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As described in previous reports, thi s equation is constrained to the liquid-vapor coe xist ence boundary . 

Integration of the " thermodynamic equa tion of state" along isothe rms involves a term for the co mpressibility factor 

of satura ted vapor in the limit of low de nsiti es, whic h in pre vious work wa s not ad equatel y defined . The present , 

bri ef re port assu mes familiarit y with previous work , and present s a solution for the proble m, whi c h is to describe 

saturat ed-vapor de ns iti es in te rms of the compressibility factor for saturated vapor, utilizing a g ive n, vapor­

pressure eq uation. 
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vapor pressures. 

Symbols and Units 

Subscripts c and t refer to c ritical and liquid tripl e points. 
Subscript (J refers to liquid-vapor coexistence. 
d density, mol/L 
E the internal energy , J/mol 
J the joule , 1 N-m 
L the lite r, 10- 3 m3 

mol 28.054 grams of ethylene (C t2 scale) 
P pressure in bars, 1 bar ;; 105 N/m 2, (l atm 

P ,,(T) 
P ,,(p) 
R 

R* 
p 
T 
T ,,(p) 

1.01325 bar) 
vapor pressure, bar 
P ,,[T,,(p) ] for equation (1) 
the gas constant, 8.31434 (J /mol)/K, 0.0831434 
(bar-L/mol)/K 
(0.0831434)·d e , bar/K 
d/ de , reduced density 
temperature , K 
liquid-vapor coexistence temperature 

1. Introduction 

Adaptations of this type of equation of state have been 
descl'ibed in numerous reports [1-8J,1 which must serve the 
interested reader as background , to avoid repetition here . 
The form of this isochoric equation is 

In which, for any given density (isochore), the coexistence 

* This work was supported by the American Gas Association, Inc., 1515 Wilson 
Boulevard, Arlington, V A 22209. 

I Figures in brackets refer to literature refere nces at the end of this paper. 

temperature, T ,,(p), is obtained by iteration from equations 
for the orthobaric densi ties. This is used to obtain the vapor 
pressure, P,,[T,,(p)], as a fun c tion of dens ity. The function 
F(p ,T) contains te rms roughl y a nalogous to T and 1/T2 of the 
well-known, Beattie-Bridgeman equation of state, each with 
a density-depend ent coeffi c ient. Symbols and units for thi s 
report are given in a li s t. Fixed-points, used for some 
examples on ethylene, are given in table 1. 

TABLE 1. Fixed-Point Va.lues Usedfor Ethylene 

Tripl e Point Criti cal Poi nt 

Te mpe rature , K 103.97 282.35 
Pressure, bar 1. 2095'10- 3 50.4234 
Dens it y mol/L 

Vapor 1. 3994. 10- 4 7.60 
Liquid 23.3590 7.60 

2. The Internal Energy 

Placing eq (1) in the the rmod ynamic equation of state 
yields 

(2) 

where E is the internal energy. 
Our problem is in the definition and value of 

in the limit of low densities, because equations for the vapor 
pressures, P ,,(T), and for the saturated vapor densities, 
p,,(T), generally are independent. From equations which we 
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used for propane, for example [6], we find that at p = 0, 
(hence Tp(p) = 0), the value of Z,Ap) may range from 0 to 
00. Even if Z(}"(p) ~ 1 at low densities, there remains the 
problem of loss of significant digits in the difference [Z (}"(p) 
- 1]. 

3. Saturated Vapor Densities 

A solution for the problem of eq (2) is to describe saturated 
vapor densities in terms of their compressibility factors 
(utilizing the vapor-pressure equation) in such a way that the 
integrand in eq (2) will extrapolate to a reasonable value as 
p~O. 

The following formulation utilizes temperature, T, as 
independent variable. If, for a given vapor density, however, 
the temperature has been found from this formulation by 
iteration, then T ~ T,Ap) , and the compressibility factor 
becomes a function of density, Z(}"(T) ~ Z(}"[To-(p)], as 
needed for eq (2), above. 

Define the constant Ao == (Ze - 1), where Ze -
P e/ (Pc' R* . Te) is value of the compressibility factor at the 
critical point, and the reduced variables, 

TI(T) == Po-(T)/Pe, x(T) == T/Te, u(T) == 1 - x, 

when the equation for saturated vapor densities, 

(3) 
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FIGURE 1. Behavior o/j(x}, eq (5},/or ethylene. 

4. Conclusions 

By use of eqs (3) and (4) for substitutions in eq (2) at 
densities p :s; Pc, one obtains 

AE = f [ (Ze - 1) ' (Zo-(p)/Ze) 

'RTe'/(x) + .. . J-dp, (2a) 

is given by 
in which the integrand is finite in the limit p = 0, (T o-(p) = 

(4) 0). 

s 

f(x) == 1 + AI·u' + L Ai·Ui-l. 
i~2 

(5) 

At T = 0, f(x) is finite, and Z(}"(T) = 1, due to the 
exponential dependence of the vapor pressure, Po-(T) -
exp(-I/T). 

To give substance to these analytical results, we present 
the vapor-pressure equation for ethylene in appendix A, 
taken from an unpublished report. Figure 1 shows behavior 
off(x), eq (5), for which the constants are 

€ = 0.36 A3 = 0.6955385 

Al = -0.8648073 A4 = -3.064851 

A2 = 0.8931 234 As = 5.8633 40 

The rms relative deviation of the ethylene saturated vapor 
densities is 0.07 percent for a total of 29 points, including 
experimental data from 233 through 282 K, and data from 
120 through 220 K derived via the vapor-pressure and virial 
equations [7]. 

Because the equation of state is nonanalytic, the integra­
tions of eqs (2) or (2a) must be performed numerically. In 
published works [4,5,6] we have not called upon the equation 
of state at densities so velY low as to encounter the difficulty 
described and resolved in this report. At very low densities, 
the saturated vapor temperature diminishes roughly only as 
the logarithm of density, liT - In(II p). 

As it is improbable that we ever shall be privileged to 
compare thermodynamic properties from eq (2) with those 
from eq (2a), our objective in this report has been to describe 
the problem, and to give a solution for consideration in all 
future work . 

5. Appendix A. Ethylene Vapor-Pressure 
Equation 

For use in eq (3), above, our unpublished vapor-pressure 
equation for ethylene, from the triple- to the critical-point, 
for P in bar, is 

In(P) = a + b· u + c· x + d· x2 + 

e·x3 +f·x·(l-x)<, (1 A) 
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with argumen ts x == (T - Tt) /(Tc - Tt), u == (1 - Tt/T) /(l 
Tt/ TJ, where E = 1.30, and 

a = -6.7175716 d = 4.553 6920 

b = 13.8976040 e = - 1.132 0564 

c = -6.681 2125 f= 0.6236504 

For 38 data points from 104.9 through 282.3 K, the nns of 
relative pressure deviations is 0.04 percent [7]. 
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