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The concept of complex valued entire function s of bounded index is ex tended to e "-va lued entire fun c ti ons 
by re pbcing the abso lu te value in the definiti on of an entire fun ction of bounded index by the maximum of the 
abso lut e values of th e component s . If th e compon e nt s of a en-valued e ntire fun cti on are of bounded index, then 
th e fun ction is a lso of bounded index; however a en-valued fun cti on may be of bounded index without a ll of it s 
compon ent s be ing of bounded index. So lutions of certain linea r diffe rential eq uation s are related to en-va lued 
fun cti ons of bounded index . 
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1. Introduction 

If f is a compl ex-valued enlire fun c ti on, then J is sa id to be of bounded index of index N if N tS the 

least non-negative intege r such th a t 

tPiJ(z)t tPi)(z)t 
--- :S max ---

) f OsiSN if 

for all intege rs ) 2: 0 and all z E e([l], t [2]) . 

In thi s paper, we are conce rn ed with one poss ibl e ex te ns ion of this concep t to vector-valued fun ctions . 

If j~, i = 1,2 , ... , n, are co mpl ex -va lued entire fun ction s, then F(z) = [ft(z)fdz)· ·Jn (z) ] is a en_ 
valu ed e ntire fun c ti on (we writ e en-va lued fun c tions in thi s mann e r for co nve ni e nce throughout thi s pape r 

rega rdl ess of whe the r th ey a re to be int e rpre ted as row vec tors or column vectors) a nd we write ttF(z)tt = 

max{ t.fi(z)t Ii = 1,2, ... , n} a nd F'(z) = I(;(z) '/;(z) .. . .r:..(z)]. 

DEFINITION: A en-va lued e nt ire fun c tion F is sa id to be of bounded index of index N if N tS th e least 

non-n egative intege r such that 

ttFU)(z)tt ttF(i)(z)tt 
--- :S max ---

) f OsisN i! 
(1.1) 

for a ll in tegers) 2: 0 and all z E e. 

2. Properties and Examples 

We firs t relate the index of a en-valued (vector-valued) e ntire fun c ti on of bounded index to the index of 

each of its compone nts (scalars). We use lower case le tte rs to denote scalar fun ctions and upper case letters 

to denote vector- valued fun c tions. 

LEMMA 2.1: If A is an e ntire fun ction of bounded index of index Nk for k = 1,2, . .. , n, then F = 
[fd2" In] is of bounded index of index N :S M = max{Nk tk = 1,2, ... , n}. 
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PROOF: For each integerj ;::::: 0 a nd each k = 1,2, .. . , n 

11~l(z)1 11~l(z) 1 1.f~ (z) 1 IIPil(z)11 
- -- :5 max --- = max --- :5 max ---

j! OsisNk i! Os i s M i ! OsisM i! 

The refore, (1.1) is satis fi ed. 

REMARK 1: Both equality and 'inequality a re atta inabl e in Le mma 2.1. 
EXAMPLE 1: Letll(z) = e2Z,J2(z) = eZ , and F = [fd2]' The n N I = 1, N 2 = 0, and N = 1. 
EXAMPLE 2: Letl l(z) = 2,J2(Z) = z, and F = [[1 12]' Then N 1 = 0 , N2 = 1, and N = O. 
REMARK 2: It is poss ibl e for N < min {Nk I k = 1,2, ... , n} in Lemma 2. 1. 
EXAMPLE 3 : Le tll(z) = z2 ,J2(Z) = Z - 8 , and F = [[t!2]. Then N I = 2 , N2 = 1, a nd N = O. 
REMARK 3: If F is of bounded index, then its component s may not be of bounded index . 

EXAMPLE 4: Let 1 be of unbounded index such tha t 1 - c, wh ere c is an y non-zero cons ta nt, is of 

bounded index [7 , Theore m 2, p. 128]. Letl1 = 1 a nd12 = 1 - c . Le t N 2 be the index Ofj2 and le t F = [ft!2]' 
The n F is of bounded index of index N :5 N 2 • 

PROOF: For an y integerj ;::::: 1 and ZE C, tIl (z) = til (z) and so 

., 
J . 

max {IIWz} I VWz}l} = 11~l(z)l:5 max l.fil(z}l:5 max Ilpil(z) ll . 
. , ,., ., ., ., 

J . J. J. OsiSN, l. OsisN2 t . 

