961 

.99960 

.99959 

.99958 

.99957 

.99956 

.99955 



The random component of the unce rtainty In the a rgon 

abun dance is inferred from the precis ion of Hughes' mea
surements [10] to be ±0.00003. No assignment of systematic 

un ce rtainty was made by Hughes. 
The uncertainty in the CO2 abundance has been mentioned 

ea rlie r with respec t to the va ri ability of the CO2 abundance 
in the laboratory. For a sample of air tak en at the time a 

mass comparison is made, the estimated uncertainty in the 
subsequent mass spec trometric determination of CO2 abun

dance is ±0.00003 at the 0.00033 level. Since the measure

ments made by the mass spec trometric method are consid
e red to be very precise, the estimated unce rtainty is consid

ered to be systematic . 
Since the N2 abunda nce is the difference be twee n unity 

and the sum of the mole fractions of the other constituents, 
the random component of the uncertainty in the N2 abun

dance is found by combining by qu adrature the random 
co mponents of the uncertainties of the other three major 
co mponents to be ± 1 X 10- 5 . For the systematic co mpon ent, 

however, the practice of findin g the N2 abu ndance by 
diffe re nce provides for ve ry s ignifi cant red uc tion of unce r

tainty. This is shown in the following treatment. 

Equation (12) can be written: 

k 

+ MA xA + MN2XN 2 + L MiX;. 
1= 5 

The mole fraction of N2 is, by diffe rence, 

k 

- L Xi' 
1= 5 

(23) 

(24) 

If we ignore the last term III (28), differentiate and go to 

finite diffe rences, 

Il(Ma)Xi = M0 21lx02 + Mco 21lxC02 

+ MAllxA + MN2 

(- ll x02 - Ilxeo2 - IlXA) 

= (M02 - MN.}fu02 

+ (Me02 - MN 2)llxe02 

+ (MA - MN2)ll xA . 

(25) 

With the substitution of the appropriate systematic uncertain

ties and the molecular weights into (25), the systematic 
co mponents of the relative uncertainty in M a due to uncer
tainties in abundance of the constituents if found to be ±3 
X 10- 5 . The random component of the relative uncertainty is 

found to be ±4 X 10- 5 by combining by quadrature the 

product of the molecular we ight and the random component 
of uncertainty in abundance for each of the four major 

constituents and divid ing by M a' The unce11ainty in M a due 

to the unce rtain ty in the value of the atom ic or molecular 
weights of the i-th constituent is 

(26) 

The uncertainti es in the values of the atomic or molec ular 

weights are infe rred from re ference [7]. 2 For the four major 

constituents they are: for O2, ± 0.0002; for CO2, ±0.0005; 
for A, ± 0.001; and for N2, ±O.OOOL These unce rtainties 

are cons idered to be systematic. The sum of the four te rms 
represented by (26) is ± O.OOOl, co rresponding to a relative 
unce rtainty in M a of ±4 X 10- 6• 

The random component of the overall relative unce rtainty 
in M a is, by quadrature, ±4 X 10- 5 • The systematic 

compon ent of the overa ll relat ive uncertainty in M a is ±3 X 

10- 5, the s um of the compon ent due to th e systematic 
unce rtainty in abundance and that due to the un certainty in 

a tomic or molec ular weight. The correspond ing random and 
systematic co mponents of the re lative uncertai nty in pare 
±4 X 10- 5 and ±3 X 10-5 , respectively. 

4 .3 . Uncertainty in Z 

The uncertainty in Z , the compressibility fac tor, is esti

mated from the various un certainties in Z due to the 
uncertainties in the vi rial coeffi cients [12, 16]. The estimated 

rela tive uncertainty in Z at 293. 15K, 101325 Pa (1 atmos
phe re) and 50 perce nt re la tive humidity is ± 1. 7 X 10- 5 . 

The corresponding relative uncertainty , tak en to be sys
temati c, in p is ±1.7 X 10- 5 . 

4.4. Uncertainty in E 

The uncertainty in M w, the molecular we ight of water, is 

±0.0005 [7] and is treated here as systematic . The random 

component of the uncertainty in E, the ratio of Mw to M a, is 
calculated to be ± 1 X 10- 5 and the systematic component is 
estimated to be ±8 X 10- 6. The corresponding uncertainties 
in the factor in (11) involving E, 

(27) 

at 293.15K, 101325 Pa and 50 percent relative humidity are 
± 1 X 10- 7 a nd ± 9 X 10- 8, respectively. The corresponding 

rdative uncertainties in the term and consequently in pare 
±1 X 10- 7 and ±9 X 10- 8, respectively. 