Therefore (1.1) holds for all intege rs j ;::::: 0 and a ll zE C . 

3. Differential Equations With Constant Coefficients 

n 

If A = [aii] is a n n X n matrix, we use the norm 11A11 = max L laul . If F is a s olution of the vector 
lsis n j=l . 

equation F ' = AF + Q, wh e re A is a ma tri x whose entri es are e ntire fun ction s and Q is a column vector 

whose entri es a re e ntire fun c tions, then F is a n entire fun ction [4]. We will s how that if A is a constant 

matrix, then any solution of F ' = AF is of bounded index a nd we will obtain an upper bound on its index. 

THEOREM 3 .1 : If F is a solution of F' = AF wh e re A is a cons tant matrix, then F is an entire fun ction 

of bounded index of index N :5 M wh ere 

M = min{mEZlm ;::::: 0 and IIAII :5 m + I}. (3.1) 

PROOF: Let In be a non-negative integer such tha t 11A11 :5 m + 1. Then F<m+vl(z) = AF<m+v- l)(z) for all 

integers p ;::::: 1 a nd all zE C . The refore 

IIF<m+vl(z )11 II A II Ilrm+v- 1 )(z )11 Ilpm+v- ll(z )11 
"--------'--'--"- <: -- <: -"-------"-
(m + p)! - m + p (m + p - I)! - (m + p - I) ! 

a nd so 

IIF(j)(z)11 IIF(i) (z)11 
--- :5 max ---

j! Osism i! 

for all integers j ;::::: 0 a nd all zE C. 

REMARK: Both equ ality a nd inequalit y a re a tta inable in Theorem 3.1. 

EXAMPLE 5: Le t F(z} = [e2z eZ ] and A = [~ ~]. The n II AII = 2 alld M = 1 and N = 1 (see exampl e 

1). 
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EXAMPLE 6: Let F(z) = [l/8 z] a lld A = [~ ~ J. Then IIA II = 8 and M = 7; however N = l. 

Theorem 3.1 does not tell us wh e th e r or not the components of F are of bounded ind ex; howe ver every 

component of F satisfies a lin ea r diffe rential equa tion of the form 

(3.2) 

whe re (XkE C , k = 0,1,2, ... , n [3]. Therefore we have 

THEOREM 3.2: If F is a solution of F' = AF where A is a constant matrix, the n each compon e nt of F is 

of bounded index. 

PROOF: Since each component of F satisfies a differentia l equation of th e fo rm (:3.2), eac h component is 

. th e n of bounded index, by [5]. 

By the sa me type of argument as in Theo re m 3. 1 and Th eo re m 3.2, we have 

THEOREM 3.3: If P is a solution of P' = AP + Q wh e re A is a constant matri x a nd Q = [q;] is a 

column vector whose e ntri es a re pol ynomi a ls, th en eac h compon e nt of P is of bound e d ind ex a nd P is of 

bounded ind ex of ind ex N s: min{mEZ+ IIIAII s: m + 1 a nd m - 1 2: max d eg q;}. 
. I StS n 

PROOF: Le t m be a non-ne gative illtege r s uc h that II A II s: tn + 1 a nd m - 1 2: max d eg q i . Th e il for 
I s i s n 

any intege r P 2: 1, we have p(m+p) = AP(m+v- O + Q(m+v- o = AP(m+v-o and 

IIF(m+v)(z) 11 11A 11 IIp (m+p- ()(z) 11 IIF(m+v- ll(z) 11 
.c..-__ --" < ___ < -"-__ --'-'-"-
(m + p)! - m + p (m + p - 1)! - (m + p - 1)" 

IIp<m+v)(z)11 IIp<m)(z) 11 
Th e re fore , s: for all p 2: 1 a nd a ll z E C. He nce (1.1) hold s for all j 2: ° a nd a ll z E C. 