2 The uncertainty assigned in the reference is divided by 3 to estimate the 
uncertainty at ] standard deviation. 
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4.5. Combined Relative Uncertainties in p Due to the 
Uncertainties in Me., R, Z and E 

The random and systematic components of the relative 

uncertainty in p at 293.1SK, 101325 Pa and SO percent 

relative humidity, due to the un certainties in M a, R, Z and 
E are tabulated in table 3. 

TABLE 3. Components oj the relative uncertainty in p due to uncertainties in 

M a, R, Z a nd E 

Parameter Random Systemati c 

Ma ± 4 X 10- 5 ±3x 10- 5 

R ± 3.1 X 10- 5 ------------
Z ------------ ± 1.7 X 10- 5 

E ± 1 X 10- 1 ±9X 10- 8 

Combined ±5X 10- 5 ± 5X 10- 5 

The random components were combined by quadrature, 

the systematic components we re combined by addition. 
These components of uncertainty can be considered to 
represent the uncertainty "intrinsic" to the a ir density 
equation, that is , that which is contributed by the limitations 

on the present knowledge of M a , Mw , Rand Z. With these 
un celtainties must, of course, be combined the uncertainties 
in the environmental variables: P, T and relative humidity, 

and in the knowledge of the carbon dioxide abundance. 

5. Measurement of P, T and Relative 
Humidity 

In order to estimate the uncertainties in p due to uncer
tainties in the measurements of the environme ntal variables, 
P, T and relative humidity, we shall estimate the uncertain

ties in these measurements when made using the best 

applicable instrumentation and procedures. Therefore, the 
estimated uncertainties in p will be those contributed by the 

best possible measurements. 

5.1. Pressure Measurement 

The state-of-the-art in pressure measurement [17] pelmits 

the measureme nt of the pressure in a laboratory with a 
random relative unce rtainty of less than ±2 X 10- 4 • Calibra

tion of pressure measuring instmments against a primary 
standard of pressure contributes a systematic relative uncer
tainty of about ±3 X 10- 5 • The corresponding D.p/p's 
contributed by uncertainties in the measurement of pressure 

in a laboratory in the vicinity of a balance case are ±2 X 

10- 4 and ± 3 X 10- 5 • 

5.2: Temperature Measurement 

The measurement of temperature in a balance case, that is 

the temperature which determines the buoyant forces, IS 

v --

potentially the most critical measurement in te rms of its 

effect on the uncertainty in the calculated a ir density. In the 

absence of experimental results, it is possible a t this time to 

ma ke only a rough estimate of the temperature uncertainty to 
be expected. If the balance case were ins trumented with a 

network of thermopile junctions, for example, the measure
me nts would be expected to have a standard deviation of 

about ±O.OSK [18]. The systematic uncerta inty is estimated 
to be of the order of ±O.OlK. At a tempera ture of 293.1SK, 
these uncertainties correspond to relative uncertainties of 
±2 X 10- \ and ±3 X 10- 5 , respectively. The correspond
ing D.p/p's are ±2 X 10- 4 and ±3 X 10- 5 , respectively. 

5 .3. Humidity Measurements 

The state-of-th e-art in humidity measurement [19] permits 

the measurement of humidity in a balance case with a 
random unce rtainty of ±O.S percent re lative humidity and a 

systematic uncertainty of ±0.3 percent relative humidity. 
These uncertainties correspond to relative uncerta inties in 
the water vapor pressure factor [1 + (E - l)e' /P] , in (11) 
and, therefore, to D.p/p, of ±4 X 10- 5 and ± 3 X 10- 5 at 

293. 15K, 10132S Pa and 50 percent re lative humidity. 

Since e ' is the effective vapor pressure of water in moist 
air, a word of caution with regard to inferring e ' from 

measurements of relative humidity is in order. Relative 
humidity, U, can be defined [20] by 

, 
e 

U = ---;- X 100 percent, 
e s 

(28) 

where e ' s is the effective saturation vapor pressure of water in 

moist air. e' s is greater than e s, the saturation vapor pressure 
of pure phase (i. e., water vapor without the admixture of air 

or any other substance) over a plane surface of pure ordinary 
liquid water, since the introduction of a second gas (air in 

this case) over the surface of the water increases the 
saturation concen tration of water vapor above the surface of 

the water. This "enhancement" of water vapor pressure is 
expressed by the enhancement factor, j, which is defined by 

(29) 

The most recently published [16] experimentally derived 
value of j at 293.1SK and 100000 Pa is 1. 00400. Therefore, 
the common practice of inferring e' from measured U and 

tabulated values of es introduces a significant error in e' if j 
has been ignored. The corresponding relative error in p at 
293.1SK, 10132S Pa and 50 percent relative humidity is 
about 1. 7 X 10- 5 . 

j is a fun ction of temperature and pressure. In the present 
work, Hyland's values of j [16] have been fitted to a three-
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parameter equation in the pressure and temperature (t, 0c) 
ranges of interest in national standards laboratories. The 
resulting equation is 

f = 1.00070 + 3.113 X 10- 8 P + 5.4 X 1O- 7t 2. (30) 

The expression for e' is found by combining (28) and (29) 
to be 

(31) 

The systematic relative uncertainties III P due to the 
uncertainties assigned to f [16] and es [22] are approximately 
±1 X 10- 6 and ±2 X 10- 7 , respectively. 

For the temperature range of interest in the present 
application, an y of several tables of es , for example, refe r
ences [21], [22] , and [23], can be used. Besley and Bottom
ley [24] have recently published experimental values of es in 
the temperature range 272.60 to 298.04K. 

In the present work , the data of Besley and Bottomley in 
the temperature range 288.15 to 298.04K and calculated 
values [22] for the remainder of the temperature range to 
301. 15K, have been fitted to a two-parameter equation. The 
resulting equation is 

es = 1.7526 X lOll exp (-5315.56/ T). (32) 

Values calculated using (32) are suffi ciently close to 
experimental and calculated values, within ± 0.1 percent, to 
be used in the present application. 

5.4. Random and Systematic Components of the 
Relative Uncertainty in p Due to Anticipated 

Uncertainties in State-of-the-Art Measurements of P, T 
and Relative Humidity 

The random and systematic components of the relative 
uncertainty in p at 293.15K, 101325 Pa and 50 percent 
relative humidity due to anticipated uncertainties in state-of
the-art measurements of the environmental variables are 
tabulated in table 4. The random components were combined 
by quadrature, the systematic components were combined by 
addition. 

It is clear from inspec tion of tables 3 and 4 that the 
dominant uncertainty in the calculation of air density is that 
contributed by the measurement of pressure, temperature 
and relative humidity, even when the measurements are 
made using the best instrumentation and procedures . Consid
erable care must therefore be taken in making measurements 
of these environmental variables in order to attempt to 
approach the prec ision and accuracy represented in table 4 . 

To illustrate the effect of errors in the measurement of the 
environmental variables, at 293.15K, 101325 Pa and 50 

percent relative humidity , an error of 0.1 percent in calcu
lated air density results from an error of 0.29K in temperature 
measurement or a 101 Pa error in pressure measurement or 
an 11.3 percent relative humidity error in the measurement 
of relative humidity. 

TABLE 4. C omponenls of I.he relative uncertainty in p due to anticipated 
uncertainties in state-of-the-art measurements of P, T and relative humidity 

5.5. Carbon Dioxide Abundance 

As stated in sec tion 3.2, the CO2 abundance in laboratory 
air and consequently in the air in balance cases is in ge neral 
variab le. A variation of 0.0001 in CO2 mole frac tion is 
equivalent to a relative variation of 4 X 10- 5 in calculated 
air dens ity. Consequently , for optimum utilization of the air 
density calculation , the CO2 abundance should be known . 
Equation (18) enables adjustment of M a for departures from 
the refe rence level, 0.00033, of CO2 abundance. 

6. Overall Uncertainty in P Due to 
Uncertainties in the Parameters and Variables 

in the Air Density Equation 

The random and syste matic components of the relative 
unce rtainti es in p in tables 3 and 4 when combined provide 
estimates of the components of the overall relative uncer
tainty in p. The random component, by quadrature, is ± 3 
X 10- \ the systematic component , by addition, is ± 1 X 

10- 4 • The relative uncertainty due to the variation of CO2 

abundance (4 X 10- 5 per 0.0001 in CO2 mole frac tion) is 
necessarily not included in this estimate . 