(m + p)' tnt 

4. Differential Equations With Rational Coefficients 

In [6] , it is s hown tha t iff is an e ntire solution of (3.2) whe re (Xi a re polynomials a nd deg (Xi s: deg (xo 

for i = 1,2, . . . ,11, the nf is of bound e d index. We will s how a co mparable result for vec tor equat io ns . 

THEOREM 4.1: If P is a n e ntire solution o f P' = AP + Q whe re A = [riJi is a ma tri x whose e ntri es are 

ra tional fun c tion s wh ic h are bounded at infinity a nd Q is a vec tor whose e ntires a re rational func tions whi c h 

are bounded at infinity, the n P is a fun c tion of bound ed ind e x. 

PROOF: Le t Po be the least common de nominator of the r ;;s and q i s wh ere Q = [q J. Le t b ij = Po r ii and 

Pi = P oq i· The n b ij and Pi are polynomials of d egree s: I = deg Po. Le t B = [b ii] and P = ~) J and so P is a 

solution of 

poP' = BF + P. (4.1) 

Diffe re ntiating N -times where N 2: I + 1, we obtain 

I (N) polk) p<N+ I-k) = I (N) B (k) F (N-k) 

k = O k k = O k 

whic h s implifies into 

POP<N+1l = ± (N) B(k) P<N- k) - ± (!Vk) polk) F(N+I-k) 
k=O k k=l 

s ince deg b ij s: I = deg Po. 
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Therefore 

. POlk)(Z) . 
SlI1ce --( -) -i> 0 as Izl-i> 00 for k = 1,2, ... , l , there eX ists T > 0 such that 

Po z 

L - ~ < - if Izl ~ T. 
I 1 I Ik)(Z) I 1 

k=! k! Po(z) 2 

Since deg b ij ::s 
I 1 IIBlk)(z)11 . 

I, ~ ' -1--)-1 ::s H, a constant, If Iz I ~ T. Choose N! ~ 1 + 1 
k-O k. Po(z 

1 1 
so that ---H < 

N, + 1 2 
Then 

1 I 1 IIBlk)(z)11 1 L - --- < - if N ~ N, and Izl ~ T. 
N + 1 k=O k! iPo(z) I 2 

Combining (4.2), (4.3) , and (4.4) if N ~N, and Izl ~ T, we have 

IIF IN+oll ::s [ __ 1 _ ± ~ IIBlk)11 + ± ~ I POlk) I] 
(N+ I)! N + 1 k=O k! Po k=! k! Po 

IIF(i)11 
::s max -- . 

osisN if 

. IIFIN+O(z)11 IIFW(z)11 
Therefore ( ) ::s max - .-,- for all N ~ N, and Iz I ~ T. 

N + 1 ! Oos; ios;N, t. 

(4.2) 

(4.3) 

(4.4) 

I!FU)II 
X max ---

O:sisN if 

But every entire fun ction is of bounded index on any compact set [2b, Theorem 16, p. 305]. Therefore, 

there is an intege r N2 ~ 0 such that 

JA 0)(z)1 Jrk (i) (z)1 f' 11 ' , > 0 --,,- ::s max --,,- or a 111 tegers J - , 
J. 0 :s i :s N2 t. 

k = 1, 2 , ... , n, and all z such that Iz I ::s T. Choosing N ~ max (N" N 2), we have (1.1) for all integers j ~ 
o and allzEC. 

Theorem. 4.1 does not tell us whether or not the components of F are of bounded index. We 
conjec ture that they are of bounded index; however, at present, we can prove this only for the case n = 2. 

THEOREM 4.2: If F = 1/,!2] is an entire solution of F' = AF + Q where A = [rij] is a matrix whose 
entri es are rational fun ctions which are bounded at infinity and Q is a column vector whose entries are 
rational functions which are bounded at infinity, then!l and!2 are of bounded index. 

PROOF: If r'2 == 0 , then!, satisfies!,' = r, I, + q, and by [6],!, is of bounded index. 

If r'2 f= 0 , then!, satisfies 

and aga in by [6]Jl is of bounded index. 
Simila rly'!2 is of bounded index. 
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