At 293.15K, 101325 Pa (1 atmosphere), a nd 50 percent 
relative humidity, the estimated overall relative uncertainties 
in p correspond to uncertainties in mass in the transfer 
between platinum-iridium and stainless steel kilogram arti
facts (volume difference of - 80 cm3) of approximately 30 j.Lg 
random and 10 j.Lg systemati c . 

7. Air Density at Standard Conditions, Po 

The air density , Po, at standard conditions (Po, Mao, R, 
To , Z 0), for dry air is expressed by an equation of the form 
of (11) as 

(33) 
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By dividing (11) by (33) we arrive at 

(34) 

. [ 1 + (E - 1) ~] . 

The gas constant, R , has been eliminated but M a has not 
unless the apparent molecular weight of the dt·y air in the 
standard state, Mao is equal to M a' For example, if the Po is 
de termined by experiment, Mao is not necessarily equal to 

Ma· 
If an experimental value of Po of sufficient accuracy were 

available in the determination of which R was not used, R 
and its associated uncertainty would be eliminated . In the 
absence of such an experimental value, as is the present 
case, the use of an equation com bining (11) with (18) is 
preferred to an equation of the form of (34). 

If standard conditions are taken to be To = 273 .1 5K, Po 
= 101325 Pa, Mao = 28.963, and relative humidity = 0, 
for which Z 0 = 0.99940, Po is calculated by (33) to be 
1. 2930 kg m - 3. The same result is obtained for M a = 28.964 
(i. e., for a CO2 mole fraction of 0 .00043). 

8. Air Density Equation 

. M 
By combining (11) and (31) and substituting ----.!!! for E, the 

Ma 
air density equation developed in this work becomes 

By substituting the Cohen and Taylor value of R , 8314.41 
(J K - ' kmol- ' ), the value 18.0152 for Mw and the value 

28. 963 for Ma033 in (18), (35) becomes 

PM 
P = 0 .000120273 TZa 

where 

U fe .. l 
100 P J' 

(36) 

8.1. Use of Constants in the Air Density Equation 

In this section we shall investigate the effect on mass 
comparisons of the use of appropriate constant values of f , Z 
and Main (36). 

The buoyant effect of the displacement of air by a mass 
artifact is proportional to the density of the air, p, and the 
displacement volume, V m, of the artifact. We define here the 
buoyancy correction, mb , to be added to the observed mass, 
by the following equation: 

m 
mb = pVm = p -, 

Pm 
(38) 

where m and Pm are the mass and dens ity, respectively, of 
the artifact. 

The variation , 11mb, in mb due to a relative uncertainty, 
I1p/ p, in air density can be written 

m (I1P) 11mb = - - p. 
Pm P 

(39) 

By substituting a nominal value of p, 1. 2 kg m - 3, in (39) 

we alTive at 

(40) 

We shall return to this equation to estimate the uncertainty 
in mass comparisons due to the use of certain constants in 
(36) for the calculation of air density. 

To estimate the effect of a variation in f about a selec ted 
constant value, nominal values of P, T, M a, Z , relative 
humidity and es are substituted in (36) and the resulting 
equation is differentiated with respect to f. Nominal values 
appropriate to the Mass Laboratory of NBS are P = 100000 
Pa, T = 298. 15K, M a = 28. 964 g mol- t , 30 percent relative 
humidity and es = 3169 Pa. The resulting equation is 

p = 1.1688 (1 - 0.003594f) (41) 

and 

I1p = _ 0.0036 I1f . 
p f 

(42) 

The values off range from 1.0030 to 1.0046 , therefore the 
Ma = 28.963 + 12.011 [xc0 2 - 0.00033]' (37) maximum l1f1f for a nominal value off of 1.0042 is equal to 

1.2 X 10- 3 • The corresponding D.p/p is equal to 4.3 X 10- 6 • 

For T = 293 .15K, P = 101325 Pa, 50 percent relative 
humidity and M a = 28.964 g mol- I, the air density calcu- To estimate the effect of a variation of Z about a selected 
lated using (36) is 1.1993 kg m- 3 . constant value, from (36), 
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b..p 

p 

-b..Z 

Z 
(43) 

To es timate the expec ted variation in Z, it is necessary to 
es timate the ranges of the env ironmental variables, P, T and 
I'elative humidity. The maximum and minimum of the atmos
pheric pressure at NBS, taken from climatological records of 
the National Weather Service of the Nat iona l Oceanic and 
Atmospheric Administration and adjusted to the e levation of 
the Mass Laboratory, are 103850 and 96160 Pa. The 
expected ranges in temperature and relative humidity are 
taken to be 18 to 28°C and 10 to 50 percent, respec tively. 
For the nominal values given in this sec ti on, the expec ted 
variations in the environmental variables result in a variation 
of Z be tween 0 .99957 and 0.99971. These ex tremes in Z 
corres pond to relative va riations in Z about the nominal 
value, 0.99966 of -9 X 10- 5 and 5 X 10- 5 , respec tively. 

The corresponding b..P's are 9 X 10- 5 and -5 X 10- 5 . 

P 
As was shown in section 3.2, a variation of 0.0001 in CO2 

mole fraction co rresponds to a re la tive variation in M a of 4 
X 10- 5 and to a b..p/ p of 4 X 10- 5 . 

Combining by quadrature the maximum values of b..p/ p 
due to expected variations in 1 and Z and variation of O. 0001 
in CO2 mole frac tion, the result is 9.9 X 10- 5 . This is the 
value to be used in (39). Since the values combined a re 
maximum values, the combined value can be cons idered 
loosely to approximate 3 standard deviations. 

For various material s of interest in the comparison of mass 
artifac ts, b..mb in micrograms (/l-g) has been calcu lated us ing 
(39) and 1 kg and 100 g a rtifacts and tabulated in table 5. 

TABLE 5 . Variation in the buoyancy correction, fun !), resultingfrorn the use 

af canstanl. values af J, Z and M a in (36) 

Mate rial I:lmb (fLg) A"'b(/l-g) 

1 kg 100 g 

Platinum· iridium 5.5 0.55 
Stainless steel 15 1.5 
Si licon 54 5.4 
Brass 14 1.4 
Aluminum 44 4.4 
Tantalum 7. 1 0.71 
Wate r 119 12 

The vanatlOn In the appare nt mass difference between 
mass artifacts due to the use of constant values of f, Z and 
M a is equal to the diffe rence in b..mb for the artifac ts. For 
example, for a compari son of kilogram artifac ts of platinum
iridium and stainless steel the variation in the appare nt 
diffel'ence in their masses is 15 - 5.5 = 9 .5 /l-g. 

On the basis of the values calculated using tabl e 5 and the 
precision of the balance used for mass co'mparisons, a 

judgme nt can be made concerning the adequacy of the use of 
constant values of j; Z and, Main (36). The precision of the 
balance used for the comparisons of 1 kg mass artifacts at 
NBS is 25 /l-g at the 1 standard deviation level. Thus it can 
be concluded , for example, that constant values can be used 
in the comparison of platinum-iridium and stainless steel 
artifacts, and stainless steel and brass kilogram artifacts, but 
not for comparison of platinum-iridium and silicon kilogram 
artifac ts. The prec is ion of the kilogram balance at the Bureau 
Inte rnational des Poids e t Mesures (BIPM) is 1. 5 /l-g at the 1 
standard deviation level, therefore it could be concluded that 
the use of constants would not be appropriate in mass 
comparisons made using that balance. 

For mass comparisons in the Mass Laboratory of NBS for 
which the values in table 5 indicate tha t the use of constant 
va lues of/(1.0042), Z (0.99966) and Ma (28.964) in (36) is 
adequate, the resulting equation is 

0.0034848 
P = T (P - 0.0037960 Ues)· (43) 

For pressure in millimeters of mercury a nd te mperature, t, 
in °C, (43) becomes 

0 .46460 
p = (t + 273.15) (P - 0.0037960 Ues)· (44) 

For saturation wate r vapor pressure, es, III millimete rs of 
mercury (32) becomes 

es = 1.3146 X 109 ex p (- 53 15.56/(t + 273.15)). (45) 

9. Conclusions 

The following a re recommendations conce rning the trans
fe r of the mass unit at the various national standards 
laboratories : 1) eq (36) should be adopted for use for all 
national standards laboratories to provide both uniformity 
and the best available calculation of air dens ity; 2) the CO2 

concentration should be treated as a variable and at least a 
"background" value should be determined for each of the 
laboratories ; 3) instrumentation and prac tices representing 
the state-of-the-art in the measurement of the environmental 
variables should be appli ed. 

The author gra tefully acknowl edges the invaluable contri
butions of R. W. Hyland in several areas, and espec ially 
with the calculation of the compressibility factor; the consid
erable computational work of C. L. Carroll, Jr.; and the 
typing of the manuscript by Kathy Durant. 
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